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Preface

Electrical machines are almost entirely used in producing electricity, and there are very few
electricity-producing processes where rotating machines are not used. In such processes,
at least auxiliary motors are usually needed. In distributed energy systems, new machine
types play a considerable role: for instance, the era of permanent magnet machines has now
commenced.

About half of all electricity produced globally is used in electric motors, and the share of
accurately controlled motor drives applications is increasing. Electrical drives provide proba-
bly the best control properties for a wide variety of processes. The torque of an electric motor
may be controlled accurately, and the efficiencies of the power electronic and electromechan-
ical conversion processes are high. What is most important is that a controlled electric motor
drive may save considerable amounts of energy. In the future, electric drives will probably
play an important role also in the traction of cars and working machines. Because of the
large energy flows, electric drives have a significant impact on the environment. If drives
are poorly designed or used inefficiently, we burden our environment in vain. Environmen-
tal threats give electrical engineers a good reason for designing new and efficient electric
drives.

Finland has a strong tradition in electric motors and drives. Lappeenranta University of
Technology and Helsinki University of Technology have found it necessary to maintain and
expand the instruction given in electric machines. The objective of this book is to provide stu-
dents in electrical engineering with an adequate basic knowledge of rotating electric machines,
for an understanding of the operating principles of these machines as well as developing el-
ementary skills in machine design. However, due to the limitations of this material, it is not
possible to include all the information required in electric machine design in a single book,
yet this material may serve as a manual for a machine designer in the early stages of his or
her career. The bibliographies at the end of chapters are intended as sources of references
and recommended background reading. The Finnish tradition of electrical machine design is
emphasized in this textbook by the important co-authorship of Professor Tapani Jokinen, who
has spent decades in developing the Finnish machine design profession. An important view of
electrical machine design is provided by Professor Valéria Hrabovcova from Slovak Republic,
which also has a strong industrial tradition.

We express our gratitude to the following persons, who have kindly provided material for
this book: Dr Jorma Haataja (LUT), Dr Tanja Hedberg (ITT Water and Wastewater AB),
Mr Jari Jappinen (ABB), Ms Hanne Jussila (LUT), Dr Panu Kurronen (The Switch Oy),
Dr Janne Nerg (LUT), Dr Markku Niemeld (ABB), Dr Asko Parviainen (AXCO Motors Oy),
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Mr Marko Rilla (LUT), Dr Pia Salminen (LUT), Mr Ville Sihvo and numerous other col-
leagues. Dr Hanna Niemeld’s contribution to this edition and the publication process of the
manuscript is highly acknowledged.

Juha Pyrhonen
Tapani Jokinen
Valéria Hrabovcova



Abbreviations and Symbols

C
M

> > >

Cth
CTI

DC

linear current density [A/m]

magnetic vector potential [V s/m]

temperature class 105 °C

alternating current

asynchronous machine

armature winding of a DC machine

number of parallel paths in windings without commutator: per phase, in
windings with a commutator: per half armature, diffusivity
magnetic flux density, vector [V s/m?], [T]

remanence flux density [T]

saturation flux density [T]

temperature class 130°C

commutating pole winding of a DC machine

width [m]

conductor width [m]

conductor width [m]

tooth width [m]

rotor tooth width [m]

stator tooth width [m]

rotor slot width [m]

stator slot width [m]

width of ventilation duct [m]

slot opening [m]

capacitance [F], machine constant, integration constant
temperature class >180°C

compensating winding of a DC machine

friction coefficient

specific heat capacity [J/kg K], capacitance per unit of length, factor,
divider, constant

specific heat capacity of air at constant pressure

heat capacity

Comparative Tracking Index

specific volumetric heat [kJ/K m?]

electric flux density [C/m?], diameter [m]

direct current



xvi Abbreviations and Symbols
D, outer diameter of the rotor [m]

Dy inner diameter of the rotor [m]

Dy inner diameter of the stator [m]

D outer diameter of the stator [m]

DI1-D2 series magnetizing winding of a DC machine

d thickness [m]

d, thickness of the fringe of a pole shoe [m]

E electromotive force (emf) [V], RMS, electric field strength [V/m], scalar, elastic

)

TR WO S MmNy
&
o

FEA

570

F1-F2

G

Hc, HcB
HCJ

modulus, Young’s modulus [Pa]

activation energy [J]

electric field strength, vector [V/m]

temperature class 120°C

irradiation

shunt winding of a DC machine

electromotive force [V], instantaneous value e(t)
Napier’s constant

force [N], scalar

force [N], vector

temperature class 155 °C

finite element analysis

geometrical factor

magnetomotive force § H - dI [A], (mmf)

separate magnetizing winding of a DC machine or a synchronous machine
frequency [Hz], Moody friction factor

coefficient, constant, thermal conductance per unit length
electrical conductance

thermal conductance

magnetic field strength [A/m]

coercivity related to flux density [A/m]

coercivity related to magnetization [A/m]

temperature class 180 °C, hydrogen

height [m]

conductor height [m]

conductor height [m]

tooth height [m]

height of a subconductor [m]

height of pole body [m]

stator slot height [m]

height of rotor yoke [m]

height of stator yoke [m]

electric current [A], RMS, brush current, second moment of an area, moment
of inertia of an area [m*]

induction motor

counter-rotating current (negative-sequence component) [A]
current of the upper bar [A]

conductor current
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I, current of the lower bar, slot current, slot current amount [A]

IC classes of electrical machines

IEC International Electrotechnical Commission

Im imaginary part

i current [A], instantaneous value i ()

J moment of inertia [kg m?], current density [A/m?], magnetic polarization

J Jacobian matrix

Jext moment of inertia of load [kg m?]

Jm moment of inertia of the motor, [kgmz]

Jsat saturation of polarization [V s/m?]

Js surface current, vector [A/m]

Jj difference of the numbers of slots per pole and phase in different layers

j imaginary unit

K transformation ratio, constant, number of commutator segments

K inductance ratio

k connecting factor (coupling factor), correction coefficient, safety factor, ordinal
of layers

ke Carter factor

kcu, kpe space factor for copper, space factor for iron

kq distribution factor

kg machine-related constant

kFesn correction factor

ky short-circuit ratio

ki skin effect factor for the inductance

kp pitch factor

kpw pitch factor due to coil side shift

kr skin effect factor for the resistance

ksat saturation factor

ksq skewing factor

ki coefficient of heat transfer [W/m? K]

ky pitch factor of the coil side shift in a slot

kw winding factor

ks safety factor in the yield

L self-inductance [H]

L characteristic length, characteristic surface, tube length [m]

LC inductor—capacitor

Lq tooth tip leakage inductance [H]

Ly short-circuit inductance [H]

L magnetizing inductance [H]

Limg magnetizing inductance of an m-phase synchronous machine, in d-axis [H]

Lon mutual inductance [H]

Lpg main inductance of a single phase [H]

L, slot inductance [H]

L’ transient inductance [H]

L" subtransient inductance [H]

L1,L2,L3, network phases



xviii Abbreviations and Symbols

l length [m], closed line, distance, inductance per unit of length, relative
inductance, gap spacing between the electrodes

) unit vector collinear to the integration path

! effective core length [m]

Lew average conductor length of winding overhang [m]

Iy wetted perimeter of tube [m]

I inductance as a per unit value

lw length of coil ends [m]

M mutual inductance [H], magnetization [A/m]

Mo saturation magnetization [A/m]

m number of phases, mass [kg],

my constant

N number of turns in a winding, number of turns in series

Ng number of coil turns in series in a single pole

Nu Nusselt number

Nui number of bars of a coil side in the slot

Ny number of turns of compensating winding

Np number of turns of one pole pair

N, number of conductors in each side

N Nondrive end

N set of integers

Neven set of even integers

Nodd set of odd integers

n normal unit vector of the surface

n rotation speed (rotation frequency) [1/s], ordinal of the harmonic (sub),
ordinal of the critical rotation speed, integer, exponent

ny number of section of flux tube in sequence

ny number of ventilation ducts

ne number of flux tube

P power, losses [W]

P input power [W]

PAM pole amplitude modulation

PMSM permanent magnet synchronous machine (or motor)

PWM pulse width modulation

Py, Py, P additional loss [W]

Pr Prandtl number

P, friction loss [W]

p number of pole pairs, ordinal, losses per core length

JUN aluminium content

p* number of pole pairs of a base winding

pd partial discharge

0 electric charge [C], number of slots, reactive power [VA],

QO average number of slots of a coil group

0, number of free slots

o number of radii in a voltage phasor graph

o number of slots of a base winding



Abbreviations and Symbols xix

Om
q
qx
qm

qth
R

i
=g

quantity of heat

number of slots per pole and phase, instantaneous charge, g(¢) [C]
number of slots in a single zone

mass flow [kg/s]

density of the heat flow [W/m?]

resistance [2], gas constant, 8.314 472 [J/K mol], thermal resistance,
reactive parts

bar resistance [2]

reluctance machine

root mean square

reluctance [A/V s = 1/H]

thermal resistance [K/W]

real part

Reynolds number

critical Reynolds number

Resin-rich (impregnation method)

radius [m], thermal resistance per unit length

radius unit vector

duty types

apparent power [VA], cross-sectional area
synchronous motor

switched reluctance

synchronous reluctance machine

cross-sectional area of conductor [m?]

pole surface area [m?]

rotor surface area facing the air gap [m?]

Poynting’s vector [W/m?], unit vector of the surface
slip, skewing measured as an arc length

torque [N m], absolute temperature [K], period [s]
Taylor number

modified Taylor number

pull-out torque, peak torque [N m]

commutation period [s]

totally enclosed fan-cooled

mechanical time constant [s]

mechanical torque [N m]

pull-up torque [N'm]

counter torque [N m]

locked rotor torque, [N m]

time [s], number of phasors of a single radius, largest common divider,
lifetime of insulation

tangential unit vector

commutation period [s]

rise time [s]

number of layers in a voltage vector graph for a base winding
voltage [V], RMS



XX Abbreviations and Symbols

U depiction of a phase

Un magnetic voltage [A]

Ui peak value of the impulse voltage [V]

U, coil voltage [V]

Ul terminal of the head of the U phase of a machine

U2 terminal of the end of the U phase of a machine

u voltage, instantaneous value u(¢) [V], number of coil sides in a layer

Upl blocking voltage of the oxide layer [V]

U commutation voltage [V]

Un mean fluid velocity in tube [m/s]

\%4 volume [m?], electric potential

\' depiction of a phase

Vin scalar magnetic potential [A]

VPI vacuum pressure impregnation

V1 terminal of the head of the V phase of a machine

V2 terminal of the end of the V phase of a machine

v speed, velocity [m/s]

v vector

w energy [J], coil span (width) [m]

w depiction of a phase

Wy energy returned through the diode to the voltage source in SR drives

Wi energy stored in the magnetic field in SR machines

Wind energy converted to mechanical work while de-energizing the phase
in SR drives

Wine energy converted into mechanical work when the transistor is conducting
in SR drives

Wr energy returning to the voltage source in SR drives

w’ coenergy [J]

Wi terminal of the head of the W phase of a machine

w2 terminal of the end of the W phase of a machine

We magnetic energy [J]

w length [m], energy per volume unit

X reactance [$2]

X coordinate, length, ordinal number, coil span decrease [m]

Xm relative value of reactance

Y admittance [S]

Y temperature class 90 °C

y coordinate, length, step of winding

Ym winding step in an AC commutator winding

Yn coil span in slot pitches

Yo coil span of full-pitch winding in slot pitches (pole pitch expressed in
number of slots per pole)

v coil span decrease in slot pitches

Vi step of span in slot pitches, back-end connector pitch

b step of connection in slot pitches, front-end connector pitch

Y commutator pitch in number of commutator segments
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Z

Zm
Zy
Zo
z
Za
Zp
Zc
Zp
ZQ
Zt
o

1/«
apc
o
Um
Oph
apm
Oy
asm
Asir
Qth

Eth
200}

impedance [2], number of bars, number of positive and negative phasors of the
phase

characteristic impedance of the motor [£2]

surface impedance [$2]

characteristic impedance [€2]

coordinate, length, integer, total number of conductors in the armature winding
number of adjacent conductors

number of brushes

number of coils

number of parallel-connected conductors

number of conductors in a slot

number of conductors on top each other

angle [rad], [°], coefficient, temperature coefficient, relative pole width of the
pole shoe, convection heat transfer coefficient [W/K]

depth of penetration

relative pole width coefficient for DC machines

factor of the arithmetical average of the flux density

mass transfer coefficient [(mol/sm?)/(mol/m?) = m/s]

angle between the phase winding

relative permanent magnet width

heat transfer coefficient of radiation

relative pole width coefficient for synchronous machines

angle between the phase winding

heat transfer coefficient [W/m2 K]

slot angle [rad], [°]

phasor angle, zone angle [rad], [°]

angle of single phasor [rad], [°]

angle [rad], [°], absorptivity

energy ratio, integration route

interface between iron and air

angle [rad], [°], coefficient

commutation angle [rad], [°]

switch conducting angle [rad], [°]

air gap (length), penetration depth [m], dissipation angle [rad], [°], load angle
[rad], [°]

the thickness of concentration boundary layer [m]

equivalent air gap (slotting taken into account) [m]

effective air gap(influence of iron taken into account)

velocity boundary layer [m]

temperature boundary layer [m]

load angle [rad], [°], corrected air gap [m]

minimum air gap [m]

permittivity [F/m], position angle of the brushes [rad], [°], stroke angle [rad],
[°], amount of short pitching

emissitivity

permittivity of vacuum 8.854 x 10~'? [F/m]
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Abbreviations and Symbols

phase angle [rad], [°], harmonic factor

efficiency, empirical constant, experimental pre-exponential constant,
reflectivity

current linkage [A], temperature rise [K]

compensating current linkage [A]

total current linkage [A]

angle [rad], [°]

angle [rad], [°]

angle [rad], [°], factor for reduction of slot opening, transmissivity
permeance, [Vs/A], [H]

thermal conductivity [W/m K], permeance factor, proportionality factor,
inductance factor, inductance ratio

permeability [V s/A m, H/m], number of pole pairs operating simultaneously per
phase, dynamic viscosity [Pas, kg/s m]

relative permeability

permeability of vacuum, 47 x 1077 [V s/Am, H/m]

ordinal of harmonic, Poisson’s ratio, reluctivity [A m/V s, m/H], pulse velocity
reduced conductor height

resistivity [€2 m], electric charge density [C/m?], density [kg/m3], reflection
factor, ordinal number of a single phasor

absolute overlap ratio

effective overlap ratio

transformation ratio for IM impedance, resistance, inductance

specific conductivity, electric conductivity [S/m], leakage factor, ratio of the
leakage flux to the main flux

tension [Pa]

normal tension [Pa]

tangential tension [Pa]

mechanical stress [Pa]

Stefan—Boltzmann constant, 5.670400 x 10~8 W/m?/K*

relative time

pole pitch [m]

pole pitch on the pole surface [m]

rotor slot pitch [m]

stator slot pitch [m]

slot pitch [m]

zone distribution

direct-axis transient short-circuit time constant [s]

direct-axis transient open-circuit time constant [s]

direct-axis subtransient open-circuit time constant [s]

quadrature-axis subtransient short-circuit time constant [s]
quadrature-axis subtransient open-circuit time constant [s]

factor, kinematic viscosity, u/p, [Pa s/(kg/m3)]

magnetic flux [V's, Wb]

thermal power flow, heat flow rate [W]

air gap flux [V s], [Wb]
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¢ magnetic flux, instantaneous value ¢(¢) [V s], electric potential [V]
1) phase shift angle [rad], [°]

¢ function for skin effect calculation

v magnetic flux linkage [V s]

W electric flux [C],

Vd function for skin effect calculation

X length/diameter ratio, shift of a single pole pair
2 mechanical angular speed [rad/s]

w electric angular velocity [rad/s], angular frequency [rad/s]
AT temperature rise [K, °C]

vT temperature gradient [K/m, °C/m]

Ap pressure drop [Pa]

Subscripts

0 section

1 primary, fundamental component, beginning of a phase, locked rotor torque,
2 secondary, end of a phase

Al aluminium

a armature, shaft

ad additional (loss)

av average

B brush

b base value, peak value of torque, blocking
bar bar

bearing bearing (losses)

C capacitor

Cu copper

C conductor, commutation

contact brush contact

conv convection

cp commutating poles

cr, crit critical

D direct, damper

DC direct current

d tooth, direct, tooth tip leakage flux

EC eddy current

e equivalent

ef effective

el electric

em electromagnetic

ew end winding

ext external

F force

Fe iron

f field



Xxiv Abbreviations and Symbols
Hy hysteresis

1 internal, insulation

k compensating, short circuit, ordinal
M motor

m mutual, main

mag magnetizing, magnetic

max maximum

mec mechanical

min minimum

mut mutual

N rated

n nominal, normal

ns negative-sequence component

o starting, upper

opt optimal

PM permanent magnet

P pole, primary, subconductor, pole leakage flux
pl pole shoe

p2 pole body

ph phasor, phase

ps positive-sequence component

pu per unit

q quadrature, zone

r rotor, remanence, relative

res resultant

S surface

S stator

sat saturation

sj impulse wave

sq skew

str phase section

syn synchronous

tan tangential

test test

th thermal

tot total

u slot, lower, slot leakage flux, pull-up torque
% zone, coil side shift in a slot, coil

w end winding leakage flux

X x-direction

y y-direction, yoke

ya armature yoke

yr rotor yoke

ys stator yoke

z z-direction, phasor of voltage phasor graph
8 air gap
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y ordinal of a subconductor

v harmonic

0 ordinal number of single phasor
0 friction loss

oW windage (loss)

o flux leakage

0] flux

Subscripts

peak/maximum value, amplitude

imaginary, apparent, reduced, virtual

* base winding, complex conjugate

Boldface symbols are used for vectors with components parallel to the unit
vectors i, j and k

vector potential, A = i Ax + jAx + kA,

flux density, B = i Bx + jBx + kB,

complex phasor of the current

bar above the symbol denotes average value

~i~ R
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Principal Laws and Methods 1n
Electrical Machine Design

1.1 Electromagnetic Principles

A comprehensive command of electromagnetic phenomena relies fundamentally on
Maxwell’s equations. The description of electromagnetic phenomena is relatively easy when
compared with various other fields of physical sciences and technology, since all the field
equations can be written as a single group of equations. The basic quantities involved in the
phenomena are the following five vector quantities and one scalar quantity:

Electric field strength E [V/m]
Magnetic field strength H [A/m]
Electric flux density D [C/m?]
Magnetic flux density B [V s/m?], [T]
Current density J [A/m?]
Electric charge density, dQ/dV 0 [C/m?]

The presence of an electric and magnetic field can be analysed from the force exerted by
the field on a charged object or a current-carrying conductor. This force can be calculated by
the Lorentz force (Figure 1.1), a force experienced by an infinitesimal charge dQ moving at a
speed v. The force is given by the vector equation

d
dF:dQ(E+va)=dQE+d—?dle:dQE+idle. (1.1)

In principle, this vector equation is the basic equation in the computation of the torque for
various electrical machines. The latter part of the expression in particular, formulated with a
current-carrying element of a conductor of the length dl, is fundamental in the torque produc-
tion of electrical machines.

Design of Rotating Electrical Machines ~ Juha Pyrhonen, Tapani Jokinen and Valéria Hrabovcovd
© 2008 John Wiley & Sons, Ltd. ISBN: 978-0-470-69516-6



2 Design of Rotating Electrical Machines

Figure 1.1 Lorentz force dF acting on a differential length dl of a conductor carrying an electric cur-
rent 7 in the magnetic field B. The angle g is measured between the conductor and the flux density vector
B. The vector product i d x B may now be written in the form i dl x B = id/B sin 8

Example 1.1: Calculate the force exerted on a conductor 0.1 m long carrying a current of
10 A at an angle of 80° with respect to a field density of 1 T.

Solution: Using (1.1) we get directly for the magnitude of the force

F=lilxBl=10A-0.1m-sin80° - 1 Vs/m? = 0.98 VAs/m = 0.98N.

In electrical engineering theory, the other laws, which were initially discovered empirically
and then later introduced in writing, can be derived from the following fundamental laws
presented in complete form by Maxwell. To be independent of the shape or position of the
area under observation, these laws are presented as differential equations.

A current flowing from an observation point reduces the charge of the point. This law of
conservation of charge can be given as a divergence equation

V.J=—-", (1.2)

which is known as the continuity equation of the electric current.
Maxwell’s actual equations are written in differential form as

VxE 0B (1.3)

XE=——, .
ot
oD

VxH=J+ —, (1.4
ot

V.-D=p, (1.5)

V-B=0. (1.6)
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The curl relation (1.3) of an electric field is Faraday’s induction law that describes how
a changing magnetic flux creates an electric field around it. The curl relation (1.4) for mag-
netic field strength describes the situation where a changing electric flux and current pro-
duce magnetic field strength around them. This is Ampere’s law. Ampere’s law also yields a
law for conservation of charge (1.2) by a divergence Equation (1.4), since the divergence of
the curl is identically zero. In some textbooks, the curl operation may also be expressed as
V X E =curlE =rotE.

An electric flux always flows from a positive charge and passes to a negative charge. This
can be expressed mathematically by the divergence Equation (1.5) of an electric flux. This law
is also known as Gauss’s law for electric fields. Magnetic flux, however, is always a circulating
flux with no starting or end point. This characteristic is described by the divergence Equation
(1.6) of the magnetic flux density. This is Gauss’s law for magnetic fields. The divergence
operation in some textbooks may also be expressed as V - D = div D.

Maxwell’s equations often prove useful in their integral form: Faraday’s induction law

do
yf dl = —/ S = —— (1.7)

states that the change of a magnetic flux @ penetrating an open surface S is equal to a negative
line integral of the electric field strength along the line / around the surface. Mathematically,
an element of the surface S is expressed by a differential operator dS perpendicular to the
surface. The contour line / of the surface is expressed by a differential vector dl parallel to
the line.

Faraday’s law together with Ampere’s law are extremely important in electrical machine
design. At its simplest, the equation can be employed to determine the voltages induced in the
windings of an electrical machine. The equation is also necessary for instance in the determi-
nation of losses caused by eddy currents in a magnetic circuit, and when determining the skin
effect in copper. Figure 1.2 illustrates Faraday’s law. There is a flux @ penetrating through a
surface S, which is surrounded by the line /.

—
ds ! “

Figure 1.2 TIllustration of Faraday’s induction law. A typical surface S, defined by a closed line /, is
penetrated by a magnetic flux @ with a density B. A change in flux density creates an electric current
strength E. The circles illustrate the behaviour of E. dS is a vector perpendicular to the surface S
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The arrows in the circles point the direction of the electric field strength E in the case
where the flux density B inside the observed area is increasing. If we place a short-circuited
metal wire around the flux, we will obtain an integrated voltage ﬁE -dl in the wire, and
consequently also an electric current. This current creates its own flux that will oppose the
flux penetrating through the coil.

If there are several turns N of winding (cf. Figure 1.2), the flux does not link all these turns
ideally, but with a ratio of less than unity. Hence we may denote the effective turns of winding
by kwN, (kyw < 1). Equation (1.7) yields a formulation with an electromotive force e of a
multi-turn winding. In electrical machines, the factor k,, is known as the winding factor (see
Chapter 2). This formulation is essential to electrical machines and is written as

- kNd/B das = kN3P - ¥ (1.8)
€=y I T T '
S

Here, we introduce the flux linkage ¥ = k,N® = LI, one of the core concepts of electrical
engineering. It may be noted that the inductance L describes the ability of a coil to produce
flux linkage ¥. Later, when calculating the inductance, the effective turns, the permeance A
or the reluctance Ry, of the magnetic circuit are needed (L = (kyN)*>A = (kyN)?/Ry).

Example 1.2: There are 100 turns in a coil having a cross-sectional area of 0.0001 m?.
There is an alternating peak flux density of 1 T linking the turns of the coil with a winding
factor of k,, = 0.9. Calculate the electromotive force induced in the coil when the flux
density variation has a frequency of 100 Hz.

Solution: Using Equation (1.8) we get

dvw do d .
e=——=—kyN— = —ky,N—BS sinwt
dr dr dt

d [/ V 100
= —09-100- = (12 .0.0001 m? sin— - 271z
dr \ m? S

200 200
e=-90-2ntVcos —mt = —565V cos —t.
S S

Hence, the peak value of the voltage is 565V and the effective value of the voltage
induced in the coil is 565 V/+/2 = 400 V.

Ampere’s law involves a displacement current that can be given as the time derivative of
the electric flux . Ampere’s law

7§H dl—/] dS+£/D dS—'(t)+dwe (1.9)
- dr =! dr '
! S S
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Figure 1.3 Application of Ampere’s law in the surroundings of a current-carrying conductor. The line
[ defines a surface S, the vector dS being perpendicular to it

indicates that a current i(¢) penetrating a surface S and including the change of electric flux
has to be equal to the line integral of the magnetic flux H along the line / around the surface
S. Figure 1.3 depicts an application of Ampere’s law.

The term
d
d / D.ds < e
dt dt
S

in (1.9) is known as Maxwell’s displacement current, which ultimately links the electromag-
netic phenomena together. The displacement current is Maxwell’s historical contribution to
the theory of electromagnetism. The invention of displacement current helped him to explain
the propagation of electromagnetic waves in a vacuum in the absence of charged particles or
currents. Equation (1.9) is quite often presented in its static or quasi-static form, which yields

fH-dl:/J-dS:Zi(r):@(z). (1.10)
l S

The term ‘quasi-static’ indicates that the frequency f of the phenomenon in question is low
enough to neglect Maxwell’s displacement current. The phenomena occurring in electrical
machines meet the quasi-static requirement well, since, in practice, considerable displace-
ment currents appear only at radio frequencies or at low frequencies in capacitors that are
deliberately produced to take advantage of the displacement currents.

The quasi-static form of Ampere’s law is a very important equation in electrical machine
design. It is employed in determining the magnetic voltages of an electrical machine and
the required current linkage. The instantaneous value of the current sum ) i (¢) in Equation
(1.10), that is the instantaneous value of current linkage @, can, if desired, be assumed to
involve also the apparent current linkage of a permanent magnet @py; = H ipm. Thus, the
apparent current linkage of a permanent magnet depends on the calculated coercive force H
of the material and on the thickness /py of the magnetic material.
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The corresponding differential form of Ampere’s law (1.10) in a quasi-static state (dD/d¢
neglected) is written as

VxH=]. (1.11)
The continuity Equation (1.2) for current density in a quasi-static state is written as
v.J=0. (1.12)

Gauss’s law for electric fields in integral form

fp-ds - /pvdV (1.13)

S Vv

indicates that a charge inside a closed surface S that surrounds a volume V creates an electric
flux density D through the surface. Here fv pvdV =g (¢) is the instantaneous net charge
inside the closed surface S. Thus, we can see that in electric fields, there are both sources and
drains. When considering the insulation of electrical machines, Equation (1.13) is required.
However, in electrical machines, it is not uncommon that charge densities in a medium prove
to be zero. In that case, Gauss’s law for electric fields is rewritten as

%D-dS:O or V.-D=0=V.-E=0. (1.14)
s

In uncharged areas, there are no sources or drains in the electric field either.
Gauss’s law for magnetic fields in integral form

fB-dszo (1.15)

N

states correspondingly that the sum of a magnetic flux penetrating a closed surface S is zero;
in other words, the flux entering an object must also leave the object. This is an alternative way
of expressing that there is no source for a magnetic flux. In electrical machines, this means for
instance that the main flux encircles the magnetic circuit of the machine without a starting or
end point. Similarly, all other flux loops in the machine are closed. Figure 1.4 illustrates the
surfaces S employed in integral forms of Maxwell’s equations, and Figure 1.5, respectively,
presents an application of Gauss’s law for a closed surface S.

The permittivity, permeability and conductivity €, i and o of the medium determine the de-
pendence of the electric and magnetic flux densities and current density on the field strength.
In certain cases, €, 1 and o can be treated as simple constants; then the corresponding pair
of quantities (D and E, B and H, or J and E) are parallel. Media of this kind are called
isotropic, which means that ¢, 4 and o have the same values in different directions. Other-
wise, the media have different values of the quantities ¢, i and ¢ in different directions, and
may therefore be treated as tensors; these media are defined as anisotropic. In practice, the
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dr
@ ®)

Figure 1.4 Surfaces for the integral forms of the equations for electric and magnetic fields. (a) An
open surface S and its contour /, (b) a closed surface S, enclosing a volume V. dS is a differential surface
vector that is everywhere normal to the surface

permeability in ferromagnetic materials is always a highly nonlinear function of the field
strength H: u = f(H).
The general formulations for the equations of a medium can in principle be written as

D = f(E), (1.16)
B = f(H), (1.17)
J = f(E). (1.18)

@ ®)

Figure 1.5 Illustration of Gauss’s law for (a) an electric field and (b) a magnetic field. The charge Q
inside a closed object acts as a source and creates an electric flux with the field strength E. Correspond-
ingly, a magnetic flux created by the current density J outside a closed surface S passes through the
closed surface (penetrates into the sphere and then comes out). The magnetic field is thereby sourceless
(divB =0)
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The specific forms for the equations have to be determined empirically for each medium
in question. By applying permittivity ¢ [F/m], permeability p [V s/Am] and conductivity
o [S/m], we can describe materials by the following equations:

D = ¢E, (1.19)
B = uH, (1.20)
J=oE. (1.21)

The quantities describing the medium are not always simple constants. For instance, the
permeability of ferromagnetic materials is strongly nonlinear. In anisotropic materials, the
direction of flux density deviates from the field strength, and thus € and p can be tensors. In a
vacuum the values are

g0 = 8.854- 1072 F/m, As/Vm and
wo = 4m-107" H/m, Vs/Am.

Example 1.3: Calculate the electric field density D over an insulation layer 0.3 mm thick
when the potential of the winding is 400 V and the magnetic circuit of the system is at
earth potential. The relative permittivity of the insulation material is &, = 3.

Solution: The electric field strength across the insulation is £ = 400V/0.3mm =
133kV/m. According to Equation (1.19), the electric field density is

D=¢E =¢geFE =3-8854-10""2 As/Vm- 133 kV/m = 3.54 uAs/m>.

Example 1.4: Calculate the displacement current over the slot insulation of the previous
example at 50 Hz when the insulation surface is 0.01 m?.

Solution: The electric field over the insulation is ¥, = DS = 0.0354 pAs.
The time-dependent electric field over the slot insulation is

Ve () = 1/36 sinwt = 0.0354 uA's sin314¢.

Differentiating with respect to time gives

dire (1)

e iy, coswt = 11 uA cos314¢.

The effective current over the insulation is hence 11/ V2 =7.86 uA.

Here we see that the displacement current is insignificant from the viewpoint of the ma-
chine’s basic functionality. However, when a motor is supplied by a frequency converter and
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the transistors create high frequencies, significant displacement currents may run across the
insulation and bearing current problems, for instance, may occur.

1.2 Numerical Solution

The basic design of an electrical machine, that is the dimensioning of the magnetic and elec-
tric circuits, is usually carried out by applying analytical equations. However, accurate per-
formance of the machine is usually evaluated using different numerical methods. With these
numerical methods, the effect of a single parameter on the dynamical performance of the
machine can be effectively studied. Furthermore, some tests, which are not even feasible
in laboratory circumstances, can be virtually performed. The most widely used numerical
method is the finite element method (FEM), which can be used in the analysis of two- or
three-dimensional electromagnetic field problems. The solution can be obtained for static,
time-harmonic or transient problems. In the latter two cases, the electric circuit describing the
power supply of the machine is coupled with the actual field solution. When applying FEM
in the electromagnetic analysis of an electrical machine, special attention has to be paid to the
relevance of the electromagnetic material data of the structural parts of the machine as well as
to the construction of the finite element mesh.

Because most of the magnetic energy is stored in the air gap of the machine and important
torque calculation formulations are related to the air-gap field solution, the mesh has to be
sufficiently dense in this area. The rule of thumb is that the air-gap mesh should be divided
into three layers to achieve accurate results. In the transient analysis, that is in time-stepping
solutions, the selection of the size of the time step is also important in order to include the
effect of high-order time harmonics in the solution. A general method is to divide one time
cycle into 400 steps, but the division could be even denser than this, in particular with high-
speed machines.

There are five common methods to calculate the torque from the FEM field solution. The
solutions are (1) the Maxwell stress tensor method, (2) Arkkio’s method, (3) the method
of magnetic coenergy differentiation, (4) Coulomb’s virtual work and (5) the magnetizing
current method. The mathematical torque formulations related to these methods will shortly
be discussed in Sections 1.4 and 1.5.

The magnetic fields of electrical machines can often be treated as a two-dimensional case,
and therefore it is quite simple to employ the magnetic vector potential in the numerical so-
lution of the field. In many cases, however, the fields of the machine are clearly three dimen-
sional, and therefore a two-dimensional solution is always an approximation. In the following,
first, the full three-dimensional vector equations are applied.

The magnetic vector potential A is given by

B=V xA; (1.22)

Coulomb’s condition, required to define unambiguously the vector potential, is written as

V.A=0. (1.23)
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The substitution of the definition for the magnetic vector potential in the induction law (1.3)
yields

a
VXE:—VXEA. (1.24)

Electric field strength can be expressed by the vector potential A and the scalar electric
potential ¢ as

E=-1_y, (1.25)
T '

where ¢ is the reduced electric scalar potential. Because V x V¢ = 0, adding a scalar po-
tential causes no problems with the induction law. The equation shows that the electric field
strength vector consists of two parts, namely a rotational part induced by the time dependence
of the magnetic field, and a nonrotational part created by electric charges and the polarization
of dielectric materials.

Current density depends on the electric field strength

0A

Ampere’s law and the definition for vector potential yield

V x (lV xA) =J. (1.27)
n

Substituting (1.26) into (1.27) gives

1 0A
Vx| —-VxA]+0c—+0oVep=0. (1.28)
% at

The latter is valid in areas where eddy currents may be induced, whereas the former is valid
in areas with source currents J = J;, such as winding currents, and areas without any current
densities J = 0.

In electrical machines, a two-dimensional solution is often the obvious one; in these cases,
the numerical solution can be based on a single component of the vector potential A. The field
solution (B, H) is found in an xy plane, whereas J, A and E involve only the z-component.
The gradient V¢ only has a z-component, since J and A are parallel to z, and (1.26) is valid.
The reduced scalar potential is thus independent of x- and y-components. ¢ could be a linear
function of the z-coordinate, since a two-dimensional field solution is independent of z. The
assumption of two-dimensionality is not valid if there are potential differences caused by
electric charges or by the polarization of insulators. For two-dimensional cases with eddy
currents, the reduced scalar potential has to be set as ¢ = 0.
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In a two-dimensional case, the previous equation is rewritten as

1 0A,
-V. (—VAZ> 40— =0. (1.29)
% at

Outside eddy current areas, the following is valid:

-V. (lVAZ> =J,. (1.30)
I

The definition of vector potential yields the following components for flux density:

IA. dA.
- B, = ——= (1.31)

B, , : .
’ ay ) dax

Hence, the vector potential remains constant in the direction of the flux density vector. Con-
sequently, the iso-potential curves of the vector potential are flux lines. In the two-dimensional
case, the following formulation can be obtained from the partial differential equation of the

vector potential:
ad A, a 0A;
—k|—(v— )+ —v— )| =kJ. (1.32)
ox ox ay ay

Here v is the reluctivity of the material. This again is similar to the equation for a static electric
field

V. (vwA)=—J. (1.33)

Further, there are two types of boundary conditions. Dirichlet’s boundary condition indi-
cates that a known potential, here the known vector potential

A = constant, (1.34)

can be achieved for a vector potential for instance on the outer surface of an electrical machine.
The field is parallel to the contour of the surface. Similar to the outer surface of an electrical
machine, also the centre line of the machine’s pole can form a symmetry plane. Neumann’s
homogeneous boundary condition determined with the vector potential

0A
v— =20 (1.35)
on
can be achieved when the field meets a contour perpendicularly. Here n is the normal unit
vector of a plane. A contour of this kind is for instance part of a field confined to infinite
permeability iron or the centre line of the pole clearance.



12 Design of Rotating Electrical Machines

A is constant,

A is constant,
corresponds to Dirichlet’s
boundary condition

Figure 1.6 Left, a two-dimensional field and its boundary conditions for a salient-pole synchronous
machine are illustrated. Here, the constant value of the vector potential A (e.g. the machine’s outer
contour) is taken as Dirichlet’s boundary condition, and the zero value of the derivative of the vector po-
tential with respect to normal is taken as Neumann’s boundary condition. In the case of magnetic scalar
potential, the boundary conditions with respect to potential would take opposite positions. Because of
symmetry, the zero value of the normal derivative of the vector potential corresponds to the constant
magnetic potential V,,, which in this case would be a known potential and thus Dirichlet’s boundary
condition. Right, a vector-potential-based field solution of a two-pole asynchronous machine assuming
a two-dimensional field is presented

The magnetic flux penetrating a surface is easy to calculate with the vector potential.
Stoke’s theorem yields for the flux

¢=[B~dS=f(VxA)-dS=fA-dl. (1.36)
S

N 1

This is an integral around the contour / of the surface S. These phenomena are illustrated with
Figure 1.6. In the two-dimensional case of the illustration, the end faces’ share of the integral
is zero, and the vector potential along the axis is constant. Consequently, for a machine of
length / we obtain a flux

D =1(A; — Ay). (1.37)

This means that the flux @, is the flux between vector equipotential lines A; and A;.

1.3 The Most Common Principles Applied to Analytic Calculation

The design of an electrical machine involves the quantitative determination of the magnetic
flux of the machine. Usually, phenomena in a single pole are analysed. In the design of a mag-
netic circuit, the precise dimensions for individual parts are determined, the required current
linkage for the magnetic circuit and also the required magnetizing current are calculated, and
the magnitude of losses occurring in the magnetic circuit are estimated.
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If the machine is excited with permanent magnets, the permanent magnet materials have to
be selected and the main dimensions of the parts manufactured from these materials have to
be determined. Generally, when calculating the magnetizing current for a rotating machine,
the machine is assumed to run at no load: that is, there is a constant current flowing in the
magnetizing winding. The effects of load currents are analysed later.

The design of a magnetic circuit of an electrical machine is based on Ampere’s law (1.4)
and (1.8). The line integral calculated around the magnetic circuit of an electrical machine,
that is the sum of magnetic potential differences ) _ U, ;, is equal to the surface integral of the
current densities over the surface S of the magnetic circuit. (The surface S here indicates the
surface penetrated by the main flux.) In practice, in electrical machines, the current usually
flows in the windings, the surface integral of the current density corresponding to the sum of
these currents (flowing in the windings), that is the current linkage ®@. Now Ampere’s law can
be rewritten as

Um,tol=ZUm,i=%H‘dl=¢..]'ds=@=2i. (1.38)
1 N

The sum of magnetic potential differences U,, around the complete magnetic circuit is
equal to the sum of the magnetizing currents in the circuit, that is the current linkage . In
simple applications, the current sum may be given as » i = kyNi, where kyN is the effective
number of turns and i the current flowing in them. In addition to the windings, this current
linkage may also involve the effect of the permanent magnets. In practice, when calculating
the magnetic voltage, the machine is divided into its components, and the magnetic voltage
U, between points @ and b is determined as

b
Unap = / H-dl. (1.39)

In electrical machines, the field strength is often in the direction of the component in ques-
tion, and thus Equation (1.39) can simply be rewritten as

b
Un.ap = / Hadl. (1.40)

Further, if the field strength is constant in the area under observation, we get
Una» = HI. (1.41)

In the determination of the required current linkage © of a machine’s magnetizing winding,
the simplest possible integration path is selected in the calculation of the magnetic voltages.
This means selecting a path that encloses the magnetizing winding. This path is defined as the
main integration path and it is also called the main flux path of the machine (see Chapter 3).
In salient-pole machines, the main integration path crosses the air gap in the middle of the
pole shoes.
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Example 1.5: Consider a C-core inductor with a 1 mm air gap. In the air gap, the flux
density is 1 T. The ferromagnetic circuit length is 0.2 m and the relative permeability of
the core material at 1 T is u, = 3500. Calculate the field strengths in the air gap and the
core, and also the magnetizing current needed. How many turns N of wire carrying a 10 A
direct current are needed to magnetize the choke to 1 T? Fringing in the air gap is neglected
and the winding factor is assumed to be k,, = 1.

Solution: According to (1.20), the magnetic field strength in the air gap is
Hs = Bs/uo = 1 Vs/m?/ (47r- 1077 Vs/Am) = 795kA/m.
The corresponding magnetic field strength in the core is
Hpe = Bpe/(uruo) =1 Vs/mz/(3500 41077 Vs/Am) =227A/m.
The magnetic voltage in the air gap (neglecting fringing) is
Uns = Hs6 = 795kA/m - 0.00l m = 795 A.
The magnetic voltage in the core is
Umre = Hrelpe =227 A/m-0.2m = 45 A.

The magnetomotive force (mmf) of the magnetic circuit is

fH.dl = Untot = Y Uni = Uns + Unre = 195 A +45A = 840 A.
!

The current linkage © of the choke has to be of equal magnitude with the mmf Uy, tor,

O =Y i=kyNi=Unuo.
We get

Unio _ 840A

N = ot
ki 1-10A

= 84 turns.

In machine design, not only does the main flux have to be analysed, but also all the leakage
fluxes of the machine have to be taken into account.

In the determination of the no-load curve of an electrical machine, the magnetic voltages of
the magnetic circuit have to be calculated with several different flux densities. In practice, for
the exact definition of the magnetizing curve, a computation program that solves the different
magnetizing states of the machine is required.

According to their magnetic circuits, electrical machines can be divided into two main cate-
gories: in salient-pole machines, the field windings are concentrated pole windings, whereas in
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nonsalient-pole machines, the magnetizing windings are spatially distributed in the machine.
The main integration path of a salient-pole machine consists for instance of the following
components: a rotor yoke (yr), pole body (p2), pole shoe (pl), air gap (§), teeth (d) and ar-
mature yoke (ya). For this kind of salient-pole machine or DC machine, the total magnetic
voltage of the main integration path therefore consists of the following components

Um,tot = Um,yr + 2[]m,pZ + 2'l]m,pl + 2Um,6 + 2'l]m,d + Um,ya- (142)

In a nonsalient-pole synchronous machine and induction motor, the magnetizing winding
is contained in slots. Therefore both stator (s) and rotor (r) have teeth areas (d)

Um,tot = Um,yr + 2[]m,dr + 2Um,6 + 2Um,ds + Um,ys- (143)

With Equations (1.42) and (1.43), we must bear in mind that the main flux has to flow twice
across the teeth area (or pole arc and pole shoe) and air gap.

In a switched reluctance (SR) machine, where both the stator and rotor have salient poles
(double saliency), the following equation is valid:

Un,tot = Um,yr + 2Um,rp2 + 2Um,rpl (@) +2Unm,s (@) + 2Um,spl (@) + 2Um,sp2 + Um,ys~
(1.44)

This equation proves difficult to employ, because the shape of the air gap in an SR machine
varies constantly when the machine rotates. Therefore the magnetic voltage of both the rotor
and stator pole shoes depends on the position of the rotor «.

The magnetic potential differences of the most common rotating electrical machines can be
presented by equations similar to Equations (1.42)—(1.44).

In electrical machines constructed of ferromagnetic materials, only the air gap can be
considered magnetically linear. All ferromagnetic materials are both nonlinear and often
anisotropic. In particular, the permeability of oriented electrical steel sheets varies in different
directions, being highest in the rolling direction and lowest in the perpendicular direction.
This leads to a situation where the permeability of the material is, strictly speaking, a tensor.

The flux is a surface integral of the flux density. Commonly, in electrical machine design,
the flux density is assumed to be perpendicular to the surface to be analysed. Since the area
of a perpendicular surface S is S, we can rewrite the equation simply as

D = /BdS. (1.45)
Further, if the flux density B is also constant, we obtain

® = BS. (1.46)

Using the equations above, it is possible to construct a magnetizing curve for each part of
the machine

Pap = [ (Unav)» B=f (Unab)- (1.47)
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In the air gap, the permeability is constant ;& = t¢. Thus, we can employ magnetic conduc-
tivity, that is permeance A, which leads us to

Dy = AahUm,ab- (1.48)

If the air gap field is homogeneous, we get

®ab = AabUm,ab = _Um,ab~ (149)

Equations (1.38) and (1.42)—(1.44) yield the magnetizing curve for a machine
Ps = f(O), Bs=[f(O), (1.50)

where the term @ is the air-gap flux. The absolute value for flux density B is the maximum
flux density in the air gap in the middle of the pole shoe, when slotting is neglected. The mag-
netizing curve of the machine is determined in the order @5, Bs - B - H — Uy, — ©
by always selecting a different value for the air-gap flux @5, or for its density, and by cal-
culating the magnetic voltages in the machine and the required current linkage ®. With the
current linkage, it is possible to determine the current / flowing in the windings. Correspond-
ingly, with the air-gap flux and the winding, we can determine the electromotive force (emf)
E induced in the windings. Now we can finally plot the actual no-load curve of the machine
(Figure 1.7)

E = f(). (1.51)
E ¥
0 L)) »
0 I 0 Iy

Figure 1.7 Typical no-load curve for an electrical machine expressed by the electromotive force E or
the flux linkage ¥ as a function of the magnetizing current /,,. The E curve as a function of /,,, has been
measured when the machine is running at no load at a constant speed. In principle, the curve resembles
a BH curve of the ferromagnetic material used in the machine. The slope of the no-load curve depends
on the BH curve of the material, the (geometrical) dimensions and particularly on the length of the
air gap
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Figure 1.8 Laminated tooth and a coarse flux tube running in a lamination. The cross-sections of the
tube are presented with surface vectors AS;. There is a flux A® flowing in the tube. The flux tubes
follow the flux lines in the magnetic circuit of the electrical machine. Most of the tubes constitute the
main magnetic circuit, but a part of the flux tubes forms leakage flux paths. If a two-dimensional field
solution is assumed, two-dimensional flux diagrams as shown in Figure 1.6 may replace the flux tube
approach

1.3.1 Flux Line Diagrams

Let us consider areas with an absence of currents. A spatial magnetic flux can be assumed to
flow in a flux tube. A flux tube can be analysed as a tube of a quadratic cross-section AS. The
flux does not flow through the walls of the tube, and hence B - dS = 0 is valid for the walls.
As depicted in Figure 1.8, we can see that the corners of the flux tube form the flux lines.

When calculating a surface integral along a closed surface surrounding the surface of a flux
tube, Gauss’s law (1.15) yields

fB-ds 0. (1.52)

Since there is no flux through the side walls of the tube in Figure 1.8, Equation (1.52) can
be rewritten as

fBl -dAS, =f32-dA52=7§B3 -dAS;, (1.53)
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indicating that the flux of the flux tube is constant
AP =ADy; = ADP3 = AD. (1.54)

A magnetic equipotential surface is a surface with a certain magnetic scalar potential Vp,.
When travelling along any route between two points a and b on this surface, we must get

b
/H -dl =Um,ap = Vg — Ve = 0. (1.55)

When observing a differential route, this is valid only when H - dI = 0. For isotropic materials,
the same result can be expressed as B - dI = 0. In other words, the equipotential surfaces are
perpendicular to the lines of flux.

If we select an adequately small area AS of the surface S, we are able to calculate the flux

A® = BAS. (1.56)

The magnetic potential difference between two equipotential surfaces that are close enough
to each other (H is constant along the integration path /) is written as

AUn = HI. (1.57)
The above equations give the permeance A of the cross-section of the flux tube

A® _B-dS _ dS 158
AU, HI M :

A=

The flux line diagram (Figure 1.9) comprises selected flux and potential lines. The selected
flux lines confine flux tubes, which all have an equal flux A®. The magnetic voltage between
the chosen potential lines is always the same, AU,. Thus, the magnetic conductivity of each
section of the flux tube is always the same, and the ratio of the distance of flux lines x to the
distance of potential lines y is always the same. If we set

=1, (1.59)

the field diagram forms, according to Figure 1.9, a grid of quadratic elements.

In ahomogeneous field, the field strength H is constant at every point of the field. According
to Equations (1.57) and (1.59), the distance of all potential and flux lines is thus always the
same. In that case, the flux diagram comprises squares of equal size.

When constructing a two-dimensional orthogonal field diagram, for instance for the air gap
of an electrical machine, certain boundary conditions have to be known to be able to draw
the diagram. These boundary conditions are often solved based on symmetry, or also because
the potential of a certain potential surface of the flux tube in Figure 1.8 is already known.
For instance, if the stator and rotor length of the machine is /, the area of the flux tube can,
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potential line

Figure 1.9 Flux lines and potential lines in a three-dimensional area with a flux flowing across an area
where the length dimension z is constant. In principle, the diagram is thus two dimensional. Such a
diagram is called an orthogonal field diagram

without significant error, be written as dS = /dx. The interface of the iron and air is now
analysed according to Figure 1.10a. We get

d®, = B,sldx — Bypeldx = 0 = Bys = Byge. (1.60)

Here, Bys and B, are the flux densities of air in the y-direction and of iron in the y-direction.

7
airgmp  Ho

P (e "
z Upe

@ ®)

Figure 1.10 (a) Interface of air § and iron Fe. The x-axis is tangential to the rotor surface. (b) Flux
travelling on iron surface
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In Figure 1.10a, the field strength has to be continuous in the x-direction on the iron—air
interface. If we consider the interface in the x-direction and, based on Ampere’s law, assume
a section dx of the surface has no current, we get

Hxéd-x - HxFedx = O, (161)

and thus

B
Hys = Hype = —2=, (1.62)

MFe

By assuming that the permeability of iron is infinite, ug. — 0o, we get Hyge = Hys =0
and thereby also B,s = poHys = 0.

Hence, if we set iuge — 00, the flux lines leave the ferromagnetic material perpendicularly
into the air. Simultaneously, the interface of iron and air forms an equipotential surface. If
the iron is not saturated, its permeability is very high, and the flux lines can be assumed to
leave the iron almost perpendicularly in currentless areas. In saturating areas, the interface of
the iron and air cannot strictly be considered an equipotential surface. The magnetic flux and
the electric flux refract on the interface.

In Figure 1.10b, the flux flows in the iron in the direction of the interface. If the iron is not
saturated (upe — 00) we can set B, & (. Now, there is no flux passing from the iron into air.
When the iron is about to become saturated (uge — 1), a significant magnetic voltage occurs
in the iron. Now, the air adjacent to the iron becomes an appealing route for the flux, and
part of the flux passes into the air. This is the case for instance when the teeth of electrical
machines saturate: a part of the flux flows across the slots of the machine, even though the
permeability of the materials in the slot is in practice equal to the permeability of a vacuum.

The lines of symmetry in flux diagrams are either potential or field lines. When drawing a
flux diagram, we have to know if the lines of symmetry are flux or potential lines. Figure 1.11
is an example of an orthogonal field diagram, in which the line of symmetry forms a potential
line; this could depict for instance the air gap between the contour of an magnetizing pole of
a DC machine and the rotor.

The solution of an orthogonal field diagram by drawing is best started at those parts of the
geometry where the field is as homogeneous as possible. For instance, in the case of
Figure 1.11, we start from the point where the air gap is at its narrowest. Now, the surface
of the magnetizing pole and the rotor surface that is assumed to be smooth form the potential
lines together with the surface between the poles. First, the potential lines are plotted at equal
distances and, next, the flux lines are drawn perpendicularly to potential lines so that the area
under observation forms a grid of quadratic elements. The length of the machine being /, each
flux tube created this way carries a flux of A®.

With the field diagram, it is possible to solve various magnetic parameters of the area under
observation. If ne is the number (not necessarily an integer) of contiguous flux tubes carrying
a flux A®, and AU, is the magnetic voltage between the sections of a flux tube (ny sec-
tions in sequence), the permeance of the entire air gap As assuming that Ab = A can be
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symmetry line
in the middle of pole

Ho, By

DC machine stator pole

symmetry line
between poles

potential line A
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Figure 1.11 Drawing an orthogonal field diagram in an air gap of a DC machine in the edge zone of a
pole shoe. Here, a differential equation for the magnetic scalar potential is solved by drawing. Dirichlet’s
boundary conditions for magnetic scalar potentials created on the surfaces of the pole shoe and the rotor
and on the symmetry plane between the pole shoes. The centre line of the pole shoe is set at the origin
of the coordinate system. At the origin, the element is dimensioned as A8y, Aby. The A§ and Ab in
different parts of the diagram have different sizes, but the A® remains the same in all flux tubes. The
pole pitch is t,,. There are about 23.5 flux tubes from the pole surface to the rotor surface in the figure

written as
N
o Ap oAb
Ay = — = Ned® As e (1.63)
Umé nUAUm nUAUm ny
The magnetic field strength in the enlarged element of Figure 1.11 is
AU,
H=—"2, (1.64)
AS
and correspondingly the magnetic flux density
AU, AP
B=puy—— = —. 1.65
HOTAs T Abl (1.6

With Equation (1.56), it is also possible to determine point by point the distribution of flux
density on a potential line; in other words, on the surface of the armature or the magnetizing
pole. With the notation in Figure 1.11, we get

APy = BoAbpl = AD(x) = B(x)Ab(x)l. (1.66)
In the middle of the pole, where the air-gap flux is homogeneous, the flux density is

AU, U,
Mo (1.67)
A8 50

By = poHop = o
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Thus, the magnitude of flux density as a function of the x-coordinate is

Ab Aby  Upn
0 By= 0 po222 (1.68)

B = 508 = 2pm s,

Example 1.6: What is the permeance of the main flux in Figure 1.11 when the air gap
8 = 0.01 m and the stator stack length is / = 0.1 m? How much flux is created with ®; =
1000 A?

Solution: In the centre of the pole, the orthogonal flux diagram is uniform and we see that
Ay and Abg have the same size; Ady = Aby = 2 mm. The permeance of the flux tube in
the centre of the pole is

Abyl 0.02m-0.1m _
= o =410
Ady 0.02m

g Vs
Ao = o -

As we can see in Figure 1.11, about 23.5 flux tubes travel from half of the stator pole
to the rotor surface. Each of these flux tubes transmits the same amount of flux, and hence
the permeance of the whole pole seen by the main flux is

v v
A=2-23.5~Ao=47-Ao=47-47r-10’8KS:5.9HAS.

If we have ®&; = 1000 A current linkage magnetizing the air gap, we get the flux

v
® = AG; = 5.9% " 1000A = 5.9 mVs.

1.3.2 Flux Diagrams for Current-Carrying Areas

Let us first consider a situation in which an equivalent linear current density A [A/m] covers
the area under observation. In principle, the linear current density corresponds to the surface
current J; = n x Hj induced in a conducting medium by an alternating field strength H|
outside the surface. The surface normal unit vector is denoted by n.

In an electrical machine with windings, the ‘artificial surface current’, that is the local value
of the linear current density A, may for instance be calculated as a current sum flowing in a
slot divided by the slot pitch. Equivalent linear current density can be employed in approxima-
tion, because the currents flowing in the windings of electrical machines are usually situated
close to the air gap, and the current linkages created by the currents excite mainly the air gaps.
Thus, we can set © = g in the observed area of equivalent linear current density. The utiliza-
tion of equivalent linear current density simplifies the manual calculation of the machine by
idealizing the potential surfaces, and does not have a crucial impact on the field diagram in
the areas outside the area of linear current density. Figure 1.12 illustrates an equivalent linear
current density.

The value for equivalent linear current density A is expressed per unit length in the direc-
tion of observation. The linear current density A corresponds to the tangential magnetic field



Principal Laws and Methods in Electrical Machine Design 23

Yy

g 2 g
=] Rt B
E: 2 3
=) Q =t
¢ S o Y o
29 - £ O
£ O g = @
= @ K
=2 E @ £
= g “\, 0 <
- 0 < © ==
Eg 5 g 3
Eo 2 =02
>~.Z = n Z

w —

linear i i ¢ pole surface )
current X \ FRE Dirichlet's condition
density 4 X

X current flowin, .. .
& rotor surface, Dirichlet's boundary condition

(a) (b)

Figure 1.12 (a) General representation of linear current density A [A/m] and (b) its application to the
field diagram of a magnetizing pole of a DC machine. It is important to note that in the area of the
pole body, the potential lines now pass from air to iron. Dirichlet’s boundary conditions indicate here a
known equiscalar potential surface

strength Hys. Assuming the permeability of iron to be infinite, Ampere’s law yields for the
element dy of Figure 1.12a

fH -dl = dO = Hyydy — Hypedy = Ady. (1.69)

Further, this gives us
Hyyr = A and By = oA. (1.70)

Equation (1.70) indicates that in the case of Figure 1.12 we have a tangential flux density
on the pole body surface. The tangential flux density makes the flux lines travel inclined to
the pole body surface and not perpendicular to it as in currentless areas.

If we assume that the phenomenon is observed on the stator inner surface or on the
rotor outer surface, the x-components may be regarded as tangential components and the
y-components as normal components. In the air gap §, there is a tangential field strength H 5
along the x-component, and a corresponding component of flux density B,s created by the
linear current density A. This is essential when considering the force density, the tangential
Stress o pran, that generates torque (Maxwell stresses will be discussed later). On iron surfaces
with linear current density, the flux lines no longer pass perpendicularly from the iron to the
air gap, as Figure 1.12 depicting the field diagram of a DC machine’s magnetizing pole also
illustrates. The influence of a magnetizing winding on the pole body is illustrated with the
linear current density. Since the magnetizing winding is evenly distributed over the length
of the pole body (the linear current density being constant), it can be seen that the potential
changes linearly in the area of linear current density in the direction of the height of the pole.
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Figure 1.13 Current-carrying conductor in a slot and its field diagram. The illustration on the left
demonstrates the closed line integral around the surface AS; also some flux lines in the iron are plotted.
Note that the flux lines travelling across the slot depict leakage flux

As evidence of this we can see that in Figure 1.12 the potential lines starting in the air gap
enter the area of linear current density at even distances.

In areas with current densities J, the potential lines become gradient lines. This can be seen
in Figure 1.13 at points a, b and c. We could assume that the figure illustrates for instance a
nonsalient-pole synchronous machine field winding bar carrying a DC density. The magnetic
potential difference between V4 and Vo equals the slot current.

The gradient lines meet the slot leakage flux lines orthogonally, which means that
JH-dl =0 along a gradient line. In the figure, we calculate a closed line integral around
the area AS of the surface S

ng~dl=Vm3—Vm2= J-ds, (1.71)
AS

where we can see that when the current density J and the difference of magnetic potentials
AU, are constant, the area AS of the surface S also has to be constant. In other words, the
selected gradient lines confine areas of equal size from the surface S with a constant current
density. The gradient lines meet at a single point d, which is called an indifference point. If
the current-carrying area is confined by an area with infinite permeability, the border line is a
potential line and the indifference point is located on this border line. If the permeability of
iron is not infinite, then d is located in the current-carrying area, as in Figure 1.13. If inside a
current-carrying area the line integral is defined for instance around the area AS, we can see
that the closer to the point d we get, the smaller become the distances between the gradient
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lines. In order to maintain the same current sum in the observed areas, the heights of the areas
AS have to be changed.
Outside the current-carrying area, the following holds:

h
AP = AAUn = pol 5 /J~dS. (1.72)
S

Inside the area under observation, when a closed line integral according to Equation (1.71)
is written only for the area AS (<S), the flux of a flux tube in a current-carrying area becomes

h i
AP = 1l (-) J-ds (1.73)
b) Jas

and thus, in that case, if (h/b)’ = (h/b), then in fact A@’ < A@. If the current density J in
the current-carrying area is constant, A@’ = AP AS/S is valid. When crossing the bound-
ary between a current-carrying slot and currentless iron, the flux of the flux tube cannot
change. Therefore, the dimensions of the line grid have to be altered. When J is constant and
A®’ = Ad, Equations (1.72) and (1.73) yield for the dimensions in the current-carrying area

n\' Sh

This means that near the indifference point d the ratio (4/b) increases. An orthogonal field dia-
gram can be drawn for a current-carrying area by correcting the equivalent linear current den-
sity by iterating the created diagram. For a current-carrying area, gradient lines are extended
from potential lines up to the indifference point. Now, bearing in mind that the gradient lines
have to divide the current-carrying area into sections of equal size, next the orthogonal flux
lines are plotted by simultaneously paying attention to changing dimensions. The diagram is
altered iteratively until Equation (1.74) is valid to the required accuracy.

1.4 Application of the Principle of Virtual Work in the Determination
of Force and Torque

When investigating electrical equipment, the magnetic circuit of which changes form during
operation, the easiest method is to apply the principle of virtual work in the estimation of force
and torque. Examples of this kind of equipment are double-salient-pole reluctant machines,
various relays and so on.

Faraday’s induction law presents the voltage induced in the winding, which creates a current
that tends to resist the changes in flux. The voltage equation for the winding is written as

R'+dw R'+dL' (1.75)
u=Ri+—=Ri+ —Li, .

dt dt

where u is the voltage connected to the coil terminals, R is the resistance of the winding and
¥ is the coil flux linkage, and L the self-inductance of the coil consisting of its magnetizing
inductance and leakage inductance: L = ¥/i = N®/i = N2A = N?R,, (see also Section 1.6).
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If the number of turns in the winding is N and the flux is @, Equation (1.75) can be rewritten
as

_Rri+ NP (1.76)
u = 1 dt‘ .

The required power in the winding is written correspondingly as

) o .do
ui = Ri“+ Ni—, (1.77)
dr
and the energy
dW = Pdt = Ri*dt + Ni do. (1.78)

The latter energy component Ni d® is reversible, whereas Ri* df turns into heat. Energy cannot
be created or destroyed, but may only be converted to different forms. In isolated systems,
the limits of the energy balance can be defined unambiguously, which simplifies the energy
analysis. The net energy input is equal to the energy stored in the system. This result, the first
law of thermodynamics, is applied to electromechanical systems, where electrical energy is
stored mainly in magnetic fields. In these systems, the energy transfer can be represented by
the equation

dWe = dWipee + dWe + dWR (1.79)
where

dW is the differential electrical energy input,

dW e is the differential mechanical energy output,

dW is the differential change of magnetic stored energy,
dWr is the differential energy loss.

Here the energy input from the electric supply is written equal to the mechanical energy
together with the stored magnetic field energy and heat loss. Electrical and mechanical energy
have positive values in motoring action and negative values in generator action. In a magnetic
system without losses, the change of electrical energy input is equal to the sum of the change
of work done by the system and the change of stored magnetic field energy

dWel = dWmec + de)» (180)

dWe = ei dt. (1.81)

In the above, e is the instantaneous value of the induced voltage, created by changes in
the energy in the magnetic circuit. Because of this electromotive force, the external electric
circuit converts power into mechanical power by utilizing the magnetic field. This law of
energy conversion combines a reaction and a counter-reaction in an electrical and mechanical
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Figure 1.14 Electromagnetic relay connected to an external voltage source u. The mass of a moving
yoke is neglected and the resistance of the winding is assumed to be concentrated in the external resistor
R. There are N turns in the winding and a flux @ flowing in the magnetic circuit; a flux linkage ¥ =~
N@ is produced in the winding. The negative time derivative of the flux linkage is an emf, e. The force
F pulls the yoke open. The force is produced by a mechanical source. A magnetic force F'y tries to close
the air gap

system. The combination of Equations (1.80) and (1.81) yields
. av .
dWe = ei dt = El dt =id¥ = dWyee + dWo. (1.82)

Equation (1.82) lays a foundation for the energy conversion principle. Next, its utilization
in the analysis of electromagnetic energy converters is discussed.

As is known, a magnetic circuit (Figure 1.14) can be described by an inductance L deter-
mined from the number of turns of the winding, the geometry of the magnetic circuit and the
permeability of the magnetic material. In electromagnetic energy converters, there are air gaps
that separate the moving magnetic circuit parts from each other. In most cases — because of
the high permeability of iron parts — the reluctance R, of the magnetic circuit consists mainly
of the reluctances of the air gaps. Thus, most of the energy is stored in the air gap. The wider
the air gap, the more energy can be stored. For instance, in induction motors this can be seen
from the fact that the wider is the gap, the higher is the magnetizing current needed.

According to Faraday’s induction law, Equation (1.82) yields

AWy = i dw. (1.83)

The computation is simplified by neglecting for instance the magnetic nonlinearity and iron
losses. The inductance of the device now depends only on the geometry and, in our example,
on the distance x creating an air gap in the magnetic circuit. The flux linkage is thus a product
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of the varying inductance and the current
v = L(x)i. (1.84)
A magnetic force F is determined as
dWiee = Fo dx. (1.85)
From Equations (1.83) and (1.85), we may rewrite Equation (1.80) as
dWe =id¥ — Fg dx. (1.86)

Since it is assumed that there are no losses in the magnetic energy storage, dWy is deter-
mined from the values of ¥ and x. dWy is independent of the integration path A or B, and the
energy equation can be written as

Weo (W, x0) = f dWe+ / dWe. (1.87)
path A pathB

With no displacement allowed (dx = 0), Equations (1.86) now (1.87) yield

v

Wo (W, xo) = / i (W, xo)dW. (1.88)
0

In a linear system, ¥ is proportional to current 7, as in Equations (1.84) and (1.88). We there-
fore obtain

v '4

Wd) (l[/7 XO) = /l (l[/’ X())dlI/ = /

0 0

_! L —lL yi? (1.89
Lan™ 2Ly 28007 89)

The magnetic field energy can also be represented by the energy density wg = Wg /V =
BH /2 [J/m’] in a magnetic field integrated over the volume V of the magnetic field. This
gives

We = / %(H -B)dv. (1.90)
4

Assuming the permeability of the magnetic medium constant and substituting B = puH
gives

1 B2
We = [ =—dV. (1.91)
2 n

Vv
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This yields the relation between the stored energy in a magnetic circuit and the electrical
and mechanical energy in a system with a lossless magnetic energy storage. The equation for
differential magnetic energy is expressed in partial derivatives

Wo We
AWe (W, x) = 22 q@
o (W x) = —gmd¥ + =

dx. (1.92)

Since ¥ and x are independent variables, Equations (1.86) and (1.92) have to be equal at all
values of d¥ and dx, which yields

. IWe (¥, x)
= —,

T (1.93)

where the partial derivative is calculated by keeping x constant. The force created by the
electromagnet at a certain flux linkage level ¥ can be calculated from the magnetic energy

IWe (¥, x)

Fe =
¢ ax

(1.94a2)

The minus sign is due to the coordinate system in Figure 1.14. The corresponding equation is
valid for torque as a function of angular displacement 6 while keeping flux linkage ¥ constant

an) ((1/5 9)

Ty =
e 36

(1.94b)

Alternatively, we may employ coenergy (see Figure 1.15a), which gives us the force directly
as a function of current. The coenergy W, is determined as a function of i and x as

Wh (i, x) =i¥ — We (¥, x). (1.95)
b d b d B
ener . energy & energy

& o*‘é\ 5% density

9 +
W@ by qu
g g
coenergy
coenergy coenergy density
0 i 0 i 0 H
(a) (b) (c)

Figure 1.15 Determination of energy and coenergy with current and flux linkage (a) in a linear case
(L is constant), (b) and (c) in a nonlinear case (L saturates as a function of current). If the figure is used
to illustrate the behaviour of the relay in Figure 1.14, the distance x remains constant
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In the conversion, it is possible to apply the differential of /¥
diy) =id¥ 4+ ¥ di. (1.96)
Equation (1.95) now yields
AWy (i, x) =d (W) — dWe (W, x). 1.97)
By substituting Equations (1.86) and (1.96) into Equation (1.97) we obtain
dWp (i, x) = ¥ di + Fgp dx. (1.98)

The coenergy W}, is a function of two independent variables, i and x. This can be represented
by partial derivatives

0

W, aw!
L di + —2dx. (1.99)
di X

dW), (i, x) = ]

Equations (1.98) and (1.99) have to be equal at all values of di and dx. This gives us

aW/ (i,
g = W GO (1.100)
bl
oWz (i,
Fp = Vol 0 (1.101a)
0x
Correspondingly, when the current i is kept constant, the torque is
oW, (i, 0
To = %. (1.101b)

Equation (1.101) gives a mechanical force or a torque directly from the current i and dis-
placement x, or from the angular displacement 6. The coenergy can be calculated with i
and x

Wy (io, x0) = / W (i, xo)di. (1.102)

0

In a linear system, ¥ and i are proportional, and the flux linkage can be represented by the
inductance depending on the distance, as in Equation (1.84). The coenergy is
o 1 2
We(,x)= | L(x)idi = EL (x)i~. (1.103)
0
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Using Equation (1.91), the magnetic energy can be expressed also in the form

1
Weo =/§MH2dV. (1.104)
\4

In linear systems, the energy and coenergy are numerically equal, for instance 0.5Li> =
0.5%2/L or (u/2)H* = (1/2)B?. In nonlinear systems, ¥ and i or B and H are not pro-
portional. In a graphical representation, the energy and coenergy behave in a nonlinear way
according to Figure 1.15.

The area between the curve and flux linkage axis can be obtained from the integral i d¥,
and it represents the energy stored in the magnetic circuit Wy . The area between the curve
and the current axis can be obtained from the integral ¥di, and it represents the coenergy W,.
The sum of these energies is, according to the definition,

Wo + Wh =iW. (1.105)

In the device in Figure 1.14, with certain values of x and i (or ¥), the field strength has to
be independent of the method of calculation; that is, whether it is calculated from energy or
coenergy — graphical presentation illustrates the case. The moving yoke is assumed to be in
a position x so that the device is operating at the point a, Figure 1.16a. The partial derivative
in Equation (1.92) can be interpreted as AWg/Ax, the flux linkage ¥ being constant and
Ax — 0. If we allow a change Ax from position a to position b (the air gap becomes smaller),
the stored energy change —AWg will be as shown in Figure 1.16a by the shaded area, and
the energy thus becomes smaller in this case. Thus, the force F¢ is the shaded area divided by
Ax when Ax — 0. Since the energy change is negative, the force will also act in the negative
x-axis direction. Conversely, the partial derivative can be interpreted as AW, / Ax, i being
constant and Ax — 0.

b ' c
b
a a
after
displ.
x—Ax
- Aw,
initial state AAI initial state
X, const X, const.
0 i 0 i
(a) WP is constant, i decreases (b) i is constant, flux linkage increases

Figure 1.16 Influence of the change Ax on energy and coenergy: (a) the change of energy, when ¥ is
constant; (b) the change of coenergy, when i is constant



32 Design of Rotating Electrical Machines

The shaded areas in Figures 1.16a and b differ from each other by the amount of the small
triangle abc, the two sides of which are Ai and AY. When calculating the limit, Ax is allowed
to approach zero, and thereby the areas of the shaded sections also approach each other.

Equations (1.94) and (1.101) give the mechanical force or torque of electric origin as partial
derivatives of the energy and coenergy functions We (¥, x) and Wy, (x, i).

Physically, the force depends on the magnetic field strength H in the air gap; this will be
studied in the next section. According to the study above, the effects of the field can be repre-
sented by the flux linkage ¥ and the current i. The force or the torque caused by the magnetic
field strength tends to act in all cases in the direction where the stored magnetic energy de-
creases with a constant flux, or the coenergy increases with a constant current. Furthermore,
the magnetic force tends to increase the inductance and drive the moving parts so that the
reluctance of the magnetic circuit finds its minimum value.

Using finite elements, torque can be calculated by differentiating the magnetic coenergy W’
with respect to movement, and by maintaining the current constant:

T =1

H
dw’ d
=_//(B.dH>dv. (1.106)
da do
V o0

In numerical modelling, this differential is approximated by the difference between two suc-
cessive calculations:

T [ (W’(a + Aa) — W’ (a))
B Aa '

(1.107)

Here, / is the machine length and A« represents the displacement between successive field
solutions. The adverse effect of this solution is that it needs two successive calculations.

Coulomb’s virtual work method in FEM is also based on the principle of virtual work. It
gives the following expression for the torque:

H
T =f1 (—B‘J’l)%H—i-/BdH Vi %‘:' ds, (1.108)
0

2

where the integration is carried out over the finite elements situated between fixed and moving
parts, having undergone a virtual deformation. In Equation (1.108), / is the length, J denotes
the Jacobian matrix, dJ/de is its differential representing element deformation during the
displacement dg, |J| is the determinant of J and d |J| /de is the differential of the determinant,
representing the variation of the element volume during displacement dg. Coulomb’s virtual
work method is regarded as one of the most reliable methods for calculating the torque and it
is favoured by many important commercial suppliers of FEM programs. Its benefit compared
with the previous virtual work method is that only one solution is needed to calculate the
torque.
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Figure 1.17 Flux solution of a loaded 30kW, four-pole, 50 Hz induction motor, the machine rotating
counterclockwise as a motor. The figure depicts a heavy overload. The tangential field strength in this
case is very large and produces a high torque. The enlarged figure shows the tangential and normal
components of the field strength in principle. Reproduced by permission of Janne Nerg

1.5 Maxwell’s Stress Tensor; Radial and Tangential Stress

Maxwell’s stress tensor is probably the most generic idea of producing magnetic stresses,
forces and torque. We discussed previously that the linear current density A on a metal sur-
face creates tangential field strength components on the metal surfaces. Such tangential field
strength components are essential in both tangential stress generation and torque generation
in rotating-field electrical machines.

In numerical methods, Maxwell’s stress tensor is often employed in the calculation of forces
and torque. The idea is based on Faraday’s statement according to which stress occurs in the
flux lines. Figures 1.17 depict the flux solution for an air gap of an asynchronous machine,
when the machine is operating under a heavy load. Such a heavy load condition is selected in
order to illustrate clearly the tangential routes of the flux lines. When we compare Figure 1.17
with Figure 1.6, we can see the remarkable difference in the behaviour of the flux lines in the
vicinity of the air gap.

In the figures, the flux lines cross the air gap somewhat tangentially so that if we imagine
the flux lines to be flexible, they cause a notable torque rotating the rotor counterclockwise.
According to Maxwell’s stress theory, the magnetic field strength between objects in a vacuum
creates a stress oy on the object surfaces, given by

1
oF = E,uon. (1.109)

The stress occurs in the direction of lines of force and creates an equal pressure perpendic-
ularly to the lines. When the stress term is divided into its normal and tangential components
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with respect to the object in question, we obtain
1
OFn = 5“0 (an - Hl%m) ’ (1.110)

OFtan = poHnHn. (1.111)

Considering torque production, the tangential component o gy, is of the greatest interest.
The total torque exerted on the rotor can be obtained by integrating the stress tensor for in-
stance over a cylinder I” that confines the rotor. The cylinder is dimensioned exactly to enclose
the rotor. The torque is obtained by multiplying the result by the radius of the rotor. Note that
no steel may be left inside the surface to be integrated. The torque can be calculated by the
following relationship:

l B2n
T=—[rx (B -nBdS— — )dr, (1.112)
Ho J 2

where / is the length, B is the flux density vector, n the normal unit vector in the elements
and r the lever arm, in other words the vector which connects the rotor origin to the midpoint
of the segment dI". The former term contains the tangential force contributing to the torque.
Since n and r are parallel the latter term does not contribute to the torque but represents the
normal stress.

Maxwell’s stress tensor illustrates well the fundamental principle of torque generation. Un-
fortunately, because of numerical inaccuracies, for instance in the FEM, the obtained torque
must be employed with caution. Therefore, in the FEM analysis, the torque is often solved
by other methods, for instance Arkkio’s method, which is a variant of Maxwell’s stress tensor
and is based on integrating the torque over the whole volume of the air gap constituted by the
layers of radii r¢ and ;.. The method has been presented with the following expression for the
torque:

l
T = —/anBtandS, (1.113)
o (rs —rp) s

in which / is the length, B, and By,, denote the radial and tangential flux densities in the
elements of surface S and formed between radii 7, and r. dS is the surface of one element.

The magnetizing current method is yet another variant of Maxwell’s stress method used in
FEM solvers. This method is based on the calculation of the magnetizing current and the flux
density over the element edges that constitute the boundary between the iron or permanent
magnet and the air. Here the torque can be determined by the following expression:

l
T=— B
o {r X [( tan,Fe

Ie

- 32 )n - (Btan,FeBtan,air - 82 )t]} dFCv (1114)

tan,air n,air

where [ is the machine length, I denotes all the interfaces between the iron or permanent
magnet and the air, and dI% is the length of the element edge located at the boundary. The
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vector r is the lever arm, in other words the vector connecting the rotor origin to the midpoint
of dI',. By, and B, denote the tangential and normal flux densities with respect to dI”.. The
subscript Fe refers to the iron or permanent magnet. The normal unit vector is 7 and tangential
unit vector £.

Equation (1.70) states that a linear current density A creates a tangential field strength in an
electrical machine: Hy,, s = A and By, 5 = poA. According to Equation (1.111), the tangen-
tial stress in an air gap is given by

OFtan = /»LOHnHtan = /’LOHHA = BnA (1115)

This equation gives a local time-dependent value for the tangential stress when local instanta-
neous values for the normal flux density B,, and the linear current density A are given. Air-gap
flux density and linear current density thereby determine the tangential stress occurring in
electrical machines. If we want to emphasize the place and time dependence of the stress, we
may write the expression in the form

aFtan (X, t) = I’LOHH (x9 t) Hlan (xa t) = MOHH (X, t)A (.X, t) = Bn (.X, t)A (X, t) . (1116)
This expression is a very important starting point for the dimensioning of an electrical ma-

chine. The torque of the machine may be directly determined by this equation when the rotor
dimensions are selected.

Example 1.7: Assume a sinusoidal air-gap flux density distribution having a maximum
value of 0.9 T and a sinusoidal linear current density with a maximum value of 40 kA/m
in the air gap. To simplify the case, also assume that the distributions are overlapping; in
other words, there is no phase shift. This condition may occur on the stator surface of a
synchronous machine; however, in the case of an induction machine, the condition never
takes place in the steady state, since the stator also has to carry the magnetizing current. In
our example, both the diameter and the length of the rotor are 200 mm. What is the power
output, if the rotation speed is 1450 min=!?

Solution: Because oy (x) = B, sin (x) A sin (x), the average tangential stress becomes
O Fran (X) = O.SEHA = 18 kPa. The active surface area of the rotor is tD! = 0.126 m?.
When we multiply the rotor surface area by the average tangential stress, we obtain
2270N. This tangential force occurs everywhere at a radial distance of 0.1 m from the
centre of the axis, the torque being thus 227 N m. The angular velocity is 151 rad/s, which
produces a power of approximately 34 kW. These values are quite close to the values of a
real, totally enclosed 30 kW induction machine.

In electrical machines, the tangential stresses typically vary between 10 and 50kPa de-
pending on the machine construction, operating principle and especially on the cooling. For
instance, the values for totally enclosed, permanent magnet synchronous machines vary typi-
cally between 20 and 30 kPa. For asynchronous machines, the values are somewhat lower. In
induction machines with open-circuit cooling, the value of 50 kPa is approached. Using direct
cooling methods may give notably higher tangential stresses.
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Example 1.8: Calculate the force between two iron bodies when the area of the air gap
between the bodies is 10 cm?, and the flux density is 1.5 T. The relative permeability of
iron is assumed to be 700. It is also assumed that the tangential component of the field
strength is zero.

Solution:

1 1 B\’ Vs [A\?
=—po(H)) = —po (=) =895-100— ( —
OFn 2#«0( n) 2#0 (M) m( )

VAs

=8.95-10°—;
m

N
=8.95-10°—.
m

This is the stress in the air gap. The force acting on the iron can be approximated by
multiplying the stress by the area of the air gap. Strictly speaking, we should investigate
the permeability difference of the iron and air, the force acting on the iron therefore
being

1 , SN
Fry = Sopy (1 — = (1= 510001 m®-8.95-10°— = 894N.
m

MrFe 700

No magnetic force is exerted on the air (a nonmagnetic material (i, = 1)), although some
stress occurs in the air because of the field strength. Only the part of air-gap flux that is caused
by the magnetic susceptibility of the iron circuit creates a force. By applying the stress tensor,
we may now write for a normal force

B2S 1
Frg = 2220 (1——). (1.117)

For iron, 1/u, < 1, and thus, in practice, the latter term in Equation (1.117) is of no sig-
nificance, unless the iron is heavily saturated.

From this example, we may conclude that the normal stress is usually notably higher than
the tangential stress. In these examples, the normal stress was 895 000 Pa, and the tangential
stress 18 000 Pa. Some cases have been reported in which attempts have been made to apply
normal stress in rotating machines.

1.6 Self-Inductance and Mutual Inductance

Self-inductances and mutual inductances are the core parameters of electrical machines. Per-
meance is generally determined by

a=2_ (1.118)
== .
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and inductance by

@ 2
L=N—=—=N?A. (1.119)
1

v
i

Inductance describes a coil’s ability to produce flux linkage. Therefore, also its unit H
(henry) is equal to V s/A. Correspondingly, the mutual inductance L1, is determined from the
flux linkage ¥,, created in winding 1 by the current 7, that flows in winding 2,

Lip=—=. (1.120)
2

In the special case where the flux @,, created by the current of winding 2, penetrates all
the turns of windings 1 and 2, the mutual permeance between the windings is written as

4P)
Ap=—, (1.121)
N2l2
and the mutual inductance as
Ly =N{N2Ap. (1.122)

Here, N, is the number of turns of the winding in which the voltage is induced, and N, is the
number of turns of the winding that produces the flux.
The energy equation for a magnetic circuit can be written with the flux linkage as

t t '4

W /'Ldidt /'dqjdt /'dtI/ (1.123)
= 1 _— = —_— = . .
? dt ar :

0 0 0

If an integral has to be calculated, the volume under observation can be divided into flux
tubes. A flux flowing in such a flux tube is created by the influence of N turns of the winding.
By taking into account the fact that the field strength H is created by the current i according
to the equation ¢ H - dI = k,,Ni, the equation for the sum of the energies of all flux tubes in
the volume observed, that is the total energy of the magnetic circuit that was previously given
by the current and flux linkage, may be written as

v [ B B

B
W¢=/idW=/kWNid¢=/¢H~dl'SdB=//HdVdB=//HdBdV.
v v
0

0 0 0 0
(1.124)

The volume integration has to be performed over the volume V' in which the flux in question
is passing. Energy per volume is thus written in the familiar form

B
aw,
i =/HdB, (1.125)
av

0
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the energy stored in the complete magnetic circuit being

B
We =/ /HdB dv. (1.126)
v
0

As the flux linkage is proportional to the current i, ¥ = Li, the energy can be given also as

i

We = L/idi = 1pLi%. (1.127)
0
Equation (1.126) yields
dw. 1
¢ _ _HB, (1.128)
av 2
1 1
Weo = -/ HBAV = -/ wH?av. (1.129)
2 )y 2 Jy

From Equations (1.119), (1.127) and (1.129), we can calculate an ideal overall magnetic
permeance for a magnetic circuit of volume V

1

1
HBAV = H?dV. 1.130
EE /V NZ2 /V ” (1.130)

Let us now investigate two electric circuits with a common magnetic energy of

'4 '23
We =/i1dl1/1+/i2dl112. (1.131)
0 0

Also in this case, the magnetic energy can be calculated from Equations (1.125) and (1.126).
We can see that the common flux flowing through the flux tube 7 is

lIlnl lI/n2
= = BS,. (1.132)
Ny N>

D, =
This flux tube is magnetized by the sum current linkage of two windings N and N,

fH-dl: itN| 4 isNs. (1.133)

In a linear system, the fluxes are directly proportional to the sum magnetizing current link-
age i1 N1 + i, N», and thus we obtain an energy

1 1
We = E(i1W1)+ E(iz‘l’z)- (1.134)
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Because the flux linkages are created with two windings together, they can be divided into
parts

U=V +¥,, and ¥, = ¥, + Uy (1.135)
Now, the flux linkages and inductances can be linked
Vi1 = Luiy, W2 =Lpi, Y=Ly, W =Li. (1.136)

In Equation (1.136), there are the self-inductances L;; and L,,, and the mutual inductances
Ly, and L,;. The magnetic energy can now be rewritten as

Wo = 3 (L11if + Lugitiz + Li3 + Layiaiy)

(1.137)
= Wi+ Wia + Wy + Wy

The magnetic energy of the magnetic field created by the two current circuits can thus be
divided into four parts, two parts representing the energy of the self-inductances and two parts
representing the energy of the mutual inductances. Correspondingly, the magnetic energy den-
sity in a certain volume can be written according to Equation (1.128), after the substitution

H=H1+H2 and B:Bl—{-Bz, (1138)

in the form

dWe 1
G = 5 (HiBi+ HiBy+ HaBs + HyBy). (1.139)

Since in this equation H1B, = H,B1, the energies and inductances have to behave as W, =
W1 and Ly, = L. This gives

1 1
Wo = Wi +2Wio + Wy = 5Luif + Ligiyia + ELzzig. (1.140)
Equations (1.137) and (1.139) yield

1 1
Wia = =Litip = -/ H,B,dV. (1.141)
2 2 )y

Now, we obtain for the permeance between the windings A, = A,;, which corresponds to
the mutual inductance, by comparing Equation (1.122),

1
Ap=—— H{H,dV. 1.142
12 N1i1N2i2/vM 1H> ( )

If the field strengths are created by sinusoidal currents with a phase difference y

iy =1y sinwt and i, =i, sin(wt + y), (1.143)
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the mutual average energy of the fields created by these currents is obtained from
Wizay = le—/lllzda)l‘ —lezllzcosy (1.144)

Correspondingly, the permeance between the windings is

2
A = —0x H{H> cos dV 1145
12 NlilNziQ/M 1112 14 ( )

In these equations, y is the time-dependent phase angle either between the currents in two
windings or between the partial field strengths created by these currents.

Mutual inductances are important in rotating electrical machines. A machine is, however,
usually treated using an equivalent electric circuit in which all the machine windings are
presented at the same voltage level. In such cases the mutual inductances are replaced by
the magnetizing inductance L,,, which can be calculated using the transformation ratio K as
Ly, = KL,. Further discussion of the magnetic circuit properties and inductances, such as
magnetizing inductance L,,, will be given in Chapter 3.

1.7 Per Unit Values

When analysing electrical machines, especially in electric drives, per unit values are often
employed. This brings certain advantages to the analysis, since they show directly the relative
magnitude of a certain parameter. For instance, if the relative magnetizing inductance of an
asynchronous machine is /;, = 3, it is quite high. On the other hand, if it is /, = 1, it is
rather low. Now it is possible to compare machines, the rated values of which differ from each
other.

Relative values can be obtained by dividing each dimension by a base value. When consid-
ering electric motors and electric drives, the base values are selected accordingly:

® Peak value for rated stator phase current i N. (It is, of course, also possible to select the root
mean square (RMS) stator current as a base value, instead. In such a case the voltage also
has to be selected accordingly.)

¢ Peak value for rated stator phase voltage .

e Rated angular frequency wn = 27 fiN.

* Rated flux linkage, corresponding also to the rated angular velocity ¥y.

¢ Rated impedance Zy.

¢ Time in which 1 radian in electrical degrees, #y = 1 rad/wx, is travelled at a rated angular
frequency. Relative time t is thus measured as an angle 7 = wnt.

* Apparent power Sy corresponding to rated current and voltage.

® Rated torque T’y corresponding to rated power and frequency.
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When operating with sinusoidal quantities, the rated current of the machine is Iy and the
line-to-line voltage is Un:

The base value for current I, = iy = x/zIN. (1.146)
U
The base value for voltage Uy, = iiN = ply (1.147)
V3
Angular frequency wn = 27 fiN. (1.148)
The base value for flux linkage ¥, = ¥ = u—N (1.149)
WN
The base value for impedance Z, = Zy = ’f—N (1.150)
IN
The base value for inductance Ly, = Ly = ul\i . (1.151)
WNIN
The base value for capacitance C, = CNy = ll\i . (1.152)
WNUN
3,
The base value for apparent power S, = Sy = EiNﬁN = \/gUNIN. (1.153)
3 . 3UNI
The base value for torque Ty, = Ty = ——ININCOS N = m COS ¥N.
ZwN )
(1.154)
The relative values to be used are
Us,pu = f{_s’ (1.155)
UN
. s
lspu = 7, (1.156)
iN
R S
Fop = =X (1.157)
uN
'4
Wy = 8 (1.158)
UN
w n
= — = — = Ny, 1.159
@ oNn N e ( )
where 7 is the rotational speed per second, and
T = wn!. (1.160)

The relative values of inductances are the same as the relative values of reactances. Thus,
we obtain for instance

Ly La 1
lm.pu = - = —= = ,l\iXm = Xm,pu> (1161)
Ly UN un

WNIN
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where X, is the magnetizing reactance.
We also have a mechanical time constant

2

2J

T = wn (w—N> —_—, (1.162)
p 3iiNiN COS PN

where J is the moment of inertia. According to (1.162), the mechanical time constant is the
ratio of the kinetic energy of a rotor rotating at synchronous speed to the power of the machine.

Example 1.9: A 50 Hz star-connected, four-pole, 400 V induction motor has the following
nameplate values: Py = 200kW, nny = 0.95, cospn = 0.89, Iy = 343 A, Is/In = 6.9,
Tmax/Tn = 3, and rated speed 1485 min~!. The no-load current of the motor is 121 A.
Give an expression for the per unit inductance parameters of the motor.

Solution:
The base angular frequency wn = 27t fon = 314/s.
The base value for flux linkage ¥, = ¥n = Z—z = %ﬁgv = 1.036 Vs.
The base value for inductance L, = Ly = % L.O36Vs = 2.14 mH.

INn  W2-343A

The no-load current of the machine is 121 A, and the stator inductance of the machine is
thereby about Ly = 230 V/(121 A - 314/s) = 6.06 mH. We guess that 97% of this belongs
to the magnetizing inductance. L, = 0.97 - 6.06 mH = 5.88 mH.

The per unit magnetizing inductance is now Ly, /Ly = 5.88/2.14 = 2.74 = I, 5, and the
stator leakage /o = 0.03 - 6.06 mH = 0.18 mH. /5, = 0.18/2.14 = 0.084.

We may roughly state that the per unit short-circuit inductance of the motor is, according
to the starting current ratio, ly & 1/ (Is/In) = 0.145. Without better knowledge, we divide
the short-circuit inductance 50:50 for the stator and rotor per unit leakages: lso.pu = lro pu
= 0.0725. This differs somewhat from the above-calculated /55 pn = 0.18/2.14 = 0.084.
However, the guess that 97% of the stator inductance /py = lsgpu + Impu S€EMS to be
correct enough.

The motor per unit slip is § = (ngyn — M)ngyn = (1500 — 1485)/1500 = 0.006 73. The
motor per unit slip at low slip values is directly proportional to the per unit rotor resistance.
Thus, we may assume that the rotor per unit resistance is of the same order, r,,, ~ 0.0067.

The rated efficiency of the motor is 95%, which gives 5% per unit losses to the system.
If we assume 1% stator resistance 7sp, ~ 0.01, and 0.5% excess losses, we have 2.8%
5 —-1-0.5—0.67 =2.8%) per unit iron losses in the motor. Hence, the losses in the
machine are roughly proportional to the per unit values of the stator and rotor resistances.
For more detailed information, the reader is referred to Chapter 7.
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1.8 Phasor Diagrams

When investigating the operation of electrical machines, sinusoidally alternating currents,
voltages and flux linkages are often illustrated with phasor diagrams. These diagrams are
based either on generator logic or on motor logic; the principle of the generator logic is that for
instance the flux linkage created by the rotor magnetization of a synchronous machine induces
an electromotive force in the armature winding of the machine. Here, Faraday’s induction law
is applied in the form

i (1.163)
e = ——. .
dt

The flux linkage for a rotating-field machine can be presented as
(1) = Pl (1.164)
The flux linkage is derived with respect to time

dy . n A .. ,t
e=——r= —jo¥e®” = e W = well@=3), (1.165)

The emf is thus of magnitude w¥ and its phase angle is 90 electrical degrees behind the
phasor of the flux linkage. Figure 1.18 illustrates the basic phasor diagrams according to
generator and motor logic.

As illustrated in Figure 1.18 for generator logic, the flux linkage ¥, generated by the
rotor of a synchronous machine induces a voltage E, in the armature winding of the machine
when the machine is rotating. The stator voltage of the machine is obtained by reducing the
proportion of the armature reaction and the resistive voltage loss from the induced voltage. If
the machine is running at no load, the induced voltage E,, equals the stator voltage Us.

Em (US)

¥, ’7 —‘ H

A
N

Generator logic Motor logic

Eg

Figure 1.18 Basic phasor diagrams for generator and motor logic
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Motor logic represents the opposite case. According to the induction law, the flux linkage
can be interpreted as an integral of voltage.

A 1. 1 .
¥, = /usdt - faselw’dt = —fel = —pgell@=3), (1.166)

Jo w

The phasor of the flux linkage is 90 electrical degrees behind the voltage phasor. Again,
differentiating the flux linkage with respect to time produces an emf. In the case of Figure
1.18, a flux linkage is integrated from the voltage, which further leads to the derivation of
a back emf now cancelling the supply voltage. As is known, this is the case with inductive
components. In the case of a coil, a major part of the supply voltage is required to overcome
the self-inductance of the coil. Only an insignificant voltage drop takes place in the winding
resistances. The resistive losses have therefore been neglected in the above discussion.

Example 1.10: A 50Hz synchronous generator field winding current linkage creates at
no load a stator winding flux linkage of ¥ = 15.6 Vs. What is the internal induced phase
voltage (and also the stator voltage) of the machine?

Solution: The induced voltage is calculated as

4w, . . .
ep = — dts = —jolel = —i314/s - 15.6 Vs - & = 4900V - £l"

Thus 4900V is the peak value of the stator phase voltage, which gives an effective value
of the line-to-line voltage:

4900V
Uy = 7

Hence, we have a 6 kV machine at no load ready to be synchronized to the network.

V3 = 6000 V.

Example 1.11: A rotating-field motor is supplied by a frequency converter at 25 Hz
and 200 V fundamental effective line-to-line voltage. The motor is initially a 400V star-
connected motor. What is the stator flux linkage in the inverter supply?

Solution: The stator flux linkage is found by integrating the phase voltage supplied to the
stator

. 1 V2200V . -
W, A /usdt = /aseﬂ“dr = - e = 1.04Vs - el@=3),
25-2m /3

Consequently, the flux linkage amplitude is 1.04 V s and it is lagging in a 90° phase shift
the voltage that creates the flux linkage.
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Windings of Electrical Machines

The operating principle of electrical machines is based on the interaction between the mag-
netic fields and the currents flowing in the windings of the machine. The winding construc-
tions and connections together with the currents and voltages fed into the windings determine
the operating modes and the type of the electrical machine. According to their different func-
tions in an electrical machine, the windings are grouped for instance as follows:

® armature windings;

¢ other rotating-field windings (e.g. stator or rotor windings of induction motors);
¢ field (magnetizing) windings;

¢ damper windings;

® commutating windings; and

® compensating windings.

Armature windings are rotating-field windings, into which the rotating-field-induced volt-
age required in energy conversion is induced. According to IEC 60050-411, the armature
winding is a winding in a synchronous, DC or single-phase commutator machine, which, in
service, receives active power from or delivers active power to the external electrical sys-
tem. This definition also applies to a synchronous compensator if the term ‘active power’
is replaced by ‘reactive power’. The air-gap flux component caused by the armature current
linkage is called the armature reaction.

An armature winding determined under these conditions can transmit power between an
electrical network and a mechanical system. Magnetizing windings create a magnetic field
required in the energy conversion. All machines do not include a separate magnetizing wind-
ing; for instance, in asynchronous machines, the stator winding both magnetizes the machine
and acts as a winding, where the operating voltage is induced. The stator winding of an asyn-
chronous machine is similar to the armature of a synchronous machine; however, it is not
defined as an armature in the IEC standard. In this material, the asynchronous machine stator
is therefore referred to as a rotating-field stator winding, not an armature winding. Voltages
are also induced in the rotor of an asynchronous machine, and currents that are significant
in torque production are created. However, the rotor itself takes only a rotor’s dissipation
power (I>R) from the air-gap power of the machine, this power being proportional to the slip;

Design of Rotating Electrical Machines ~ Juha Pyrhonen, Tapani Jokinen and Valéria Hrabovcovd
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therefore, the machine can be considered stator fed, and, depending on the rotor type, the
rotor is called either a squirrel cage rotor or a wound rotor. In DC machines, the function of
a rotor armature winding is to perform the actual power transmission, the machine being thus
rotor fed. Field windings do not normally participate in energy conversion, double-salient-pole
reluctance machines possibly being excluded: in principle, they have nothing but magnetizing
windings, but the windings also perform the function of the armature. In DC machines, com-
mutating and compensating windings are windings the purpose of which is to create auxiliary
field components to compensate for the armature reaction of the machine and thus improve
its performance characteristics. Similar to the previously described windings, these windings
do not participate in energy conversion in the machine either. The damper windings of syn-
chronous machines are a special case among different winding types. Their primary function
is to damp undesirable phenomena, such as oscillations and fields rotating opposite to the
main field. Damper windings are important during the transients of controlled synchronous
drives, in which the damper windings keep the air-gap flux linkage instantaneously constant.
In the asynchronous drive of a synchronous machine, the damper windings act like the cage
windings of asynchronous machines.

The most important windings are categorized according to their geometrical characteristics
and internal connections as follows:

¢ phase windings;
¢ salient-pole windings; and
* commutator windings.

Windings in which separate coils embedded in slots form a single- or poly-phase wind-
ing constitute a large group of AC armature windings. However, a similar winding is also
employed in the magnetizing of nonsalient-pole synchronous machines. In commutator wind-
ings, individual coils contained in slots form a single or several closed circuits, which are
connected together via a commutator. Commutator windings are employed only as armature
windings of DC and AC commutator machines. Salient-pole windings are normally concen-
trated field windings, but may also be used as armature windings in for instance fractional slot
permanent magnet machines and in double-salient reluctance machines. Concentrated stator
windings are used as an armature winding also in small shaded-pole motors.

In the following, the windings applied in electrical machines are classified according to
the two main winding types, namely slot windings and salient-pole windings. Both types are
applicable to both DC and AC cases, Table 2.1.

2.1 Basic Principles
2.1.1 Salient-Pole Windings

Figure 2.1 illustrates a synchronous machine with a salient-pole rotor. To magnetize the ma-
chine, direct current is fed through brushes and slip rings to the windings located on the salient
poles. The main flux created by the direct current flows from the pole shoe to the stator and
back simultaneously penetrating the poly-phase slot winding of the stator. The dotted lines in



49

Windings of Electrical Machines

SOSSO[ QAISSIOXD
JO asnedaq [njuLIey
9q prnoys Surdweq
90BJINS 10JO1
uo dre[d wnrurwnre
‘ordwrexa 10J
‘10 ‘Surpuim 93ed
PAINDII-1I0YS
10 10JOI-PI[OS

9rqrssod Surpuim
93e0 paymoI-1I0ys
Surpuim 930
PANOIID-1I0YS
10 2109 I0}J0I-PI[OS

Surpuim
93e0 paymoI-1I0ys

Surpurm
Jrod-juarfes

Surpuim 101§

Surpuim 1o[s
JIOJRINWIWOD Ploy-Furejoy

Surpuim

Jo[s pley-Sumnejor
painqLusip aseyd-Ajod

93eo [ounbs

yim paddmba oq Aew
‘]991s JO opeu J0JOI PIJOS

Surpuim

a3eo [oumbs ‘urpurm
93ed paIapjos 10 I1se)

s1ouSew JUSUBWLIDJ

s1ouSew JUSUBWLIDJ

Surpuim Jors

Surpuim ojod-juares

Surpuim 9jod-juates
Surpuim
JO[s prey-Sumnejor
panquusip aseyd-£Ajoq
Surpuim
JO[s prey-Sumneor
panquusip aseyd-Ajod
Surpuim
JO[s pley-Sumneor
panquusip aseyd-£joq
Surpurm ajod
pajenuadu0d aseyd-Ajod

Surpuim ojod
pajenuadu0d aseyd-A[jod

Surpuim

10[S p[oy-3unejol
panqguusip aseyd-Ajoq

Surpuim

10[S p[oy-3unejol
panquusip aseyd-Ajog

Surpuim

J0[s pley-Sumneor
panquusip aseyd-Ajoq

Surpuim

JO[s pley-Sumneior
painquusip aseyd-Ajoq

uryoew D
Jojow
SNOUOIYOUASE

Suu-dig

I 10J01-p1jog

NI
QUIYOBW A0UL)ON|AI

juarres-a[qnoq

S0 > b ‘WSINd

S0 <D 'WSINd

QUIYOBW Q0UEBJON[AI
SNOUOIYOUAS
QuIyorWw
SNOUOIYOUAS
9lod-judrfesuoN
QuIyorw
SNOUOIYOUAS
Jrod-juarres

Surpuim sodweq

urpuim
Suneinwwo)

Jurpurm
Sunesuodwo)

Surpuim 1010y

urpuim 101e1§

sad£) suryorw UOWWIOD ISOW Y} UT SUIPUIM P[SY B JO pealsul pasn sjouSewr Jusueurtod 1o sSurpuim jo sedAy Juaroljiq -7 dIqeL



50 Design of Rotating Electrical Machines

(b)

Figure 2.1 (a) Salient-pole synchronous machine (p = 4). The black areas around two pole bodies
form a salient-pole winding. (b) Single poles with windings: d, direct axis; q, quadrature axis. In salient-
pole machines, these two magnetically different, rotor-geometry-defined axes have a remarkable effect
on machine behaviour (this issue will be discussed later)

the figure depict the paths of the main flux. Such a closed path of a flux forms the magnetic
circuit of a machine.

One turn of a coil is a single-turn conductor, through which the main flux travelling in the
magnetic circuit passes. A coil is a part of winding that consists of adjacent series-connected
turns between the two terminals of the coil. Figure 2.1a illustrates a synchronous machine
with a pole with one coil per pole, whereas in Figure 2.1b the locations of the direct (d) and
quadrature (q) axes are shown.

A group of coils is a part of the winding that magnetizes the same magnetic circuit. In
Figure 2.1a, the coils at the different magnetic poles (N and S alternating) form in pairs a
group of coils. The number of field winding turns magnetizing one pole is Ny.

The salient-pole windings located on the rotor or on the stator are mostly used for the DC
magnetizing of a machine. The windings are then called magnetizing or sometimes excitation
windings. With a direct current, they create a time-constant current linkage @. The part of
this current linkage consumed in the air gap, that is the magnetic potential difference of the
air gap U, s, may be, for simplicity, regarded as constant between the quadrature axes, and it
changes its sign at the quadrature axis q, Figure 2.2.

A significant field of application for salient-pole windings is double-salient reluctance ma-
chines. In these machines, a solid salient pole is not utilizable, since the changes of flux are
rapid when operating at high speeds. At a simple level, DC pulses are fed to the pole wind-
ings with power switches. In the air gap, the direct current creates a flux that tries to turn
the rotor in a direction where the magnetic circuit of the machine reaches its minimum re-
luctance. The torque of the machine tends to be pulsating, and to reach an even torque, the
current of a salient-pole winding should be controllable so that the rotor can rotate without
jerking.

Salient-pole windings are employed also in the magnetizing windings of DC machines. All
series, shunt and compound windings are wound on salient poles. The commutating windings
are also of the same type as salient-pole windings.
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Figure 2.2 (a) Equivalent magnetic circuit. The current linkages ®; created by two adjacent salient-
pole windings. Part U, s is consumed in the air gap. (b) The behaviour of the air-gap flux density Bs.
Due to the appropriate design of the pole shoe, the air-gap flux density varies cosinusoidally even though
it is caused by the constant magnetic potential difference in the air gap U, 5. The air-gap magnetic flux
density B has its peak value on the d-axis and is zero on the g-axis. The current linkage created by the
pole is accumulated by the ampere turns on the pole

Example 2.1: Calculate the field winding current that can ensure a maximum magnetic
flux density of Bs = 0.82T in the air gap of a synchronous machine if there are 95 field
winding turns per pole. It is assumed that the air-gap magnetic flux density of the ma-
chine is sinusoidal along the pole shoes and the magnetic permeability of iron is infinite
(Upe = 00) in comparison with the permeability of air 1o = 47t x 1077 H/m. The mini-
mum length of the air gap is 3.5 mm.

Solution: If pupe = 00, the magnetic reluctance of iron parts and the iron magnetic potential
difference is zero. Now, the whole field current linkage ®&; = N;/; is spent in the air gap
to create the required magnetic flux density:

O = Nels = U s = Hys = D05 — 082
f = Nelf = Ums = s T

3.5-10°A
If the number of turns is Ny = 95, the field current is

Or 082
Ny 4m- 1077

1
I = 35-10°—A=24A
95
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It should be noted that calculations of this kind are appropriate for an approximate
calculation of the current linkage needed. In fact, about 60-90% of the magnetic potential
difference in electrical machines is spent in the air gap, and the rest in the iron parts.
Therefore, in a detailed design of electrical machines, it is necessary to take into account
all the iron parts with appropriate material properties. A similar calculation is valid for DC
machines, with the exception that in DC machines the air gap is usually constant under the
poles.

2.1.2 Slot Windings

Here we concentrate on symmetrical, three-phase AC distributed slot windings, in other words
rotating-field windings. However, first, we discuss the magnetizing winding of the rotor of a
nonsalient-pole synchronous machine, and finally turn to commutator windings, compensat-
ing windings and damper windings. Unlike in the salient-pole machine, since the length of the
air gap is now constant, we may create a cosinusoidally distributed flux density in the air gap
by producing a cosinusoidal distribution of current linkage with an AC magnetizing winding,
Figure 2.3. The cosinusoidal distribution, instead of the sinusoidal one, is used because we
want the flux density to reach its maximum on the direct axis, where o = 0.

In the case of Figure 2.3, the function of the magnetic flux density approximately follows
the curved function of the current linkage distribution & («). In machine design, an equivalent
air gap 8. is applied, the target being to create a cosinusoidally alternating flux density in the
air gap

B(a) = %@(a). Q.1

€

The concept of equivalent air gap §. will be discussed later.

rotor current linkage

Figure 2.3 Current linkage distribution created by two-pole nonsalient-pole winding and the funda-
mental of the current linkage. There are z; conductors in each slot, and the excitation current in the
winding is /;. The height of a single step of the current linkage is zq/¢
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The slot pitch 7, and the slot angle «, are the core parameters of the slot winding. The
slot pitch is measured in metres, whereas the slot angle is measured in electrical degrees. The
number of slots being O and the diameter of the air gap D, we may write

nD 27 2.2)
T, = 0 ay=7p 0 .
As the slot pitch is usually constant in nonsalient-pole windings, the current sum (zq/y)
in a slot has to be of a different magnitude in different slots (in a sinusoidal or cosinusoidal
manner to achieve a sinusoidal or cosinusoidal variation of current linkage along the surface
of the air gap). Usually, there is a current of equal magnitude flowing in all turns in the slot,
and therefore the number of conductors zq in the slots has to be varied. In the slots of the
rotor in Figure 2.3, the number of turns is equal in all slots, and a current of equal magnitude
is flowing in the slots. We can see that by selecting zq slightly differently in different slots,
we can improve the stepped waveform of the figure to approach better the cosinusoidal form.
The need for this depends on the induced voltage harmonic content in the stator winding. The
voltage may be of almost pure sinusoidal waveform despite the fact that the air-gap flux den-
sity distribution should not be perfectly sinusoidal. This depends on the stator winding factors
for different harmonics. In synchronous machines, the air gap is usually relatively large, and,
correspondingly, the flux density on the stator surface changes more smoothly (neglecting
the influence of slots) than the stepped current linkage waveform of Figure 2.3. Here, we ap-
ply the well-known finding that if two-thirds of the rotor surface are slotted and one-third is
left slotless, not only the third harmonic component but any of its multiple harmonics called
triplen harmonics are eliminated in the air-gap magnetic flux density, and also the low-order
odd harmonics (fifth, seventh) are suppressed.

2.1.3 End Windings

Figure 2.4 illustrates how the arrangement of the coil end influences the physical appearance
of the winding. The windings a and b in the figure are of equal value with respect to the main
flux, but their leakage inductances diverge from each other because of the slightly different
coil ends. When investigating winding a of Figure 2.4a, we note that the coil ends form two
separate planes at the end faces of the machine. This kind of a winding is therefore called
a two-plane winding. The coil ends of this type are depicted in Figure 2.4e. In the winding
of Figure 2.4b, the coil ends are overlapping, and therefore this kind of winding is called
a diamond winding (lap winding). Figures 2.4c and d illustrate three-phase stator windings
that are identical with respect to the main flux, but in Figure 2.4c the groups of coil are
not divided, and in Figure 2.4d the groups of coils are divided. In Figure 2.4c, an arbitrary
radius r is drawn across the coil end. It is shown that at any position, the radius intersects
only coils of two phases, and the winding can thus be constructed as a two-plane winding. A
corresponding winding constructed with distributed coils (Figure 2.4d) has to be a three-plane
arrangement, since now the radius r may intersect the coil ends of the windings of all the three
phases.

The part of a coil located in a single slot is called a coil side, and the part of the coil outside
the slot is termed a coil end. The coil ends together constitute the end windings of the winding.
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Figure 2.4 (a) Concentric winding and (b) a diamond winding. In a two-plane winding, the coil spans
differ from each other. In the diamond winding, all the coils are of equal width. (c) A two-plane, three-
phase, four-pole winding with nondivided groups of coil. (d) A three-plane, three-phase, four-pole wind-
ing with divided groups of coils. Figures (c) and (d) also illustrate a single main flux path. (e) Profile
of an end winding arrangement of a two-plane winding. (f) Profile of an end winding of a three-plane
winding. The radii r in the figures illustrate that in a winding with nondivided groups, an arbitrary radius
may intersect only two phases, and in a winding with divided groups, the radius may intersect all three
phases. The two- or three-plane windings will result correspondingly

2.2 Phase Windings

Next, poly-phase slot windings that produce the rotating field of poly-phase AC machines
are investigated. In principle, the number of phases m can be selected freely, but the use of a
three-phase supply network has led to a situation in which also most electrical machines are of
the three-phase type. Another, extremely common type is two-phase electrical machines that
are operated with a capacitor start and run motor in a single-phase network. A symmetrical
two-phase winding is in principle the simplest AC winding that produces a rotating field.

A configuration of a symmetrical poly-phase winding can be considered as follows: the
periphery of the air gap is evenly distributed over the poles so that we can determine a pole



Windings of Electrical Machines 55

120

Figure 2.5 Division of the periphery of a three-phase, four-pole machine into phase zones of positive
and negative values. The pole pitch is 7, and phase zone distribution 7,. When the windings are lo-
cated in the zones, the instantaneous currents in the positive and negative zones are flowing in opposite
directions

arc, which covers 180 electrical degrees and a corresponding pole pitch, 7, which is expressed
in metres

ntD 2.3)
T, = —. .
p 2 p
Figure 2.5 depicts the division of the periphery of the machine into phase zones of positive
and negative values. In the figure, the number of pole pairs p = 2 and the number of phases
m=3.
The phase zone distribution is written as

o="2 2.4)
m

The number of zones will thus be 2pm. The number of slots for each such zone is expressed
by the term ¢, as a number of slots per pole and phase

0

= 2p_m (2.5)

q

Here Q is the number of slots in the stator or in the rotor. In integral slot windings, ¢ is an
integer. However, g can also be a fraction. In that case, the winding is called a fractional slot
winding.
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The phase zones are distributed symmetrically to different phase windings so that the phase
zones of the phases U, V, W,... are positioned on the periphery of the machine at equal
distances in electrical degrees. In a three-phase system, the angle between the phases is 120
electrical degrees. This is illustrated by the periphery of Figure 2.5, where we have 2 x 360
electrical degrees because of four poles. Now, it is possible to label every phase zone. We start
for instance with the positive zone of the phase U. The first positive zone of the phase V will
be 120 electrical degrees from the first positive zone of the phase U. Correspondingly, the first
positive zone of the phase W will be 120 electrical degrees from the positive zone of the phase
V and so on. In Figure 2.5, there are two pole pairs, and hence we need two positive zones for
each phase U, V and W. In the slots of each, now labelled phase zones, there are only the coil
sides of the labelled phase coil, in all of which the current flows in the same direction. Now,
if their direction of current is selected positive in the diagram, the unlabelled zones become
negative. Negative zones are labelled by starting from the distance of a pole pitch from the
position of the positive zones. Now U and —U, V and —V, W and —W are at distances of 180
electrical degrees from each other.

2.3 Three-Phase Integral Slot Stator Winding

The armature winding of a three-phase electrical machine is usually constructed in the stator,
and it is spatially distributed in the stator slots so that the current linkage created by the stator
currents is distributed as sinusoidally as possible. The simplest stator winding that produces
a noticeable rotating field comprises three coils, the sides of which are divided into six slots,
because if m =3, p =1, ¢ = 1, then Q = 2pmq = 6; see Figures 2.6 and 2.7.

Example 2.2: Create a three-phase, two-pole stator winding with ¢ = 1. Distribute the
phases in the slots and illustrate the current linkage created based on the instant values of
phase sinusoidal currents. Draw a phasor diagram of the slot voltage and sum the voltages
of the individual phases. Create a current linkage waveform in the air gap for the time
instant ; when the phase U voltage is at its positive maximum and for #,, which is shifted
by 30°.

Solution: If m =3,p =1, g =1, then Q = 2pmqg = 6, which is the simplest case of
three-phase windings. The distribution of the phases in the slots will be explained based
on Figure 2.6. Starting from slot 1, we insert there the positive conductors of the phase U
forming zone Ul. The pole pitch expressed by the number of slots per pole, or in other
words ‘the coil span expressed in the number of slot pitches yq’, is

0 6
N=0p 72"
Then, zone U2 will be one pole pitch shifted from Ul and will be located in slot 4,
because 1 + yq = 1 + 3 = 4. The beginning of the phase V1 is shifted by 120° from
U1, which means slot 3 and its end V2 are in slot 6 (3 + 3 = 6). The phase W1 is again
shifted from V1 by 120°, which means that it is in slot 5 and its end is in slot 2; see
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Figure 2.6 The simplest three-phase winding that produces a rotating field. (a) A cross-sectional
surface of the machine and a schematic view of the main flux route at the observation instant ¢,
(b) a developed view of the winding in a plane and (c) a three-dimensional view of the winding.
The figure illustrates how the winding penetrates the machine. The coil end at the rear end of the
machine is not illustrated as in reality, but the coil comes directly from a slot to another without
travelling along the rear end face of the stator. The ends of the phases U, V and W at the terminals
are denoted U1-U2, V1-V2 and W1-W2. (d) The three-phase currents at the observed time instant
t; when iy = iy = —!/iy, which means (iy + iv 4+ iw = 0), (e) a voltage phasor diagram for the
given three-phase system, (f) the total phase voltage for individual phases. The voltage of the phase
U is created by summing the voltage of slot 1 and the negative voltage of slot 4, and therefore the
direction of the voltage phasor in slot 4 is taken opposite and denoted —4. We can see the sum of
voltages in both slots and the phase shift by 120° of the V- and W-phase voltages
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Figure 2.7 Current linkages @ created by a simple three-phase ¢ = 1 winding. (a) Only the phase
U is fed by current and observed. A rectangular waveform of current linkage with its fundamental
component is shown to explicate the staircase profile of the current linkages below. If all three phases
are fed and observed in two different current situations (iy + iv + iw = 0) at two time instants
t, and 1, see (b) and (c), respectively. The figure also illustrates the fundamental of the staircase
current linkage curves. The stepped curves are obtained by applying Ampere’s law in the current-
carrying teeth zone of the electrical machine. Note that as time elapses from #; to t,, the three-phase
currents change and also the position of the fundamental component changes. This indicates clearly
the rotating-field nature of the winding. The angle « and the numbers of slots refer to the previous
figure, in which we see that the maximum flux density in the air gap lies between slots 6 and 5. This
coincides with the maximum current linkage shown in this figure. This is valid if no rotor currents
are present

Figure 2.6a. The polarity of instantaneous currents is shown at the instant when the current
of the phase U is at its positive maximum value flowing in slot 1, depicted as a cross (the
tail of an arrow) in Ul (current flowing away from the observer). Then, U2 is depicted
by a dot (the point of the arrow) in slot 4 (current flowing towards the observer). At the
same instant in V1 and W1, there are also dots, because the phases V and W are carrying
negative current values (see Figure 2.6d), and therefore V2 and W2 are positive, indicated
by crosses. In this way, a sequence of slots with inserted phases is as follows: U1, W2, V1,
U2, W1, V2, ifg=1.
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The cross-section of the stator winding in Figure 2.6a shows fictitious coils with current
directions resulting in the magnetic field represented by the force lines and arrows.

The phasor diagram in Figure 2.6e includes six phasors. To determine their number, the
largest common divider of Q and p denoted ¢ has to be found. In this case, for Q = 6 and
p =1, t =1 and therefore the number of phasors is O/t = 6. The angle between the voltage
phasors in the adjacent slots is given by the expression

360°p  360° -1
(xu = =
0 6

which results in the numbering of the voltage phasors in slots as shown in Figure 2.6e.
Now the total phase voltage for individual phases has to be summed. The voltage of the
phase U is created by the positive voltage in slot 1 and the negative voltage in slot 4. The
direction of the voltage phasor in slot 4 is taken opposite and denoted —4. We can see
the sum of voltages in both slots of the phase U, and the phase shift of 120° of the V and
W phase voltages in Figure 2.6f.

The current linkage waveforms for this winding are illustrated in Figure 2.7b and c for
the time instants #; and #,, between which the waveforms proceed by 30°. The procedure of
drawing the figure can be described as follows. We start observation at @ = 0. We assume
the same constant number of conductors zq in all slots.

The current linkage value on the left in Figure 2.7b is changed stepwise at slot 2, where
the phase W is located and is carrying a current with a cross sign. This can be drawn as
a positive step of ® with a certain value (©(#1) = iyw(#1)zq). Now, the current linkage
curve remains constant until we reach slot 1, where the positive currents of the phase U
are located. The instantaneous current in slot 1 is the phase U peak current. The current
sum is again indicated with a cross sign. The step height is now twice the height in slot
2, because the peak current is twice the current flowing in slot 2. Then, in slot 6, there is
again a positive half step caused by the phase V. In slot 5, there is a current sum indicated
by a dot, which means a negative ® step. This is repeated with all slots, and when the
whole circle has been closed, we get the current linkage waveform of Figure 2.7b. When
this procedure is repeated for one period of the current, we obtain a travelling wave for
the current linkage waveform. Figure 2.7c shows the current linkage waveform after 30°.
Here we can see that if the instantaneous value of a slot current is zero, the current linkage
does not change, and the current linkage remains constant; see slots 2 and 5. We can also
see that the © profiles in b and c are not similar, but the form is changed depending on the
time instant at which it is investigated.

Figure 2.7 shows that the current linkage produced with such a simple winding deviates
considerably from a sinusoidal waveform. Therefore, in electrical machines, more coil
sides are usually employed per pole and phase.

= 60°,

Example 2.3: Consider an integral slot winding, where p = 1 and ¢ = 2, m = 3. Distribute
the phase winding into the slots, produce an illustration of the windings in the slots, draw
a phasor diagram and show the phase voltages of the individual phases. Create a waveform
of the current linkage for this winding and compare it with that in Figure 2.7.
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Figure 2.8 Three-phase, two-pole winding with two slots per pole and phase: (a) a stator with 12
slots, the number of slots per pole and phase ¢ = 2, (b) divided coil groups, (c) full-pitch coils of
the phase U, (d) average full-pitch coils of the phase U, (e) a phasor diagram with 12 phasors, one
for each slot, (f) the sum phase voltage of individual phases corresponding to figure (c), (g) the sum
phase voltage of individual phases corresponding to figure (d)

Solution: The number of slots needed for this winding is Q = 2pmg =2 x 3 x 2 = 12.
The cross-sectional area of such a stator with 12 slots and embedded conductors of
individual phases is illustrated in Figure 2.8a. The distribution of the slots into the phases
is made in the same order as in Example 2.2, but now ¢ = 2 slots per pole and phase.
Therefore, the sequence of the slots for the phases is as follows: U1, Ul, W2, W2, V1, V1,
U2, U2, W1, W1, V2, V2. The direction of the current in the slots will be determined in
the same way as above in Example 2.2. The coils wound in individual phases are shown
in Figure 2.8b. The pole pitch expressed in number of slot pitches is
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Figure 2.8c shows how the phase U is wound to keep the full pitch equal to six slots. In
Figure 2.8d, the average pitch is also six, but the individual steps are yo = 5 and 7, which
give the same average result for the value of induced voltage.

The phasor diagram has 12 phasors, because r = 1 again. The angle between two phasors
of adjacent slots is

360°p  360°-1
(xu = =
0 12

=30°.

The phasors are numbered gradually around the circle. Based on this diagram, the phase
voltage of all phases can be found. Figures 2.8f and g show that the voltages are the same
independent of how the separate coil sides are connected in series. In comparison with
the previous example, the geometrical sum is now less than the algebraic sum. The phase
shifting between coil side voltages is caused by the distribution of the winding in more than
one slot, here in two slots for each pole. This reduction of the phase voltage is expressed
by means of a distribution winding factor; this will be derived later.

The waveform of the current linkage for this winding is given in Figure 2.9. We can see
that it is much closer to a sinusoidal waveform than in the previous example with ¢ = 1.

oA A

200

5 4 3 2 1 12 11 10 9 8 7 6 5 4 3 2 1

Figure 2.9 Current linkage ®; = f(«) created by the winding on the surface of the stator bore of
Figure 2.8 at a time iy = iy = —!Aiy. The fundamental ®y of O is given as a sinusoidal curve. The
numbering of the slots is also given

In undamped permanent magnet synchronous motors, such windings can also be employed,
the number of slots per pole and phase of which being clearly less than one, for instance
g = 0.4. In that case, a well-designed machine looks like a rotating-field machine when ob-
served at its terminals, but the current linkage produced by the stator winding deviates so
much from the fundamental that, because of excessive harmonic losses in the rotor, no other
rotor type comes into question.

When comparing Figure 2.9 (¢ = 2) with Figure 2.7 (¢ = 1), it is obvious that the higher
the term ¢ (slots per pole and phase), the more sinusoidal the current linkage of the stator
winding.

As we can see in Figure 2.7a, the current linkage amplitude of the fundamental component
for one full-pitch coil is

Oy = ———. (2.6)
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If the coil winding is distributed into more slots, and ¢ > 1 and N = pgzqg/a, the winding
factor must be taken into account:

. 4 Nkyiiy
Oy = ————. 2.7)
w2

In a 2p-pole machine (2p > 2), the current linkage for one pole is

N 4NkW1lU

= 2.8)

T 2p
This expression can be rearranged with the number of conductors in a slot. In one phase,
there are 2N conductors, and they are embedded in the slots belonging to one phase Q/m.
Therefore, the number of conductors in one slot will be

2N 2mN N

_ =t _ T 2.9
< Q/m  2pgm  pq @9)

and
N
; =qzq. (2.10)
Then N /p presented in Equation (2.8) and in the following can be introduced by gzq:

W=2T2, T R

. 4 Nkgiiy 4 kwilu @.11)

Equation (2.8) can also be expressed by the effective value of sinusoidal phase current if there
is a symmetrical system of phase currents:

. 4 Nk,
O = - —2L21.
T 2p

2.12)

For an m-phase rotating-field stator or rotor winding, the amplitude of current linkage is
m /2 times as high

N m4NkW
T 2n 2p a1

®

2.13)

and for a three-phase stator or rotor winding, the current linkage amplitude of the fundamental
component for one pole is
A 3 4 Nk, 3 Nky,
LWar = 22240

O =-—
27 2p T p

(2.14)

For a stator current linkage amplitude @, of the harmonic v of the current linkage of a
poly-phase (m > 1) rotating-field stator winding (or rotor winding), when the effective value
of the stator current is /5, we may write

N m 4 kyyNs 1 Mmkyy Ny »

Oy, = V21, = *f. (2.15)
27 pv 2 TPV
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Example 2.4: Calculate the amplitude of the fundamental component of stator current
linkage, if Ny = 200, ky; = 0.96, m = 3, p = 1 and iyu(t) =i = 1 A, the effective value
for a sinusoidal current being Iy = (1/ «/5) A =0.707 A.

Solution: For the fundamental, we obtain ésl = 183.3 A, because:

V2.0.707A = 183.3A.

@

s 34 Nky 3 Nky 3 200-0.96
| 1\/—§_ 1«/_1 2 2090
“2n 2p T 1

2.4 Voltage Phasor Diagram and Winding Factor

Since the winding is spatially distributed in the slots on the stator surface, the flux (which is
proportional to the current linkage ®) penetrating the winding does not intersect all windings
simultaneously, but with a certain phase shift. Therefore, the emf of the winding is not
calculated directly with the number of turns N, but the winding factors &, corresponding to
the harmonics are required. The emf of the fundamental induced in the turn is calculated with
the flux linkage ¥ by applying Faraday’s induction law e = —Nk,1d® /dt = —d¥ /d¢ (see
Equations 1.3, 1.7 and 1.8). We can see that the winding factor correspondingly indicates
the characteristics of the winding to produce harmonics, and it has thus to be taken into
account when calculating the current linkage of the winding (Equation 2.15). The common
distribution of all the current linkages created by all the windings together produces a
flux density distribution in the air gap of the machine, which, when moving with respect
to the winding, induces voltages in the conductors of the winding. The phase shift of the
induced emf in different coil sides is investigated with a voltage phasor diagram. The
voltage phasor diagram is presented in electrical degrees. If the machine is for instance a
four-pole one, p = 2, the voltage vectors have to be distributed along two full circles in the
stator bore. Figure 2.10a illustrates the voltage phasor diagram of a two-pole winding of
Figure 2.8.

In Figure 2.10a, phasors 1 and 2 are positive and 7 and 8 are negative for the phase under
consideration. Hence, phasors 7 and 8 are turned by 180° to form a bunch of phasors. For
harmonic v (excluding slot harmonics that have the same winding factor as the fundamental)
the directions of the phasors of the coil sides vary more than in the figure, because the slot
angles a, are replaced with the angles va,.

Accordmg to Figure 2.10b, when calculatmg the geometric sum of the voltage phasors for
a phase winding, the symmetry line for the bunch of phasors, where the negative phasors
have been turned opposite, must be found. The angles «, of the phasors with respect to this
symmetry line may be used in the calculation of the geometric sum. Each phasor contributes
to the sum with a component proportional to cos «,.

We can now write a general presentation for the winding factor &y, of a harmonic v, by
employing the voltage phasor diagram

2
ko = Z Zcosap. (2.16)
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» line
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negative phasors
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Figure 2.10 (a), (b) Fundamental voltage phasor diagram for the winding of Figure 2.8 O, = 12,
p =1, gs = 2. A maximum voltage is induced in the bars in slots 1 and 7 at the moment depicted in the
figure, when the rotor is rotating clockwise. The figure also illustrates the calculation of the voltage in
a single coil with the radii of the voltage phasor diagram. (c) General application of the voltage phasor
diagram in the determination of the winding factor (fractional slot winding since the number of phasors
is uneven). The phasors of negative coil sides are turned 180°, and then the summing of the resulting
bunch of phasors is calculated according to Equation (2.16). A symmetry line is drawn in the middle
of the bunch, and each phasor forms an angle «, with the symmetry line. The geometric sum of all the
phasors lies on the symmetry line

Here Z is the total number of positive and negative phasors of the phase in question, p is
the ordinal number of a single phasor, and v is the ordinal number of the harmonic under
observation. The coefficient sin v7t/2 in the equation only influences the sign (of the factor).
The angle of a single phasor «, can be found from the voltage phasor diagram drawn for
the specific harmonic, and it is the angle between an individual phasor and the symmetry
line drawn for a specific harmonic (cf. Figure 2.10b). This voltage phasor diagram solution
is universal and may be used in all cases, but the numerical values of Equation (2.16) do not
always have to be calculated directly from this equation, or with the voltage phasor diagram
at all. In simple cases, we may apply equations introduced later. However, the voltage phasor
diagram forms the basis for the calculations, and therefore its utilization is discussed further
when analysing different types of windings.

If in Figure 2.10a we are considering a currentless stator of a synchronous machine, a
maximum voltage can be induced in the coil sides 1 and 7 at the middle of the pole shoe,
when the rotor is rotating at no load inside the stator bore (which corresponds to the peak value
of the flux density, but the zero value of the flux penetrating the coil), where the derivative of
the flux penetrating the coil reaches its peak value, the voltage induction being at its highest
at that moment. If the rotor rotates clockwise, a maximum voltage is induced in coil sides 2
and 8 in a short while, and so on. The voltage phasor diagram then describes the amplitudes
of voltages induced in different slots and their temporal phase shift.
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The series-connected coils of the phase U travel, for example, from slot 1 to slot 8 (coil 1)
and from slot 2 to slot 7 (coil 2; see Figure 2.8c). Thus a voltage, which is the difference of
the phasors U, and Uy, is induced in coil 1. The total voltage of the phase is thus

Uy=U,-Us+U,-U;. (2.17)

The figure also indicates the possibility of connecting the coils in the order 1-7 and 2-8,
which gives the same voltage but a different end winding. The winding factor &, based on the
distribution of the winding for the fundamental is calculated here as a ratio of the geometric
sum and the sum of absolute values as follows:

geometricsum U, —-Ug+U,—-U,
sum of absolute values |Q1| + |Q8| + \Q2| + |Q7|

wl =

=0.966 < 1. (2.18)

Example 2.5: Equation (2.16) indicates that the winding factor for the harmonics may
also be calculated using the voltage phasor diagram. Derive the winding factor for the
seventh harmonic of the winding in Figure 2.8.

Solution: We now draw a new voltage phasor diagram based on Figure 2.10 for the seventh
harmonic, Figure 2.11.

&
A
v

—78

Figure 2.11 Deriving the harmonic winding factor: (a) the fundamental and the seventh harmonic
field in the air gap over the slots, (b) voltage phasors for the seventh harmonic of a full-pitch ¢ = 2
winding (slot angle «,; = 210°) and (c) the symmetry line and the sum of the voltage phasors. The
phasor angles o, with respect to the symmetry line are o, = 57t/12 or —57t /12
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Slots 1 and 2 belong to the positive zone of the phase U and slots 7 and 8 to the negative
zone measured by the fundamental. In Figure 2.11, we see that the pole pitch of the seventh
harmonic is one-seventh of the fundamental pole pitch. Deriving the phasor sum for the
seventh harmonic is started for instance with the voltage phasor of slot 1. This phasor
remains in its original position. Slot 2 is physically and by the fundamental located 30°
clockwise from slot 1, but as we are now studying the seventh harmonic, the slot angle
measured in degrees for it is 7 x 30° = 210°, which can also be seen in the figure. The
phasor for slot 2 is, hence, located 210° clockwise from phasor 1. Slot 7 is located at
7 x 180° = 1260° from slot 1. Since 1260° = 3 x 360° + 180° phasor 7 remains opposite
to phasor 1. Phasor 8 is located 210° clockwise from phasor 7 and will find its place 30°
clockwise from phasor 1. By turning the negative zone phasors by 7t and applying Equation
(2.17) we obtain

I
sin — 4
kw7 = 42 Zcosap

p=1
I
sin —

—57 57t —57 57t
= 42 (cos B + cos +12 + cos 7 + cos +12 ):—0.2588.

It is not necessary to apply the voltage phasor diagram, but also simple equations may be
derived to directly calculate the winding factor. In principle, we have three winding factors: a
distribution factor, a pitch factor and a skewing factor. The last may also be taken into account
by a leakage inductance. The winding factor derived from the shifted voltage phasors in the
case of a distributed winding is called the distribution factor, denoted by the subscript ‘d’.
This factor is always k4q; < 1. The value kq; = 1 can be reached when ¢ = 1, in which case
the geometric sum equals the sum of absolute values, see Figure 2.6f. If ¢ # 1, then kq; < 1.
In fact, this means that the total phase voltage is reduced by this factor (see Example 2.6).

If each coil is wound as a full-pitch winding, the coil pitch is in principle the same as
the pole pitch. However, the voltage of the phase with full-pitch coils is reduced because
of the winding distribution with the factor k4. If the coil pitch is shorter than the pole pitch
and the winding is not a full-pitch winding, the winding is called a short-pitch winding, or a
chorded winding (see Figure 2.15). Note that the winding in Figure 2.8 is not a short-pitch
winding, even though the coil may be realized from slot 1 to slot 8 (shorter than pole pitch)
and not from slot 1 to slot 7 (equivalent to pole pitch). A real short pitching is obviously
employed in the two-layer windings. Short pitching is another reason why the voltage of the
phase winding may be reduced. The factor of such a reduction is called the pitch factor kp.
The total winding factor is given as

kyy = kg - k. (2.19)

Equations to calculate the distribution factor k4 will now be derived; see Figure 2.12. The
equations are based on the geometric sum of the voltage phasors in a similar way as in Figures
2.10 and 2.11.

The distribution factor for the fundamental component is given as

geometric sum U,

ka1 = (2.20)

sum of absolute values  qU.coii1
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(b)

—
)
=

Figure 2.12 (a) Determination of the distribution factor with a polygon with ¢ = 5, (b) the pole pitch
for the fundamental and the fifth harmonic. The same physical angles for the fifth harmonic and the

fundamental are shown as an example. Voltages U,; — U,s represent corresponding coil voltages

According to Figure 2.12, we may write for the triangle ODC

Ui
o o
sinb =2 = U :2rsinq =
r 2
and for the triangle OAB
Ya
o o
sin — = 2 = Uy = 2r sin —.
r 2
We may now write for the distribution factor
2r sin 4% n 7%
Ui 2 2

ka1

2

qUvt  g2rsin % g sin Qu

2.21)

(2.22)

(2.23)

This is the basic expression for the distribution factor for the calculation of the fundamental
in a closed form. Since the harmonic components of the air-gap magnetic flux density are
present, the calculation of the distribution factor for the vth harmonic will be carried out

applying the angle ve,; see Figure 2.11b and 2.12b:
qay

siny—
2

kd\) = . au .
siny—
asmys

(2.24)

Example 2.6: Repeat Example 2.5 using Equation (2.24).
Solution for v =7:

The result is the same as above.

. qoy . % . Im
sin UT s1n77 sin ?
kay = —ay Tein] & = T = —0.2588.
q smy-— 6-2 2sin R
2 12
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The expression for the fundamental may be rearranged as

. 0 2mp . T2
Sin 2pm E -
— _ m
ka1 = . /6 (2.25)
qsin ——— g sin —
2-2pmq

For three-phase machines, m = 3, the expression is as follows:

sin (11/6) 1

. w6 . m/6°
gsin—  2gsin —
q q

kqr =

(2.26)

This simple expression of the distribution factor for the fundamental is most often employed
for practical calculations.

Example 2.7: Calculate the phase voltage of a three-phase, four-pole synchronous ma-
chine with a stator bore diameter of 0.30m, a length of 0.5m and a speed of rotation
1500 min~". The excitation creates the air-gap fundamental flux density Bs; = 0.8 T.
There are 36 slots, in which a one-layer winding with three conductors in each slot is
embedded.

Solution: According to the Lorentz law, an instantaneous value of the induced electric
field strength in a conductor is E = v x By. In one conductor embedded in a slot of an
AC machine, we may get the induced voltage by integrating, e;. = Bsl'v, where B is the
local air-gap flux density value of the rotating magnetic field, /' is the effective length of
the stator iron stack, and v is the speed at which the conductor travels in the magnetic field,
see Figure 2.13.

travelling direction /
A . D T /
361 B;

Tpl T

1>
~
A
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¥

(a) (b)

Figure 2.13 (a) Flux density variation in the air gap. One flux density period travels two pole
pitches during one time period 7. (b) The flux distribution over one pole and the conductors in slots
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During one period T, the magnetic flux density wave travels two pole pitches, as shown
in the figure above. The speed of the magnetic field moving in the air gap is

2t
V= Tp = ZTPf’

The effective value of the induced voltage in one conductor is

A

B
Ei = 7%1’2rp f

Contrary to a transformer, where approximately the same value of magnetic flux density
penetrates all the winding turns, Figure 2.13 shows that in AC rotating-field machines, the
conductors are subject to the sinusoidal waveform of flux density, and each conductor has
a different value of magnetic flux density. Therefore, an average value of the magnetic
flux density is calculated to unify the value of the magnetic flux for all conductors. The
average value of the flux density equals the maximum value of the flux penetrating a
full-pitch winding:

é = B§ avl/‘L'p.

Bs is spread over the pole pitch t,, and we get for the average value

Now, the RMS value of the voltage induced in a conductor written by means of average
magnetic flux density is

The frequency f is found from the speed n

pn  2-1500
=P = 50Hz.
60 60 z

f

Information about three conductors in each slot can be used for calculating the number
of turns N in series. In one phase, there are 2N conductors, and they are embedded in the
slots belonging to one phase Q/m. Therefore, the number of conductors in one slot zq will
be

2N 2Nm N
rq’

ZQ = — =
Q/m  2pgm

In this case, the number of turns in series in one phaseis N = 3pg = 3 -2 -3 = 18, where
q = Q/2pm =36/4 x 3 = 3. The effective value of the induced voltage in one slot is
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(N/pq)E.. The number of such slots is 2pg. The linear sum of the voltages of all conduc-
tors belonging to the same phase must be reduced by the winding factor to get the phase
voltage

N
Eyn = —Eq2pk,,.
prq

The final expression for the effective value of the induced voltage in the AC rotating
machine is

N T 5 N A
Eph = Ec—q2pky) = —® f —q2phkyi = V270 f ®Nky1.
pq V2 U pg
In this example, there is a full-pitch one-layer winding, and therefore k, = 1, and only k4
must be calculated (see Equation (2.26)):
1 1

kw1 = ka1 = = = 0.96.
0° 30°

24 sin 2 - 3sin
q 3

The maximum value of the magnetic flux is

A 2 2
b = ;Bg‘fpl/ = 77[0'8 -0.236 - 0.5 = 0.060 Wb

where the pole pitch 7, is

D, m-03
= = T 0236m.
2p 4

An effective value of the phase induced voltage is

Epn = V21 f ®Nkg = /27- 50 - 0.060 - 18 - 0.96 = 230 V.

Example 2.8: The stator of a four-pole, three-phase induction motor has 36 slots, and it is
fed by 3 x 400/230V, 50 Hz. The diameter of the stator bore is Dy = 15 cm and the length
Ire = 20cm. A two-layer winding is embedded in the slots. Besides this, there is a one-
layer, full-pitch search coil embedded in two slots. In the no-load condition, a voltage of
11.3 V has been measured at its terminals. Calculate the air-gap flux density, if the voltage
drop on the impedance of the search coil can be neglected.

Solution: To be able to investigate the air-gap flux density, the data of the search coil
can be used. This coil is embedded in two electrically opposite slots, and therefore the
distribution factor kg = 1; because it is a full-pitch coil, also the pitch factor k, = 1, and
therefore ky, = 1.
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Now, the maximum value of magnetic flux is

A U. 11.3
Loy

= = Wb = 0.0127 Wh.
V21 f Nekywe — ~/2m-50-4-1.0

The amplitude of the air-gap flux density is

~

N T 7T t  0.0127
sy 702
2p 4

2.5 Winding Analysis

The winding analysis starts with the analysis of a single-layer stator winding, in which the
number of coils is Qg/2. In the machine design, the following setup is advisable: the periphery
of the air gap of the stator bore (diameter Dy) is distributed evenly in all poles, that is 2p
of equal parts, which yields the pole pitch 7. Figure 2.14 illustrates the configuration of a
two-pole slot winding (p = 1).

The pole pitch is evenly distributed in all stator phase windings, that is in m, equal parts.
Now we obtain a zone distribution tg,. In Figure 2.14, the number of stator phases is ms = 3.
The number of zones thus becomes 2pms = 6. The number of stator slots in a single zone is

v

(@) (b

Figure 2.14 (a) Three-phase stator diamond winding p = 1, g; = 3, O = 18. Only the coil end on the
side of observation is visible in the U-phase winding. The figure also illustrates the positive magnetic
axes of the phase windings U, V and W. The current linkage creates a flux in the direction of the magnetic
axis when the current is penetrating the winding at its positive terminal, for example Ul. The current
directions of the figure depict a situation in which the current of the windings V and W is a negative half
of the current in the winding U. (b) The created current linkage distribution ®; is shown at the moment
when its maximum is in the direction of the magnetic axis of the phase U. The small arrows in (a) at the
end winding indicate the current directions and the transitions from coil to coil. The same winding will
be observed in Figure 2.23
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s, which is the number of slots per pole and phase in the stator. By using stator values in the
general equation (2.5), we obtain

0
2pmg’

qs (2.27)

If g; is an integer, the winding is termed an integral slot winding, and if g5 is a fraction, the
winding is called a fractional slot winding.

The phase zones are labelled symmetrically to the phase windings, and the directions of
currents are determined so that we obtain a number of m; magnetic axes at a distance of
360°/mg from each other. The phase zones are labelled as stated in Section 2.2. The positive
zone of the phase U, that is a zone where the current of the phase U is flowing away from
the observer, is set as an example (Figure 2.14). Now the negative zone of the phase U is
at a distance of 180 electrical degrees; in other words, electrically on the opposite side. The
conductors of respective zones are connected so that the current flows as desired. This can be
carried out for instance as illustrated in Figure 2.14. In the figure, it is assumed that there are
three slots in each zone, g; = 3. The figure shows that the magnetic axis of the phase winding
U is in the direction of the arrow drawn in the middle of the illustration. Because this is a
three-phase machine, the directions of the currents of the phases V and W have to be such that
the magnetic axes of the phases V and W are at a distance of 120° (electrical degrees) from
the magnetic axis of the phase U. This can be realized by setting the zones of the V and W
phases and the current directions according to Figure 2.14.

The way in which the conductors of different zones are connected produces different me-
chanical winding constructions, but the air gap remains similar irrespective of the mechani-
cal construction. However, the arrangement of connections has a significant influence on the
space requirements for the end windings, the amount of copper and the production costs of
the winding. The connections also have an effect on certain electrical properties, such as the
leakage flux of the end windings.

The poly-phase winding in the stator of a rotating-field machine creates a flux wave when a
symmetric poly-phase current flows in the winding. A flux wave is created for instance when
the current linkage of Figure 2.14 begins to propagate in the direction of the positive o-axis,
and the currents of the poly-phase winding are alternating sinusoidally as a function of time.
We have to note, however, that the propagation speeds of the harmonics created by the winding
are different from the speed of the fundamental (n,, = & ng/v), and therefore the shape of
the current linkage curve changes as a function of time. However, the fundamental propagates
in the air gap at a speed defined by the fundamental of the current and by the number of
pole pairs. Furthermore, the fundamental is usually dominating (when ¢ > 1), and thus the
operation of the machine can be analysed basically with the fundamental. For instance, in a
three-phase winding, time-varying sinusoidal currents with a 120° phase shift in time create a
temporally and positionally alternating flux in the windings that are distributed at distances of
120 electrical degrees. The flux distribution propagates as a wave on the stator surface. (See
e.g. Figure 7.7 illustrating the fundamental v = 1 of a six-pole and a two-pole machine.)

2.6 Short Pitching

In a double-layer diamond winding, the slot is divided into an upper and a lower part, and
there is one coil side in each half slot. The coil side at the bottom of the slot belongs to
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Figure 2.15 (a) Three-phase, double-layer diamond winding Qs = 18, ¢, = 3, p = 1. One end winding
is shown to illustrate the coil span. The winding is created from the previous winding by dividing the
slots into upper and bottom layers and by shifting the bottom layers clockwise by a single slot pitch.
The magnetic axes of the new short-pitched winding are also shown. (b) A coil end of a double-layer
winding produced from preformed copper, with a coil span W or expressed as numbers of slot pitches y.
The coil ends start from the left at the bottom of the slot and continue to the right to the top of the slot

the bottom layer of the slot, and the coil side adjacent to the air gap belongs to the upper
layer. The number of coils is now the same as the number of slots Q of the winding; see
Figure 2.15b.

A double-layer diamond winding is constructed like the single-layer winding. As illustrated
in Figure 2.15, there are two zone rings, the outer illustrating the bottom layer and the inner
the upper layer, Figure 2.15a. The distribution of zones does not have to be identical in the
upper and bottom layers. The zone distribution can be shifted by a multiple of the slot pitch.
In Figure 2.15a, a single zone shift equals a single slot pitch. Figure 2.15b illustrates one of
the coils of the phase U. By comparing the width of the coil with the coil span of the winding
in Figure 2.14, we can see that the coil is now one slot pitch narrower; the coil is said to
be short pitched. Because of short pitching, the coil end has become shorter, and the copper
consumption is thus reduced. On the other hand, the flux linking the coil decreases somewhat
because of short pitching, and therefore the number of coil turns at the same voltage has to be
higher than for a full-pitch winding. The short pitching of the coil end is of more significance
than the increased number of coil turns, and as a result the consumption of coil material
decreases.

Short pitching also influences the harmonics content of the flux density of the air gap.
A correctly short-pitched winding produces a more sinusoidal current linkage distribution
than a full-pitch winding. In a salient-pole synchronous generator, where the flux density
distribution is basically governed by the shape of pole shoes, a short-pitch winding produces
a more sinusoidal pole voltage than a full-pitch winding.

Figure 2.16 illustrates the basic difference of a short-pitch winding and a full-pitch
winding.
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(a) (b)

Figure 2.16 Cross-sectional areas of two machines with 12 slots. The basic differences of (a) a two-
pole full-pitch winding and (b) a two-pole short-pitch winding. In the short-pitch winding, the width of
a single coil W is less than the pole pitch 7, or, expressed as the number of slots, the short pitch y is less
than a full pitch yq. The coil voltage U, is lower than U,_;. The short-pitched coil is located on the
chord of the periphery, and therefore the winding type is also called a chorded winding. The coil without
short pitching is located on the diameter of the machine

The short-pitch construction is now investigated in more detail. Short pitching is commonly
created by winding step shortening (Figure 2.17b), coil side shift in a slot (Figure 2.17¢) and
coil side transfer to another zone (Figure 2.17d). In Figure 2.17, the zone graphs illustrate
the configurations of a full-pitch winding and of the short-pitch windings constructed by the
above-mentioned methods. Of these methods, the step shortening can be considered to be
created from a full-pitch winding by shifting the upper layer left for a certain number of slot
pitches.

Coil side shift in a slot is generated by changing the coil sides of the upper and bottom
layers in certain slots of a short-pitch winding. For instance, if in Figure 2.17b the coil sides
of the bottom layer in slots 8 and 20 are removed to the upper layer, and in slots 12 and 24
the upper coil sides are shifted to the bottom layer, we get the winding of Figure 2.17c. Now,
the width of a coil is again W = 1, but because the magnetic voltage of the air gap does not
depend on the position of a single coil side, the magnetizing characteristics of the winding
remain unchanged. The windings with a coil side shift in a slot and winding step shortening
are equal in this respect. The average number of slots per pole and phase for windings with a
coil side shift in a slot is

Os a1+ q . )
== =18 =g+ @=q-) (2.28)
pm 2

qs

where j is the difference of ¢ (the numbers of slots per pole and phase) in different layers. In
Figure 2.17,j = 1.
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Figure 2.17 Different methods of short pitching for a double-layer winding: (a) full-pitch winding,
(b) winding step shortening, (c) coil side shift in a slot, (d) coil side transfer to another zone. t,, zone;
Ty, slot pitch; W, coil span; x, coil span decrease. In the figure, a cross indicates one coil end of the
phase U, and the dot indicates the other coil end of the phase U. In the graph for a coil side transfer to
another zone, the grid indicates the parts of slots filled with the windings of the phase W

Coil side transfer to another zone (Figure 2.17d) can be considered to be created from the
full-pitch winding of Figure 2.17a by transferring the side of the upper layers of 2 and 14 to
a foreign zone W. There is no general rule for the transfer, but practicality and the purpose of
use decide the solution to be selected. The method may be adopted in order to cancel a certain
harmonic from the current linkage of the winding.

The above-described methods can also be employed simultaneously. For instance, if we
shift the upper layer of the coil with a coil side transfer of Figure 2.17d left for the distance of
one slot pitch, we receive a combination of a winding step shortening and a coil side transfer.
This kind of winding is double short pitched, and it can eliminate two harmonics. This kind of
short pitching is often employed in machines where the windings may be rearranged during
drive to form another pole number.

When different methods are compared, we have to bear in mind that when considering
the connection, a common winding step shortening is always the simplest to realize, and the
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consumption of copper is often the lowest. A winding step shortening is an advisable method
down to W = 0.87, without an increase in copper consumption. In short two-pole machines,
the ends are relatively long, and therefore it is advisable to use even shorter pitches to make the
end winding area shorter. Short pitchings down to W = 0.7, are used in two-pole machines
with prefabricated coils. The most crucial issue concerning short pitching is, however, how
completely we wish to eliminate the harmonics. This is best investigated with winding factors.

The winding factor &, has already been determined with Figure 2.10 and Equation (2.16).
When the winding is short pitched, and the coil ends are not at a distance of 180 electrical
degrees from each other, we can easily understand that short pitching reduces the winding
factor of the fundamental. This is described by a pitch factor k. Further, if the number of
slots per pole and phase is higher than one, we can see that in addition to the pitch factor
kpv, the distribution factor kqy is required as was discussed above. Thus, we can consider the
winding factor to consist of the pitch factor k,, and the distribution factor k4, and, in some
cases, of a skewing factor (cf. Equation 2.35).

The full pitch can be expressed in radians as 7, as a pole pitch 7, or as the number of slot
pitches yq covering the pole pitch. The pitch expressed in the number of slots is y, and now the
relative shortening is y/yq. Therefore, the angle of the short pitch is (y/yq)7t. A complement
to 7t, which is the sum of angles in a triangle, is

(2= 2)

This value will be divided equally between the other two angles as in Figure 2.16b:

2(1_1>_
2 YQ

Also the pitch factor is defined as the ratio of the geometric sum of phasors and the sum of
the absolute values of the voltage phasors, see Figure 2.16b. The pitch factor is

Utolal
ky = ——. 2.29
P 2Uslot ( )

When

o(3(0-2)

is expressed in the triangle being analysed, it will be found that it equals the pitch factor
defined by

U 2 Uo al
cos <7_r (1 — l)) = tmal/ — ol kp. (2.30)
2 Yo Ustot 22Ut
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On rearranging the final expression for the pitch factor will be obtained:

. y (W
kp=sin| —= ) =sin{ —= . (2.31)
Yo 2 'L'p 2

In a full-pitch winding, the pitch is equal to the pole pitch, y = yq, W = 7, and the pitch
factor is k, = 1. If the pitch is less than yq, k, < 1.

In a general presentation, the distribution factor k4 and the pitch factor &, have to be valid
also for the stator harmonics. We may write for the vth harmonic, the pitch factor &, and the

distribution factor kg,
w
ky, = sin <v—f) . (vlf> , (2.32)
'L'p 2 Yo 2

. T
sin(vga,/2) 280 (“ﬂ)

dv = —— = . (2.33)
2 T
q sin (vary /2) gsin (v_p>
mp Q
Here o, is the slot angle, o, = p27/Q.
The skewing factor will be developed in Chapter 4, but it is shown here as
"(53)
sin| v——
7 2
Ksqp = ——57— (2.34)
U ——
T 2
Here the skew is measured as s/t (cf. Figure 4.16).
The winding factor is thus a product of these factors
VT ) s T
2sin (——) s <V__>
W rn T, 2
ke = kpykayksqy = sin (v——) : m2 P (2.35)
T 2

) ST
2 sin 1)7[£ V_E
mp 0 T

Example 2.9: Calculate a winding factor for the two-layer winding Q = 24, 2p = 4,
m =3,y =5 (see Figure 2.17b). There is no skewing, that is ks, = 1.

Solution: The number of slots per phase per pole is

24
¢ _ =2.

1= om a3

The distribution factor for the three-phase winding is

1 1
ka1 = 30 = 30 = 0.966.
2gsin—  2-2sin —
q 2
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The number of slots per pole, or in the other words the pole pitch expressed as the number
of slots, is

If the pitch is five slots, it means that it is a short pitch, and it is necessary to calculate the
pitch factor:

The winding factor is

kw1 = karkpiksqr = 0.966 - 0.966 - 1 = 0.933.

Example 2.10: A two-pole alternator has on the stator a three-phase two-layer winding
embedded in 72 slots, two conductors in each slot, with a short pitch of 29/36. The di-
ameter of the stator bore is Dy = 0.85 m, the effective length of the stack is /' = 1.75 m.
Calculate the fundamental component of the induced voltage in one phase of the stator
winding, if the amplitude of the fundamental component of the air gap flux density is
Bé] = 0.92 T and the speed of rotation is 3000 min~!.

Solution: The effective value of the induced phase voltage will be calculated from the ex-
pression Ejpp = V27 f &1 Nikyy at the frequency of f = pn/60 = 1-3000/60 = 50 Hz.
The pole pitch isA1:p = ﬂDS/gp =7-0.85m/2 = 1.335m. The maximum value of the
magnetic flux is @ = (2/m)B57,/" = (2/m)0.92 T - 1.335m - 1.75 m = 1.368 Wb. The
number of slots per pole and phase is ¢g; = Q/2pm = 72/2 - 3 = 12. The number of turns
in series N will be determined from the number of conductors in the slot zq = N/pg =
2= N =2pg =2-1-12 = 24. There is a two-layer distributed short-pitch winding, and
therefore both the distribution and pitch factors must be calculated (cf. Equation 2.26):

1 1
kap = = — 0.955,

' 2. 12sin ™8
12

by =sin (2 7) = sin (27 = 0.953
=sin| ——= ) =sin|{ — = | = 0.953,
ol Yo 2 362

because the full pitch is yp = Q/2p = 72/2 = 36. The winding factor yields &y =
karkpr = 0.955-0.953 = 0.91 and the induced phase voltage of the stator is Eyp =
V2rf & Noky = v/27-5011.368 Vs - 24 - 0.91 = 6637 V.

On the other hand, as shown previously, the winding constructed with the coil side shiftin a
slot in Figure 2.17c proved to have an identical current linkage as the winding step shortening
2.17b, and therefore also its winding factor has to be same. The distribution factor kg, is
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calculated with an average number of slots per pole and phase ¢ = 2, and thus the pitch
factor &, has to be the same as above, although no actual winding step shortening has been
performed. For coil side shift in a slot, Equation (2.32) is not valid as such for the calculation
of pitch factor (because sin(v 71/2) = 1).

When comparing magnetically equivalent windings of Figure 2.17 that apply winding step
shortening and coil side shift in a slot, it is shown that an equivalent reduction x of the coil
span for a winding with coil side shift is

1
x=15—-W= §(q1 — q2)Tu.- (2.36)

The substitution of slot pitch 7, = 2pt,/Q in the equation yields

w
—=1- ﬁ(% - q2) (2.37)
7 0

In other words, if the number of slots per pole and phase of the different layers of coil side
shift are ¢, and ¢, the winding corresponds to the winding step shortening in the ratio of
Wit,. By substituting (2.37) in Equation (2.32) we obtain a pitch factor &y, of the coil side
shift in a slot

kpwy = sin {v [1 - g(q1 - qz)} g} . (2.38)

In the case of the coil side shift of Figure 2.17c, g = 3 and ¢, = 1. We may assume
the winding to be a four-pole construction as a whole (p = 2, Qs = 24). In the figure, a
basic winding is constructed of the conductors of the first 12 slots (the complete winding may
comprise an undefined number of sets of 12-slot windings in series), and thus we obtain for
the fundamental winding factor

ks =sind | 1= 2G| Tl = sin (27 = 0.966
pwl = SIN 24 3 = Sm 62 = V. .

which is the same result as Equation (2.32) in the case of a winding step shortening of
Figure 2.17b.

Because we may often apply both the winding step shortening and coil side transfer in a
different zone in the same winding, the winding factor has to be rewritten as

kwu = kdv kpwv kpv~ (239)

With this kind of doubly short-pitched winding, we may eliminate two harmonics, as stated
earlier. The elimination of harmonics implies that we select a double-short-pitched winding
for which, for instance, kpws = 0 and ky7 = 0. Now we can eliminate the undesirable fifth
and seventh harmonics. However, the fundamental winding factor will get smaller. The dis-
tribution factor kg, is now calculated with the average number of slots per pole and phase

q=(q1 + q2)/2.
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When analysing complicated short-pitch arrangements, it is often difficult to find a universal
equation for the winding factor. In that case, a voltage phasor diagram can be employed, as
mentioned earlier in the discussion of Figure 2.10. Next, the coil side transfer to another zone
of Figure 2.17 is discussed.

Figure 2.18a depicts the fundamental voltage phasor diagram of the winding with coil side
transfer to another zone in Figure 2.17, assuming that there are Q = 24 slots and 2p = 4 poles.
The slot angle is now o, = 30 electrical degrees, and thus the phase shift of the emf is 30°.
Figure 2.18b depicts the phasors of the phase U in a polygon according to Figure 2.17d. The
resultant voltage Upy, and its ratio to the sum of the absolute values of the phasors is the fun-
damental winding factor. By also drawing the resultants of the windings V and W from point
0, we obtain an illustration of the symmetry of a three-phase machine. The other harmonics
(ordinal v) are treated equally, but the phase shift angle of the phasors is now va,.

Uphu

20 19

0
(a) (b)

Figure 2.18 Voltage phasor diagram of a four-pole winding with a coil side transfer (Figures 2.17d)
and (b) the sum of slot voltage phasors of a single phase. Note that the voltage phasor diagram for a four-
pole machine (p = 2) is doubled, because it is drawn in electrical degrees. The parts of the figure are in
different scales. In the voltage phasor diagram, there are in principle two layers (one for the bottom layer
and another for the top layer), but only one of them is illustrated here. Now two consequent phasors, for
example 2 and 14, when placed one after another, form a single radius of the voltage phasor diagram.
The winding factor is thus defined by the voltage phasor diagram by comparing the geometrical sum
with the sum of absolute values
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2.7 Current Linkage of a Slot Winding

The current linkage of a slot winding refers to a function & = f(«), created by the winding
and its currents in the equivalent air gap of the machine. The winding of Figure 2.8 and its
current linkage in the air gap are investigated at a time when iw = iy = —'/,iy, Figure 2.9. The
curved function in the figure is drawn at time ¢t = 0. The phasors of the phase currents rotate
at an angular speed w, and thus after a time 27t/(3w) = 1/(3f) the current of the phase V has
reached its positive peak, and the function of current linkage has shifted three slot pitches to
the right. After a time 2/(3f), the shift is six slot pitches, and so on. The curved function shifts
constantly in the direction +«. To be exact, the curved waveform is of the form presented
in the figure only at times ¢ = ¢/(3f), when the factor ¢ has values ¢ = 0, 1, 2, 3,.... As
time elapses, the waveform proceeds constantly. Fourier analysis of the waveform, however,
produces harmonics that remain constant.

Figure 2.19 illustrates the current linkage @ (o) produced by a single coil. A flux that passes
through the air gap at an angle y returns at an angle 8 = 27t — y. In the case of a nonfull-
pitch winding, the current linkage is distributed in the ratio of the permeances of the paths.
This gives us a pair of equations

. . 9 B
Ql = @y + @ﬂ, @—ﬂ = ; (240)

from which we obtain two constant values for the current linkage waveform © (o)

B . Y .
@y = i‘[ZQl; @ﬁ = Z_[ZQI. (241)

The Fourier series of the function ®(«) of a single coil is

@(a):élcosa+@300530{+@50055a+-~-+@l,cosva+-~-. (2.42)

(@) (b)

Figure 2.19 (a) Currents and schematic flux lines of a short-pitch coil in a two-pole system. (b) Two
wavelengths of the current linkage created by a single, narrow coil
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The magnitude of the vth term of the series is obtained from the equation by substituting
the function of the current linkage waveform for a single coil

) 2f0(> (veoydar = =z si (%) (2.43)
&y = — o/ COS (v = —7Z sm{— ). .
- o o o - Ql 2
0

As y/W =2m/2t,, and hence y /2 = (W/rp) - (1t/2), the last factor of Equation (2.43)

W
sin (%) = sin <vr—g) = Ky, (2.44)
P

is the pitch factor of the harmonic v for the coil observed. For the fundamental v = 1, we ob-
tain k. We can thus see that the fundamental is just a special case of the general harmonic v.
While the electrical angle of the fundamental is «, the corresponding angle for the harmonic v
is always va. If now vy /2 is a multiple of the angle 27, the pitch factor becomes kp,, = 0. Thus,
the winding does not produce such harmonics, neither are voltages induced in the winding by
the influence of possible flux components at this distribution. However, voltages are induced
in the coil sides, but over the whole coil these voltages compensate each other. Thus, with a
suitable short pitching, it is possible to eliminate harmful harmonics.

In Figure 2.20, there are several coils 1... ¢ in a single pole of a slot winding. The current
linkage of each coil is zgi. The coil angle (in electrical degrees) for the harmonic v of the
narrowest coil is vy, the next being v(y + 2«,) and the broadest v(y + 2(¢ — 1)ay). For an
arbitrary coil g, the current linkage is, according to Equation (2.43),

Oy = %TZQI' sin [v (% (g — 1)ozu)] . (2.45)

iz ¢ A ¢

Figure 2.20 Concentric coils of a single pole; the calculation of the winding factor for a harmonic v
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When all the harmonics of the same ordinal generated by all coils of one phase are summed,
we obtain per pole

q q
Z 2 . Z
@utot == @vg == ;_[qZQl kwv
g=1 g=l

2
= EZQi {sin% + sinv (% —i—au) +-~-+sinv[% +(q — l)au]}.

(2.46)

The sum ky,, in braces can be calculated for instance with the geometrical figure of Figures
2.20 and 2.12. The line segment AC is written as

AC = 2r sin ”q;‘”. (2.47)
The arithmetical sum of unit segments is
— . Ve
qAB = g2r sin - (2.48)
and we can find for the harmonic v
vgay
Vel sin
ko = = = 3% . (2.49)
q sin —
75

This equals the distribution factor of Equation (2.33). Now, we see that the line segment
AC = gky,z5. We use Figure 2.12a again. The angle BAC is obtained from Figure 2.12 as
the difference of angles OAB and OAC. It is v(¢ — 1)a/2. The projection AC’ is thus

. “Day) —
AC’:ACsinv(y—qu V%) _ Ak (2.50)

Here we have a pitch factor influencing the harmonic v, because in Figure 2.20, v[y +
(¢ — D] is the average coil width angle. Equation (2.46) is now reduced to

O = — i (ZZ ] (2 5 1)
Vto l, .
tot Q
Whele
kWU - kpl)kd\)' (2.52)

This is the winding factor of the harmonic v. It is an important observation. The winding factor
was originally found for the calculation of the induced voltages. Now we understand that the
same distribution and pitch factors also affect the current linkage harmonic production. By
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substituting the harmonic current linkage @, in Equation (2.42) with the current linkage @,
we obtain the harmonic v generated by the current linkage of ¢ coils

B, = O, COS V. (2.53)

This is valid for a single-phase coil. The harmonic v created by a poly-phase winding is
calculated by summing all the harmonics created by different phases. By its nature, the pitch
factor is zero if v, = 27 (since sin (vga, /2) = sin(Ecmg) = 0) (i.e. the coil sides are at
the same magnetic potential), when the factor ¢ =0, 1, 2, 3, 4. ... It therefore allows only the
harmonics

Ll (2.54)

Qy
The slot angle and the phase number are interrelated

T
qo, = —. (2.55)
m

The distribution factor is zero if v = £¢2m. The winding thus produces harmonics

v=+41=+2cm. (2.56)

Example 2.11: Calculate which ordinals of the harmonics can be created by a three-phase
winding.

Solution: A symmetrical three-phase winding may create harmonics calculated from
Equation (2.56), by inserting m = 3. These are listed in Table 2.2.

Table 2.2 Ordinals of the harmonics created by a three-phase winding (m = 3)

c 0 1 2 3 4 5 6 7...
v +1 +7 +13 +19 +25 +31 +37 +43... Positive sequence
— -5 —11 -17 -23 -29 -35 —41... Negative sequence
We see that v = —1, and all even harmonics and harmonics divisible by three are miss-

ing. In other words, a symmetrical poly-phase winding does not produce for instance a
harmonic propagating in the opposite direction at the fundamental frequency. Instead, a
single-phase winding m = 1 creates also a harmonic, the ordinal of which is v = —1. This
is a particularly harmful harmonic, and it impedes the operation of single-phase machines.
For instance, a single-phase induction motor, because of the field rotating in the negative
direction, does not start without assistance because the positive and negative sequence
fields are equally strong.
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Example 2.12: Calculate the pitch and distribution factors for v = 1, 5, 7 if a chorded
stator of an AC machine has 18 slots per pole and the first coil is embedded in slots 1 and
16. Calculate also the relative harmonic current linkages.

Solution: The full pitch would be yq = 18 and a full-pitch coil should be embedded in

slots 1 and 19. If the coil is located in slots 1 and 16, the coil pitch is shorted to y = 15.
Therefore, the pitch factor for the fundamental will be

w T 157
kp = sin—Zt = sinl— = sin —— = 0.966
Tp 2 Yo 2 18 2

and correspondingly for the fifth and seventh harmonics

. y 7 . 157
kps =sin|v—— | =sin| -=5——= | = —0.259,
Yo 2 182

. y 7 . 157
kp7 =sin| v—— ) =sin| 7— = | = 0.259.
yo 2 182

The number of slots per pole and phase is ¢ = 18/3 = 6 and the slot angle is oy, = 71/18.
Now, the distribution factor is

. vgqay . 1-6m/18 . —5-6m/18
s1nT smT SIHT
kay = ——g= kot = —— g =0.956, kis = —7F e = —0.197,
qSinTu 6 sin /18 65in /18
. 7-6m/18
SIHT
ka7 = T/IS = —0.145.
6sin

kew = katkpr = 0.956 - 0.966 = 0.923, ky_s = ka_skp_s = —0.197 - (=0.259) = 0.051,
kw7 = karkyy = —0.145 - 0.259 = —0.038.

The winding creates current linkages

2 kwv

@utol = -
T

zol.
qu

Calculating kyy /v for the harmonics 1, —5, 7

ke Ko 051 kwi  —O.
Tl=0'923’ 55=005 ;  —0.038

— =001, — = = 0.0054.
5 7 7




86 Design of Rotating Electrical Machines

Here we can see that because of the chorded winding, the current linkages of the fifth
and seventh harmonics will be reduced to 1.1 and 0.58% of the fundamental, as the funda-
mental is also reduced to 92.3% of the full sum of the absolute values of slot voltages.

Example 2.13: A rotating magnetic flux created by a three-phase 50 Hz, 600 min~"' alter-
nator has a spatial distribution of magnetic flux density given by the expression

B = By sin® + B;sin39 + Bssin59 = 0.9sin® + 0.25sin 39 + 0.18 sin 59 [T].

The alternator has 180 slots, the winding is wound with two layers, and each coil has three
turns with a span of 15 slots. The armature diameter is 135 cm and the effective length
of the iron core 0.50 m. Write an expression for the instantaneous value of the induced
voltage in one phase of the winding. Calculate the effective value of phase voltage and
also the line-to-line voltage of the machine.

Solution: The number of pole pairs is given by the speed and the frequency:

_pn__60f _60-50 _
60 T T T Te00

f
and the number of poles is 10. The area of one pole is

nD ,  ml.35 )
—I'=——0.50=0.212m".
2p 10

7,0 =

From the expression for the instantaneous value of the magnetic flux density, we may

derive B 1=09T, 33 =0.25T and 13’5 = 0.18 T. The fundamental of the magnetic flux

onthe 7 is &, = (Z/W)Blrpl/ =(2/m)-0.9T-0.212 m? =0.1214 V s. To be able to cal-

culate the induced voltage, it is necessary to make a preliminary calculation of some pa-
rameters:

180
The number of slots per pole and phase is ¢ = i = ——=0=06.
2pm  10-3
. . p2n T
The angle between the voltages of adjacent slots is oy, = ? =5

The distribution and pitch factors for each harmonic is

sin (q%) sin (6 336) sin (36 3—“6)

(@) " en(X) T P T ey T

ka1 =
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The number of slots per pole is O, = 180/10 = 18, which would be a full pitch. The
coil span is 15 slots, which means the chorded pitch y = 15, and the pitch factors are

15 15
ky1 = sin <l 3) = sin <7§> = 0.966, ky = sin <313> = sin (3 : 72) = —0.707,
Yo 2 82 Yo 2 182

. y . 157
kps =sin|5—— |=sin|5- —= )=0.259
Yo 2 182

which results in the following winding factors:

kwi = kar - kpt = 0.955-0.966 = 0.9234,  ky3 = 0.643 - (—0.707) = —0.4546,
kws = 0.197 - 0.259 = 0.051.

Now it is possible to calculate the effective values of the induced voltages of the har-
monics. The phase number of turns is determined as follows: the total number of coils in
a 180-slot machine in a two-layer winding is 180. This means that the number of coils per
phase is 180/3 = 60, each coil has three turns, and therefore N = 60 x 3 = 180:

E, =~2n f® Nk = NOLE 50/s-0.1214 Vs - 180 - 0.9234 = 4482 V.

The induced voltage of harmonics can be written similarly as follows:

~ 2 . 2 . Tpl
E, = V21 f, ®Nkyy = V210 f, = B, 1y, Nkyy = V2101 = B, == Nk,
U TV
2 .
— \/zﬂfl %thplNkwu.

The ratio of the vth harmonic and fundamental is

2 .
E \/57'[ fl_BvalNkwv
vo_ T

_ g\)le)
v _ T =2
Er V2n f17—TBlfp1Nkw1 Bikwi
and the results for E,:
Bikys 0.25 - (—0.4546)
Ey= L F = 4482V = —612.9 V,
Bk 0.9 -0.9225
Bsky, 0.18-0.051
Es=F, = 4482V =495 V.
Biky 0.9 - 0.9225

Finally, the expression for the instantaneous value of the induced voltage is

e(t) = Ey sinwt + E3sin3wr 4 Es sin 5wt
= ﬁEl sin wt + \/EE3 sin 3wt + «/EES sin Swt

e(t) = /2 - 4482 sinwt — v/2 - 612.9 sin 3wt + /2 - 49.5 sin 5wt
= 6338.5sin wt — 866.77 sin 3wt + 70 sin Swt.
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The total value of the effective phase voltage is

Epn = JE2 + E2 + E2 = /44822 + 612,92 + 49.52V = 4524 V

and its line-to-line voltage is

E =3\/E} + E2 = /344822 4 49.52V = 7763.58 V.

The third harmonic component does not appear in the line-to-line voltage, which will be
demonstrated later on.

Example 2.14: Calculate the winding factors and per unit magnitudes of the current
linkage forv=1,3, -5ifQ0=24,m=3,g=2,W/t, =y/yqo =5/6.

Solution: The winding factor is used to derive the per unit magnitude of the current link-
age. In Figure 2.21, we have a current linkage distribution of the phase U of a short-pitch
winding (Q =24, m=3,q=2,2p=4, W/, = y/yQ = 5/6), as well as its fundamental
and the third harmonic at time # = 0, when iy = i. The total maximum height of the cur-
rent linkage of a pole pair is at that moment quf . Half of the magnetic circuit (involving
a single air gap) is influenced by half of this current linkage. The winding factors for the
fundamental and lowest harmonics and the amplitudes of the current linkages according
to Equations (2.51) and (2.52) and Example 2.13 are:

v=1 kw1 = kpikai= 0.965 - 0.965 = 0.931 O = 1.185 O

v=3 kw3 = kpskas = —0.707 - 0.707 = —0.5 D3 = —0.212 Onax
=-5 kws = kp_skq_s = —0.258 - 0.258 = —0.067 O_5 = —0.017 Opay

I

The minus signs for the third- and fifth-harmonic amplitudes mean that, if starting at
the same phase, the third and fifth harmonics will have a negative peak value as the funda-
mental is at its positive peak, see Figures 2.21 and 2.22.

For instance, the fundamental is calculated with (2.51); see also (2.15):

_ 2ky . 20931

| = ———qzqQl = —
T Vv Q Tt

>

2ZQi = 11852Ql

Only the fundamental and the third harmonic are illustrated in Figure 2.21.

The amplitude of harmonics is often expressed as a percentage of the fundamental. In
this case, the amplitude of the third harmonic is 17.8% (0.212/1.185) of the amplitude of
the fundamental. However, this is not necessarily harmful in a three-phase machine, be-
cause in the harmonic current linkage created by the windings together, the third harmonic
is compensated. The situation is illustrated in Figure 2.22, where the currents iy = 1 and
iy = iw = —'/, flow in the winding of Figure 2.21. In salient-pole machines, the third
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Figure 2.21 Short-pitch winding (Qs = 24, p = 2, m = 3, ¢; = 2) and the analysis of its current
linkage distribution of the phase U. The distribution includes a notable amount of the third harmonic.
In the figure, the fundamental and third harmonic are illustrated by dotted lines

harmonic may, however, cause circulating currents in delta connection, and therefore star
connection in the armature is preferred.

In single- and two-phase machines, the number of slots is preferably selected higher than in
three-phase machines, because in these coils, at certain instants, only a single-phase coil alone
creates the whole current linkage of the winding. In such a case, the winding alone should
produce as sinusoidal a current linkage as possible. In single- and double-phase windings, it
is sometimes necessary to fit a different number of conductors in the slots to make the stepped
line ®(«) approach sinusoidal form.

A poly-phase winding thus produces harmonics, the ordinals of which are calculated with
Equation (2.56). When the stator is fed at an angular frequency ws, the angular speed of the
harmonic v with respect to the stator is

Wy

Wps = —. (2.57)
V

The situation is illustrated in Figure 2.23, which shows that the shape of the harmonic
current linkage changes as the harmonic propagates in the air gap. The deformation of the
harmonic indicates the fact that harmonic amplitudes propagate at different speeds and in
different directions. A harmonic according to Equation (2.57) induces the voltage of the fun-
damental frequency in the stator winding. The ordinal of the harmonic indicates how many
wavelengths of a harmonic are fitted in a distance 27, of a single pole pair of the fundamental.
This yields the number of pole pairs and the pole pitch of a harmonic

Py = vp, (2.58)
T = 2. (2.59)
V
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Figure 2.22 Compensation of the third harmonic in a three-phase winding. There are currents iy =
—2iy = —2iy flowing in the winding. We see that when we sum the third harmonics of the phases V
and W with the harmonic of the phase U, the harmonics compensate each other

The amplitude of the vth harmonic is determined with the ordinal from the amplitude of
the current linkage of the fundamental, and it is calculated in relation to the winding factors

2 2 kwv
6, =06,

. 2.60
oo (2.60)

The winding factor of the harmonic v can be determined with Equations (2.32) and (2.33)
by multiplying the pitch factor kp, and the distribution factor kg, :

. W m\ . VT
2sin | v— = | sin (——)
( T 2) m?2

kwy = kpvkdv = P

2 sin (Vﬂﬁ)
mp 0

2.61)
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21pA

B=wt;

Figure 2.23 Propagation of a harmonic current linkage and the deformations caused by harmonics. If
there is a current flowing only in the stator winding, we are able to set the peak of the air-gap flux density
at 8. The flux propagates but the magnetic axis of the winding U remains stable

Compared with the angular velocity w of the fundamental component, a harmonic current
linkage wave propagates in the air gap at a fractional angular velocity w;s/v. The synchronous
speed of the harmonic v is also at the same very angular speed ws/v. If a motor is running
at about synchronous speed, the rotor is travelling much faster than the harmonic wave. If we
have an asynchronously running motor with a per unit slip s = (ws — p$2;)/ws (ws is the stator
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angular frequency and £2; is the rotor mechanical angular rotating frequency), the slip of the
rotor with respect to the vth stator harmonic is given by

sy,=1—v(—5). (2.62)
The angular frequency of the vth harmonic in the rotor is thus
wyr=ws (1 —v(l —y)). (2.63)

If we have a synchronous machine running with slip s = 0, we immediately observe from
Equations (2.62) and (2.63) that the angular frequency created by the fundamental compo-
nent of the flux density of the stator winding is zero in the rotor co-ordinate. However, har-
monic current linkage waves pass the rotor at different speeds. If the shape of the pole shoe is
such that the rotor produces flux density harmonics, they propagate at the speed of the rotor
and thereby generate pulsating torques with the stator harmonics travelling at different speeds.
This is a particular problem in low-speed permanent magnet synchronous motors, in which
the rotor magnetization often produces a quadratic flux density and the number of slots in the
stator is small, for instance ¢ = 1 or even lower, the amplitudes of the stator harmonics being
thus notably high.

2.8 Poly-Phase Fractional Slot Windings

If the number of slots per pole and phase ¢ of a winding is a fraction, the winding is called a
fractional slot winding. Windings of this type are either concentric or diamond windings with
one or two layers. Some advantages of fractional slot windings when compared with integer
slot windings are:

¢ great freedom of choice with respect to the number of slots;

® opportunity to reach a suitable magnetic flux density with the given dimensions;

¢ multiple alternatives for short pitching;

¢ if the number of slots is predetermined, the fractional slot winding can be applied to a wider
range of numbers of poles than the integral slot winding;

* segment structures of large machines are better controlled by using fractional slot windings;

® opportunity to improve the voltage waveform of a generator by removing certain harmonics.

The greatest disadvantage of fractional slot windings is subharmonics, when the denomi-
nator of ¢ (slots per pole and phase) is n # 2

(2.64)

Now, ¢ is reduced so that the numerator and the denominator are the smallest possible in-
tegers, the numerator being z and the denominator #. If the denominator # is an odd number,
the winding is said to be a first-grade winding, and when # is an even number, the winding
is of the second grade. The most reliable fractional slot winding is constructed by selecting
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n = 2. An especially interesting winding of this type can be designed for fractional slot per-
manent magnet machines by selecting ¢ = 1/2.

In integral slot windings, the base winding is of the length of two pole pitches (the distance
of the fundamental wavelength), whereas in the case of fractional slot windings, a distance
of several fundamental wavelengths has to be travelled before the phasor of a voltage phasor
diagram again meets the exact same point of the waveform. The difference between an integral
slot and fractional slot winding is illustrated in Figure 2.24.

slot positions slot positions
000000000000000000000000 OOT0000000000‘30000“-000000
Osl.. 5. L, Ocl.. 5. ' 0y+1
\_v_pl \ —
Y
base winding base winding

A @ (b)
NN
NV OV VUV U

slot positions and coil sides of phase U
@?@OOO@@@OOO@@@O%”
1 2 3 4 5 6 7 8 9 10 11 12 1
N

/

p=5

Vv
base winding

()

Figure 2.24 Basic differences of (a) an integral slot stator winding and (b) a fractional slot winding.
The number of stator slots is Qs. In an integral slot winding, the length of the base winding is O/p
slots ((a): 12 slots, g, = 2), but in a fractional slot winding, the division is not equal ((b): ¢s < 2).
In the observed integer slot winding, the base winding length Oy = 12 and, after that, the magnetic
conditions for the slots repeat themselves equally; observe slots 1 and 13. In the fractional slot winding,
the base winding is notably longer and contains Q7 slots. Figure (c) illustrates an example of a fractional
slot winding with Qg = 12 and p = 5. Such a winding may be used in concentrated wound permanent
magnet fractional slot machines, where ¢ = 0.4. In a two-layer system, each of the stator phases carries
four coils. The coil sides are located in slots 12—1, 1-2, 67 and 7-8. The air gap flux density is mainly
created by the rotor poles
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In a fractional slot winding, we have to proceed a distance of p’ pole pairs before a coil
side of the same phase again meets exactly the peak value of the flux density. Then, we need
a number of QO phasors of the voltage phasor diagram, pointing in different directions. Now,
we can write

/ /QS / !
&=p;n 0. <0s, p>p. (2.65)

Here the voltage phasors Q) + 1,20, + 1,30 + 1 and (+ — 1)Q; + 1 are in the same posi-
tion in the voltage phasor diagram as the voltage phasor of slot 1. In this position, the cycle of
the voltage phasor diagram is always started again. Either a new periphery is drawn, or more
slot numbers are added to the phasors of the initial diagram. In the numbering of a voltage
phasor diagram, each layer of the diagram has to be circled p’ times. Thus, ¢ layers are created
in the voltage phasor diagram. In other words, in each electrical machine, there are ¢ electri-
cally equal slot sequences, the slot number of which is Q' = Q,/t and the number of pole
pairs p’ = p/t. To determine ¢, we have to find the smallest integers Q; and p’ - t is thus the
largest common divider of Qg and p. If Qs/(2pm) € N (N is the set of integers, Neyen the set of
even integers and N,qq the set of odd integers), we have an integral slot winding, and ¢ = p,
Q.= Qs/pandp’ =p/p = 1. Table 2.3 shows some parameters of a voltage phasor diagram.
To generalize the representation, the subscript ‘s’ is left out of what follows.

If the number of radii in the voltage phasor diagram is Q" = Q/1, the angle of adjacent radii,
that is the phasor angle «,, is written as

27
o, = —t (2.66)
0
The slot angle «, is correspondingly a multiple of the phasor angle «,
= Lo, = pa,. (2.67)

t

When p = ¢, we obtain o, = «,, and the numbering of the voltage phasor diagram pro-
ceeds continuously. If p > ¢, @, > «,, a number of (p/f) — 1 phasors have to be skipped in
the numbering of slots. In that case, a single layer of a voltage phasor diagram has to be cir-
cled (p/t) times when numbering the slots. When considering the voltage phasor diagrams of
harmonics v, we see that the slot angle of the vth harmonic is ve,. Also the phasor angle is

Table 2.3 Parameters of voltage phasor diagrams

t the largest common divider of Q and p, the number of phasors of a single radius, the
number of layers of a voltage phasor diagram

Q' =0/t the number of radii, or the number of phasors of a single turn in a voltage phasor
diagram (the number of slots in a base winding)

p =p/t the number of revolutions around a single layer when numbering a voltage phasor
diagram

(p/H—1 the phasors skipped in the numbering of the voltage phasor diagram
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va,. The voltage phasor diagram of the vth harmonic differs from the voltage phasor diagram
of the fundamental with respect to the angles, which are v-fold.

Example 2.15: Create voltage phasor diagrams for two different fractional slot windings:
(a)Q=27andp=3,(b) 0=30,p=4.

Solution: (a) Q =27, p=3,0/p=9€N, ¢, =15t=p=3,0=9,p'=1,0, =
o, = 40°.

There are, therefore, nine radii in the voltage phasor diagram, each having three phasors.
Because oy, = o, no phasors are skipped in the numbering, Figure 2.25a.

®0O0=30,p=4,0/p=T75¢N,qs=125,t=2+#p, Q' =15p' =2, Z=0/t =
30/2 =15, o, = 360°/15 =24°, oy = 20, =2 x 24° =48°, (p/t) — 1 = 1.

In this case, there are 15 radii in the voltage phasor diagram, each having two phasors.
Because o, = 2w, the number of phasors skipped will be (p/f) — 1 = 1. Both of the layers
of the voltage phasor diagram have to be circled twice in order to number all the phasors,
Figure 2.25b.

(a) (b)

Figure 2.25 Voltage phasor diagrams for two different fractional slot windings. On the left, the
numbering is continuous, whereas on the right, certain phasors are skipped. (a) Q =27,p=3,t=3,
0=9p=1la,=0a,=40°(b)0=30,p=4,t=2,0'=15,p' =2, ay, =2, = 48°; v, is the
angle between voltages in the slots in electrical degrees and the angle «, is the angle between two
adjacent phasors in electrical degrees

2.9 Phase Systems and Zones of Windings
2.9.1 Phase Systems

Generally speaking, windings may involve single or multiple phases, the most common case
being a three-phase winding, which has been discussed here also. However, various other
winding constructions are possible, as illustrated in Table 2.4.
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Table 2.4 Phase systems of the windings of electrical machines. The fourth column introduces
radially symmetric winding alternatives

Nonreduced winding Reduced system: loaded
systems have separate star point needs a neutral ~ Normal system: nonloaded
Number of windings for positive and  line unless radially star point and no neutral
phases m negative magnetic axes symmetric (e.g. m = 6) line, unless m = 1
1 J—
m'=2

m'=4
3 I —
v m'=6
4 _
m'=8
| % i
A m'=10
6 h

%

Reading instructions for L1

Table 2.4 L1
N N
L2
L3

N L2
loaded star point nonloaded star point
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On a single magnetic axis of an electrical machine, only one axis of a single-phase winding
may be located. If another phase winding is placed on the same axis, no genuine poly-phase
system is created, because both windings produce parallel fluxes. Therefore, each phase sys-
tem that involves an even number of phases is reduced to involving only half of the original
number of phases m’ as illustrated in Table 2.4. If the reduction produces a system with an
odd number of phases, we obtain a radially symmetric poly-phase system, also known as a
normal system.

If the reduction produces a system with an even number of phases, the result is called a
reduced system. In this sense, an ordinary two-phase system is a reduced to a four-phase
system, as illustrated in Table 2.4. For an m-phase normal system, the phase angle is

oy = 271/ m. (2.68)

Correspondingly, for a reduced system, the phase angle is

gy = 71/ m. (2.69)

For example, in a three-phase system a3 = 271/3 and for a two-phase system app, = 7/2.

If there is even a single odd number as a multiplicand of the phase number in the reduced
system, a radially symmetric winding can be constructed again by turning the direction of the
suitable phasors by 180 electrical degrees in the system, as shown in Table 2.4 for a six-phase
system (6 = 2 x 3). With this kind of a system, a nonloaded star point is created exactly
as in a normal system. In a reduced system, the star point is normally loaded, and thus for
instance the star point of a reduced two-phase machine requires a conductor of its own, which
is not required in a normal system. Without a neutral conductor, a reduced two-phase system
becomes a single-phase system, because the windings cannot operate independently, but the
same current that produces the current linkage is always flowing in them, and together they
form only a single magnetic axis. An ordinary three-phase system also becomes a single-phase
system if the voltage supply of one phase ceases for some reason.

Of the winding systems in Table 2.4, the three-phase normal system is dominant in indus-
trial applications. Five- and seven-phase windings have been suggested for frequency con-
verter use to increase the system output power at a low voltage. Six-phase motors are used
in large synchronous motor drives. In some larger high-speed applications, six-phase wind-
ings are also useful. In practice, all phase systems divisible by three are practical in inverter
supplies. Each of the three-phase partial systems is supplied by its own three-phase frequency
converter having a temporal phase shift 27t/m’, in a 12-phase system, for example 71/12. For
example, a 12-phase system is supplied with four three-phase converters having a 7t/12 tem-
poral phase shift.

Single-phase windings may be used in single-phase synchronous generators and also in
small induction motors. In the case of a single-phase-supplied induction motor, however, the
motor needs starting assistance, which is often realized as an auxiliary winding with a phase
shift of 7t/2. In such a case, the winding arrangement starts to resemble the two-phase reduced
winding system, but since the windings are usually not similar, the machine is not purely a
two-phase machine.
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Figure 2.26 Zone formation of double-layer windings, m = 3, p = 1. (a) a normal-zone span, (b) a
double-zone span, (c) the zone distribution of a six-phase radially symmetric winding with a double-
zone span. The tails and heads of the arrows correspond to a situation in which there are currents
Iy = —2Iy = -2l flowing in the windings. The winding in (a) corresponds to a single-layer wind-
ing, which is obtained by unifying the winding layers by removing the insulation layer between the
layers

2.9.2 Zones of Windings

In double-layer windings, both layers have separate zones: an upper-layer zone and a bottom-
layer zone, Figure 2.26. This double number of zones also means a double number of coil
groups when compared with single-layer windings. In double-layer windings, one coil side is
always located in the upper layer and the other in the bottom layer. In short-pitched double-
layer windings, the upper layer is shifted with respect to the bottom layer, as shown in Figures
2.15 and 2.17. The span of the zones can be varied between the upper and bottom layer,
as shown in Figure 2.17 (zone variation). With double-layer windings, we can easily apply
systems with a double-zone span, which usually occur only in machines where the windings
may be rearranged during the drive to produce another number of poles. In fractional slot
windings, zones of varying spans are possible. This kind of zone variation is called natural
zone variation.

In a single-layer winding, each coil requires two slots. For each slot, there is now half a
coil. In double-layer windings, there are two coil sides in each slot, and thus, in principle,
there is one coil per slot. The total number of coils z. is thus

for single-layer windings: z, = (2.70)

ISENIIS

for double-layer windings: z, = (2.71)

The single- and double-layer windings with double-width zones form m coil groups per
pole pair. Double-layer windings with a normal zone span from 2m coil groups per pole pair.
The total numbers of coil groups are thus pm and 2pm respectively. Table 2.5 lists some of the
core parameters of phase windings.
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Table 2.5 Phase winding parameters

Number of Number of Average zone Average zone
Winding coils z, groups of coil span angle o,y
Single-layer 02 pm T,/m /m
Double-layer, normal zone span (0] 2pm T,/m Ti/m
Double-layer, double-zone span (0] pm 2t,/m 21t/m

2.10 Symmetry Conditions

A winding is said to be symmetrical if, when fed from a symmetrical supply, it creates a
rotating magnetic field. Both of the following symmetry conditions must be fulfilled:

a) The first condition of symmetry: Normally, the number of coils per phase winding has to be
an integer:

for single-layer windings: 22 =pg € N, (2.72)
m

for double-layer windings: g =2pg €N. (2.73)
m

The first condition is met easier by double-layer windings than by single-layer windings,
thanks to a wider range of alternative constructions.

b) The second condition of symmetry: In poly-phase machines, the angle a,, between the
phase windings has to be an integral multiple of the angle o,. Therefore for normal systems,
we can write

opn _ 2mQ 0

o, m2mnt  mt ( )

and for reduced systems

T
a_th_ngeN_ (2.75)
o, m2Tt 2mt

Let us now consider how the symmetry conditions are met with integral slot windings. The
first condition is always met, since p and ¢ are integers. The number of slots in integral slot
windings is Q = 2pgm. Now the largest common divider ¢ of Q and p is always p. When we
substitute p = ¢ into the second symmetry condition, we can see that it is always met, since

2_2 s en (2.76)
mt  mp

Integral slot windings are thus symmetrical. Because ¢ = p, also «, = «,, and hence the
numbering of the voltage phasor diagram of the integral slot winding is always consecutive,
as can be seen for instance in Figures 2.10 and 2.18.
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Symmetrical Fractional Slot Windings

Fractional slot windings are not necessarily symmetrical. A successful fulfilment of symmetry
requirements starts with the correct selection of the initial parameters of the winding. First,
we have to select g (slots per pole and phase) so that the fraction presenting the number
of slots per pole and phase

zZ
g=- (2.77)
n

is indivisible. Here the denominator # is a quantity typical of fractional slot windings.

a) The first condition of symmetry: For single-layer windings (Equation 2.72), it is required
that in the equation

Q I Pen (2.78)
n

m =PI
Here z and # constitute an indivisible fraction and thus p and n have to be evenly divisible.
We see that when designing a winding, with the pole pair number p usually as an initial
condition, we can select only certain integer values for n. Correspondingly, for double-layer
windings (Equation 2.73), the first condition of symmetry requires that in the equation

2
m n n

On comparing Equation (2.78) with Equation (2.79), we can see that we achieve a wider
range of alternative solutions for fractional slot windings by applying a double-layer wind-
ing than a single-layer winding. For instance, for a two-pole machine p = 1, a single-layer
winding can be constructed only when n = 1, which leads to an integral slot winding. On
the other hand, a fractional slot winding, for which n = 2 and p = 1, can be constructed as
a double-layer winding.

b) The second condition of symmetry: To meet the second condition of symmetry (Equation
2.74), the largest common divider ¢ of Q and p has to be defined. This divider can be
determined from the following equation:

0 =2pgm = 2mz£ and p = ne
n n

According to Equation (2.78), p/n € N, and thus this ratio is a divider of both Q and p.
Because z is indivisible by n, the other dividers of Q and p can be included only in the
figures 2m and n. These dividers are denoted generally by ¢ and thus

(2.80)
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Now the second condition of symmetry can be rewritten for normal poly-phase windings
in a form that is in harmony with Equation (2.74):

Q 2}’}122 2z
o _ a2 g 2.81)

mt mc£ c

n

The divider ¢ of n cannot be a divider of z. The only possible values for ¢ are ¢ = 1
orc=2.

For normal poly-phase systems, m is an odd integer. For reduced poly-phase systems, ac-
cording to Equation (2.75), it is written as

) p
mz—
0 n z
== n_’eN (2.82)
2mt 2meL C
n

For c, this allows only the value ¢ = 1.

As shown in Table 2.4, for normal poly-phase windings, the phase number m has to be an
odd integer. The divider ¢ = 2 of 2m and n cannot be a divider of m. For reduced poly-phase
systems, m is an even integer, and thus the only possibility is ¢ = 1. The second condition
of symmetry can now be written simply in the form: n and m cannot have a common divider
n/m ¢ N.If m = 3, n cannot be divisible by three, and the second condition of symmetry reads

"¢N 2.83
§¢~ (2.83)

Conditions (2.78) and (2.83) automatically determine that if p includes only the figure 3 as
its factor (p =3, 9, 27, . . .), a single-layer fractional slot winding cannot be constructed at all.

Table 2.6 lists the symmetry conditions of fractional slot windings.

As shown, it is not always possible to construct a symmetrical fractional slot winding for
certain numbers of pole pairs. However, if some of the slots are left without a winding, a
fractional slot winding can be carried out. In practice, only three-phase windings are realized
with empty slots.

Free slots Q, have to be distributed on the periphery of the machine so that the phase
windings become symmetrical. The number of free slots has thus to be divisible by three, and
the angle between the corresponding free slots has to be 120°. The first condition of symmetry

Table 2.6 Conditions of symmetry for fractional slot windings

Number of slots per pole and phase ¢ = z/n, where z and n cannot be mutually

divisible

Type of winding, number of phases Condition of symmetry
Single-layer windings p/neN

Double-layer windings 2p/neN

Two-phase m =2 n/mgN— n/2&N

Three-phase m = 3 n/mgN—n/3¢&N




102 Design of Rotating Electrical Machines

1S now written as

——¢eN. (2.84)

The second condition of symmetry is

Q
— eN. 2.85
n (2.85)
Furthermore, it is also required that
% € Nodd~ (286)

Usually, the number of free slots is selected to be three, because this enables the construc-
tion of a winding, but does not leave a considerable amount of the volume of the machine
without utilization. For normal zone width windings with free slots, the average number of
slots of a coil group is obtained from the equation

Qav = = - =4 — (2.87)

2.11 Base Windings

It was shown previously that in fractional slot windings, a certain coil side of a phase winding
occurs at the same position with the air gap flux always after p’ = p/t pole pairs, if the largest
common divider ¢ of Q and p is greater than one. In that case, there are ¢ electrically equal
slot sequences containing Q’ slots in the armature, each of which includes a single layer of the
voltage phasor diagram. Now it is worth considering whether it is possible to connect a system
of t equal sequences of slots containing a winding as ¢ equal independent winding sections.
This is possible when all the slots Q' of the slot sequence of all ¢ electrically equal slot groups
meet the first condition of symmetry. The second condition of symmetry does not have to
be met.

If Q'/m is an even number, both a single-layer and a double-layer winding can be con-
structed in Q' slots. If Q'/m is an odd number, only a double-layer winding is possible in Q’
slots. When constructing a single-layer winding, ¢ has to be an integer. Thus, two slot pitches
of ¢+ with 2Q’ slots are all that is required for the smallest, independent, symmetrical single-
layer winding. The smallest independent symmetrical section of a winding is called a base
winding. When a winding consists of several base windings, the current and voltage of which
are due to geometrical reasons always of the same phase and magnitude, it is possible to con-
nect these basic windings in series and in parallel to form a complete winding. Depending
on the number of Q’/m, that is whether it is an even or odd number, the windings are defined
either as first- or second-grade windings.

Table 2.7 lists some of the parameters of base windings.
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Table 2.7 Some parameters of fractional slot base windings

Base winding of
first grade Base winding of second grade
Parameter ¢ q=7z/n
Denominator n n € Noaa 1 € Neven
’ ’
Parameter Q'/m g € Neven g € Noad
m m
Parameter Q/tm 2 € Neven g € Noaa
tm tm
Divider ¢, the.la}rgest _p 2
common divider of Q t=— t=—
n n
and p
Slot angle «, expressed - n -
1 — — _— = -0, = —t
with voltage phasor oy =no, =n 0 t oy 2% n 0
angle o,
Single-layer windings
Type of winding double-layer windings | Single-layer windings | Double-layer windings
Number of slots Q* of a . 0 . @) . 0
base winding Q"= t Q" = 27 Q" = t
Number of pole pairs p* )4 )4 p _n
e = *:272 e = —
of a base winding P t " P t " P t 2
Number of layers ¢* in a
voltage phasor diagram =1 =2 =1
for a base winding

The asterix * indicates the values of the base winding.

2.11.1 First-Grade Fractional Slot Base Windings

In first-grade base windings,

== 2 N (2.88)

There are Q* slots in a first-grade base winding, and the following is valid for the parameters
of the winding:

=n, t*=1. (2.89)

Both conditions of symmetry (2.72)—(2.75) are met under these conditions.
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2.11.2 Second-Grade Fractional Slot Base Windings

A precondition of the second-grade base windings is that

g = < € Nodd- (2.90)
m  mt
According to Equations (2.81) and (2.82), Equation (2.90) is valid for normal poly-phase
windings when ¢ = 2 only for even values of n. Thus we obtain t = 2p/n and o, = na,/2.
The first condition of symmetry is met with the base windings of the second grade only when
Q* = 20'. Now we obtain
* /
Q—=g=geN. (2.91)
2m m mt
The second-grade single-layer base winding thus comprises two consequent tth parts of a
total winding. Their parameters are written as

0 = 2%, Pt = 2§ —n, =2 (2.92)

With these values, also the second condition of symmetry is met, since

* 2 /
0 = 0 = 2 e N. (2.93)
mt* 2m mt

The second-grade double-layer base winding meets the first condition of symmetry imme-
diately when the number of slots is 0* = Q’. Hence

* /
e_9_92 \ (2.94)
m m mt
The parameters are now
0 p_n
==, pPr==—=—-, t"=1 2.95
0 P ;T3 (2.95)

The second condition of symmetry is now also met.

2.11.3 Integral Slot Base Windings

For integral slot windings, t = p. Hence, we obtain for normal poly-phase systems

2 _2 5 eNoan (2.96)
mt  mp

For a base winding of the first grade, we may write

0'==, p=L_1 r=1 (2.97)
p
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Figure 2.27 Zone distribution for a single-layer winding. 0 =36,p =2, m=3,g=3

Since also the integral slot windings of reduced poly-phase systems form the base wind-
ings of the first grade, we can see that all integral slot windings are of the first grade, and that
integral slot base windings comprise only a single pole pair. The design of integral slot wind-
ings is therefore fairly easy. As we can see in Figure 2.17, the winding construction is repeated
without change always after one pole pair. Thus, to create a complete integral slot winding, we
connect a sufficient number of base windings to a single pole pair either in series or in parallel.

Example 2.16: Create a voltage phasor diagram of a single-layer integral slot winding,
for which Q =36,p =2, m = 3.

Solution: The number of slots per pole and phase is

= — =3.
a4 2pm

A zone distribution, Figure 2.27, and a voltage phasor diagram, Figure 2.28, are con-
structed for the winding.

A double-layer integral slot winding is now easily constructed by selecting different phasors
of the voltage phasor diagram of Figure 2.28, for instance for the upper layer. This way, we can
immediately calculate the influence of different short pitchings. The voltage phasor diagram
of Figure 2.28 is applicable to the definition of the winding factors for the short-pitched coils
of Figure 2.15. Only the zones labelled in the figure will change place. Figure 2.28 is directly
applicable to the full-pitch winding of Figure 2.14.

2.12 Fractional Slot Windings
2.12.1 Single-Layer Fractional Slot Windings

Fractional slot windings with extremely small fractions are popular in brushless DC machines
and permanent magnet synchronous machines (PMSMs). Machines operating with sinusoidal
voltages and currents are regarded as synchronous machines even though their air-gap flux
density might be rectangular. Figure 2.29 depicts the differences between single-layer and
double-layer windings in a case where the permanent magnet rotor has four poles and g = !/,.
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Figure 2.28 Complete voltage phasor diagram for a single-layer winding. p = 2, m = 3, Q = 36,
q=3,t=2,0" =18, o, = o, = 20°. The second layer of the voltage phasor diagram repeats the first
layer and it may, therefore, be omitted. The base winding length is 18 slots

Figure 2.29 Comparison of a single-layer and a double-layer fractional slot winding with concentrated
coils. Oy =6,m=3,p=2,qg="/,
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When the number of slots per pole and phase g of a fractional slot machine is greater than
one, the coil groups of the winding have to be of the desired slot number ¢ on average. In
principle, the zone distribution of the single-layer fractional slot windings is carried out based
on either the voltage phasor diagram or the zone diagram. The use of a voltage phasor diagram
has often proved to lead to an uneconomical distribution of coil groups, and therefore it is
usually advisable to apply a zone diagram in the zone distribution. The average slot number
per pole and per phase of a fractional slot winding is hence ¢, which is a fraction that gives
the average number of slots per pole and phase ¢,,. This kind of average number of slots can
naturally be realized only by varying the number of slots in different zones. The number of
slots in a single zone is denoted by g;. Now

Gk # g = q € N. (2.98)

¢av has thus to be an average of the different values of g;. Then we write

Z/

q=g+ (2.99)

where g is an integer, and the quotient is indivisible so that z/ < n. Now we have an average
number of slots per pole and phase ¢ = ¢g,y, when the width of z zones in n coil groups is set
to g + 1 and the width of n — z zones is g:

!/

=g+%=q. (2.100)

| — g+ D+ (n—-2)g
Qav:ZZQk: I’l( )
k=1

The divergences from a totally symmetrical winding are smallest when the same num-
ber of slots per pole and phase occurs in consequent coil groups as seldom as possible.
The best fractional slot winding is found with n = 2, when the number of slots per pole
and phase varies constantly when travelling from one zone to another. To meet Equa-
tion (2.100), at least n groups of coil are required. Now we obtain the required number
of coils

*

o = qp*m = % (2.101)

This number corresponds to the size of a single-layer base winding. Thus we have shown again
that a base winding is the smallest independent winding for single-layer windings. When
the second condition of symmetry for fractional slot windings is considered, it makes no
difference how the windings are distributed in the slots (n zones, g coil sides in each), if only
the desired average ¢,y is reached (e.g. 1 + 2 4+ 1 + 1 + 2 gives an average of 12/5). The nm
coil groups of a base winding have to be distributed in m phase windings so that each phase
gets n single values of ¢ (a local number of slots), in the same order in each phase. The coil
numbers of consequent coil groups run through the single values of g; n times in m equal
cycles. This way, a cycle of coil groups is generated.
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Table 2.8 Order of coil groups for symmetrical single-layer fractional slot windings

Local
Number of coil number of
group. This slots per pole
column runs m and phase Phase cycle. Phases from 1
times from 1 to (equals local All the to m (for a
Cycle of coil n (the divider number of phases are three-phase
groups of the fraction slots per pole  introduced system we Number of
l...m q=z/n) and phase ¢;)  once have U, V, W) coil group
1 1 O 1 U 1
1 2 0, 1 A% 2
1 3 0; 1 " 3
1 | | 1 | |
1 K qx 1 m m
1 | | 2 U m+1
1 | | 2 v m+2
1 | | 2 Y m+3
1 N n 2 | |
2 n—+1 0 2 | |
2 n+2 | 2 | |
2 | | | |
2 n+k qx | |
| | | |
Dn n | |
d+1 dn+1 0 c | |
| | c | |
| | C m Cm
dn +k qx c+1 U cm~+ 1
| | v |
| | W |
m (m—1n+k gk | |
m | | | |
m | | | |
m | | | |
m | | | |
m mn Gn N m Nm

The first column of Table 2.8 shows m consequently numbered cycles of coil groups. The
second column consists of nm coil groups in running order. The third column lists n single val-
ues of ¢; m times in running order. Because the consequent coil groups belong to consequent
phases, we get a corresponding running phase cycle in the fourth column. During a single
cycle, the adjacent fifth column goes through all the phases U, V, W, ..., m of the machine.
The sixth column repeats the numbers of coil groups.
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Example 2.17: Compare two single-layer windings, an integral slot winding and a frac-
tional slot winding having the same number of poles. The parameters for the integral slot
winding are Q = 36, p = 2, m = 3, ¢ = 3 and for the single-layer fractional slot winding
0=30,p=2,m=3,q=21/.

Solution: For the fractional slot winding,

Z/

n

1 ¢ 7@+ D+ (n-2)g

Gav = n kg]:qk - n
We see that in this case g =2,z = 1, n = 2. Now, a group of coils with z/ = 1 is obtained,
in which there are g = g + 1 = 3 coils, and another n — 7/ = 1 group of coils with ¢, =
g =2 coils. As p = p* = n =2, we have here a base winding with three (m = 3) cycles of
coil groups of both the coil numbers g, and g,. They occur in n = 2 cycles of three phases.

Table 2.9 Example of Table 2.8 applied to Figure 2.30. For the fractional slot winding ¢ = z/n =
5/2

Cycle of Number of Number of Number of
coil groups  coil group coils g Phase cycle  Phase  coil group
1 1 3=q 1 8] 1

1 2(=n) 2=q 1 \'% 2

2 24+1=3 3 1 w 3

2 242=4 2 2 8] 4

3(=m) 2+2)+1=5 3 2 v 5

3(=m) 24+2)+2=6=m=23 2 2 w 6 =nm

In Table 2.9, the example of Table 2.8 is applied to Figure 2.30. The above information
presented in Table 2.9 can be presented simply as:

g 3 2 3 2 3 2
Phase U Vv \\% U A\ \\%

Each phase comprises a single coil group with two coils, and one coil group with three
coils. Figure 2.30 compares the above integral slot winding and a fractional slot winding.

Fractional slot windings create more harmonics than integral slot windings. By dividing the
ordinal number v of the harmonics of a fractional slot winding by the number of pole pairs
p*, we obtain

Vo= —. (2.102)
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Figure 2.30 Zone diagrams and current linkage distributions of two different windings (¢ = 3,
q = 2'/,). The integral slot winding is fully symmetrical, but the current linkage distribution of the
fractional slot winding (dotted line) differs somewhat from the distribution of the integral slot winding
(solid line). The current linkage of the fractional slot winding clearly contains a subharmonic, which has
a double pole pitch compared with the fundamental

In integral slot windings, such relative ordinal numbers of the harmonics are the following
odd integers: v' =1, 3, 5,7, 9,.... For fractional slot windings, whenv =1,2,3,4,5,...,
the relative ordinal number gets the values v/ = 1/p*, v/ = 2/p*, v/ = 3/p*,...; in other
words, values for which v < 1, v/ & N or v/ € Neyen. The lowest harmonic created by an
integral slot winding is the fundamental (v' = 1), but a fractional slot winding can also produce
subharmonics (v’ < 1). Other harmonics also occur, the ordinal number of which is a fraction
or an even integer. These harmonics cause additional forces, unintended torques and losses.
These additional harmonics are the stronger, the greater is the zone variation; in other words,
the divergence of the current linkage distribution from the respective distribution of an integral
slot winding. In poly-phase windings, not all the integer harmonics are present. For instance,
in the spectrum of three-phase windings, those harmonics are absent, the ordinal number of
which is divisible by three, because app, = apn = v 360°/m = v 120°, and thus, because
of the displacement angle of the phase windings ap, = 120°, they do not create a voltage
between different phases.

Example 2.18: Design a single-layer fractional slot winding of the first grade, for which
0 =168, p = 20, m = 3. What is the winding factor of the fundamental?

Solution: The number of slots per pole and phase is

168 2

=523~ 5

We have a fractional slot winding with n = 5 as a divider. The conditions of symmetry
(Table 2.6) p/n =20/5 =4 € Nand n/3 =5/3 ¢ N are met. According to Table 2.7, when
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n is an odd number, n = 5 € Nyq4q, a first-grade fractional slot winding is created. When
t = p/n =4, its parameters are

0*=0Q/t=168/4=42, p*=n=5, =1

The diagram of coil groups, according to Equation (2.101), gowam = gp*m = Q * /2,
consists of p*m = nm =5 x 3 = 15 groups of coils. The coil groups and the phase order
are selected according to Table 2.8:

qr 21 2 1 1 2 1 2 1 1 2 1 2 1 1
Phase U V W U VvV W U V W U V W U V W

m = 3 cycles of coil groups with n = 5 consequent numbers of coils g; yield a symmetrical
distribution of coil groups for single-phase coils.

Gk q1 q2 q3 q4 qs q1 q>2 q3 q4 qs q1 q>2 q3 q4 qs
Phase U 2 1 1 1 2

Phase V 1 1 2 2 1
Phase W 2 2 1 1 1

In each phase, there is one group of coils ¢,. The average number of slots per pole and
phase ¢,y of the coil group is written according to Equation (2.100) using the local ¢; value
order of phase U

IZS: —1(2+1+1+1+2)—12—
575 5T

We now obtain a coil group diagram according to Figure 2.31 and a winding phasor
diagram according to Figure 2.32.

4, 2 1 2 1 1 2 1 2 1 1 2 1 2 1 1
phase U V w U v w U Vv w U v W 8] \% W

1 5 7 11 15 19 21 25 29 3335 39
3 4 9 10 13 14 17 18 23 24 2728 3132 37 38 41 42
2 6 8 12 16 20 22 26 30 34 36 40
Figure 2.31 Coil group diagram of a single-layer fractional slot winding. O* = Q/t = 168/4 = 42,
pr=n=51t=1




112 Design of Rotating Electrical Machines

(@) (b)

Figure 2.32 (a) Voltage phasor diagram of a first-grade, single-layer base winding. p* =5, m =3,
0 =0"=42,qg=1%,1t =1, a, =50, =4257°, a, = 8%". The phasors of the phase U are
illustrated with a solid line, (b) the phasors of phase U are turned to form a bunch of phasors for the
winding factor calculation and the symmetry line

When calculating the winding factor for this winding, the following parameters are
obtained for the voltage phasor diagram:

Number of layers in the voltage phasor =1

diagram
Number of radii Q' =0/t =42
Slot angle oy = 360°p*/Q* = 360° x 5/42 = 426/
Phasor angle a, = 360°t*/Q* = 360° x 1/42 = 8"/
Number of phasors skipped in the numbering (p*/t*) —1=5—-1=4
Number of phasors for one phase Z=0'Im=42/3=14

The voltage phasor diagram is illustrated in Figure 2.32.
The winding factor may now be calculated using Equation (2.16):

E Cos a,.
p=1

The number of phasors Z = 14 for one phase and the angle between the phasors in the
bunch is o, = 8'/. The fundamental winding factor is found after having determined the
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angles o, between the phasors and the symmetry line, hence

 (cos(4-8%/7") +cos (3-8%/7") +2cos (2-8%/77) +2cos (8%/7°) + 1) - 2
- 14

wl

= 0.945.

As a result of the winding design based on the zone distribution given above, we have
a winding in which, according to the voltage phasor diagram, certain coil sides are trans-
ferred to the zone of the neighbouring phase. By exchanging the phasors 19-36, 5-22 and
8-33 we would also receive a functioning winding but there would be less similar coils
than in the winding construction presented above. This kind of winding would lead to a
technically inferior solution, in which undivided and divided coil groups would occur side
by side. Such winding solutions are favourable when the variation of coil arrangements is
kept to a minimum. This way, the best shape of the end winding is achieved.

Example 2.19: Is it possible to design a winding with (a) Q = 72, p = 5, m = 3,
b0 =36,p=7T,m=3,(c)0=42,p=3, m=23?

Solution: (a) Using Table 2.6, we check the conditions of symmetry for fractional slot
windings. The number of slots per pole and phase is ¢ = z/n =72/(2 x 5 x 3) = 22/,
z =12 and n = 5, which are not mutually divisible. As p/n =5/5 =1 € N a single-layer
winding should be made and as n/m = 5/3 ¢ N the symmetry conditions are all right. And
as n € Nogq we will consider a first-grade base winding as follows:

Q*=72, p'=5 m=3, g=2°s.

That is, oy = 1 3+ 2+ 242+ 3) = 22 = g. This is a feasible winding.

qx 32 2 2 3 3 2 2 2 3 3 2 2 2 3
Phase U V W U VvV W U VvV W U V W U V W

(b) The number of slots per pole and phase is ¢ = z/n =36/(2-7-3) =6/7,z = 6 and
n =, which are not mutually divisible. As p/n =7/7 = 1 € N a single-layer winding can
be made, and as n/m = 7/3 ¢ N the symmetry conditions are all right. And as n € Nygq
we will consider a first-grade base winding as follows:

0*=36, p*=7 m=3, q="%.

111 011 111 101 111 110 111
Phase U VW UV WUVWUVWUVWUVWUVW

G =51 +1+1+0+1+1+D =8
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The number of slots per pole and phase can thus also be less than one, ¢ < 1. In such
a case, coil groups with no coils occur. These nonexistent coil groups are naturally evenly
distributed in all phases.

(c) The number of slots per pole and phaseisq = z/n =42/(2-3-3) = 2%, z="7and
n = 3, which are mutually divisible, the condition n/3 ¢ N is not met, and the winding
is not symmetric. If, despite the nonsymmetrical nature, we considered a first-grade base
winding, we should get a result as follows:

Q0*=42, p*=3, m=3, ¢g=2'.

gk 2 2 3 2 2 3 2 2
Phase U \Y% W U \% W U v \\4

W

We can see that all coil groups with three coils now belong to the phase W. Such a
winding is not functional.

Example 2.20: Create a winding with Q =60, p =8, m = 3.

Solution: The number of slots per pole and phase is ¢ = 60/(2-8-3) = 141—1. z =5,
n = 4. The largest common divider of Q and p is t = 2p/n = 16/4 = 4. As ¢ also in-
dicates the number of layers in the phasor diagram we get Q' = Q/t = 60/4 = 15 which
is the number of radii in the phasor diagram in one layer. Q'/m = 15/3 = 5 € Nyqq. The
conditions of symmetry p/n =8/4 =2 € Nand n/3 =4/3 ¢ N are met. Because n =4 €
Neven, We have according to the parameters in Table 2.7 a second-grade, single-layer frac-
tional slot winding. We get the base winding parameters

0* =20/t =2-60/4=30, p*=n=4, =2

The second-grade, single-layer fractional slot windings are designed like the first-grade
windings. However, the voltage phasor diagram is now doubled. The coil group diagram
of the base winding comprises p* x m =n x m =4 x 3 = 12 coil groups. The coil group
phase diagram is selected as follows:

qx 2 1 1 1 2 1 1 1 2 1 1 1
Phase U V W U V W U V W U V W

A coil group diagram for the base winding corresponding to this case is illustrated in
Figure 2.33.
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49, 2 1 1 1 2 1 1 1 2 1 1 1
phase U v W U V w U vV W u vV W u

himiimcimemiimiimeameed

I 1 5 11 15 21 25 31 35
s0S) 34 6 7 8 910 12131416 17 18 19 20 22 23 24 26 27 28 29 30 32 33 34 36 ...

base winding base winding

Figure 2.33 Coil group diagram of a base winding for a single-layer fractional slot winding p = 8,
m=3,0=60,qg =14

A voltage phasor diagram for the base winding is illustrated in Figure 2.34:

Number of layers in the voltage phasor diagram ¢* = 2 (second-grade winding)

Number of radii Q =0%/rr=30/2=15
Slot angle ay = 360°p* /0" = 360° x 4/30 = 48°
Phasor angle o, = 360°t*/Q* = 360° x 2/30 = 24°

Number of phasors skipped in the numbering P/t —1=4/2—-1=1

The number of phasors Z = 10 for one phase and the angle between the phasors in the
bunch is o, = 24°. After having found the angles «, with respect to the symmetry line,
the fundamental winding factor may be calculated using Equation (2.16)

_ (2c0s(6°) + 2cos (6° + 12°) + cos (6° + 24%)) - 2
- 10

kw1 = 0.951.

2.12.2 Double-Layer Fractional Slot Windings

In double-layer windings, one of the coil sides of each coil is in the upper layer of the slot, and
the other coil side is in the bottom layer. The coils are all of equal span. Consequently, when
the positions of the left coil sides are defined, the right sides also will be defined. Here double-
layer fractional slot windings differ from single-layer windings. Let us now assume that the
left coil sides are positioned in the upper layer. For these coil sides of the upper layer, a voltage
phasor diagram of a double-layer winding is valid. Contrary to the voltage phasor diagram
illustrated in Figure 2.34, there is only one layer in the voltage phasor diagram of the double-
layer fractional slot winding. Therefore, the design of a symmetrical double-layer fractional
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(®)

Figure 2.34 (a) Voltage phasor diagram of the base winding p* = 4, O* = 30, * = 2, Q' = 15,
a, = 2a, = 48° of a single-layer fractional slot winding p = 12, m = 3, Q = 60, ¢ ='/,. The phasors
belonging to the phase U are illustrated with a solid line. (b) The phasors of the phase U are turned for
calculating the winding factor and for illustrating a symmetrical bunch of phasors

slot winding is fairly straightforward with a voltage phasor diagram of a base winding. Now,
symmetrically distributed closed bunches of phasors are composed of the phasors of single
phases. This phasor order produces minimum divergence when compared with the current
linkage distribution of the integral slot winding.

First, we investigate first-grade, double-layer fractional slot windings. It is possible to di-
vide the phasors of such a winding into bunches of equal size; in other words, into zones of
equal width.

Example 2.21: Design the winding previously constructed as a single-layer winding Q =
168, p =20, m = 3, ¢ = 12/5 now as a double-layer winding.

Solution: We have a fractional slot winding for which the divider n = 5. The conditions
of symmetry (Table 2.6) p/n = 20/5 =4 € N and n/3 = 5/3 ¢ N are met. According
to Table 2.7, if n is an odd number n = 5 € Nyqq, a first-grade fractional slot winding is
created. The parameters of the voltage phasor diagram of such a winding are:

Number of layers in the voltage phasor diagram * =1

Number of pole pairs in the base winding p*=>5

Number of radii Q' =0*/rr =42

Slot angle ay = 360°p*/Q* = 360°%x5/42 = 42%O
Phasor angle o, = 360°t*/Q* =360°x1/42 = 8‘7—10

Number of phasors skipped in the numbering @P/r)y—1=5-1=4



Windings of Electrical Machines 117

9 26 1 1835 U

+V 34 74 4 10
> Y H
%/" s
8, 36
33, v 11
%l 16 « » 28
B 41 @it e M e » 3 +W
24 < * 20
74 > 37
32 47 * 12
5% 29
40 ‘
= 6 | B « ‘38 2!
g 39 '5 308y
+U 22

(a) (b)

Figure 2.35 (a) Voltage phasor diagram of a first-grade, double-layer base winding p* =5, m = 3,
0 =0"=42,qg" = 1%, * = 1, ay = 50, = 42°/7°, o, = 8*/,°. (b) A couple of examples of coil
voltages in the phase U

Since ¢* = 1, the number of radii Q' is the same as the number of phasors Q*, and we
obtain Q* /m = 42 /3 = 14 phasors for each phase, which are then divided into negative Z~
and positive Z1 phasors. The number of phasors per phase in the first-grade base winding
is O*/m = Q/mt € Neyen. In normal cases, there is no zone variation, and the phasors
are evenly divided into positive and negative phasors. In the example case, the number of
phasors of both types is seven, Z~ = Z* = 7. By employing a normal zone order —U,
+W, =V, +U, —W, +V we are able to divide the voltage phasor diagram into zones with
seven phasors in each, Figure 2.35.

When the voltage phasor diagram is ready, the upper layer of the winding is set. The
positions of the coil sides in the bottom layer are defined when an appropriate coil span is
selected. For fractional slot windings, it is not possible to construct a full-pitch winding,
because ¢ € N. For the winding in question, the full-pitch coil span yq of a full-pitch
winding would be y in slot pitches

2 1
= = = 3 . 1— = 4— N’
Yy =Yyq=mq 5 3 ¢

which is not possible in practice because the step has, of course, to be an integer number
of slot pitches.

Now the coil span may be decreased by y, = 1/5. The coil span thus becomes an integer,
which enables the construction of the winding:

= =3 12 1—4€N
=mqg—y,=3-1-—-= .
y q—y 575
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1 5 10 15 20 25 30 35
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Figure 2.36 Base winding of a fractional slot winding. p = 20, m = 3, Q = 168, ¢ = 12/s. The U1
end of the base winding is placed in slot 40

40 421

UL

Double-layer fractional slot windings are thus short-pitched windings. When construct-
ing a two-layer fractional slot winding, there are two coil sides in each slot. Hence, we
have as many coils as slots in the winding. In this example, we first locate the U-phase
bottom coil side in slot 1. The other coil side is placed according to the coil span of y = 4
at a distance of four slots in the upper part of slot 5. Similarly, coils run from 2 to 6. The
coils to be formed are 1-5, 18-22, 35-39, 10-14, 27-31, 2—6 and 19-23. Starting from
the +U zone, we have coils 22-26, 39-1, 14-18, 31-35, 6-10, 2327 and 40-2. Now, six
coil groups with one coil in each and four coil groups with two coils in each are created in
each phase. The average is

— L6 rrany=14_2
=70 BRI

A section of the base winding of the constructed winding is illustrated in Figure 2.36.

Next, the configuration of a second-grade, double-layer fractional slot winding is inves-
tigated. Because now Q'/m = Q*/m = Q/mt € Nygq, a division Z~ = Z™ is not possible.
In other words, all the zones of the voltage phasor diagram are not equal. The voltage
phasor diagram can nevertheless be constructed so that phasors of neighbouring zones are
not located inside each other’s zones.

Example 2.22: Create a second-grade, double-layer fractional slot winding with Q = 30,
p=4,m=3.

Solution: The number of slots per pole per phase is written as

30
2.2.3

q = = 21/2‘

As n =2 € Neyen, We have a second-grade, double-layer fractional slot winding. Because
t = 2p/n = 2, its parameters are

Q*=Q/t=30/2 =15,
p*=n/2=2/2=1,
t* = 1.




Windings of Electrical Machines 119

Figure 2.37 Voltage phasor diagram of a second-grade, double-layer fractional slot winding. p* =
I,m=3,q =2, 0 =0/t =15, o, = 360°p*/0* = 360°/15 = 24°, a, = 360°¢* /Q* = 360°/15
=24°, (p*/t)—1=0

This winding shows that the base winding of a second-grade, double-layer fractional
slot winding can only be the length of one pole pair. The parameters of the voltage phasor
diagram are:

Number of layers in the voltage phasor diagram t'=1=p*

Number of radii Q =0*/t* =15

Slot angle oy = 360°p* /OQ* = 360°/15 = 24°
Phasor angle a, = 360°t/0* = 360°/15 = 24°
Number of phasors skipped in the numbering @*/t)—1=0

For each phase, we obtain Q'/m = Q*/m = 15/3 = 5 phasors. This does not allow an
equal number of negative and positive phasors. If a natural zone variation is employed, we
have to set either ZT = Z~ + 1 or Z+ = Z~ — 1. In the latter case, we obtain Z~ = 3 and
Z* = 2. With the known zone variation, electrical zones are created in the voltage phasor
diagram, for which the number of phasors varies: Z~ = 3 phasors in zone —U, ZT =2
phasors in zone +W, Z~ = 3 phasors in zone —V, and so on, Figure 2.37.

When the coil span is decreased by y, = /5, the coil span becomes an integer

y=mq—y,=Thp—-1h=T.
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Figure 2.38 Winding diagram of a double-layer fractional slot winding. p = 2, m = 3, Q = 30,
q = 21/. (a) Lap winding, (b) wave winding. To simplify the illustration, only a single phase is
shown

The winding diagram of Figure 2.38 shows that all the positive coil groups consist of
three coils, and all the negative coil groups consist of two coils, which yields an average
of ¢ = 2!/,. Since all negative and all positive coil groups comprise an equal number of
coils, the winding can be constructed as a wave winding. A wave is created that passes
through the winding three times in one direction and two times in the opposite direction.
The waves are connected in series to create a complete phase winding.

Example 2.23: Create a fractional slot winding for a three-phase machine, where the
number of stator slots is 12, and the number of rotor poles is 10, Figure 2.39.

Solution: The number of slots per pole and phase is ¢ = 12/(3 x 10) =2/5 =z/n =
0.4. Hence, n = 5. We should thereby find a base winding of the first kind. According to
Table 2.6, p/n € N. In this case 5/5 € N. In a three-phase machine n/m ¢ N — n/3 ¢ N.
Now 5/3 ¢ N and the symmetry conditions are met. Let us next consider the parameters
in Table 2.7. The largest common divider of Q and p is t = p/n = 5/5 = 1, Q/tm =
12/(1 x 3) = 4 which is an even number. The slot angle in the voltage phasor diagram is

27 27 57
oy =no,=n—t, oy=5 =5—1=—.
12 6
The number slots in the base windings is Q* = Q/t = 12 and the number of pole pairs
in the base winding is p/t = n = 5. The winding may be realized as either a single- or
double-layer winding, and in this case a double-layer winding is found. In drawing the
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Figure 2.39 (a) Phasors of a 12-slot, 10-pole machine, (b) the double-layer winding of a 12-slot,
10-pole machine, (c) the phasors of the phase U for the calculation of the winding factor

voltage phasor diagram, the number of phasors skipped in the numbering is (p*/t*) — 1=
(p/0))1) = 1= (5/D/1) — 1 =4

First, 12 phasors are drawn (a number of Q’, when Q' = Q*/¢*). Phasor 1 is positioned
to point straight upwards, and the next phasor, phasor 2, is located at an electrical angle
of 360 x p/Q from the first phasor, in this case 360 x 5/12 = 150°. Phasor 3 is, again,
located at an angle of 150° from phasor 2 and so on. The first coil 1-2 (—U, +U) will be
located on the top layer of slot 1 and on the bottom layer of slot 2. The other coil (4U,
—U) 2-3 will be located on the top layer of slot 2 and on the bottom layer of slot 3. The
phase coils are set in the order U, —V, W, —U, V, —W. In the example, a single-phase
zone comprises four slots, and thus a single winding zone includes two positive and two
negative slots.

Based on the voltage phasor diagram of Figure 2.39a and the winding construction of
Figure 2.39b, the fundamental winding factor of the machine can be solved, Figure 2.39c.
First, the polarity of the coils of phase U in Figure 2.39b is checked and the respective
phasors are drawn. In slots 1, 2 and 3, there are four coil sides of the phase U in total, and
the number of phasors will thus be four. Now the angles between the phasors and their
cosines are calculated. This yields a winding factor of 0.933.

Example 2.24: Create a fractional slot winding for a three-phase machine, in which the
number of slots is 21, and the number of rotor poles is 22, Figure 2.40.

Solution: The number of slots per pole and phase is thus only ¢ =21/66 =z/n="7/22 =
0.318. As n € Neven, We have a fractional slot winding of the second grade. Although a
winding of this kind meets the symmetry conditions, it is not an ideal construction, because
in the winding all the coils of a single phase are located on the same side of the machine.
Such a coil system may produce harmful unbalanced magnetic forces in the machine.

In Figure 2.40a, 21 phasors are drawn (a number of Q’, when Q' = Q*/r*). Phasor 1 is
placed at the top and the next phasor at a distance of 360 x p/Q from it. In this example,
the distance is thus 360 x 11/21 = 188.6°. Phasor 2 is thus set at an angle of 188.6° from
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ko= 0.956

(a) (b) ©

Figure 2.40 (a) Winding of a 21-slot, 22-pole machine, (b) the phasors of a 21-slot, 22-pole ma-
chine and (c) the phasors of the phase U for the calculation of the winding factor

phasor 1. The procedure is repeated with phasors 3, 4, . ... The phase coils are set in the
order —W, U, —V, W, —U, V. Here a single phase consists of seven slots, and therefore we
cannot place an equal number of positive and negative coils in one phase. In one phase,
there are four positive and three negative slots. Note that we are now generating just the
top winding layer, and when the bottom winding is also inserted, we have an equal number
of positive and negative coils.

In Figure 2.40b, the coils are inserted in the bottom layer of the slots according to the
phasors of Figure 2.40a. Phasor 1 of Figure 2.40a is —U, and it is located in the top layer
of slot 1. Correspondingly, phasor 2, +U, is mounted in the top layer of slot 2. The bottom
winding of the machine repeats the order of the top winding. When the top coil sides
are transferred by a distance of one slot forward and the & sign of each one is changed, a
suitable bottom layer is obtained. The first coil of the phase U will be located in the bottom
of slot 21 and on the surface of slot 1, and so on.

Table 2.10 contains some parameters of double-layer fractional slot windings, when the
number of slots g < 0.5 (Salminen, 2004).

2.13 Single- and Two-Phase Windings

The above three-phase windings are the most common rotating-field windings employed in
poly-phase machines. Double- and single-phase windings, windings permitting a varying
number of poles, and naturally also commutator windings are common in machine construc-
tion. Of commutator AC machines, nowadays only single-phase-supplied, series-connected
commutator machines occur, for instance as motors of electric tools. Poly-phase commutator
AC machines will eventually disappear as the power electronics enables easy control of the
rotation speed of different motor types.

Since there is no two-phase supply network, two-phase windings occur mainly as auxiliary
and main windings of machines supplied from a single-phase network. In some special cases,
for instance small auxiliary automotive drives such as fan drives, two-phase motors are also
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used in power electronic supply. A two-phase winding can also be constructed on the rotor of
low-power slip-ring asynchronous motors. As is known, a two-phase system is the simplest
possible winding that produces a rotating field, and it is therefore most applicable to rotating-
field machines. In a two-phase supply, however, there exist time instants when the current of
either of the windings is zero. This means that each of the windings should alone be capable of
creating as sinusoidal a supply as possible to achieve low harmonic content in the air gap and
low losses in the rotor. This makes the design of high-efficiency two-phase winding machines
more demanding than three-phase machines.

The design of a two-phase winding is based on the principles already discussed in the
design of three-phase windings. However, we must always bear in mind that in the case of a
reduced poly-phase system, when constructing the zone distribution, the signs of the zones
do not vary in the way that they do in a three-phase system, but the zone distribution will
be —U, —V, +U, +V. In a single-phase asynchronous machine, the number of coils of the
main winding is usually higher than the number of coils of the auxiliary winding.

Example 2.25: Create a 5/6 short-pitched, double-layer, two-phase winding of a small
electrical machine, Q = 12,p=1,m=2,q=3.

Solution: The required winding is illustrated in Figure 2.41, where the rules mentioned
above are applied.

Ul Vi u2 V2

Figure 2.41 Symmetrical 5/6 short-pitched double-layer, two-phase winding, O = 12, p = 1,
m=2,q=3

When considering a single-phase winding, we must bear in mind that it does not, as a
stationary winding, produce a rotating field, but a pulsating field. A pulsating field can be
presented as a sum of two fields rotating in opposite directions. The armature reaction of
a single-phase machine thus has a field component rotating against the rotor. In synchronous
machines, this component can be damped with the damper windings of the rotor. However, the
damper winding copper losses are significant. In single-phase squirrel cage induction motors,
the rotor also creates extra losses when damping the negative-sequence field.

Also the magnetizing windings of the rotors of nonsalient-pole machines belong to
the group of single-phase windings, as exemplified at the beginning of the chapter. If a
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single-phase winding is installed on the rotating part of the machine it, of course, creates a
rotating field in the air gap of the machine contrary to the pulsating field of a single-phase
stator winding.

Large single-phase machines are rare, but for instance in Germany, single-phase syn-
chronous machines are used to feed the supply network of 16% Hz electric locomotives. Since
there is only one phase in such a machine, there are only two zones per pole pair, and the con-
struction of an integral slot winding is usually relatively simple. In these machines, damper
windings have to cancel the negative-sequence field. This, however, obviously is problematic
because lots of losses are generated in the damper.

The core principle also in designing single-phase windings is to aim at as sinusoidal a
distribution of the current linkage as possible. This is even more important in single-phase
windings than in three-phase windings, the current linkage distribution of which is by nature
closer to ideal. The current linkage distribution of a single-phase winding can be made to
resemble the current linkage distribution of a three-phase winding instantaneously in a po-
sition where a current of one phase of a three-phase winding is zero. At that instant, a third
of the slots of the machine are in principle currentless. The current linkage distribution of a
single-phase machine can best be made to approach a sinusoidal distribution when a third of
the slots are left without conductors, and a different number of turns of coil are inserted in
each slot. The magnetizing winding of the nonsalient-pole machine of Figure 2.3 is illustrated
as an example of such a winding.

Example 2.26: Create various kinds of zone distributions to approach a sinusoidal current
linkage distribution for a single-phase winding withm =1,p =1, 0 =24, g = 12.

Solution: Figure 2.42 depicts various methods to produce a current linkage waveform with
a single-phase winding.

current (a)
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Figure 2.42 Zone diagram of a single-phase winding p = 1, Q = 24, ¢ = 12 and current linkage
distributions produced by different zone distributions. (a) A single-phase winding covering all slots.
(b) A two-thirds winding, with the zones of a corresponding three-phase winding. The three phase
zones +W and —W are left without conductors. The distribution of the current linkage is better
than in the case (a). (c) A two-thirds short-pitched winding, producing a current linkage distribution
closer to an ideal (dark stepped line)
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2.14 Windings Permitting a Varying Number of Poles

Here, windings permitting a variable pole number refer to such single- or poly-phase windings
that can be connected via terminals to a varying number of poles. Windings of this type occur
typically in asynchronous machines, when the rotation speed of the machine has to be varied
in a certain ratio. The most common example of such machines is a two-speed motor. The
most common connection for this kind of arrangement is a Lindstrom—Dahlander connection
that enables alteration of the pole number of a three-phase machine in the proportion of 1 to 2.
Figure 2.43 illustrates the winding diagram of a single phase of a 24-slot machine. It can be
arranged as a double-layer diamond winding, which is a typical Dahlander winding. Now the
smaller number of pole pairs is denoted by p’ and the higher by p”, where p” = 2p’. The
winding is divided into two sections U1-U2 and U3-U4, both of which consist of two coil
groups with the higher number of poles.
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Figure 2.43 Principle of a Dahlander winding. The upper connection (a) produces eight poles and
the lower (c) four poles. The number of poles is shown by the flux arrowheads and tails (b) and (d)
equivalent connections. When the number of coil turns of the phase varies inversely proportional to the
speed, the winding can be supplied with the same voltage at both speeds. Network connections are U, V
and W. The figure illustrates only a winding of one phase. In Figure 2.43d between U1 and U4 there is
the connection W, between W4 and W1 there is U and between V1 and V4 there is V to keep the same
direction of rotation; (e) and (f) zone plans for p” =4 and p' =2
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The Dahlander winding is normally realized for the higher pole pair number as a double-
layer, double-zone-width winding. The number of coil groups per phase is equal to p”, which
is always an even number. Deriving a double-layer, integral slot, full-pitch Dahlander winding
(short-pitch or fractional slot Dahlander windings are not possible at all) starts by creating nip”
negative zones with a double width. All the negative zones —U, —V, —W are located in the
top layer and all the positive zones in the bottom layers of slots.

The phase U is followed by the winding V at a distance of 120°. For a number of pole pairs
p” = 4, the winding V has to be placed at a distance

0 24
— Ty = — Ty =27,
3p” 3.4

from the winding U. The winding V thus starts from slot 3 in the same way as the winding
U starts from slot 1. The winding W starts then from slot 5. When considering the pole pair
number p’ = 2, we can see that the winding V is placed at a distance

24
g/‘tu =—71,=41

3p 3.2

from the winding U and thus starts from slot 5, and the winding W from slot 9. External
connections have to be arranged to meet these requirements. At its simplest, the shift of the
above-mentioned pole pair from one winding to another is carried out according to the right-
hand circuit diagrams. To keep the machine rotating in the same direction, the phases U, V
and W have to be connected according to the illustration.

There is also another method to create windings with two different pole numbers: pole
amplitude modulation (PAM) is a method with which ratios other than 1:2 may be found.
PAM is based on the following trigonometric equation:

1
sin ppa sin ppo = 7 [cos (pp — pm) @ — cos (py + pm) ] . (2.103)

The current linkage is produced as a function of the angle « running over the perime-
ter of the air gap. A phase winding might be realized with a base pole pair number p;, and
a modulating pole pair number p,,. In practice, this means that if for instance p, = 4 and
pm = 1, the PAM method produces pole pairs 4 — 1 or 4 4 1. The winding must be created
so that one of the harmonics is damped and the other dominates.

2.15 Commutator Windings

A characteristic of poly-phase windings is that the phase windings are, in principle, galvani-
cally separated. The phase windings are connected via terminals to each other, in a star or in
a polygon. The armature winding of commutator machines does not start or end at terminals.
The winding comprises turns of conductor soldered as a continuum and wound in the slots of
the rotor so that the sum of induced voltages is always zero in the continuum. This is possible
if the sum of slot voltages is zero. All the coil sides of such a winding can be connected in
series to form a continuum without causing a current to flow in the closed ring as a result of
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Figure 2.44 Two examples of commutator winding coil sides mounted in the slots. (a) Two coil sides
in a slot, one side in a layer, u = 1. (b) Four coil sides in a slot, two coil sides in a layer, u = 2. Even-
numbered coil sides are located at the bottom of the slots. There has to be a large enough number of
coils and commutator segments to keep the voltage between commutator segments small enough

the voltages in the coil sides. An external electric circuit is created by coupling the connection
points of the coils to the commutator segments. A current is fed to the winding via brushes
dragging along the commutator. The commutator switches the coils in turns to the brushes
thus acting as a mechanical inverter or rectifier depending on the operating mode of the ma-
chine. This is called commutating. In the design of a winding, the construction of a reliable
commutating arrangement is a demanding task.

Commutator windings are always double-layer windings. One coil side of each coil is al-
ways in the upper layer and the other in the bottom layer approximately at the distance of a
pole pair from each other. Because of problems in commutating, the voltage difference be-
tween the commutator segments must not be too high, and thus the number of segments and
coils has always to be high enough. On the other hand, the number of slots is restricted by
the minimum width of the teeth. Therefore, usually more than two coil sides are placed in
each slot. In the slot of the upper diagram of Figure 2.44, there are two coil sides, and in the
lower diagram the number of coil sides is four. The coil sides are often numbered so that the
sides of the bottom layer are even numbers, and the slots of the upper layer are odd numbers.
If the number of coils is z¢, 2z. coil sides have to be mounted in Q slots, and thus there are
2u = 2z./Q sides in a slot. The symbol u gives the number of coil sides in one layer. In each
side, there are NV, conductors. The total number of conductors z in the armature is

z = Qzq =2uN,Q = 2z.N,. (2.104)

Here

Q is the number of slots,

zq is the number of conductors in a slot,

u is the number of coil sides in a layer,

z. is the number of coils,

N, is the number of conductors in a coil side, 2uN, = zq, because
z2q =2/0 =2uN,Q/Q = 2uN,, see (2.104).
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Figure 2.45 (a) Principle of a two-pole, double-layer commutator armature. The armature rotates at
an angular speed §2 clockwise generating an emf in the conductors in the slots. The emf tends to create
the current directions illustrated in the figure. (b) A coil voltage phasor diagram of the armature. It is a
full-pitch winding, which does not normally occur as a commutator winding. Nevertheless, a full-pitch
winding is given here as a clarifying example. Q = 16, u = 1 (one coil side per layer)

Commutator windings may be used both in AC and DC machines. Multi-phase commutator
AC machines are, however, becoming rare. DC machines, instead, are built and used also
in the present-day industry even though DC drives are gradually being replaced by power
electronic AC drives. Nevertheless, it is advisable to look briefly also at the DC windings.

The AC and DC commutator windings are in principle equal. For simplicity, the configura-
tion of the winding is investigated with the voltage phasor diagram of a DC machine. Here, it
suffices to investigate a two-pole machine, since the winding of machines with multiple poles
is repeated unchanged with each pole pair. The rotor of Figure 2.45, with Q = 16, u = 1, is
assumed to rotate clockwise at an angular speed £2 in a constant magnetic field between the
poles N and S.

The magnetic field rotates in the positive direction with respect to the conductors in the
slots, that is counterclockwise. Now, a coil voltage phasor diagram is constructed for a wind-
ing, in which we have already calculated the difference of the coil side voltages given by the
coil voltage phasor diagram. By applying the numbering system of Figure 2.44, we have in
slot 1 the coil sides 1 and 32, and in slot 9 the coil sides 16 and 17. With this system, the coil
voltage phasor diagram can be illustrated as in Figure 2.45b.

Figure 2.45 shows that if the induced emf decides the direction of the armature current, the
produced torque is opposite to the direction of rotation (counterclockwise in Figure 2.45), and
mechanical power has to be supplied to the machine, which is acting as a generator. Now, if
the armature current is forced to flow against the emf with the assistance of an external voltage
or current source, the torque is in the direction of rotation, and the machine acts as a motor.

There are z. = Qu = 16 x 1 = 16 coils in the winding, the ends of which should next be
connected to the commutator. Depending on the way they are connected, different kinds of
windings are produced. Each connection point of the coil ends is connected to the commutator.
There are two main types of commutator windings: lap windings and wave windings. A lap
winding has coils, creating loop-like patterns. The ends of the coils are connected to adjacent
commutator segments. A wave winding has a wavelike drawing pattern when presented in a
plane.
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The number of commutator segments is given by
K =uQ, (2.105)

because each coil side begins and ends at the commutator segment. The number of com-
mutator segments, therefore, depends on the conductor arrangement in the slot, and eventu-
ally on the number of coil sides in one layer. Further important parameters of commutator
windings are:

Yo coil span expressed as the number of slots per pole (see Equation (2.111)).

y1 back-end connector pitch, which is a coil span expressed as the number of coil sides. For
the winding, the coil sides of which are numbered with odd figures in the top layer and
with even figures in the bottom layer, this is

y1 = 2uyq F 1, (2.106)

where the minus sign stands for the coil side numbering as seen in Figure 2.44, and the plus
sign for the numbering where in slot 1 there are coil sides 1, 2, in slot 2 there are coil sides
3,4, and so on, if # = 1; or in the top layer of slot 1 there are coil sides 1, 3 and in the bottom
layer there are coil sides 2, 4, and so on, if u = 2.

y» front-end connector pitch; it is a pitch expressed as the number of coil sides between the
right coil side of one coil and the left coil side of the next coil.

y  total winding pitch expressed as the number of coil sides between two left coil sides of
two adjacent coils.

Y. commutator pitch between the beginning and end of one coil expressed as the number of
commutator segments.

The equation for commutator pitch is a basic equation for winding design because this pitch
must be an integer

nK *a
Ye = ) (2.107)

p

where a is the number of parallel paths per half armature in a commutator winding, which
means 2a parallel paths for the whole armature.
The windings that are most often employed are characterized on the basis of n:

1. If n = 0, it results in a lap winding. The commutator pitch will be y. = +a/p, which
means that a is an integer multiple of p to give an integer for the commutating pitch. For
a lap winding 2a = 2p, this means a = p, y. = £1. Such a winding is called a paral-
lel one. The plus sign is for a progressive winding moving from left to right, and the
minus sign for a retrogressive winding moving from right to left. If @ is a k-multiple of
the pole pair number, @ = kp, then it is a k-multiplex parallel winding. For example, for
a = 2p, the commutator pitch is y. = £2, and this winding is called a duplex parallel
winding.
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2. If n =1, it results in a wave winding and a commutator pitch, that is

K+a uQ=a
= = (2.108)
14 p

Ye

must be an integer. The plus sign is for progressive and the minus sign for retrogressive
winding. In the wave winding the number of parallel paths is always 2; there is only one
pair of parallel paths, irrespective of the number of poles: 2a = 2,a = 1.

Not all the combinations of K, a, p result in an integer. It is a designer’s task to choose a
proper number of slots, coil sides, number of poles and type of winding to ensure an integer
commutator pitch.

If the number of coils equals the number of commutator segments, then, if the coil sides are
numbered with odd figures in the top layer and even figures in the bottom layer, we can write

Yy =y +y2=2y.. (2.109)

Therefore, if the commutator pitch is determined, the total pitch expressed as a number of
coil sides is given by

y =2y (2.110)

and after y; is determined from the numbers of slots per pole yqg and number of coil sides in a
layer u,

0
~ 2 2.111
YaQ 2p ( )
yi=2uyo F . (2.112)

The front-end connector pitch can be determined as

Y2=Y— Vi (2.113)

2.15.1 Lap Winding Principles

The principles of the lap winding can best be explained by an example.

Example 2.27: Produce a layout of a lap winding for a two-pole DC machine with 16
slots and one coil side in a layer.

Solution: Given Q = 16, 2p = 2, u = 1, the number of commutator segments is K =
u@Q =1-16 =16, and for a lap winding 2a = 2p = 2. The commutator pitch is y. =
+a/p = 1. We choose a progressive winding, which means that y. = +1 (the winding
proceeds from left to right), and the total pitch is y = 2y, = 2. The coil span yq in number
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of slots is given by the number of slots per pole:

The same pitch expressed in the number of coil sides is y; =2uyq —1=2-1-8—-1=
15. The front-end connector pitch is y, = y — y; = 2 — 15 = —13, which is illustrated in
Figure 2.46. The coils can be connected in series in the same order that they are inserted
in the slots of the rotor. The neighbouring coils are connected together, coil 1-16 to coil
3-18, and again to 5-20, and so on. This yields the winding diagram of Figure 2.46.

d q d
»n=15

y=2 »=-13

11 12|1314 1516

Figure 2.46 Diagram of a full-pitch lap winding. The winding is connected via brushes to an
external resistance R. The pole shoes are also illustrated above the winding. In reality, they are placed
above the coil sides. The laps illustrated with a thick line have been short-circuited via the brushes
during commutation. The direction of current changes during the commutation. The numbers of slots
(1-16) are given. The numbers of coil sides (1-32) in the slots are also given, the coil sides 1 and 32
are located in slot 1 and, for example, the coil sides 8 and 9 are located in slot 5. The commutator
segments are numbered (1-16) according to the slots. It is said that the brushes are on the quadrature
axis; this is nevertheless valid only magnetically. In this figure, the brushes are physically placed
close to the direct axes

When we follow the winding by starting from the coil side 1, we can see that it proceeds
by one step of span y; = 15 coil sides. In slots 1 and 9, a coil with a large enough number
of winding turns is inserted. Finally, after the last coil turn the winding returns left by a
distance of one step of connection y, =2 — 15= —13 coil sides, to the upper coil side 3.
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We continue in this way until the complete winding has been gone through, and the coil
side 14 is connected to the upper coil side 1 through the commutator segment 1. The
winding has now been closed as a continuum. The winding proceeds in laps from left to
right; hence the name lap winding.

The pitches of a commutator winding are thus calculated by the number of coil sides, not
by the number of slots, because there can be more than two coil sides in one layer, for instance
four coil sides in a slot layer (v =1,2,3,4,...).

In the lap winding of Figure 2.46, all the coil voltages are connected in series. The connec-
tion in series can be illustrated by constructing a polygon of the coil voltages, Figure 2.47.
This figure illustrates the phasors at time ¢ = 0 in the coil voltage phasor diagram of Figure
2.45. When the rotor rotates at an angular speed £2, the coil voltage phasor diagram also ro-
tates in a two-pole machine at an angular speed w = §2. Also the polygon rotates around its
centre at the same angular speed. The real instantaneous value of each coil voltage may be
found as a projection of the phasor on the real axis (see figure). According to the figure, the
sum of all coil voltages is zero. Therefore, no circulating currents occur in the continuum.

The highest value of the sum of the instantaneous values of coil voltages is equal to the
diameter H1-H2 parallel to the real axis. This value remains almost constant as the polygon
rotates, and thus the phasor HI-H2 represents a DC voltage without significant ripple. The
voltage approaches a constant value when the number of coils approaches infinity. A DC
voltage can be connected to an external electric circuit via the brushes that are in contact
with the commutator segments. At the moment ¢ = 0, as illustrated, the brushes have to be in
contact with the commutator segment pairs 5—6 and 13—14 that are connected to coils 9-24
and 25-8. According to Figure 2.46, the magnetic south pole (S) is at slot 1 and magnetic
north pole (N) at slot 9. Further, the direction of the magnetic flux is towards the observer at
the south pole, and away from the observer at the north pole. As the winding moves left, a

11-26

13-28

17-32

Figure 2.47 Polygon of coil voltages of the winding in Figure 2.46. The sum of all the voltages is zero
and hence the coils may be connected in series. The instantaneous value of a coil voltage u() will be the
projection of the phasor on the real axis, for example u(#)19»
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positive emf is induced in the conductors under the south pole, and a negative emf under the
north pole, in the direction indicated by the arrows.

By following the laps from segment 14 to coil 27-10, we end up at the commutator
segment 15, then gradually at segments 16, 1, 2, 3, 4 and at last coil 7-22 is brought to
segment 5, touched by the brush H2. We have just described one parallel path created by coils
connected in series via commutator segments. An induced emf creates a current in the external
part of the electric circuit from the brush H2 to the brush H1, and thus in a generator drive,
H2 is a positive brush with the given direction of rotation. Half of the current / in the external
part of the circuit flows in the above-described path, and the other half via the coils 23-6. ..
11-26, via commutator segments 12, 11,...7, to the brush H2 and further to the external part
of the circuit. In other words, there are two parallel paths in the winding. In the windings
of large machines, there can be several pairs of paths in order to prevent the cross-sectional
area of the conductors from increasing impractically. Because the ends of different pairs of
paths touch the neighbouring commutator segments and have no other galvanic contact, the
brushes have to be made wider to keep each pair of paths always in contact with the external
circuit.

If for instance in the coil voltage phasor diagram of Figure 2.45 every other coil 1-16, 5-20,
9-24...29-12 is connected in series with the first pair of paths, the lap is closed after the last
turn of coil side 12 by connecting the coil to the first coil 1-16 (12 — 1, from 12 to 1). The
coils that remain free are connected in the order 3—18, 7-22...31-14 and the lap is closed at
the position 14 — 3. This way, a doubly-closed winding with two paths 2a = 2 is produced.
In the voltage polygon, there are two revolutions, and its diameter, that is the brush voltage,
is reduced to half the original polygon of one revolution illustrated in Figure 2.47. The output
power of the system remains the same, because the current can be doubled when the voltage
is cut in half. In general, the number of pairs of paths a always requires that ¢ — 1 phasors
are left between the phasors of series-connected coils in a coil voltage phasor diagram. The
phasors may be similar. Because u is the number of coil sides per layer, each phasor of the coil
voltage phasor diagram represents u coil voltages. This makes it possible to skip completely
similar voltage phasors. This takes place for instance when u = 2.

The winding of Figure 2.46 is wound clockwise, because the voltages of the coil voltage
phasor diagram are connected in series clockwise starting from phasor 1-16. Were coil 1-16
connected via the commutator segment 16 to coil 31-14, the winding would have been wound
counterclockwise.

The number of brushes in a lap winding is always the same as the number of poles. Brushes
of the same sign are connected together. According to Figure 2.46, the brushes always short-
circuit those coils, the coil sides of which are located at the quadrature axis (in the middle,
between two stator poles) of the stator, where the magnetic flux density created by the pole
magnetization is zero. This situation is also described by stating that the brushes are located
at the quadrature axis of the stator independent of the real physical position of the brushes.

2.15.2 Wave Winding Principles

The winding of Figure 2.46 can be turned into a wave winding by bending the coil ends of the
commutator side according to the illustration in Figure 2.48, as a solution of Example 2.28
(see also Figure 2.49).
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iy =30

y2=15 »n=15 ¥ =15

Figure 2.48 Full-pitch lap winding of Figure 2.46 turned into a wave winding. The currents of wave-
forms indicated with a thick line are commutating at the moment illustrated in the figure. The commu-
tator pitch is y. = 15, which means almost two pole pitches. For instance, the wave coil that starts at the
commutator segment 14 ends at segment 13, because 14 + y. = 14 4+ 15 = 29, but there are only 16
commutator segments, and therefore 29 — 16 = 13

Example 2.28: Produce a layout of a wave winding for a two-pole DC machine with 16
slots and one coil side in a layer.

Solution: Given that Q = 16, 2p = 2, u = 1. The number of commutator segments is
K =uQ =1-16 = 16, and for a wave winding 2a = 2. The commutator pitch is

_K+ta 161

= =17 or 15.
p

Ye

We choose y. = +15 (winding proceeds from right to left), and the total winding pitch
is y = 2y, = 30. The coil span yqg in number of slots is given by the number of slots
per pole: yo = Q/2p = 16/2 = 8. The same pitch expressed as number of coil sides
is yi =2uyp —1=2-1-8—1=15. The front-end connector pitch is y, =y — y; =
30 — 15 = 15, which is shown in Figure 2.48.

In the above wave winding, the upper coil side 1 is connected to the commutator seg-
ment 10, and not to segment 1 as in the lap winding. From segment 10, the winding pro-
ceeds to the bottom side 18. The winding thus receives a waveform. In the figure, the
winding proceeds from right to left, and counterclockwise in the coil voltage phasor dia-
gram. The winding is thus rotated to the left. If the winding were turned to the right, the
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commutator pitch would be y. = 17, y = 34, y; = 15, y, = 19. The coil from the bottom
side 16 would have to be bent to the right to segment 10, and further to the upper side 3,
because 16 + y, = 16 4+ 19 = 35. But there are only 32 coil sides, and therefore the coil
will proceed to 35 — 32 = 3 or the third coil side. The commutator ends would in that case
be even longer, which would be of no use.
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Figure 2.49 (a) Four-pole, double-layer lap winding presented in a plane. The winding moves from
left to right and acts as a generator. The coils belonging to the commutator circuit are illustrated by a
thick line. This winding is not a full-pitch winding, unlike the previous ones. The illustrated winding
commutates better than a full-pitch winding. (b) The same winding developed into a wave winding. The
wave under commutation is drawn with a thicker line than the others



Windings of Electrical Machines 137

The pitch of the winding for a wave winding follows the illustration

y =y + . (2.114)

The position of brushes in a wave winding is solved in the same way as in a lap winding.
When comparing the lap and wave windings, we can see that the brushes short-circuit the
same coils in both cases. The differences between the windings are merely structural, and the
winding type is selected basically on these structural grounds. As written above, the pitch of
the winding for regular commutator windings, which equals the commutator pitch, is obtained
from

K+ +
yo= 1K Ea_nuQta 2.115)
p p

where the plus sign in the equation is used for progressive winding (from left to right, i.e.
clockwise) and the minus is used for retrogressive winding (from right to left, i.e. counter-
clockwise); n is zero or a positive integer. If n is zero, it results in a lap winding; if n = 1, it
results in a wave winding. The commutator pitch y. must be an integer, otherwise the wind-
ing cannot be constructed. Not all combinations of K, p and a result in y. as an integer, and
therefore a designer must solve this problem in its complexity.

2.15.3 Commutator Winding Examples, Balancing Connectors

Nowadays, the conductors are typically inserted in slots that are on the surfaces of the arma-
ture. These windings are called drum armature windings. Drum-wound armature windings are
in practice always double-layer windings, in which there are two coil sides in the slot on top
of each other. Drum armature windings are constructed either as lap or wave windings. As
discussed previously, the term ‘lap winding’ describes a winding that is wound in laps along
the periphery of the armature, the ends of one coil being connected to adjacent segments,
Figure 2.49a.

Example 2.29: Produce a layout of the lap winding for a four-pole DC machine with 23
slots and one coil side in a layer.

Solution: Given that Q = 23, 2p = 4, u = 1, the number of commutator segment is
K =uQ =1-23 =23 and for a lap winding 2a = 2p = 4. The commutator pitch is
ye = Fa/p =2/2 = +1. We choose a progressive winding, which means that y. = +1
(winding proceeds from left to right), and the total winding pitch is y = 2y, = 2. The
coil span yq as the number of slots is given by the number of slots per pole: yq =
0/2p =23/4=15.75 = 6 slots. The same pitch expressed as the number of coil sides
is yiy =2uyp —1=2-1-6—1=11. The minus sign is used because of the coil side
arrangement in the slots according to Figure 2.44a.

The front-end connector pitch is y, =y —y; =2 — 11 = —9, which is shown in
Figure 2.49a.

In the winding of Figure 2.49a, there are 23 armature coils (46 coil sides, two in each
slot), with one turn in each, four brushes and a commutator with 23 segments. There
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are four current paths in the winding (2a = 4), which thereby requires four brushes. By
following the winding starting from the first brush, we have to travel a fourth of the total
winding to reach the next brush of opposite sign.

From segment 1, the left coil side is put to the upper layer 1 in slot 1 (see Figure 2.44a).
Then, the right side is put to the bottom layer 1 + y; = 1 + 11 = 12 in slot 7, from where
it is led to the segment number 1 + y. = 1 + 1 = 2, and then from segment 2 to the upper
layer 3 in slot 2, because 12 — 9 = 3. It proceeds to the bottom layer 14 in slot 8, because
3 4+ 11 = 14, and then to segment 3, and continues to the coil side 5 in slot 3 and via 16 in
slot 9 to segment 4, and so on.

In the figure, the brushes are broader than the segments of the commutator, the laps
illustrated with thick lines being short-circuited via the brushes. In DC machines, a proper
commutation requires that the brushes cover several segments. The coil sides of short-
circuited coils are approximately in the middle between the poles, where the flux density
is small. In these coils, the induced voltage is low, and the created short-circuit current is
thus insignificant.

Example 2.30: Produce a layout of a wave winding for a four-pole DC machine with 23
slots and one coil side in a layer.

Solution: Given that Q = 23, 2p = 4, u = 1. The number of commutator segments is
K =uQ =1-23 =23, and for a wave winding 2a = 2. The commutator pitch isy, =
B =25 =12, or 11,

We choose y. = +12 and the total winding pitch is y = 2y, = 24. The coil span yq as the
number of slots is given by the number of slots per pole: yo = Q/2p = 23/4 =5.75 = 6.
The same pitch expressed as the number of coil sides is y; =2uyq —1=2-1-6—-1=
11. The minus sign is used because of the coil side arrangement in the slots according to
Figure 2.44a.

The front-end connector pitch is y, = y — y; = 24 — 11 = 13, which is shown in Fig-
ure 2.49b. Figure 2.490b illustrates the same winding as in Figure 2.49a but developed for
a wave winding. In wave windings, there are only two current paths: 2a = 2 regardless
of the number of poles. A wave winding and a lap winding can also be combined as a
frog-leg winding.

We can see in Figure 2.49b that from the commutator segment 1 the coil left side is put
to the upper layer 13 in slot 7. Then the right side in the lower layer is put to 13 4+ y; =
13 + 11 = 24 in slot 13, from where it is led to segment 1 + y. = 1 4+ 12 = 13, and then
from segment 13 to the upper layer 37 (slot 19), because 24 + y, =24 4 13 = 37. We
then proceed to the lower layer 2 in slot 2, because 37 + y; = 37 + 11 = 48, which is
over the number coil sides of 46 in 23 slots; therefore, it is necessary to make a correction
48 — (2 x 23) = 50 — 46 = 2. From here we continue to segment 2, because 13 + y. =
13 + 12 = 25, after the correction 25 — 23 = 2, and so on.

When passing through a wave winding from one brush to another brush of the opposite
sign, half of the winding and half of the segments of the commutator are gone through. The
current thus has only two paths irrespective of the number of poles. As a matter of fact, in
a wave winding, only one pair of brushes is required, which is actually enough for small
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machines. Nevertheless, usually as many brushes are required as there are poles in the ma-
chine. This number is selected in order to reach a maximum brush area with the shortest
commutator possible. One coil of a wave winding is always connected to the commutator at
about a distance of two pole pitches.

A wave winding is a more common solution than a lap winding for small (<50kW) ma-
chines, since it is usually more cost effective than a lap winding. In a machine designed for
a certain speed, a number of pole pairs and a flux, the wave winding requires less turns than
a lap winding, excluding a two-pole machine. Correspondingly, the cross-sectional area of
conductors in a wave winding has to be larger than the area of a lap winding. Therefore, in
a machine of a certain output, the copper consumption is the same irrespective of the type of
winding.

The previous windings are simple examples of various alternative constructions for commu-
tator windings. In particular, when numerous parallel paths are employed, we must ensure that
the voltages in the paths are equal, or else compensating currents will occur flowing through
the brushes. These currents create sparks and wear out the commutator and the brushes. The
commutator windings have to be symmetrical to avoid extra losses.

If the number of parallel pairs of paths is a, there are also a revolutions in the voltage poly-
gon. If the revolutions completely overlap the voltage polygon, the winding is symmetrical. In
addition to this condition, the diameter H1-H2 has to split the polygon into two equal halves
at all times. These conditions are usually met when both the number of slots Q and the num-
ber of poles 2p are evenly divisible by the number of parallel paths 2a. Figure 2.50 illustrates
the winding diagram of a four-pole machine. The number of slots is Q = 16, and the num-
ber of parallel paths is 2a = 4. Hence, the winding meets the above conditions of symmetry.
The coil voltage phasor diagram and the voltage polygon are depicted in Figure 2.51. Since
a = 2, there has to be one phasor a — 1 = 1 of the coil voltage phasor diagram between the
consequent phasors of the polygon. When starting with phasor 1-8, the next phasor in the
voltage polygon is 3—10. In between, there is phasor 17-24, which is of the same phase as
the previous one, and so on. The first circle around the voltage polygon ends up at the point of
phasor 15-22, in the winding diagram, at the commutator segment 9. However, the winding is
not yet closed at this point, but continues for a second, similar revolution formed by phasors
17-24 .. .31-6. The winding is fully symmetrical, and the coils short-circuited by the brushes
placed on the quadrature axes.

The potential at different positions of the winding is now investigated with respect to an
arbitrary position, for instance a commutator segment 1. In the voltage polygon, this zero po-
tential is indicated by point A of the polygon. At ¢ = 0, the instant depicted by the voltage
polygon, the potential of segment 2 amounts to the amplitude of phasor 1-8, otherwise it is
a projection on the straight line H1-H2. Respectively, the potential at all other points in the
polygon with respect to segment 1 is at every instant the phasor drawn from point A to this
point, projected on the straight line H1-H2. Since for instance phasors 3—10 and 19-26 have
a common point in the voltage polygon, the potential of the respective segments 3 and 11 of
the commutator is always the same, and the potential difference between them is zero at every
instant. Thus, these commutator segments can be connected with conductors. All those points
that correspond to the common points of the voltage polygon can be interconnected. Figure
2.50 also depicts three other balancing connectors. The purpose of these compensating com-
binations is to conduct currents that are created by the structural asymmetries of the machine,
such as the eccentricity of the rotor. Without balancing connectors, the compensating currents,
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Figure 2.50 Balancing connectors or equalizer bars (bars A, B, C and D) of a lap winding. For in-
stance, the coil sides 29 and 13 are located in similar magnetic positions if the machine is symmetric.
Hence, the commutator segments 15 and 7 may be connected together with a balancing connector

created for various reasons, would flow through the brushes, thus impeding the commutation.
There is an alternating current flowing in the compensating combinations, the resulting flux
of which tends to compensate the asymmetry of the magnetic flux caused by the eccentricity
of the rotor. From this we may conclude that compensating combinations are not required in
machines with two brushes.

The maximum number of compensating combinations is obtained from the number of
equipotential points. In the winding of Figures 2.50 and 2.51, we could thus assemble eight
combinations; however, usually only a part of the possible combinations is needed to improve
the operation of the machine. According to the illustrations, there are four possible combi-
nations: A, B, C and D. In machines that do not commutate easily, it may prove necessary
to employ all the possible compensating combinations. In small and medium machines, the
compensating combinations are placed behind the commutator. In large machines, ring rails
are placed at one end of the rotor, while the commutator is at the other end.

2.15.4 AC Commutator Windings

The equipotential points A, B, C and D of the winding in Figure 2.51 are connected with rails
at A, B, C and D in Figure 2.50. The voltages between the rails at time # = O are illustrated
by the respective voltages in the voltage polygon. When the machine is running, the voltage
polygon is rotating, and therefore the voltages between the rails form a symmetrical four-
phase system. The frequency of the voltages depends on the rotation speed of the machine.
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Figure 2.51 (a) Coil voltage phasor diagram of the winding of Figure 2.50. (b) The coil voltage poly-
gon of the winding of Figure 2.50 and the connection points of the balancing connectors A, B, C and
D. There are two overlapping polygons in the illustrated voltage polygon. Phasor 1-8 is the first phasor
and 3-10 the next phasor of the polygon. Phasor 17-24 is equal to phasor 1-8 because both have their
positions in the middle of poles, but it is skipped when constructing the first polygon. The first polygon
is closed at the tip of phasor 15-22. The winding continues to form another similar polygon using pha-
sors 17-24...31-6. The winding is completely symmetrical, and its brush-short-circuited coils are on
the quadrature axes. Phasors 3—10 and 19-26 have a common tip point B in the polygons created by the
commutator segments 3 and 11, as shown in Figure 2.50 and in figure (b), and the points can thus be
connected by balancing connectors. The three other balancing connector points are A, C and D

The phase windings of this system, with two parallel paths in each, are connected in a square.
From the same principle, with tappings, we may create other poly-phase systems connected
in a polygon, Figure 2.52.

If z. coils are connected as a closed commutator winding with a parallel path pairs, the
system is transformed with tappings into an m-phase AC system connected in a polygon by
coupling the tappings at the distance of a step

Y = 2.116)

from each other. In a symmetrical poly-phase system, both y;, and z./a are integers. Windings
of this type have been employed for instance in rotary converters, the windings of which
have been connected both to the commutator and to the slip rings. They convert direct current
into alternating current and vice versa. Closed commutator windings cannot be turned into
star-connected windings, and only polygons are allowed.
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Figure 2.52 Equipotential points A, B and C of the voltage polygon, which represents 12 coils of the
commutator winding, are connected as a triangle to form a poly-phase system. The respective voltages
are connected via slip rings and brushes to the terminals of the machine

2.15.5 Current Linkage of the Commutator Winding and Armature Reaction

The curved function of the current linkage created by the commutator winding is com-
puted in the way illustrated in Figure 2.9 for a three-phase winding. When defining the slot
current /,, the current of the short-circuited coils can be set to zero. In short-pitched coils,
there may be currents flowing in opposite directions in the different coil sides of a single
slot. If z, is the number of brushes, the armature current /, is divided into brush currents
I = I,/(zv/2). Each brush current in turn is divided into two paths as conductor currents
Iy = 1/2 = I,/2a, where a is the total number of path pairs of the winding. In a slot, there
are zg conductors, and thus the sum current of a slot is

z I
I, =z0l = — —, 2.117
ZQls Q2a ( )

where 7 is the number of conductors in the complete winding. All the pole pairs of the armature
are alike, and therefore it suffices to investigate only one of them, namely a two-pole winding,

Figure 2.46. The curved function of the magnetic voltage therefore follows the illustration in
Figure 2.53.

slots 1 2 3 4 5 6 7 8

Figure 2.53 Current linkage curve of the winding of Figure 2.46, when the commutation takes place
in the coils in slots 5 and 13
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The number of brushes in a commutator machine normally equals the number of poles. The
number of slots between the brushes is

Q

= —. 2.118
2 ( )

q

This corresponds to the number of slots per pole and phase of AC windings. The effective
number of slots per pole and phase is always somewhat lower, because a part of the coils is
always short-circuited. The distribution factor for an armature winding kg, is obtained from
Equation (2.33). For a fundamental, and m = 1, it is rewritten in the form
kga1 = 2—[)},7-[ (2.119)
QO sin —
Q

Armature coils are often short pitched, and the pitch factor kp, is thus obtained from Equa-
tion (2.32). The fundamental winding factor of a commutator winding is thus

2
ka1 = kdalkpal ~ % (2.120)

When the number of slots per pole increases, k4,1 approaches the limit 2/7t. This is the ratio
of the voltage circle (polygon) diameter to half of the circle perimeter. In ordinary machines,
the ratio of short pitching is W /7, > 0.8, and therefore ky > 0.95. As a result, the approxi-
mate value ky, = 2/7tis an adequate starting point in the initial manual computation. More
thorough investigations have to be based on an analysis of the curved function of the current
linkage. In that case, the winding has to be observed in different positions of the brushes.
Figure 2.45 shows that at the right side of the quadrature axis q, the direction of each slot
current is towards the observer, and on the left, away from the observer. In other words, the
rotor becomes an electromagnet with its north pole at the bottom and its south pole at the top.
The pole pair current linkage of the rotor is

0z I, z
Opa=qgl,=———=—1I,=N,1,. 2.121
ma — ¢ 2]7 0 2a 461]7 a ala ( )
The term
z
Ny, = — (2.122)
4ap

in the equation is the number of coil turns per pole pair in a commutator armature in one
parallel path, that is turns connected in series, because z/2 is the number of all armature turns;
z/2(2a) is the number of turns in one parallel path, in other words connected in series, and
finally z/2(2a)p is the number of turns per pole pair. The current linkage calculated according
to Equation (2.121) is slightly higher than in reality, because the number of slots per pole and
phase includes also the slots with short-circuited coil sides. In calculation, we may employ
the linear current density
Q [Ll 2p Na Ia

A= =— = NI, = —. (2.123)
nD  7mD T
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The current linkage of the linear current density is divided into magnetic voltages of the air
gaps, the peak value of which is

1z I, Ny O

I
2
) 1
Osa= | Adx = ZA Ty = - ——— = = , 2.124
a /ax 2T 55,24 T 2 2 @2.124)
0
O = Oa/2 = - Lz L _ 1y, _Om_g (2.125)
H) = Un = — Th = ——— = — = =& . .
da a ) alp 22p2a ) ala P da

In the diagram, the peak value s, is located at the brushes (in the middle of the poles), the
value varying linearly between the brushes, as illustrated with the dashed line in Figure 2.53.
®s, is the armature reaction acting along the quadrature axis under one tip of a pole shoe,
and it is the current linkage to be compensated. The armature current linkage also creates
commutation problems, which means that the brushes have to be shifted from the g-axis by
an angle € to a new position as shown in Figure 2.54.

This figure also gives the positive directions of the current / and the respective current
linkage. The current linkage can be divided into two components:

Onn;
% sing = O, sing, (2.126)

®
2
I

Onm
Omq = — cose = B, CcOSE. (2.127)

The former is called a direct component and the latter a quadrature component. The direct
component magnetizes the machine either parallel or in the opposite direction to the actual
field winding of the main poles of the machine. There is a demagnetizing effect if the brushes

Figure 2.54 Current linkage of a commutator armature and its components. To ensure better commu-
tation, the brushes are not placed on the g-axis
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are shifted in the direction of rotation in generator mode, or in the opposite direction of rota-
tion in motoring operation; the magnetizing effect, on the contrary, is in generating operation
opposite the direction of rotation, and in motoring mode in the direction of rotation. The
quadrature component distorts the magnetic field of the main poles, but neither magnetizes
nor demagnetizes it. This is not a phenomenon restricted to commutator machines — the reac-
tion is in fact present in all rotating machines.

2.16 Compensating Windings and Commutating Poles

As stated above, the armature current linkage (also called armature reaction) has some neg-
ative influence on DC machine operation. The armature reaction may create commutation
problems and must, therefore, be compensated. There are different methods to mitigate such
armature reaction problems: (1) shift the brushes from their geometrical neutral axis to the
new magnetically neutral axis; (2) increase the field current to compensate for the main flux
decrease caused by the armature reaction; (3) build commutating poles; and (4) build com-
pensating winding.

The purpose of compensating windings in DC machines is to compensate for harmful flux
components created by armature windings. Flux components are harmful, because they create
an unfavourable air-gap flux distribution in DC machines. The dimensioning of compensating
windings is based on the current linkage that has to be compensated by the compensating
winding. The conductors of a compensating winding have therefore to be placed close to the
surface of the armature, and the current flowing in them has to be opposite to the armature
current. In DC machines, the compensating winding is inserted in the slots of the pole shoes.
The compensating effect has to be created in the section «;t, of the pole pitch, as illustrated
in Figure 2.55. If z is the total number of conductors in the armature winding, and the current
flowing in them is /5, we obtain an armature linear current density

zl
A, = . 2.128
=5 ( )

<L
]
a
%’3 N~ turns
§ compensating winding
=]
E L] L] L] L] L] L]
s [ Sy Sy S by Sy [
0 OO
= D M\-turqs per
arT pole pair

A
v

armature winding

(b)

Figure 2.55 (a) Location of the compensating windings and the commutating poles. (b) Definition of
the current linkage of a compensating winding



146 Design of Rotating Electrical Machines

The total current linkage @y of the armature reaction and the compensating winding has
to be zero in the integration path. It is possible to calculate the required compensating current
linkage ®y by evaluating the corresponding current linkage of the armature to be compen-
sated. The current linkage of the armature &, occurring under the compensating winding at
the distance ;7 ,/2, as shown in Figure 2.55, is

iT iT Ty A
o, (%) = zIS;T; _¢ . (2.129)

Since there is an armature current /, flowing in the compensating winding, we obtain the
current linkage of the compensating winding accordingly

Oy = —Nil,, (2.130)
where Ny is the number of turns of the compensating winding. Since the current linkage of the

armature winding has to be compensated in the integration path, the common current linkage
is written as

O(i‘CpAa
Os = O+ O, = —N I, + — =0, (2.131)
where
1 1 z I 1
O, = zaj ATy = zaj——— = =N,/,. (2.132)
2 2 2p2a 2

Now, we obtain the number of turns of the compensating winding to be inserted in the
pole shoes producing demagnetizing magnetic flux in the g-axis compensating the armature
reaction flux:

T, A
Ny = —2 2, 2.133
k ol ( )

Since Ny has to be an integer, Equation (2.133) is only approximately feasible. To avoid large
pulsating flux components and noise, the slot pitch of the compensating winding is set to
diverge by 10-15% from the slot pitch of the armature.

Since a compensating winding cannot completely cover the surface of the armature, com-
mutating poles are also utilized to compensate for the armature reaction although their func-
tion is just to improve commutation. These commutating poles are located between the main
magnetizing poles of the machine. There is an armature current flowing in the commutating
poles. The number of turns on the poles is selected such that the effect of the compensat-
ing winding is strengthened appropriately. In small machines, commutating poles alone are
used to compensate for the armature reaction. If commutation problems still occur despite a
compensating winding and commutating poles, the position of the brush rocker of the DC
machine can be adjusted so that the brushes are placed on the real magnetic quadrature axis
of the machine.
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In principle, the dimensioning of a commutating pole winding is straightforward. Since
the compensating winding covers the section «;1, of the pole pitch and includes Ny turns
that carry the armature current /,, the commutating pole winding should compensate for the
remaining current linkage of the armature (1 — «;) 7,. The number of turns in the commutating
pole N, should be

1—0[1

Nep = Ng. (2.134)

4

When the same armature current /, flows both in the compensating winding and in the
commutating pole, the armature reaction will be fully compensated.

If there is no compensation winding, the commutating pole winding must be dimensioned
and the brushes positioned so that the flux in a commutating armature coil is at its maximum,
and no voltage is induced in the coil.

2.17 Rotor Windings of Asynchronous Machines

The simplest rotor of an induction machine is a solid iron body, turned and milled to the cor-
rect shape. In general, a solid rotor is applicable to high-speed machines and in certain cases
also to normal-speed drive. However, the computation of the electromagnetic characteristics
of a steel rotor is a demanding task, and it is not discussed here. A solid rotor is character-
ized by a high resistance and a high leakage inductance of the rotor. The phase angle of the
apparent power created by a waveform penetrating a linear material is 45°, but the saturation
of the steel rotor reduces the phase angle. A typical value for the phase angle of a solid rotor
varies between 30° and 45°, depending on the saturation. The characteristics of a solid-rotor
machine are discussed for instance in Pyrhonen (1991), Huppunen (2004) and Aho (2007).
The performance characteristics of a solid rotor can be improved by slotting the surface of the
rotor, Figure 2.56. Axial slots are used to control the flow of eddy currents in a direction that
is favourable to torque production. Radial slots increase the length of the paths of the eddy
currents created by certain high-frequency phenomena. This way, eddy currents are damped
and the efficiency of the machine is improved. The structure of the rotor is of great signifi-
cance in torque production, Figure 2.57. An advantage of common cage winding rotors is that
they produce the highest torque with small values of slip, whereas solid rotors yield a good
starting torque.

In small machines, a Ferraris rotor can be employed. It is constructed from a laminated
steel core covered with a thin layer of copper. The copper covering provides a suitable path
for eddy currents induced in it. The copper covering takes up a certain amount of space in
the air gap, the electric value of which increases notably because of the covering, since the
relative permeability of copper is u; = 0.999 992 6. As a diamagnetic material, copper is thus
even a somewhat weaker path for the magnetic flux than air.

The rotor of an induction machine can be produced as a normal slot winding by following
the principles discussed in the previous sections. A wound rotor has to be equipped with the
same number of pole pairs as the stator, and therefore it is not in practice suitable for machines
permitting a varying number of poles. The phase number of the rotor may differ from the phase
number of the stator. For instance, a two-phase rotor can be employed in slip-ring machines
with a three-phase stator. The rotor winding is connected to an external circuit via slip rings.
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radial slots

(a) (b) (©)

Figure 2.56 Different solid rotors. (a) A solid rotor with axial and radial slots (in this model, short-
circuit rings are required). They can be constructed either by leaving the part of the rotor that extends
from the stator without slots, or by equipping it with aluminium or copper rings. (b) A rotor equipped
with short-circuit rings in addition to slots. (c) A slotted and cage-wound rotor. A completely smooth
rotor can also be employed

The most common short-circuit winding is the cage winding, Figure 2.58. The rotor is
produced from electric steel sheets and provided with slots containing noninsulated bars, the
ends of which are connected either by welding or brazing to the end rings, that is to the short-
circuit rings. The short-circuit rings are often equipped with fins that together act as a cooling
fan as the rotor rotates. The cage winding of small machines is produced from pure aluminium
by simultaneously pressure casting the short-circuit rings, the cooling ribs and the bars of the
rotor.

Figure 2.59 illustrates a full-pitch winding of a two-pole machine observed from the rotor
end. Each coil of the rotor also constitutes a complete phase coil, since the number of slots in

>

0 0
Figure 2.57 Torque curves of different induction rotors as a function of mechanical angular speed
£2: (a) a normal double-cage winding rotor, (b) a smooth solid-rotor without short-circuit rings, (c) a

smooth solid rotor equipped with copper short-circuit rings, (d) an axially and radially slitted solid rotor
equipped with copper short-circuit rings
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Figure 2.58 Simple cage winding. Cooling fans are not illustrated. Q, = 24

the rotor is O, = 6. The star point O forms, based on symmetry, a neutral point. If there is only
one turn in each coil, the coils can be connected at this point. The magnetic voltage created
by the rotor depends only on the current flowing in the slot, and therefore the connection of
the windings at the star point is of no influence. However, the connection of the star point at
one end of the rotor turns the winding into a six-phase star connection with one bar, that is
half a turn, in each phase. The six-phase winding is then short-circuited also at the other end.
Since the shaft of the machine also takes up some room, the star point has to be created with a
short-circuit ring as illustrated in Figure 2.58. We can now see in Figure 2.59 a star-connected,

Figure 2.59 Three-phase winding of a two-pole rotor. The number of turns in the phase coil is
N, = 1. If the winding is connected in star at point O and short-circuited at the other end, a six-phase,
short-circuited winding is created, for which the number of turns is N, = 1/, ky, = 1
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short-circuited poly-phase winding, for which the number of phase coils is in a two-pole case
equal to the number of bars in the rotor: m, = Q.

In machine design, it is often assumed that analysis of the fundamental v = 1 alone gives
an adequate description of the characteristics of the machine. However, this is valid for cage
windings only if we consider also the conditions related to the number of bars. A cage winding
acts differently with respect to different harmonics v. Therefore, a cage winding has to be
analysed with respect to the general harmonic v. This is discussed in more detail in Chapter 7,
in which different types of machines are investigated separately.

2.18 Damper Windings

The damper windings of synchronous machines are usually short-circuit windings, which in
nonsalient-pole machines are contained in the same slots with magnetizing windings, and in
salient-pole machines in particular, in the slots at the surfaces of pole shoes. There are no
bars in the damper windings on the quadrature axes of salient-pole machines, and only the
short-circuit rings encircle the machine. The resistances and inductances of the damper wind-
ing of the rotor are thus quite different in the d- and g-directions. In a salient-pole machine
constructed of solid steel, the material of the rotor core itself may suffice as a damper wind-
ing. In that case, asynchronous operation resembles the operation of a solid-rotor induction
machine. Figure 2.60 illustrates the damper winding of a salient-pole synchronous machine.

damper bar
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Figure 2.60 Structure of the damper winding of a six-pole salient-pole synchronous machine. The
copper end plates are connected with a suitable copper connector to form a ring for the damper currents.
Sometimes real rings also connect the damper bars
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Damper windings improve the performance characteristics of synchronous machines es-
pecially during transients. As in asynchronous machines, thanks to damper windings, syn-
chronous machines can in principle be started direct-on-line. Also a stationary asynchronous
drive is in some cases a possible choice. Especially in single-phase synchronous machines
and in the unbalanced load situations of three-phase machines, the function of damper wind-
ings is to damp the counter-rotating fields of the air gap which otherwise cause great losses.
In particular, the function of damper windings is to damp the fluctuation of the rotation
speed of a synchronous machine when rotating loads with pulsating torques, such as piston
COMPpressors.

The effective mechanisms of damper windings are relatively complicated and diverse, and
therefore their mathematically accurate design is difficult. That is why damper windings are
usually constructed by drawing upon empirical knowledge. However, the inductances and
resistances of the selected winding can usually be evaluated with normal methods to define
the time constants of the winding.

When the damper windings of salient-pole machines are placed in the slots, the slot pitch
has to be selected to diverge by 10—-15% from the slot pitch of the stator to avoid pulsation of
the flux and noise. If the slots are skewed (usually by the amount of a single stator slot pitch),
the same slot pitch can be selected both for the stator and the rotor. Damper winding comes
into effect only when the bars of the winding are connected with short-circuit rings. If the
pole shoes are solid, they may, similar to the solid rotor of a nonsalient-pole machine, act as a
damper winding as long as the ends of the pole shoes are connected with durable short-circuit
rings. In nonsalient-pole machines, an individual damper winding is seldom used; however,
conductors may be mounted under slot wedges, or the slot wedges themselves are used as the
bars of the damper winding.

In synchronous generators, the function of damper windings is for instance to damp
counter-rotating fields. To minimize losses, the resistance is kept to a minimum in damper
windings. The cross-sectional area of the damper bars is selected to be 20-30% of the cross-
sectional bar area of the armature winding. The windings are made of copper. In single-phase
generators, damper bar cross-sectional areas larger than 30% of the stator copper area are
employed. The frequency of the voltages induced by counter-rotating fields to the damper
bars is doubled when compared with the network frequency. Therefore, it has to be con-
sidered whether special actions are required with respect to the skin effect of the damper
windings (e.g. utilization of Roebel bars (braided conductors) to avoid the skin effect). The
cross-sectional area of the short-circuit rings is selected to be approximately 30-50% of the
cross-sectional area of the damper bars per pole.

The damper bars have to damp the fluctuations of the rotation speed caused by the pulsating
torque loads. They also have to guarantee a good starting torque when the machine is start-
ing as an asynchronous machine. Thus, brass bars or small-diameter copper damper bars are
employed to increase the rotor resistance. The cross-sectional area of copper bars is typically
only 10% of the cross-sectional area of the copper of the armature winding.

In PMSMs, in axial flux machines in particular, the damper winding may be easily con-
structed by placing a suitable copper or aluminium plate on the surface of the rotor, on top
of the magnets. However, achieving a total conducting surface in the range of 20-30% of the
stator copper surface may be somewhat difficult because the plate thickness easily increases
to become too large and limits the air-gap flux density created by the magnets.
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Design of Magnetic Circuits

The magnetic circuit of an electrical machine generally consists of ferromagnetic materi-
als and air gaps. In an electrical machine, all the windings and possible permanent magnets
participate in the magnetizing of the machine. It must also be noted that in a multiple-pole
system, the magnetic circuit has several magnetic paths. Normally, an electrical machine has
as many magnetic paths as it has poles. In a two-pole system, the magnetic circuit is symmet-
rically divided into two paths. A possible magnetic asymmetry occurring in the geometry of
the magnetic circuit also influences the magnetic state of the machine. In the literature, a mag-
netic circuit belonging to one pole is usually analysed in the design of a complete magnetic
circuit. This method is employed here also. In other words, according to Equation (2.15), the
amplitude @y, of the fundamental component of the current linkage is acting on half of the
magnetic path. A complete magnetic path requires two amplitudes; see Figure 2.9.

The design of a magnetic circuit is based on the analysis of the magnetic flux density B
and the magnetic field strength H in different parts of the machine. The design of a magnetic
circuit is governed by Ampere’s law. First, we select a suitable air-gap flux density B; to the
machine. Next, we calculate the corresponding field strength values H in different parts of the
machine. The mmf F, of the circuit equals the current linkage @ of the circuit

Fm=7§H.dl=Zi=(~). (3.1

In a running electrical machine, the sum current linkage is produced by all the currents
and possible permanent magnet materials. In the basic design of a magnetic circuit, only the
winding, the main task of which is to magnetize the machine, is considered the source of
magnetizing current linkage; that is, the machine is observed when running at no load. In DC
machines and synchronous machines, the machine is magnetized by magnetizing windings
(field windings) or permanent magnets, and the armature winding is kept currentless. In a
synchronous machine, the armature winding may nevertheless take part in the determination
of the magnetic state of the machine also when the machine is running at no load, if the air-gap
flux created by the rotor magnetization does not induce a stator emf exactly equal to the stator
voltage. The influence of an armature winding, that is the armature reaction, is investigated
later in design, when the performance characteristics of the machine are being calculated. In
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an induction machine, the magnetizing winding and the armature winding are not separated,
and therefore the magnetizing of the machine is carried out by the stator winding. However,
according to the IEC, the induction machine stator is not regarded as an armature even though
it is similar to a synchronous machine armature.

Our objective now is to solve the magnetic potential differences

Un,i = / H; - di; 3.2)

in different parts of the magnetic circuit and the required current linkage ® corresponding
to their sum Y_ Uy, ;. In traditional machines, this is a fairly straightforward task, since the
main parameters of the magnetic circuit have in principle been set quite early in the machine
design and the need for magnetizing current does not necessarily alter the dimensions of the
magnetic circuit.

In magnetic circuits with permanent magnets instead, the situation is somewhat more com-
plicated especially in machines where magnets are embedded inside the iron core. In that case,
the leakage flux of permanent magnets is high and the leakage flux saturates the iron bridges,
which enclose the magnets inside the iron core. The division of the flux created by permanent
magnets into the main flux and the leakage flux is difficult to carry out analytically. In practice,
the magnetic field has to be solved numerically using a finite element program for determining
the magnetic fields. To increase the air-gap flux density of a permanent magnet machine, we
can embed the magnets in V-form and have magnets wider than the pole pitch of the machine.
This way, it is possible to increase the air-gap flux density of a permanent magnet machine
even higher than the remanence flux density of the permanent magnet material.

In electrical machines, the term ‘magnetic circuit’ refers to those sections of the machine
through which the main flux of the machine is flowing. In stator and rotor yokes, the main flux
splits up into two paths. Now, an electrical machine actually includes as many magnetic paths
as there are magnetic poles, that is 2p pieces. Figure 3.1 illustrates, in addition to the cross-
section of a magnetic circuit of a six-pole induction machine and a four-pole synchronous
reluctance machine, a single magnetic path of the machine defined by the curves 1-2-3-4-1.
The same figure also depicts the direct (d) and quadrature (q) axes of the magnetic circuit.
Since we now have a rotating-field machine, the flux density wave created by the poly-phase
winding of the stator rotates along the inner surface of the stator, and the depicted d- and
g-axes rotate fixed to the peak value of the magnetic flux.

Rotor saliency makes the machine’s magnetic circuit unsymmetrical. Differences in reluc-
tance, and correspondingly in stator magnetizing inductance, may be found depending on the
rotor position with respect to the stator. In traditional machines, the d-axis is usually placed
so that when the magnetic flux joins the rotor d-axis, the minimum reluctance for the whole
magnetic system is found. Vice versa, the g-axis normally represents the maximum reluctance
of the magnetic circuit. In such a machine, the stator d-axis inductance is larger than the stator
g-axis inductance Lq > Lq. In synchronous machines, the field windings are wound around the
rotor d-axes. In permanent magnet machines, however, the permanent magnet material itself
belongs to the d-axis magnetic circuit, which makes the d-axis reluctance high. Depending on
the rotor construction, in permanent magnet machines, we may have ‘inverse saliency’, where
the d-axis reluctance is higher than the g-axis reluctance. Correspondingly, Ly < Lg.
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Figure 3.1 Main dimensions of the cross-section of an electrical machine, and the instantaneous posi-
tions of the magnetic axes and the magnetic circuit of (a) a six-pole poly-phase induction machine and
(b) a four-pole synchronous reluctance machine. The magnetic circuits can be considered to rotate with
the stator flux of the machine. The d-axis of the rotor of a synchronous machine remains stationary at
every instant, but in an induction machine, the d-axis is only virtual and turns with respect to the rotor
at the speed of slip

In some cases, for instance for control purposes, the d- and g-axes may also be defined for
magnetically symmetrical induction machines. From the machine design point of view, the
division to d- and g-axes in symmetrical machines is not as important as in unsymmetrical
machines.

In nonsalient synchronous machines, the division to d- and g-axes is natural, since despite
the fact that the reluctances and hence also the inductances are about equal, the rotor is un-
symmetrical because of the field winding wound around the rotor d-axis.

If the main flux of the machine is assumed to flow along the d-axis, the magnetic circuit
of the figure comprises half of the main flux, created by the current penetrating the magnetic
circuit in the area in question. When the machine is running under load, the magnetizing
current of an induction machine is the sum of the stator and rotor currents. When comput-
ing this sum, both the windings of the stator and the rotor have to be taken into account so
that in each conductor penetrating the area S (here the slots of the stator and the rotor), there
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flows a current that is measurable at the stator and at the rotor. We now obtain according to
Ampere’s law a magnetizing resultant current linkage @, which, as a result of the occurrence
of flux, is divided into magnetic voltages Uy, ; in the different sections of the magnetic circuit.
Normally, a majority, 60-95% of the sum of the magnetic voltages, consists usually of the
magnetic voltages of the air gaps. In the design of a magnetic circuit, we start by magnetiz-
ing the machine with a single winding, for instance a magnetizing winding. Later, when the
performance characteristics of the machine are analysed, other windings and their effects are
considered. In the rotor of a synchronous reluctance machine, there is no winding, and thus
the torque production is based only on the saliency effects. Saliency is created in the depicted
machine by cutting suitable sections from the rotor plate.

A corresponding illustration of the magnetic circuit and the main dimensions of a six-pole
DC machine and an eight-pole salient-pole synchronous machine is given in Figure 3.2. A
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Figure 3.2 Main dimensions of the cross-sections of a six-pole DC machine (or an outer pole syn-
chronous machine) and an eight-pole salient-pole synchronous machine, and the instantaneous positions
of one of the magnetic axes and the magnetic circuit. In a DC machine or a synchronous machine, the
position of the magnetic axes can be considered more easily than with an asynchronous machine, since
the magnetic axes d and q are defined by the position of the rotor. DC machines are usually constructed
as external (inward-projecting) pole machines, and the poles of the stator chiefly define the position of
the magnetic axes of the machine. The field windings of both machine types are placed around the poles
lying on the d-axis
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synchronous machine can operate magnetized either with the direct current in the field wind-
ing or with permanent magnets, or completely without DC magnetizing as a synchronous
reluctance machine. However, in the rotor circuit of the reluctance machine, special attention
has to be paid to maximizing the ratio of the reluctances of q- and d-axes to reach maxi-
mum torque. Here, the torque is completely based on the difference of inductances between
the direct and quadrature axes. When the ratio of inductances Ly/Lq is about 7-10-16, ap-
proximately the same machine constants can be applied with a reluctance machine as with
induction motors.

Doubly salient reluctance machines (switched reluctance, SR machines) differ both struc-
turally and by their performance characteristics from traditional electrical machines. However,
there are also some similarities. Figure 3.3 illustrates two doubly salient reluctance machines
that differ from each other by their ratios of poles (8/6 and 6/4); in these machines, both the
stator and the rotor have salient poles. A crucial difference when compared with traditional
machines is that the stator and rotor have different numbers of magnetizing poles. Such a ma-
chine cannot operate without power electronics or other switches, and therefore it has to be
designed in accordance with the accompanying electronics.

<
(a) (b)

Figure 3.3 Basic types of an SR machine. (a) In an 8/6 machine, there are eight stator poles and six
rotor poles. Correspondingly, there are six stator poles and four rotor poles in a 6/4 motor (b). The pole
numbers of the stator and the rotor always differ from each other. The rotor of both machines turns
clockwise when the poles A and A’ are magnetized. The illustration of an eight-pole machine shows the
path of the main flux when the poles A and A’ are being magnetized
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The definition of the current linkage is essential for the design of the magnetic circuit to
create the desired flux density and the respective magnetizing current. The current linkage
per pole pair is solved by applying Equation (1.10) and by calculating the line integral of the
field strength H along a suitable integration path, for instance along the route 1-2—3—4—1 of
Figure 3.2:

Fm=Am,[otsz'dIZ/J'dSZZIZé)to[. (33)
1 N S

In rotating-field machines, the peak value of the magnetic voltage Um,tm is usually cal-
culated by following the flux line at the peak value of the air-gap flux density around the
magnetic circuit. [ is the unit vector parallel to the integration path, S is the unit vector of the
surface of the cross-section of the electrical machine (in practice, e.g. either the teeth area of
an induction machine or the teeth area of the stator of a synchronous machine, and the pole
bodies of the rotor are observed), and finally, J is the density of the current penetrating the
magnetic circuit. The task is simplified by calculating the sum of all the currents / penetrating
the magnetic circuit. The sum of all currents is called current linkage and denoted @,,.. Equa-
tion (3.3) describes how the current linkage of the machine has to equal the mmf 9§1 H - dl of
the machine.

When computing the peak magnetic voltage Up, o Over a single magnetic circuit of the
machine, the task can be divided so that each section of the magnetic circuit is analysed for
instance at the peak value of the flux density. Now, the total magnetic voltage over a complete
pole pair is written as

Union =Y / H;-dly =) U (3.4)

To be able to calculate the current linkage required by the iron parts of the magnetic circuit,
the magnetizing curve of the material in question has to be known. The magnetizing curve
illustrates the flux density reached in the material as a function of the magnetic field strength
B = f(H). First, the magnetic flux density B; in each section of the magnetic circuit of the
machine is calculated with the selected air-gap flux density. Next, the field strength H; is
checked from the BH curve of the material in question. Finally, in simple cases, the result
is multiplied by the length of the section parallel to the magnetic path /;, which yields the
magnetic voltage of the section in question Ijm,,- = [;H;. In the appendices, BH curves are
given for some typical electric sheets measured with DC magnetization.

Since Equation (2.15) gives the height of the amplitude of the current linkage wave of a
rotating-field winding, and such an amplitude magnetizes half of a single magnetic circuit,
we usually treat only half of a single magnetic circuit in the computation of magnetic volt-
ages. For instance, the stator of an asynchronous machine has to produce the amplitude ©
of the fundamental current linkage. Correspondingly, on the rotor pole of a nonsalient-pole
synchronous machine, there has to be a current producing a similar current linkage

(:')sl = Um,ée + Um,ds + 0m,dr + 1/20m,ys + 1/ZUm,yr- (353)
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0m’6e denotes the magnetic voltage of a single air gap, 0m,d the magnetic voltages of the
teeth, and Um,ys + lA]m,yr the magnetic voltages of the stator and rotor yokes. The subscripts s
and r denote the stator and the rotor. Equation (3.5a) represents only one pole of the magnetic
circuit. Two current linkage amplitudes Uy, oq = 2@, are thus acting on the total magnetic
path.

In an internal salient-pole machine (e.g. an ordinary synchronous machine), the correlation
of the magnetic voltage and a single pole is

A

@pr = Um,ae + Um,ds + Um,pr + 1/2(\]m,ys + I/ZOm,yr‘ (3.5b)
Um,pr is the magnetic voltage of the salient pole of the rotor. In an external salient-pole ma-
chine (e.g. an ordinary DC machine or an external pole synchronous machine) the current
linkage of a single pole can be written correspondingly as

@ps = Om,ﬁe + Um,ps + Um,dr + 1/ZUm,ys + 1/2(7m,yr~ (35C)

The magnetizing of doubly salient reluctance machines (SR machines) depends on the con-
stantly changing shape of the magnetic circuit in question. The torque calculation of SR ma-
chines is carried out for instance based on the principle of virtual work. The machine is always
seeking the maximum inductance of the magnetic circuit, which is reached when the poles of
the rotor have turned to the position of the magnetic poles of the stator.

3.1 Air Gap and its Magnetic Voltage

The air gap of an electrical machine has a significant influence on the mmf of the magnetic
circuit. Nonsalient-pole machines and salient-pole machines have different types of air gaps
that greatly influence machine performance.

3.1.1 Air Gap and Carter Factor

To be able to calculate the magnetic voltage manually over an air gap, the geometry of the air
gap has to be simplified. Often in an electrical machine, the surfaces of both the stator and the
rotor are split with slots. The flux density always decreases at the slot opening (Figure 3.4),
and therefore it is not easy to define the average flux density of the slot pitch between the
stator and the rotor.

However, in 1901 EW. Carter provided a solution to the problem of manual calculation
(Carter, 1901). On average, according to Carter’s principle, the air gap seems to be longer
than its physical measure. The length of the physical air gap § increases with the Carter factor
kc. The first correction is carried out by assuming the rotor to be smooth. We obtain

8es = kcsd. (3.6)
The Carter factor k¢ is based on the dimensions in Figure 3.5. When determining the

Carter factor, the real flux density curve is replaced with a rectangular function so that the
flux remains constant under the teeth and is zero at the slot opening; in other words, the shaded



160 Design of Rotating Electrical Machines

5] r

<« slot pitch 7 —

u

(b)

Figure 3.4 (a) Flux diagram under a stator slot along one slot pitch, and (b) the behaviour of the air-
gap flux density B; along a slot pitch. At the slot opening, there is a local minimum of flux density. The
flux density on the right side of the slot is slightly higher than on the left side, since a small current is
flowing in the slot towards the observer
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Figure 3.5 Distribution of air-gap flux density Bs(«) in a distance of one slot pitch 7,. « is the angle
revolving around the periphery of the machine. b, is the equivalent slot opening
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areas S; + S; in Figure 3.5 are equal to S,. The equivalent slot opening b, in which the flux
density is zero, is

b. = kb, (3.7a)
where
2 b
2 b 25 b )
k== | arctan— — Zln[1 +( = 5 __ (3.7b)
b4 28 by 28 5 ﬁ
)
The Carter factor is
ke = — tu (3.8)

T, —be Ty— Kby
The Carter factor is also the ratio of the maximum flux density Bp,x to the average flux

density B,

Bmax

ke = .
Bav

(3.9)

The variation of the flux density assuming no eddy currents damping the flux variation is

By (Bmax — Bmin) _ I+ u? —2u

— — — , 3.10
P = B = 2B 20+ 1) 102
Bmin 2u
== 3.10b
Brax 1 4+u? ( )
by b \*
=L i) 3.10
u= o1+ (25) (3.10¢)

When both the stator and rotor surfaces are provided with slots, we calculate k¢ first by
assuming the rotor surface to be smooth. The calculations are repeated by applying the cal-
culated air gap &, and the slot pitch of the rotor 7, and by assuming the stator surface to be
smooth. We then obtain k¢,. Finally, the total factor is

kC,tol ~ sz : kCrv (31 1)
which gives us the equivalent air gap d.
Se ~ kC,tot(s ~ kCrSes' (312)

The influence of slots in the average permeance of the air gap is taken into account by
replacing the real air gap by a longer equivalent air gap 8.. The result obtained by applying
the above equations is not quite accurate, yet usually sufficient in practice. The most accurate
result is obtained by solving the field diagram of the air gap with the finite element method.
In this method, a dense element network is employed, and an accurate field solution is found
as illustrated in Figure 3.4. If the rotor surface lets eddy currents run, the slot-opening-caused
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flux density dips are damped by the values suggested by the Carter factor. In such a case, eddy
currents may create remarkable amounts of losses on the rotor surfaces.

Example 3.1: An induction motor has an air gap § = 0.8 mm. The stator slot opening
is by = 3 mm, the rotor slots are closed and the stator slot pitch is 10 mm. The rotor
magnetic circuit is manufactured from high-quality electrical steel with low eddy current
losses. Calculate the Carter-factor-corrected air gap of the machine. How deep is the flux
density dip at a slot opening if the rotor eddy currents do not affect the dip (note that the
possible squirrel cage is designed so that the slot harmonic may not create large opposing
eddy currents)? How much three-phase stator current is needed to magnetize the air gap to
0.9 T fundamental peak flux density? The number of stator turns in series is Ny = 100, the
number of pole pairs is p = 2, and the number of slots per pole and phase is ¢ = 3. The
winding is a full-pitch one.

Solution:
by /8 3/0.
o~ 18 3/08 = 0.429,
5+b/5 5+3/08
be = kb; = 0.429 - 3 = 1.29,
10
ke = —28 = 1.148,

To—be  10—1.29

b iy (2 : S (22 i 3.984
u — — —_— = ——— —_— = J. .
28 28 2-0.8 2-0.8

_1+u2—2u

- =0.179.
p 2(1 + u?)

The depth of the flux density dip on the rotor surface is 2By:
2By = 2BBmax = 2BkcBy =2-0.179 - 1.148B,y = 0.41B,,.

The equivalent air gap is . =~ kcsd = 1.148 - 0.8 mm = 0.918 mm.
At 0.9T the peak value of the air gap field strength is

N 09T
Hs = —
4 - 107/ Vs/Am

= 716kA/m.

The magnetic voltage of the air gap is
Umse = Hs8e = 716kA/m - 0.000918 m = 657 A.

According to Equation (2.15), the amplitude of the stator current linkage is

. 4 ks N kws1 N
Oy = 222U o = TS ol
2w 2p Tp
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To calculate the amplitude, we need the fundamental winding factor for a machine with
q = 3. For a full-pitch winding with ¢ = 3, we have the electrical slot angle

360°  360°

= = =20°.
2mqg 2-3-3

oy

We have six voltage phasors per pole pair: three positive and three negative phasors. When
the phasors of negative coil sides are turned 180°, we have two phasors at an angle of —20°,
two phasors at an angle of 0° and two phasors at +20°. The fundamental winding factor
will hence be

2 cos (—20°) + 2 cos (0°) + 2 cos (+20°)

kwsl = 6 = 0.960.

Since this is a full-pitch winding the same result is found by calculating the distribution
factor according to Equation (2.23)

. Uys . .20
sin g - sin 3 >
kdsl = kws] = T Olus = 20 = 0.960.
qs S 5 3 sin —
2

We may now calculate the stator current needed to magnetize the air gap

PN

_ g mp _ 657 -m -2
ke N2 3-0.960 - 10082

Ism A =10.1 A.

If an analytic equation is required to describe the flux distribution in case of an air gap
slotted on only one side, an equivalent approximation introduced by Heller and Hamata (1977)
can be employed. This equation yields a flux density distribution in the case of a smooth rotor
in a distance of one slot. If the origin is set at the centre of the stator slot, the Heller and
Hamata equations are written for a stator (see Figure 3.5)

B(a)z(l—ﬂ—ﬂcos il
0.8

oz) Bnax, Wwhen 0 < a < 0.8ap
oo

and
B (a) = Bpax €lsewhere, when 0.8 < o < ay. (3.13)

Here ag = 2b,/D and oy = 27w/ Qs = 27,/ D.

Drops in the flux density caused by stator slots create losses on the rotor surface. Corre-
spondingly, the rotor slots have the same effect on the stator surface. These losses can be
reduced by partially or completely closing the slots, by reshaping the slot edges so that the
drop in the flux density is eliminated, or by using a semi-magnetic slot wedge, Figure 3.6.
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Figure 3.6 (a) Slot opening of a semi-closed stator slot of Figure 3.4 has been filled with a semi-
magnetic filling (u, = 5). The flux drop on the rotor surface, caused by the slot, is remarkably reduced
when the machine is running with a small current at no load. (b) Simultaneously, the losses on the
rotor surface are reduced and the efficiency is improved. The edges of the stator slot can also be shaped
according to (c), which yields the best flux density distribution. (b) The curve at the top

3.1.2 Air Gaps of a Salient-Pole Machine

Next, three different air gaps of a salient-pole machine are investigated. The importance of
these air gaps lies in the following: the first air gap is employed in the calculation when the
machine is magnetized with a rotor field winding; the second is required for the calculation
of the direct-axis armature reaction, and thereby the armature direct-axis inductance; and
finally, the third air gap gives the armature quadrature-axis reaction and the quadrature-axis
inductance. The air gaps met by the rotor field winding magnetizing are shaped with pole
shoes such that as sinusoidal a flux density distribution as possible is obtained in the air gap
of the machine.

The air-gap flux density created by the rotor field winding magnetizing of a salient-pole
machine can be investigated with an orthogonal field diagram. The field diagram has to be
constructed in an air gap of accurate shape. Figure 3.7 depicts the air gap of a salient-pole
machine, into which the field winding wound around the salient-pole body creates a mag-
netic flux. The path of the flux can be solved with a magnetic scalar potential. The magnetic
field refracts on the iron surface. However, in the manual calculation of the air gaps of a syn-
chronous machine, the permeability of iron is assumed to be so high that the flux lines leave
the equipotential iron surface perpendicularly.

If the proportion ®@; of the current linkage @ of the rotor acts upon the air gap, each duct
in the air gap takes, with the notation in Figure 3.7, a flux

A
A®s = 1oOsl—— = OsARy, (3.14)
nAés
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Figure 3.7 Field diagram of the rotor pole of an internal salient-pole synchronous machine with DC
magnetizing in an area of half a pole pitch 7,,/2. The figure also indicates that the amount of leakage
flux in this case is about 15%, which is a typical number for pole leakage. Typically, a designer should
be prepared for about 20% leakage flux when designing the field winding

where [ is the axial length of the pole shoe and n the number of square elements in the radial
direction. If the origin of the reference frame is fixed to the middle of the pole shoe, we may
write in the cosine form

APs  (1oOs

= =B . 1
TAx Y s COS O (3.15)

In the field diagram consisting of small squares, the side of a square equals the average
width Ax. The magnetic flux density of the stator surface can thus be calculated by the average
width of squares touching the surface. On the other hand, nAS§ is the length of the flux line
from the pole shoe surface to the stator surface:

® )
ans = Ho® O ’
Bscos  cos6

(3.16)

where 8. is the air gap in the middle of the pole, corrected with the Carter factor. Now the
pole shoe has to be shaped such that the length of the flux density line of the field diagram is
inversely proportional to the cosine of the electrical angle 6. A pole shoe shaped in this way
creates a cosinusoidal magnetic flux density in the air gap, the peak value of which is Bs. The
maximum value of flux penetrating thorough a full-pitch winding coil is called the peak value
of flux, although it is not a question of amplitude here. The peak value of the flux is obtained
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by calculating a surface integral over the pole pitch and the length of the machine. In practice,
the flux of a single pole is calculated. Now, the peak value is denoted &y,

r7
@m=/ / Bjs cos <£n> dxdl’, (3.17)
T
0 _%P b

where /' is the equivalent core length ' ~ [ 4+ 2§ in a machine without ventilating ducts (see
Section 3.2), T, is the pole pitch, T, = 7 D/(2p), x is the coordinate, the origin of which is in
the middle of the pole, and 6 = x7 /1.

When the flux density is cosinusoidally distributed, we obtain by integration for the air-gap
flux

.2,
B = =Byl (3.18)
b

By reformulating the previous equation, we obtain

A Dl Dl .
(Pm = —B,g = Mo @5. (319)
p 1750e

Next, the air gap experienced by the stator winding current linkage is investigated. The
stator winding is constructed such that its current linkage is distributed fairly cosinusoidally
on the stator surface. The stator current linkage creates an armature reaction in the magnetiz-
ing inductances. As a result of the armature reaction, this cosinusoidally distributed current
linkage creates a flux of its own in the air gap. Because the air gap is shaped so that the flux
density created by the rotor pole is cosinusoidal, it is obvious that the flux density created by
the stator is not cosinusoidal, see Figure 3.8. When the peak value of the fundamental current
linkage of the stator is on the d-axis, we may write

Oy (6) = O} (0) = O cosb. (3.20)

The amplitude of the current linkage is calculated by Equation (2.15). The permeance d A
of the duct at the position 6 is

ds D1 df cos 6
dA = = . 3.21
Mo~ = Io 2 oo (3.21)
The magnetic flux density at the position 6 is
do Ho ~, 2
By(0)=—=—6 0. 3.22
a(0) =5 5o, 0 €08 (3.22)

The distribution of the air-gap flux density created by the stator current is proportional to
the square of the cosine when the current linkage of the stator is on the d-axis. To be able
to calculate the inductance of the fundamental, this density function has to be replaced by a
cosine function with an equal flux. Thus, we calculate the factor of the fundamental of the
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Figure 3.8 (a) Cosine-squared flux density B4(0), created in the shaped air gap by a cosinusoidal stator
current linkage ®; occurring on a direct axis of the stator, where the peak value of the fundamental
component of B4(0) is Bi4. (b) The cosinusoidal current linkage distribution on the quadrature axis
creates a flux density curve B,(6). The peak value of the fundamental component of By(0) is l§1q

Fourier series. The condition for keeping the flux unchanged is

+m/2 +m/2
?@é / cos’ 6 dd = Byg / cosf do. (3.23)
0e —/2 —/2

The amplitude of the corresponding cosine function is thus

" T U0 A / Mo A /
By=—-——60;=—06),. (3.24)
480 ¢ S ¢
In the latter presentation of Equation (3.24), the air gap 4. is an equivalent d-axis air gap
experiencing the current linkage of the stator. Its theoretical value is

48
Sge = 2 (3.25)
T

Figure 3.8a depicts this situation. In reality, the distance from the stator to the rotor on the
edge of the pole cannot be extended infinitely, and therefore the theoretical value of Equa-
tion (3.25) is not realized as such (it is only an approximation). However, the error is only
marginal, because when the peak value of the cosinusoidal current linkage distribution is at
the direct axis, the current linkage close to the quadrature axis is very small. Equation (3.25)
gives an interesting result: the current linkage of the stator has to be higher than the current
linkage of the rotor, if the same peak value of the fundamental component of the flux density
is desired with either the stator or rotor magnetization.
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Figure 3.8b illustrates the definition of the quadrature air gap. The peak value of the stator
current linkage distribution is assumed to be on the quadrature axis of the machine. Next, the
flux density curve is plotted on the quadrature axis, and the flux @ is calculated similarly as
in Equation (3.19). The flux density amplitude of the fundamental component corresponding
to this flux is written as

. () A

Big=L29 = Fogr (3.26)
Dl 8ge !

where . is the equivalent quadrature air gap. The current linkages are set equal: O = (Q)é| =

@(’l, the equivalent air gaps behaving inversely proportional to the flux density amplitudes

Bg!Bldlélq = (327)

11 1
606 ' (Sde . 8qe .

Direct and quadrature equivalent air gaps are calculated from this (inverse) proportion. A
direct-axis air gap is thus approximately 48¢./. A quadrature-axis air gap is more problem-
atic to solve without numerical methods, but it varies typically between (1.5-2-3) X Jge.
According to Schuisky (1950), in salient-pole synchronous machines, a quadrature air gap is
typically 2.4-fold when compared with a direct air gap in salient-pole machines.

The physical air gap on the centre line of the magnetic pole is set to §y. The slots in the
stator create an apparent lengthening of the air gap when compared with a completely smooth
stator. This lengthening is evaluated with the Carter factor. On the d-axis of the rotor pole, the
length of an equivalent air gap is now J¢. in respect of the pole magnetization. In this single
air gap, the pole magnetization has to create a flux density Bs. The required current linkage
of a single pole is

S0e B
O = X720 (3.28)
Ho

The value for current linkage on a single rotor pole is @y = N¢ I¢, when the DC field wind-
ing current on the pole is /; and the number of turns in the coil is Ny. The flux linkage and
the inductance of the rotor can now be easily calculated. When the pole shoes are shaped
according to the above principles, the flux of the phase windings varies at no load as a si-
nusoidal function of time, ®,, (1) = ®,, sin wt, when the rotor rotates at an electric angular
frequency w. By applying Faraday’s induction law as presented in Equation (1.8), we can cal-
culate the induced voltage. The applied form of the induction law, which takes the geometry
of the machine into account, is written with the flux linkage ¥ as

aw (1) do, (1)

- _le N )
dr dt

e (t) =— (3.29)

and the fundamental component of the voltage induced in a single pole pair of the stator is
written as

e1p (1) = —Npkyi1 0@y, cos wt. (3.30)

Here N, is the number of turns of one pole pair of the phase winding. The winding factor
ky of the fundamental component takes the spatial distribution of the winding into account.
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The winding factor indicates that the peak value of the main flux &, does not penetrate all
the coils simultaneously, and thus the main flux linkage of a pole pair is ¥y, = NpkwiwPn.
By applying Equation (3.18) we obtain for the voltage of a pole pair

2 .
eip (1) = —Npkyiw—Bstpl’ cos wr, (3.31)
bid

the effective value of which is

1 2 4 1 .
Elp = _a)NpkWIEBBTpl/ = —a)lI/mp. (332)

V2 V2

The maximum value of the air-gap flux linkage lffmp of a pole pair is found at instants when
the main flux best links the phase winding observed. In other words, the magnetic axis of the
winding is parallel to the main flux in the air gap.

The voltage of the stator winding is found by connecting an appropriate amount of pole
pair voltages in series and in parallel according to the winding construction.

Previously, the air gaps 84. and dq were determined for the calculation of the direct and
quadrature stator inductances. For the calculation of the inductance, we have also to define the
current linkage required by the iron. The influence of the iron can easily be taken into account
by correspondingly increasing the length of the air gap, d4er = (Um,(we /(Um,(;de + Umﬁpe))(Sde.
We now obtain the effective air gaps 84er and 84er. With these air gaps, the main inductances
of the stator can be calculated in the direct and quadrature directions

2 Dsl’ 2 2 Dsl’
Lpa = — o kwiNp)™, Lpq = —po
P T plaer (kv Vo) M plget

(kw1 Np)° . (3.33)

N, is the number of turns (N/p) of a pole pair. The main inductance is the inductance of a
single stator phase. To obtain the single-phase equivalent circuit magnetizing inductance, for
instance for a three-phase machine, the main inductance has to be multiplied by 3/2 to take the
effects of all three windings into account. When deriving the equations, Equation (2.15) for
the current linkage of a stator is required, and also the equation for a flux linkage of a single
pole pair of the stator

AN
lI/mp = —kwle;B(g‘L'pl,

which is included in the previous voltage equations. The peak value for the air-gap flux density
is calculated with an equivalent air gap and a stator current linkage, which leads to Equation
(3.33). The inductances will be discussed in detail later in Section 3.9 and also in Chapter 7.

3.1.3 Air Gap of Nonsalient-Pole Machine

In nonsalient-pole machines, unlike in salient-pole machines, the shape of the air-gap flux
density cannot be adjusted by shaping the air gaps. The rotor of a salient-pole machine is a
steel cylinder provided with slots. The magnetizing winding is inserted in these slots. The air
gap of such a machine is in principle equal at all positions, and thus, to create a sinusoidal flux
density distribution, the magnitude of the current linkage acting upon different positions of
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rotor current linkage
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Figure 3.9 (a) Magnetizing winding of a nonsalient-pole rotor and (b) the distribution of the current
linkage on the surface of the rotor cylinder, when the number of conductors is equal in all slots. The
form of the current linkage can be improved by selecting the number of turns in the slots or the slot
positions better than in the above example

the air gap has to be varied. To get a correct result,the conductors of the magnetizing winding
have to be divided accordingly among the slots of the rotor, Figure 3.9.

The air gap of the nonsalient-pole machine is equal in all directions. The current linkage of
the stator meets the same air gap as the current linkage of the rotor, and thus, with the notation
in Equation (3.27), we obtain

806 ~ 8de ~ sqe- (334)

Because both the stator and rotor are slotted, the Carter factor is applied twice. The main
inductance of a salient-pole machine can be calculated from Equation (3.33) by employing
an effective air gap d.¢, which takes also the effect of the iron into account and increases o
with the proportion of the iron. A nonsalient-pole machine has only a single main inductance,
because all the air gaps are equal. In practice, the slots in the rotor make the inductance of the
quadrature axis slightly smaller than the inductance of the direct axis in these machines.

Asynchronous machines are usually symmetrical, and therefore only a single equivalent
air-gap length is defined for them, similarly as for nonsalient-pole machines. The main induc-
tance is calculated from Equation (3.33). Usually, DC machines are external pole, salient-pole
machines, and therefore their air gaps have to be determined by a method similar to the solu-
tion presented previously for a salient-pole machine. The above determination of the air gaps
for a salient-pole machine is valid also for a synchronous salient-pole reluctance machine.
With respect to an SR machine, the concept of an air gap has to be redefined, since the whole
operation of the machine is based on the deformations of the magnetic circuit. The air gap
is changing constantly when the machine rotates. The difference in the direct and quadrature
inductances defines the average torque produced by the machine.

The magnetic voltage over the air gap is usually calculated with the smallest air gap and at
the peak value of the flux density. If the equivalent air gap in the middle of the pole is §., we
obtain

. Bs
Unse = —0e. (3.35)
Ho
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3.2 Equivalent Core Length

At an end of the machine, and at possible radial ventilating ducts, the effects of field fringings
that may occur have to be taken into account. This is done by investigating the field diagrams
of the ventilating ducts and of the ends of the machine. Figure 3.10 illustrates the influence of
the edge field at the machine end on the equivalent length I’ of the machine.

The flux density of the machine changes in the direction of the shaft as a function of the
z-coordinate B = B(z). The flux density remains approximately constant over a distance of
the sheet core and decreases gradually to zero along the shaft of the machine as an effect
of the edge field. This edge field is included in the main flux of the machine, and thus it
participates also in torque production. In manual calculations, the lengthening of the machine
caused by the edge field can be approximated by the equation

'~ +26. (3.36)

This correction is of no great significance, and therefore, when desired, the real length / is
accurate enough in the calculations. In large machines, however, there are ventilating ducts
that reduce the equivalent length of the machine, see Figure 3.11.

Here, we can estimate the length of the machine by applying the Carter factor again. By
applying Equations (3.7a) and (3.7b) and by substituting the width of the slot opening b with
the width of the ventilating duct b, we obtain

bye = Kkby. (3.37)

B(z)

) 2

Figure 3.10 Orthogonal field diagram for the determination of the edge field at the end of the machine
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Figure 3.11 Influence of radial ventilating ducts on the equivalent length of the machine and the be-
haviour of the flux density in the vicinity of the ventilating duct

The number of ventilating ducts being n, in the machine (in Figure 3.11, n, = 3), the
equivalent length of the machine is approximated by

I'~1—nyby +28. (3.38)

If there are radial ventilating ducts both in the rotor and in the stator, as depicted in Figure
3.12, the above method of calculation can in principle be employed. In that case, the flux
density curve has to be squared, as was done previously, and the equivalent width of the

stator
(LU (LR
S 1)
T (T TTTTTTTTTTTTTTITIIT
by b,
rotor >
N
AVARVERVE
B bve
B > =
A\ 4
(@) (b)

Figure 3.12 (a) In the stator and the rotor, the ventilating ducts are axially at the same positions. (b)
The ventilating ducts are at different positions in the stator and in the rotor
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duct by, Equation (3.7a), is substituted in Equation (3.38). In the case of Figure 3.12a, the
number of rotor ventilating ducts is equal to the number of ventilating ducts of the stator and
the sum of the width of the stator and rotor ventilation ducts has to be substituted for b in
Equation (3.7b). In the case of Figure 3.12b, the number of ducts n, has to be the total number
of ducts.

Example 3.2: A synchronous machine has a stator core 990 mm long. There are 25 sub-
stacks of laminations 30 mm long and a 10 mm cooling duct after each stack (24 cooling
ducts all together). The air-gap length is 3 mm. Calculate the effective stator core length
of the machine when (a) the rotor surface is smooth, (b) there are 24 cooling ducts in the
rotor opposite the stator ducts and (c) there are 25 cooling ducts in the rotor opposite the
stator substacks.

Solution:
by 10
(@) k = ﬁ = 5:%0 =0.40, by =«by, =0.40-10mm = 4.0 mm,
U~ 1 —nybye +28 =990 — 24 -4.0 4+ 2 - 3mm = 900 mm.
bys+bvr 10+10
(b) k = 5+”—*” = m =0.571, by =«b, =0.571-10mm = 5.71 mm,
8 3

U'~1—nybye+28=990—-24.571+2-3mm = 859 mm.
(c) Asin(a), x = 0.40, by = 4.0 mm for the stator and rotor ducts,

I~ 1 — nysbyes — Nytbyer +28 =990 — 24 - 4.0 — 25 - 4.0 + 2 - 3mm = 800 mm.

3.3 Magnetic Voltage of a Tooth and a Salient Pole
3.3.1 Magnetic Voltage of a Tooth

When there are Qs slots in the stator, we obtain the slot pitch of the stator by dividing the
air-gap periphery by the number of slots

_7rD
0’

Figure 3.13a illustrates the flux density distribution in an air gap, the other surface of which
is smooth, and Figure 3.13b illustrates a tooth and a slot pitch.

The magnetic voltage of a tooth is calculated at a peak of the air-gap fundamental flux
density. When a tooth occurs at a peak value of the air-gap flux density, an apparent tooth flux
passes the slot pitch

Tu

(3.39)

PN

&) =1't,Bs. (3.40)
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(@ (b)

Figure 3.13 (a) Semi-closed slots and the flux density in the air gap. (b) The dimensions of a tooth and
a slot: the height /4 of the tooth and the slot, slot pitch 7, and the width of the tooth by

If the teeth of the machine are not saturated, almost the complete flux of the slot pitch flows
along the teeth, and there is no flux in the slots and the slot insulations. Neglecting the slot
opening and taking into account the space factor kg of iron, we obtain for a tooth with a
uniform diameter and cross-sectional area Sy

Sa = kpe (I — nyby) by. (3.41)

Here n, and b, are the number of ventilating ducts and their width (see Figure 3.12), and
[ is the total length of the machine stack. Punching influences the crystal structure of iron,
and therefore the permeability on the cutting edges of the tooth is low. Thus, in the calcula-
tion of the flux density in a tooth, 0.1 mm has to be subtracted from the tooth width, that is
by = by — 0.1 mm in Equation (3.41) and the following equations. During the running of
the motor, a relaxation phenomenon occurs, and the magnetic properties recover year by year.
The space factor of iron kg, depends on the relative thickness of the insulation of the electric
sheet and on the press fit of the stack. The insulators are relatively thin, their typical thickness
being about 0.002 mm, and consequently the space factor of iron can in practice be as high as
98%. A space factor varies typically between 0.9 and 0.97. Assuming that the complete flux
is flowing in the tooth, we obtain its apparent flux density

L, @ r N
Bil="4—- T p (3.42)
Sd kFe (l - nvbv) bd

In practice, a part of the flux is always flowing through the slot along an area S,. Denoting
this flux by @,, we may write for a flux in the tooth iron

&y =) — D, = D) — S,B.. (3.43)
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By dividing the result by the area of the tooth iron S4 we obtain the real flux density of the
tooth iron

| th

N I't
u u
B,, where

“ N S,
By=B — L . E—— 3.44
¢ d d Sa kpge (I —nyby) by ©.44)

o5}

The apparent flux density of the tooth iron Eé can be calculated when the peak value B
of the fundamental air-gap flux density is known. To calculate the flux density in the slot, the
magnetic field strength in the tooth is required. Since the tangential component of the field
strength is continuous at the interface of the iron and the air, that is Hqy = H,, the flux density
of the slot is

A

By = wofly. (3.45)

The real flux density in the tooth is thus

O A
Bd = Bd - S—/,L()Hd. (346)
d

Now, we have to find a point that satisfies Equation (3.46) on the BH curve of the electric
sheet in question. The easiest way is to solve the problem graphically as illustrated in Figure
3.14. The magnetic voltage U, 4 in the tooth is then approximately Hyhg.

When a slot and a tooth are not of equal width, the flux density is not constant, and therefore
the magnetic voltage of the tooth has to be integrated or calculated in sections:

hd

Una = / H,-dl
0
A
B
B, T T T -
R
S, -
By= By~ 5 HoHy
d
Bd
H H

Figure 3.14 Definition of the flux density B, of the tooth with the BH curve of the electrical sheet and
the dimensions of the tooth
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Example 3.3: The stator teeth of a synchronous machine are 70 mm high and 14 mm
wide. Further, the slot pitch t, = 30 mm, the stator core length / = 1 m, there are no
ventilation ducts, the space factor of the core kg, = 0.98, the core material is Surahammars
Bruk electrical sheet M400-65A (Figure Example 3.3), the air gap § = 2mm and the
fundamental flux density of the air gap B4 = 0.85 T. Calculate the magnetic voltage over
the stator tooth.

0.8
0.6
0.4

0.2

0.0
0 2 4 6 8 10 12 14 16 18

=13 3kA /m H/KA/m
Figure Example 3.3 BH curve of the material used in Example 3.3 and its solution
Solution: The effective core length // = 1000 4 2 -2 mm = 1004 mm. The apparent flux
density of the tooth Equation (3.42) is

5 1004 - 30
47 0.98-1000 - (14 — 0.1)

0.85T =1.88T.

The intersection of the BH curve of the electrical sheet M400-65A and the line (3.46) gives

1004 - 30
0.98 - 1000 - (14 — 0.1)

35=1.88—< 1)4.71.10—71%.

The figure above gives the field strength of the teeth Hy = 13.3kA/m and the magnetic
voltage

hq
Una = /Hd -dl=13300-0.07A =931 A.
0
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3.3.2 Magnetic Voltage of a Salient Pole

The calculation of the magnetic voltage of a salient pole is in principle quite similar to the
procedure introduced for a tooth. However, there are certain particularities: for instance, the
magnetic flux density of the pole shoe is often so small that the magnetic voltage required by
it can be neglected, in which case only the magnetic voltage required by the pole body has to
be defined. When determining the magnetic voltage of the pole body, special attention has to
be paid to the leakage flux of the pole body. Figure 3.7 shows that a considerable amount of the
flux of the pole body is leaking. The leakage flux comprises 10—30% of the main flux. Because
of the leakage flux, the flux density Bp atAthe foot of a uniform pole body of cross-sectional
area S, is thus written with the main flux &, as

< -
By =(1.1...1.3) —. (3.47)
Sp
The calculation of the peak value of the flux @,, will be discussed later at the end of the
chapter. Because of the variation of the flux density, the magnetic voltage Uy, of the pole
body has to be integrated:

hgr

A

Omp = /H dl.
0

3.4 Magnetic Voltage of Stator and Rotor Yokes

Figure 3.15 depicts the flux distribution of a two-pole asynchronous machine when the ma-
chine is running at no load. The flux penetrating the air gap and the teeth section is divided
into two equal parts at the stator and rotor yokes. At the peak of the air-gap flux density on
the d-axis, the flux densities in the yokes are zero. The maximum flux densities for the yokes
occur on the g-axis, on which the air-gap flux density is zero. The maximum value for the flux

Figure 3.15 Flux diagram for a two-pole induction motor running at no load. The shaft of the machine
is far more reluctive than the rotor sheet, and therefore, at the plotted lines, no flux seems to penetrate
the rotor shaft. Furthermore, the shaft is often jagged at the rotor bundle, and thus in practice there are
air bridges between the rotor iron and the shaft
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density of the stator yoke can be calculated on the g-axis without difficulty, since half of the
main flux is flowing there:

a ~

A D D

By =—= .
P28y ke (L= nyby) hy

(3.48)

Here Sy; is the cross-sectional area of the stator yoke, kr. is the space factor of iron and Ay is
the height of the yoke, see Figure 3.16. Respectively, the maximum flux density at the rotor
yoke is

a

3o O _ P
TSy 2kpe (= nyby) by

(3.49)

The calculation of the magnetic voltage of the yoke is complicated, since the flux density
at the yoke changes constantly over the pole pitch, and the behaviour of the field strength is
highly nonlinear, see Figure 3.16b.

Magnetic potential difference Um,ys over the whole yoke has to be determined by cal-
culating the line integral of the magnetic field strength between the two poles of the yoke

©n
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o
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o

real
integration path

oot ideal s
. - integration path

! ys
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> >
hys hye
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Figure 3.16 (a) Flux of the stator yoke in an electrical machine, and the integration path of the mag-
netic voltage. (b) The behaviour of the flux density of the stator yoke, and the strongly nonlinear be-
haviour of the field strength Hy,, which explain the difficulties in the definition of the magnetic voltage
of the yoke. The ideal integration path is indicated by the thick black dotted line and the real integration
path by any flux line, for example the thick grey dotted line
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integration path
q
Un.ys = / H-dL (3.50)
d

The field diagram has to be known in order to be able to define the integral. Precise calculation
is possible only with numerical methods. In manual calculations, the magnetic voltages of the
stator and rotor yoke can be calculated from the equations

Um,ys = Cﬁysfys, (3.51)
Um.yr = Cﬁyrfyr (3.52)

Here I:IyS and I:Iyr are the field strengths corresponding to the highest flux density, and 7y
and T, are the lengths of the pole pitch in the middle of the yoke (Figures 3.1 and 3.16):

Dy — hys
Tys = ¥ (3.532)
p
Dr i h T
e TP (3.53b)

The coefficient ¢ takes into account the fact that the field strength is strongly nonlinear in
the yoke, and that the nonlinearity is the stronger, the more saturated the yoke is at the g-axis.
For most places in the yokes, the field strength is notably lower than flys or ﬁyr, see Figure
3.16. The coefficient is defined by the shape of the air-gap flux density curve, by the saturation
of the machine and by the dimensions of the machine. However, the most decisive factor is the
maximum flux density in the yoke of the machine. If there is a slot winding in the machine,
the magnetic voltage of the yoke can be estimated by the curve illustrated in Figure 3.17.

Figure 3.16 shows clearly that as the peak flux density in the g-axis approaches the iron
saturation flux density, the field strength H reaches very high peak values in the yoke. Since the

0.8 |
c
0.6
0.4
0.2
|
0 |
0 0.5 1.0 15 . 2.0
B,.B,/T
_—>

Figure 3.17 Influence of the maximum flux density of the stator or rotor yoke in the definition of the
coefficient ¢, applied in the determination of magnetic voltage
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peak H value is possible only on the g-axis, the average value of H decreases and consequently
so does the coefficient c.

In the case of a salient-pole stator or rotor, a value of ¢ = 1 can be applied for the yoke on
the salient-pole side of the machine.

Example 3.4: In a four-pole machine, the outer diameter Dy, = 0.5 m, the stator air gap
diameter is Dy = 0.3 m, the machine stator core length is 0.3 m and the air gap is 1 mm.
The peak value of the fundamental air-gap flux density is 0.9 T. The stator yoke height
hys = 0.05 m. Calculate the stator yoke magnetic voltage when the material is M400-50A.

Solution: Assuming a sinusoidal flux density distribution in the air gap according to Equa-
tion (3.18), the peak value of the air gap flux is

2

A o2 m-0.3m
Oy =—Bstpl'=—-09T - ——-
i b4

(0.3m 4+ 0.002m) = 0.0408 V's.

This flux is divided into two halves in the stator yoke. The yoke flux density is therefore

~

&, &, 0.0408 Vs

B s = = =
Y 28ys  2kpe (I —nyby)hys  2-0.98-0.3m-0.05m

=139T.

At this flux density, the maximum field strength in the yoke is about 400 A/m, see Ap-
pendix A. The stator yoke length is

Dy — hys 0.5m — 0.05
L = ) _ “; 8 ™ 0353m.
p .

According to Figure 3.17, the coefficient ¢ = 0.26, and hence we get for the stator yoke
magnetic voltage

Um.ys = cHytys = 0.26 - 400 A/m - 0.353m = 37 A.

3.5 No-Load Curve, Equivalent Air Gap and Magnetizing Current
of the Machine

In the determination of the current linkage required by the magnetic circuit, magnetic voltages
corresponding to a certain peak value Bj of the magnetic flux density of the air gap of the
machine have been calculated for all parts of the machine in turn. By selecting several values
for Bs and by repeating the above calculations, we may plot the curves for the magnetic
voltages required by the different parts of the machine, and, as their sum, we obtain the current
linkage required by the magnetic circuit of the complete machine:

A Unys | Unyr

Om = Uns + Unngs + Unmar + 5 5 (3.54)
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Figure 3.18 No-load curve of the machine (thick line) and its composition of the influences of the
stator teeth ds, the air gap de, the rotor teeth dr and the halves of stator and rotor yokes 1/2(ys, yr). In
some cases, the whole magnetic circuit is replaced with equivalent air gaps; consequently, the magnetiz-
ing curve can be replaced at an operation point by a straight line (dotted line). Note that the proportion
of the magnetic voltage of the iron is strongly exaggerated. In well-designed machines, the proportion
of the current linkage required by the iron is only a fraction of the current linkage required by the air
gaps. The total current linkage required by half a magnetic circuit is denoted @,,. The current linkage
needed in the whole magnetic circuit is Zém

As we can see, the equation sums the magnetic voltages of one air gap, one stator tooth, one
rotor tooth and halves of the stator and rotor yokes. This is illustrated in Figure 3.18. The
curve corresponds to the no-load curve defined in the no-load test of the machine, in which
the flux density axis is replaced by the voltage, and the current linkage axis is replaced by the
magnetizing current.

According to Figure 3.18, the magnetic voltage required by half of the iron in the complete
magnetic circuit is

0, .
“;Fe = On — Un.se. (3.55)

If the circuit has to be linearized (the dotted line in Figure 3.18), the air gap lengthened
with the Carter factor is replaced by the effective air gap J.¢, which also takes the reluctance
of the iron into account. This air gap can be defined by a proportion

Om__ Ot (3.56)
0m,6e 86 . '

When the amplitude &, of the current linkage corresponding to the operating point of the
machine has been defined, we are able to calculate the magnetizing current required by the
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machine. So far, no distinction has been made here between a machine that is magnetized with
the alternating current of the rotating-field winding (cf. asynchronous machines) and a ma-
chine magnetized with the direct current of the field winding (cf. synchronous machines). In
the case of a salient-pole machine (a synchronous machine or a DC machine), the magnetizing
field winding direct current Itpc required for one pole is

PN

Om

lipc = —. 3.57
e = o (3.57)

Here Ny is the total number of turns on the magnetizing pole of the machine. Pole windings
can in turn be suitably connected in series and in parallel to reach a desired voltage level and
current.

On the rotor of a nonsalient-pole synchronous machine, there has to be an equal number of
coil turns per pole as in a salient-pole machine, that is a number of Ny. These turns are divided
to the poles in the same way as in a salient-pole machine. The winding is now inserted in slots
as illustrated in Figure 3.9.

In all rotating-field machines (induction machines, various synchronous machines) the sta-
tor winding currents have a significant effect on the magnetic state of the machine. However,
only induction machines and synchronous reluctance machines are magnetized with the mag-
netizing current component of the stator current alone. In the cases of separately magnetized
machines and permanent magnet machines, the magnitude of the armature reaction is es-
timated by investigating the stator magnetization. For rotating-field machines, the required
effective value of the alternating current /g, is calculated with Equation (2.15). For the sake
of convenience, Equation (2.15) is repeated here for the fundamental:

A 4 kys1 N kws1 N
0. m 4 ks V2l = u\/ﬁ[m, (3.58)
27 2p p

A

O is the amplitude of the fundamental of the current linkage of the stator winding. kysg
denotes the winding factor of the fundamental of the machine. Ny/2p is the number of turns
per pole, when Ny is the number of series-connected turns of the stator (parallel branches
being neglected). m is the phase number. A single such amplitude magnetizes half of one
magnetic circuit. If the magnetic voltage is defined for half a magnetic circuit as shown in
Figure 3.18, and thus includes only one air gap and half of the iron circuit, the magnetizing
current of the whole pole pair is calculated with this equation.

Pole pairs in rotating-field machines can also be connected both in series and in paral-
lel, depending on the winding of the machine. In integral slot windings, the base winding
is of the length of a pole pair. Thus, in a four-pole machine for instance, the pole pairs of
the stator can be connected either in series or in parallel to create a functional construction.
In the case of fractional slot windings, a base winding of the length of several pole pairs
may be required. These base windings can in turn be connected in series and in parallel as
required. The magnetizing current measured at the poles of the machine thus depends on
the connection of the pole pairs. The effective value of the magnetizing current for a single
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pole pair Iy, is

PN

Omp
Lsmp = —2m A ko N (3.59)
2w 2p
Omprp
Ignp = — "t —. (3.60)
TP \/EWlkwle

In a complete magnetic circuit, there are two amplitude peaks, but the same current pro-
duces both a positive and a negative amplitude of the current linkage and, hence, 26, alto-
gether magnetizes the whole magnetic circuit. The current linkage produced by the magnetiz-
ing current /¢y, , for the complete pole pair is

PN

. Mkysi Ng 20 O p
20y = 2—1 5 2 s & Ignp = = :
' p T bl /5 Dk N

As we can see, the result is, in practice, the same when we know that 2(3)51 must equal 2@mp.

Example 3.5: The sum of magnetic voltages in half of the magnetic circuit of a four-
pole induction motor is 1500 A. There are 100 turns in series per stator winding, and the
fundamental winding factor is ky,; = 0.925. Calculate the no-load stator current.

Solution: The current linkage amplitude produced by a stator winding is, according to
Equation (2.15),

A 4 kys1 N, kws1 N,
Oy = 2220 oLy = T o,
27 2p mp

Rearranging, we get for the RMS value of the stator magnetizing current

PN

L __Gump _ 1500A-7-2
T kg N2 3-0.925 - 10042

24 A.

3.6 Magnetic Materials of a Rotating Machine

Ferromagnetic materials and permanent magnets are the most significant magnetic materials
used in machine construction. In these materials, there are elementary magnets, known as
Weiss domains. These Weiss domains are separated from each other by Bloch walls, which
are transition regions at the boundaries between magnetic domains. The width of a Bloch wall
varies between a few hundred and a thousand atomic spacings, Figure 3.19.

The increase in the magnetic momentum of a body under the influence of an external field
strength is a result of two independent processes. First, in a weak external field, those Weiss
domains that are already positioned in the direction of the field increase at the expense of
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Figure 3.19 Bloch wall separating Weiss domains. For instance, the width of the transition region
(Bloch wall) is 300 grid constants (about 0.1 mm)

the domains positioned in the opposite direction, see Figure 3.20. Second, in a strong mag-
netic field, the Weiss domains that are in the normal direction turn into the direction of the
field.

Turning elementary magnets requires a relatively high field strength. In magnetically soft
materials, the Bloch wall displacement processes are almost completed before the Weiss do-
mains begin to turn in the direction of the external field.

Without an external field strength, the Bloch walls are at rest. In practice, the walls are
usually positioned at impurities and crystal defects in materials. If the body experiences only
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Figure 3.20 In a weak external field, the walls of the Weiss domains are in reversible motion so that
the magnetic momentum of the whole body increases. (a) The external field strength is zero. For (b) and
(c), as the field strength increases, those Weiss domains which were not originally in the direction of the
external field decrease in size. (d) The domain originally in the normal direction has started to turn in
the direction of the external field
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a weak external field strength, the Bloch walls are only slightly displaced from rest. If the
field strength is removed, the Bloch walls return to their original positions. This process can
be observed even with a high-precision microscope.

If we let the field strength increase abruptly, the Bloch walls leave their position at rest
and do not return to their original positions even if the field strength is removed. These wall
displacements are called Barkhausen jumps, and they result from ferromagnetic hysteresis
and Barkhausen noise. It is possible that a Weiss domain takes over one of its neighbouring
domains in a single Barkhausen jump, particularly if the material includes a few, large crystal
defects.

If a magnetic field strength that is high enough begins to act on a Bloch wall, it moves from
its original position towards the next local energy maximum. If the magnetic field strength is
low, the wall does not cross the first energy peak, and as the action of the force ceases, the
wall returns to its original position. However, if the field strength is greater than the above, the
wall passes the first local energy maximum and cannot return to its original position, unless
an opposite field strength is acting upon it.

The displacement of Bloch walls in different materials takes place over a wide range of field
strengths. In ferromagnetic materials, some of the walls are displaced at low field strengths,
while some walls require a high field strength. The largest Barkhausen jumps occur at medium
field strengths. In some cases, all the walls jump at the same field strength so that saturation
magnetization is reached at once. Usually, the magnetization takes place in three separate
phases.

Figure 3.21 illustrates the magnetizing curve of a ferromagnetic material, with three dis-
tinctive phases. In the first phase, the changes are reversible; in the second phase, Barkhausen
jumps occur; and in the third phase, orientation of the Weiss domains takes place and all the
domains turn in the direction determined by the external field strength. Next, the saturation
magnetization and the respective saturation polarization J are reached.

Figure 3.22 helps to comprehend the formation of Weiss domains. The sections of the figure
illustrate a ferromagnetic crystal divided into different Weiss domains.

In Figure 3.22a, the crystal comprises only a single Weiss domain that looks like a perma-
nent magnet with N and S poles. In this kind of system, the magnetic energy, /2 [ BH dV/,
is high. The energy density corresponding to case (a) in Figure 3.22 is for iron of magnitude
poM? = 23kJ/m?.

In Figure 3.22b, the magnetic energy has decreased by half when the crystal has been
divided into two Weiss domains. In Figure 3.22c, it is assumed that the number of domains is
N, and consequently the magnetic energy is reduced to 1/Nth part of case (a).

If the domains are settled as in cases (d) and (e), there is no magnetic field outside the
body, and the magnetic energy of the crystal structure is zero. Here the triangular areas
are at an angle of 45° with the square areas. No external magnetic field is involved as in
Figures 3.22a, b and c. The magnetic flux is closed inside the crystal. In reality, Weiss
domains are far more complicated than the cases exemplified here. However, the domains
are created inside the body so that the magnetic energy of the body seeks the minimum
value.

In the design of electromechanical applications, some of the most valuable information
about the magnetizing of a material is obtained from the BH curve of the material in ques-
tion. Figure 3.23 depicts a technical magnetizing curve of a ferromagnetic material. In the
illustration, the flux density B is given as a function of field strength H.
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Figure 3.21 Magnetizing curve of a ferromagnetic material; in area a, only reversible Bloch wall dis-
placements take place; in area b, irreversible Barkhausen jumps occur; and in area c, the material satu-
rates when all Weiss domains are settled in parallel positions. Magnetization M saturates completely in
area c. The polarization curve (JH) of the material is equal to the magnetizing curve. A BH curve differs
from these curves for the amount of the addition caused by the permeability of a vacuum. As is known,
the BH curve does not actually saturate at a horizontal plane in area c, but continues upwards with a
slope defined by i as the field strength increases

(b) (© (d) ©

Figure 3.22 Division of a ferromagnetic crystal into Weiss domains in such a way that the energy
minimum is realized
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Figure 3.23 Technical magnetizing curve and a corresponding polarization curve of a ferromagnetic
material, that is a hysteresis loop. The coercivity related to the flux density —H g is the field strength
required to restore the magnetic field density B from remanence flux density B, to zero. The remanence
flux density B, is reached when the external magnetic field strength is restored to zero from a very high
value. The saturation flux density B, corresponds the saturation polarization J (By = Js + oHy)

3.6.1 Characteristics of Ferromagnetic Materials

The resistivity of pure ferromagnetic metals is usually of a few microohm centimetres
(10~% 2 m), as shown in Table 3.1.

Since laminated structures are applied mainly to prevent the harmful effects of eddy cur-
rents, it is advisable to select a sheet with maximum resistivity. The different elements al-
loyed with iron have different effects on the electromagnetic properties of iron. In alloys, the

Table 3.1 Physical characteristics of certain ferromagnetic materials (pure ferromagnetic materials at
room temperature are iron, nickel and cobalt). Adapted from Heck (1974)

Material Composition Density/kg/m®  Resistivity/uQ2cm  Melting point/°C
Iron 100% Fe — 9.6 —
99.0% Fe 7874 9.71 1539
99.8% Fe 7880 9.9 1539
Ferrosilicon 4% Si 7650 60 1450
Aluminium-iron 16% Al, iron for 6500 145 —
the rest
Aluminium—ferrosilicon 9.5% Si, 5.5% 8800 81 —
Al, iron for
the rest
Nickel 99.6% Ni 8890 8.7 —
Cobalt 99% Co 8840 9 1495

99.95% Co 8850 6.3 —
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Figure 3.24 Effect of silicon, aluminium, nickel, cobalt and copper alloying on the resistivity of iron.
Adapted from Heck (1974)

resistivity p tends to increase when compared with pure elements. This is an interesting char-
acteristic that has to be taken into account if we wish to reduce the amount of eddy currents
in magnetic materials. Figure 3.24 illustrates the increase in resistivity for iron, when a small
amount of an other element is alloyed with it. Copper, cobalt and nickel increase the resistiv-
ity of iron only marginally, whereas aluminium and silicon give a considerable increase in the
resistivity.

Consequently, materials suitable for electric sheets are silicon—iron and aluminium—iron.
A silicon-rich alloy makes the material brittle, and thus in practice the amount of silicon is
reduced to a few per cent in the alloy. Electric sheets have been developed with a silicon
content of 6%. An aluminium-rich alloy makes the material very hard (the Vickers hardness
HYV is about 250 for a material with an aluminium content of 16% by weight), which may have
an influence on the usability of the material. However, the resistivity of the material is so high
that it proves a very interesting alternative for certain special applications. In the literature
(Heck, 1974), an equation is introduced for the resistivity p of AlFe alloy as a function of
aluminium content pa) (percentage by weight):

P =9.9+4 11pa) ncm. (3.61)

This is valid at a temperature of +20 °C, where the aluminium content is <4% by weight. The
temperature coefficient of resistivity decreases sharply when the aluminium content increases,
and it is 350 x 107%/K when the aluminium content of the alloy is 10% by weight. When
the alloying is in the range where the occurrence of Fes;Al is possible, for instance if the
aluminium content is 12—14%, the resistivity of the material depends on the cooling method.



Design of Magnetic Circuits 189

p/nQem
160

140
cooling in water:

120

100 J

T T T SRR SRS AR NI S
FegAl
cooling 30 K/h

60

40

2077

0
0 2 4 6 8 10 12 14 16

compounding agent % per weight

Figure 3.25 Resistivity of aluminium—iron alloy as a function of the proportion of admixing material.
The resistivity is also partly dependent on the cooling rate of the material. Fe; Al compound is created
when the cooling takes place slowly, about 30 K/h. Adapted from Heck (1974)

As shown in Figure 3.25, the resistivity of a material cooled rapidly from 700 °C is notably
higher than for a material that is cooled more slowly (30 K/h).

The resistivity reaches a value of 167 uS2 cm when the proportion of aluminium is 17%
by weight, but above this content the alloy becomes paramagnetic. Aluminium—iron alloys
have been investigated from the beginning of the twentieth century, when it was discovered
that the addition of aluminium to iron had very similar effects as the addition of silicon. With
small aluminium contents, the coercivity of the AlFe alloys, hysteresis losses and saturation
flux density do not differ significantly from the respective properties of SiFe alloys. As the
aluminium content increases, the resistivity increases, whereas coercitivity, hysteresis losses
and saturation flux density decrease.

Heck (1974) gives an equation for the saturation flux density of AlFe alloys as a function
of aluminium content pa; (% by weight):

By = (2.164 — 0.057 pa) Vs/m>. (3.62)
According to Heck (1974), the density p of the alloy may be written as
p = (7.865 — 0.117 pa;) kg/m?. (3.63)

Figure 3.26 illustrates half of the hysteresis loop of an AlFe alloy, the proportion of alu-
minium being 16 atomic per cent. The figure shows that the saturation flux density By =
1.685 T given by Equation (3.62) is sufficiently accurate.

Iron—aluminium alloys can be employed for instance as laminating materials to reduce the
harmful effects of eddy currents in solid parts. Due to its hardness, the alloy has been used in
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Figure 3.26 Half of a hysteresis loop of an AlFe alloy, the proportion of aluminium being 16 atomic
per cent (8.4% by weight). The resistivity of the material is about 84 <2 cm at a temperature of +20 °C,
and the temperature coefficient of the resistivity is very low, of magnitude 350 ppm (parts per million).
On the above curve, the field strength values have to be multiplied by 10

tape recorder magnetic heads, for instance. Aluminium can also be employed together with
silicon as an alloying material of iron, but the commercial electric sheets are usually silicon
alloys. The alloying of both aluminium and silicon reduces the saturation flux density of iron,
but the decrease is not very rapid when compared for instance with carbon, which, already
with a content of 0.5%, makes iron unfit for a magnetic circuit.

The magnetic properties of a material depend on the orientation of the crystals of the ma-
terial. The crystals may be in random directions, and therefore anisotropy is not discernible
in the macroscopic magnetizing curve of the material. However, the crystals may also be
positioned so that the anisotropy is discernible at a macroscopic scale. In that case, the mag-
netizing curve is different depending on the direction of magnetization. The material is then
anisotropic, and it is said to have a magnetic texture.

The selection of the most favoured crystal orientations is based on several factors. For
instance, internal stresses, crystal defects and impurities may ease the orientation when the
material is rolled or heat treated in a magnetic field. Finally, all the most favoured directions
of the crystals are more or less parallel. In that case, the material is said to have a crystal
structure or a crystal texture.

This kind of crystal texture is technically important, because the whole body can be treated
as a single crystal. There are two significant cases that enable mass production of crystal
orientation: one is the Goss texture, common mainly in silicon—irons; and the other is a cubic
texture, common in 50% NiFe alloys. It is also possible to produce silicon-containing irons
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Figure 3.27 (a) Cubic texture and (b) Goss texture. The arrow points in the rolling direction of the
sheet. The cubic texture produces nonoriented materials and the Goss texture produces oriented materi-
als. The oriented materials have different magnetic properties in different directions

with a cubic crystal texture. Figure 3.27 depicts the orientation of crystals in these textures
with respect to rolling direction.

In a crystal lattice with a Goss texture, only one corner of the cube is parallel to the rolling
direction, which is also the main magnetizing direction in technical applications. In a crystal
lattice with a cubic texture, the whole side of the cube is parallel to the rolling plane, and
thus a favoured crystal orientation occurs also in the normal direction. For both textures, a
rectangular magnetizing curve is typical, since the saturation flux density is reached without
rotation of the Weiss domains. Also, a relatively high coercive force is typical of both tex-
tures, since the spontaneous magnetizing of the crystals remains easily in the direction of the
external magnetic field.

In electrical machine construction, both oriented and nonoriented silicon—iron electric
sheets are important materials. Oriented electric sheets are very anisotropic, and their perme-
ability perpendicular to the rolling direction is notably lower than in the longitudinal direction.
Oriented sheets can be employed mainly in transformers, in which the direction of the flux
has always to be same. In large electrical machines also, an oriented sheet is used, since, due
to the large dimensions of the machine, the sheet can be produced from elements in which the
direction of flux remains unchanged regardless of the rotation of the flux.

Oriented sheet material can be employed also in small machines, as long as it is ensured
during machine construction that the sheets are assembled at random so that the permeance
of the machine does not vary in different directions. However, the magnetic properties of an
oriented sheet in the direction deviating by 45-90° from the rolling direction are so poor that
using an oriented sheet is not necessarily advantageous in rotating electrical machines. Figure
3.28 illustrates the influence of the rolling direction in the iron losses and the permeability of
the material.

The main principle in machine construction is that those elements of rotating machines,
which experience a rotating field, are produced from nonoriented electric sheets, the prop-
erties of which are constant irrespective of the rolling direction. Figure 3.29 depicts the
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Figure 3.28 Iron losses P;s of a transformer sheet M6 at a flux density of 1.5 T, a frequency of 50 Hz
and a flux density Bs with an alternating current, when the effective value of the field strength is 5 A/m.
Reproduced by permission of Surahammars Bruk AB
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Figure 3.29 DC magnetizing curves of nonoriented electrical sheets, produced by Surahammars Bruk.
The silicon content of M400-65A is 2.7% and of M800-65A about 1%. The resistivity of M400-65A is
46 u2 cm, and of M700-65A 25 u2 cm. As defined in the European Standard EN 10106, the standard
grade of the material expresses the iron losses of the sheet at a peak flux density of 1.5 T and a frequency
of 50 Hz, and also the thickness of the material. Thus, the grade M800-65A means that the dissipation
power is 8 W/kg and the thickness of the sheet is 0.65 mm. Reproduced by permission of Surahammars
Bruk AB
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DC magnetizing curves of two nonoriented electric sheets, produced by Surahammars
Bruk AB.

3.6.2 Losses in Iron Circuits

In rotating machines, the machine parts are influenced by an alternating flux in different ways.
For instance, in an asynchronous machine, all the parts of the machine experience an alternat-
ing flux. The frequency of the stator is the frequency f fed by the network or an inverter. The
frequency f; of the rotor depends on the slip s and is

fi=s-fu (3.64)

The outer surface of the rotor and the inner surface of the stator experience high harmonic
frequencies caused by the slots. Also, the discrete distribution of the windings in the slots
creates flux components of different frequencies both in the stator and in the rotor. The varia-
tion of the flux in the rotor surface of an asynchronous machine can be restricted with certain
measures to a slow variation of the main flux. In that case, the rotor in some constructions can
be produced from solid steel.

In different synchronous machines (synchronous reluctance machines, separately magne-
tized machines, permanent magnet machines), the base frequency f of the armature core
(usually stator) is the frequency of the network (50 Hz in Europe) or the frequency of the
supplying frequency converter, and the frequency of the rotor is zero in the stationary state.
However, the rotor surface experiences high-frequency alternating flux components because
of a changing permeance caused by the stator slots. During different transients, the rotor of
a synchronous motor is also influenced by an alternating flux. The rotor of a synchronous
machine can be produced from solid steel since, in normal use, harmonic frequencies occur
only on the surface of the rotor. The amplitudes of these frequencies are quite low because of
the large air gaps that are common especially in nonsalient-pole machines.

In DC machines, the frequency of the stator is zero, and the flux varies only during tran-
sients, if we neglect the high-frequency flux variation caused by the permeance harmonics on
the surface of the pole shoe. DC-magnetized machine parts can be produced from cast steel or
thick steel sheet (1-2 mm). However, the armature core experiences a frequency that depends
on the rotation speed and the number of pole pairs. In a modification of a DC series-connected
machine, an AC commutator machine, all the parts of the machine are influenced by an al-
ternating flux, and therefore the entire iron circuit of the machine has to be produced from
thin electric sheet. In a doubly salient reluctance machine, all the machine parts experience
pulsating flux components of varying frequencies, and thus in this case also the parts have to
be made of thin electric sheet.

The most common thicknesses of electric sheet are 0.2, 0.35, 0.5, 0.65 and 1 mm. There
are also notably thinner sheets available for high-frequency purposes. Common nonoriented
electric sheets are available at least with a thickness of 0.1 mm. Amorphous iron strips are
available with a thickness of 0.05 mm in various widths.

Losses in an iron circuit are of two different types, namely hysteresis losses and eddy cur-
rent losses. The curves in Figure 3.30 illustrate half of a hysteresis loop for a magnetic ma-
terial. Hysteresis in a material causes losses in an alternating field. First, a power loss caused
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Figure 3.30 Determination of hysteresis loss: (a) entire hysteresis curve, (b) w;, magnetic energy per
volume stored when moving from 1 to 2, (c) w,, magnetic energy per volume returned when moving
from 2 to 3

by the hysteresis will be investigated in iron, see Figure 3.30. When H increases from zero at
point 1 to Hy,ax at point 2, an energy per volume w absorbed in a unit volume is

Bmax
m:/Hw. (3.65)

73'

Correspondingly, when H — 0, the dissipated energy is

B,
Wy = f HdB. (3.66)

Binax

The total hysteresis energy is calculated as a line integral, when the volume of the object
isV

Why =V % H dB. (3.67)

The hysteresis energy of Equation (3.67) is obtained by travelling around the hysteresis loop.

With an alternating current, the loop is circulated constantly, and therefore the hysteresis dis-

sipation power Py, depends on the frequency f. When the area of the curve describes the
hysteresis energy per volume wy,y, we obtain for the hysteresis power loss in volume V

Puy = fV why. (3.68)
Empirical equations yield an approximation for the hysteresis loss
Pry =0V f Bl (3.69)

where the exponent n varies typically over [1.5, 2.5],  being an empirical constant.
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Figure 3.31 Approximate hysteresis curves of electrical sheets produced by Surahammars Bruk AB.
M400-65A contains more silicon than M800-65A, which is a common material in small motors. Repro-
duced by permission of Surahammars Bruk AB

In the case of an alternating flux in the iron core, the alternation of the flux induces voltages
in the conductive core material. As a result, eddy currents occur in the core. These currents
tend to resist changes in the flux. In solid objects, the eddy currents become massive and effec-
tively restrict the flux from penetrating the material. The effect of eddy currents is limited by
using laminations or high-resistivity compounds instead of solid ferromagnetic metal cores.
Figure 3.31 depicts the hysteresis curves of two different electric sheets used in laminations,
produced by Surahammars Bruk AB.

Although magnetic cores are made of sheet, a thin sheet also enables eddy currents to occur
when the flux alternates. The case of Figure 3.32, in which an alternating flux penetrates the
core laminate, will now be investigated.

If a maximum flux density By, passes through the region 12341, the peak value for the flux
of a parallelogram (broken line) is obtained with the notation in Figure 3.32

A A

® =2hxBy,. (3.70)

Since d < h, the effective value of the voltage induced in this path is, according to the
induction law,

N

B
E=2""0n. (3.71)

/2

The resistance of the path in question depends on the specific resistivity p, the length of the
path / and the area S. The lamination is thin compared with its other dimensions. Hence, we
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Figure 3.32 Eddy currents in a sheet material. The magnetic flux density B is varying in the directions
given by the arrows and the corresponding eddy currents circulate around the magnetic flux. The eddy
currents try, according to Lenz’s law, to prohibit the flux from penetrating the laminations. The broken
line is for electrical sheet M400-65A and the solid line for electrical sheet M800-65A produced by
Surahammars Bruk AB

may simply write for the resistance of the path /

R=Cn 20 (3.72)

The flux density in the lamination creates a flux @ = xAB. The alternating flux creates a
voltage —d®/d¢ in the area observed. The induced voltage creates a current

2 f - Bmz N
E V2 . 2n f - B.wx dx
dl = — = = , (3.73)
wdx
the differential power loss being respectively
2nf - By)whx?d
APror = Edl = 22 Bu)whiZdx (3.74)

Il
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The eddy current loss in the whole sheet is thus

dn

. dn

(27 f By)’ wh ,

Pror = [ dProp = == [ x*dr. (3.75)
0 0

Since whd =V, the volume of the laminate, the eddy current loss is

whr? f2d*B% V-7 f2d*B2
60 N 60 '

Pre pr = (3.76)

Here we can see the radical influence of the sheet thickness d (P = d°), the peak value
of the flux density B, and the frequency f on eddy current losses. Also, the resistivity p is of
great significance. The measurements for silicon steel show that the eddy current loss is about
50% higher than the result given by Equation (3.76).

The reason for this difference lies in the large crystal size of silicon steel. In general, we
may state that as the crystal size increases, the eddy current losses in the material increase as
well. Equation (3.76) can nevertheless be used as a guide when estimating eddy current losses
for instance in the surroundings of a given operating point. Manufacturers usually give the
losses of their materials per mass unit at a certain peak value of flux density and frequency,
for instance Pys =4 W/kg, 1.5T, 50Hz or P;p = 1.75 W/kg, 1.0 T, 50 Hz.

Figure 3.33 illustrates the iron losses in two electric sheets of equal thickness and different
resistivity. The sheets are produced from the same materials as in the previous examples. The
thickness of the sheets is 0.65 mm. The manufacturers usually give combined iron losses; in
other words, eddy current losses and hysteresis losses are not separated.
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Figure 3.33 Iron losses of two different electrical sheets at an alternating flux of 50 Hz as a function of
the maximum value of the flux density. The curves include both the hysteresis loss and the eddy current
loss
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In manual calculations, the iron losses are found by dividing the magnetic circuit of the
machine into n sections, in which the flux density is approximately constant. Once the masses
mpre, of the different areas n have been calculated, the losses Pr., of the different parts of the
machine can be approximated as follows:

.o\ 2 N2
Bn Bn
Pren = Pro <ﬁ) Mpe, OF Pre, = Pis (15_T) MEe . (3.77)

Total losses can be calculated by summing the losses of different sections n. A problem
occurring in the calculation of losses in rotating machines is that the loss values P;5 and
P1o are valid only for a sinusoidally varying flux density. In rotating machines, however,
pure sinusoidal flux variation never occurs alone in any parts of the machine, but there are
always rotating fields that have somewhat different losses compared with varying field losses.
Also, field harmonics are present, and thus the losses, in practice, are higher than the results
calculated above indicate. Furthermore, the stresses created in the punching of the sheet and
also the burrs increase the loss index. In manual calculations, these phenomena are empirically
taken into account and the iron losses can be solved by taking into account the empirical
correction coefficients kg, defined for different sections n, Table 3.2:

N

2 2
B, B,
Pre =Y keenPro (ﬁ) MEen OF Pre= Y keenPis (15_T> Meen.  (3.78)

N

The iron losses discussed above are calculated only for a time-varying flux density required
by the fundamental of the main flux. In addition to these losses, there are other iron losses of
different origin in rotating machines. The most significant of these losses are as follows:

* End losses, which occur when the leakage flux of the machine end penetrates the solid struc-
tures of the machine, such as the end shields, creating eddy currents. Calculation of these
losses is rather difficult, and in manual calculations it suffices to apply empirical correction
coefficients in Equation (3.78) to take the influence of the losses into account.

¢ Additional losses in the teeth are caused by permeance harmonics that occur when the stator
and rotor teeth pass each other rapidly. To be able to calculate the losses, it is necessary to
solve the frequency and the amplitude of the harmonic experienced by a tooth. The losses
are calculated similarly as before. These losses are also included in the correction coefficient
kFe,n'

Table 3.2 Correction coefficients kg, for the definition of iron losses in different sections of different
machine types taking the above-mentioned anomalies into account. (Coefficients are valid for AC
machines with a sinusoidal supply and for DC machines.)

Machine type Teeth Yoke
Synchronous machine 2.0 1.5-1.7
Asynchronous machine 1.8 1.5-1.7

DC machine 2.5 1.6-2.0
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Figure 3.34 Paths of eddy currents in a solid pole shoe. The pattern is repeated at intervals of half a
slot pitch

¢ In machines with solid parts, for instance on the surface of pole shoes, harmonics created by
slots (cf. Figures 3.5 and 3.6) generate eddy currents that cause surface losses, Figure 3.34.
Richter (1967) introduced empirical equations for solving these losses. An accurate analysis
of the phenomenon is extremely difficult and requires the solution of the field equations in
solid material.

Usually, loss calculations are carried out assuming fundamental flux variation only. Table
3.2 roughly takes into account the harmonic behaviour in different parts of the machine by
simply multiplying the values calculated by the fundamental. If a more detailed analysis is
possible, the eddy current loss in the stator yoke, for instance, may be determined by calcu-
lating the tangential and radial flux density components at different frequencies. The eddy
current loss in a lamination of thickness d, mass mp., conductivity og. and density pg. is
calculated from

72 OFe .2 ;2 B2
PFe,EC = d MEe E i’l tann norm,n)

6 pFe
7'[2 OFe .7
=< p — fd mpe( fan. 1 +Bn0rm 1)kd (3.79)
+ B )
kd =14+ tdnn norm,n ) (380)
Z tdn 1 + Bnorm 1)

These equations require an accurate flux density solution that may be divided into the compo-
nents of different harmonics.



200 Design of Rotating Electrical Machines

For the hysteresis losses, there is a similar approach:

/ - /
Prey = Cuy g Me > 1 (Bln + Blms) = ey T (Bint + Biom.1) ka- (3.8D)
n=1

The hysteresis coefficient cgy = 1.2-2 [A m*/V skg] for anisotropic laminations with 4% of
silicon and 4.4—4.8 [A m*/V skg] for isotropic laminations with 2% of silicon.

Even Equations (3.79-3.81), however, give too low values for the iron losses, and additional
core losses have to be taken into account by suitable loss coefficients. For instance, the values
of Table 3.2 may be used.

Motors also face the problem of a pulse-width-modulated (PWM) supply. In a PWM supply,
the losses of the motor increase in many ways. Also the iron losses increase, especially on the
rotor surface. Depending on the PWM switching frequency, the overall efficiency of the motor
is typically 1-2% lower in a PWM supply than in a sinusoidal supply.

3.7 Permanent Magnets in Rotating Machines

Next, permanent magnet materials and their properties are discussed. Magnetically soft mate-
rials are employed to facilitate the magnetizing processes, such as the displacement of Bloch
walls and the orientation of Weiss domains; see Figure 3.19. With permanent magnets, the
requirements are the opposite. The displacement of a permanent magnet from the initial state
is difficult. When the Weiss domains have been aligned in parallel orientations with a high
external field strength, the material becomes permanently magnetized.

The objective can be met by the following means. The displacement of Bloch walls is
prevented by inhomogeneities and the extremely fine structure of the material. The best way
to completely prevent the displacement of Bloch walls is to select so fine a structure that each
particle of the material comprises only a single Weiss domain in order to create an energy
minimum.

In addition, the orientation of Weiss domains has to be impeded. Now, anisotropy is uti-
lized. Both a high crystal anisotropy of the material and a high anisotropy of the shape of
the crystals (rod-shaped crystals are selected) significantly impede the orientation of Weiss
domains. This leads to an increase of magnetic hardness and coercivity H.;. With rare-earth
permanent magnets, a high crystal anisotropy is reached mainly by employing rare-earth met-
als as base materials. With hard ferrites, the crystal anisotropy is reached chiefly by orientating
the particles under pressure in a magnetic field.

3.7.1 History and Characteristics of Permanent Magnets

Excluding the natural magnet, magnetite (Fe3;O,), the development and manufacture of per-
manent magnet materials began in the early twentieth century with the production of carbon,
cobalt and wolfram steels. These permanent magnet materials, the magnetic properties of
which were rather poor, remained the only permanent magnet materials for decades. A re-
markable improvement in the field was due to the discovery of AINi and especially AINiCo
materials. The next significant step forward was taken in the 1960s, when the compounds of
rare-earth metals and cobalt were invented. The most important materials were SmCos and
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Figure 3.35 Development of the energy product of permanent magnet materials in the twentieth
century: 1, cobalt steel; 2, FeCoV; 3, AINiCo; 4, AINiCo; 5, SmCos; 6, Sm(Co, Cu,Fe,Zr)17; 7, NdFeB;
8, NdFeB; 9, NdFeB. Neorem refers to a commercial material NEOREM 503 i (produced by Ne-
orem Magnets), the energy product of which is about 370 kJ/m?*. Adapted from Vacuumschmelze (2003).
http://www.vacuumschmelze.de/dynamic/docroot/medialib/documents/broschueren/dmbrosch/PD002e.
pdf

Sm;,Coy;. Later, better and more complicated variations of these two were discovered, such
as Smy(Co, Cu, Fe, Zr),7. After the discovery of these materials, the next significant invention
was the neodymium—iron—boron permanent magnets, which nowadays yield the highest en-
ergy product. An advantage of these materials is that the rare samarium and cobalt have been
replaced by the far more common neodymium and iron. The basic type of these materials
is Nd;sFe;;Bg. Figure 3.35 illustrates the development of the energy product of permanent
magnets from the beginning of the twentieth century (Vacuumschmelze, 2003).

The remanence flux density of commonly used SmCo5 is 1.05T at maximum, and its
energy product is 210kJ/m>. The maximum values for neodymium—iron—boron are 1.5T
and 450kJ/m>. In practice, motor-grade materials still remain below an energy product of
400 kJ/m?.

Previously, a serious problem with permanent magnet materials was the easy demagneti-
zation of the materials. The best permanent magnet materials are quite insensitive to external
field strengths and the influence of an air gap. Only short-circuit currents in hot machines may
constitute a risk of demagnetization in certain structures.

The most significant permanent magnetic materials in commercial production are the fol-
lowing:

¢ AINiCo magnets are metallic compounds of iron and several other metals. The most impor-
tant alloying metals are aluminium, nickel and cobalt.
¢ Ferrite magnets are made of sintered oxides, barium and strontium hexa-ferrite.
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¢ RECo magnets (rare-earth cobalt magnets) are produced by a powder metallurgy technique,
and comprise rare-earth metals (mainly samarium) and cobalt in the ratios of 1:5 and 2: 17.
The latter also includes iron, zirconium and copper.

* Neodymium magnets are neodymium—iron—boron magnets, produced by a powder metal-
lurgy technique.

Neodymium magnets were invented in 1983. They are produced by a powder metallurgy
process developed by Sumimoto, or by a ‘melt-spinning’ process developed by General Mo-
tors. These materials typically comprise about 65% iron, 33% neodymium and 1.2% boron,
with small amounts of aluminium and niobium. In some cases, dysprosium and cobalt are also
employed.

Neodymium magnets are sensitive to changes in temperature. The intrinsic coercive force
drops notably when the temperature rises. However, by employing other rare-earth metals as
alloying elements for neodymium, the operating temperature can be raised to 180 °C. Due to
their properties, neodymium magnets can be employed in electromagnetic hoists, magneti-
cally suspended trains, generators, magnetic separation devices and in various motors.

The energy product of SmCo (1 : 5) magnets (invented in 1969) is 175 kJ/m? at maximum,
and SmCo (2 : 17) magnets (invented in the 1980s) typically reach 200 kJ/m? (255 kJ/m? max-
imum). The heat resistance of SmCo magnet is excellent when compared with neodymium
magnets, and they can be used at temperatures up to 250 °C. Furthermore, the corrosion resis-
tance of SmCo magnets is better than that of neodymium magnets, but they are more brittle
than neodymium magnets. SmCo magnets are common in applications in which the amount
of material, that is the lightness, and the heat resistance are decisive factors, while the price
is of little significance. Typical applications are for small stepper motors, cathode-ray tube
(CRT) positioning systems, electromechanical actuators, earphones, loudspeakers, etc.

As a single-phase alloy, SmCos is rather easily saturated. As shown in Figure 3.36, about
200 kA/m suffices for the saturation of SmCos, since the Bloch walls are easily displaced in
the crystals. Also the coercivity in this case is rather small (H.; =~ 150kA/m). The coercive
force changes only when the external field strength H ,,, increases so high that all the grains
have become magnetized against the inner leakage fields of the material. At complete satura-
tion, there are no longer any Bloch walls in the crystals. Figure 3.36 illustrates the change in
the coercive force of SmCos, when the field strength Hp,, used for the magnetization of the
material is increased.

A second basic material Sm;Co;7 behaves completely differently in magnetizing; see Fig-
ure 3.37. Here, at low field strengths (<H,s), the material is not magnetized even close to
saturation, but a double or triple field strength is required when compared with the coercive
force to reach a high remanence. This is because the Bloch walls are oriented along the crystal
domain boundaries, and their orientation and displacement are particularly difficult.

Ferrites were first introduced in the 1950s, and because of their low price, they are still
dominant on the market. There are two commercial alternatives of ferrites available, based on
either strontium (18%) or barium (21%) carbonate processed into hexa-ferrites. Both isotropic
and anisotropic qualities are produced by powder metallurgy methods.

AINiCo magnets were invented in the 1930s, and their utilization was at its height in the
1960s. Nowadays they are employed at temperatures of 300 °C and above. AINiCo magnets
are produced either by casting or by sintering. Their typical composition is 50% Fe, 25%
Co, 14% Ni, 8% Al, 3% Cu/Nd/Si. Impurities of C, Cr, Mn and P have to be avoided. The
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Figure 3.36 Increase in the coercive force of the SmCos-type VACOMAX 170; the increase is due to
the increase in the magnetizing field strength, Hy,e, as a parameter. The behaviour of neodymium mag-
nets in magnetizing is similar to the behaviour of the SmCos. Adapted from Vacuumschmelze (2003).
http://www.vacuumschmelze.de/dynamic/docroot/medialib/documents/broschueren/dmbrosch/PD002e.
pdf
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Figure 3.37 Increase in the coercive force of the Sm,Co;;-type VACOMAX 240 HR caused by an
increase in the magnetizing field strength H,,. Different qualities may require notably higher mag-
netizing field strengths, for example up to 4000 kA/m. Adapted from Vacuumschmelze (2003). http://
www.vacuumschmelze.de/dynamic/docroot/medialib/documents/broschueren/dmbrosch/PD002e.pdf
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cast qualities yield a 25% better magnetic performance than the sintered qualities. AINiCo
magnets are resistant to high temperatures, and do not corrode easily. The energy products are
typically 10-80 kJ/m>.

At the moment, the most rapidly growing field is polymer-bonded permanent magnets. All
the basic types can be produced as polymer-bonded types. Both isotropic and anisotropic
qualities are commercially available. Polymer-bonded magnets are well machinable, and they
can be used in complicated structures. Their heat resistance depends on the bonding agent and
varies between 100 and 150 °C. They are common in small stepper and DC motors, tachome-
ters, motors of diskette drives, toys, quartz watches and phones.

In general, we may state that the decisive requirements for good permanent magnet ma-
terials are a high saturation polarization, a high Curie temperature, and either a high crystal
anisotropy as a material property, or the possibility to shape the anisotropy significantly. As
with magnetically soft materials, the hysteresis loop is now an important characteristic curve.
Usually, only the section in the second quadrant of the hysteresis loop is given. In the con-
struction of magnetic circuits with permanent magnets, the geometry of the magnetic circuit is
selected in such a way that a typical maximum energy product is reached for each permanent
magnet material, Figure 3.38.

The dependence of the B and J curves is written as J = B — uoH, and therefore either
one of the curves may be applied alone to describe the characteristics of a permanent magnet.
At the remanence B;, the curves are united, since H = 0. The intersection points on the H-
axis are different for the flux density curve and the polarization curve, and the corresponding
coercivities are denoted H.p and H; respectively. J describes the saturation polarization
of the material. The quantities related to magnetizing are illustrated in Figure 3.39, which
describes a typical hysteresis curve of a neodymium magnet for both the flux density and the
polarization.

|(BH)PMmaX|

v
v

—H.p H |(BH)PM|

Figure 3.38 Second quarter of the hysteresis curve of a general permanent magnet and the correspond-
ing behaviour of (BH)py product
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Figure 3.39 (a) Typical hysteresis curve of a neodymium magnet illustrated with the flux density B and
the polarization J. (b) The behaviour of the polarization and demagnetization curves under increasing
temperature 7. Typically, the polarization of a neodymium magnet decreases by about 10% when the
temperature increases by 100 K

The characteristics of permanent magnets are chiefly described by the following quantities:

* remanence By;

e coercivity H¢y (or Hep);

¢ the second quarter of the hysteresis loop;

¢ energy product (BH)pmmax;

¢ temperature coefficients of B; and Hy, reversible and irreversible portions separated;
® resistivity p;

¢ mechanical characteristics;

¢ chemical characteristics.

A comparison of the characteristics of neodymium magnets and SmCo magnets is presented
in Table 3.3.

3.7.2 Operating Point of a Permanent Magnet Circuit

Let us consider the permanent magnet ring in Figure 3.40. First, it is assumed that the ring of
Figure 3.40 is complete, ‘closed’ and magnetized until saturation so that the saturation polar-
ization of the permanent magnet material is reached, after which the magnetizing equipment
is removed. Although the external field strength is removed, there remains a remanence flux
density B; in the ring. Next, a section is cut out of the ring; the magnet is ‘opened’ with an
air gap 4. In the created air gap, we may measure field strength H;. Since there is no current
flowing through the ring (3_ i = 0), we obtain from Ampere’s law

fHdl = Hpmhpm + Hsé = 0. (3.82)
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Table 3.3 Comparison of the characteristics of neodymium magnets and SmCo magnets. Adapted
from TDK (2005) www.tdk.co.jp/tefe02/e331.pdf

Neodymium magnets

SmCo magnets

Composition

Production

Energy product

Remanence

Intrinsic coercive force, H;

Relative permeability

Reversible temperature coefficient of
remanence

Reversible temperature coefficient of
coercive H

Nd, Fe, B, etc.
Sintering
199-310kJ/m?
1.03-1.3T

875kA/mto 1.99 MA/m

1.05
—0.11 to —0.13%/K

—0.55 to —0.65%/K

Sm, Co, Fe, Cu, etc.
Sintering

255kJ/m?

0.82-1.16 T

493 kA/m to 1.59 MA/m
1.05

—0.03 to —0.04%/K

—0.15 to —0.30%/K

Curie temperature 320°C 800°C
Density 7300-7500 kg/m? 8200-8400 kg/m?
Coefficient of thermal expansion in 5.2 x 107%/K 5.2 x 1079/K
magnetizing direction
Coefficient of thermal expansion —0.8 x 107%/K 11 x 107%/K
normal to magnetizing direction
Bending strength 250 N/mm? 150 N/mm?
Compression strength 1100 N/mm? 800 N/mm?
Tensile strength 75 N/mm? 35 N/mm?
Vickers hardness 550-650 500-550
Resistivity 110170 x 1078 Qm 86 x 1078 Qm
Conductivity 590 000-900 000 S/m 1160 000 S/m
Thus, we obtain for the field strength of the magnet
Hpy = —hiHé where /hpy is the ‘height’ of the permanent magnet. (3.83)
PM

We have now defined the field strength Hpy; caused by the atomic magnets of the ring
material. Equation (3.83) shows that the influence of an air gap corresponds to the situation

5 H,

Figure 3.40 Definition of the field strength of an opened permanent magnet ring
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Figure 3.41 Characteristic demagnetization curve (H.p—A-B,), an operation line segment (A-B',),
an operating point (T) and the optimum operating point (Ayy) of a permanent magnet system. The
energy product of the material is indicated by —(BH )py. The polarization curve Jpy; shows that at higher
demagnetizing field strengths, the permanent magnet material loses its polarization. This magnet is in
too high a demagnetizing field when the point A is reached. Part of the polarization J is lost. The new
remanence is B . For the best utilization of the magnet material, the demagnetizing field strength should
not go much beyond H sop

in which an unopened permanent magnet ring is magnetized in a negative direction with the
field strength Hpyr. On the characteristic curve of the ring material (Figure 3.41), the operating
point has moved from B; to the point A (called a base point), where the field strength Hy =
Hpy Equation (3.83).

If we now shorten the air gap, the operating point moves along the reversible magnetizing
line AB',, called an operation line segment. The reversible magnetizing curve is not exactly a
straight line but very close to it, and thus in our calculations we can use a straight line instead
of a curve. If we close the ring again, the new remanence flux density will be B/, which is
lower than the original remanence flux density B; before opening the ring. The closing of the
magnet may take place for instance either with the same permanent magnet material or with
ideal iron, in which no field strength is needed to produce the flux density B),.

Permanent magnets are usually hard to machine and expensive, and therefore soft iron is
used with them as part of the magnetic circuit, as shown in Figure 3.42. Let us assume that
the characteristics of the permanent magnet material in Figure 3.42 are as shown in Figure
3.41 and the operation line is AB’,. If the height of the permanent magnet is /py and the
cross-sectional area Spy, the flux of the magnet is

Dpyv = SpmBpm = (1 +0) SsBs = (1 + ) SspuoHs (3.84)

where o is the leakage factor, that is the ratio of the leakage flux to the main flux o = @,/®j,
and S; the area of the air gap. From Equation (3.84), we obtain

Ss h h
BPMZ—(l—i—o‘)Mo—BﬂHpMZ—(1+U)A5ﬂHPM (385)
) SPM SPM
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Figure 3.42 Permanent magnet as a part of a magnetic circuit consisting of iron and an air gap. The
magnet creates a flux ®@py, which is divided into an air-gap flux @; and leakage flux @,

where A; is the permeance of the air gap. Equation (3.85) describes a line passing through the
origin. This line meets the curve H/AB/, at the point T (Figure 3.41), which is the operating
point of the magnet system.

From the product of Equations (3.83) and (3.84), we may solve

_1 \/ = (HB)pu| - Vem (3.86)

Hs =
1) (1+0)- As

where Vpy = Spmfipm is the volume of the permanent magnet. A permanent magnet of a
certain size thus yields a higher field in the air gap, the higher the energy product BpyiHpym of
the magnet material. Figures 3.38 and 3.41 depict diagrams of this product, which show that
it has a maximum value. The magnet material is optimally utilized when the operating point
is as close as possible to the point A,p,;. The maximum of the energy product is reached at this
point. If we wish to have a higher flux density than occurs at the optimum point Ay, we have
to use more permanent magnet material and the operating point moves toward the remanence
flux density B),. However, the remanence flux density may not be exceeded in the magnet.

A permanent magnet keeps its operation line segment once selected, if its circuit is not
opened more than the base point A allows. If we wish to keep the respective polarization
and the remanence flux density B/, a permanent magnet may not be demagnetized with a
higher field strength than H . In practice, because of their low relative permeability (u, =
1.05), samarium—cobalt and neodymium magnets form an air gap themselves (cf. Equation
(3.83), and physically opening the magnet circuit does not have any significant effect on the
operation of the magnet. The characteristic curve of samarium—cobalt and neodymium mag-
nets in the second quadrant is practically a straight line, and the operation line segment joins
the characteristic curve. In this case, the magnet is utilized best when the flux density of the
magnet is B,/2.

The situation is different with permanent magnet steel. It has a high relative permeability,
and therefore opening such a magnet has a remarkable influence on the operating point of
the magnet. Neodymium and samarium—cobalt magnets tolerate well possible demagnetizing
fields, and the operation line of the magnet may remain unchanged unless the polarization
of the magnet is lost under a very high demagnetizing field strength. Opening the material
with an air gap is not sufficient to demagnetize the magnets, but a negative armature reaction
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at a high temperature might cause loss of polarization in samarium—cobalt and neodymium
magnets, for instance in the case of a stator short circuit.

The capability of tolerating negative field strength is a very important property of perma-
nent magnet materials used in electrical machines. Old high-permeability magnet materials
allow only a small opening of the magnetic circuit, and a demagnetizing armature reaction
is forbidden. Rare-earth magnets, however, can tolerate the opening of the magnet (air gap)
and also a demagnetizing armature reaction. In a permanent magnet machine, this means that
we may have a negative stator d-axis current in the rotor coordinate system. This allows the
possibility of a high power factor in permanent magnet machines.

The continuation of the operation line segment meets the field strength axis at the point H
(Figure 3.41), which is called the calculatory coercive force. If the magnet is opened more than
at the point A, the magnet is further demagnetized and the absolute value of the calculatory
coercive force decreases. The product of H/ and the length of the permanent magnet /ipy
yields the current linkage of the permanent magnet

B

Opm = H] hpy =
OMr

hpm. (3.87)

1y is the relative permeability of the permanent magnet material.
The equation for the magnetic flux of a permanent magnet circuit can be written as

B

P = AtotHc/hPM = Alot
oMr

hpm, (3.88)

where the permeance of the whole circuit, including the permanent magnet itself, is

Apm Aext

A = M ext
T Apm A+ Aext

(3.89)

Here A is the permeance of the external part of the permanent magnet circuit (iron, air gap
and leakage) and Apy is the permeance of the permanent magnet.

From the study above we may note that, in practice, a permanent magnet material normally
operates at a flux density lower than the remanence flux density of the material Bpy; < B;. If
we use some rare-earth magnet material, the operation line joins the demagnetizing curve of
the material. Such a permanent magnet can create a flux density equal to its remanence flux
density B; in an infinitesimal air gap. In practical cases, the air gap is finite and also the iron
circuit creates a magnetic voltage. Hence, Bpy < B; if the armature reaction is not affecting
in the same direction as the permanent magnet, which is not usually the case.

If a high air-gap flux density is sought and the permanent magnet material operates above
its optimal point (Ao in Figure 3.41), the utilization of the magnet is inefficient, and an
excessive amount of the magnet is required. If, however, there is a possibility to arrange a
wide permanent magnet, wider than the air gap, the air-gap flux density may be higher than
the remanence of the magnet. This is illustrated in Figure 3.43.

The resistivity of a permanent magnet is a significant factor in the design of an electrical
machine. Permanent magnets are often exposed to the permeance and time harmonics of elec-
trical machines, and if the resistivity of the magnet is low, eddy currents and losses are also
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Figure 3.43 Air-gap flux density Bs compared with the permanent magnet material remanence B,
when using (a) narrow or (b) wide magnets. wpy, the width of the permanent magnet; w, the width
of the air gap. @pya > Ppy;. This makes it possible that the air-gap flux density Bs may be even larger
than the remanence B, of the magnet material

created. The resistivity of sintered neodymium magnets is about 110—170 x 1078 Q@ m. This
is 5-10-fold when compared with steel, and these magnets are thus clearly conductive and
produce losses under alternating fields.

As the resistivity of sintered NdFeB magnets is only a few times larger than that of steel,
eddy current losses in such magnets may not be omitted in machine design. Especially, the
slot harmonics and frequency converter switching harmonics should be taken into account
in machines with rotor surface magnets. The slot harmonics may be negligible only in very
low-speed machines. Exact calculation of the losses in permanent magnets is, however, very
difficult and the method presented here for the losses caused by slotting may be regarded as
an indicative method for the loss calculation.

The frequency f, on a rotor surface magnet caused by slotting in a machine rotating at
speed n [1/s] is

Jfu=Qsn. (3.90)

As the magnets are often long compared with the slot pitch 7, of the machine, the calcu-
lation is simplified assuming that only an axial (z-direction) eddy current travels in the per-
manent magnets similar to Figure 3.34. According to Gieras, Wang and Kamper (2008), eddy
current losses in permanent magnets may be estimated by using a simplified linear theory for
the eddy currents in the magnets. In such a case, the magnetic vector potential A (defined as
V xA=BandV - A = 0) in the magnets may be described by the following two-dimensional
scalar equation:

2 Amy 0% Amzy d+p
- — = vAmz = i)k Amzv =
92 + ayz (24 v =0 +)ky Son

Amzv, (3.91)

where the depth of penetration in the permanent magnet is

/ 2 1
Spvp = | ————— = —. (3.92)
Wy LPMOPM k,
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A general solution for (3.91) may for instance be written as

o0
. T —Ky Ky
Ape = Z_;sm (@ +Box = T) (Ane™ + A1e™) (3.93)
where
T w, w,
By =v—=—"= , (3.94)
7 % nDn
Ky = \/013 + ,35 = (agy + Brv) kv, (3.95)
1 8, 4 8, 2
= — | Jay (2 B 3.96
“ «/z\ +(kv) +(kv) ( )

1 BN (B
ax, = E 4 4 <E> — <k_v> . 3.97)

Adapting the details given by Gieras, Wang and Kamper (2008), it may be deduced that, by
using the Carter factor calculation for a fictive air-gap length measured from the stator inner
surface to the middle of a rotor surface permanent magnet, an estimate can be found for the
permanent magnet eddy current losses caused by stator slotting. When the following air gap
is used

hPM

8PMec =46+ s
2pipm

(3.98)

we get a suitable flux density variation for the evaluation of the permanent magnet eddy cur-
rent losses

By = ﬂBmax = ﬂkCBaw (3.99)

Now, the eddy current losses in permanent magnets may be calculated as

Perec = lClRu (1 + E) M _Bo " ky SpM- (3.100)
2 217 B2 \potem /) Opm

The total surface of the permanent magnets is
Spm ~ 7w Drapml. (3.101)

Equation (3.100) can also be used to estimate reactive losses in permanent magnets by
replacing ag, by ay,.
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Example 3.6: Calculate the eddy current losses in large sintered neodymium magnets
attached to the rotor surface in a 500 min~! permanent magnet motor having a rotor di-
ameter of 200 mm and 60 stator slots. The rotor length is 200 mm and the relative width
of the permanent magnets is apy; = 0.7. The slot openings are »; = 3 mm and the physi-
cal air gap is 0.8 mm. The magnets are 6 mm thick and the air-gap flux density under the
stator teeth is B, = 0.9 T. The conductivity of the permanent magnet material is about
670000 S/m.

Solution: We assume that no hysteresis losses take place in permanent magnet materials,
and hence all the losses are eddy current losses. The frequency of the flux density variation
is (500/60) x 60 Hz = 500 Hz.

The fictive air gap is

Spatee = 8+ —08mm+ " _ 365
PMec — ZMTPM mm 2.1.04 . mm,
5 .
by 3368

5+b/5  5+3/3.68
be = kb; =0.14 - 3 mm = 0.42 mm,
Ty 10

C T, —kb,  10—042

by bi\* 3 3\
= 1 1 — ) = 1 = 1.487,
"=y +<25> 2368 "\ +(2~3.68)

T4 —2u 1414872 —2.1.487
po w1t — 0.037,
2(1+ u?) 2-(1+ 1.4872)

By = BBmax = 0.037-09T =0.033 T,

WPMJPM 500 - 27 - 1.04 - 47 - 10~ Vs/Am 670000 S/m
ky = =37.1/m

P 27 - 60 - 282_2.60_600
" T 7Dn . 702. 202

! +ﬂ” +IBV2 ! 44 600 4+ 600 \° 16.2
a v = _— = — —_— —_— = WLy
K k, ky V2 37.1 37.1
By \> kv
<1+ )Iauzl ( 0 )
217 BF \ oMM,/ OPM

0.0Im \ [(1+j)-37.1] 0.033T 2
1621+ : : -
2.02m 6002 1.04-47 - 107" Vs/Am

S

Prrec =

D= )=

373
670000°"M
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=8.1-1.02-

Spm

(\/5.:«;7.1)2 ( 0.033T )2 37.1

6002 1.04 - 47 - 107 Vs/Am/ 670000

-0.088 m? ~ 190 W.

w w
~ 2200 — Spm = 2200 —
m m

2

To reduce the losses, the magnets should have smaller dimensions, especially in the axial
direction.

There are also plastic-bonded magnets available. In these products, the best properties of
rare-earth and ferrite permanent magnet materials and suitable resins are combined. The resin
acts as a bonding material for permanent magnet powder. Because of the resin film between
the magnet particles, the conductivity of plastic-bonded magnets is extremely low, and thus
eddy current losses occur only inside the particles. Losses are in most cases insignificant.
The problem with the plastic-bonded magnets is that the magnetic properties are remarkably
weaker than in sintered products. The remanence flux density of plastic-bonded materials is
about half of that of sintered ones.

The mechanical properties of magnetic materials are weak. Sintered magnets are resistant
to pressure, but their tensile strength is low.

The chemical properties of neodymium magnets are also weak. With different coatings, it is
possible to make neodymium magnets relatively moisture resistant. Oxygen and moisture cor-
rode an unprotected neodymium magnet, and the material is reduced to light-coloured powder.

3.7.3 Application of Permanent Magnets in Electrical Machines

Permanent magnets are applied in a wide range of small electrical machines. They are utilized
for instance in the excitation of DC machines and synchronous machines, and in hybrid step-
per motors. Permanent magnets are increasingly occurring in large machines too. There are
already permanent magnet synchronous machines of several megawatts in for instance direct-
driven wind-power generators. Permanent magnets can in some cases be employed as magnet
bearings. In that case, the repulsive reaction between two permanent magnets is utilized. In
the design of a magnetic circuit with a permanent magnet material, more iteration is required
than in the design of magnetic circuits of ordinary machines. Since the permeability of a per-
manent magnet material roughly equals the permeance of a vacuum, the permanent magnet
material has a very strong influence on the reluctance of the magnetic circuit, and thus also on
the inductances of the armature winding of the rotating-field machine.

Example 3.7: Simple magnetic circuits with a small air gap are investigated (Figure 3.44).
One of the circuits is magnetized with a winding N,. The device is either a reactor with
two coils, or a transformer, but the arrangement can also be easily employed to illustrate
a rotating machine magnetized with a single magnetizing winding. The other winding
corresponds to the armature winding. One of the circuits is magnetized with a permanent
magnet material, the coercive force of which is 800 kA/m, and the relative permeability is
1.05. Calculate the properties of the magnetic systems.
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Solution: 1t is first simply assumed that the iron parts of the magnetic circuits take 5% of
the current linkage required for magnetizing the physical air gap. Further, it is assumed
that no flux leakage occurs, and the whole magnetic flux flows in the circuit /. Now, we
aim for a flux density of 1T in the air gap. First, a circuit magnetized with winding N,
is investigated. We may assume that an effective air gap, including the influence of the
magnetic voltage of the iron, is §of = 1.05 mm.

For a flux density of 1T in air, a field strength of

Hs = Bs/jo = 1/(4m - 1077) A/m = 796 kA/m

is required. Because the entire magnetic circuit is replaced by a single air gap & =
1.05 mm, the required current linkage

©® = Hs0es =796 -1.05 A =836 A

is obtained, the proportion of the iron being 0.05 x 836 A = 42 A. There are 100 turns in
the winding, and hence the current flowing in the circuit has to be I, = 8.36 A.
The flux of the magnetic circuit is of magnitude

® =85B;=001-1Vs=0.01Vs.
Respectively, the flux linkage of the winding N, is
¥, =®N, =0.01-100Vs =1Vs.

Since there is a current I, = 8.36 A flowing in the coil, and it creates a flux linkage of
1 Vs, the self-inductance of the coil is approximately

Loy = /1, =1/8.36 H= 120 mH.
The flux linkage of the coil N; is respectively
Vi, =0N; =0.01-50Vs =0.5Vs.

There is no current flowing in the winding, because the flux @ is created by the coil
N, alone. The self-inductance of the coil N could be calculated accordingly. Instead, we
apply the reluctance of the magnetic circuit in the calculation, and thus

Ruers = der/uS = 0.00105/(4rr - 1077 - 0.01)A/V's = 83.6kA/V's.

The self-inductance is thus

Lii = N?/Rupess = 50%/83.6 mH = 30 mH.
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Correspondingly, the mutual inductance between the windings can be written for an
ideal flux connection in the form

L12 = L21 = NlNg/RmFeJrg =50- 100/836 mH = 60 mH.

Next, the characteristics of a magnetic circuit with a permanent magnet are investigated.
A permanent magnet produces a strong current linkage:

Opm = hpmH, = 8000 A.

This current linkage is very high when compared with the current linkage of the winding
N, of the previous magnetic circuit; however, most of the current linkage of the permanent
magnet is consumed in the reluctance created by the magnet itself. The reluctance of the
permanent magnet is

Rem = hpw/ oS = 0.01 - /(1.05 - 47 - 1077 - 0.01) A/V's = 757.9kA/V s.

The reluctances of the physical air gap and the iron are the same as above, Rypets =
83.6kA/Vs. The reluctance of the entire magnetic circuit is approximately Ry, o1 = Rpm
4 Rupe+s = 841.5kA/V s. For such a reluctance, a flux of

Ppy = Oppi/ R 1ot = 8000/ (841.5 . 103) Vs =0.0095Vs
is created by the permanent magnet. The flux density of the permanent magnet is
Bpy = Ppyi/S = 0.0095/0.01 Vs/m? = 0.95T.

Thus, despite the large permanent magnet and its strong current linkage, the flux density
remains lower than in the previous case. We can see that with present permanent magnet
materials, it is difficult to create flux densities of 1 T in the air gap without a large amount
of magnetic material. Increasing the thickness of the magnet alone does not suffice, but
the magnets have to be connected in parallel in the magnetic circuit. This can be done for
instance by embedding two magnets per pole in a V-shape in the rotor structure.

The inductance of the winding is now

Li; = N2/Rmio = 50%/841.5mH = 2.97 mH.

A permanent magnet in the iron circuit considerably increases the reluctance of the
magnetic circuit and reduces the inductances of the circuit. These phenomena are common
also in rotating machines with permanent magnets. The current linkage required by the
iron is yet to be investigated. It is now assumed that the iron is from M400-65A sheet,
which requires about 1.1 A/cm for 1 T. The length of the magnetic circuit is 35 cm, and
thus a current of 1.1 x 35 A = 38.5 A is required, which is sufficiently equal to the initial
assumption.

Now, the magnetic circuits of Figure 3.44 are investigated further. The left-hand mag-
netic circuit constitutes a transformer with an air gap, the transformation ratio of which is
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Figure 3.44 Simple magnetic circuits with single main flux magnetic paths. The length of the
circuit is / = 0.35 m. There is an air gap § of 1 mm in both circuits. The area of the circuit is § =
0.01 m?. The left-hand circuit (a) is magnetized with the winding N,. The right-hand circuit (b) is
magnetized with an NdFeB permanent magnet. Both the cores have a winding N, the inductance of
which has to be determined

K = N/N, = 1:2. A magnetic circuit of this kind has the equivalent circuit illustrated in
Figure 3.45. The leakage inductances are included in the primary and secondary winding,
although they have not yet been taken into account in the previous discussion. It is now
assumed that 95% of the flux in both windings penetrates all the turns of the other wind-
ing, the connecting factor being k = 0.95. Thus, a part of the self-inductance is leakage
inductance

Lo =(0—k)Ly1, Ly =(1—k)Lp.

The mutual inductance is now reduced to some extent, since it is determined from the
flux linkage created by the magnetizing winding to the other winding. The mutual induc-
tance L, is therefore determined by the flux linkage ¥ |, created in the winding N by the
current /, in the winding N:

Ly =¥/l
Ly, Ly, Ly, Ly, LY,
> NV N
Lll Lzz Lm
50:100
() (b)

Figure 3.45 (a) Equivalent circuit of a transformer with two windings, illustrated in Figure 3.44,
and (b) an equivalent circuit referred to the voltage level of the primary winding. L, and L,, are
the leakage inductances of the primary and secondary windings. In the reduction, the square of the
transformation ratio K, L), = K2L,,, is required. The magnetizing inductance L, is proportional
to the mutual inductance of the primary and secondary windings, L., = KL,
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If now ¥y, is only 95% of its theoretical maximum value, we can see that also the
mutual inductance is reduced correspondingly. The current I, = 8.36 A of the previous
example creates a flux linkage of 100 x 0.01 Vs = 1.0 Vs in the winding N», and a flux
linkage

Vi, =0950N; =095-0.01-50Vs=0.475Vs
in the winding N;. Next, the mutual inductance
L, =Ly =¥/, =0475Vs/8.36 A = 56.8 mH

can be calculated.
If the connection between the windings is ideal, we obtain

Ly =+/L11Lo.

Since now only 95% of the flux of winding 1 penetrates winding 2, we obtain a con-
necting factor

k= Li/v/LiiLyn =0.95,

which in practice is always less than one. The magnetizing inductance for Figure 3.45
becomes

Ly=L;pK =56.8-05mH = 28.4mH.

The leakage inductance of the primary winding is thus L;, = L;; — L, = 30 — 28.4 mH
= 1.6 mH. Correspondingly, the leakage inductance of the secondary winding referred to
the primary winding is

L), = LypK? — Ly = (120 0.5 — 28.4) mH = 1.6 mH.

Now, the equivalent circuits are illustrated referred to the primary winding. They are, in
this example, magnetized by a direct current, either the direct current of the winding N, or
the virtual direct current of the permanent magnet

Iy = on/Ln = 0.475V's/2.97mH = 160 A.

Here Wy is the permanent magnet flux linkage linking the turns of the primary winding:
YUpy = @pyNy = 0.0095 x 50Vs = 0.475 V s. Since there is no current flowing in the
primary winding to create ¥y, no leakage of this flux takes place and L, is applied to
calculate the virtual permanent magnet current. Although it is not conventional to discuss a
transformer with DC magnetization, in this case we may assume such ‘transformers’ to be
applied for instance as DC chokes that emulate the behaviour of a synchronous machine
in the rotor reference frame. This simplification is a good basis for the analysis of the
magnetic circuits of rotating machines, since the equivalent circuits of Figure 3.46 are,
in principle, equivalent to the equivalent circuits of electrical machines. The device and
the frame of reference in question decide whether the equivalent circuits function with
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Figure 3.46 Direct current of the winding magnetizes the magnetic circuits of Figure 3.44. (a) The
equivalent circuit for the two winding choke, (b) the equivalent circuit for the choke with permanent
magnet excitation

a direct or an alternating current. Often the equivalent circuits of rotating electrical ma-
chines are also constructed in such a reference frame where a direct current is flowing in
the equivalent circuits in a stationary state. The magnetic circuits of electrical machines
differ from the examples presented above only with respect to their geometric complexity.
Naturally, in rotating-field machines, at least a two-phase winding is required to produce a
rotating magnetic flux that was not present in the simple connections of Figures 3.44-3.46.
The equivalent circuit of Figure 3.45 works, with certain preconditions, with transformers
and induction machines with an alternating current. Because of the direct currents in the
secondary winding of Figure 3.46, the equivalent circuits are suitable with certain supple-
mentary additions for the analysis of synchronous machines.

The currents are referred to the primary winding. The virtual direct current of the per-
manent magnet is calculated by dividing the flux linkage of the magnetizing winding
(0.475 V s) by the magnetizing inductance L, = 2.97 mH (see the equation above where
Iy = 160 A). The virtual magnetizing current of the permanent magnet is high, since the
reluctance of this magnetic circuit is also relatively high when compared with the mag-
netic circuit magnetized by the winding N,. The direct current of the winding N, creates
a total flux linkage of 0.5 Vs, which is divided into an air-gap flux linkage and a leakage
flux linkage. In the case of a permanent magnet, the leakage flux of the permanent magnet
is not discussed here. In reality, only a part of the current linkage of the permanent magnet
magnetizes the air gap. A small amount of the current linkage directly becomes a leakage
flux of the permanent magnet. Its flux leakage cannot be illustrated with a winding, since
no ‘permanent magnet winding’ exists (see Figure 3.46):

I' =5L/K=836A-2/1=16.7A.

mag
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Since the permeability of the best materials is about one, such materials have a significant
influence on the effective air gap §.¢ of the magnetic circuit to which they belong. The relative
permeability of neodymium magnets is p,pm = 1.05, and hence the permanent magnet ma-
terial itself produces an apparent air gap of § = hpy/1.05, which almost equals the thickness
of the magnet itself. Hence, the magnetic air gap of a machine carrying permanent magnets
is extremely large, especially if the magnets are fixed on the rotor surface. The magnet it-
self forms the largest magnetic reluctance of the magnetic circuit and therefore needs a large
magnetic voltage itself.

When considering the armature reaction, we can see that the synchronous inductance of a
rotor surface permanent magnet machine is low. In some cases, this impedes the application
of a voltage source inverter as a supply to these machines, since the current change speeds
are high because of the low inductances. Power electronic switches are nevertheless so fast
that permanent magnet rotor machines of low inductance can be fed with a voltage source
inverter.

Permanent magnets are particularly useful in low-speed machines, since in the rotating-field
machines the magnetizing inductance is inversely proportional to the square of the number of
pole pairs p (L, = p~2, see Section 3.9). A multiple-pole rotating-field machine will have a
low magnetizing inductance, and therefore it is generally not very advantageous to construct a
low-speed motor with a high number of pole pairs as an asynchronous motor. Such a machine
will have a relatively low power factor.

Instead, in the case of a permanent magnet machine, the effect of the low magnetizing in-
ductance is not harmful, since most of the current linkage of the magnetic circuit originates
from the permanent magnet. In a permanent magnet machine, the equivalent air gap &, is
strongly dependent on the positioning of the permanent magnet material and on the thickness
of the material. Permanent magnets assembled on the surface of the rotor always produce the
lowest inductance, since in practice the thickness of the magnet directly increases the equiva-
lent air gap. A low magnetizing inductance increases the ability of a synchronous machine to
produce torque.

When using rare-earth permanent magnets in electrical machines, the relatively large con-
ductivity of neodymium and SmCo magnets is problematic. When the speed of the motor
increases, the air-gap harmonics create remarkable losses in the magnets. As neodymium
magnets are particularly sensitive to temperature, a very effective cooling for the magnets
has to be assured in the machine design. Ferrite magnets have a poor energy product, but are
cheap and have a very low conductivity, and hence the eddy current losses in ferrites remain
low compared with neodymium and SmCo magnets.

3.8 Assembly of Iron Stacks

The assembly of the parts of a magnetic circuit of an electrical machine has a significant
influence on the final quality of the machine. Punching of the sheet material is carried out in
a single punching action, or by first producing a suitable disc of the plate material, which is
then rotated in an indexing head, and the slots are punched in the disc one by one. A high
precision is required to produce stacks of even quality. The ready sheets of both the stator
and the rotor have to be rotated with respect to each other to avoid virtual saliency caused by
the anisotropy of the sheet. Also, the physical thickness of a sheet varies so much that it is
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advisable to rotate the sheets in the assembly. This way it is possible to construct a stack of
even length.

In the assembly of the sheet stack, the stack is straightened with a suitable tool in order to
get the slots in the desired position. Here, guides can be employed either at the slot opening
or at the bottom of the slot. Next, the stack is pressed into its final length and clamped with a
suitable method. The best way to avoid losses is to press the stack straight to the stator frame
and to use seger rings, for instance, as clamps.

In serial production, welding the outer surface of the stator stack has become more and
more popular. In this method, small cuts are made in the outer surface of each sheet. When
the stack is assembled, these cuts comprise a continuous slot in the stack. The stack is welded
at these slots, and a welding bead covers the complete length of the stack. The insulation
between the sheets is damaged in the welding process. However, the damage is restricted to a
rather small region. Consequently, the iron losses of a welded stack are a few per cent higher
than the losses of a key-fitted stack.

Key fitting is also a common method of assembly. When a stator is punched, dovetail slots
are made on the outer surface of the stator. As the stack is pressed into shape, a key is placed
into the dovetail slots. The key bar is somewhat longer than the final length of the stack. The
ends of the key are bent 90°, and the stack is thereby clamped. The method is advantageous
for the minimization of losses. On the other hand, the key bars impede heat transfer from the
stator stack to the frame of the machine, which is a drawback of the key-fitting method.

Sometimes holes are cut in the outer edge of the stack for riveting. In principle, the method
is simple and mechanically suitable, but causes extra iron losses in the machine. There remains
a narrow bridge of stator yoke between the bar and the stator frame. This bridge provides a
path for the flux, which induces a voltage in the rivet. Since the rivet is galvanically connected
to the frame, a current flows in the loop formed by the rivet and the frame. This current creates
losses in the machine. In principle, the rivets should be insulated from the stack, which is not
an easy task.

The stator stack is usually equipped with straight slots to ease automatic winding. Some-
times, skewing is also required in the stator. Therefore, in automatic production, the stator
is first insulated and wound, and then it is skewed before clamping the stack and the resin
impregnation of the winding.

Rotor stacks are produced in large numbers for induction machines. If there is a cast alu-
minium cage winding in the machine, the winding is employed to clamp the whole stack. The
desired skew is created, and the stack is brought to a die-casting machine. The machine casts
aluminium into the slots at high pressure, and simultaneously produces short-circuit rings at
the ends of the rotor. The aluminium sets in a few seconds and ties the complete stack.

If the rotor is wound with a round wire or a shaped bar, the stack has to be tied before
winding. Now, rivets penetrating through the stack can be easily employed in the rotor yoke.

The stacks wound with a round wire or preformed copper are set in their final positions after
the resin impregnation of the winding. The vacuum pressure impregnation (VPI) in particular
glues all the sheets firmly together.

If the stack has to be divided into sections for cooling, and a suitable key material is re-
quired between the stack sections, the material has to be selected carefully to avoid unneces-
sary losses. Nonmagnetic stainless steels are appropriate for this purpose. Suitable insulation
materials can also be employed, if their mechanical strength is adequate.
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3.9 Magnetizing Inductance

The winding, the dimensions of the magnetic circuit and the selected materials define the most
important inductance of the machine, namely the magnetizing inductance. Next, a magnetiz-
ing inductance of a poly-phase winding is calculated for an unsaturated machine. On the rotor
surface, there is for instance a sinusoidal flux density distribution over the pole pitch 7, and
the length of the machine /', from which we may integrate the flux of the machine. Figure 3.47
illustrates this behaviour of the flux density distribution (only the fundamental is shown).

The peak value of the air-gap flux of the machine is the surface integral of the flux density
B over one pole surface S. For a sinusoidally distributed flux density, we get

A 2 N
= /B dS ==1,-1'- By (3.102)
K /]

The expression ‘peak value of the air-gap flux’ describes the maximal flux &, that pene-
trates a diagonal coil and hence produces the maximum flux linkage of a phase winding ¥,.
The expression may be somewhat misleading, but it is used here since it allows us to write
the time function ¥y, (1) = ¥, sin wt. The flux linkage of a single phase is obtained from the
air-gap flux maximum value by multiplying @,, by the effective turns of winding

N A 2 A
tIlm = kwsleém = kwsle_ . Tp : l/ . Bm- (3103)
by

On the other hand, the magnetic flux density of an air gap can be determined by applying
the current linkage of the phase; in other words, the current linkage ®; of the stator creates a

stator

air gap
rotor

Figure 3.47 Distribution of fundamental flux density over a pole pitch and the length of the machine.
The flux of the machine is calculated from this distribution. In practice, the air-gap flux is distorted be-
cause of the slotting and the current linkage harmonics. However, the fundamental value of the waveform
has to be found in any case
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flux in a direct-axis air gap

(3.104)

where §¢f is the effective air gap met by the current linkage of the stator winding. Here, the
influence of the air gap is included (cf. Equation (3.25)) together with the influence of the iron
in the direct-axis direction. The equation is now substituted in Equation (3.103) for ¥,, and
we obtain for a flux linkage of a single phase

X 2 o - O
Y = kwsle_MTpl/- (3.105)
T ef

The current linkage of a single phase winding is

~ 4 kyaNs
O, = — U /o], (3.106)
T 2p

Substitution yields for the flux linkage

. 2 o 4 ket Ns

Gy = kgt Ny = 20 22050 /0 (3.107)
Tt 2p

.2 14+

P = = poz—— 21 (kwst N V215 (3.108)

R 2p T Sef

By dividing the result by the peak value of the current, which in this case is magnetizing
current, we obtain the magnetizing (main) inductance Ly, of a single-phase winding

2 1 4¢ 40T,
Lunph = —po5—— =1 (hwsi No* = =21 (ks No) (3.109)
T 2p T St T % Plef

This magnetizing main inductance is the inductance of a single-phase winding. In a multi-
phase winding, the flux is contributed by all the phases of the winding. The magnetizing
inductance of an m-phase machine can be calculated by multiplying the main inductance
by m/2

L _m2 14‘L'pl,(k N)2—2
m = 27'[“02[)7'[33f ws14Vs _nzp

mtp ’ 2 mD; ’ 2
pol” (kwsiNg)™ = 2 ol (kwsiNs)™ .
aef p aef

(3.110)

The magnetizing inductance L., thus depends on the phase number m, the effective turns of
winding k1 Ny and the length of the machine /', the number of pole pairs p, and the effective
air gap &¢¢. The factor m/2 may, in the case of a three-phase machine (m = 3), be explained in
a simple manner, as follows. Let us, again, consider a time instant when the currents are iy =
+1,iy =iw = —%. According to Figure 3.48, the current linkage sum of three phases at this
instant is 3/2 = m/2.
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qul’ﬂ

Figure 3.48 Sum of the current linkages of three-phase windings at the time instant when iy = +1,

iv=iw=-1h

An effective air gap §¢r includes an air gap lengthened with the Carter factor and the effect
of iron, which also increases the apparent air gap. The influence of iron varies typically from
a few per cent even up to tens of per cent. In such a case, the iron circuit is strongly saturated.
Figure 3.18 illustrates a case in which the magnetic voltage over the iron circuit is higher
than the voltage over the air gap. Such a situation is possible mainly in tightly dimensioned
induction machines. On the other hand, in permanent magnet synchronous machines, in which
the equivalent air gap includes in the d-direction the length of the permanent magnets, the
proportion of iron remains very low.

Magnetizing inductance is not constant but changes as a function of voltage and torque. The
voltage dependence can be easily explained. Increasing the voltage increases the flux density,
which may saturate the iron parts. The torque dependence can be explained by Faraday’s
principles. When the torque increases, the tension of the flux lines increases. The lines travel
along more saturated paths, and the machine requires more magnetizing current than before.
Figure 3.49 illustrates the saturation of the magnetizing inductance of a typical 30 kW, totally
enclosed, four-pole induction machine as a function of torque.
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Figure 3.49 Saturation of the magnetizing inductance of an induction machine as a function of torque
in a 30 kW, four-pole, 400 V induction machine. The inductance is already reduced by a few per cent
by the rated torque of the machine itself. When the machine is overloaded, the decrease in inductance is
notable
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Figure 3.50 Flux diagrams of an induction machine as a function of torque (0.37,, 2.9T,,). Reproduced
by permission of Janne Nerg

Figure 3.50 depicts the paths of the flux with a small load and with an overload. The figure
indicates clearly how the flux selects different routes in each case. It is also easy to understand
why the line integral ¢ H - dI gets larger values in the latter case, thus indicating a higher
magnetizing current and a lower inductance.
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Flux Leakage

In rotating electrical machines, the total flux does not participate in electromagnetic energy
conversion as a whole: the proportion of the flux that participates in energy conversion is
called the main flux (air-gap flux) @, of the machine, and the flux components not acting
in this process are defined as the leakage flux @ ;. The main flux has to cross the air gap of
rotating machines, an important function of the main flux therefore being to connect electro-
magnetically both the stator and the rotor. In this sense, an air-gap flux @, creates an air-gap
flux linkage ¥, in the investigated winding, and consequently connects different parts of the
machine. The leakage fluxes of the stator and rotor do not generally cross the air gap. They
contribute to the generation of the total flux linkage of the winding by producing a leakage
flux linkage ¥ ; component to it. Flux leakage occurs in both the stator and the rotor winding.
The corresponding leakage flux linkages are the flux leakage W of the stator and the flux
leakage ¥, of the rotor. A leakage flux also occurs in the permanent magnet materials of
the machine. Because of the flux leakage, more magnetic material, or correspondingly more
magnetizing current, is required than in the case without flux leakage.

Flux leakage is often considered a negative phenomenon. However, flux leakage in some
cases has a positive role also. For instance, the transient inductance L} of an asynchronous
machine L, = Ly + LigLm/ (Lrsc + L) consists mainly of the sum of the stator and rotor
flux leakage L, ~ Ly; + L. For instance, if the target is to filter the motor current of a
pulse-width-modulated (PWM) AC inverter drive, the stator flux leakage of the machine can
be increased intentionally. Without a flux leakage, a PWM supply cannot be employed to
feed induction machines, for example. Now, a flux leakage is clearly a positive factor. Often,
flux leakage is assumed to contribute to the losses in a machine. However, no direct line can
be drawn between flux leakage and losses. Flux leakage may cause some extra losses in for
instance the frame of the machine. Furthermore, the slot leakage flux increases the skin effect
of the conductors in the slots causing more copper losses in the stator. Nevertheless, always
linking the flux leakage directly to losses is incorrect.

In rotating-field machines, at least one of the main components of the machine has a dis-
tributed winding that has been designed to participate in energy conversion only with the
fundamental component of the air-gap flux. The harmonic components of the air-gap flux
are considered harmful. In this sense, the harmonic components of the air-gap flux belong to
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the leakage flux, although they do cross the air gap. The fundamental is called the main flux
that creates the main flux linkage in a winding under observation. Depending on the winding
assembly, part of the winding may not be connected to the main flux, and flux components
resembling a leakage flux are created. These components cross the air gap.

Leakage fluxes thus comprise:

e all the flux components that do not cross the air gap; and
¢ those components crossing the air gap that do not participate in the formation of the main
flux linkage.

An inductance of a winding or a winding section is obtained by calculating the flux linkage
¥ = kyN® caused by the current /, bearing in mind that ¥ = LI. We also have to remember
that L = N2 A. Furthermore, we may utilize the analogy according to which a voltage drop
is created over a reactance U = XI. In some cases, the energy of a magnetic field can be
employed to determine inductances and reactances. According to Equations (1.90) and (1.91),
the energy stored in a magnetic circuit is

1
We = 1/2/ HBdV = —/ B2dV. 4.1
v 2u Jy

The energy equation is valid irrespective of the way the flux density has been created. The
flux density can be created by one or several winding currents. First, a simple example is
investigated, in which two currents /; and I, create a flux density B = B; + B, in a linear
magnetic circuit. The energy equation is written in the form

1 1
W = _/ (B) + By)*dV = _/ (B 4+ 2B1B, + B3)dV. (4.2)
2,LL Vv 2:“’ Vv

In electromechanical devices having two winding arrangements with a mutual inductance
M, the energy of a magnetic field is stored in the inductances, and thus the energy equation
can be rewritten applying self- and mutual inductances L;, L, and M

Wo = pL\I} + o M1y + /Lo k5. 4.3)
When Equations (4.2) and (4.3) are set equal, the corresponding terms of both sides are

equal. The equation can be divided into three separate terms, the outermost terms now being
of equal form. The self-inductance of the winding becomes

1
L= ﬁ/ B*dv. 4.4)
\%4

Since the middle terms in Equations (4.2) and (4.3) are equal, we obtain the mutual induc-
tance

= BB, dV. 4.5
Mhb/v B, @.5)
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When employing these equations, the volume can be divided into sections and the com-
ponents of inductance can be calculated. For instance, when calculating self-inductance, it is
advisable to divide the volume V into sections of the main and the leakage flux, and to calcu-
late the respective inductances. Next, we analyse the calculation of leakage fluxes and leakage
flux linkages.

4.1 Division of Leakage Flux Components

The calculation of leakage inductances from the structural dimensions of the machine is a
rather demanding task. Some of the leakage inductances are real ones created by a real leak-
age flux. Imaginary leakage inductances are employed to correct inaccuracies resulting from
simplifications made in the calculation. There is often also a physical explanation to imag-
inary leakage inductances. Next, we discuss the division of leakage fluxes into components
crossing and not crossing the air gap.

4.1.1 Leakage Fluxes Not Crossing an Air Gap

The flux components that do not cross the air gap self-evidently belong to the leakage flux.
Among these components we have:

* slot leakage flux (u);

* tooth tip leakage flux (d);

¢ end winding leakage flux (w);
® pole leakage flux (p).

Figures 4.1-4.3 illustrate the principles of the main paths of these leakage fluxes.

To determine the leakage flux, we have to define the magnetic field strength on a leakage
flux path, or the current linkage and the permeance of the path. Based on the current linkage
O s creating a leakage flux, we may write

Dy = AsOy. (4.6)

(a) (b)

Figure 4.1 (a) Paths of pole leakage fluxes of a salient-pole magnetizing and (b) paths of pole and slot
leakage of a nonsalient-pole magnetizing; see also Figure 4.15
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Figure 4.2 Path of the slot leakage flux of a slot winding

Analytic calculation of leakage fluxes may be difficult, since the geometries are often quite
complicated. A three-dimensional geometry of the end windings is particularly difficult to
handle in the calculation of leakage fluxes. Therefore, some assisting empirical methods are
utilized in the calculation.

4.1.2 Leakage Fluxes Crossing an Air Gap

Leakage fluxes that cross the air gap are included in the air-gap flux. An air-gap flux does not
completely link the windings of the machine to each other. The reasons for incomplete linking
are: short pitching, skewing and the spatial distribution of the windings. A weakening of the
linking between the stator and rotor windings, caused by short pitching or skewing, is not
usually regarded as leakage, but it is taken into account with the pitch winding factor k, and
the skewing factor kg, Figure 4.4. The spatial distribution of the windings causes an air-gap
(or harmonic) flux leakage. These leakage flux components crossing the air gap are included
in the air-gap flux @,, and they do not separately influence the magnetic potential difference
of the path of the main flux, calculated with the air-gap flux.

To analyse the harmonic flux leakage, the simple example in Figure 4.5 is investigated.
First, it is assumed that the windings are full-pitch windings (no short pitching) and there is
no skewing. Further, it is assumed that no flux leakage occurs in the slots, teeth tips or end
windings.

stator;
stator
ey }tooth tip leakage flux end winding
: > leakage flux
slot leakage flux
rotor
rotor yoke main flux
(a) (b)

Figure 4.3 Leakage flux components of a coil winding contained in slots and end winding leakage
flux, (a) an axial cut-away view of a slot, (b) a side cut-away view of the end winding area
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skewed winding turn short-pitched winding turn
(a) (b)

Figure 4.4 As a result of skewing in (a), the coil span W is the same as the pole pitch 7, but the slots
are skewed. As a result of short pitching in (b), the coil span W is smaller than the pole pitch 7, and
in both cases a part of the air-gap flux remains unlinked to some of the windings of a pole pitch. Short
pitching is, however, not regarded as a leakage, but it is taken into account by the winding factor. It also
has an effect on the harmonics, and consequently on the air-gap inductance

stator stator

CHR
ANZRPRIR ) (FPRIRPRY

rotor rotor
A
65 @s A
stator stator
N A
e, o,
A rotor A
Osuni Oum
> —— ——>
(a) (b)

Figure 4.5 Occurrence of an air-gap flux leakage as a result of the spatial distribution of stator and
rotor windings in different positions (a) and (b). When the current-carrying parts of the windings are in
an aligned position, the resulting sum current linkage is zero, otherwise it deviates from zero
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In Figure 4.5a, the current linkage of the stator winding is fully compensated, because a
corresponding current flows at an aligned position in the rotor winding. In the latter section
(Figure 4.5b) instead, the rotor has — as a result rotation — moved to a new position and the
current has been divided into two bars. Now, no full compensation takes place, but a small
leakage flux penetrates the air gap. When the rotor is rotated further, a position with full
compensation is again reached. In practice, in those machines in which the windings are not
concentrated but the slot number per pole and phase ¢ is higher than one, there is always
some air-gap flux leakage. The importance of the air-gap leakage is highest in machines with
a relatively small air gap, particularly in induction machines.

In basic machine design, only the fundamental component of the main flux linkage is usu-
ally employed. In that case, all the harmonic components are included in the harmonic flux
linkage. Since the harmonic fields result from the spatial distribution of the winding, a har-
monic flux leakage component occurs instead of the average air-gap leakage. The term ‘air-
gap flux leakage’ is often employed, and therefore the air-gap inductance Ls is introduced. It
is important to note that the harmonic fields induce voltages of the fundamental frequency in
the windings that produce these harmonic fields.

4.2 Calculation of Flux Leakage

Based on the discussion above, the leakage inductance L of a machine can be calculated as
the sum of different leakage inductances. Nowadays, when an electrical machine is more and
more seldom fed with sinusoidal voltage, to be precise, the term ‘leakage inductance’ should
be applied instead of ‘leakage reactance’. According to the electrical motor design tradition,
leakage inductance L can be divided into the following partial leakage inductances:

* air-gap leakage inductance L,

¢ slot leakage inductance L,,

e tooth tip leakage inductance L,

¢ end winding leakage inductance L.,
¢ skew leakage inductance L.

The leakage inductance of the machine is the sum of these leakage inductances

Le=Ls+Ly+La+Ly+Lg. 4.7

4.2.1 Air-Gap Leakage Inductance

According to Faraday’s induction law, the air-gap back emf of an electrical machine is induced
in the magnetizing inductance L,, of the machine as a result of a propagating fundamental
component of air-gap flux density. Because of a spatial slotting, the permeance harmonics
induce emf components in the fundamental frequency of the winding. The air-gap leakage
inductance (i.e. the harmonic leakage inductance components) takes this into account.

The emf E, induced by the harmonic v of the flux density per phase is obtained by applying
Faraday’s induction law and by taking the geometry of the machine into account

E, = —oNkyd,. (4.8)
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Figure 4.6 Flux distribution created by a harmonic v over a pole pitch t, corresponding to the har-
monic. The maximum flux value is calculated as an integral over the pole

Next, a sinusoidal harmonic v is investigated. For this kind of flux, a maximum flux value
penetrating the coil is obtained according to Figure 4.6

o AR
@, = —Bs,1,!'. “4.9)
T
The pole pitch of the harmonic v is
ntD
T, = —. 4.10)
2pv

Substituting Equations (4.9) and (4.10) into Equation (4.8) we obtain
E, = —DI'——Bs,. 4.11)
v

In a machine with m phases, the magnetizing current /,, flowing in the windings creates a
peak flux density in the air gap

) kaw N
Bs, = OB I (4.12)
™S v op

By substituting this into Equation (4.11) we obtain

N\? (ke \*
EU=@w§Dz’ (—) 1m< ) . (4.13)
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The sum of the emfs induced by all the harmonics, the fundamental included, is
V=400
E= ) E,. (4.14)

V=—00

The inductance E/wly, is the sum of the magnetizing inductance and the air-gap inductance

E N 2 v=+00 kwv 2
=L +Ls=""pr(Z > ) (4.15)
wly T34 ) = \v

The term v = 1 in the sum equation represents the fundamental component, and thus the
magnetizing inductance L, of the machine. The remainder of the equation represents the air-
gap inductance

o M N2 "L Mk )2
Ly =——DI'[ — ). 4.16
=25 (3) X (%) @10

V=—00

v#1

The air-gap or the harmonic inductance can also be written in the form
Ls =o0sLpy. (4.17)

Here we have the leakage factor o5 of the air-gap inductance, defined as

"k )
o5 =y ) (4.18)
V=—0Q

v#1

Naturally, in the sum equation, only the harmonics created by the winding occur as addends.

The value of the air-gap inductance depends on the winding factors ky, of the harmonics
and thus on the winding assembly. Figure 4.7 illustrates the leakage factor of a three-phase
winding as a function of short pitching, with the number of slots per pole and phase ¢ as a
parameter. With three-phase windings, the leakage factor is at its minimum when the short
pitching is W/t, ~ 5/6, which is generally an advantageous short pitching when designing
windings of three-phase machines.

Equation (4.17) is valid for a stator winding. When calculating the magnetizing inductance
on the rotor side, we obtain it by referring it to the stator L/ . = L,. Thus, the air-gap induc-
tance of a rotor circuit referred to the stator may be written applying a rotor leakage factor

R . (4.19)

Section 7.1.2 discusses the characteristics of a cage winding and shows that the rotor har-
monic n of a cage winding reacts only to those harmonics v of the air-gap flux density, the
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=1 is taken into account for
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Usually, an air-gap leakage inductance is of significance only in machines with a small air
gap. This is particularly the case with asynchronous machines. In asynchronous machines with
a cage winding, however, the cage damps harmonics, and consequently the air-gap inductance
becomes less significant. This can be estimated empirically by multiplying the inductance
obtained from Equation (4.16) by a damping factor, usually of magnitude 0.8.

Example 4.1: Calculate the per unit air-gap leakage inductance of a three-phase winding
with p = 2 and Q = 36 for a machine with Ly, ,, = 3. Short pitching by one slot is applied.
Compare the result with a similar machine having 24 slots and no short pitching.

Solution: The number of slots per pole and phase is ¢ = Q/(2pm) = 3. A full-pitch winding
should have W/, = 9/9. As we now make a short-pitched winding, where the transfer is
one slot pitch, we get W/t, = 8/9. The leakage factor o 5 of the winding may be seen in
Figure 4.7. The value of the factor is o5 = 0.011. If the per unit magnetizing inductance
of an induction motor is Ly, p, = 3, we get for the leakage inductance per unit value

Lspy =05Lympa =0.011-3=0.033.
In such a machine, the per unit air-gap leakage inductance is thus 3.3%.

For the 24-slot machine ¢ = 2 and the leakage factor is o 5 = 0.028. In this case, the per
unit leakage inductance is 8.4%, which is a relatively large leakage value.

4.2.2 Slot Leakage Inductance

Slot leakage inductance is an inductance created by a real leakage flux. The total current in
a slot is determined by the number of conductors zq in the slot and by the current flowing in
them. The total current of a slot is thus zo/. Next, the leakage flux of a slot is investigated with
Figure 4.8.

A flux carried by a duct of a height d& is analysed. First, it is assumed that the current
flowing in the slot is evenly distributed in the hatched area. When travelling from the bottom
of the conductor to a height £, a current linkage ® = Izqh/h4 is accumulated. At height 4,
there is thus a leakage flux density flowing across an area dS = dh/’ of the duct

ZQ]:—4
B (h) = poH (h) = 1o .

(4.22)

In Figure 4.8, this function is illustrated with a solid line. By substituting B(/) and the volume
element dV = /'b, dh in Equation (4.4), we obtain, using the energy stored in the field, the
inductance

by [ h

4 2 12 4 2

L, = B~ (h)dh = puol'z5— = zg A. 4.23
1 M012/ (h) Mo ZQ3b4 ZQ ( )
0
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Bs(h)

Figure 4.8 Leakage flux of a current-carrying slot of an electrical machine and the density of a leakage
flux. Left, conductors in the slot. The current-carrying area is depicted by the current sum zg/ as a
hatched area. Right, the slot leakage flux density B, distribution as a function of position 4; the solid
line depicts the situation with no skin effect in the winding, and the dotted line indicates the instant when
the skin effect occurs

Here

hy
A= ol — 4.24
o 3b, (4.24)

is the magnetic permeance of the slot for the slot leakage. Next, a permeance factor A4 defined
as magnetic permeance A divided by the slot length /' and permeability u is introduced.
Now

hy

Ay = —-
‘7 3p,

(4.25)

B(h) is constant in the area h, since the current sum influencing the area does not in-
crease any further, because the current-carrying area has already been passed: B = 11zq//b;.
Therefore, we obtain for this region

hy
A= —. 4.26
= (4.26)
The total magnetic energy stored in the slot is
Wou = 1aLluil® = Woi + Woy = Yauol 2517 (b + Aa). (4.27)

The sum (A; + A4) = A, thus defines the leakage inductance L,; of one slot. The slot induc-
tance of a phase winding is obtained as follows.
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Slot inductances of individual slots
I-ul Lul Lul Lul

1 mwawm VW a parallel paths

Q . .
= slots in series

Total slot inductance

Figure 4.9 Determination of the total slot inductance with the slot inductances of single slots

If the parallel symmetrical path in the winding is a (Figure 4.9), the number of slots in
series in a phase winding is Q/(am) and the total slot inductance of a phase winding is
01 Q (2q\?
Ly= =Ly =pol= (2) A (4.28)
ama m \a
Since the number of conductors in a slot is zg, the number of conductors in series in a
phase winding is zqQ/(am). We need two conductors to form a turn; so the number of series-
connected turns N in a phase winding is

N =
2am

zQ. (4.29)
Substituting zg from Equation (4.29) into Equation (4.28), the slot inductance takes the form

4
L, = Emuoz/zv%. (4.30)

Example 4.2:  Calculate the slot leakage inductance of a three-phase winding with
p =3, Q0 =36 and zp = 20. The slot shape is according to Figure 4.8: b; = 0.003 m,
hy = 0.002m, by = 0.008 m and Ay = 0.02m, ' = 0.25 m. There is no short pitching and
no parallel paths.

Solution: The permeance factor of the wound part of the slot is

hy 0.02
M= = 7 0833
* T 3, 3.0.008

and the permeance factor of the slot opening is

.002
09 _ 66

A=t =
by~ 0.003




Flux Leakage 237

The permeance factor of the whole slot is A, = A; + 44 = 0.667 + 0.833 = 1.5. The slot
inductance is

2 36
Ly = ol 2 (Z—Q) Ju= 471077025+ 220" - 1.5 H = 2.26 mH,
m a

The slot permeance factor depends on the geometry of the slot. With the method presented
above, we may derive slot permeance factors for slots of varying cross-section. Slot permeance
factors can be found in the literature (see e.g. Richter, 1967; Vogt, 1996) calculated for the
most common slot types. Figure 4.10 illustrates the different slot shapes and dimensions of
single-layer windings.

The following values are obtained for the permeance factors of the single-layer windings
of Figure 4.10. For slot types a, b, c, d and e, the equation

ha hy h h b
LA R 2 2 431)

M= 3 T o T hion M

is valid, in which

hy by
In 2% = A,
b My, =

The factor A,z can also be taken from Figure 4.11.

Figure 4.10 Dimensioning of different slot types for the definition of the slot permeance factor
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Figure 4.11 Slot permeance factor 4,3 as a function of the ratio of the slot width and the slot opening
width. Adapted from Richter (1967)

In the case of Figure 4.10a, b3 has to be substituted for b4 in the last term of Equation
(4.31). Correspondingly, for slot types f, g and h, we obtain

A= =2+ 214 0.66. (4.32)

The last term (0.66) is again A3, and, according to Richter 1967, it can be calculated for the
upper round section of the slot also from the equation

b
Az = 0.41 4+ 0.76 log b—“. (4.33)
1

For a slot in Figure 4.10f, Richter gives an alternative equation

hy  hy
= 1+ 140685, 434
A 3, + b + (4.34)

and for a round slot in Figure 4.10g, the equation

by h
Ay = 0.47 + 0.066b—4 + b—l. (4.35)
1 1

In the rotors of induction motors, closed rotor slots are often employed. In that case, the
inductance of the slot is highly dependent on the saturation of the bridge closing the slot, and
therefore no explicit permeance factor can be solved for the slot. Richter (1954) determines
a slot permeance factor for closed rotor slots, but since the selected materials have a strong
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Figure 4.12 Dimensions of a slot of a double-layer winding and the principal behaviour of the flux
density if no skin effect occurs. In the figure, the current densities J, and J, are equal in both current-
carrying areas. However, in double-layer windings, there are also slots with coils belonging to two
different phases when the current densities are different

influence on the factor, the inductance of closed slots has to be estimated numerically as a
function of current in the slot.

The slot leakage of a double-layer winding is investigated with Figure 4.12.

The permeance factor for a double-layer winding is determined by calculating the energy
of the leakage magnetic field in the slot, Equation (4.2). In the calculation, we have to bear in
mind that there are coil sides of different phases in some of the slots.

The current linkages of the bottom (subscript ‘0’ (under)) and upper (subscript ‘0’ (over))
layers increase in proportion to the height (%):

h
Oy(h) = —6,, (4.36)
hay
h
Oy(h) = Oy + —06,, (4.37)
hap

where ®, and ©, are the total current linkages of the bottom and upper layers, respectively.
The height % is measured separately from the bottom of the each coil.

The energy of the leakage magnetic field in a slot is, according to Equations (4.2) and
(4.22),

1 1 hay h 2 n hap h 2 k
Wo = — ol — @3/ (—) dh+(~)§/ dh—f—/ (@u+(~)n—) dh+(@u+(~)0)2/ dn |.
277 by 0 hay 0 0 ) 0

(4.38)
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After the integration Equation (4.38) reduces to

1 , 1 2 h41 ’ 2 h42
W¢:§M01b_ @u T"'h +h42+h1 +@0 ?4—/’[1 +@u@0(/’l42+2h1) .
4

(4.39)

The current linkages @, and ®, are equal to half of the total current linkage of the slot ®
Oy =060,=—. (4.40)

A winding can also have slots in which the coil sides belong to different phases. If the phase
shift between the currents of the bottom and upper coils is y, the current linkage product
®,0, has to be multiplied by cos y. The product term ®,&, represents the mutual influence
of the bottom and upper currents. Because the phase shift can vary from slot to slot, the
average value g over 2¢ coil sides has to be built

1 &
g=— COS Vi, 441

and the current linkage product takes the form

_ ) 2_8 2
G0, =g > _Z@' 4.42)

Substituting (4.40) and (4.42) into Equation (4.39) gives

1, 1O*[(hy , hap
Wo =-pol' ——— (| —+W +ho+h )+ +hi ) +g(he+2h)|. (4.43)
2 by 4 3 3

In two-layer windings, the height of the coil sides is equal:

hy— 1

hay = hgp = 7 (4.44)
with which Equation (4.43) is reduced to
1 543ghs— N 1+¢gh n'
Wo = = ol ©? —+—. 4.45
e =gt [ 8§  3b 2 by ' dby (445)

The term in square brackets is the permeance factor A, for a double-layer winding

ha =0 (4.46)
3b, by 4by '

A=k
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where
543
gy = 208 (4.47)
8
and
1
fy = — 18 (4.48)
2
Correspondingly, the permeance factor for slot types from a to e in Figure 4.10 is
hy — 1 hy hy I n
=k khl—+—+-——"h— — 4.49
& T +2<b4+b1+b4—b1nb1>+4b4 (449)
and for slots types from f to g in Figure 4.10
hy — W hy n'
=k ky | — 4+ 0.66 —. 4.50
My 1 30, + 2<h1+ +4b4 ( )

Equations (4.49) and (4.50) are valid also for a single-layer winding. In that case, #’ = 0
and k 1= k2 =1.

The factors k; and k; can also be calculated with the aid of the amount of short pitching ¢
given by

w
e=1——. (4.51)
Tp

Within a zone, there are ¢ = tp/m slots (Figure 4.13), of which e, slots in the upper and
bottom coil sides belong to different phases and in the remaining (z,/m — £1,) slots, the coil
sides belong to the same phase. In a three-phase winding (m = 3), the phase shift of the upper
and bottom coil currents is 180° — 120° = 60° in the slots, where the coil sides belong to
different phases; so cos y = 0.5 in these slots. In the slots where the coil sides belong to the

q=17,/m

STp €Ty

A

[T T]
[TTTTTTT
W= (1-97,

p

DD T T T[]
[ 1]

Figure 4.13  Short-pitched winding with ¢ =5, m =3 and W/, = 13/15



242 Design of Rotating Electrical Machines

same phase, cos y = 1. For three-phase windings, Equation (4.41) takes the form

2q
1 1 T 3
g = Z ;cosy = 213]] [281,'p -0.5+2 (?p — 8Tp) . 1] =1- 58. (4.52)

Substituting (4.52) into Equations (4.47) and (4.48), the factors k| and k, take the form for a
three-phase winding

9 3
ki=1-— Ee and k,=1-— Zs. (4.53)
For a two-phase winding, the factors k; and k, are

3
kh=1-— 4_18 and k,=1—¢. (4.54)

Example 4.3: Calculate the slot leakage inductance of a double-layer winding with p = 2,
0 =24, W/t, = 5/6 and N = 40 (cf. Figure 2.17b). The pole pairs are connected in
parallel, @ = 2. The slot shape is according to Figures 4.10b and 4.12: b; = 0.003m, /| =
0.002m, i, = 0.001 m, 43 = 0.001, # = 0.001 m, b, = 0.008 m and /4y = hap = 0.009 m
(hs = 0.019m), I' = 0.25 m. Compare the result with the slot leakage of a corresponding
double-layer full-pitch winding.

Solution: The short pitching ¢ = 1/6 and k; = 1 — 9/(16 x 6) = 0.906, k, = 1 — 3/(4 x
6) = 0.875. The permeance factor is, according to Equation (4.49),

hy — 1 hy  hy hy by h
=k khl—+—4+———I— —
M=k +2<b4+b1 ba—by b ) " abs
0.018 0.001 =~ 0.002 0.001 0.008 0.001
=0.906 - ——— 4+ 0.875 + + In
3-0.008 0.008 ~ 0.008 ~ 0.008 —0.003 0.003 4.0.008
=1.211
and the slot leakage inductance is, according to Equation (4.30),
dm ., 5 4.3 4 )
L, = Euol N°A = H47‘[~ 107"-0.25-40°-1.211 H=0.2513 - 1.211 mH
= 0.304 mH.
For a full-pitch double-layer winding k; = k, = 1 and Equation (4.49) yields
0.018 0.001  0.002 0.001 0.008 0.001
Ay = + + In = 1.352.
3.0.008 0.008 = 0.008 ~ 0.008 —0.003  0.003 4.0.008

The slot leakage inductance is now L, = 0.2513 x 1.352mH = 0.340 mH.
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As we can see, the phase shift of the different phase coil sides in the double-layer wind-
ing causes a smaller slot leakage inductance for the short-pitched winding compared with
the full-pitch winding. The slot leakage inductance in this case is about 10% smaller for
the short-pitched winding.

If the height of a conductor is considerable or a single homogeneous bar forms the winding
of a slot (as is the case in the rotor of an induction motor), a skin effect occurs in the conductors
with alternating current. The skin effect may be high even at moderate frequencies. It has a
strong influence on the rotor resistance during the start-up of a squirrel cage motor. In that
case, at the bottom of slot of Figure 4.8, the conductor elements d/ are surrounded by a
larger flux than the conductor elements in the upper layer of the slot. The inductance of the
conductor elements of the upper layer is lower than the inductance of the conductor elements
at the bottom, and therefore a time-varying current is distributed so that the current density
in the upper section of the slot is higher than the current density at the bottom. The density
function of the leakage flux corresponds to the dotted line of Figure 4.8. Thus, the skin effect
increases the resistance of the bar and reduces the slot inductance. This will be discussed in
more detail in Chapter 5.

Now, the permeance factor (4.25) of the area with height /4 (or /41 and h4;) is rewritten in
the form

hy

Adec =k ,
4.ec L3[74

(4.55)

where ki, is the skin effect factor for the permeance as well as for the inductance (4.23),
representing the decrease in the slot inductance caused by the skin effect. A4e. has to be
applied in Equations (4.31), (4.32), (4.49) and (4.50) instead of the first term. To define the
permeance factor, the reduced conductor height £ is determined as

/ be
§=hy wﬂoﬁﬂ, (4.56)

where b, is the width of a conductor in a slot (see Figure 4.8), w is the angular frequency of
the current investigated, and o is the specific conductivity of the conductor. For instance, in
induction motors the slip s defines the rotor angular frequency o = sws.

The skin effect factor ki, of the permeance can be obtained from the equation

1 ’ Zt2 —1 /
ky = Z—2¢ é)+ 7 V&), (4.57)
where
, 3 sinh 2§ — sin 2§ 458
¢($)_E.<cosh2é—0052§)’ (4.58)
, _ l sinh& + sin&
V&= £ (coshg —i—cos&) (4.59)
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and z; is the number of conductors on top of each other. For a squirrel cage winding z; = 1, as
depicted in Figure 4.8, and the skin effect factor is

k=¢'(&). (4.60)

Usually, in squirrel cage rotors, 7y > 2cm and for copper bars Equation (4.56) gives
& > 2, in which case sinh 2§ > sin2&, cosh 2& >> cos 2& and sinh2& ~ cosh2&, and hence

3
o~ = (4.61)

28"

Example 4.4: Repeat Example 4.2 for an aluminium squirrel cage bar at cold start in a
50 Hz supply.

Solution: The slot shape is, according to Figure 4.8, by = 0.003m, 4; = 0.002m,
by = 0.008 m and sy = 0.02m, ' = 0.25m and the slot at height A4 is fully filled with
aluminium bars. The conductivity of aluminium at 20 °C is o o] = 37 MS/m.

The permeance factor of the wound part of the slot without skin effect is

ha 0.02
4= -—=——=0..833.
3by  3-0.008
The permeance factor of the slot opening is
h 0.002
M= == = 0.667.
by 0.003

The reduced height &€ of the conductor is

0.008
E=hy wuoo——OOZ\/Zﬂ 50-47-1077-37 - 106 ——— = 1.71
2-0.008

which is a dimensionless number

2

1-1
2¢ @)+ —"5— w =9+ Tlﬁ'(é) =¢'(©)

l

k.

3 ( sinh 2& — sin2& ) 3 ( sinh 3.42 — sin3.42

= . = . = 0.838.
2¢ cosh2& — cos 2& 3.42 \cosh3.42 —cos3.42



Flux Leakage 245

The permeance factor of the slot under skin effect is Ay ec = A1 + kA4 = 0.667 +
0.838 - 0.833 = 1.37. This is somewhat less than in Example 4.2. The slot leakage in-
ductance of a squirrel cage bar is

Lupar = pol' 2y Ay = 41-1077:0.25 - 17 - 1.37 H = 0.43 pH.

4.2.3 Tooth Tip Leakage Inductance

The tooth tip leakage inductance is determined by the magnitude of leakage flux flowing in
the air gap outside the slot opening. This flux leakage is illustrated in Figure 4.14. The current
linkage in the slot causes a potential difference between the teeth on opposite sides of the slot
opening, and as a result part of the current linkage will be used to produce the leakage flux of
the tooth tip.

The tooth tip leakage inductance can be determined by applying a permeance factor

(4.62)

where k; = (1 + g)/2 is calculated from Equation (4.48).
The tooth tip leakage inductance of the whole phase winding is obtained by substituting A4
in Equation (4.30):

4
Ly= Emuol//lsz. (4.63)

Figure 4.14 Flux leakage creating a tooth tip leakage inductance around a slot opening
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In salient-pole machines, we have to substitute the air gap in Equation (4.62) by the air
gap at the middle of the pole, where the air gap is at its smallest. If we select the air gap to be
infinite, we obtain a limit value of 14 = 1.25, which is the highest value for A4. If § is small, as
is the case in asynchronous machines in particular, the influence of tooth leakage inductance
is insignificant.

Equations (4.62)—(4.63) are no longer valid for the main poles of DC machines. The calcu-
lations in the case of DC machines are analysed for instance by Richter (1967).

Example 4.5: Calculate the toot tip leakage of the machine in Example 4.3. The machine
is now equipped with rotor surface permanent magnets. The magnets are neodymium
iron boron magnets 8 mm thick, and there is a 2mm physical air gap, p = 2, O = 24,
W/t, = 5/6 and N = 40 (cf. Figure 2.17b). The pole pairs are connected in parallel,
a = 2. Compare the result with the slot leakage of Example 4.3.

Solution: As the permanent magnets represent, in practice, air (u,pm = 1.05), we may
assume that the air gap in the calculation of the tooth tip leakage is 2 4+ 8/1.05mm =
9.62 mm. The factor k, =1 — 3e/4 =1 — 3/(4- 6) = 0.875. We now obtain for the perme-
ance coefficient

s ( 8 ) 5 (0.00 962>
b 0.003
A = kzﬁ - 0'8755 4 0.00 962
by 0.003

The tooth tip inductance is, according to Equation (4.63),

= 0.787.

4 4.3
Lq= Emuomdzvz = 7471- 1077-0.25-0.787 - 40> H = 0.198 mH.

In Example 4.3, the slot leakage of the same machine was 0.340 mH. As the air gap in
a rotor surface magnet machine is long, the tooth tip leakage has a significant value, about
70% of the slot leakage.

4.2.4 End Winding Leakage Inductance

End winding leakage flux results from all the currents flowing in the end windings. The
geometry of the end windings is usually difficult to analyse, and, further, all the phases of
poly-phase machines influence the occurrence of a leakage flux. Therefore, the accurate de-
termination of an end winding leakage inductance is a challenging task, which would require
a three-dimensional numerical solution. Since the end windings are relatively far from the
iron parts, the end winding inductances are not very high, and therefore it suffices to employ
empirically determined permeance factors Ay, and A,. In machines with an alternating cur-
rent flowing in both the stator and the rotor, measuring always yields a sum of the leakage
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Figure 4.15 Leakage flux and dimensions of an end winding

inductance of the primary winding and the leakage inductance of the secondary winding re-
ferred to the primary winding. In a stationary state, there is a direct current flowing in the rotor
of a synchronous machine, and thus the end winding inductance of a synchronous machine is
determined only by the stator side.

When calculating the slot leakage inductance, the proportion of each slot can be calculated
separately. The number of conductors in a slot is zq (in a two-layer winding zg = 2z) and
the conductors are surrounded by iron. The flux in the end windings is a result of the influence
of all the coil turns belonging to a coil group. According to Figure 4.15, the number of coil
turns is gzq, which has to replace zq in the inductance equation (4.23). The average length
Iy, of the end winding (see Figure 4.15) has to be substituted for the length I’ of the stack in
Equation (4.23). The number of coil groups in series in a phase winding is Q/amgq, and the
number of parallel current paths is a. The equation for end winding leakage inductance can
now be written as

1 z0\2 4m
Ly = o1 (QZQ)zuolw/lw = gq (—Q> tolwAy = —qN?proly Ay (4.64)
amq a m a (0]

The average length /,, of the end winding and the product /,A,, can be written in the form

Iy = 2oy + Wew, (4.65)
lwﬂvw = 2lewﬂflew + WewA'W’ (466)

where /., is the axial length of the end winding measured from the end of the stack, and Wy, is
the coil span according to Figure 4.15. Ajw and A, are the corresponding permeance factors,
see Tables 4.1 and 4.2.

A permeance factor depends on the structure of the winding (e.g. a single-phase, or a two-
plane, three-phase, or a three-plane, three-phase, or a diamond winding constructed of coils
of equal shapes), the organization of the planes of the end winding, the ratio of the length of
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Table 4.1 End winding leakage permeance factors of an asynchronous machine for various stator and
rotor combinations

Type of stator winding Type of rotor winding Alew Aw
Three-phase, three-plane Three-phase, three-plane 0.40 0.30
Three-phase, three-plane Cylindrical three-phase diamond 0.34 0.34
winding
Three-phase, three-plane Cage winding 0.34 0.24
Three-phase, two-plane Three-phase, two-plane 0.55 0.35
Three-phase two-plane Cylindrical three-phase diamond 0.55 0.25
winding
Three-phase, two-plane Cage winding 0.50 0.20
Cylindrical three-phase diamond Cylindrical three-phase diamond 0.26 0.36
winding winding
Cylindrical three-phase diamond Cage winding 0.50 0.20
winding
Single-phase Cage winding 0.23 0.13

an average coil end to the pole pitch /,,/7,, and the rotor type (a nonsalient-pole machine, a
salient-pole machine, an armature winding of a DC machine, a cage winding, a three-phase
winding). Richter (1967: 279; 1963: 91) and (1954:161) presents in detail some calculated
values for permeance factors that are valid for different machine types.

Based on the literature, the following tables can be compiled for the definition of the end
winding leakage permeance factors for asynchronous and synchronous machines. With these
permeance factors, Equation (4.64) gives the sum of the stator end winding leakage inductance
and the rotor to the stator referred end winding leakage inductance. The major part of the sum
belongs to the stator (60-80%).

Table 4.2 Permeance factors of the end windings of a synchronous machine

Cross-section of Nonsalient-pole machine Salient-pole machine
end winding Alew Aw ew Aw
J 0.342 0.413 0.297 0.232
J 0.380 0.130 0.324 0.215
J 0.371 0.166 0.324 0.243
A 0.493 0.074 0.440 0.170
; 0.571 0.073 0.477 0.187
J 0.605 0.028 0.518 0.138
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Example 4.6: The air-gap diameter of the machine in Example 4.3 is 130 mm and the
total height of the slots is 22 mm. Calculate the end winding leakage inductance for a
three-phase surface-mounted, permanent magnet synchronous machine with Q = 24,
q=2,N=40,p=2andl, = 0.24m. The third end winding arrangement in Table 4.2
is valid for the machine under consideration.

Solution: Let us assume that the average diameter of the end winding is 130 + 22mm =
152 mm. The perimeter of this diameter is about 480 mm. The pole pitch at this diameter is
r}; = 480 mm/4 = 120 mm. From this we may assume that the width of the end winding is
about the pole pitch subtracted by one slot pitch, We,, = rI/) —7,=(0.12-0.48/24) m =
0.14 m and /oy, = 0.5(/yy — Wew) = 0.05 m.

The surface magnet machine may be regarded as a salient-pole machine, Hence, in
calculating end winding leakage the permeance factors are Ay, = 0.324 and A, = 0.243:

lwAyw = 2lewhiew + WewAw =2 -0.05 m - 0.324 4+ 0.14 m - 0.243 = 0.0664 m

Ly = %quvzuozwzw = %2 -40% - 47t 1077 - 0.0664 H = 0.134 mH.

The slot leakage of the 5/6 short-pitched winding in Example 4.3 was L, = 0.340 mH,
the tooth tip leakage of the PMSM was Ly = 0.198 mH, and the end winding leakage was
Ly, = 0.134 mH. The slot leakage is usually the most important leakage flux component as
these results may indicate. The air-gap leakage is dependent on the magnetizing inductance
and cannot now be compared with these other leakages.

For the leakage inductance of a short-circuit ring of a cage winding in an induction machine
or in a damper winding, Levi (1984) introduces the equation

L O U (o —11) v 2 (4.67)
wo — — 5 5 ar — g vV 5 .

o = Mo msP2 3 b 2
where I, is the length of the rotor bar, [/ is the equivalent length of the stator and D, is the
average diameter of the short-circuit ring. The factor v = 0.36 when p = 1, and v = 0.18 when

p > 1. Calculation of the total impedance of a cage winding is discussed in Section 7.12.

Example 4.7: Calculate the rotor short-circuit ring leakage for a four-pole, three-phase
induction motor with O = 34, I, = 0.12m, [, = 0.1216m, D; = 0.11'm, § = 0.008 m.

Solution: Inserting I’ = [ + 26 = 0.1216 m in (4.67) gives

O 1 , nD!
Liyo = HOmsz 3 (lbar - ls) +v 2p

Vs 34 1
Am3.-223
— 0.015 puH.

=4m- 1077

0.1
[(0.12 —0.1216) + 0.18”2—2} m

This value must be referred to the stator to get the single-phase equivalent-circuit leakage
inductance. This is studied in Chapter 7.
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4.2.5 Skewing Factor and Skew Leakage Inductance

In rotating-field machines, especially in squirrel cage induction motors, the stator and rotor
slots are often assembled in a skew position with respect to each other in order to reduce the
influences of permeance harmonics caused by slots. Usually the slots of a stator stack are
straight and the slots of the rotor are skewed, as shown in Figure 4.16. However, it is of course
possible to skew the stator slots instead. In Figure 4.16, the orientation of the rotor slots forms
an angle o with the shaft. This angle is of the same magnitude as one stator slot angle. For
the same reason, in synchronous machines, the axial sides of the pole shoes can be similarly
skewed. In that case, the damping bars fitted to the rotor surface will also be skewed like the
cage winding. In low-speed permanent magnet machines with a low number of slots per pole
and phase, either the stator or the permanent magnets are often skewed.

The objective of skewing is to reduce the ability of certain air-gap harmonics, created by the
stator, to induce respective voltages in the rotor bars. Correspondingly, the induction effect of a
rotor bar on the stator field is weaker than in the case of a straight bar. Both of these effects can
be taken into account as follows: the emf calculated for straight slots and induced in the rotor
is multiplied by the skewing factor of the rotor, or alternatively, the magnetic voltage created
by the rotor current in the air gap is reduced by the same factor kyq,. The skewing factor thus
belongs to the winding factors, and can be taken into account as such in the calculations. The
value of the skewing factor is derived with Equation (2.24) of the distribution factor kg,

w = S00g0/2) (4.68)
q sin (vay /2)

A skewed bar is considered to be composed of a large number of short, straight bars. The
number of these bars is

Figure 4.16 Determination of the skew of a rotor slot
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The slot angle between these bars is A«. This is also the phase shift angle between the emfs
of the bars. The emf of a skewed bar can be calculated in the same way as the emf of a coil
group divided into ¢ slots. The value o/Aw is substituted in Equation (4.68) as a value of ¢,
and a limit value is calculated when A« approaches zero. We now obtain a skewing factor for
the vth harmonic

. o Aa
oy "M\ 2”2 ) sinwa/2)  sin(wa/2) w0
W et Ta A\ @ Aa T a2 '
— sin [ v— —v—
A 2 Aa 2
o(+25)
sin [ v—=
T
ksqv =" s T - 4.71)
vt
T, 2

Here s is the skewing (Figure 4.16) measured as an arc length, given by o = s7t/1,. The
skewing factor is applied similar to a winding factor. For instance, when referring the rotor
quantities to the stator, the number of coil turns in a rotor has to be multiplied by the winding
factor of the rotor and with the skewing factor.

To eliminate the slot harmonics, the factor ks should be zero. The orders of the slot har-
monics are (£2mgc + 1), ¢ being an integer 1, 2, 3,.... The numerator of Equation (4.71)
should be zero:

VST . (E2mgc+ 1)sm
n =0

sin = si 4.72)
27, 27,
This will be true if the argument of the sine function is k7t:
+2 1
&F2mge + Dsm _ ke, (4.73)
27,
+2 1
&E2mge+ s _ (4.74)
27,
2 1
S S agp— (4.75)
2 +2mgc + 1 mgqc
This means that forc =k =1
1 1
S . S (4.76)

w o omg  0/2p T 0/2p

Hence, the skewing factor will be effective in cancelling the slot harmonics if the skewing
is made by one slot pitch.
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In the case s = 1, the skewing factor is

. < S n) ) w1
sin{v—— sinfv=-—
n2) 2 mq

Ksqw = ST o 1
V—— -
T, 2 Vzmq

4.77)

When a winding is assembled and skewed with respect to another winding, the magnetic
connection between the windings is weakened. Now, a part of the flux created by the stator
winding does not penetrate a skewed rotor winding, although it passes through the air gap.
Thus, this part belongs to the leakage flux and can be described by the skew inductance L.

The magnetizing inductance of an electrical machine is proportional to the square of the
effective number of turns (kyw;N)2. The magnetizing inductance (3.110) of a machine with
straight slots is written as

Ly~ k2. (4.78)

Since the skewing factor acts like a winding factor in calculations, the magnetizing inductance
of the same machine, now with skewed slots, is

Ly, ~ (ksgkw)” ~ k2L < Lun. (4.79)

The difference Ly, — L], = Lq represents the skew inductance

m

Ly=Ln—L, = (1 - qu) Ly = 0iqLm. (4.80)

The leakage factor caused by skewing is thus
O = (1 - kgq) . 4.81)
In practice, skewing is typically small, about the amount of a single slot pitch. Therefore,
an approximation for a leakage factor can be generated by calculating a series development of

the numerator of the skewing factor (4.71), and by then employing the first two terms of the
series. For a fundamental, we thus obtain a skewing factor

, <s7r> s T 1(57()3
sin| —— —= == —= 2
_ H2) 52 6\15?2 _1_1(15)

(4.82)

and a leakage factor

272 2
2 L /sm 1 (sm
asq:(l—ks>>¢l— - (2T | ~ o (2Z) . (4.83)
g 6 \72 3\ 2
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By substituting the pole pitch of the rotor

_ Qrfur
- _7

T (4.84)

Tp

where 1y, is the rotor slot pitch on the surface of the air gap, we obtain another equation for
the leakage factor

1 ([ msp 2
= . 4.85
a3 (err> (*55)

The accuracy of the approximations is sufficient, when the calculated skew leakage inductance
factor meets the condition oy < 0.03.

Example 4.8: Calculate the skewing factors for the first stator harmonics in a four-pole
squirrel cage motor, where the stator has 36 slots and the rotor 34 slots, and the rotor bars
are skewed by one stator slot pitch.

Solution: The stator slot electrical angle oy, = 2 x 27/36 = 0.349rad (20°). The slot
harmonics are (£2mgc + 1) =2 x3 x3 x 1 +1=-17,19, 35,37, whenc =1, 2.

The skewing factor was defined as

sin (va/2)

k =
Y va/2

v 1 =5 7 —11 13 —-17 19 —23 25 -29 31 =35 37
kv 0.995 0.878 0.769 0.490 0.338 0.06 —0.05 —-0.19 —-0.22 —-0.19 —-0.14 —0.03 —0.03

As we can see, especially the slot harmonics —17, 19, —35 and 37 have small skew factors,
and thereby their effects are eliminated to a great degree. The fundamental is reduced only by
0.5%.
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Resistances

Together with inductances, resistances define the characteristics of an electrical machine.
From an efficiency point of view, resistances are important electrical machine parameters.
In many cases, the resistive losses form dominant loss components in a machine. In electrical
machines, the conductors are usually surrounded by a ferromagnetic material, which encour-
ages flux components to travel through the windings. This, again, may cause large skin effect
problems if the windings are not correctly designed.

5.1 DC Resistance

The resistance of a winding can first be defined as a DC resistance. According to Ohm’s law,
the resistance Rpc depends on the total length of a conductor in a coil /;, the number of parallel
paths @ in windings without a commutator, per phase, or 2a in windings with a commutator,
the cross-sectional area of the conductor S, and the conductivity of the conductor material o .

le
0.aS,:

Rpc = G.D

Resistance is highly dependent on the running temperature of the machine, and therefore
a designer should be well aware of the warming-up characteristics of the machine before
defining the resistances. Usually, we may first investigate the resistances of the machine at the
design temperature or at the highest allowable temperature for the selected winding type.

Windings are usually made of copper. The specific conductivity of pure copper at room
temperature (+20°C) is oc, = 58 x 10° S/m and the conductivity of commercial copper wire
oca = 57 x 10%S/m. The temperature coefficient of resistivity for copper is ac, = 3.81 x
1073/K. The respective parameters for aluminium are: conductivity o o; = 37 x 10®S/m and
the temperature coefficient of resistivity aa = 3.7 x 1073/K.

An accurate definition of the winding length in an electrical machine is a fairly difficult task.
Salient-pole machines are a relatively simple case: the conductor length can be defined fairly
easily when the shape of the pole body and the number of coil turns are known. Instead, the
winding length of slot windings is difficult, especially if coils of different length are employed
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© 2008 John Wiley & Sons, Ltd. ISBN: 978-0-470-69516-6
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in the machine. Preliminary calculations can be made by applying the following empirical
equations.

The average length /,, of a coil turn of a slot winding of low-voltage machines with round
enamelled wires is given approximately as

ly ~ 21 +2.4W + 0.1 m. (5.2)

Here [ is the length of the stator stack of the machine and W is the average coil span, both
expressed in metres. For large machines with prefabricated windings, the following approxi-
mation is valid:

low =~ 2] +2.8W + 0.4 m, (5.3)
and
w2l +29W 4+03m, when U =6...11kV, 5.4)

Using the length of the winding, the DC resistance may be calculated according to Equation
(5.1) by taking all the turns and parallel paths into account.

5.2 Influence of Skin Effect on Resistance

Alternating current creates an alternating flux in the conductor material and causes a skin
effect. In electrical machines, the skin effect occurs chiefly in the area of the slots, but it is
also present to a lesser extent in end windings.

5.2.1 Analytical Calculation of Resistance Factor

Let us consider a solid conductor in a slot surrounded on three sides by ferromagnetic mate-
rial, the permeability of the material being infinity, Figure 5.1. The current i creates a magnetic
field strength H and leakage flux across the slot and conductor. The leakage flux surrounding
the bottom part of the conductor is greater than the flux surrounding the upper part of the
conductor, whereupon the impedance of the conductor decreases from the bottom up. Corre-
spondingly, the current density J increases from the bottom up as shown in Figure 5.1.

Since the permeability of iron is assumed infinite, the leakage flux lines cross the slot rec-
tilinearly. The vectors of the current density J and electric field strength E in the conductor
have only a z-component. The magnetic field strength H and the flux density B have only
an x-component across the conductor. Applying Ampere’s law (Equation 1.4) to the route
1-2-3-4-1 having the area b dy we obtain

aH
fH.dl=Hb—(H+a—dy>b=chdy (5.5)
y
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Figure 5.1 Definition of the skin effect in a conductor. The current i creates a leakage flux across the
conductor resulting in an uneven distribution of current density J in the conductor

from which

- =2 (5.6)

Applying Faraday’s induction law (Equation 1.7) to the route 5-6—7—8-5 in Figure 5.1, we
obtain

oE 0B
%E-dl:—El—# E+ —dy |l =——Idy 5.7
dy at
from which
oE oB oH
— = —— = —lg—. 5.8
dy or M (5-8)

The third equation needed in the calculations is Ohm’s law

J =o.E. (5.9)
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Applying Equation (5.9) to Equation (5.8) yields

aJ oH (5.10)
— = — O —. .
oy | M0%y

With sinusoidally varying quantities, Equations (5.6), (5.8) and (5.10) change to complex
form:

oH b

= _ _Ci’ (5.11)
ay b
E .
— = —jouoH, (5.12)
dy
aJ
—— = —jopeoH. (5.13)
dy

Differentiating Equation (5.13) with respect to y and using Equation (5.11) we obtain

32J . oH . b
97 = AOK00e = quoocfi (5.14)
2 . be
Equation (5.15) has a solution in the form
J = Cle(lJrj)O‘y + C2e7(1+j)°‘y’ (5.16)

where

/1 b
o= za)uoacf. 5.17)

The inverse of « is called the depth of penetration. Usually, « is used in defining a dimen-

sionless number &
/1 b
& =ahe=he Ew,uoacf, (5.18)

which is called reduced conductor height (the units of o are 1/m and so £ is a dimensionless
number, while /. is the real conductor height in metres).
The integration constants C; and C, are determined by the following boundary conditions:

on the boundary y = 0 the magnetic field strength H = Hy = 0,
on the boundary y = & the magnetic field strength H = H = _7' = 2%,

where [ is the effective value of the total current flowing in the conductor.
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Differentiating the solution in Equation (5.16), substituting it into Equation (5.13) and using
the boundary conditions, we obtain for the integration constants

ja)/LOUC

€= = 5T ba (et — e

(5.19)

Now we know J = f(y) and we can calculate the power losses in the conductor. The current
in an element dy is Jb. dy and the resistive losses are

he he

I bel
Pxc = /(ch dy)? = L/ﬂdy. (5.20)
ocbe dy o

0

0

In complex form, we can write Equation (5.20) as

(5.21)

|
s|E
|k<
~
o

where J* is the complex conjugate of J, and | J* | and | J | are the effective values.
When a direct current having the same effective value / as the alternating current is flowing
in the conductor, the losses are

[

1% 5.22
ocbch. ( )

Ppc = Rpcl? =

The factor by which the DC resistive losses have to be multiplied to get the AC resistive
losses is the resistance factor kg. It is also the ratio of the AC and DC resistances of the
conductor. According to Equations (5.20), (5.21) and (5.22), the resistance factor is

he he
R P b2
kg = —2€ — ACZ_C/ - / (5.23)
Rpc  Ppoc 1 ) )

The integration in (5.23) is laborious but not very difficult. Here, it is passed over because
there are solutions and applications readily available in the literature, for instance in Lipo
(2007), Richter (1967), Stoll (1974), Vogt (1996) and Kiipfmiiller (1959). Some of them are
given below.

Let us consider the case shown in Figure 5.2, where several conductors are placed in a slot.
All the conductors are series connected. The height of the subconductors is /.o and the width
beo. There are z; conductors on top of each other and z, adjacent conductors.

The reduced conductor height £ is calculated using Equation (5.18) by substituting for
b. = z.beo and for the conductor height, the height of an individual conductor /4., that is

NIW

1 beo
— WO —. (5.24)

:hC:hC
& =ahy 0/ 3 P
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Figure 5.2 Determination of the reduced conductor height and the resistance factor of a winding with
several conductors in the width and height directions of a slot with a uniform width in the conductor
area. All the conductors are connected in series. The height and the width of the subconductors are /i
and b.o. There are z, conductors on top of each other and z, adjacent conductors

Here we can see that dividing the conductor into adjacent subconductors does not affect the
reduced conductor height.
The resistance factor of the kth layer is

kri = @(&) + k(k — Dy (§), (5.25)
where the functions ¢(&) and ¥ (§) are

sinh 2 + sin 2&

&) = gCosh 2 — cos 2& (5:26)

and

sinh & — sin&

vE) =2 cosh& +cos&’

(5.27)

Equation (5.25) shows that the resistance factor is smallest on the bottom layer and largest
on the top layer. This means that in the case of series-connected conductors, the bottommost
conductors contribute less to the resistive losses than the topmost conductors. The average
resistance factor over the slot is

th —1

kr = @(&) + 3

¥(é), (5.28)

where z; is the number of conductor layers (Figure 5.2).
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If 0 <& <1, a good approximation for the resistance factor is
z2-0.2
9

The equations above are valid for rectangular conductors. The eddy current losses of round
wires are 0.59 times the losses of rectangular wires, and therefore, for round wires, the ap-
proximate Equation (5.29) takes the form

ke ~ 1+ g4, (5.29)

2_02
k& 1+ 0.59Z‘Tg4. (5.30)

According to Equations (5.29) and (5.30), the reduced conductor height £ as well as the
conductor height A itself (Equation 5.18) strongly affect the resistance factor. With high
conductors, the resistance factor is also high. Despite the fact that the resistance factor is pro-
portional to the square of the number of conductors on top of each other, z;, to reduce the
resistance factor and eddy current losses in conductors, the conductors are divided into sub-
conductors, which are connected together only at the beginning and at the end of the wind-
ing. To get the full benefit of dividing the conductors, circulating currents in the conductors
must be prevented. To prevent such circulating currents flowing through the connections at
the beginning and at the end of the winding, every parallel-connected subconductor has to be
surrounded exactly by the same amount of slot leakage flux. This is put into effect by transpos-
ing the subconductors. If the number of subconductors is z,, the transposition has to be done
z, — 1 times. For instance, if a winding consists of six coils and the conductors are divided
into three subconductors, the transposition has to be done twice, which can be done at the end
winding area after every two coils, Figure 5.3.

To clarify the meaning of transposition, let us consider Figure 5.4, where two conductors
are connected in series and six conductors in parallel. If the subconductors were located in
similar positions from slot to slot, in other words there should be no transposition of the
conductors, the conductor height 4. to be substituted in Equation (5.18) is A, = zpheg, where
zp is the number of parallel-connected conductors (in Figure 5.4 z, = 6) and A the height of
the subconductor. This means that dividing a conductor into subconductors but not transposing
them equates to a solid conductor. As the skin effect is remarkably smaller in the end winding
area, dividing the conductors also helps slightly without transposing. The number of layers
z¢ in Equation (5.28) is, without transposition, the number of series-connected conductors (in

1%t and 2" coil 3 and 4" coil 5% and 6™ coil

2L
I T

1* transposition 2" transposition

Figure 5.3 Transposition of three parallel-connected conductors is done twice in the end winding area
after every two coils in a winding having six coils
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hy —HE———1

Figure 5.4 Two series-connected conductors with six parallel subconductors on top of each other in a
slot z, = 6. (1) No transposition: . = zphe and z; = 2. (2) Full transposition: s, = he and z; = 12

Figure 5.4, z; =
length in every
height in Equat

2). If the transposition is done so that every subconductor is located at an equal
position of the slot, that is in Figure 5.4 at every six positions, the conductor
ion (5.18) is &, = ho and the number of layers z; in Equation (5.28) is the total

number of conductors in the slot (in Figure 5.4, z, = 12).

Example 5.1:

number of co

(5.27) and

pE)=§

the winding of Figure 5.4 for o = 2mm, b, = 10mm, b = 14 mm, z, = 6 and the total

winding is fully transposed. The frequency is 50 Hz and the conductor temperature 20 °C.

Solution: The specific conductivity of copper at 20 °C is 57 MS/m:

a) he = zpheo = 6 x 2mm = 12mm and z; = 2. According to Equations (5.18), (5.26),

& = heyf ! be 6-2 103\/127'[ 5047107 - 57 - 109 10 1.076
= h¢eyf = Oc— = . . — . . . . . — = 1].
zwl'LO b 2 14

cosh2& — cos 2& o cosh(2 - 1.076) — cos(2 - 1.076)
4.241 4+ 0.836
=1.076———— =1.113
4.357 + 0.549
V(E) = 2% sinh& — sin& 9.1 sinh 1.076 — sin 1.076 2152 1.296 — 0.880
cosh& + cosé& cosh 1.076 + cos 1.076 1.637 4+ 0.475
= 0.423
7 —1 22— 1
kr = @(§) + v(E) = 1.113 4 0.423 = 1.54.

Calculate the reduced conductor height £ and the resistance factor kg for

nductors in the slot is 12, when (a) the winding is not transposed and (b) the

(5.28):

sinh2§ +sin2§ LO76 sinh(2 - 1.076) + sin(2 - 1.076)

3
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b) he = heo = 2mm and z; = 12:

I 10
£E=2. 10—3\/§2n-50 47107757105 = 0.179

sinh(2 - 0.179) + sin(2 - 0.179) 0.366 + 0.351
=0.179 =0.179—— =0.995
v(&) cosh(2-0.179) — cos(2 - 0.179) 1.065 — 0.936
sinh 0.179 — sin0.179 0.180 — 0.178
v(E)=2-0.179 =0.359— = 0.000345
cosh0.179 + cos0.179 1.016 + 0.984
th —1 122 -1
kr = (&) + w(&) =0.995 + 0.000345 = 1.01.

3

We can see that transposition is a very effective way to reduce the skin effect; in the exam-
ple, the reduction is from 1.54 to 1.01.

Example 5.2: Calculate the reduced conductor height when the temperature of a copper
winding is 50 °C and the frequency is 50 Hz.

Solution: The specific conductivity of copper at 50 °C is 50 MS/m and, according to Equa-
tion (5.17),

\/1 e \/1271 50-47- 107 - 50 106b° 1.0 be 1
2 WK%, 2 b b em

According to Equation (5.18),

(5.31)

=
o
| &

Example 5.3: Derive an equation for the resistance factor of a squirrel cage winding in the
locked rotor state when the frequency is 50 Hz and the temperature of the winding 50 °C.

Solution: The number of conductors z; = 1, the ratio b./b = 1 and the reduced conductor
height & according to Example 5.2 is & &~ h/cm. According to Equation (5.28), when
Zy = 1

2 . .
zi —1 _ _ . sinh2§ 4 sin2§
3 V&) =)= Ecosh 28 —cos 2§’

kr = (&) +

Usually, . > 2 cm, and therefore £ > 2, in which case sinh 2§ > sin 2&, cosh 2& >
cos 2& and sinh 2& ~ cosh 2&, and hence

ke = p(§) ~ & ~ he/em.
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Example 5.4: Calculate the resistance factor for a rectangular squirrel cage bar with height
he = 50 mm. The temperature of the bar is 50 °C and the frequency 50 Hz.

Solution: According to Example 5.3,
kr = h./cm = 5.0.
More precisely,

sinh2§ +sin2§ sinh 10 +sin 10
cosh2& —cos2&  ~ cosh10 —cos 10

kr =) =§& 5.0

so the approximate equation kg ~ h./cm gives as good a result as the accurate equation
when the temperature is 50 °C, the frequency 50 Hz and the conductor is high.

The skin effect of the end windings is usually negligible. If the end windings are arranged
as in Figure 5.5, the reduced conductor height & is again obtained from Equation (5.18) by
substituting b, = z,b9 and b = b, + 1.2h. Richter (1967) gives the following equation for the
resistance factor of an end winding:

z2—0.8

% g4, (5.32)

ka’%l'i_

If the skin effect changes along a conductor, the conductor has to be divided into different
sections for detailed analysis. For instance, the skin effect in slots is notably higher than in
the end windings. If the resistance factor in the slots is kg, and in the end winding kgry, the
resistance factor of a total winding is

kruR + krwR R R
kR _ RufYuDC RwAwDC = ku uDC + Rw wDC ’ (533)
Rupc + Rype Rupc + Rupc Rupc + Rupc
A 1M1
2
h p— p— p— p—
2
th 1
_’ ‘_
bco zabC(): bc

Figure 5.5 An imaginary arrangement of an end winding for the calculation of the reduced conductor
height and the resistance factor



Resistances

265
where Rypc and R,pc are the DC resistances of the slot part and winding end part of the
winding, respectively.

Assuming the temperature to be the same everywhere in the conductor, the resistances are

proportional to the conductor lengths. Denoting the average length of the coil turn as /,, and
the equivalent length of the iron core as /, the resistance factor is

2 Ly — 21
kr = kru— + krw— . (5.34)
lav lav
Usually, the skin effect in the end windings is negligible, thus kg, = 1 and

2l
kr =14 (kga — 17—

(5.35)
5.2.2 Critical Conductor Height

If the conductor height /. in Figure 5.1 increases and the width b, remains constant, the

DC resistance of the conductor decreases in inverse proportion to the height. The reduced
conductor height £ (Equation 5.18) increases linearly in proportion to the conductor height 4,
and the second term of the resistance factor (5.29) increases with the fourth power of the con-
ductor height. If the conductor height is high, the resistance factor may have a very high value

and AC resistive losses will be multiple compared with the DC resistive losses of the winding.
In the area 0 < & < 1, the AC resistance is, according to Equation (5.29),

Rac ~ (1 + kE%)Rpc,

(5.36)
where k is a constant and Rac and Rpc the AC and DC resistances. Equation (5.36) and
its components are presented in Figure 5.6. According to the figure, there is a measure
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Figure 5.6 AC resistance R has its minimum at the critical conductor height /. o,
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he = he ¢, with which the AC resistance has a minimum. Above this critical conductor height,
the resistive losses increase with increasing conductor height. The resistance factor corre-
sponding to the critical conductor height for copper and 50 Hz is

krer & 1.33. (5.37)

5.2.3 Methods to Limit the Skin Effect

The skin effect can be limited with the following methods:

1. The most effective method is to divide the conductors into subconductors and transpose
them as shown in Section 5.2.1.

2. Instead of dividing the bulky conductors into subconductors, we can use parallel paths, that
is parallel-connected poles and groups of poles. If the number of parallel paths is a, the
series-connected turns must be a-fold in order to keep the air-gap flux density constant.
This means that the conductor height is reduced in the ratio of 1/a.

3. Using multi-thread, twisted conductors with perfect conductor transposition is also a very
effective way to limit the skin effect. An example of such an arrangement is the Roebel bar
shown in Figure 5.7. Litz wire may also be used in special applications.

In a Roebel bar, a constant shift takes place between the layers. This way, the sums of
partial fluxes of the integration paths causing eddy currents are removed. The skin effect is
thus effectively minimized. However, some skin effect occurs in the subconductors. One way
to diminish this skin effect is to employ subconductors with as small a cross-sectional area
as possible. Roebel bars are common in applications in which there is only a single effective

Stator core length

(2)

(b) Roebel bar from top (c) Roebel bar from one side

Figure 5.7 A Roebel bar. (a) Simplified presentation of two adjacent subconductors. (b), (c) Pho-
tographs illustrating the construction of a Roebel bar. A Roebel bar has minimal skin effect in a slot
because of its perfect conductor transposition
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turn per coil. Usually, the subconductors of a Roebel bar are connected together at the end
winding areas, where the skin effect is remarkably lower than in the slots.

5.24 Inductance Factor

The skin effect depends on the leakage flux of a conductor, which also changes the leakage
inductance L of the conductor. The change in the leakage inductance is notable, for instance
at the beginning of starting up squirrel cage motors. A one-sided skin effect takes place in
the rotor bars, and the current density increases towards the slot opening. The leakage flux in
the conductor area crowds towards the slot opening, which in turn leads to a reduced leakage
flux linkage, and thus to a reduced slot leakage inductance L, as given in Section 4.2.2. If
we denote the leakage inductance with direct current L spc, we may write for the inductance
factor

Lo

Lspc

kL = (5.38)

The inductance factor can be calculated from Equations (4.56)—(4.59).

5.2.5 Calculation of Skin Effect Using Circuit Analysis

Besides the method presented in Section 5.2.1, the skin effect can be analysed by applying
circuit theory. This method is very suitable for rotor bars of arbitrary cross-sectional shape, for
example for double-cage rotors. In this method, a solid conductor is divided into n imaginary
layers or real subconductors as depicted in Figure 5.8. The height of the conductor is /4. and
the height of the kth subconductors is 4. The width of the slot varies over b; to b, and also
the conductor width may vary. This usually happens when the skin effect of a squirrel cage
die-cast bar is evaluated. The length of the iron core is /. The conductor is assumed to be

’l’ ' /[ s < L }I
z i nmnn

L |9V

(®)

© h
L ® h, > k
L e L
I 0 Y /

< bl 3

Figure 5.8 Division of solid conductors into several layers or subconductors in order to define the skin
effect. The current of a conductor is positioned in the middle of imaginary subconductors, arrows 1 to n.
The width of the slot varies from b, to b,. The length of the iron core is /
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of infinite length, and thus the division of the conductor does not have any influence on the
shape of the current density distribution. Further, it is assumed that no skin effect occurs inside
a subconductor.

The currents in subconductors k and k + 1 are [; and [;4. In the steady state, the voltage
equation is

E,=—joA®, = Rl — Ry, (5.39)

where A is the leakage flux flowing between the kth and (k 4 1)th subconductors.
The flux density By in the subconductor k& depends on the current linkage ®; calculated
from the bottom of the slot to the subconductor &

B, = M0—= Zzy, (5.40)

where by is the width of the slot at the position of the kth subconductor. The partial flux AP,
is

Oy Lhy
AP, = Bilhy = “"b_k”’" Ho " Zly (5.41)
By substituting (5.41) into (5.39), and by employing phasors, we obtain

Thy
E, ——ja),bLo—ZI =Rily — Ripalyy,- (5.42)
y=1

Next, the current is solved:
k k

Rk Jwﬂo Lhy
1 = D (5.43)
ko Rk+ Rk+1 b VZ:; Rk+1 X_:

The flux linkage of the subconductor forms an inductance L; determined by

Ih
Li = o (5.44)
by

If an initial value for the current /, is known, we obtain from Equation (5.43) the current
of the next subconductor 7,

bl i 1 (5.45)

If the initial value for the current /; is not known, we can choose an arbitrary value for it, for
instance 1 A.
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The current of the next subconductor / ; is obtained:

R ~wL
I, R—jiz +JR—32 (1, +1,) (5.46)
and generally
R - wL
L= Lti— (L + L+ + L) (5.47)
R Ri1

This way, all the subcurrents of the bar are determined current by current. Now, the total
current of the bar is obtained:

n
=31, (5.48)
y=1

Normally, a total current / of a bar is given, and thus the subcurrents have to be iterated until
the sum of the currents is equal to the total current of the bar.

If the width of the slot is constant and the height of each subconductor is selected equal,
hy., all the resistances Ry of the subconductors are equal as well as the inductances L. In that
case, in Equation (5.43), the ratio of resistances R;/R;;; = 1, and correspondingly the ratio
wLi/Ry+1 = ¢ = constant, and we may write

Lig=L+jc(Li+L+--+1). (5.49)

Example 5.5: Consider a rectangular copper armature conductor of width b, = 15 mm in
a rectangular slot of width b = 19 mm. The height of the conductor is divided into seven
subconductors with height /; = 4 mm. The length of the stator stack is 700 mm and the
frequency of the machine is 75 Hz. The temperature of the copper is 100 °C. Calculate the
skin effect in the subconductors and draw a phasor diagram of the currents and voltages
when 1200 A is flowing in the bar.

Solution: At room temperature (20 °C) pc, = 1/(57 x 106 S/m) = 1.75 x 10-3 Q@ m. The
temperature coefficient of resistivity for copper is ac, = 3.81 x 1073/K. At 100 °C the
resistivity of copper is

PCu, 100°C = PCu, 20°C (1 + ATO[CU) =1.75- 10_8 Qm (1 + 80K -3.81- 10_3/K)
=228-107%Qm.

All the resistances Ry of the subconductors and the inductances Ly are now equal. The
DC resistance of a subconductor is

I 228-10°%Qm 0.7
Rpcx = = = M2 5266me.
A= 5. T T0.015m-0.004 m
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The inductance of a subconductor is

lh Vs 0.7m - 0.004
Li = po—X — 4. 1077 2 2 2P 185 L
b Am 0.019m
The ratio of all resistances R;/R;1 = 1, and the ratio
L 27-75/s-0.185 uH
e @hbe _2m- 75/ M2 0.327.

Ry 0.266 mS2

We are now ready to utilize Equation (5.49) to calculate the currents in the seven sub-
conductors. If we fix the phase angle of the lowest bar to zero, we get the following division
for the currents:

Current, /A Per unit current  Phase angle/°  Current density J/A/mm?

Conductor 1 78.33 0.066 0 1.30
Conductor 2 82.41 0.069 18.1 1.37
Conductor 3 103.91 0.087 47.6 1.73
Conductor 4 155.28 0.130 76.4 2.58
Conductor 5 241.46 0.202 101.0 4.02
Conductor 6 370.80 0.310 123.9 6.17
Conductor 7 561.74 0.470 146.3 9.37
Whole bar 1200 1.0 112.4 Average 2.86

Figure 5.9 illustrates the sum of current phasors corresponding to Equation (5.49) for the
bar of Example 5.5. The figure shows clearly how the phase angle of the current changes

o skin effect, DC

/
L~ ?EQTP‘C
7{;\“ P

— N W A N

0123456789],A
mm

(2) (®) ©

Figure 5.9 Skin effect according to Example 5.5: (a) phasor diagram of the currents of a conductor
divided into seven subconductors (4 mm x 15 mm) with ¢ = 0.327, (b) the bar with seven subcon-
ductors, (c) current density. With a direct current, no skin effect occurs, and the current density J is
evenly distributed in the cross-sectional area of a conductor. With an alternating current at 75 Hz,
the skin effect causes a large increase in the current density when approaching the slot opening
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radically and how most of the current crowds in those parts of the bar which are located
close to the slot opening. Since the skin effect constantly increases when approaching the
slot opening, the situation is called a single-sided skin effect. A current solution reached
with RMS values does not give exact information about the flux density distribution, since
it should be defined by the instantaneous values of the current. The RMS values are, how-
ever, suitable for solving the loss distribution in the slot.

We will now further examine the voltage behaviour of the subconductors in a slot. The
resistive voltage drop of the kth subconductor is

U, = Rel,. (5.50)

The voltage drop of the (k + 1)th subconductor is calculated accordingly. The result is
substituted in Equation (5.42), and we obtain

k

Uy — Qr(k+1) = _jwﬂob Ly, (5.51)
u,k y=1
which leads to
k
Usgry = Uy T oL Zly = Rir1lyyy- (5.52)
y=1

On the surface of the conductor, we may write for the AC impedance of the bar

Upe =U,, +joL,l. (5.53)

T n

For a rectangular slot with similar rectangular subconductors, the inductance L,, is
L,=L;/2. (5.54)

The voltage over the topmost bar consists of the resistive voltage drop over the bar and the
inductive voltage drop caused by all the currents of the subconductors

n
Upc=Rul, +joL, Y I, (5.55)
y=I1

The voltage Uac is the same over the last subconductor on the top of the bar as the whole
conductor: U, = R, I, + jwL,I . The total current /,; meets the total effective resistance
Rac and inductance Lac : U e = (Rac + joLac) 1. Therefore, a comparison of the equa-
tions enables us to get the AC resistance with respect to the skin effect: (Rac + joLac) L, =
(Ru1L, + joL,1,,), from which we obtain

. L, .
(Rac +jwLac) = R, +jwL,. (5.56)
—tot
Then the total effective AC resistance of the conductor with respect to the skin effect is the
real part of the right-hand side of Equation (5.56) and the reactance is its imaginary part.
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Example 5.6: Calculate the resistive and reactive voltages and the AC impedance of the
seven subconductor bars in Example 5.5.

Solution: From Example 5.5: Ry = 0.266 m<2, L; = 0.185 pH, jwL; =j87.2 uQ, L, =
0.0925 pH, joL, = j43.6 uQ2:

k
Current, I,/A  Phase/* U,, =R /V joL; > Ly /V  Phase/® Iszk/W
y=1

Conductor 1 78.33 0 0.0208 0.006 83 90 1.62
Conductor 2 82.41 18.1 0.0218 0.0138 99.3 1.80
Conductor 3 103.91 47.6 0.0277 0.0216 114.3 2.88
Conductor 4 155.28 76.4 0.0412 0.0318 144.9 6.40
Conductor 5 241.46 101.0 0.0641 0.0467 156.2 15.5
Conductor 6 370.80 123.9 0.0984 0.0696 179.3 36.4
Conductor 7 561.74 146.3 0.149 0.0525 202.4 83.7
Whole bar 1200 112.4 148.3

Upne = Uy, +joL,] =0.149V - cos (146.3° — 112.4°) + j0.149 V sin (146.3° — 112.4°)
+0.0525V
U e = (0.124 4 j0.1355) V

with the total current phase of 112.4° as a reference direction.
Finally, for the AC impedance of the total bar at 75 Hz we get

Uase (01244 j0.1355) V
I 1200A

—tot

(Rac +joLac) = = 0.103 m£2 + jO0.113 mQ.

To check:

. L, .
(Rac + jwLac) = Rnl_ + joL,
—tot
561.74 A[146.3°  87.2
+] )

17
21 4 jwLy = 266 uQ
I, M 200A 11240

(Rac + joLac) = 124.5 p2[33.9° +43.6 2 [90° ,
(Rac + joLac) = 103 u2 + j69.4 u + j43.6 uQ = 103 puQ + j113 ue,

(Rac +joLac) = Ry ue,

which is the same result as above.
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—tot

Li+1,+1;

L+ I+ 1 L

j‘l’L/;(il +1+ L+ L+ s+ (,)

Figure 5.10 Skin effect of a seven-subconductor bar corresponding to Examples 5.5 and 5.6. The
diagram is drawn as follows. The current /; in the resistance R; creates a voltage difference U,
parallel to /;. The reactive voltage Uy, is perpendicular to /;. The current /, in the resistance R,
creates a voltage U,, parallel to /,. The reactive voltage Uy, is perpendicular to /; + 15, and so on.
The reactive voltage Uy is perpendicular to /;

Figure 5.10 illustrates the currents and the voltages over the subconductors of the con-
ductor in Figure 5.9.

Based on Equations (5.50)—(5.55), the skin effect of a conductor divided into subconductors
can be illustrated by the equivalent circuit in Figure 5.11. The figure shows that the voltage
defined by Equation (5.55) occurs in the terminals of the equivalent circuit, through which the
total current / of the bar flows. The voltage Uac can thus be called a terminal voltage of a
conductor divided into subconductors, or it can also be called the voltage of a solid conductor
divided into imaginary sections, and Rac + jwL ac is the AC impedance of the conductor.

When a bar of an armature winding is divided into insulated subconductors that travel
transposed from slot to slot to avoid the skin effect, the previous equations may be utilized to
analyse the inductance of individual subconductors. When a series-connected individual sub-
conductor is transposed to all possible positions in different slots, the average inductances of
all subconductors become equal and the distribution of currents is equal between subconduc-
tors. When a perfect transposition is achieved, all the subconductor currents remain the same,
which makes evaluation of the inductance of a subconductor easier. If the width of the slot b
is constant and all the subconductors have the same height, we may, instead of summing the
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Figure 5.11 Equivalent circuit of a conductor in a slot divided into subconductors of varying width,
corresponding to the phasor diagram of Figure 5.10. Uac describes the voltage over the conductor at
alternating current. In Figure 5.10, the voltage U, corresponds to this voltage

currents, multiply the inductance by the position number. We modify Equation (5.44) to get a
new inductance for insulated parallel subconductors

Lk = k,lLolh—k. (557)
by
Now, the equivalent circuit of the connected subconductors simplifies to an equivalent cir-
cuit of the insulated, ideally transposed system in Figure 5.12 that represents the equiva-
lent circuit of one slot. The inductance of a conductor in a phase winding is L = Ly + 2L,
+ .-+ 4 nLy;, which is equal to all the conductors of the slot, so there is no skin effect present
except for the skin effect of individual subconductors.

5.2.6 Double-Sided Skin Effect

In slots carrying conductors on top of each other, a double-sided skin effect is possible if the
windings are not fully transposed. A similar effect may be observed in double-squirrel-cage
rotors. We study a simple case in which there are two conductors on top of each other in a
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U
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—_— > ke 1
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Figure 5.12 Equivalent circuit of a slot with subconductors that are transposed in winding ends so that
there is no large skin effect present and all the subconductors carry the same current. There is no common
AC voltage for such conductors over a single slot. The effect of the flux created by other conductors is
taken into account by multiplying the inductance of each subconductor

slot. The uppermost bar experiences, in addition to the flux created by it, the flux created by
the lower bar, see Figure 5.13.

The behaviour of currents may be studied in the same way as in the previous section for
the single-sided skin effect. Here both the upper and the lower bars are divided into real or
imaginary subconductors. The upper bar that is divided into imaginary subconductors experi-
ences a flux created by a lower conductor. This makes the investigation of the skin effect of
the upper bar somewhat more complicated than in the previous case.

The currents of the upper subconductors k£ have to be divided into two imaginary sections:
1, caused by the flux of the underlying conductor; and I}/, which would be the current of the
subconductor k if it were alone in the slot. That is,

L=1"+1 (5.58)

Thus, a phasor diagram similar to the diagram in Figure 5.10 is valid as such for the sub-
currents /. Now, we have to define the subcurrents /. A simple calculation method can be
found in this case. The currents of the lower bar /, create a time-varying magnetic flux density
in the area of the upper bar. The eddy current pattern created by this flux density has to be
symmetrical with respect to the centre line of the upper conductor. Consequently, it is advis-
able to divide the upper bar into an even number of subconductors. The subconductors of the
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Figure 5.13 Calculation of the skin effect in a bar located above another current-carrying bar in a slot.
(a) The flux created by the bottom conductor current alone and the corresponding induced currents /',
opposing the flux created by the bottom bar. (b) Cut-away view of a slot; /, is the total current in the
upper conductor and /, that in the bottom conductor

upper bar carry eddy currents that, according to Lenz’s law, attempt to cancel the flux created
by the lower bar current.

Therefore, the eddy current components at equal distances below and above the centre of
the conductor have to be equal in magnitude and in opposite directions:

Uy=—1' 4 (5.59)

In Figure 5.13, the currents [ and I, travel towards the observer, and the currents
1% and [) run in the same direction as the sum of currents of the lower conductor. Hence,
we get two current loops opposing the flux components AQ .

The flux created by the current I, of the lower bar A®, induces a current I}, in the
upper subconductor k + 1. This current I ; can be calculated in the (k + 1)th imaginary
subconductor analogously according to Equation (5.43)

Ry , oL

'iy=———1+j-— ' +1,]. (5.60)
T R JRk+1 4

y=1
If we select Ry/Ry+1 = 1, and wLy/Ry11 = ¢, we get

=L +je( + 1+ +1+1). (5.61)
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With an even n, the subconductors k£ = n/2 and k + 1= n/2 + 1 constitute the centre of the
conductor. Here, we may write for the currents, according to Equations (5.60) and (5.61),

n/2
]_/n/2+l = _[_/n/2 = I_/n/2 +J(/ Zl_ly + Lu = [_,n/2 +ch/L' (562)
y=1

In the brackets, we have the sum of the currents of the lower conductor and the imaginary
currents in the lower half of the upper conductor caused by the lower conductor /,. We solve
Equation (5.62) for the subconductor k = n/2 lying just below the centre line of the upper bar

. . n/2
! JCLM .]C /
Lp=-—t=-2| 2L, +L] (5.63)
y=1

Again, we have to find an iterative solution. It seems easiest to make an initial guess for / ,
after which we are able to determine the currents of the subconductors. We now write for the
other lower subconductors of the upper bar, according to Equation (5.60),

n/2—1
P =Lp—ic| DL, + L, | =L —jc(L,— 1) (5.64)
y=I1
and so on, until we get for the lowest subconductor of the upper bar
n/2

=1y —je(ly+1L)=1—jc |1, ->I,]. (5.65)
y=1

As the currents from /] to [/, /2 have now been defined, we also know the currents from
I}, to I, based on Equation (5.59). With Equation (5.62), the sum of the currents of the
lower conductor can also be defined as

n/2
L=1,-) 1, (5.66)
y=1

Example 5.7: Consider a double-layer winding with rectangular copper conductors di-
vided into four subconductors of width b, = 15mm in a rectangular slot of width b =
19 mm. The height of the upper bars of 16 mm is divided into four subconductors with
a height #; = 4mm. The length of the stator stack is 700 mm and the frequency of the
machine is 50 Hz. The copper temperature is 100 °C. Calculate the skin effect in the sub-
conductors if no transposing of the windings is done, when 1000 A in the same phase is
flowing in both of the conductors. The skin effect inside individual subconductors can be
neglected.
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Solution: All the resistances Ry of the subconductors and the inductances L; are now
equal. The DC resistance of a subconductor is Rpc; = 0.266 mS2. The inductance of a
subconductor is

Lhy Vs 0.7m-0.004 m
Li = prok — 4. 107~ 22O 185 wHL
FT HoT T = AT Am_ 0019m H

The ratio of all resistances Ry/Ry 1 = 1, and the ratio

oLy _ 27-50/s-0.185 uH

= =0.218.
Ry 0.266 m<2

CcC =

We must now solve first the eddy currents of the upper bar. With an even n = 4, the
subconductors k = n/2 =2 and k + 1 = n/2 4+ 1 = 3 are in the centre of the bar. We solve
Equations (5.59) and (5.62) for the subconductors k£ = 2 and k = 3 lying just below and
over the centre line of the upper bar

j0.218 [ &

I, = 5 ]_’y—i-Lu =—jO.IILM=—I_’3.
y=I
From (5.65) we get
n/2
I'y=1—je(ly+1)=1—je (L, - ) I,
y=1

=1''=1,-j0218 (I_/M -1 - I_Iz) =-1
=1, (1-j0.218) = I’y (1+j0.218) — j0.2181",
I’y (14j0.218) — j0.218 (1')

1/ = _— == —1/ .
! (1—j0.218) —

For the lower bar current we get I, = 1, — I} — I.
The currents solved after iteration are [, = (995 + j96) A:

I/A Phase/° I /A Phase/® I o/A Phase/° Liu 1A Phase/°

1 321 —68 232 0 462 —40.2 232 0

2 110 —84.4 238 12.3 250 —13.6 238 12.3
3 110 95.5 269 34.5 336 51.1 269 34.5
4 321 112 350 59.6 602 84.6 350 59.6

Figure 5.14 illustrates the phasor diagram of the currents of Example 5.7.
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Figure 5.14 Phasor diagram of the subconductor currents in an induction motor rotor double cage
at locked rotor state. The subcurrents of the upper bar are written /i o = I/, + I, where [’ are the
eddy current components caused by the upper bar alone and /{, I; I; I, the eddy current components
caused by the lower bar current. The lower conductor currents behave similarly for a single bar
in a slot

Figure 5.15 depicts the RMS current density values of the subconductor currents. A
symmetrical skin effect occurs in the upper bar as a result of the currents flowing under
the observed conductor (J,). The resultant current density of the upper bar is J,, in which
the influence of the lower bar has been taken into account. The influence of the lower bar
on the skin effect is significant. Jpc is the current density with direct current.

As we can see, the double-sided skin effect is remarkable in conductors with no trans-
position. In practice, such a winding arrangement is not acceptable.

\\\§\

>
T >

T 1
s o 2 4 6 8 10JA/mMm

Figure 5.15 Skin effect of two solid conductors positioned on top of each other. The conductors
have been divided into four imaginary subconductors. The upper conductor has a symmetrical cur-
rent density J, with respect to the middle of the upper conductor. J; is created by the opposing
current densities caused by the current in the lower conductor
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6

Main Dimensions of a
Rotating Machine

In the previous chapters, the general theory governing the design of an electrical machine
was presented: Chapter 1 addressed the necessary fundamentals of electromagnetic theory
and Chapter 2 concentrated on winding arrangements. Chapter 3 described the behaviour of
the magnetic circuit. Chapter 4 discussed the flux leakage and, finally, Chapter 5 focused on
the resistances of the windings. We should now be able to commence the discussion of the
main dimensions of electrical machine. The design of a rotating electrical machine can be
commenced by defining certain basic characteristics, the most important of which are:

® Machine type (synchronous, asynchronous, DC, reluctance machine, etc.).
¢ Type of construction (external pole, internal pole, axial flux, radial flux machine, etc.).
* Rated power:

— For electric motors, the shaft output power Py in W is given.

— For synchronous motors, also the power factor (cos ¢ overexcited) is given.

— For induction and DC generators, the electric output power Py in W is given. Induction
generators take reactive power from the network according to their power factor. The
reactive power must usually be compensated by capacitor banks.

— For synchronous generators, the apparent power Sy is given in VA. The power factor
(typically cos ¢ = 0.8 overexcited) is also given.

¢ Rated rotational speed ny of the machine or rated angular speed 2.

¢ Number of pole pairs p of the machine (with frequency converter drives, this is also a subject
of optimization).

¢ Rated frequency fn of the machine (with frequency converter drives this is also a subject of
optimization).

e Rated voltage Uy of the machine.

* Number of phases m of the machine.

¢ Intended duty cycle (S1-S9).

¢ Enclosure class and structure of the machine.

Design of Rotating Electrical Machines ~ Juha Pyrhonen, Tapani Jokinen and Valéria Hrabovcovd
© 2008 John Wiley & Sons, Ltd. ISBN: 978-0-470-69516-6
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* Additional information, such as efficiency, required locked rotor torque, pull-up torque,
peak torque, locked rotor current, speed-controlled drive etc.

¢ Standards applied in the machine design.

¢ Economic boundary conditions.

® Manufacturability.

In machine design, there are a considerable number of free parameters. When aiming for
an optimal solution, the task becomes extremely complicated unless the number of these free
parameters is somehow limited. Many free parameters vary only slightly, and therefore, to
simplify the task, these parameters can be assumed constant. The following 10 parameters
can be selected as free parameters:

¢ outer diameter of the stator stack (with the standard IEC frames, this parameter is often
fixed to certain values);

length of the stator stack;

width of the stator slot;

height of the stator slot;

® diameter of the air gap;

* air-gap length;

¢ peak value of the air-gap flux density;
width of the rotor slot;

height of the rotor slot;

¢ pole pair number and frequency.

Actual machine design starts with the selection of the main dimensions of the machine.
The term ‘main dimensions’ refers to the air-gap diameter D measured at the stator bore (see
Figures 3.1 and 3.2) and the equivalent core length ' (see Figure 3.10 and Equation 3.36). The
equivalent length of the core takes into account the influence of the flux fringing at possible
cooling ducts of the machine and also at the ends of the machine.

In electrical machine design, there are certain empirically defined variation ranges of cur-
rent and flux densities, which can be applied in the preliminary phase of the design. Tables
6.1 and 6.2 introduce some values of electromagnetic loadings for well-designed standard
electrical machines.

The permitted loading levels are defined for a machine on the basis of the design of the
insulation and the cooling of the machine. The values in the tables give some empirical infor-
mation related to the selection of machine parameters. In principle, machine design is a rather
complicated iteration process, in which the initial values are first selected for the dimensions
of the machine. Next, the machine is designed electrically, and finally the cooling of the ma-
chine is computed. If the cooling of the machine is not efficient enough, the design has to
be started from the beginning again by increasing the dimensions of the machine, by using
better materials or by selecting a more efficient cooling method. The material selection has a
significant influence on both the losses and the thermal resistances. If a low-loss iron material
and high-thermal-class insulation materials are selected, the output power of the machine can
be improved without increasing its size.

For permanent magnet machines, because of the limited remanence and coersivity of
present-day magnets, we may select values in the lower half of the varying range according
to Table 6.1 for synchronous machines.
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Table 6.1 Permitted flux densities of the magnetic circuit for various standard electrical machines

Flux density B/T
Salient-pole ~ Nonsalient-pole
Asynchronous synchronous synchronous
machines machines machines DC machines
Air gap 0.7-0.90 (Bs;)  0.85-1.05 (Bs;) 0.8-1.05 (Bs;)  0.6-1.1 (Bya)
Stator yoke 1.4-1.7 (2) 1.0-1.5 1.1-1.5 1.1-1.5
Tooth 1.4-2.1 (stator) 1.6-2.0 1.5-2.0 1.6-2.0
(apparent 1.5-2.2 (rotor) (compensating winding)
maximum value) 1.8-2.2 (armature winding)
Rotor yoke 1-1.6 (1.9) 1.0-1.5 1.3-1.6 1.0-1.5
Pole core — 1.3-1.8 1.1-1.7 1.2-1.7
Commutating — — — 1.3

poles

When investigating the values of Table 6.2, it is worth noticing that when the dimensions
of a slot are increased, lower values usually have to be selected than in the case of small slots.
Hence, the lower values of J are for larger machines, and the highest values of J are suitable
for small machines. Despite this, the lower values of A are valid for smaller machines and the
higher ones for larger machines. If we are constructing PMSM fractional slot windings from
small fractions with wide slots, the applicable values given in the table for pole windings are
valid also in this case.

Table 6.2 Permitted RMS values for current densities J and linear current densities A for various
electrical machines. Depending on the size of a permanent magnet machine, a synchronous machine,
an asynchronous machine or a DC machine, suitably selected values can be used. Copper windings are
generally assumed

Sailent-pole ~ Nonsalient-pole synchronous machines

synchronous Indirect cooling .
Asynchronous  machines Direct water
machines or PMSMs  Air Hydrogen cooling DC machines
A/kA/m  30-65 35-65 30-80 90-110 150-200 25-65
Stator Armature Armature Armature
winding winding winding winding
J/A/mm? 3-8 4-6.5 3-5 4-6 7-10 4-9
Copper rotor Field Pole
winding winding: winding
J/A/mm? 3-8 2-3.5 2-5.5
Aluminium Multi-layer Field Compensating
rotor winding winding winding
J/A/mm? 3-6.5 24 3-5 3-5 6-12 34

Single-layer With direct water cooling, in field
windings 13-18 A/mm? and
250-300 kA/m can be reached
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Table 6.3 Tangential stresses o gy calculated from the values of Tables 6.1 and 6.2. There are three
stress values, calculated with the lowest linear current density and flux density, with the average values
and with the highest values. The flux density and linear current density distributions are assumed
sinusoidal. For DC machines, a pole width coefficient of 2/3 is assumed. The power factor of
synchronous machines is assumed to be 1, and for asynchronous machines, 0.8

Nonsalient-pole synchronous
Totally Sailent-pole machines
enclosed synchronous

Indirect cooling

asynchronous machines Direct water DC
machines or PMSMs  Air Hydrogen cooling machines
A/kA/m, RMS 30-65 35-65 30-80 90-110 150-200 25-65
Air-gap flux 0.7-0.9 0.85-1.05 0.8-1.05 0.8-1.05 0.8-1.05 0.6-1.1
density B;,/T
Tangential stress
OF tan/P a
minimum 12 000* 21000~ 17 000~ 51 000* 85000~ 12 000~
average 21500% 33 500* 36 000~ 65 500+ 1,14 500* 29 000*
maximum 33000* 48 000* 59 500* 81500~ 1,48 500* 47 500*

*cosgp =0.8 *cosp =1 *cosp =1 *cosp=1 *cosp=1 *apc=2/3

In Equation (1.115) we defined the tangential stress o r,, in the air gap. The local value for
the tangential stress depends on the local linear current density A(x) and the local flux density
B(x), 0 Fran(x) = A(x)B(x). If a sinusoidal air-gap flux density with peak value Bs is assumed,
and a sinusoidal linear current density with peak value A and RMS value A is applied, we
obtain for the average tangential stress

ABscosg _ ABs cos g
2 2

This tangential stress produces the torque of the machine when acting upon the rotor surface.
Table 6.3 illustrates the guiding limit values for the tangential stress of the air gap calculated
from Tables 6.1 and 6.2.

Typical tangential stress values give us a starting point for the design of an electrical ma-
chine. We may define the size of the rotor first by using a suitable tangential stress value on
the rotor surface. If the rotor radius is 7, the rotor equivalent length is /, the rotor surface
facing the air gap is Sy, and the average tangential stress on the surface is o g, We may write
the torque T of the rotor simply as

6.1)

OFtan =

T = oran S

= Opwn It (21071")
) (6.2)
= OFtan 27'[7"1. l/
DZ
= OFtan T[Trl/ = 20Fw@an Vs
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The correct rotor volume V, to produce a certain torque can easily be estimated with
Equation (6.2).

A similar basis for the design of the machine rotor size is the machine constant C of a
well-designed electrical machine. The machine constant C expresses the magnitude of the
‘internal’ apparent power S; or the power P; given by the rotor volume of the machine. By
employing the emf E};, induced over the magnetizing inductance L,, of the phase (the emf is
calculated from the peak value ¥, of the air-gap flux linkage in one phase, see Equation 7.3)
and the current / of the stator phase, we obtain the apparent power S; for rotating-field ma-
chines rotating at a synchronous speed gy, = f/p

Si =mEnI;. (6.3)

The air-gap emf E, can be substituted into Equation (6.3), and we obtain

| A 1 A
Si = mﬁa)llfmls = mﬁa)NSkws]@mls. (64)
The maximum flux @, penetrating a phase winding will be found by integrating the air-gap
flux density B;(x) over the pole surface Sp

&, = / Bs dS,. (6.5)

SP
If the air-gap flux density has a sinusoidal distribution over the pole pitch 7, and there is no
variation with respect to the length of the machine /', the surface integral can be simplified as

i

10) —/Z’ By sin™ dx
m = T, (6.6)
0
=l/Tp(¥Bé.

The product o Bs represents the average value of the flux density in the air gap. In the case
of a sinusoidal distribution & = 2/7t. In other cases, a suitable value for « has to be found by
integrating the flux density over the pole surface. For instance, if we have surface magnets on
the rotor, the air-gap flux density created by the permanent magnets is usually nonsinusoidal.
In such a case, the average value « for the flux density in the air gap can be defined from the
relative magnet width apy;.

The RMS value of the linear current density A of the stator may be defined from the stator
slot pitch 7 and the RMS value of slot current 7, (assuming that there are no parallel paths in
the winding and the winding is a full-pitch one, 7, = I5zq). The number of slots in the stator
is Qs. Thus

Iy

Azl 6.7)
7,
ntD
= 6.8
5=, ©5)

Here D is, for generality, used instead of the stator inner or rotor outer diameter
(D =~ D; = D).
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286
The number of conductors in the slot zg with all turns in series is
N, N, 2N
o= b= s = 2 6.9)
pq Qs Qs
p
2pm
Now we may write for the linear current density
A= [_u — 1,0 _ [sZQQs — ZISNSm. (6.10)
Ts D D D
We solve the above for I and substitute / into Equation (6.4)
~ AmD
. (6.11)

AnD 1
T T =WRws1Pm——
2o

1 R 1
Si = m—=wNgky Pnls = m—wNgkys1 P
V2 ! V2 @ MO Ngm
We now substitute @ = 2p7ingy, and the peak flux from Equation (6.6) into Equation (6.11)

a

1 2nD .  AnD
Si = _zpnnsynkwsl__Bél
T 2p 2
(6.12)

V2
2 s
Nenkws1 ABsl' D?.

V2

We may now rewrite this as
? 2
P> ’
ws1l ABs D Znsyn 6.13)

s
S,‘ = mEmIS = —k
V2

= CD?I' Msyn.
The machine constant C can be written in the following form for rotating-field machines

(synchronous and asynchronous machines), according to Equation (6.13):
2 A A
(6.14)

where A = A/ V2.1 is the equivalent length of the machine and A is the RMS value of the
linear current density, which corresponds to the tangential magnetic field strength Hy,, in the

air gap, see Chapter 1.
The rotor volume V. required for a certain apparent power can now be written as

U T S
Vi=-DX' = -, (6.15)
4 4 Cngyn
The weight of the rotor is proportional to its volume
(6.16)

mrNVr::[p_Si_
4 Cf
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In DC machines, the air-gap flux density is not sinusoidal. Under the pole at no load, we
have the air-gap flux density By,.x. For DC machines, the internal power of which is defined
P, = 7t201DCAngmaxDzl’nsyn = CD?I'ny, we may write

C = M apcABs max. (6.17)

apc is the relative pole width coefficient for DC machines (typically about 2/3).

The dependence of the internal apparent power S; on the mechanical power Py, of a
rotating-field machine is obtained from the power factor cos ¢ of the machine and the effi-
ciency n (which have to be estimated at this stage). Now, the machine constant of mechanical
power Cp,e. can be introduced:

U
Prec = nmUI cos ¢ = ncos (pESi = CmeCDzl’nsyn. (6.18)

In a DC machine, the internal power (P; = El,) depends on the input power Pi, = U,l,;
consequently, based on their ratio, we may write

E I
P=—2P, (6.19)
U, I,

where [, is the armature current.
With Equation (6.16) and Equation (6.14), we obtain for AC machines

pSi_ pSi
fAB§ fO—Ftan.

~

(6.20)

Thus, the higher the tangential stress and the supply frequency, the lower the weight of the
rotor.

By selecting a small number of pole pairs p and a high supply frequency f, we obtain,
in principle, a light machine for a certain output power. Since the output power of a machine
depends on the torque 7" and the mechanical angular frequency £2, as P = £2 T, the torque of a
high-speed machine is small when compared with a low-speed machine of equal output power.
At high speeds, however, the motor power density increases together with the loss density, and
hence effective methods to reduce the losses and to improve the cooling of the machine have
to be applied. With high frequencies, suitable means to reduce the stator winding skin effect
have to be adopted so that there is no need to reduce greatly the linear current density. As the
frequency rises, in order to maintain the air-gap flux density, better stator steel materials and
more effective cooling methods have to be selected.

When analysing the weight of 22 kW serial-produced machines, we may construct a curve
according to Figure 6.1 as a function of the number of pole pairs. The dotted line in the figure
approximates the weight of the machine as a function of the number of pole pairs. We can see
that, in principle, the weight of the machine follows the equation

m=mo+ Kp. (6.21)
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Figure 6.1 Weight of typical, totally enclosed, industrial 22 kW, 50 Hz, 400 V induction motors as a
function of the number of pole pairs. In the figure my = 40kg

According to Equation (6.20), the weight of a machine is inversely proportional to the
frequency, and thus the weight of the machine should be

K
m=mgy+ ﬁ, (6.22)
where mg, K and g are constants. Further, g is usually less than one, since the linear current
density and the air-gap flux density cannot be considered constant as the frequency of the
machine increases. As a result, we obtain Figure 6.2, which illustrates the approximate weight
of a two-pole induction machine as a function of frequency f.

The allowed linear current densities and the air-gap flux densities of electrical machines are
strongly dependent on the cooling methods, as shown in Tables 6.1 and 6.2. Highly effective
cooling methods increase the permitted electromagnetic loadings 1.5-2-fold, and correspond-
ingly the weight of the machine drops by 30-50%. In well-designed machines, the linear
current density and the flux density depend on the machine size in such a way that they both
increase as the size of the machine increases. As a result, the machine constant also depends
on the size of the machine. Figure 6.3 illustrates the machine constant of induction and syn-
chronous machines of different sizes per pole power. Because of the low excitation losses
in permanent magnet machines, the machine constants for PMSMs could be high. The values
given in the tables are, however, also limitedly valid for PMSMs, because the permanent mag-
net rotor temperature must be limited to lower values than in wound rotors or die-cast rotors,
especially when NdFeB magnets are used. Typically, 100 °C should not be exceeded with
NdFeB magnets to minimize the magnet demagnetization risk under the demagnetizing arma-
ture reaction. SmCo magnets tolerate high temperatures, but their remanence is remarkably
lower than that of NdFeB magnets.

The machine constants of different machine types are not exactly equal. The definition of
machine constants is based on empirical knowledge and the tradition of machine construction,
and therefore even quite contradictory values for machine constants can be found in the liter-
ature. With a constant supply frequency, the rotor peripheral speed in rotating-field machines
is proportional to the pole pitch. The permitted armature current and thereby the machine
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Figure 6.2 Weight of the active parts of a two-pole 22 kW induction motor as a function of frequency.
The exponent g ~ 0.8 in Equation (6.22)
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Figure 6.3 Machine constants of totally enclosed asynchronous and synchronous machines as a func-

tion of pole power
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constant are functions of the pole pitch and the frequency of the machine. Since the pole pitch
of a machine cannot be deduced from its rated values, the machine constant is often given as
a function of pole power (Pe./2p). The method can be justified by the fact that the ratio of
the length and the pole pitch is fairly constant irrespective of the number of pole pairs.

Example 6.1: The diameter of a rotor of a 4kW, 50 Hz, two-pole (15, = 50/s) induction
motor is 98 mm and the length is 82 mm. Assume 1% rated slip and calculate the machine
constant and the average tangential stress.

Solution: The rated torque of the motor is

P P 4000 W
TN = —_— = = - 12.86Nm-
2 (1-582, (1-0.01)-27-50/s

The torque-producing area of the rotor is S, = 7tD;/ = 0.0252 m?. The radius of the rotor
is 49 mm, and hence the tangential force at the rotor surface is on average

Tn  12.86Nm
In = Funtt © Fan= — = ———— = 262N.
N = Pl @ Fan =2 = 70049 m
The average tangential stress is
Fian 262N 5
=—=———=10400N/m".
OFan = g T 0.0252m?2 /m

The corresponding machine constant becomes

Prec 4kW
nenD2’  50/s - (0.098m) - 0.082m

Prec = Cmechl/nsyn & Cec = = 102kW S/In3.

The pole power of the machine is now 2kW, and consequently this point is located
somewhat higher than the curve of p = 1 in Figure 6.3.

Example 6.2: Repeat Example 6.1 for a 30 kW, 50 Hz, four-pole (n5y, = 25/s, 190 N'm)
induction motor. The rotor diameter is 200 mm and the rotor length 206 mm.

Solution: Ty = 190N m.

Ty 190Nm
Fan = = = = 1900N.

I 0.1m

F, 1900 N
Oan = — = — 14700 N/m>.

S, m-02m-0.206m
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The corresponding machine constant becomes

Poec 30kW
nynD?' ~ 25/s-(0.2m)? - 0.206 m

Crnec = = 146 kW s/m°.

The pole power of the machine is 7.5kW, and this point is well within the region of
p = 2-6 of Figure 6.3.

The machine constant of doubly salient reluctance machines can with low outputs be no-
tably higher than the machine constant of an induction machine. For instance, according to
Lawrenson (1992), the machine constants of an 11 kW DC machine, an induction machine and
a doubly salient reluctance machine are in the ratio 1:1.23:1.74. Thus, in this power class,
the machine constant of a doubly salient reluctance machine is about 40% higher than the
machine constant of an induction motor. Although it was invented a long time ago, the doubly
salient reluctance machine is still at the very beginning of its development. The machine was
employed in the early twentieth century to aim the guns of British warships. Nowadays, the
development of power electronics is bringing these machines into wider use.

6.1 Mechanical Loadability

In addition to temperature rise, the output power and maximum speed of a machine are re-
stricted by the highest permissible mechanical stresses caused by the centrifugal force, natural
frequencies and by the highest permissible electrical and magnetic loadings (see Sections 6.2
and 6.3).

The highest stress o .. caused by the centrifugal force in the rotor is proportional to the
square of the angular speed

Omee = Cpr2 22, (6.23)
Here

C' = 3JfT" for a smooth homogeneous cylinder,

C' = % for a cylinder with a small bore,
C’ =~ 1 for a thin cylinder,

r; 18 the radius of the rotor,

£2 is the mechanical angular speed,

p is the density of the material,

vis Poisson’s ratio (i.e. the ratio of lateral contraction to longitudinal extension in the

direction of the stretching force).

When the maximal mechanical stress of the rotor material is known, the equation can be
used to determine the maximum allowable radius r of the rotor. Typically, a safety factor has
to be used so as not to exceed the integrity of the rotor material.

Poisson’s ratios vary slightly for different materials. Table 6.4 lists some ratios for pure
materials.
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Example 6.3: Calculate the maximum diameter for a smooth steel cylinder having a
small bore. The cylinder is rotating at 15000 min~!. The yield strength for the material is
300 N/mm? = 300 MPa. The density of the steel is p = 7860 kg/m>.

Solution: Poisson’s ratio for steel is 0.29. For a cylinder with a small bore

2
_ 34ty 3402 e
4 4

C/

The stress is calculated as oo = C ’/orrz.Q2

/ Cvield 300 MPa
Oyiela = Cor} 2% & rpmax = v/ C’;:QZ - (2 - (15000/60) - m)*
0.823 - 8760 kg/m? - 3
s

=0.13m.

As there must be some security in the yield stress, the radius of the rotor diameter has to be
smaller than what was calculated above.

Equation (6.23) cannot be directly applied to the measurement of stresses in rotor lamina-
tions, for instance, because of the fairly complicated geometry of the laminations. However,
some informative results may be found, since the stress is always highest at the centre of a
solid plate or at the inner surface of a plate with a centre bore. At these points, the permitted
proportion of the yield stress of the material should not be exceeded.

In the case of salient-pole rotors, in small machines, the pole cores should be fastened to the
shaft for instance using screws. The screw fastenings have to be dimensioned with a sufficient
security depending on the yield stress. If a screw fastening is out of the question, a dovetail
joint may be applied.

The maximum stress in a rotor caused by the centrifugal force is, according to Equation
(6.23), proportional to the square of the peripheral speed. Thus, we can find fixed values for
a maximum peripheral speed and stress. If the rotor dimensions (diameter, length, etc.) of the
machine are assumed to be variable over the scale A (lengths and diameters are proportional
to A, areas to A% and volumes to A%), the maximum speed of the machine becomes inversely
proportional to the scale A:

Hmax ~ AL (6.24)

Table 6.4 Poisson’s ratios for certain pure metals

Metal v Metal v
Aluminium Al 0.34 Nickel Ni 0.30
Copper Cu 0.34 Titanium Ti 0.34

Iron Fe 0.29 Cobalt Co 0.31
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6.2 Electrical Loadability

Resistive losses P, in a winding are proportional to the square of the current density J and to
the mass of the conductors

Peu ~ JPmea ~ J?23. (6.25)

The thermal resistance Ry, between the conductors and the teeth is

d;
Ry = —, 6.26
"= g (6.26)
where d; is the thickness of the slot insulation, A; the thermal conductivity of the insulation
and S; the area of the slot wall. The thickness of the insulation d; is constant independent of
the machine size (it depends on the rated voltage) and hence

1

R ~ P (6.27)
The temperature difference AT between the conductors and the teeth is
AT = PcyRiy ~ J?A. (6.28)
Consequently, for a given temperature difference,
J?A = constant (6.29)
and
J ~ L (6.30)

VA

Thus, small machines tolerate higher current densities better than large machines.
The linear current density A in this case may be calculated as the total RMS current in a
slot JScy,u divided by the slot pitch 7,

L,ﬂ
UL % = V2. 6.31)

Tu

The linear current density A and the current density J are dimensions of the electrical loading
of a machine. As the current density in small machines can be higher than in large machines,
the linear current density behaves in the opposite sense: the linear current density is higher in
large machines than in small machines. The product of A and J is

1
AT ~VA— =1= constant, 6.32
NG (032
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and thus A/J is independent of the size of the machine; it depends only on the effectiveness
of the cooling of the machine. For totally enclosed machines, AJ is smaller than for open-
circuit cooling. In air-cooled machines, the product AJ ranges from 10 x 10'° A>/m? to
35 x 10'° A%/m3, but in different machines with the same kind of cooling, the product is
approximately the same independent of the machine size. In the case of direct water cooling,
AJ attains essentially higher values.

Example 6.4: Using Table 6.2, calculate the AJ values for different machines.

Solution:
Sailent-pole Nonsalient-pole synchronous machines
synchronous Indirect cooling .
Asynchronous machines Direct water
machines or PMSMs Air Hydrogen cooling DC machines
A/KA/m  30-65 35-65 35-80 90-110 150-200 25-65
Stator winding Armature winding Armature winding Armature winding

J/A/m? 3-8 x 10° 4-65x%x10°  3-5x 10° 4-6x10° 7-10 x 10  4-9 x 10°

AJ/A%/m3 9 x 1010 to 14 x 100t 105 x 100t 36 x 101°t0 105 x 10 to 10 x 10'° to
52 x 100 4225 x 100 40 x 1010 66 x 1010 200 x 1010 58.5 x 1010

The values for asynchronous, DC and air-cooled synchronous machines are similar. Hy-
drogen or the direct water-cooling method in larger synchronous machines, however, give
remarkably higher values.

6.3 Magnetic Loadability

The air-gap flux density and the supply frequency of a machine determine the magnetic load-
ing of the machine. Let us next study how the flux density varies as the speed of a machine
increases with increasing line frequency.

Iron losses Pg. are approximately proportional to the square of flux density B and, with
high frequencies, to the square of frequency f and to the volume of iron Vg,

Pre ~ B2 f? V. (6.33)

The maximum rotation speed ny,x is proportional to the frequency f, and taking into ac-
count Equation (6.24) (V ~ A3 ~n73), we obtain

max

Pre ~ B2n? L B? ! (6.34)
€ 5" *max n3 5 n . .
max max

The temperature rise of a machine depends on the power loss per cooling area S. Assum-
ing a constant temperature rise and taking into account Equation (6.24) (S ~ A% ~ n22),

max
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we obtain

P B? B? .
% ~ —5S ~ —f’nfnax = Bgnmax = constant. (6.35)
nmax nHlLiX
Thus, the air-gap flux density depends on the speed:
. 1

Bs~ .
v Nmax

(6.36)

We now get the maximum available power Pp,x that can be obtained by increasing the
speed of the machine. According to Equations (6.13), (6.30), (3.36) and (6.24),

1 1 1 1 1
Nmax = .
A/ Pmax +/Mmax I’lrzn,dx Mmax nr3nax

The power limit is inversely proportional to the cube of the speed. Figure 6.4 illustrates a
study of different types of air-cooled machines and shows the rated power that can be reached
at a required maximum speed or the maximum speed allowed for a given rated power. The
lines in Figure 6.4 are based on conventional electrical and magnetic loading. The figure gives
the average values for a large number of machines. Line e represents the limiting power of
induction motors, the rotors of which are constructed of smooth solid-steel cylinders, which

PmaxNABE Dzl/nmax'\’

(6.37)
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Figure 6.4 Maximum power and speed of air-cooled machines. (a) DC machines, rotor surface
speed <110m/s, (b) synchronous cylindrical-rotor machines with a laminated rotor, rotor surface speed
<130 m/s, (c) induction motors with a laminated squirrel cage rotor, rotor surface speed <200 m/s, (d)
machines with a solid rotor, rotor surface speed < 400 m/s, (e) induction motors with a solid, copper-
coated rotor, rotor surface speed < 550 m/s (a—d: Gutt, 1988; e: Saari, 1998)
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are coated with copper cylinders. The cylinder is fixed on the rotor core by explosion welding,
which guarantees a perfect mechanical joint between copper and steel.

The limitations of materials decide the realistic upper limits for the power outputs of elec-
trical machines. Present developments in large synchronous machines have led to notable
outputs. Today, up to 1500 MW, 1500 min~! synchronous machines are designed as genera-
tors of large nuclear power plants. For instance, the rotor dimensions of the nonsalient-pole
synchronous generator in the new Finnish Olkiluoto 1793 MW nuclear power plant are D, =
19m, /[, =7.8m.

The length of the rotor is chiefly restricted by the critical angular speeds of the rotor. At
a critical speed, the rotor has one of its mechanical resonances. There are several bending
modes for the mechanics of each rotor. At the lowest critical speed, the rotor bends like a
banana having two nodal points. At the second critical speed, the rotor bends into an S-shape
with three nodal points, and so on. There are also torsional bending modes that may restrict the
use of a rotor. Usually, the ratio of the length of the machine to the air-gap diameter x = I/D is
selected for operation of the rotor below the first critical rotation speed. This cannot, however,
be guaranteed. For instance, large turbogenerators generally operate between different critical
speeds. The maximum length of the rotor /;;,x that guarantees operation below the first critical
speed is defined according to Wiart (1982)

2 g1
lfnax=n2—,; = (6.38)
0

S is the area of the cross-section of the cylinder (m?),

Eis the modulus of elasticity (Young’s modulus) of the rotor material, typically
190-210 GPa for steel,

1 is the second moment of inertia of area (m*), I = 7 (D;‘ut

nis the order of the critical rotation speed,

k is the safety factor (the ratio of the nth critical angular speed to rated angular speed),

p is the density of material.

where

- Di‘;) /64 for a cylinder,

Example 6.5: Calculate the maximum length with a safety factor £ = 1.5 for a smooth
solid-steel rotor operating under the first critical speed, when the rotor diameter is 0.15 m
and the rotor speed is 20 000 min~".

Solution:

12 =n27T_2 ﬂ
max k.Q ,OS

- 0.15%
, 200GPa . 2 ¢
lmax = 12 2(;-[000 K g4i52 =0.75m.
152 Zon | gre08 T U0 o
60s m3 4

In this theoretical case /i,ax/rr = 10. In practice, the rotors have slits and low-diameter
shafts for bearings and so on, which reduces the /i,x/r; ratio.
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Table 6.5 Typical x = '/D ratios for different electrical machines

Asynchronous
machines Synchronous machines, p > 1 Synchronous machines, p = 1 DC machines
U s 0.8—-1.6
X~ =P X~ =P x=1-3 X~ —
2p 4p p

If we employ the safety factor in the yield k,, we obtain for the ratio of the length of the
rotor to the radius, using Equations (6.23) and (6.38),

Imax ko | C'E
= — . 6.39
e n k \ 4omec ( )

This equation yields the maximum length of the rotor after the permitted rotor radius has been
defined with Equation (6.23). [,.x/7; is not a function of rotation speed. If a solid-steel rotor
rotates below the first critical rotation speed, the ratio should usually be //r, < 7. In practice,
the ratio is often //r; &~ 5. In the above-mentioned Olkiluoto generator //r; & 8.2.

In standard machines, the ratio of the equivalent machine length to the air-gap diameter

(6.40)

=D

varies within rather tight limits (see Table 6.5).

6.4 Air Gap

The length of the air gap of a machine has a significant influence on the characteristics of an
electrical machine. In machines in which the magnetizing current is taken from the supply
network, the length of the air gap is dimensioned to produce a minimum magnetizing current
and, on the other hand, an optimal efficiency. In principle, a small air gap gives a low magne-
tizing current, while the eddy current losses of the rotor and stator surface increase because of
permeance harmonics created by the open or semi-closed slots. A small air gap also increases
the surface losses in the rotor caused by the current linkage harmonics of the stator. Although
the air gap is of great significance, no theoretical optimum has been solved for its length, but
usually empirical equations are employed instead in the definition of the length of the air gap.
An air gap § of a 50 Hz asynchronous machine can be calculated in metres as a function of
power P with the equations

_0.240.01- PO

1000 m, whenp=1, (6.41)

_ 0.184+0.006 - P**
- 1000

m, when p > 1. (6.42)
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P must be in watts. The smallest technically possible air gap is approximately 0.2 mm. In
drives for extremely heavy duty, the air gap is increased by 60%. In machines with an
exceptionally large diameter, an air-gap ratio of 6/D ~ 0.001 has to be selected because of
the mechanical properties of the frame and the shaft of the machine.

In frequency converter drives, the air gap may be increased similarly as in heavy-duty
drives (60% increase) to get lower rotor surface losses. In large machines with prefabricated
windings and open slots, the air-gap length must be selected high enough (60-100% increase)
to reduce pulsation losses.

Example 6.6: What is a suitable air gap for a 110kW, six-pole, heavy-duty induction
motor?

Solution:

0.18 +0.006 - P04 0.18 +0.006 x 110000%4
5§=1.6 m=1.6-
1000 1000

m=1.285 x 103 m.

If an asynchronous machine is designed for high speeds, to avoid excessive iron losses in
the stator and rotor teeth, the air-gap length has to be increased considerably from the value
obtained with Equation (6.41) or (6.42) for a standard electric motor. Also, frequency con-
verter motors may have a larger air gap than motors started direct on line. If a high-speed
machine is equipped with a solid rotor, the air gap has to be designed with special care, since
the losses at the surface of a solid rotor decrease radically when the air gap is increased,
whereas an increase in the magnetizing current in the stator leads to a notably smaller in-
crease in the losses. A suitable value for the length of the air gap has thus to be determined
individually in each case.

In DC and synchronous machines, the air gap is basically defined by the permitted armature
reaction. We have to ensure that the armature reaction (flux caused by the current linkage of
the armature) does not reduce the flux density excessively on one side of a magnetic pole. To
meet this condition, the current linkage of the field winding has to be higher than the current
linkage of the armature

O > O,. (6.43)

This condition may be rewritten for DC machines as

Bé max
Ho

1
Skc > EOch‘L'pAa. (6.44)

On the left of (6.44), we have the field winding current linkage expressed with the no-load
air-gap flux density, and, on the right, the armature current linkage expressed by the armature
linear current density A, and the relative pole width apc.
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Table 6.6 Coefficient y for the definition of the air gap of DC and synchronous machines

Salient-pole constant air-gap synchronous machines y=17.0x 1077

Salient-pole synchronous machines, the air gap of which is shaped y =4.0 x 1077
to produce a sinusoidal flux density distribution

Nonsalient-pole synchronous machines y =3.0x 1077

DC machines without compensating winding y =3.6 x 1077

DC machines without compensating winding and y =5.0x 1077
commutating poles

Compensated DC machines y =22 x 1077

The same condition for a synchronous machine is given as

B 1
Zske = —asmTpA,. (6.45)
Ho 2

Then, the air gap of a DC machine must be

A Aa

1 a
§> = T,—— = YT, , 6.46
a zaDCMO pBémax 4 pB&max ( )
and for synchronous machines
1 A, A,
5> — = = - 6.47
= zaSMMOIp Bs Y Bs ( )

where y (Table 6.6) includes, according the type of the machine, the relative pole width of the
pole shoe apc or asm, (o and a constant 1/2.

Example 6.7: A salient-pole synchronous machine with a no-load sinusoidal air-gap
flux density has a stator linear current density of A = 60kA/m, an air-gap flux density
amplitude of 1 T and a pole pitch of 0.5 m. Find a suitable air gap for the machine.

Solution: The sinusoidal no-load air-gap flux density of the machine results from a suitable
pole shape that produces the sinusoidal flux density. Hence, y = 4 x 1077 and we get

A 60000
So=yTp— =4x10".05. —— =0.012m.
pB5 1

Synchronous reluctance machines must have a high inductance ratio, which suggests se-
lecting a small d-axis air gap. To be able to compete with the performance of asynchronous
machines, synchronous reluctance motors may have to be equipped with smaller d-axis air
gaps than those in induction motors. However, if the air gap is made very small, the surface
loss, because of permeance harmonics, may increase remarkably if high-quality rotor lamina-
tions are not used.
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In doubly salient reluctance machines, the aim is to construct as small an air gap as possible
to achieve a high inductance ratio between the direct and quadrature position of the machine.

In PMSMs, the air-gap length is determined by mechanical constraints. It is similar to
those values encountered in asynchronous machines and can be calculated from Equations
(6.41) and (6.42). The synchronous inductance depends on the air-gap length. Since the
magnet length itself has a significant influence on the magnetic air gap of the machine, the
synchronous inductance easily becomes low and the machine maximum torque high. How-
ever, in some cases, the thickness of the magnet and even the length of the physical air gap
must be increased to get a smaller synchronous inductance. Generally, the physical air gap is
made as small as possible to save the amount of material in the permanent magnet. This holds
especially for low-speed, high-torque permanent magnet machines. In higher-speed machines,
the air-gap harmonic content may cause very high losses in the permanent magnet material or
in the ferromagnetic material under the permanent magnets, and in such cases the air gap must
be increased to keep the magnet temperature low enough. In a PMSM, the determination of
the air gap and the thickness of the magnets themselves is thus a demanding optimization task.

In rotor surface magnet machines, the magnetic air gap of the machine may be calculated
as

dpm = hpm/ M + Se (6.48)

where hpy is the rotor surface permanent magnet thickness, upy the permanent magnet ma-
terial relative permeability and . the equivalent air gap, the physical air gap corrected with
the Carter factor (8, = k¢é).

If the magnets are embedded, their effects in the reluctance of the magnetic circuit are
somewhat complicated and have to be taken into account in the calculation of the effective air
gap d.r. Numerical methods are often applied.
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Design Process and Properties
of Rotating Electrical Machines

The design process of a rotating electrical machine can be carried out for instance in the
following order. This procedure can be directly applied to asynchronous motors, but it is also
applicable to the design of other machine types.

1.
2.

3.

The initial design parameters are checked.

The tangential stress o, (Table 6.3) or the machine constant Cy,e. (Figure 6.3) are deter-
mined according to the power, speed and cooling method of the machine.

The rotor size is determined according to the required torque (T = Oian/: (27trrl;) =
201n Vi), see Equation (6.2). At the same time, a suitable ratio of the length and the air-gap
diameter x (Table 6.5) is selected according to the machine type. This ratio, then, deter-
mines the air-gap diameter D and the equivalent length [’ of the machine. If the machine
has radial air-cooling channels, the stator is built of laminated stacks 40—80 mm long with
10 mm cooling channels in between. The equivalent length of the machine is then defined
according to the rules given in Chapter 3. In the case of an axial flux machine, the diam-
eter ratio of the machine decides the radial ‘length’ of the machine. The best theoretical
diameter ratio (the ratio of the inner diameter of the stator to the outer diameter, D/ D)
is approximately 0.6.

. A suitable air gap is defined for the machine (see Section 6.4).
. A suitable stator winding is selected for the machine. This is a decisive phase with respect

to the final characteristics of the machine. A guiding principle is that a poly-phase winding
produces the more sinusoidal current linkage, the more slots there are in the stator. The
winding factors for a slot winding usually become lower for the harmonics as the number
of slots increases (the current linkage of the winding approaches sinusoidal waveform). The
limit value for this inference is the case in which there are no slots at all, but the winding
is assembled straight into the air gap of the machine. Now, in principle, the current linkage
created by the stator currents has a smooth distribution and, because of a long air gap,
an optimum sinusoidal flux density distribution on the rotor surface. A slotless armature
winding is typical in small and in high-speed permanent magnet synchronous machines.

Design of Rotating Electrical Machines ~ Juha Pyrhonen, Tapani Jokinen and Valéria Hrabovcovd
© 2008 John Wiley & Sons, Ltd. ISBN: 978-0-470-69516-6
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Table 7.1 Recommended slot pitches for normal armature windings of
different machine types

Machine type Slot pitch, 7,/mm
Asynchronous machines and small PMSMs 7-45
Synchronous machines and large PMSMS 14-75
DC machines 10-30

Leaving an asynchronous motor without slots would lead, as a result of a long air gap, to
an excessive magnetizing current and therefore a poor power factor.

A large number of slots increase the number of coils and also the price of the machine.
Table 7.1 contains some recommendations for the slot pitch .

The lowest slot pitches occur in small machines, whereas the highest slot pitches are
found in large machines. For instance, in a 4kW, 3000 min~! induction motor, the slot
pitch t, of the stator is about 8.5 mm. On the other hand, the slot pitch 7, of the stator
in a 100kVA four-pole synchronous machine is about 16 mm. In a low-speed 3.8 MW,
17 min~', direct-driven wind generator the slot pitch T, is about 38 mm (D = 5.2m, p =
72). The largest slot pitches are suitable in direct water cooling. Bulky copper coils are
difficult to cool if the machine is air cooled.

When the winding type and the number of slots are selected, as a result the winding
factors of the machine are also defined. The most important winding factor is the winding
factor ky, of the fundamental. Simultaneously, attention must be paid to the winding factors
of the winding harmonics. For instance, in a symmetrical three-phase machine, the lowest
harmful harmonics are the fifth and the seventh harmonics.

6. Since the tangential stress or the machine constant has already been selected, the air-gap
flux density Bs has to correlate with the selected machine constant. The initial value em-
ployed in the calculation can be selected according to Table 6.1. In permanent magnet
machines, the air-gap flux density must be in a sensible relation to the remanent flux den-
sity of the permanent magnet material. From the economic point of view of this material,
the maximum air-gap flux density with permanent magnets should be about half of the
remanent flux density, namely 0.5-0.6 T. Such low values should lead to a large machine,
and hence remarkably higher values are also used in PMSMs.

7. As the main dimensions, the winding method and the air-gap density have been se-
lected, the required number of coil turns N can be defined with the desired emf. The emf
E. = oY, induced by the air-gap flux linkage (¥, = IhLn) can first be estimated
from the RMS value U, of the fundamental terminal voltage; for induction motors it is
En ~ 0.96 — 0.98U, and for generators £, =~ 1.03 — 1.06U.

With synchronous machines and PMSMs, we first have to estimate the required Ef or Epy
(cf. appropriate phasor diagrams in Section 7.2) which is crucial for the torque production of
a synchronous machine. The stronger the armature reaction, the higher the values of Ey or
Epy have to be selected in order to reach an adequate power factor at the rated point. In syn-
chronous machines with a strong armature reaction, Ey ~ 1.2 — 2U| and in permanent magnet
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synchronous machines, typically, Epy & 0.9 — 1.1U;. It must, however, be remembered that
values at the higher end of Ex ~ 1.2 — 2U are fictitious values used in machine analysis. The
values are not possible at no load since the machine magnetic circuit should saturate heav-
ily. Even in high-armature-reaction machines, the no-load maximum voltage seldom exceeds
Ef~ 12— 1.3U,.

The main flux penetrating a winding varies almost sinusoidally as a function of time

&, (1) = Dy sin ot (7.1)

Here &, represents the maximum value of the air-gap flux penetrating into a full-pitch wind-
ing. According to Faraday’s induction law, the air-gap flux linkage ¥, induces in the winding
a voltage

dv, A
em = e = —w¥, coswt = —Nky

do,, A
—0 — _Nkyw®,, cos wt. (7.2)

In Equation (7.2), the peak flux linkage ¥, is associated with the phase winding under
observation. The peak flux linkage occurs at a time when the peak air-gap flux density B is
on the magnetic axis of the winding. Similarly, we also define the peak flux &, penetrating
the winding. When the induced voltage is assumed sinusoidal, we obtain the RMS value of
the air-gap voltage

En=—én = —=wkyNoy (7.3)

as was shown in Chapter 6.

For the calculation, the peak value of the air-gap flux linking the winding has to be known.
This value is calculated by integrating the flux density over the pole pitch (x-coordinate) and
the equivalent length (y-coordinate) of the machine, Figure 7.1. In practice, this value may be
calculated by defining the average value of the air-gap flux density (see Example 2.7).

I o

b, = //(Bé)dxdy. (7.4)
0 0

The peak value of the air-gap flux by an integral of (7.4) assuming that the flux density is
independent of the y-coordinate parallel to the axis of the machine is

A

D = aiBsTyl/, (7.5a)

D = apmBs Tyl (7.5b)

where ¢; is a coefficient showing the arithmetical average of the flux density in the x-direction,
which takes the value o; = 2/7t in a sinusoidal flux density distribution, Figure 7.1.
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air gap

rotor

(@ (b)

Figure 7.1 (a) Sinusoidal flux density distribution across a pole pitch, peak value Bj, average value
«;Bs. The cross-section of the flux density distribution is often somewhat flattened from the sinusoidal
form because of saturation in the teeth. In the case of a sinusoidal distribution «; = 2/7t and in the
case of a flattened distribution ¢; > 2/7t. (b) The air-gap flux behaviour with a rectangular permanent
magnet

In PMSMs, the magnets are often installed on the rotor surface. If the magnets have an
equal thickness over the pole pitch, the flux density in the air gap is more or less rectangular,
and the average flux may be defined by the relative magnet width apy = wpm/Tp. In such a
case, in Equation (7.5a), apy is used instead of «;. Rotor surface magnets may, of course, be
given a form that produces a sinusoidal flux density. Embedded magnets and a suitable pole
shoe shape may also give a sinusoidal flux density in the air gap. In such cases, the average
flux density is again close to «; = 2/7.

If the machine is dimensioned in such a way that its iron parts saturate at the peak value of
the flux density, the flux density distribution is flattened. In ordinary network-supplied induc-
tion motors, both the stator and rotor teeth are saturated at the peak value of the flux density.
This leads to a higher reluctance of these teeth when compared with other teeth, and thus
«; takes notably higher values than the value corresponding to a sinusoidal distribution. The
factor «; has to be iterated gradually to the correct value during the design process. The value
o = 0.64 of an unsaturated machine can be employed as an initial value, unless it is known
at the very beginning of the design process that the aim is to design a strongly saturating ma-
chine, in which case a higher initial value can be selected. The theoretical maximum value of a
maximally saturated machine is o; = 1. In practlce aj = 0.85 is usually not exceeded. In that
case, the magnetic potential difference Um ds + Um ar in the stator and rotor teeth is already
higher than the magnetic potential difference Uy, 5 of the air gap. To simplify the machine
design, the factor «; can be determined beforehand for different phases of saturation. Figure
7.2 illustrates «; as a function of saturation factor kgy:

U U
kg = s Omar (7.6)
Um,é
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Figure 7.2 Effect of the saturation factor on the factor ¢; of the arithmetical average of the flux density.
The more the teeth of the machine are saturated, the higher the value of «; becomes

This factor simply takes the teeth into account because their possible saturation is the main
reason for the flattening of the air-gap flux density distribution.

Example 7.1: Find the average flux density factor for an induction machine having
Unm.ds + Unmar = 105+ 95A =200 A and Uy, 5 = 800 A.

Solution:

U Una  200A
kg = et £ Omar =0.25.
Oms 800 A

According to Figure 7.2, the average flux density value is ; = 0.72.

We may now calculate from Equations (7.3) and (7.5a) the required number of coil turns N
in the phase winding of the machine

v = V2En V2E,

= - = _ . 7.7
wky1 P wky10iBs Tyl




306 Design of Rotating Electrical Machines

Note that the peak flux @y, is calculated per single pole. In a symmetrical machine, the flux
of each pole is of equal magnitude. N is the number of coil turns in series needed for the
assembly. This number can also, if required, be divided into several pole pairs. If there are
two pole pairs in the machine, for instance, they can be connected in parallel if desired, the
number of turns now being N in both pole pairs. The number of parallel paths in such a
case is a = 2. If the pole pairs are connected in series instead, the number of turns becomes
N /2 for both pole pairs, the total number being N. If possible, it is advisable to connect the
coils in series, since in that case the possible asymmetries between the pole pairs do not cause
circulating currents in the machine.

8. Next, we have to find a suitable integer closest to the previously calculated number of turns
N. In a phase winding, there are N turns in series. A single coil turn is composed of two
conductors in slots, connected by the coil ends. In a single-phase winding, there are thus
2N conductors in series. With m phases in a machine, the number of conductors becomes
2mN . There may be a number of a parallel paths in a winding, in which case the number
of conductors is 2am N . The number of conductors per slot becomes

2am

Here Q is the slot number of either the stator or the rotor (in a slip-ring asynchronous motor
or a DC machine). zq has to be an integer. When rounding zq off to an integer, we have to
pay attention to the appropriateness of the slot number Q and the number of parallel paths a
to avoid too large a rounding-off. After rounding-off, a new number of turns N is calculated
for the phase winding.

In some cases, especially in low-voltage, high-power machines, there may be a need to
change the stator slot number, the number of parallel paths or even the main dimensions of
the machine in order to find the appropriate number of conductors in a slot.

9. The selected number of turns for the phase winding has an effect on the value Bs of the
air-gap flux density. A new value can be calculated with Equation (7.7).

Example 7.2: Find a suitable number of stator turns for the motor in Example 7.1 with
m=3,p=2, 1§5 =1T,I'’=0.2m, 1, = 0.2m, f = 50 Hz, phase voltage Us ;o = 400 V
and ¢ = 4 with no short pitching.

Solution: In the previous example, we found the average factor o; = 0.72. The fundamen-
tal winding factor for a ¢ = 4 machine is 0.958. Now, we find for the number of turns
in series

V2Enm v/2:0.97 - 400 3
wkyieiBsTpl’  2m-50-0.958-0.72-1-0.2-0.2

s =

63.3.

The number has to be divisible by pg = 8. Hence, we select Ng = 64. If the pole pairs
are connected in series, we have 32 turns in both of the pole pairs, which gives zq = 8
conductors per slot. If the pole pairs are connected in parallel, we get 64 turns per pole
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pair and zg = 16 conductors per slot. If a series connection is possible, it is always safest
to select it, because with parallel paths, there exists a possibility of circulating currents if
any nonsymmetries are present in the construction. As the number of turns is very close
to the theoretical value of 63.3, the change in the air-gap maximum flux density is small.
The new value is B5 =0.99T instead of 1 T.

10. The air-gap flux density Bs being determined, the stator and rotor teeth are dimensioned
next. The flux densities of the stator and rotor teeth are chosen for normal machines ac-
cording to the permitted values presented in Table 6.1 In high-frequency machines, it may
be necessary to select values notably lower than the values presented in Table 6.1 to avoid
excessive iron losses. When the apparent reference flux densities are selected for the stator
and rotor teeth, the widths bgs and by, are calculated for the stator and rotor teeth using
the selected flux densities at the teeth.

11. In order to determine the dimensions of the stator and rotor slots, we have first to estimate
the stator and rotor currents. In synchronous and asynchronous motors, the stator current
I, is obtained with the shaft power P, the stator phase voltage U ,p, the efficiency  and
the power factor cos ¢

P
(= —m—. (7.9a)
mnUs pp, cos ¢

We have to estimate the efficiency n and, for induction motors, also the power factor. For
synchronous motors, the power factor is a design parameter.
The stator current of generators is

P
[[=— (7.9b)
mUs ph COS @

where P is the electric output power. For synchronous generators, the power factor cos ¢ is
a design parameter, and for induction generators it has to be estimated in this phase of the
design process.

In an induction motor, the rotor current referred to the stator is approximately of the same
magnitude as the real component of the stator current (since the magnetizing current flows
only in the stator)

1] ~ I5cos @. (7.10)

The real rotor current is defined by the transformation ratio between the rotor and the stator.
The current of the bar of the cage winding of an induction motor is written as

I ~ == [ cos ¢. (7.11)

The relationship between the rotor current and its equivalent in the stator winding will be
given in (7.46).
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Example 7.3: Calculate the rotor bar current in a motor with Qs = 36, O, =24, a =2,
zq = 16,1, =40A, cos¢ = 0.84.

Solution:

16 36
Lo 2225 cos o= 193040 084A = 403 A,
4 0. 224

Here we see that the rotor bar currents are really large.

The armature current of a DC motor is determined by an equation resembling Eq-
uation (7.9a)

I, ~

i. (7.12)
Un

The magnetizing windings of a salient-pole synchronous machine and a DC machine
are salient-pole windings and are thus not inserted in slots. The magnetizing winding of a
nonsalient-pole synchronous machine is a slot winding, but the space required by it can be
defined only when the total magnetizing current of the machine has been calculated.

When the stator and rotor currents have been resolved, the areas of the conductors become
Sc. The resistive losses of the windings are chiefly determined by the current densities J

and J; of the stator and rotor windings. In standard machines, the values in Table 6.2 can be
employed. The number a of the parallel paths has also to be borne in mind:

I I;
Ser = . (7.13)

Scs = ,
asJy a.J;

The areas S5 and Sy, of the stator and rotor slots are now obtained by taking the space
factors kcy s and k¢, of the slot into account

_ ZQsScs

Sy = ZQrScr

Sur = (7.14)

kCu,s 7 kCu,r '
The space factor k¢, of the slot depends principally on the winding material, the voltage level
and the winding type of the machine. The windings of small electrical machines are usually
made of round wire. In that case, the space factor of an insulated wire in a free slot (with the
area reserved for the slot insulation subtracted) varies, depending on the quality of winding
assembly, from 60 to 66%.

The space factor value is, however, defined for noninsulated slots. Values of k¢, s €
(0.5, 0.6) are typical for low-voltage machines. The lower limit is for round enamelled wires
and the upper limit for ideal prefabricated rectangular windings in low-voltage machines.
In high-voltage machines, the insulation takes more space and the slot space factor varies,
kcys € (0.3, 0.45), the lower value being for round wires and the upper for rectangular wires.
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Figure 7.3 Stator tooth and two semi-closed stator slots and their main dimensions. Ay, is the stator
yoke height. The slot depth equals the tooth height A, = hy

The armature winding of large machines is usually constructed from preformed copper.
When using square wire or a prefabricated, preformed winding, the space factor is somewhat
better than the space factor of a round wire winding.

If aluminium bars are die cast in the induction motor, the space factor becomes k¢, = 1
(zqr is also now zg, = 1). If a cage winding is produced from copper bars by soldering, a
clearance of about 0.4 mm in width and 1 mm in height has to be left in the rotor slot. This
clearance also decreases the space factor.

In point 10, the widths by (Figure 7.3) and by, of the stator and rotor teeth have been
selected such that the selected permitted flux densities are located at respective teeth at the
peak value of the flux density.

When the air-gap diameter and the teeth widths have been selected, the width of the slot is
automatically known. The height /4 of the slot is always equal to the height of the tooth, and
it is selected to reach the area Sy, required for the winding and the insulation.

12. When the air-gap diameter, the air gap, the peak value of the air-gap flux density and
the dimensions of the stator and rotor slots of the machine are known, we may start to
calculate the magnetic voltages over the air gap and the teeth. An exact definition of the
magnetic voltages in these areas requires an analysis of the flux diagram in the respective
areas. The manual solution of a flux diagram is a difficult task; however, with sufficient
accuracy, the calculations can be made to estimate the line integral of the field strength H
in this area

U, = /H-dl. (7.152)
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i
/

Figure 7.4 The apparent peak value QA)s’d of the stator tooth flux is obtained by calculating the flux at
the distance of a tooth pitch at the peak value of the flux density. We see that a part of the flux flows
along the air space of the slot as the teeth saturate. In the analysis, the tooth in the middle of the figure
occurs at the peak value of the air-gap flux density of the entire machine. In the middle of the tooth,
the field strength H and the differential section d/ of the integration path are parallel, and therefore the
integration is easy

The magnetic voltage Uy, is calculated for each section individually. For instance, the flux
diagram in Figure 7.4 is analysed. Figure 7.5 shows the basically corresponding flux density
and a field strength distribution at the middle tooth.

Example 7.4: Calculate the magnetic voltage and 50 Hz losses of an induction motor
stator tooth of height &4, = 0.025 m with a constant width bgs = 0.01 m and slot pitch
7y = 0.02 m when the air-gap flux maximum density is 0.8 T. The stator material is M470-
50A (see Appendix A). The stator lamination space factor is kg. = 0.97. The length of the
stator stack is / = 0.15 m.

Solution: The apparent flux penetrating the slot pitch is &/, = Bs7,/’ = 0.8 T-0.02m -
I =0.016 - I’ Vs/m. The apparent tooth flux density

I \
By = g/ (baskeel’) = 0.0161'~— / (0.01m-0.97-1") = 1.65T.
m

The corresponding field strength in M470-50A is Hq ~ 4400 A/m. The magnetic voltage
in the tooth is Umq = [ Hg - dl ~ 4400 A - 0.025m = 110 A. The corresponding flux den-
sity in the adjacent slot is 4400 A - o = 0.0055 T. As this value is so small, we neglect
the effect of the flux in the slot. If the flux density in the tooth were higher, the effect of
the flux in the slot would be taken into account (see Section 3.3.1).

M470-50A indicates that the material loss is 4.7 W/kg at 50 Hz and 1.5 T. The volume of
the tooth is Vg = hgsbgs! = 37.6 x 10~° m? and the density of the material is 7650 kg/m>.
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As the space factor is kg, = 0.97, we have the weight of the tooth as mg. , = 0.278 kg. In
induction machine stator teeth, the loss coefficient kg, , = 1.8 (Table 3.2), and hence we
get the loss in one tooth, according to Equation (3.78), as

N 2
Pre = kgen P 5 =1.8 47W L.eST 202781( =285W
Fe = KFe,nl15 15T Mpen = 1. . ke \ 15T . g =2 .

13. The factor «; and the saturation factor kg, were defined in point 7. Recall that the factor
«; was given as a function of the factor kg, in Figure 7.2. Now, we have to check the satu-
ration factor and determine a new «;. If «; does not correspond with sufficient accuracy to
the factor selected in the initial phase of the calculation, the peak value Bs of the air-gap
flux density has to be recalculated according to Equation (7.7) because N is now fixed.
Simultaneously, the flux density values of the stator and rotor teeth have to be corrected,
and new magnetic voltages have to be calculated for the teeth and the air gap. The factor
«; has to be iterated gradually to a correct value. For PMSMs with rotor surface magnets
of uniform thickness, this step is not valid.

14. The flux density maxima l}ys and Byr of the stator and rotor yokes are selected according
to Table 6.1. With the peak value of the flux of the machine, together with the flux density
peaks f?ys and Byr, we are able to determine the heights /1y, and &y, of the rotor and stator
yokes that realize the selected flux density maxima.

15. When the air-gap diameter Dy, the heights A4 and hg, of the teeth, and the heights 4y, and
hy, of the stator and rotor yokes are known, we obtain the outer diameter Dy, of the stator
and the inner diameter D,; of the machine; cf. Figures 3.1 and 3.2.

16. Now all the main dimensions of the machine have been determined, next we have to
check the magnetic voltages required by different parts of the machine. The sum of the
magnetic voltages has to be covered by the current linkage @ produced by some (or
multiples) of the windings or by permanent magnets. Magnetizing is accomplished by
different methods in different machines. A DC machine is magnetized with a separate

A 4 A

> >

T —_>
H, A/m Pp/V, W/m?

H’
BT

Figure 7.5 Principle of the flux density distribution B of a nonuniform stator tooth, the absolute value
of the field strength H and the iron loss density Pr./V on the integration path in the middle of the tooth
in Figure 7.4. The curves are derived according to the stator tooth flux, the local tooth width and the BH
curve of the tooth material
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field winding or permanent magnets, whereas an induction machine is magnetized with
the magnetizing current of the stator winding, or a synchronous machine with the current
of the rotor field winding or by permanent magnets, and so on.

In this book, systematically, half of the magnetic circuit is calculated (e.g. half of the stator
yoke, one stator tooth, one air gap, one rotor tooth, half of the rotor yoke). The magnetic
voltage sum of half of the magnetic circuit has to be covered by the current linkage amplitude
produced by the rotating-field winding or by the current linkage of one pole winding of an
excitation winding or by one permanent magnet.

At this point, the height Apy of the permanent magnets is calculated. The magnetic voltage
sum of the magnetic circuit is

N A N H Um Ym,ys 0m,yr
Um.tot = Hehpm = U se + U as + FBPMhPM +— > + > (7.15b)
g
from which
I I Um,ys Um,yr
Um,zSe + Um,ds + + )
hpm = 7 (7.15¢)
H.— —B
c Br PM

A stator rotating field produces the fundamental current linkage of amplitude &g =
mky,1 N V2 21;/(mtp) according to Equation (2.15) modified for the fundamental component.
The required magnetizing current can be calculated by keepmg the sum Uy, 1o of the magnetic
voltages of half the magnetic circuit equal to the amplitude U ot = () . Now we obtain the
RMS value of the stator magnetizing current

] _ Unm, 1o7p
T kN2

For machines magnetized with pole windings, the calculation of the no-load magnetizing
current is a simple task, since the current linkage of a single pole winding is N¢/¢. This, again,
has to equal the sum of the magnetic voltages of half a magnetic circuit. When dimensioning
a synchronous machine excitation winding, for instance, it must be remembered that the pole
winding must also capable of compensating for the armature reaction and, hence, the amount
of copper must be large enough to carry a much larger current than at no load.

17. Since the dimensions have been defined and the winding has been selected, the resistances
and inductances of the machine are now calculated. The magnetizing inductance was
discussed in Chapter 3, the leakage inductances in Chapter 4 and the resistances in Chapter
5. With them, the equivalent circuit parameters of the machine per phase is obtained. Now
the losses, efficiency, temperature rise and torques of the machine can be determined.

In Figure 7.5, the iron losses in the teeth are solved by manual calculations. The frequency
of the flux density alternations corresponds in principle to the rated frequency of the machine.
The specific power loss (W/kg) corresponding to this frequency and the peak flux density can
be checked from the manufacturer’s catalogue, and then a dissipation power density curve
can be constructed corresponding to the flux density curve of Figure 7.5 for the determination
of losses in a single tooth, when the weight of the tooth is known. Using the same principle,
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all the iron parts of the machine can be analysed. Since stresses and burrs occur in punched
plates, and since the shaped parts on both sides of the air gap cause flux pulsations, there are
notably higher losses in the teeth and also in other iron parts of the machine than the power
loss calculated with the base frequency would suggest. Further, the power losses given by the
manufacturer are presented for AC magnetizing, not for rotating magnetizing, which is the
dominant form of motion of the field in the stator yoke. These facts have led to the utilization
of the empirical factors in Table 3.2.

These factors in Table 3.2 are used to correct the iron loss calculations in the most signifi-
cant parts of the magnetic circuit of a machine. In machine design, special attention must be
paid to the fact that the frequencies in all parts of the machine are not equal. In the stators of
rotating-field machines, the base frequency is the input frequency f; of the machine. How-
ever, in the teeth of the stator and the rotor, high-frequency flux components occur, which are
based on the motion of the teeth with respect to each other. For instance, in the rotor of a
synchronous machine, the base frequency is zero, but other pulsation losses occur on the rotor
surface because of stator slotting.

Resistive losses are defined with the methods discussed in Chapter 9 by determining the re-
sistances of the windings. Following the definition of the iron and resistive losses, the windage
and friction losses and the addit