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1.1 Background and Problem Statement

The difference between a flexible and a rigid manipulator can be explained both
physically and mathematically. In terms of physics, a rigid manipulator has theoretically
only one fundamental frequency of vibration with an infinite value, and thus can move at
any desired speed without significant tip deflection and body deformation, leading to

a large link mass and a correspondingly low energy efficiency; a flexible manipulator, on
the other hand, has many fundamental frequencies of vibration with finite values and thus
can experience significant tip deflection under normal operating conditions. The
oscillation becomes severe when its speed approaches one of its fundamental frequencies,
so it is of low mass but is very difficult to operate. In mathematical terms, a rigid
manipulator can only have a finite number of degrees of freedom (DOF), described by
ordinary differential equations. A flexible manipulator will have an infinite number of
DOF, and thus has to be specified by partial differential equations, so-called distributed
parameter systems.

Compared with rigid robotic manipulators, flexible ones are more efficient and safer to operate
due to their lightness, good damping behavior, and less pronounced interconnections between
different segments of multiple arm links. However, they are much more difficult to control and
operate than their rigid counterparts due to their flexibility. Examples of flexible manipulators
can be found in space exploration, such as the NASA Remote Manipulator System; in mining
operations, such as robotic excavators; in construction applications, such as robotic crane
systems, and so on. In those situations, size, mass, payload, speed, environmental or task
constraint factors make the flexibility of a robotic manipulator an important issue with respect
to its design, modeling, analysis, control, and operation.
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For example, the NASA Remote Manipulator System has very low natural frequencies ranging
from 0.04 to 0.35 Hz and consequently it has to move slowly at a speed of 0.5°/s to avoid
vibrations due to its large mass (450 kg) and heavy payload (27,200 kg) [1]. Other operational
problems in flexible manipulators can be found in the literature [2].

The objective of this book is to provide a unified approach that simultaneously considers all
factors in mechanical, electrical, sensing, and control components to address modeling,

analysis, optimization, and control of flexible manipulators. Specifically, we will investigate
the following problems:

1.

4,

Modeling of flexible manipulators

Modeling is the first step in the design, analysis, and control of flexible manipulators. Many
and various models, from linear to nonlinear, from numerical to analytical, have been
proposed in the literature. However, their accuracy, complexity, and overall efficiency have
not been investigated systematically up to now. In this book, we will carry out a systematic
study of these models and compare their pros and cons with respect to specific design and
control problems, especially trade-offs between benefits and costs.

Analysis of flexible manipulators

Various model-specific analytical papers have been published, but no thorough comparative
investigation of these analyses has ever been conducted. In addition, very few studies with
quantitative results have been reported in the literature on the effect of size, shape, mass
distribution, tip load, and other factors on the dynamics and operational performance of
flexible manipulators. However, such analyses are critical to the effectiveness of any model
for optimization and control purposes. Here, we will address these issues with systematic but
specific numerical investigations based on the currently available dynamic models.
Optimization of flexible manipulators

Two conventional dual optimal design problems have been well studied in our previous
research: (a) Given a fixed mass for the link, find a shape that maximizes its speed; and
(b) given a fixed speed for the link, find a shape that minimizes its mass. However, the
formulations used for optimization in the previous studies are too simple for real-world
applications. To make those designs useful, we must include complicated constraints that are
encountered in reality. In most of these cases, analytical procedures developed previously
would no longer be applicable. We must look into new methods for optimal design problems
with meaningful constraints.

Mechatronic design of flexible manipulators

The complexity of a manipulator system is due to the interrelation and interdependency
of its subsystems, for example its kinematic system (mainly the beam or link structure),
control system, driver system (mainly the actuation mechanism), and measuring or sensing
system. In traditional design, a manipulator’s link structure is designed first, followed by
its driver system, then a measuring system, and finally its control system. This leads to

a sequential design process and a locally optimal solution, and therefore the potential of
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a flexible manipulator is rarely fully realized. To overcome such problems, a concurrent
design procedure that integrates all subsystems must be undertaken, namely a mechatronic
approach must be considered in the design of flexible manipulators.

1.2 Motivations

First of all, this book presents a unified and systematic approach that deals with the modeling,
analysis, optimization, and mechatronic design of flexible manipulators. This approach will
enable us to deal with various issues in the design and operation of flexible manipulators so that
both analytical and numerical procedures, especially new methods in optimization in the field
of computational intelligence, can be applied.

Secondly, with this unified approach we have developed a different methodology for the design
of flexible manipulators that deals with their mechanical, electrical, sensing, and control
components concurrently instead of sequentially from the very beginning of the design
process. Theoretically, this method is capable of finding the global optimal design solution,
resulting in a better design outcome.

Thirdly, our approach has opened a new direction in the research of flexible manipulators.
Currently, most researchers try to simplify beam model complexity by neglecting some less
significant factors, such as shear deformation, rotary inertia, viscous and Coulomb friction, or
linearizing the model at some particular operating points, in their effort to make real-time
control feasible. In the new direction we have proposed here, the focus is to design a better
manipulator system so its control problem and the accuracy of the dynamic model will be less
critical in its performance. In other words, the result from our proposed mechatronic design is
better than that obtained from previous model-intensive or control-intensive designs.

1.3 Organization of the Book

The previous work on related issues of flexible manipulators will be addressed in Chapter 2,
while Chapters 3, 4, 5, and 6 discuss modeling, analysis, optimization, and mechatronic design
of flexible manipulators respectively. Finally, Chapter 7 summarizes this book and looks
into critical efforts that are needed for future research.
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2.1 Earlier Research on Flexible Manipulators

Interest in the utilization of flexible manipulators for space exploration and automation
started in the early 1980s. For example, Nguyen et al. [1] investigated the dynamics and
control of the space shuttle manipulator arm. In 1984, Cannon and Schmitz published one of
the first papers on the control of flexible manipulators [2]. Book [3] investigated the
dynamics of flexible manipulators using a recursive Lagrangian formulation. In 1985,
Sakawa et al. [4] considered the feedback control problem inherent in flexible arms. Yang
and Donath [5] formulated a dynamic model of a flexible arm that also included the
flexibility of the joints.

From the late 1980s to 1990s, there have been a multitude of papers published on control
models for flexible manipulators. In 1990, Belvin and Park [6] were one of the first teams to
attempt a comprehensive optimization scheme that included both structure and control
optimization using cost functions. Khorrami and Ozgoner [7] presented a set of integro-partial
equations and used a perturbation method for control purposes. A complete study of different
dynamic equations under various boundary conditions for flexible manipulators was conducted
by Bellezze et al. [8]. Kim and Junkins [9] developed cost functions of total mass, stability, and
eigenvalue sensitivity for optimum flexible structures. Park and Asada [10] developed an
optimal control design based on a variable point of torque transmission to a flexible link. Asada
et al. [11] have addressed the optimal design problem using a finite-element computational
model. As part of their effort toward a control-configured flexible arm, they tried to increase the
fundamental frequency of vibration through optimum tapering of a beam of varying
rectangular cross-section. A theoretical increment of 43% in the fundamental frequency of the
manipulator was obtained. De Luca and Siciliano [12] considered the additional factor of
gravity in their control model.
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The majority of research up to the early 1990s concentrated on the optimization of flexible
manipulators from a control perspective. Practically no work was being done on the
problem of structural or shape optimization, although some researchers such as Asada, Park,
and Rai included shape design as an integral part of an overall control scheme, but with no
analytical analysis. In 1991, Wang [13] reexamined the earlier work of Karihaloo and
Niordson [14] and found that the Lagrange multiplier in the optimality equations could be
removed completely, thus simplifying the iteration scheme considerably. At around the
same time, Wang et al. [15] also developed an optimization model for a flexible manipulator
and, using the modified iteration scheme, produced the first optimum shapes and
frequencies for flexible manipulators. They found that an increase of over 600% in the
fundamental frequency of vibration was possible for flexible links of geometrically similar
cross-sections.

Wang and Guan [16] in 1994 produced an excellent paper on different models of flexible
manipulators and examined the effect of tip loads on the fundamental frequency of
vibration using modal frequencies and vibration modes. They showed that both rotary
inertia and shear deformation have very little effect upon the fundamental frequency of
vibration. Wang and Russell [17], concentrating on the Euler—Bernoulli model of flexible
manipulators with tip loads, produced numerous examples for various tip load design
vectors. They then investigated the minimum-weight design of a flexible manipulator with
no tip load [18], and also applied previous work in optimum shape design to a closed-loop
control formulation called the mechatronic approach [19]. Wang and Russell [18] extended
their previous work to include constrained designs by expanding the displacement function
in a base set of modal shape functions derived for uniform links. In 1995, Wang and
Russell [19] presented an innovative new segmentized model of a flexible manipulator that
opened up the problem of optimum design to numerous mathematical programming
techniques.

2.2 Recent Work on Flexible Manipulators

Numerous papers have addressed the control of flexible manipulators. Initial studies
concentrated on the state space model. Cannon and Schmitz [2] first investigated the linear
quadratic Gaussian (LQG) controller assuming that the states were available. However, the
states were not available and they had to be reconstructed by optimal estimators. In 1993, Lin
and Lewis [20] studied the Kalman filter for the estimation of the rigid and flexible modes for
control purposes. Sakawa et al. [4] applied a linear quadratic (LQ) control to track the hub
reference by damping the flexible modes. The states were obtained by means of an observer.
Geniele et al. [21] used an inner loop to stabilize the flexible system and an outer loop to track
the joint angle and one point along the arm respectively, using input—output inversion. The
same approach was used by Madhavan and Singh in their study [22]. They also used a sliding
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mode control to design a controller that could tolerate a wide range of uncertainties, thus
enhancing its robustness [23].

Other studies used the transfer function approach. Wang and Vidyasagar [24] used tip
deflection as output and devised an output feedback based on the passivity of the model’s
transfer function. Siciliano and Book decomposed the flexible manipulator dynamics into two
subsystems, a fast and a slow system, by applying singular perturbation theory. They showed
that the fast system was linear, but that the slow system was nonlinear. Furthermore, a linear
state controller and a nonlinear controller were designed for the two systems respectively to
track the hub angle. Similar research was carried out by Aoustin et al. [25]. Corrected slow and
fast subsystems were used in (1997) by Moallem et al. [26].

A computational intelligence approach has also been used in the control of flexible
manipulators. Gutierrez et al. [27] proposed one scheme based on this approach using a neural
network (NN) tracking controller. The outer NN proportional deviator (PD) tracking loop was
used to stabilize the fast mode, while the inner feedback loop was used to liberalize the slow
mode dynamics. The results were compared between PD and the proportional integral
derivative (PID). Lenz et al. [28] derived the robust control for a flexible beam subjected to
perturbations and delay by using H. theory. In 1997, Tchernychev et al. [29] developed

a constrained Ho controller in which time-domain constraints are treated directly without
translation to the frequency domain. In the same year, Zhu et al. [30] investigated

a backstepping approach for tip tracking by lumping the beam to a spring-mass system to
develop a robust controller in the presence of system disturbances/uncertainties. Also in 1997,
Jnifene and Fahim [31] dealt with nonminimum phase characteristics by introducing active
damping into the system, and proposed a computed torque/delayed deflection approach. The
torque was calculated from the joint angle and a delayed deflection, while the delay time
depended on the point where the deflection was measured.

Ghanekar et al. [32] examined the large robotic manipulator scaling laws for linear controllers
by nondimensional groups, thus allowing a small-scale prototype to be used to perform the
design work. Liang et al. [33], in 1998, discussed the problem of a free-floating space
manipulator and mapped it to a conventional, fixed-base manipulator. This allowed well-
understood methods to be used to build the manipulator system. Simulation work was also
presented, for example by Tang and Lu [34] using a video system to estimate model shapes and
vibration states. Strain gages were used by Fukuda [35] and by Hastings and Book [36] to
measure the deflection. Photosensors were also used for detecting the displacement [2,15,37].
Chalhoub et al. [38] used an accelerometer to measure the beam vibration. The state of
vibration could be obtained indirectly by combining some strain gages and/or displacement
Sundararajan et al. [39].

A port-based modeling of a flexible link has also been proposed, which is a simple way to
model flexible robotic links [40]. This is different from classical approaches and from
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Euler—Bernoulli or Timoshenko theory, in that the proposed model is able to describe large
deflections in 3D space and does not rely on any finite-dimensional approximation (e.g. modal
approximation). The model has been formulated within the port-Hamiltonian formalism
because intuitive considerations of the geometric behavior of the elastic link naturally define
a Stokes—Dirac structure, the kernel of a port-Hamiltonian system. Moreover, port-
Hamiltonian systems can be easily interconnected, thus allowing the description of complex
systems as a composition of parts in an object-oriented way. By combining rigid bodies,
springs, dampers, joints and, finally, flexible links, it is possible to model and mathematically
describe whatever complex mechanical structure is formed by the beams. In order to
demonstrate the dynamical properties of the model and how complex mechanisms can be
obtained by port interconnection, simulations of one and two degrees of freedom (DOF) serial
manipulators and of a two-DOF flexible closed kinematic chain are presented.

These studies did control-intensive work to improve beam performance, but they ignored the
impact arising from the beam mechanic shape. The couplings between the controller and
structure of flexible manipulators were not considered in the design and optimization.
Therefore, the resulting system and performance was only locally optimal.

Xu and Ritz [41] proposed a vision-based flexible beam tip point control where a two-time-
scale controller has been presented to track a desired tip point signal and at the same time
mitigate the tip point vibration. In their approach, a camera was used to provide visual
feedback in which the delayed vision signal was compensated by the state estimator and
predictor. The controller has been experimentally verified and shown to exceed the
performance of other tested controllers. A similar study on two-time-scale visual serving of
eye-in-hand flexible manipulators [42] has also been reported. In this work, the dynamic effects
of both the rigid and the flexible motion of the manipulator are fully taken into account in

a control solution where the two-time-scale nature of the problem is exploited. The visual
information is used in the “slow” subsystem for a task-space-oriented control law, where
computationally expensive operations, such as the inverse and time derivative of the Jacobian,
are avoided. A constructive proof of the stability of this control scheme, based on Lyapunov
theory, is also presented. The effectiveness of the proposed controller is shown by means of
a numerical simulation concerning a trajectory tracking problem. Some experimental results
finally demonstrate the precision enhancement achieved by the proposed algorithm on a single-
link flexible manipulator.

Becedas et al. [43] constructed an adaptive controller for single-link flexible manipulators.
They designed a fast online closed-loop identification method combined with an output-
feedback controller of the generalized proportional integral (GPI) type for the control of an
uncertain flexible robotic arm with unknown mass at the tip, including a Coulomb friction term
in the motor dynamics. Barczyk and Lynch [44] developed a flatness-based estimated state
feedback control for a rotating flexible beam and verified the design with experimental results,
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where a so-called flat output is introduced in order to parameterize the system’s variables in
power series. These series lead to open- and closed-loop controls, which can solve finite-time
motion planning problems. Vibration control of a flexible arm by a multiple observer structure
is discussed in Ref. [45]. This paper proposes vibration control of the flexible arm by
acceleration feedback, and disturbance rejection by a multiple-observer structure using the
acceleration of the arm. The validity of the proposed method is shown by simulations and
experiments.

Chatterjee et al. [46] proposed an augmented stable fuzzy control for a flexible robotic arm
using an LMI approach and neuro-fuzzy state space modeling. In this method, the controller is
designed on the basis of a neuro-fuzzy state-space model that is successfully trained using the
experimental data acquired from a real robotic arm. The complex problem of solving stability
conditions is taken care of by recasting them in the form of linear matrix inequalities and then
solving them using a popular interior-point-based method. This asymptotically stable fuzzy
controller is further augmented to provide enhanced transient performance along with
maintaining the excellent steady-state performance shown by the stable control strategy. The
controller thus designed has been successfully implemented for a real robotic arm to operate
over a long angular range of 180° with several payload conditions and, for situations where the
system is operated over a long range and with a large variation in payload conditions, it
successfully outperformed the proposed proportional derivative and strain controller.

Dogan and Istefanopulos [47] addressed the issues of optimal nonlinear controller design for
flexible robot manipulators with an adaptive internal model. In this paper, the dynamic state
feedback controller is used to achieve robust regulation of the rigid modes as well as
suppression of elastic vibrations. However, the control of highly nonlinear multilink flexible
arms is subject to uncertainties caused by backlash, payload changes, and external
disturbances. The internal model approach is adaptively tuned up for unknown disturbances, in
parallel with a robust stabilizer. The stabilizer part of the controller is optimized with a new
evolutionary algorithm.

Another new development is the work on tip position control of a lightweight flexible
manipulator using a fractional order controller [48]. One of the interesting features of this
design method is that the overshoot of the controlled system is independent of the tip mass.
This allows a constant safety zone to be delimited for any given placement task of the arm,
independent of the load being carried, thereby making it easier to plan collision avoidance.
Other considerations about noise and motor saturation issues are also presented in that paper.
The overall control scheme proposed consists of three nested control loops. Once the friction
and other nonlinear effects have been compensated for, the inner loop is designed to give a fast
motor response. The middle loop simplifies the dynamics of the system and reduces its transfer
function to a double integrator. A fractional derivative controller is used to shape the outer loop
into the form of a fractional order integrator. The result is a constant phase system with, in the
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time domain, step responses exhibiting constant overshoot, independent of variations in the
load and robust, in a stability sense, to spillover effects. Experimental results are included,

when controlling the flexible manipulator with this fractional order derivator, that prove the
good performance of the system.

Wave-based analysis and control of lump-modeled flexible robots is also very interesting [49].
In that paper, the authors provide a foundation for wave-based control applications by
exploring the validity and nature of wave concepts in lumped flexible robotic systems. A new
wave-based model of uniform mass-spring systems is proposed and verified. The model is
exact but not unique. Useful simplifications and approximations are also presented. The model
leads to control strategies for flexible robotic systems that are simple, powerful, robust, and
generic. The wave approach also provides a new analytical tool and conceptual framework for
lumped dynamic systems.

Output tracking control of a one-link flexible manipulator via causal inversion [50] is a new
design procedure for output tracking control of nonminimum phase systems, where flexible
manipulators are a typical example. This new controller achieves stable tracking of a reference
profile given in real time via a causal inversion approach. In this approach, the nonminimum
phase system is first stably inverted online to obtain both desired (and stable) state and input
trajectories. Then an H. optimal controller is used to stabilize the closed-loop system. In
contrast to stable inversion, the causal inversion approach does not require pre-calculation. In
contrast to nonlinear regulation, the causal inversion approach avoids the numerical
intractability of solving nonlinear PDEs. As an example of the application, a causal inversion-
based controller is designed for tip trajectory tracking of a one-link flexible manipulator.
Simulation results demonstrate its effectiveness in output tracking.

Gomes et al. studied the active control of flexible manipulators [51] using a nonlinear
conventional motor with gear actuators. Due to the existence of a dead zone in the torque
caused by the nonlinear friction inside the actuator, this has been a problem without an
acceptable solution backed up by experimental evidence, until now. The torque needed to
attenuate the vibrations, although calculated by the control law, is consumed by the friction
and does not arrive at the flexible structure. This paper proposes a control strategy with
friction compensation using neural networks to solve this problem. Experimental results
obtained with a flexible manipulator attest to the excellent performance of the proposed
control law.

For optimal structures of flexible manipulators, very little progress has been made after the
extensive initial studies in optimal shape design conducted by Wang’s group
[13,17—19,52—54]. A new computing method for optimum mass and rigidity distributions has
been formulated by Wang et al. [15] for a flexible manipulator with a tip load so that the
robustness with respect to design specification and known constraints can be considered. Based
on this new formulation, other practical issues can also be addressed.
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However, these studies were still focused on open-loop design. They only concerned the
beam’s mechanical construction. From these studies, a proper design of a flexible beam shape
can make it suffer less vibration. But in reality, all manipulators must be in a closed loop to
achieve high performance. How to design a flexible beam shape from the control perspective
still remains a challenge.
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3.1 Introduction

The link flexibility of a robotic manipulator must be considered in modeling and control when
the manipulator is of a large dimension or lightweight. Large manipulators play important
roles in many applications, such as construction automation, environmental applications and
space engineering. Lightweight arms have great potential in the design of high-performance
industrial robotic manipulators since they allow high speed operation and low energy
consumption. However, due to the complexity of the link deformation, which is a distributed
parameter system, accurate modeling and high performance control of flexible manipulators
pose a major challenge in practical design.

The concept of using flexible robotic manipulators was proposed as early as the 1970s by W.J.
Book. Earlier models of arms are based on the simple assumed mode method. Some methods
to improve the accuracy of the assumed mode method can be found in Gu and Tongue [1].
Over the last decade, a significant effort has been made in modeling and control of one-link
flexible manipulators, which are essential for the understanding of general multiple-link
flexible manipulators. The most commonly used deformation model in the current robotic
literature uses the Euler—Bernoulli beam theory. Based on this theory, various dynamic
equations have been formulated for one-link flexible manipulators [2—7]. The early works
were conducted by Cannon and Schmitz [3] and Sakawa et al. [5]. Khorrami and Ozguner [4]
modeled the link by a set of integral-partial differential equations and used the perturbation
method to design control. Yang and Donath [8] considered the flexibility of the joints as well
as the link flexibility. A comprehensive study on different dynamic equations under various
boundary conditions for flexible manipulators was carried out by Bellezze et al. [2]. Wang
and Wen [6] derived the dynamic equations for flexible manipulators subject to large rotation
during the deformation and clarified some issues related to the specification of boundary
conditions. Several investigations had also been made from the perspective of the mechanism
where model complexity was not considered [9—11]. Issues related to control design have
been studied by De Luca et al. [12,13], Tzes and Yurkovich [14], Wang and Vidyasagar
[15,16], Kelemen and Bagchi [17], and Cetinkunt and Yu [18]. Various problems of optimal
manipulator design based on the Euler—Bernoulli model have been investigated by Wang and
Russell [19—23].

Most studies on the modeling and control of flexible manipulators have been made on the
understanding of a single flexible link. Due to the complexity involved with link deformation
however, establishing the exact dynamic model even for one link flexible manipulators is
unrealistic, and certain simplifying approximations about the link deformation have to be
made. In addition to small deformation, the most commonly used assumption in the robotic
literature is that it can be satisfactorily modeled by the Euler—Bernoulli beam theory. Under
such an assumption, the effects of both rotary inertia and shear deformation of a flexible link
are neglected. However, it is well known in mechanics, particularly in beam and plate theory,
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that both of them have significant effects on the dynamic behavior of flexible structures
[24—29]. For example, it has been found that for shorter beams or thicker plates, the effects of
rotary inertia or shear deformation could cause a magnitude of difference in the calculation of
high order vibration frequencies. In Ref. [7] a similar conclusion has also been drawn by
studying the influence of rotary inertia and shear deformation on vibration frequencies of
flexible manipulators.

The purpose of this chapter is to conduct a detailed study of the modeling of one-link flexible
manipulators. Section 3.2 presents basic equations for kinematic analysis and energy
calculation. Based on Euler—Bernoulli and Timoshenko beam models, nonlinear dynamic
equations and their linearized versions are given in Sections 3.3 and 3.4 respectively. Section
3.5 discusses some finite-dimensional modeling methods of flexible manipulators, including
the assumed modal method, finite difference method and finite element method.

3.2 Problem Description and Energy Calculations
3.2.1 Problem Statement

Consider a flexible manipulator carrying a tip load. It consists of a flexible beam attached to

a rigid hub in the horizontal plane. The coordinate systems are shown in Figure 3.1: (xp,yp) is
a fixed base coordinate system, (x,y) is the local coordinate system attached to the hub. Figure 3.2
shows (a,b), the local coordinate system attached to the tip load. It is assumed that initially the
neutral longitudinal axis (x-axis) of the beam and a-axis of the tip load coincide with the x;-axis.

Figure 3.1: A Flexible Beam Fixed on a Rigid Hub in the Horizontal Plane.
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Figure 3.2: The Relation Between Local and Base Coordinate for Tip.

The motion of the manipulator system is described by the rotation angle 6(¢) of the hub, lateral
displacement w(x,f) and rotation ¢(x,f) of the cross-section beam from the deformation
position. We will use a prime to indicate the derivative with respect to x, and a dot for the
derivative with respect to time. For example, w' = dw/dx, w = dw/dt. Both Euler—Bernoulli
and Timoshenko beam theories are investigated in this chapter. In the Euler—Bernoulli
theory, the so-called normal plane assumption is used, i.e. it is assumed that any transverse
section of the beam remains a plane and normal to the longitudinal axis of the beam after
deformation [30]. In this case ¢ = dw/dx = w' and the shear deformation of the beam is
neglected. The Timoshenko theory takes the effect of shear deformation into account,
replacing the normal plane assumption by the more accurate one plane assumption. The plane
assumption states that any transverse section of the beam remains a plane but may not be
perpendicular to the longitudinal axis of the beam after deformation [30]. As a result, beam
rotation ¢ remains independent of w.

In the following, the equation of motion for flexible manipulators will be derived using
Hamilton’s principle [31]:
k
/(6T +OW — 6P)d = 0
)

where 7, P, and W are the kinetic energy, potential energy of the system, and the work done by
external forces respectively.

The total kinetic energy is calculated as follows:

1 .
T:51H02+Tb+Tp 3.1)
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where Iy is the rotational inertia of the hub, whilst 7} and T), are the kinetic energies of the
beam and tip load respectively.

3.2.2 Kinetic Energy of the Beam

L
T, = / // 1/2p, (x,% +y',%)ds,,-dx (3.2)
0 Sp
Let
A= ﬂ;bdsb area of beam section

ye = [[ydsp =0 coordinate of center
I= ffsby dsp, moment of inertia
p=pA mass density per unit length

where s;, is the area of the cross-section, L is the length of the beam, and p,, is the mass density
per unit volume.

Let a point on the beam have coordinates (x,y) before deformation. Its position in the base
coordinate system is

xp = x cos 6 — w(x)sin 6 — y sin[p(x) + 6]
yb = x sin § 4+ w(x)cos 6 — y cos[ep(x) + 0]
L

T) = % /p[(xé ) 4 (wh) (0 + (,b)z}dx
0
Let
S=1I1/A and A, =x0+w(x1), A, =0w(x,1) (3.3)
Then
L
szé/p[A§+A§+S(é+¢2)}dx (3.4)
0

Note that parameter S is the radius of gyration of the cross-section, reflecting the effect of
rotary inertia. Ignoring the rotary inertia (setting S = 0) implies that one assumes that the
velocity of every point on the same cross-section is identical and equal to the velocity of the
point at the neutral axis on that cross-section.
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3.2.3 Kinetic Energy of the Tip Load

The base coordinates of the point on the beam with x = L after motion are
xe = Lcos § —w(L)sin 0
ye = Lsin 0 +w(L)cos ¢

The kinetic energy of the tip mass (which represents the payload) is

1 5
- / / oy <xf, n yf,)ds,, (3.5)
sp

where ds;, = da db is the area occupied by the tip load. p,, is the mass density per unit area tip
mass.

The base coordinate of a point (a,b) on the tip load is

xp = L cos 8 —w(L)sin @ + a cos[f + ¢(L)] — b sin[0 + o(L)]
yp = Lsin § +w(L)cos 0 + a sin[f + ¢(L)] + b cos[f + ¢(L)]

where L is the length of the beam.

Let
M, = // ppdsp mass of tip
sp

1
Jp = > / / Pp (a2 + b2>ds,, moment of inertia of the tip mass w.r.t. the tip of the beam
sp

ac = / / ppads, /M, center of mass position in (a, b) coordinates
p
b, = / / pybds, /M, center of mass position in (a, b) coordinates
p
Therefore

1 . .
_z//sppp<x§+y§>dsp
= TOIA2(L) + A2 + o (L) + 8 + Mylp(L) +

+ {lacAx(L) + beAy (L)]cos o(L) + [acAy(L) — beAy(L)]sin o(L) }
Let
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We obtain the tip kinetic energy as

T:l//p<xz+'2>ds
P p\Mp T Vp ) SSp
2 p

M Jp:. 212 (3.6)
= SHAYL) + AY(L)] + o (L) + ]
+ M, (L) + 0)(G, cos ¢ + G, sin )
If one assumes that the tip load is a point mass Mp, then J, = 0, G, = G, =0.
3.2.4 Total Potential Energy
The relation between the bending moment and deformation is
I (x, 1)
M(x,t) = El(x)—————
(x.1) = EI0) 2
and the relation between the shearing force and deformation is given by
0(x,1) = kGA(x) (9 — /)
From beam theory [30], the total potential energy can be found as
| L
P=3 / [D<p’2 4 C(p— w’)z} ds 3.7)
0

where D and C are the bending rigidity and shear rigidity of the beam. For a beam of uniform
cross-section, D = EI and C = kGA, where E is Young’s modulus, G the shear modulus, and
k the shape factor [30,32].

3.2.5 Work Done by External Forces

The work done by external forces to the manipulator system is
oW = 160 (3.8)

where 71 is the torque applied at the hub.

3.3 Derivation of Equations of Motion

Substituting Eqs (3.1)—(3.6) into Hamilton’s principle, we can get the equations of motion of
flexible arms. This section presents the nonlinear equations that are obtained without ignoring
any terms during the entire derivation process.
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After a long and tedious process of variational calculation and simplification, the final results
are summarized here.

3.3.1 Euler—Bernoulli Beam Model Derivation

For the Euler—Bernoulli model, there are three variables, 6, w(x), and ¢(x). However, ¢ is

related to w:
Law e
"’_ax’ (p_dt ox W

Variation with Respect to Variable 0

The variation of the kinetic energy w.r.t. variable 6 can be readily written as
L

06 + / pl(x0 + W )x + w?(x,1)0 + S(6 + w’)]% 66dx
0
+ My, [(LO +Ww(L))L + w?(L)6)]

d

04T = Iy0
0 H dr

d
dr '
+ M,{(Gy cos ¢ + Gy sin @) + [¢(L) + 0][acL cos o(L)

00 + Jp[p(L) + 9]%50 (3.9)

+ b cos ¢(L)w(L) + a. sin o(L)w(L) — b.L cos @(L)]}% 06

Let
Fy = A (L

) + (ac cos ¢ — be sin ¢)(¢ + 6)
Fy = Ay(L) + (ac sin ¢ + b, cos ¢)(¢ + )

Fpp = Jp[o(1) + 6] + M, (Gy cos ¢ + G, sin ¢)
ad
Hy = &{F(pg + M,[LF, + w(L)F,]}

Substituting the foregoing equations into Eq. (3.9) and rearranging gives

L
. d . . . d
09T = Iyl — 00 + / pl(x0 + )x +w?(x,1)0 + S(0 +W')]— 60dx
dr J dr (3.10)
d
+ {Fpp + Mp[FxL + FyW(L)]}a o0

The potential energy is not a function of 6, so that the variation of potential energy is

0Py =0 (3.11)

The virtual work due to nonconservative force is given by

oWy = 160 (3.12)
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Substituting Eqs (3.10)—(3.12) into Hamilton’s principle, we have

I
65:/(T+W—P)dt

fo
I

:/IHéaédt+//p[Wx+(x2+w2(x,z))é+5(é+w’)]dx5édt (3.13)

fo
I

/ (F g+ My[FoL + Fyw(L)]}80dt + / ©60dr
fo
We perform the following integration by parts with respect to time:
i ) i
/ 1;066dr = — / 1y666dt = — / 1y656dt (3.14)

fo Tor Tor

where we take into account that 60 vanishes at t = 7y and ¢ = #1. In a similar fashion, we obtain

/ /p[Wx + (2 + w?(x,1))0 4 S(6 + )] dxddds
L

_ /p[vi/x—l- (2 4+ w2(x, )8+ S(B + )] dxod)” (3.15)

)
L
//p wx 4 (6 + w?(x,1))0 + S(0 + v')]dxd0dr
th 0
and
/ (Fyg + My[FoL + Fyw(L)]}8dr
= {Fypp + Mp[FL + Fyw(L)]
tf

— a—t{Fng + Mp[FiL + Fyw(L)]}00dt

Iy

/ 9 {F g+ My[FiL + Fyw(L)|}66d1 (3.16)

Substituting Eqgs (3.14)—(3.16) into Eq. (3.13) and rearranging, we obtain
]
69/(T—|—W—P)dt
fo L
- {IHé+ at /pxw-|- 4w )9+S(€+W')]dx+Hg—r}60:0
0
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Since the virtual displacements are arbitrary and independent, we must have

L
Inb + /pxw—l—x + w0+ S0 +w)]dx+Hy —1=0
0

We get one motion equation

. 0 : ;
Inf + - /p[xw + (2 + W)+ S(0 +)]dx + Hy = ©

Variation with Respect to Variable w

The variation of the kinetic energy w.r.t. variable w is

L
_ ... d 2 ., ]d/o
0T = /p{ [(xﬁ—i—w)&éw—i-w(x, 3l 5w—|—S(0+w)] ” <&6w>}dx
0

d . ) .d [0
+ M, [AX(L)E ow + Ay(L)ﬁéw] + Jplo(L) + 0]5 <$ 5w> ‘x:L
+M (Gx cos ¢ + Gy sin (p)i i6w + [gb(L) —1—[9} aciéw+bcééw cos go‘
b Y dr \ ox dr x=L

d . d d
—Gy sin (paéw + [acﬁéw - bcgéw] sin (p| + Gy cos ¢ — o (SW}

_ /p{ [(xf + v0)ow + w(x, 1)0°6w + S(B + )] v’ Jdx
0

+ My [A (L) oW + Ay (L) 6ow] + J,[@(L) + 6] o'
M, (G, cos ¢ + Gy sin @)ow' + M,(¢(L) + 0))(ac sin ¢ + b, cos @)Bow
+ (9(L) + 0)(ac cos ¢ — b, sin @)W + ((L) + 0)(Gy cos ¢ — Gy sin ¢)ow']

L
_ / p{[ (68 + )bw + w(x, 1)87 6w + S(8 + W)]ow' Yx + M,[Ag(L)
0

+ (ac cos @ — by sin @)]0w + {J,[p(L) + 0] + M,(G, cos ¢ + Gy sin @) oW’
+ My[Ay(L) + (¢(L) + 6)(ac sin @ + b, cos ¢)|0ow
+ (9(L) + 0)(G, cos ¢ — G, sin ¢)ow'



Modeling of Flexible Manipulators 25

Let F,, = (¢ + 0)(Gy cos ¢ — G, sin ¢). The equation above can be rewritten as

L
6T = / p{(x0 + 0)ow + 0 wow + S(¢ + 0)0w }dx + My, Fon .17
) .
+ MyFy00w + F o' + M,F ,00'
The variation of the potential energy is given by
L L
F*w 9*ow
/ !/
0 0
9 f
w L
= Da—xzéw'|o - / Dw" ow'dx (3.18)
0
L
! / L /1! L i
= Dw"ow ‘0 — Dw 6w‘0 +/Dw owdx
0
The work due to force
0,W =0 (3.19)

Substituting Eqgs (3.17)—(3.19) into Hamilton’s principle gives

fy
5w/(T+W—P)dt

fo

L ¥ L ¥ L ¥ I
_ / / pxbowdxds — / / pvowdxds + / / p wowdxdr — Sp / 6w
0 0 0

o to 1 Ty
Iy I A
_ / W dwdx]dr — Sp/ ééw}gdt + /(Mpr(Sv'v + Mprééw + F o0V’ + M,F,ow')dt
f fo T
t L
_/(le/éw/lé —Dw’”éw}é n /Dw””&wdx)dt
fo 0
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After performing the integration by parts with respect to time, we have
tf
6w/ (T+W —P)dt
ty
4 L
— / / [o(—xf — Vo + 0w + S — Dw')owdxds
fh 0
1y
+ /(—pSv'{/ — FxM,, + M,Fy,0 — pS6 + Dw'"") ‘g owdt
fo
1y
+ / (=Dw" — F 9 + M,Fo) yg ow'dt =0
fo

The displacement ow is arbitrary. Hence, we must have
[p(—xB — v + 0w+ s’ — Dw" =0
for the items:
(—pSit! — FuMy, + MyFy 0 — pS + Dw'")| ow = 0
(—Dw" — Fgoﬁ + M,Fo) ‘g ow' =0

According to our system, dw and 3w’ vanish at the point x = 0, for x =L, dw and 3w’ # 0.

We obtain boundary conditions:

x=0, w=0, w=0 )
x=L Dw +H,=0, (Dw") —pSOGi' +6)—H, =0

and another equation of motion:
(DW")" 4 p(xf + v — SW" — 5‘2w) =0
where
H, = My(F, — 0F,), H, =F, — M,F,
3.3.2 Equations of Motion for Euler—Bernoulli Beam Model
To summarize, the resulting motion equations are found to be

(DW")! + p(xfl + v — " — w) =0 (3.20)
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L
.9 . .
IHH—I—&/,o[xw+(x2+w2)0+S(H+W’)]dx+Hg:7:
0

with the corresponding boundary conditions:

x=L Dw'+H,=0, (DW" —pSOi'+80)—H,=0
where
Fy = Ay(L) + (ac cos ¢ — b sin @) (¢ + 0)
Fy = Ay(L) + (ac sin ¢ + b, cos ¢)(¢ + 0)

Fpp = Jp[o(1) + 6] + M, (G cos ¢ + G, sin )
d
Hy = &{Fwﬂ + Mp[LFx + w(L)Fy]}

H, = M,(F, — 0F,), H, = F, — M,F,

3.3.3 Timoshenko Beam Model Derivation

For the Timoshenko model, there are three independent variables, 6, w(x), and ¢(x).
Variation with Respect to Variable 0

The variation of the kinetic energy w.r.t. variable ¢ can be readily written as
d i d
64T = IHéaéﬂ + /p[(xé + W )x + wP(x, )0 4 S(0 4+ )]~ 660dx

dr
0

+ M, [(LO + (L)L + WZ(L)é}%aa +Jp[o(L) + 0] %50
+ M, {(Gy cos ¢ + Gy sin @) + [@(L) + 0][acL cos (L)

+ b, cos (L)w(L) + a. sin ¢(L)w(L) — b.Lcos (p(L)]}%éﬁ

(3.21)

(3.22)

(3.23)

(3.24)
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Letting

Fy = Ay(L) 4 (ac cos ¢ — be sin kp) (¢ + 0)
Fy = Ay(L) + (ac sin ¢ + b, cos @) (¢ + 6)

Fpp = Jp[¢(1) + 6] + M, (G cos ¢ + G, sin )
9
Hy = 5 {F,0 + My[LFy + w(L)F,]}

substituting the above equations into Eq. (3.24) and rearranging:

L
d

04T = Iy0
0 Hdl‘

0

d

. . : d
60 + / pl(x0 + W )x +w?(x,0)0 + S0 + )] &50(1)6

(3.25)

The potential energy is not a function of 6, so that the variation of the potential energy is

simply
0Py =0
The virtual work due to nonconservative force is given by
oWy = 100
Substituting Egs (3.25)—(3.27) into Hamilton’s principle, we have

1y
59/(T+W—P)dt

fo
I I

L
= /Iyééédt + / /p[(v{/x + (& + wP(x,2))0 + S(0 + v')]dxo0de
h 0

To
[f

tf
- / {Fyp + My[F.L + Fyw(L)]}60dr + / 160dt
fo fo
We perform the following integration by parts with respect to time:

I I I

/IHﬂéﬂdt = Ig060 - /IHﬂéﬂdt =— / Ig006dt

)
ty tor tor

(3.26)

(3.27)

(3.28)

(3.29)
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where 66 vanishes at t = and 7 = #;. In a similar fashion, we obtain
/ / [Oix + (2% + w?(x,1))0 4 S(0 + w')]dxo0dr
to

L
. . 1,
/p yox + (2 + w2 (x, 1)) + S(6 + )| dxo6)|

)

0
tr L
//,0 (i + (2 + w2(x, 1)) + S(8 + )| dxd0dr
fh O

and

/ {F o9 + My [F\L + Fyw(L)]}60dt

To

= {Fy9 + M, [F,L + Fyw(L )]}60

/ O (F g+ My[FuL + Fyw(L)]}66di

To

fo

3
_— / *AFgn + My[FL+ Fyw(L)] o

fo

Substituting Eqgs (3.29)—(3.31) into Eq. (3.28) and rearranging, we obtain

I
60/(T+W—P)dt

)

= {IHH—i—&/p[xw+(x2+w2)0+S(0+W’)]dx+H0—I}50:0

The virtual displacement 66 is arbitrary and independent. We must have

.9 . .
Im?—i—&/p[xw+(xz—i-wz)ﬂ—i—S(ﬁ—i-W’)]dx—i—Hg—r—O

(3.30)

(3.31)

(3.32)
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Therefore, the equation of motion is
p L
In6 + py /p[xw + (2 + w0+ S0 +W)]dx + Hg = 1
0

Variation with Respect to Variable w

The variation of the potential energy w.r.t. w is
L
8,1 = / [(x0 + 0)ow + 0 wow]dx + My (A0 + A,ow)

My (¢(L) + 0)[(ac cos ¢ — b sin ¢)ow + (a sin ¢ + b, cos ¢)owd)]

+ o

pl(x0 +)ow + 0 wéw]dx + Myow(L)[Ax + (¢(L) + 6)

pl(x0 4+ Ww)ow + 0 wowldx + M,ovw(L)Fy + M,00w(L)F,

o\w = o\r-

The variation of potential energy is given by

L L
ad
0P = /c(q) —w) <_(9_ 6w>dx = —c(p — w’)éw‘é + /c((p —w') éwdx
x
0 0

The work due to force is
ow, =0

Substituting Eqgs (3.33)—(3.35) into Hamilton’s principle yields
b

5w/(T+W—P)dt

fo
Iy L

N / /P[(x9 + W)ow + 0 wow — c(o — w') owldxdr

h 0O
Ir I

+/[MP6W(L)FX + M,06w(L)F,)dt + / c(o — w/)éw’gdt

to to

¢ €08 @ — b, sin @)] + M,00w(L){[¢(L) + 0] (ac sin ¢ + b, cos @) + Ay}

(3.33)

(3.34)

(3.35)

(3.36)
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We perform the following integration by parts with respect to time:

Ir L
/ /p[(xﬁ +w)ow + 0 wow — c(p — w') ow]dxds
fh 0

L
= / dxp{x[%w
0
I I

—i—/ézwéwdt—/c(q)—wl)/éwdt}

4 )
L ¥

_ / /p{(—xé — 3o+ W) — c(g — ') }owdadr
0 %

) I
1 . ¢
' / xO0wowdt + wow ' / wowdt
to fo

To To

(3.37)

where ow vanishes at =7 and 7 = #;. Similarly:
tf
/ M, v (L)Fs + M, Bow(L)F,]dr
Io

I

[f
- / Fxéwdt] + / M, 0F owdt
Iy
1)

4

=M, [Fxéw
y , (3.38)
=M, / Fowdt + / M,0F,owdt

po
:/—Hwéwdt
To

Substituting Eqgs (3.37) and (3.38) into Eq. (3.36), we obtain
tf
(3w/(T+W—P)dl

fo

To

L t I
_ / / p{ (=3 — i+ 8Pw) — c(g — w') Yowdxdr + / (—Hy + (g — w') }ow(L)dxdr

0 % fo
The displacement dw is arbitrary. Hence, we must have

Clp — W) + p(xf + 9 — 6°w) =0 (3.39)
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Clop —w)—H,=0 whenx=1L
We get one equation of motion:
Clp —w) + p(x + v — [92w) =0

with boundary conditions

0, w=0
L, Clo—w)—H,=0

x
x
Variation with Respect to Variable ¢

Now we take the variation for the potential energy w.r.t. ¢:
L

0,T = /pS((,b + 0)0¢dx + J,[p(L) + 06
0
+ M, (G, cos ¢ + Gy sin ¢)6¢ + My,(¢(L) + 0)[(Gy cos ¢ — Gy sin ¢)d¢

L
= / pS(¢ + 0)0¢pdx + F g0 + M,F,
0

The variation of potential energy is given by
L

0P = /[D(p’é(p/ +c(p —w)ogp]dx
0

L
L
= D(p’é(p}o - / {Dg¢"6pdx — c(¢p — W) }opdx
0

The work due to force is
oW, =0
Substituting Eqgs (3.43)—(3.45) into Hamilton’s principle:
lf

(S(p/(T—l—W—P)dt

fo
tf L

= / /{pS(fb +0)0¢ + [Dg" 59 — (¢ — w)|op }dxdt

th 0
I

+/ [~Dg'dt + M,F, — F »9]0¢(L)dt

)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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We perform the following integration by parts with respect to time:
r L
[ [ 10506+ 050 -+ Do ~ clp ~ w0 aer
fh 0
L Iy [/
. f "
= /dxpS{((i’ + 0)og : - /((p + 6)depdr} + / / {D¢" — c(p — w')}opdxdt
0 ’ fo fh 0
I ¥ L
= - /((p + 0)dpdt} + / / {D¢" — c(p — ') }opdxdt
to h 0
where we took into account 6¢) vanishing at =y and ¢ =#;:
i
6¢/(T+W—P)dt
To
I ¥ L
= / [—Dg'dt — H,|6¢(L)dr + / /{—pS(('/) +0) + D" — c(p — W) }opdxdr
Io th 0
=0
The displacement 0¢ is arbitrary. Hence, we must have
(D) —c(@ —w) = pS(e +0) =0
D¢’ +H, =0 whenx=1L
We get another equation of motion:
(D@') = clo —w') = pS( +0) =0
with boundary conditions
x=0, ¢=0
x=L, D¢ +H,=0
3.3.4 Equations of Motion for Timoshenko Beam Model
To summarize, the motion equations are found to be
(Dg')' — (o —w') = pS(p +0) =0 (3.46)

Clo —w') + p(xf +vp — 6°w) = 0, (3.47)
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L
IHé+at/pxw+ x> +w?)0+ S0+ v)]dx+ Hy = © (3.48)
0
with boundary conditions
x=0, w=0, ¢=0 (3.49)
x=L, D¢'+H,=0 Clp—w)—H,=0 (3.50)

where Hf, Ho, and H,, are given by the same equations as in the Euler—Bernoulli model.
Note that now we have three, instead of two, coupled motion equations.

3.4 Linearization of the Beam Dynamic Models
3.4.1 Introduction

In order to analyze fundamental vibration behavior and the time response of the manipulator
system, we need to linearize the nonlinear dynamic equations. The dynamic models after
linearization are easier to analyze and easier for control design.

To linearize the dynamic models described in the previous section, we neglect all deformation
terms which are higher than the first order. This is justified due to the small deformation
assumption. All the second or higher order displacement and strain terms are ignored [30] for
both the Euler—Bernoulli and Timoshenko beam theories. In addition, we ignore all the
second or higher order cross terms. Note that these simplifications have been adopted in
almost all the published works on modeling of flexible manipulators. As we can see later from
the simulation results, nonlinear terms have noticeable effects on dynamic responses of
flexible arms only when motion speeds are extremely high.

After a tedious process of simplification, we arrive at the following relationships:
Hy=H, +LH,, H,=myF,, H,=F,

Fy=Ac(x) +ac(¢+ 0)
Fog = Jp(¢ + 0) + acMpA. (L)

Therefore

S48

L
/,0 (W + 56) + S(0 + ¢)]ds + Hy = —D¢' (0) (3.51)
0

which enables us to eliminate the integral terms in dynamic equations.
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To make the form of dynamic equations simpler, we further define the total deflection v and
rotation « of the manipulator as

v(x, 1) = w(x,t) +x0(t), o(x, 1) =o(x,1)+6(1) (3.52)

In terms of the total deflection and rotation, the linearized dynamic equations of flexible
manipulators can be summarized as follows.

3.4.2 Euler—Bernoulli Model after Linearization

Using Eq. (3.51), we have

(DV")' +p(¥ — V") =0 (3.53)
In6—DV'(0) =1 (3.54)
with boundary conditions
x=0, v=0 V=90 (3.55)
x=L DV +J,i +aM,i=0, (DV') —pSi =M, +ai) (3.56)

Note that in the dynamic models presented in Ref. [2], neither the rotary inertia nor the size of
the tip load had been considered (i.e. S =0 and a. = 0 were assumed).

3.4.3 Timoshenko Model after Linearization
Similarly, we have
(DY — Cla—V) —pSa =0, [Cla—V)] +pi=0 (3.57)
In0 — Do/ (0) = ¢ (3.58)
with boundary conditions
x=0, v=0, a=10 (3.59)
x=L, Dd +Jya+aMy=0, Cla—V)=M,i+ac). (3.60)

Note that when no tip load is present, the equations in this case are the same as those given in
Ref. [7].

From boundary conditions (3.55) or (3.56), we find that Eq. (3.56) can be used to calculate
hub rotation ¢ and thus to eliminate # from dynamic equations. To compensate for the lost
boundary condition, Eq. (3.54) or (3.58) can be considered as the new condition. In fact,
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Eq. (3.54) or (3.58) represents the dynamic torque balance equation of the hub according to
the Euler—Bernoulli or Timoshenko beam model.

3.4.4 Dimensionless Functions, Variables, and Parameters

The linearized equation of motion may be further simplified by introducing the following
dimensionless variables and parameters:

v X S CL? pL?
Z(g) La g Lv Lz) g D 9 D ( )
M 1 J ac
p=—L g=-t k=-L (== (3.62)
pL pL pL L
The resulting equations are as follows.
Euler—Bernoulli Model with Dimensionless Variables
"4 — e =0 (3.63)
with boundary conditions
2.4 " L
2(0)=0, nc7Z(0) —2(0) =5 (3.64)

(1) 4+ Ak (1) +Cuz(1)] =0, Z7(1) — 6?7 (1) —uc*Z(1) +Z(1)] =0 (3.65)

Timoshenko Model with Dimensionless Variables

o —o(a—7)—6cfa=0, ola—27)+c*%=0 (3.66)
with boundary conditions
L
2(0) =0, 5ca(0) — o (0) = % (3.67)

o (1) + Aka(1) +Cuz(1)] =0,  ala(l) —Z(1)] — pc?[Z(1) + Ca(1)] =0 (3.68)

A prime now indicates the differentiation with respect to the dimensionless coordinate &.

Note that if the shear deformation is very small, ¢ must be very large since the shear modulus
G is large in this case. From Eq. (3.66), « must approach 7’ for all £ in order to keep o(a — ')
of finite value. Actually, the first equation of Eq. (3.66) reveals that o(a — /) = o — 6c*a—
7" — 6c*7 as ¢ — . Substituting this result into the second equation and boundary
conditions, we can easily show that the Timoshenko model reduces to the Euler—Bernoulli
model when ¢ — .
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Sometimes it is much easier to deal with a single higher-order decoupled partial differential
equation than several coupled low-order equations. Using the technique developed in

Ref. [33], the two coupled equations in Eq. (3.66) can be decoupled by the following
transformation:

c2

c=¢, a=¢' -S4 (3.69)

g

where ¢ is a new function that has to satisfy the equation:
1 . I
¢" — (= +0)2¢ +Ph+—c*$p=0 (3.70)
a a

Thus, we have replaced two coupled second-order equations involving two variables by an
equivalent fourth-order equation with one variable.

3.5 Finite-Dimensional Modeling of Flexible Manipulators

The flexible manipulator system is an infinite-dimensional system. Previous sections have
given the infinite-dimensional modeling approach of flexible manipulators.

3.5.1 Natural Frequency and Modal Shapes

Here we [34] focus on determining the natural frequencies and their associated modal shapes
to achieve the state-space equation that will be used for control scheme design. Since modal
shapes provide the basis for a state-space calculating system, these frequencies and their
modal shapes will be extracted from a uniform beam.

Classical analytical techniques can be employed to derive the resonant frequencies and the
modal shapes. The most useful technique is the separability of the modal shape, which is

a function of a spatial variable only, from the time-varying amplitude of the modal shape, which
is a function of time. The admissible modal functions will then satisfy the governing equations,
(3.53) and (3.54). After taking the assumed form of the solution and substituting them for the
beam boundary conditions (3.55) and (3.56) listed in Section 3.4.2, four simultaneous
equations result and are applicable to the natural frequencies and their modal shapes.

Modal Determinant
For uniform flexible manipulators, the governing equation of Eq. (3.53) is
EIV" — pS¥" + pv =0 (3.71)

Assuming that the beam undergoes harmonic vibrations, i.e. v(x,f) = W(x)q(t), where ¥ (x) is
called the modal shape or eigenfunction and ¢(#) is the time-varying amplitude of the mode
shape, the admissible function is
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q(t) = Cy sin(wt) + C; cos(wr) (3.72)

where  is the resonant frequency of the system.
Applying Eq. (3.72) to Eq. (3.71), we have

EIV" — pSw*W" — po®W =0 (3.73)

It is obvious that the eigenvalues of this equation are

Ao =ta, A34=+iB (3.74)

2 2
Y — pSw Y — pSw
=N\ PN T o YT \/(/)Swz)2 +4Elpw?

The complementary solution of Eq. (3.73) is

where

¥ (x) = A cosh ax + B sinh a x + C cos $x + D sin x (3.75)

which is the modal shape or eigenfunction. This assumed solution must meet the constraints
of Egs (3.55) and (3.56), which are, in terms of the above coefficients,

A+C=0 (3.76)

Elo*A + I,w*aB — EIB*C + [iw*a;D = 0 (3.77)
a1A + aB + a3C + auD =0 (3.78)

B1A + BB + B3C + 4D =0 (3.79)

where

o) = Mpwzcosh aL + (pSw? + achwz) asinh aL + Elo’sinh o
o = Mpw2sinh oL + (pSw?* + achw2) acosh al + Elo3cosh 6,
a3 = Myw*cosh BL + (pSw? + a-M,w?) Beos BL + EIB3sinh 8,
ay = Mpw?sinh BL + (pSw? + a.M,w?*) Bcosh BL — EIB3cosh 6,
8; = Ela*cosh al — Jpcuzasinh ol — Mpacw2cosh al

8, = Ela’sinh aL — Jpwzacosh al — Mpacwzsinh oL

85 = —EIB*cosh L — Jpa)zﬁsinh BL — Mpacwzcos GL

B4 = —EIB*sinh BL — J,w*Bcosh BL — Mya.w’sin BL
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The matrix form of Eqs (3.76)—(3.79) is

1 0 1 0 A
2 2 _ 2 2
Ele* Iw’a —EIB” LB ||B| _ (3.80)
o] o) o3 04 C
B B2 63 Ba D

The natural frequencies are obtained by solving the determinant equal to zero.

Modal Frequencies and Modal Shapes

For a given material and parameters of a beam as in Table 3.1, if we set A =1, then C = —1.
Equation (3.80) is redundant, and for each frequency it becomes
oy agq||B o3 — o
= 3.81
[52 64} {D] {53—51] ©31)

By solving this, B and D are obtained. After normalizing the eigenfunction to meet
L
/ W(x)2dx = 1 (3.82)
0

the coefficients are obtained with their frequencies, as shown in Table 3.2.

In fact, the number of modal shapes is infinite, because of the distributed parameter beam
system. Only the first 10 modal shapes and their frequencies are listed in the calculation of
the state-space equation in the next chapter. Generally, the more modal shapes involved in
the system, the more complicated the system model will be. According to Hastings and
Book [35,36] and Hughes [37], the first two modes have a greater influence on the model
accuracy than the higher-order modes. For typical applications, the higher order must be
truncated to meet the computation time. Also, many factors affect the modal shape,
including hub position. Geniele et al. [38] showed that this affects the actual modal shape
since Coulomb friction coefficients are related to hub position. The first 10 modal shapes are
plotted as in Figures 3.3—3.12. Conventionally, the horizontal axis is the spatial coordinator,
while the vertical is the amplitude meter. From these plots, it is clear that if the high-order
modal shapes are not taken into account, the high-frequency terms in the system dynamics
are eliminated. In later chapters, these terms are treated as model uncertainties in the
controller design.

Table 3.1: Parameters of uniform beam

E ! L p M M, I a, I

1.0 10.0 1.0 1.0 10.0 1.0 0.5 0.1 5.0
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Table 3.2: Modal frequencies and coefficients of modal shapes

Mode Frequency A B C D
1 2.1925 1 —0.7887 -1 0.1316
2 11.7525 1 —0.9543 -1 0.5303
3 52.3515 1 —0.2839 -1 —0.0018
4 114.7315 1 —1.5491 -1 0.2762
5 218.4795 1 —0.1982 -1 —0.0036
6 336.5055 1 —1.5622 -1 0.1500
7 497.3505 1 —0.1828 -1 —0.0025
8 671.0485 1 —1.5549 -1 0.1028
9 888.0655 1 —0.1774 -1 —0.0018
10 1117.5115 1 —1.5504 -1 0.0785

_05 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.3: The First Modal Shape.

-0.2 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.4: The Second Modal Shape.
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_02 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.5: The Third Modal Shape.

_15 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.6: The Fourth Modal Shape.

In theory, the fundamental frequency of a rigid manipulator is infinitely large. Therefore, it
can move quickly without vibration. Due to the beam flexibility, the resonant frequency is
dramatically reduced (the first one is 2.1925 rad/s here). This means that it has to move slowly
to experience small vibrations under normal operation. In later chapters we will design and
control the flexible beam to achieve better results. But first let us derive a state-space model
using these modal shapes.

3.5.2 Finite Modal Model of Euler—Bernoulli Beam

The dynamics of a flexible manipulator system are described by an infinite-dimensional
mathematical model, since the model consists of partial differential equations. However, to
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1.6 T T T T T T T T T

1.4

1.2

1

0.8

0.6

0.4

0.2

-1 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.8: The Sixth Modal Shape.

design a finite-dimensional controller, a finite-dimensional system model is needed. To
achieve this goal, a finite-dimensional approximation needs to be used to model the flexible
manipulator, to retain a finite number of modes and to truncate the other, less significant
modes based on the requirements of the controller. The N-mode expansion for the beam
displacement w(x,f) is given by

N
w(x,1) =Y @;(x)qit) (3.83)

i=1
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1.8 T T T T T T T T T

16+ E

12+ E

081 E

0.6 -

04} -

O 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Figure 3.9: The Seventh Modal Shape.

-05 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.10: The Eighth Modal Shape.

The separability in this case refers to describing the displacement as a series of terms that are
products of two separate functions, each of which is a function of a single variable, a spatial
variable x and time ¢ respectively. ¢; is the ith modal shape, or eigenfunction. g; is the
corresponding generalized modal coordinate describing the flexible deformation.

The scheme in developing a mathematical model is to use the Lagrangian method or
Hamilton’s principle for the total kinetic energy, total potential energy, and virtual work done
by the torque actuated to the joint. This method will not introduce extra errors into the system
and will be used to obtain the state-space model for a flexible manipulator suggested in this
chapter [34].
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1.5 T T T T T T T T T

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Figure 3.11: The Ninth Modal Shape.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.12: The Tenth Modal Shape.

The hub kinetics is written as
1 :2 .2 /
T, = 51},[0 + w (O, t) ] (3.84)
where w = dw/dx = w’. After substituting Eq. (3.83) into Eq. (3.84), we have

1 22 1 1 2 . /
T = 5 Inf +§Ih; j_ZIQin(Pi(O)(/’j(O) (3.85)
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In the same way, the kinetics of the tip load is

T, = %Mp(éL + (L, 1)) + =y (0 + WL, 1)) 4 acM(8 + (L, 7)) (OL + (L, 1)) (3.86)

1
2
which is the same as
1 9 . N 1 N N
T, =5Té + 0;qF2(1) + 3 ; ;qlqug i.j) (3.87)
where
Iy = (MpL? +J, +2M,La,)
(i) = (J, + MpLac)Wi(L) + (L + ac)MW;(L) (3.88)

T3(i.j) = pWiL)WH(L) + MpWi(L)W;(L) + 2a-Mp Wi (L)W (L)

The kinetic energy of the link

L
%/ (50 + )% + SOV + 0)?]pdx (3.89)
0
is equal to
1 9 . N 1 N N
Tu=p MO H03 ah0) + 53 ;qlq,Aa i.J) (3.90)
where
L
A= /(x2 + S)pdx
0
L
M) = [ Lo(a) + 50 (3.91)
0
L
M) = [ Wi, + Wi 0
0
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S is a function of the cross-sectional area of the link. The total potential energy is

L 1 N N
/ El(x =5 SN aigikG, (3.92)
0

l\)l’—‘

i=1 j=1

L
where k(i,j) = /0 EL(x)¥] (x)¥] (x)dx.

The generalized virtual work is derived as

N
W =/(0,1) = 20+ ow'(0,1) = 20+ Ty W}(0)gi(r
i=1

(3.93)

In order to apply the Hamiltonian principle, let us substitute Eqs (3.85), (3.87), (3.89), (3.91)
and (3.92) for the following formula and group it in terms of 6, dq;, and their derivatives:

1 .2 .
E=TL+Ti+T,—P+W =20 +6) qi(i)
-
’ (3.94)

N N
Z Z‘]!%

j=1

l\)l'—

N N
DY aigiQa(ig) + 10+ +TZ'P

+
i=1 i=1 j

N =

i=1 j=1
where

Q=L+ + A

Q) = Ta(i) + Az(i)
(i, /) = [P (0)%5(0) + T5(i, /) + As(i,))

(3.95)

After applying the Hamiltonian method, we obtain

63:91060+ZQ q56’+0292 i)64;
(3.96)

i=

N
+ZZL]JQ3 ,]6q,+ré€+rZ'I/’ )6q; — Zqukl](Sql

i=1 j=1 i=1 j=I1

Since
I I I I I
/ f60dr — éaa‘ Z) — / f60dr — — / f60d, / G;60dr = — / Gi.00dt
o I fo ; o ., o (397)

Tf tf
/ 06q,dt = — / 06q;dt, / G;6g;dt = — / §:0q:dt

fo to fo fo



Modeling of Flexible Manipulators 47

the extended Hamilton principle results in

Iy Iy
[ azar- /{

) To

. N
— Qlﬁ — Z éinQ(i) + 1|66
i=1

- 9_12:3192()+Z ZQJQ3(,J)+Z qu (i, )—Té’l’ﬁ(o)]léqi}dtZO

i=1 j= i=1 j=
(3.98)
These coefficients of 66, dg;, 1 <i < N must be zero. That is,
.. N
QO+ (i) —1=0 (3.99)
i=1
N N
—6Q(i) 2%93 i.j) qu i,j) + W (0)=0, 0<i<N (3.100)
or in matrix form:
MX + Kx = bt (3.101)
where
T
X = [07%76127613, "-7qN]{N+]71)7 b= [17111,1 (0)711//2(0)7 "'awﬁv(o)](N+171)
Q (1) %(2) Q(N)
M= QZ(I) 93(1’ 1) 93(172) 93(17N)
Q(N) Q3(N,1) Q3(N,2) - Q3(N,N) (3.102)
0 0 0 . 0
K — 0 k(1,1) k(1,2) - k(1,N)

0 k(N,1) k(N,2) - Kk(N.N)

As has been shown, Q3(i,j) = Q3(j,i), k(i,j) = k(j,i), thus the matrices M and K are symmetric
and are called mass and rigidity matrices respectively.

3.5.3 Finite Difference Model

Consider transverse motions of a single-link flexible beam with tip load mass M,,. It is
modeled as a beam of length L fixed on a rigid hub with rotary inertia /. When shear



48 Chapter 3

deformations and rotary inertia of the beam are neglected, the Euler—Bernoulli dynamic
equations and the corresponding boundary conditions can be expressed in terms of its total
displacement, y(x,f) = x0(f) + w(x,?), as

a*y 0%y
EI — A(x)— =0 3.103
. 0%y
IHO — EI(X) <W>x_0 = Tin (3104)
Ym0 =0, Yig=10 (3.105)
El(x) a—zy +J, o +acMyy =0 (3.106)
* dx2 =L P\ ox 4el¥ipy = ’
x=L
&y O
El(x)| — —M,| y+ac= =0 (3.107)
). ox
x=L

where () = d( )/dx, w denotes the pure flexible beam deflection, @ the rigid hub rotation, and
Tin the torque applied on the hub. El(x) is the bending rigidity, which is a function of x for
a non-uniform cross-section beam and a constant for a uniform cross-section beam. Primes
indicate differentiation with respect to coordinate x.

The finite difference method (method of lines) is used to approximate partial differential
equations. According to Refs [39,40], Eqgs (3.103)—(3.107) can be transformed into vibration
equations and then to first-order differential equations for convenience of solution.

According to the central difference method [41], the function f(x) can be evaluated at values
that lie to the left and right of x. Then centered formulas of order O(hz) are

F1(6) = gy [+ M%) — (= &) + 00)

F'(2) = 5 [f(x + Ax) = 26(x) +£(x — Ax)] + O(F?)

A2

1) =

= m[f(x+2Ax) — 2f (x 4 Ax) 4+ 2f (x — Ax) — 2f (x — 2Ax)] + O(h?)

F0) = g [+ 280) = 47 (x4 A2) + 67 (3) — 47 (x — Ax) +7(x — 28] + O(1)
(3.108)

where Ax is step size and O(hz) 1s truncation error.
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The flexible beam length L is divided into n segments, Ax = L/n, and thereby defines

xi=iAx, v =y(iAx,1), B; = B(iAx) = EI(i-Ax), A; = A(iAx)
i=0 1,2 ..n

According to boundary equation (3.105), we obtain
y_1 = —Ax0,y5 =0 (3.109)

Equation (3.104) can be rewritten as

1

10 —
h SO(Ax)

5 (y1 — Ax+0) = 7y (3.110)

Equation (3.103) can be approximated by the following:

for i =1 we have

2(Ax)4[(62 +261 — Bo)ys — 4361 — Bo)y2 — 4(B2 — 581 — Bo)y1 +4(B2 — 361)yo

—(B2 — 261 — Bo)y—1] + pA1J; =0
(.111)

for i =2 we have

2(Ax)_4[(63 + 28> — B1)ya — 438, — B1)y3s —4(B3 — 56, — B1)y2 +4(B83 — 362)y1

—(83 — 262 — B1)yo] + pA2y, =0
(3.112)

for i=3,...,n — 2 we have

1
2(Ax)4[(5i+1 +26; —Bi—1)yir2 =438 —Bi—1)yit1 —4(Bix1 — 56— Bi—1)yi +4(Bit1—36i)yi-1
—(Bit1 —26;—Bi—1)yi—2]+pAij; =0
(3.113)
and fori=n —1
1 /! /! /! e —
——(BnYy = 26n—1p—1 + Bu2Vy_2) + pPA-1Y, 1 =0 (G.114)

(Ax)
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Equations (3.106) and (3.107) can be approximately expressed as respectively

I .. J )
Buyi = 3 Fn-1 — <A—’; + ach>y,, (3.115)
Buyn — Bu—1Vn_1 = Mp[(Dx + ac), — acy, ] (3.116)

Substituting Eq. (3.115) into Eqgs (3.114) and (3.116), and replacing differential calculus with
a difference quotient, we obtain

J, . 1 [J ;
((A)’;)3 +pAn1>yn1 T (A—’;C+ach)yn

1
—w 128,10 — (48,14 Bu—2)yn—1+ (28,1 +26,—2)Yn—2 — By_2¥n—3] =0

(3.117)

5n71
(Ax)*

J ; J, .
<A—I;+Cchp>yn1 - [(A_l;c+ac Mp) +MP(AX+QC)} n — (y” —2Yn-1 er"*z)

=0
(3.118)
Then, integrating Eq. (3.111) into Eq. (3.113), and using Eqgs (3.117) and (3.118), we have
a vibration equation in matrix form:
M3y + Ky = Brj, (3.119)
where y = [0, y1,y2, ...,yn,z,yn,l,yn]gﬂ, B is the input matrix, B = [1,0, 0, ...,0,0,0]Ll.

M and K denote the mass and rigidity matrices of the system respectively, and are expressed
as follows:

_IH -
pS1
0
pSi
M= _
J, oA
0 m + pSn_l —E <E + ach>
L[, 1 (1, 2a:M,
— (P ram,) — (2 M
L Ax? (Ax+ac p) Ax(Ax2+ ax M dntint1

K = [K1;K2;K3; ... K ... Ky Ky g ]
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where

Ky = [k11, k12, k13, ... kin, kyngt]

1
Ky = 2Ax4[k217k227k23a-“7k2n7k2,n+1]
1
K3 = 2Ax4[k317k32ak33a“'7k3nak3,n+1]
1
K; = w [kilakiZa ki?)a "'7kina ki,n+1]
1
Kn = E[knlakn%knf% ---aknnvkn,n-i-l]y
1
Kni1 = Ad Kn 1,1 kne 12, kng 135 oy ket s ket 1]
Bo Bo
and k171 :E’ k172 = —m7 k1,37--~7k1,n+1 :0

ko = —Bx(Bo+ 261 — B2), kop=—4(B2—561+Bo), ko3 =—4(361—Bo)

kya = (62 +261 —Bo); kas,kopny1 =0

k31 =0, k3o =4(83—362), ksz=—4(83—56,+01), k3s=—4(36,—01)

k3s = (63 +262 —B1), ksg, k301 =0

ki, kii—3 =0, kij2=—(Bi—2+26i—1 —Biy1), kii-1 =—4(8; —38i_1)

kij=—4(8; — 58,1+ Bi2), kijv1 =—4036i_1—0Bi2), kiiyo=(6;+28;_1—Bi_1)

For the ith, i € (4, ...,n — 1)), row of matrix K, all the elements are zero, except the (i — 2)th
to (i + 2)th ones and

nn 2= 6}1 25 kn,n—l = _2(611—1 + 6n—2)7 kmn = (46;1—1 + 6n—2)7 kn,n—‘rl = _zﬁn—l
kn+1,n 1 = ﬁn—h kn+17n = 26}1—17 kn+1,n+1 = _ﬂn—l

On this basis, first-order differential equations and then the state-space equations can be
easily obtained for dynamic analysis and the control scheme design.

3.5.4 Finite Element Model

It has been proved that the finite element method is an effective tool for many structural
analysis problems, and it has been applied in the modeling and analysis of flexible
manipulators [39,42,43]. Reference [42] presents a finite element/Lagrangian approach for
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the mathematical modeling of lightweight flexible manipulators. Furthermore, owing to the
characteristic of the method which uses a finite dimensional model to approximate an infinite
dimensional subject, the finite element model is relatively intuitive and is easy to use in point-
observation and point-control. And here it is also suitable for concurrent design and
optimization of a flexible manipulator system including cross section optimization carried out
in later sections. Early studies on flexible manipulators, both single-link and multi-link ones,
adopting the finite element method, are all towards a uniform cross section flexible beam,
while here we will firstly set up a uniform cross-sectional flexible beam model and then apply
the model to the discussions of a non-uniform cross-sectional flexible beam.

When considering a single-link flexible manipulator mounted in the horizontal plane with
a tip-mass payload, it consists of a beam of length L fixed on a rigid hub as shown in
Figure 3.1, where X(OY( and X;0Y; denote stationary and moving coordinates respectively.
E, I, p, A, and M), are Young’s modulus, the moment of inertia of the cross-sectional area,
beam density, cross-sectional area of the beam, and tip mass payload respectively.

The flexible manipulator is viewed as an Euler—Bernoulli beam and is divided into N
segments. The following are some assumptions:

1. Rotary inertia and shear deformation are ignored.
2. Cross-sectional areas and mass density remain constant in each segment.
3. Perpendicular deformation is neglected since the beam is moving in the horizontal plane.

As for the Euler—Bernoulli beam, the motion can be described by the rigid rotation angle # of
the hub and flexible displacement w of the beam. Thus, the total displacement y of a point
along the manipulator at a distance x from the hub is

y =x0(t) + w(x, t) (3.120)

The length of each segment is / = L/N. As for the nth segment, flexible displacement w(x,r)
can be approximately expressed as

w(x,1) = N (x) On(1) (3.121)

where N,(x) and Q,(¢) are the shape function and generalized coordinate respectively. While
using the standard finite element method, the shape function can be defined as [40,43]

Np(x) = [@1(x) Po(x) P3(x) Pa(x)] (3.122)
where

O1(x) =1 =32/ + 23/, Dyp(x) =x =22/l +3/12, D3(x) =3x>/7 — 223/ P
Dy(x) =2/ —x?/1 0<x<I

The generalized coordinate of each node is

On(t) = [wa(t)  04(t) wps1(t)  Opp1 (1)] (3.123)
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where w, (), w;+1(¢) denote flexible displacements respectively, while 6,(¢) and 6,,, () denote
rotation angles of the corresponding node. Substituting Eq. (3.121) into Eq. (3.120), we
obtain the unified expression:

N
Y1) = X0+ Na(x) Qult) = Ny (x) Q5 (1) = [x Nu(s)][0(2) Qu(1)]" (3.124)
n=1

where

For the undamped free vibration system, the mass matrix reflects the kinetic energy of the
system while the stiffness reflects the potential energy. According to the energy principle and
basic finite element method, the mass matrix and stiffness matrix of each N segment of the beam
can be obtained, and then the motion equations can be established. Here, the kinetic energy of
the moving flexible manipulator, considering tip payload mass M, includes three parts:

1. The kinetic energy of the ith element ¢ of the beam

1
E; = E[Qn]iT[Mn}i[Qn]i, i=1,2,...,N (3.125)

2. The kinetic energy of tip payload mass

I
Eip = 5[Quly [M],, [Qn]y (3.126)

3. The rotational kinetic energy of the driving end

1 1
Ein = 5t = 5(07 M), 0], (3.127)

where

My My Mz My Ms
My 156 221 54 —13]
Myy 221 47 131 =3P
My, 54 131 156 =221
Mys —131 =312 —221 4]

and in the matrix above
My = 140 2(3i2 — 3i + 1), M1y = Moy = 211(10i — 7)

M3 = M3y = T12(5i — 3),M14 = My = 211(10i — 3)
M5 = Ms; = —717(5i — 2)
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Generalized coordinates are
Oul; =10 0; wi 01 wig] (3.128)

The inertia matrix of tip payload mass M, is

M,)?> 0 0 0 0
0 00 0 O
Ma,=] 0 00 0 0
0 0 0 M, O
0 00 0 O
Generalized coordinates are
[Only =10 Ov wy Onvig1 whii] (3.129)

The kinetic energy inertia matrix of the driving end is expressed as

Iy 0 0 0 O
0 0 0 0 O
M],=10 0 0 0 O
0 0 0 0 O
0 0 0 0 O
where Ig =1, + pl3/3.
Generalized coordinates are
On]y =1[0 01 w1 6 ws] (3.130)
The potential energy of the system is
N L ,
Ep = ZEPi ) Z [On]; [Knl;[O]; (3.131)
i=1 i=1

The rigidity of the ith element [K,]; is

0 0 0 0 0
g |0 12 60 —12 6l
[Kn],—l—; 0 6 42 —61 2P (3.132)
0 —12 -6/ 12 -6l
0 6 22 —6I 4P

where A; and /; are the cross-sectional area and rotary inertia of the ith segment of the beam.

Integrating all the N segments and the payload mass, the total kinetic energy of the system can
be obtained as

N

1 % * *

T = Epn+ Y [My]; + Epp = EQnTMnQn (3.133)
i=1
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The total potential energy of the system is

K= Z Epi = 5 Z [Qn]lT[Kn]z[Qﬂ]t = EQnTKn Qn (3134)
i=1 i=1
. » T
where the local coordinate QF = [[Q,] [Quly .- [Quln] -
The general mass matrix is
M, = : : (3.135)
0 - [My
The general stiffness matrix is
[Kn]T 0
K, = : : (3.136)
0 - [Kily

Considering node coordinates overlapping between neighborhood elements when assembled,
the general coordinate is introduced as

Q. =[0 6 wi 6 wr 603 w3 ... Oyt wn_1 On wy Onvi1 wyir]
(3.137)

Then there exists the relationship between the local coordinate and the general coordinate
Q; = B Q;, where the transformation matrix 8 is a (SN) x (2N + 1) sparse matrix.

Then the mass matrix and stiffness matrix using general coordinates can be expressed as

1
1
1
1
1
1
1
1
8= | (3.138)
1
1
1
1
1
i L swyxan+1)
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M, = 6" m: g" (3.139)

K. =6"K; 67 (3.140)
While taking boundary conditions into account, the beam is fixed at one end and it holds that
01 =w; = 0. Then ¢; and w; can be removed from the general coordinates, while the

corresponding row and column in the mass matrix and stiffness matrix can also be removed.
Substituting them into the Lagrange equation, the motion equation based on general
coordinates can be obtained:

MO +D0 +KQ =b1 (3.141)

where M’, K’, and Q' are mass matrix, rigidity matrix, and general coordinates when
substituting boundary conditions, respectively. ¥ =[1 0 ... 0]. 7 is input torque. D' is
the damping matrix and we choose the linear-type Rayleigh damping [44].

As for the flexible manipulator that contains rigid motion and elastic motion, the mass matrix
can be expressed as

M,, M,

M = [ oo oW ] (3.142)
My My

where My, and My, denote the mass matrices relating to elastic motion and rigid motion

respectively, and My, denotes the coupling parts of elastic and rigid motion.

Likewise, the stiffness matrix can be written as

0 0
K = [ ] (3.143)
0 Kyw

where K,y denotes the stiffness matrix relating elastic motion, and it has no elastic and rigid
motion coupling.

Then the total damping matrix can be written as

0 O
D' = { ] (3.144)
0 Dyw
where linear Rayleigh damping [44]
Dy = aMyy + BKyy (3.145)

and

oo 2o —Go) g 2Epwr =) (3.146)

w3 — W7 Wy — W]
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w; and w; denote the modal frequency. &; and &, are damping coefficients that can be
determined according to engineering experience.
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4.1 Introduction

In Euler—Bernoulli beam theory, both rotary inertia and shear deformation are completely
neglected. It is well known from beam and plate theories, however, that both of these factors
have significant effects on vibration behavior, especially for the high-order modal frequencies
of beam or plate-like structures [1—5]. For example, it has been found, for high-order modal
frequencies of shorter beams or thicker plates, that there is an order of magnitude difference
between the frequencies calculated without considering rotary inertia or shear and those
determined by taking them into account. From the control perspective, modal frequencies are
poles of plate dynamics, and in order to design controllers with better performance, high
vibration modes have to be included into plant dynamics for control synthesis. Based on these
considerations, it is necessary to investigate the influences of rotary inertia and shear
deformation on the vibration of flexible manipulators.

Another factor that obviously also affects the vibration of flexible manipulators is the load
carried by end-effectors (the tip load). If the influence of the tip load on the vibration of
flexible manipulators is shown to be significant, non-adaptive control approaches should be
considered inappropriate or at least inefficient for the control of flexible manipulators. This is
because the tip load is always changing with tasks and environments, but the design of non-
adaptive controllers is usually based on a fixed nominal dynamic model. This implies, in this
case, that the adaptive control method must be used for control of the flexible manipulator. To
our knowledge, the effect of tip load has not been investigated in detail and no quantitative
analysis has been performed.

4.2 Dynamic Analysis of Vibrations of Flexible Manipulators Considering
Effects of Rotary Inertia, Shear Deformation, and Tip Load

4.2.1 Introduction

As indicated above, the main purpose here is to give a comprehensive study of the influence of
rotary inertia, shear deformation, and tip load on the vibrations of one-link manipulators. First
of all, this will help us to understand more about the dynamics of flexible manipulators as well
as the effect of various factors. On the other hand, it will also provide us with valuable
knowledge that is useful for the design of both non-adaptive and adaptive controllers for
flexible manipulators.

It should be pointed out that in this study we have used the small deformation hypothesis and
ignored longitudinal elongation. This is necessary in order to construct a linear model for

flexible manipulators. Nonlinear models considering large deformation and coupling effects
of a certain degree have been proposed for spinning beams in Refs [6—8]. While these models
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are more accurate, they are too computationally intensive to serve as the dynamic model of
flexible manipulators for real-time control purposes. In particular, our focus here is on the
frequency of vibration, not the amplitude of vibration, for which nonlinear models are simply
not appropriate. Linear theory is not valid for amplitude analysis since it predicts infinite
vibration amplitude (for zero damping), which is physically impossible in reality. However, it
is well known that linear theory is good enough to provide an accurate estimation of vibration
frequencies for most engineering applications. This is the reason why the small deformation
hypothesis is employed and longitudinal elongation is neglected in our study.

4.2.2 Dynamic Models for One-Link Flexible Manipulators

Chapter 3 presented detailed derivations of equations of motion for the Euler—Bernoulli
beam and Timoshenko beam. Nonlinear dynamic equations and their linearized versions were
given. For the convenience of study, this section considers the Euler—Bernoulli model, the
Euler—Bernoulli model with rotary inertia, the Timoshenko model, and motion equations of
the Euler—Bernoulli model with a tip load.

The flexible manipulator to be considered is a beam of uniform rectangular transverse section
fixed on a hub with rotational inertia /z in the horizontal plane, as shown in Figure 4.1, where
(xO,yO) is the base coordinate frame system and (x,y) the coordinate system attached to the

hub. The coordinate frame AO’'B of the tip load is fixed at the end of the flexible beam. It is
assumed that the initial (neutral) longitudinal axis of the beam coincides with the x-axis. For
the sake of convenience, the following differential notations have been used: ()’ = d( )/dx and

(") =a()/ar.

The beam is of length L with a transverse section with moment of inertia / and area A.
Young’s modulus, shear modulus, and mass per unit length of the beam are denoted by E,
G, and p respectively. The tip load is of mass M), and inertia moment J,, and its center of
mass in AO'B is denoted as (a.,b.). The motion of the manipulator is described by the

Figure 4.1: Coordinate Systems for One-Link Flexible Manipulators.
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Y
Transverses section
Section normal axis
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1) X
Euler-Bernoulli beam Timoshenko beam

Figure 4.2: Motion of Transverse Section in Different Beam Theories.

angular rotation 6(¢) due to the hub rotation, the flexible displacement w(x,f), and the pure
bending rotation y(x,f) of the (neutral) longitudinal axis of the beam with respect to the
(x,y) coordinate system, as shown in Figure 4.2. Small deformation and negligible
elongation of the longitudinal axis have been assumed. Two functions, &« =y + 6 and

v =w + x0, are introduced to describe the dynamic motion equations of flexible
manipulators. In what follows, we list four different sets of motion equations for one-link
flexible manipulators. These equations have been derived by employing Hamilton’s
principle [9] and their detailed derivation can be found in Refs [10,11].

Euler—Bernoulli Dynamic Model (Model A)

The normal plane assumption is used in this model; that is, the entire transverse section of
the beam, originally plane, remains plane and normal to the longitudinal axis of the beam
after deformation [12]. Therefore, the pure bending rotation ¥(x.f) is equal to zero in this
case (Figure 4.2). This model also assumes the velocity of the point at the neutral axis on
that transverse section. This means that the rotation of the transverse section is not
considered, and therefore the rotary inertia is neglected. The governing dynamic equations
of motion based on Euler—Bernoulli beam theory for one-link flexible manipulators can be
found as

EIV" +pi3=0 “4.1)
T Igb+ENV'| _ = (4.2)
with the boundary conditions

v(x,t) =0, V(x,t) =0(t), x=0, V'(x,t) =0, V"'(x,t) =0, x=1L 4.3)
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Euler—Bernoulli Dynamic Model with Rotary Inertia (Model B)

To take the rotary inertia of the beam into account, velocities at different points on a transverse
section can no longer be considered the same, and will be calculated differently according
to their own coordinates. However, the normal plane assumption is still used, and therefore the
pure bending rotation y/(x,f) is still zero. The governing dynamic equations of motion for
one-link flexible manipulators now become

EIV" —pSi" +pi =0 (4.4)
T—Ig 0+ ENV'| _o=0 (4.5)

with the boundary conditions
v(x,t) =0, V(x,t) =60(t), x=0, VI(x,t) =0, EN"(x,1) = pSV¥', x=L (4.6

where S = I/A is a parameter that characterizes the effect of rotary inertia. Clearly, when S is
very small, this model reduces to the Euler—Bernoulli model.

Timoshenko Dynamic Model (Model C)

In Timoshenko beam theory, both rotary inertia and shear deformation are taken into account.
The normal plane assumption is replaced by the more accurate plane assumption; that is,
the entire transverse section of the beam, originally plane, remains plane but may not be
normal to the longitudinal axis of the beam after deformation [13]. Therefore, y is no longer
equal to zero in this case. Based on Timoshenko beam theory, the governing dynamic
equations of motion for one-link flexible manipulators can be obtained as

Eld" +kGA(Y — a) — pSa =0 4.7)
kGA(V' — ') — pi =0 (4.8)
T IO+ EId| o= 4.9)

with the boundary conditions
alx,t) = 0(t), V'(x,t) =0, x=0, o (x,0) =0, V(x,t) = a(x,t), x=L (4.10)

where k is a numerical shape factor (for a rectangular section, k = 10(1 + v)/(12 4 11v)) and v
is the Poisson ratio.

Since Eqs (4.7) and (4.8) are coupled and hence are difficult to analyze, it is desirable to
find an equivalent set of decoupled equations for them. It was shown by Wang and Wen [10]
that by introducing a new function ¢(x,?) and letting

a=¢" — puSP/EI, v=¢' (4.11)
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Eqgs (4.7) and (4.8) are equivalent to the following single equation for ¢:

p%S d*¢

////_ i . o 0P
EI§" — pS(1+ W) + pb+u'r =5 =0 (4.12)

where u = E/(kG) is a parameter representing the effect of pure shear deformation.

Euler—Bernoulli Dynamic Model with Tip Load (Model D)

Only the Euler—Bernoulli dynamic model is included here for the case where a tip load is
present. After a time-consuming derivation, it is found that the equations of motion can be
described as

EIV' 4+ pi=0 (4.13)
T—Ig O+ EV'| _, = (4.14)
with the boundary conditions
vix, 1) =0, V(x, t)=10(r) (4.15)
EN'(L,t) = —J, V' (L,t) — Mpa (L, 1) (4.16)
EN"(L,t) = —Mpai' (L, t) + M,i(L, 1) 4.17)

As expected, the tip load has an effect only on the boundary conditions at the end x = L. Note
that only the x coordinate a. of the center of mass (a.,b.) affects the boundary conditions.
Similar equations have been derived in Ref. [14] in which the tip load has been considered as
a shapeless point with mass M), and moment of inertia Jj,.

The above four dynamic models provide the basis for investigating the influence of
rotary inertia, shear deformation, and tip load on the vibration of one-link flexible
manipulators.

4.2.3 Characteristic Equations for Modal Frequencies and Vibration Modes

The Laplace transformation has been used to derive the characteristic equations for modal
frequencies of one-link flexible manipulators. For this purpose, we have assumed the
existence of the following Laplace transformations:

]'Ij(x’ S) = L[‘p(xa t)]> A(x> S) =L (x7 t)]v q)(ic? S) = L[¢(xv t)]

V(x,s) = Lv(x,1)], W(x, )
O(s) = L[0(1)], Z(s) =Llz(1)], T(s)=L[x(t)], F(s)=L[f(1)]
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It is also assumed that Laplace transformations of derivatives of v(x,t) and ¢(x,¢) with respect
to x exist up to the fourth order. Therefore, we have the following equations:

VO (x,5) = Lp" (x,1)], ®"(x,5) =Ljp" (x,1)], n<4

One should notice that the existence of the Laplace transformations of functions in this
section should not be of any concern. This is because the Laplace analysis to be conducted
here is exactly the same as the classical modeling analysis used in mechanics. One can verify
it simply by replacing s with jw, where j = v/—1 and w is the vibration frequency. The
existence of vibration modal shape functions should be obvious. The reason for using Laplace
analysis instead of standard modal analysis is that the treatment by Laplace transformations is
more uniform and clear from the perspective of control theory.

For all the dynamic models given in the previous section, by applying the Laplace
transformation to the governing equations of motion and the corresponding boundary
conditions with homogeneous initial conditions, we obtain the following partial differential
equations for Laplace transformations in the frequency domain.

Euler—Bernoulli Dynamic Model (Model A)

The governing dynamic equations of motion are transformed into

EIV" +ps*>V =0 (4.18)
T — sy ® +EIV'|_;=0 (4.19)

with the boundary conditions
V(x,s) =0, V'(x,s) =0O(s), x=0, V'(x,5) =0, V"(x,s) =0, x=L (4.20)

Solving equations (4.18)—(4.20), we can obtain transfer functions as

O(s) = Hy:(s)T(s), Hye(s) = 1/[s*Iy + EIK,(m)] (4.21)
and
V(x,s) = vb‘(x 5)O(s) = Hy:(x,5)T(s)
W(x, ) = Hyy(x, $)O(s) = Hipe (x, $)T(s) (4.22)
where

H,y(x,s) = [sin(mx) + sinh(mL)cos m(L — x) + sin(mL)cosh m(L — x)]
+[sinh(mx) — cos(mL)sinh m(L — x) — cosh(mL)sin m(L — x)]/2mZX, (m)
(4.23)
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Hwﬁ(-xv S) = Hvﬁ(-xa S) - X, HVT(-xv S) = Hvﬁ(xa S)Hﬂ‘r(s)a HWT(-xu S) - HW@(XJ S)Hﬂ‘!.'(s)

4.24)

and
Ki(m) = m[sinh(mL)cos(mL) — cosh(mL)sin(mL)]/Z(m) (4.25)
=1(m) = 1 + cos(mL)cosh(mL), m* = —ps®/(EI (4.26)

The poles of the manipulator system are determined by the transcendental characteristic
equation:

m*(Iy/p) — Ki(m) =0 (4.27)

Denoting m as a root of the characteristic equation, the corresponding modal frequency of the
manipulator can be obtained as

w = \/EI/pm? (4.28)
Euler—Bernoulli Dynamic Model with Rotary Inertia (Model B)

After Laplace transformation, we have in this case:
EIV"™ — ps*SV" + ps*V =0 (4.29)

T—sIy®+ENV"| _ =0 (4.30)

x=0 —
with the boundary conditions
V(0,5) =0, V'(0,s)=0(s), V'(Ls)=0, EIV™(L,s)=ps’SV'(L,s)  (4.31)
Based on these equations, we can obtain transfer functions as
O(s) = Hy(s)T(s), Hyc(s) = 1/[s*Iy + EIKy(m)] (4.32)
and

V(x,s) = Hyp(x,5)O(s) = Hyr(x,8)T(s), W(x,s) = Hyp(x,s)O(s) = Hyr(x,5)T(s)
(4.33)

where

H,g(x,s) = sinh(m; x)/m; — Cy[cosh(mix) — cos(max)] — Ca2[my sinh(mx) — mysin(mpx)]
(4.34)
Hyg(x,s) = Hyp(x,s) —x, Hy(x,s) = Hyg(x,5)Hge(s), Hupe(x,s) = Hyg(x,s)Hg(s)
(4.35)
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and

2m=,(m)Cy = B3sinh(myL)cos(myL) — B3cosh(mL)sin(myL)

(4.36)
2m?3y(m)Cy = 1 + B1sinh(m;L)sin(myL) + B3cosh(myL)cos(myL)
Kz(m) = —C1m2v4 + 82m*,  my = mgB;

12 (4.37)

B = Hm+ (—l)isz} /2] m* = —ps?J(EI)

> (m) =1+ (1 +m*S?/2)cosh(m L)cos(myL) — (m*S/2)sinh(mL)sin(myL)  (4.38)
2
The poles of the manipulator system are determined by
m*(Iy/p) — Ka(m) =0 (4.39)

and the corresponding modal frequency is

w=+/El/p m* (4.40)

Note that when S =0, K, and X, become K; and £ respectively. Therefore, Eqs (4.27) and
(4.39) give the same modal frequencies in this case.

Timoshenko Dynamic Model (Model C)
Instead of Eqs (4.7) and (4.8), Eqs (4.11) and (4.12) have been used here. We have
EID" — ps®S(1 + u)®" + ps*® + u(p>S/EA)s*® =0 (4.41)
A=0d" — pus®’S®/EI, V=29 (4.42)

T—s"Iy®+EIN| _, =0 (4.43)

x=0

with the boundary conditions

A(x,s) = 0O(s), V(x,s) =0, x=0, A(x,s) =0, V'(x,s) = A(x,s), x=1L

(4.44)
After many tedious manipulations, we arrive at the following equations:
O(s) = Hye($)T(s),  Hye(s) = 1/[5 I + EIK3(m)] (4.45)
and
V(x,s) = Hyp(x,s)®(0) = Hye(x,$)T(s) (4.46)
W(x,s) = Hyp(x,5)O(s) = Hy(x,5)T(s)
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Y(x,s) = Hyg(x,5)O(s) = Hy(x,5)T(s), A(x,s) = Har(x,5)O(s) = Har(x,5)T(s) (4.47)
where

Heye(x,5) = cosh(myx) 4+ Co(m3 — uSm®*) [cosh (m1x) — cos (max)]

+ C3[ma (mi + pSm*)sinh (mx) + my (m5 — pSm*)sin (myx)] (:48)

H,y(x,s) = Cymysinh(mjx) — Comy sin(mpx) — mymyCs[cosh(mx) — cos(mpx)]  (4.49)

H(u@(-xv S) = Hvﬁ(-xa S) - )C, HVT(-xv S) = Hve(xv S)Hﬂl'(s)a HW‘L'(-xu S) = H&)ﬂ(-xu S)H@T(S)

(4.50)
Hyg(x,s) = Hug(x,5) — 1,  Hac(x,s) = Hug(x,8)Hpe(s), Hyc(x,s) = Hyg(x, s)Hp.(s)
4.51)
and
2m®3 " (m)Cy = my[(m3 — uSm*) (my — mysinh (myL)sin(myL))
+ my (m% + ,uSm4)cosh(m1L) cos (mgL)]
2m623(m)C2 = —m [(m% + ,LLSm4) (mz -+ mysinh (mlL) sin (mzL))]
— mymy (m% — ,uSm4)cosh (mlL) cos (mzL) (4.52)

2mOY "4 (m)C3 = my (m3 — uSm*)cosh(m;L)sin(m,L)
—my (m% + ,uSm4)sinh (mlL) cos (mQL)

K3 = mlmg(m% —l—m%)Cg, mi=m@;, i=1,2

1/2

= ||V 20—t s n| 2wt =i @y

S5 (m) = 818 + 616 [1 + (1 — w)2mts? /z} cosh(m; L)cos(maL)

(4.54)
—(1 4 w)(m?S/2)sinh(m;L)sin(m,L)

The poles are determined by
m*(Iu/p) — K3(m) = 0 (4.55)

As before, one can obtain the corresponding resonant frequency of the manipulator once the
roots of the characteristic equation have been found.



Analysis of Flexible Manipulators 69

It is easy to check that when u =0, K3 and X3 reduce to K; and £, respectively; furthermore,
when both © =0 and S =0, K3 and 23 will reduce to K; and £, respectively. In a sense,
this shows the correctness of the characteristic equation.

Euler—Bernoulli Dynamic Model with Tip Load (Model D)

Finally, when a tip load is present, we have

EIV" + ps*V =0 (4.56)
T — $Iy®+EIV"| _ =0 4.57)
with boundary conditions
V(0,5) =0, V'(0,s5) = O(s) (4.58)
EIV'(L,s) = —J,s*V'(L,s) — Myacs*V (L, 5) (4.59)
EIV"(x,s) = Myacs*V' (L, s) + Mps*V (L, s) (4.60)

Similarly, we have the following equations for transfer functions:

O(s) = Hye(5)T(s),  Hpe(s) = 1/[s Iy + EIK4(m)] (4.61)
and
V(x,5) = Hyg(x, $)O(s) = Hye(x, 5)T(s) (4.62)
W(x,s) = Hyg(x,5)O(s) = Hype(x, 5)T(s) (4.63)
where

Hyg(x,s) = [(1 4 61)sin(mx) + (1 — 62)sinh(mL)cos m(L — x)
+ (1 — 63)sin(mL)cosh m(L — x) + (1 + 61 )sinh(mx)
— (1 = d2)cos(mL)sinh m(L — x) — (1 — d3)cosh(mL)sin m(L —x)  (4.64)
— 2¢&sinh(mL)sin(L — x) — 2&3cosh(mL)cos(L — x)
+ 2&;sin(mL)sinh(L — x) + 2&3cos(mL)cosh(L — x)]/2mZ4(m).
The dimensionless parameters are defined as

Oy = —E5+ 6183, Oy = —E3+EE3+26, O3 =&+ EE 25 (4.65)

§1=Mym/p, £ =Mpam®[p, & =Jm’/p (4.66)
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and
Ka(m) = m{(£ — £1£; + 1)[sinh(mL)cos(mL) — cosh(mL)sin(mL)]
— 2£;sin(mL)sin(mL) — 2£,[sinh(mL)cos(mL) (4.67)
+ cosh(mL)sin(mL)] — 2¢3cosh(mL)cos(mL)} /Z4(m)
S4(m) = [1 + cos(mL)cosh(mL)] — £, [cosh(mL)sin(mL) — cos(mL)sinh(mL)]
2%, [sin(mL)sinh(mL)] — &3[sinh(mL)cos(mL) + sin(mL)cosh(mL)]  (4.68)

+(83 — £183)[cosh(mL)cos(mL) — 1]
The characteristic equation now becomes
m*(Iy/p) — K4(m) = 0 (4.69)

When no tip load is present, all £s and therefore 0s vanish and, as expected, K4 and 24 reduce
to K; and X respectively.

As a by-product of the above derivations, we can find vibration modes (or mode shape
functions) from transfer functions H,g for different models. Specifically, let mn be the nth root
of a characteristic equation. The corresponding vibration mode can then be found as

y? = HY2m? /Ky (4.70)
where d =1, 2, 3, 4 corresponds to the four dynamic models.

Finally, in all four dynamic models, one can identify £;=0, d =1, 2, 3, 4, as the
corresponding characteristic equation for modal frequencies when a flexible manipulator
is considered as a beam fixed on a hub with an infinitely large moment of inertia.

4.2.4 Asymptotic Behavior of Modal Frequencies and Vibration Modes

Since characteristic equations are transcendental equations, they specify an infinite (but
countable) number of natural modal frequencies and vibration modes for a one-link flexible
manipulator. Therefore, it is very useful analytically to know the properties of high-order (or
large) modal frequencies and the corresponding vibration modes. This is even more important
for the purpose of numerical analysis, because as the order of the vibration modes increases,
the computation of the exponential functions involved in the characteristic equations and
expressions of vibration modes becomes extremely difficult (almost impossible) to
accomplish with reasonable accuracy. In this section, we present results of the asymptotic
behavior for high-order vibrations of one-link flexible manipulators.
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Euler—Bernoulli Dynamic Model (Model A)

The asymptotic expression for high-order frequencies can be obtained by considering the
characteristic equation (4.27). As m approaches infinity, K;(m) approaches m[cos(mL) —
sin(mL)]/cos(mL). Therefore, in order to satisfy the characteristic equation, for large m, it
must be that cos(mL) — 0, which leads to the asymptotic expression for large modal
frequencies:

wh =[2n— )x/QL)*\/El/p, n>>1 (4.71)

For the corresponding vibration modes, after a similar process, one can find the simple
asymptotic expression:

Yl(x) = —sin(kyx) 4 cos(kyx), 0<x<L; k* = pw?/(EI) (4.72)

n

Note that the asymptotic expressions for high-order vibration modes are not valid at the
two ends of the manipulators, where the boundary conditions should be used.

Euler—Bernoulli Dynamic Model with Rotary Inertia (Model B)

Applying the same technique to the characteristic equation in this case, we can see that as
m becomes larger, it must be true that cos(m?+/SL) — 0. Therefore, the asymptotic expression
for high-order frequencies becomes

w2 = ((2n — V)7w/QLVS))\VEI/p, n>> 1 (4.73)
Similarly, for high-order vibration modes:

Y2(x) = —(k3 /k})sin(kax) — cos(kax), O0<x <L

4.74)
ki=\/~0/2+ /4 0[S, k= [k} +0, o= pSwi/El)
Timoshenko Dynamic Model (Model C)
For the Timoshenko dynamic model, the asymptotic expressions for high-order modal
frequencies and vibration modes can be obtained as
) = ((2n — \)w/(2L/Sp))\/El /p, n>>1
(4.75)
Y3 (x) = ((k + a1k1)/ (k3 — a1k2))sin(kox) — cos(kpx), 0 <x <L
ky = \/—0/2 - \/02/4 + 01/ (uS) —at/u, ky= /o +k
(4.76)

o =pS(1 + p)w2/(EI), a1 = puSw?/(EI)

3 2 . .
w;, and w;; have the same magnitude, and have a constant ratio 1/, /1.
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Euler—Bernoulli Dynamic Model with Tip Load (Model D)

In this case, the asymptotic expression for high-order frequencies becomes more involved.
After some manipulations, we can show that

tan((1+ &, — &5 + &3 — 2 ?
4 _ [ar an((1+& —& +§2L £163)/(51 +25 + &) b (- Dw/L| VETp, n>>1
(4.77)
The corresponding vibration modes are
Y4 (x) = —sin(kyx) 4+ cos(kyx), 0<x <L (4.78)

which is the same as the high-order vibration modes of Eq. (4.72). Therefore, the tip load
has no effect on the high-order vibration modes, but it does affect the corresponding
frequencies.

All of these asymptotic expressions have been verified numerically. In most cases, they give
very accurate results for n > 8.

4.2.5 Experimental Verification and Numerical Analysis

The results of experimental verification and numerical analysis for various cases are
presented in this section. A detailed comparison between different dynamic models is made
on the basis of those results.

Experimental Verification

A one-link very flexible manipulator has been built at the NASA Center for Intelligent
Robotic Systems for Space Exploration (CIRSSE) at the Rensselaer Polytechnic Institute.
The parameters of the CIRSSE flexible manipulator are given in Table 4.1, where three tip
load parameters are defined as

M=M,/(pL), Ay =ac/L, Iz=J,/I

The experimentally obtained modal frequencies for the first nine vibration modes [5], and the
corresponding frequencies calculated from the characteristic equations of the first three
dynamic models, are listed in Table 4.2. In all the cases, the analytical predictions agree with
the experimental data to within + 5%. Note that for this particular manipulator, all three
models give almost the same results, since both parameter S and the width-to-height ratio
of the beam are very small and, therefore, the effect of rotary inertia and shear deformation
is negligible. Clearly, the experimental results have verified the accuracy of the three
dynamic models.
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Table 4.1: Parameters of the CIRSSE one-link flexible manipulator

Variable Definition Value
L Beam length 1.098 m
B Beam width 1.5875e-3 m
H Beam height 0.103 m
E Young’s modulus for material 60676.0e6 N/m”
v Material density of beam 2.713e3 kg/m3
Iy Hub inertia 0.0175 kg m?
v Poisson’s ratio for beam 0.3
A Beam transverse area 1.635%1e-4 m?
/ Beam transverse inertia 3.4340e-11 kg m?
p Beam mass per unit length 0.4436 kg/m
k Shape factor 0.8497
S =1I/A 2.1001e-7 m?
u =2(1+v)/k 3.0600
A Tip weight factor 0.150%
Ay Tip length factor 0.150%
As Tip inertia factor 0.150%

No tip load was present in the experiments: these parameters are just for the calculation in model D.

Table 4.2: Comparison of experimental and analytical results for modal frequencies

Resonant Frequency

Mode Order Model A (Hz) Model B (Hz) Model C (Hz) Experiment (Hz)
0 0 0 0 0
1 2.9692 2.9692 2.9692 2.850
2 7.2608 7.2608 7.2608 7.200
3 17.977 17.977 17.977 18.42
4 34.752 34.751 34.751 35.65
5 57.277 57.276 57.273 58.70
6 85.482 85.480 85.472 88.00
7 119.35 119.34 119.33 126.3
8 158.87 158.86 158.84 166.6
9 204.04 204.03 203.98 214.4
10 254.86 254.84 254.77 N/A
11 311.33 311.30 311.20 N/A
12 373.45 373.41 373.27 N/A
13 441.22 441.16 440.97 N/A
14 514.63 514.55 514.29 N/A
15 593.69 593.58 593.24 N/A

Influence of Rotary Inertia

The influence of rotary inertia on the vibration frequencies is through the parameter S, which
is equal to B?/12 (B is the width of the beam). Actually, S reflects the ratio of the beam
width to the beam height (H), i.e. B/H. Figure 4.3 shows the influence of rotary inertia on the
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Figure 4.3: Influence of Rotary Inertia.
v =0.3; w1 = frequency of model A; w, = frequency of model B. (—) mode 1; (----) mode 2;
(++-+) mode 3.

first-, second-, and sixth-order modal frequencies with Poisson’s ratio v = 0.3, as B/H
increases from O to 1. The results show that the frequencies calculated become smaller
when the effect of rotary inertia is considered. Since the differences are within =10%, the
results also indicate that, for lower vibration modes, the effect of rotary inertia is not very
significant and generally can be ignored. For high-order vibration modes, however, as will be
indicated later in the following subsection, the effect is indeed significant.

Influence of Shear Deformation

Both the beam shape and Poisson’s ratio v play a role in the effect of shear deformation on
the vibration of flexible manipulators. Figure 4.4 shows the influence of shear deformation
on the first-, second-, and sixth-order modal frequencies with Poisson’s ratio v = 0.3 as B/H
increases from O to 1. Similar to the case of rotary inertia, the results show that the
frequencies calculated become smaller when shear deformation is included. For the sixth-
order frequency, the difference is already more than 4= 26%, and therefore the effect of
shear deformation generally cannot be ignored. The results also demonstrate that the
effect of shear deformation is much more significant than that of rotary inertia,

a conclusion that should be expected since rotary inertia has already been considered in
shear deformation.

In Figure 4.5, different modal frequencies calculated from Euler—Bernoulli,
Euler—Bernoulli with rotary inertia, and Timoshenko models respectively are illustrated,
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(—) Euler—Bernoulli; (---) Euler—Bernoulli with rotary inertia; (-- - --) Timoshenko.

in terms of (4w L/(n + 1)mw)\/p/EI vs. (n + 1)/(2L). This indicates clearly that the effect
of rotary inertia and shear deformation is profound for high-order vibration modes. This
figure is very similar to the classical results obtained in the theory of elasticity on the
influence of rotary inertia and shear deformation on vibrations of beams and plates [1—5].
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Influence of Tip Load

The influence of the tip load through the three parameters A, 4, and A3, for the first-, second-,
and sixth-order vibration modes, is shown in Figures 4.6—4.14. In these figures, all

parameters except the varying one take the values specified in Table 4.1. The results indicate
that the mass of the tip load is the most significant factor regarding the effect of tip load on
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Figure 4.6: Influence of Tip Mass: First Order.
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Figure 4.7: Influence of Tip Mass: Second Order.
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Figure 4.8: Influence of Tip Mass: Sixth Order.

2.70

2.65

2.60 f

255 ¢

2.50

Frequency

245t

240

235t

230 | | | |
0.00 0.05 0.10 0.15 0.20 0.25 0.30

Tip length factor

Figure 4.9: Influence of Tip Length: First Order.

vibration. For example, it drives the first-order frequency down by 10% when the mass of the
tip load is 5% of the beam mass, and down by 25% when the mass is 30% of beam mass.
Therefore, when a load with a large mass is grasped by a flexible manipulator, the dynamics
of the manipulator will be changed dramatically. If the controller of the manipulator cannot
predicate this change in dynamics, its performance will degenerate. This observation is
important since, in civil construction and space applications, a flexible manipulator is usually
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Figure 4.10: Influence of Tip Length: Second Order.
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Figure 4.11: Influence of Tip Length: Sixth Order.

expected to deal with loads of relatively large mass compared to its own. The length of the tip
load affects the modal frequencies in a similar fashion, but the variation of frequencies is
generally less than that induced by the change in the tip mass. To our surprise, the moment of
inertia of the tip load is the least significant factor of the three, and has almost no influence on
the lower order vibration modes (see Figure 4.12).

The most surprising result is the influence of the tip mass and length on the higher order
vibration modes (see Figures 4.8, 4.10, 4.13, and 4.14). First of all, for vibration modes with
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Figure 4.12: Influence of Tip Inertia: First Order.

Figure 4.13: Sixth-Order Frequency vs. A; and A,.

an order higher than six, the frequencies vary dramatically with change in tip mass and length.
The unexpected result, however, is that when the tip mass or length exceeds certain values
(e.g. for the sixth-order vibration mode, A; > 0.02 or A; > 0.02), modal frequencies increase
with the tip mass or length, instead of decreasing as we would expect intuitively. A careful
inspection of the numerical results indicates that this phenomenon is caused by the increased
distance between the modal frequencies of two vibration modes. In other words, the
distribution of modal frequencies is changed when the tip mass or length becomes large. More
specifically, within a given frequency range, one can find more vibration modes for a very
small tip mass or length, but fewer for a large tip mass or length.
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Figure 4.14: Tenth-Order Frequency vs. 4; and A,.

4.2.6 Natural Frequencies and Model Shape Functions

Based on the results in Chapter 3, it is straightforward to obtain the harmonic vibration
equations of one-link flexible manipulators as follows.

Euler—Bernoulli Model

Mathematically, synchronous motions imply that the solution of Eqs (3.63)—(3.65) is
separable in the spatial variable and time, and hence it has the form:

2(8,1) = z(8)e™ (4.79)
where z(£) depends on the spatial position alone and e depends on time alone.
Substituting Eq. (4.79) into Eqs (3.63)—(3.65), we can write

"+ om?d —mPz=0 (4.80)
with boundary conditions
2(0) =0, Z'(0) +nm?Z(0) =0 (4.81)
Z'(1) —m?[kZ (1) + Cuz(1)] = 0, 2”(1) +m?[(6 + uQ)Z' (1) + puz(1)] = 0 (4.82)
where m = cw is the dimensionless frequency and w is the circular vibration frequency.

The solution of Eq. (4.80) has exponential form:

2(8) = Ae* (4.83)
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Introducing Eq. (4.83) into Eq. (4.80) and dividing through by Ae®, we obtain the
characteristic equation:

P omP—m?=0

and

A3 ==Em

(—5 +/6% + 4m—2>E N (6 +/6% + 4m_2>§.
) 24 = Tm 1
2 ' 2

Let

61: ’ 62:

Vor tdm2+6 V% +dm 2 — 5r
2 2

:l:mﬁlz
Aj = ;o J=1,2,34
:tmﬁz

_ mAidy 1

A+ V0% + 4m2

It follows that the solution of Eq. (4.80) has the harmonic form:

z(€) = Cysin A1§ 4 Cycos 21§ + Czsinh 1p€ + Cycosh €

Cy, (3, C3, and Cy4 can be determined by using the boundary conditions:

Cy=—C4
nm?

Co= - (Ci2 + C3ha):

4 A%JM%(II 3A2)

The general solution (4.87b) can be rewritten as

2
z(§) = Cysin A(£ + Cssinh 43¢ — 7A2n—+n—1 AZ(CM] + C3X2)(cos A1 — Ecosh Ay€)
14

nm?
= Cysin A€ + Aj—=——=(cos A;& — cosh A
1 1& 1/1%+A%( 1é 26)

2
+ Casinh A + Jo—gi—(cos A€ — cosh Af)

= A1[Bs8in A€ + nk(cos A€ — cosh Ay£)]
+ Az[B1sin 26 + nk(cos A1& — cosh A,8)]

(4.84)

(4.85)

(4.86)

(4.87a)

(4.87b)
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where

mAi Ay _ 1
WA+ o+ am2

The characteristic equation for determining the natural frequency can be found as

S 6(m) = [Z”Em) 212(771)] _0

A1 =C1/By, A1 =C3/By, k=

221(m)  z22(m)

where

22| _ Z"(1) — m*(kZ'(1) + Cuz(1))
21 2 Z" (1) +m*((6+ u8)Z'(1) + uz(1)
in which the function Z = (z,,z;) is defined as

z5(€) = Bysin 1€ + nk(cos A(E — cosh Ax€)

zp(&) = Bysin A2€ + nk(cos 1§ — cosh Ax€)

Figure 4.15 presents ratios of the first-, second-, and third-order natural frequencies
calculated from the Euler—Bernoulli model without (6 =0) and with (6 # 0) the rotary
inertia taken into account respectively. No tip load is assumed in these figures. Clearly, the
effect of rotary inertia on vibration frequency is significant, especially for higher order
vibration modes.

Figure 4.15: Influence of Rotary Inertia.
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In Figure 4.15, H is the beam height and L is the beam length. m; and m; are the frequencies
of the models with and without rotary inertia respectively. Curve A is the first mode, B is the
second, and C is the third.

The normalized modal shape functions of the natural vibration can be found as

Z(&m) = z,(8) — le(m)Zh(E)

o u2(m) (4.88)
z(&;m .
zi(§) = ZEm) G m)y” i=0,1,2, ..
where (x|x); is the generalized inner product for the Euler—Bernoulli model:
1
(= [ e 0208+ (0)20) + w1201
0
HrE[f'(Dz(1) + £ (D] + kf'(1)2/ (1)
One can show the following orthogonal relationship between modal shape functions:
1
(zi|z)s = 0y, / Gds = moy, o5 = {(1) i i; (4.89)
0

For high vibration modes, the computation of exponential functions involved in cosh and sinh
functions becomes very difficult. Therefore, it is very important to know the asymptotic
behavior of high-order vibrations. For 6 =0, one can show that

M—n/r?z, 12—>\/I’l_’l, as m—> .,
However, for 6 # O:
A —Vom, l—1/V6, as m— o

Therefore, some cosh and sinh functions of z; and z;, will approach a constant value for high
vibration modes, a very useful fact in numerical calculation.

Timoshenko Model

Mathematically, synchronous motions imply that the solution of Eqs (3.66)—(3.68) is
separable in the spatial variable and time, and hence it has the form:

o(E,1) = p(£)e™ (4.90)

where ¢(§) depends on the spatial position alone and e depends on time alone.
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Introducing Eq. (4.90) into Egs (3.66)—(3.68), we can write

1 0
" — <— + 5> m*¢" + m>p +—c*m*p =0 (4.91a)
a a
with boundary conditions

F(O) =0, $"(0)+ " (0) + o [¢”<o> n m;qu(oﬂ 0

(4.91b)
1
" (1) — m*kgp(1) + m? <; - :M) ¢'(1) — km*p(1) =0
Cug (1) + g/ (1) + (1+55)g(1) = 0 (4.92)
The solution of Eq. (4.91a) has exponential form:
P(£) = Ae™ (4.93)
Introducing Eq. (4.93) into Eq. (4.91a) and dividing through by Ae®, we obtain the
characteristic equation:
4 1\ 5. ot

which has the roots

1 1

—0 + 1/ 0% + 40gm2\ Os + /02 + 4,m2\
M3 = +m . . o4 =Em i (4.95)

where

Let

—_
=

2

o3+ dogm=2 + 5] J62 + 4sgm2 — 6,
B1 = ; Ba= (4.96)
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ﬂ:mﬁll

AJ - ) J: 1) 27 37 4
+mf

_ m[m?* + (—l)io/\iz] ~ m[l + (—l)iaﬁiz]

ki = =
TR +13) 08188+ 63)

It follows that the solution of Eq. (4.91a) has the harmonic form:

¢(&) = Cysin 41§ + C; cos 1€ + C3 sinh 1§ 4 C4 cosh A6
Cy, C,, C3, and C4 can be determined by using the boundary conditions.

From ¢'(0) = 0 we obtain

A
C) = —Cy22
1 5
From
2 2
8"(0)+ 4 0) + w0 [#7(0) + 20 0)] —0
we obtain

2 2 2
nm m 2 m 2
e e (™, +c<—+x>}
: Az(x%ﬂg)[z(a 1) g TR

Therefore, the general solution (4.97b) can be rewritten as
nm?

M (A7 +13)

2 2 A
|:C2 (’"— - Af) Gy (’"— + Agﬂ <sinh Mot — “esin M)
o o Al

¢(&) = Caycos A1 + Cycosh Aré —

2 2
nm m 2 . A .
=Crqcos Al —————+~ | —— A sinh A& — —=sin A
2{ 1° Xz(ﬁ*’@) <‘7 1)( * A 15)}

2 2
A
+ C4{cosh b —— (m— + A%) (sinh Jaf = F2sin 18

T (2] +25)
= Cp{cos 21§ + nk;(Bysinh 11§ — Bysin A6)}
+ C4{cosh A& + nky(B,sinh A& — Bysin A26)}

g 1

(4.97a)

(4.97b)
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where

o+ (=) '0R]  m{1+ (= 1))

i = =

0}112(/‘{%—1—1%) 0’6162(6% +6%)

The characteristic equation for determining the natural frequencies is

[oulm s
2 o(m =d t[(p;i(m) ¢l§<m>} =0

where

[0511 ¢12} _ [q)m(l) —m*k®" (1) +m*(1/a — Lu)@'(1) — Km445(1)/<7]
a1 P2 Cud" (1) + /(1) + (1 + L /o)d(1)

in which ® = (¢,,¢;,) is defined as

b(8) = cos A1€ + nki(Basin A1 — Bsinh hAyE)
¢y (£) = cosh o€ + nky(B,sin 1€ — Bysinh hAy€)

Figure 4.16 presents ratios of the first-, second-, and sixth-order frequencies calculated from
the Euler—Bernoulli model (6 = 0) and Timoshenko (6 =0, ¢ # 0) model respectively. The
tip load is set to zero. Like the rotary inertia, the effect of shear deformation on vibration
frequency is also significant, especially for higher order vibration modes. Figures 4.6 and 4.7
agree with the results given in Ref. [15].

In Figure 4.16, H is the beam height and L is the beam length; m3 and m are the frequencies
of the models with shear deformation and without rotary inertia respectively. Curve A is the
first mode, curve B is the second mode, and curve C is the sixth mode.

In Figure 4.17, different modal frequencies calculated from Euler—Bernoulli with and
without rotary inertia and Timoshenko models respectively are illustrated in terms of
(4wL/(n+ 1)mw)\/p/EI vs. (n+ 1)/(2L). This indicates clearly that the effect of rotary inertia
and shear deformation is profound for high-order vibration modes. In Figure 4.17, w is the
natural frequency, ¢ = L+/p/EI, and n is the order of the vibration mode.

Curve A is the Euler—Bernoulli model without rotary inertia, curve B is the Euler—Bernoulli
model with rotary inertia, and curve C is the Timoshenko model.
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Figure 4.16: Influence of Shear Deformation.

Figure 4.17: Influence of Rotary Inertia and Shear Deformation.
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The normalized modal shape functions of natural vibration can be found as

¢11(m)

B(Em) = 6.(6) ~ LS

on(E), z(&;m) =¢'(&;m)

2
algim) = ¢/'(E:m) + (& m)

o z(§;m)
i) = CEm). aGm) G am),
o a(g;m)
) = e m), ol m) (G m), aGm),
i=0,1,2, ..

where (x|*); is the generalized inner product for the Timoshenko model:

1
ﬂzz/ﬁ+mwﬁwﬂ)ﬁ+ﬁmw)
"4 wele(D)z(1) +F(al1)] + kg(Da(1) = 0

Similar to the Euler—Bernoulli model, the following orthogonal relationship is true:
1
(Zgi) a,‘zgj, o)), = 0jj, /a o+ o(a— ) (a — z]'»)def = m25,~j (4.98)

Note that (f|z), = (f,f'|z,7),. When m?* > a/, 8, becomes an imaginary number. In this case:

1

i _ E
5 o5 — (=1)'1/03 4+ 4m~2 L m[l — 2] N
i: i_— 1 = s

2 L 8188 4 3)

and cosh and sinh functions in ¢ and ¢, are replaced by cos and sin functions respectively.
Therefore, for large natural vibration frequencies, the computational problem associated with
the exponential functions is not an issue here.

4.2.7 Step Responses and General Solutions

In this section, we present analytic expressions of step and general responses for flexible
manipulators. The results in Section 4.2.5 are used extensively here. The detailed derivation
of these responses is quite tedious and only the final results are given in this section.
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For step input © = constant, one can find step responses of the systems (3.63)—(3.65) and
(3.66)—(3.68) as

2(&,1) = z5p(E,1) + 1 Z [c?lcos wi(t —19) + cfzsin w;(t — to)]zi(g) (4.99)
i=0

zg(6,1) = zgp(6,1) + 1 Z [cf] cos w;(t — o) + cHsin w;(r — to)]zgi(E) (4.100)
i=0

a(E,1) = agy(£,1) + 1) _[cficos wilt — to) + csin wi(t — 10)] ei(E) (4.101)
i=0

where z and (z4,a) are for the Euler—Bernoulli (Timoshenko) and zs, z4p, and ), are the
corresponding particular solutions of these models:

2 2
(2op 2op) = at [M - Cz(AéaAo)] ;o Qgp = at [(t _2t0) — czAa]

2
where
g g g
A@(E):§ 3'+C2
£ g &
AU(E):g_ 03+; §+ 54‘_‘5
64 2
Aa(g):$—035+02§
and
—1+(1+:) ! 0+Kk+20u+ =c1+06, a= :
=5 Ky 02—§+ K+ 2Cu+u, €3=cy ) a—m

To determine the coefficients in Eqs (4.92)—(4.94), we consider the initial conditions:

2(8,10) = Hso(£), 2(&,10) = Hyo(£)
Zﬂ(gv ZO) = HUO(§)7 20(57%) = HJO(‘?)
a(é,10) = Ago(£), (&, 10) = Ago(€)
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Using the orthogonal relationships Eqs (4.84) and (4.87b) we find:

1

c .
¢ = ac*8® + (Hsolzi)g, = %<H60‘Zi>5
1
e C

;7 = 260 < a0 00|Z(Tlaal> Chn = %(HaoaA'aO‘Zai,ai%
i

where
B = (Asl)ss  BY = (Ags Aalzois i)y

For zero initial conditions, the step responses become

2(E,1) = z5p(5,0) + 1 Z Bocos w;(t — t0)zi(£)

i=0

o6, 1) = zgp(6,1) + 1 Z B7cos wi(t — 10)z4i(£)

i=0
a(E,1) = agy(£,1) + 1Y B7cos wj(t — to)a;(£)
i=0

Therefore, after taking derivatives with respect to time, we find the impulse responses of
flexible manipulators as

zn(E,1) = ak(t — 1o) Zﬁ wisin w;(1 — 10)zi(€) (4.102)

Zne(§,1) = ak(t —1g) — Z B wisin w;(t — 19)zqi (&) (4.103)
i=0

ap(E,1) = a(t — 1) Z B wisin w;(1 — 10) i (£) (4.104)

Using Duham’s Theorem [9], we can find the response of a flexible manipulator in a general
input 7 = 7(¢). For the Euler—Bernoulli model, the response is

z2(€,1) = /zh(E,I)r(t —s)ds (4.105)

and for the Timoshenko model:

t t

zs(€,1) = /zah(é,t)r(t —s)ds, (&)= /ah(g,t)r(t —s)ds (4.106)

To To
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The corresponding transfer functions can be determined easily as

T (z(z, = By
1&@@=%%%?:§_z;ﬁzﬁ® (4.107)
i=1 i

r ACY] = ;‘T i
HLE ) = e = Yol @.108)
I(a(é, = 87w
Imﬁﬂz%%%?zg—Z%%%ﬂﬁ) (4.109)

These results are very useful in control design for flexible manipulators.

4.3 Passivity, Control, and Stability Analysis

Based on the discretization of a nonlinear dynamic model of one-link flexible manipulators,
a Lyapunov energy function method is proposed for the stability analysis in this section [10].

4.3.1 Nonlinear Dynamic Equations of Motion

The flexible manipulator to be considered is a beam of length L fixed on a hub with rotational
inertia I in the horizontal plane as shown in Figure 4.1. Let (xO,yO) be the inertial coordinate
system and (x,y) be the coordinate system that rotates with the hub. The motion of the
manipulator is described by the angular rotation ¢ due to the hub rotation, and the horizontal
displacement u and the vertical displacement w of the beam with respect to (x,y) coordinates.
Let 0 be the angle between the tangent of the deflected axis and x-axis.

Using a variational approach, the nonlinear dynamic model [10] for one-link flexible
manipulators undergoing large deformation has been developed by applying Hamilton’s
principle. The governing integro-partial difference equations are given by

’ L
BT 5= [ oll6,(0) - A0 + [B0,0) + &y (@leosd()E (@110
d L
c= Iyt / pl(u + £)Ay (5) — wh(£)]d2 (“.111)
0

with the boundary conditions

0(0,1)=0; 0'(L,))=0 x=L (4.112)
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4.3.2 Discretization of Nonlinear Model

Equations (4.110)—(4.112) are integro-differential equations that are difficult to work with
directly. We adopt the approach of linearizing the equation of motion and obtain the natural
modes first, and then use the natural modes as a basis of expansion for the general solution of
the nonlinear equation. The eigenfunction expansion (4.113) can be used to discretize the
nonlinear dynamic equation given in Eqs (4.110)—(4.112):

v(x, 1) =) gu(O)¥a(x) (4.113)

n=0

where g,(?) is called the modal amplitude function and ¥,(x) is called the mode shape ¢;.
To keep the equations tractable, we assume small bending, i.e. w is small. Specifically, w
and w' are assumed to be of the same order, say O(e), where ¢ is small. All velocities are
assumed to be of order 1. Terms with up to quadratic power of ¢ are kept in the expansion,
so the equation of motion is valid up to the linear term in e. This approach is the same as
that in Ref. [16], except we do not assume a small velocity. This results in nonzero
centrifugal and Coriolis forces, which were missing in the equation in Ref. [16]. The
importance of these terms is in the preservation of the conservative property of the open-
loop system after the approximation. We shall see that this has important consequences in
stability analysis. With the stated approximation, the kinetic energy becomes

L L

1 1.2 1 . . .
T:?/$m+#ﬁ+?/W+M#—mw+mm 4.114)
0 0

where u and i are approximated by

Mmg::—%/lungdg (4.115)
0
Mmg:—/w@@W@@% (4.116)
0

The kinetic energy can be expanded along the natural modes of the linearized system.
Then:

T =54"M(a)q
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where the mass matrix is

L
M(q) = al + / A(x)gqT A(x)dx + qTA1q®' (0)®'T(0)
0

. 4.117)

o qT[ / (W(x) —xllf’(o))A(x)dx} g®'(0) — W' (0) 4" / A(x)q®" (x)dx
0

¢, W(x), and W’(0) are infinite dimensional vectors for modal amplitudes, eigenfunctions

evaluated at x, and the spatial derivative of the eigenfunction evaluated at O respectively, and
X

A = [ (w(6) - W)W () - w(0) az
LO

Ap:/}wa)_xm%qumo—xmqmydx
0

The modal coordinate ¢ is a generalized coordinate and the discretized kinetic energy can be
used to find the Coriolis and centrifugal accelerations from

Claiti— oT\ 9T
V9= \9g) " 9q

After some algebra, the following expression is obtained:

L
L2 x2

cadi={] [ (5 -5) @0 - wonwem - wos
0

(4.118)
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The discretized nonlinear dynamic equation accurate up to quadratic terms in w and w' can
now be stated:

M(q)i + Clq,q)g +aQ*q=p "W (0)r = Bt (4.119)

This can be shown to correspond to the discretization of the following partial differential
equation:

. EId* 2 12 32
w+x¢+—a—w+w¢2+¢2%[<——x—>w’]

p ox* 2 2
+2 ¢ — w’/WdE —/w’w’dg + 9 w’/ /w’zdndg —/W’2d§w’
dx dx
X 0 x 0 0
The boundary conditions and the dynamic equation for ¢ are the same as before:
t—Iyd + EIW'(0,1) =0 (4.121)
w(0,1) =0, w(0,£)=0, w'(L,t)=0, w"(L,t)=0 (4.122)

This model generalizes the one in Ref. [17] in which only the nonlinear term

od [/L2 ¥
%[(T?M

was included. This model also generalizes the one in Ref. [18], in which some, but not all, of
the nonlinear terms are included, which implies that the conservative nature of the open-loop
system is not preserved in the approximation.

4.3.3 Stability Analysis

The centrifugal and Coriolis term C(q, §)q is related to the nonlinear mass matrix in an
important way. Defining Mp from the following relationship:

M(q,4)z = Mp(q,2)q

then it is easy to show (as in Ref. [19]) that one choice of C (it is not unique) is

1
C(9,4) = Mp(q,4) = 5Mp(4,4) (4.123)

This relationship has been exploited extensively in the rigid robotics literature for stability
analysis and control design; for an example see Refs [13,19]. In fact, we can now show that
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joint angle proportional-derivative (PD) control is a stabilizing control law. Consider the
following Lyapunov function candidate:

N . 1 1
V(g.9) = 54" M(a)q +aq" Qg+ 4" BK,B'q (4.124)

The derivative of Valong the solution is

V(ig,4) = ¢" <— aQ’q + Bt = C(g,9)q +5M(q.9) + 092q>
= ¢'Bt

where Q is a diagonal matrix with nth diagonal entry w,,, and B is a column with nth element
¥1,(0)/p. Note that the contribution due to C(g,q) drops out due to the structure given in
(4.123). The above Lyapunov energy analysis confirms the fact that the map from 7 to B § (i.e.
the joint angular velocity) is passive, which is also the well-known sensor/actuator collocation
condition. Note that if nonlinear terms are only retained in M but not in C, as in Ref. [16] (i.e.
setting it to zero, by assuming small ¢), there would be an M term in V. Thus, the passivity
property would be destroyed. If 7 is chosen as a simple joint angle PD control law:

t=—K,B"(q — ques) — KB (4.125)

where ¢qg.5 1s chosen to satisfy

BT‘]des = d)des
dies =0

T
simultaneously. It is possible to choose such g4, since sz ] is ??? (note that the first
component of B is p~'(L?/3 + Iyy/p), which is nonzero).

With the joint angle PD control, the closed-loop system is stable due to the fact that
V= —KU(BTq)2 < 0. Since V < 0 implies all trajectories are uniformly bound in f, by
Ref. [20], the joint angular velocity BT ¢(¢) tends to zero as t — o. From the governing
equation (4.119), all higher derivatives g are uniformly bounded. Using Proposition 1 in
Ref. [21], it follows that BT [d*¢(r) /df*] converges to zero in norm for k > 0.

At this point, we revert to a local analysis for the linearized system, i.e. consider
a neighborhood of the zero equilibrium where ¢ is sufficiently small, in which asymptotic
convergence for first-order vertical form of the linearized partial differential equations:

m - [—2?2 (I)} [Z] ! [aOIB}T (4.126)
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implies asymptotic convergence for the nonlinear system described by (4.119). If only a finite
number of modes is undamped, and the damping operator D is bounded relative to Q2 the
closed-loop infinitesimal generator

0 I
A= 4.127
—(Q? + BK,B") —(D+ BK,B") (127

has compact resolvent [22], which implies that all bounded trajectories are precompact [23].
Hence the invariance principle can be applied to the closed-loop infinite-dimensional system, i.e.

02{(q, ¢): B"4=0} (4.128)

If BT§ is detectable, then the largest invariant set in Q is just the origin and the zero
equilibrium is asymptotically stable. When does the detectability condition hold? Without
loss of generality, assume the first N modes are undamped. Therefore, to check detectability,
we only need to check the observability of the first N modes. By forming the observability
matrix, it follows that if the N x N matrix is

BT

BTK?
=

BT KZ(N —1)
where K 2 Q? + BKPBT is invertible, then the observability condition holds and the flexible

beam, with N unstable modes, is in a stabilizable condition from joint torque.

The above discussion can also be viewed from a general passivity perspective (this line of
reasoning was originally proposed for flexible joint control [24]). This discussion is best
understood through a number of steps:

First, consider just the joint angular position feedback t = 71 — K,,BTAq. Then the map from
71 to BT is passive by following the above Lyapunov argument.

Let C be any strict passive map that takes B”§ to 7;:
T =1 — C(BTq>
The constant gain K, feedback is a special case.
By the passivity theorem [25], the map that takes 1, to BY§ is L,— input/output stable.

If the closed-loop system is detectable with respect to B” ¢ and stabilizable with respect to 1,
then the system is internally asymptotically stable.
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If the feedback C is restricted to be linear, then it must be strictly positive real [15,26]. An
open and very interesting problem is choosing a strictly positive real C so that some
performance measure (e.g. H. norm of some input/output pair for the linearized system) is
optimized. Another implication of the above discussion is that any feedback controller from
BT g to 1, which is self-stable, can be “robustified” by adding in a suitable amount of
constant-gain feedback. A sample data system can be included in this discussion by including
the sampler and zero-order hold in the consideration of passivity for the feedback system.
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5.1 Optimum Design of Flexible Beams with a New Iteration Approach

Optimum design of vibrating cantilevers is a classical problem widely discussed in the
literature and textbooks in structural optimization. The problem, originally formulated and
solved by Karihaloo and Niordson [1], is to find the optimal beam shape that will maximize the
fundamental vibration frequency of a cantilever. Upon reexamination of the problem, it has
been found that the original analysis and solution procedure can be simplified and substantially
improved. Specifically, the time-consuming inner loop devised for solving the Lagrange
multiplier in the original work has been proven to be totally unnecessary and thus should not be
considered in the solution to the problem. This conclusion has led to a new set of simplified
equations for the construction of iteration schemes. In this section new asymptotic expressions
for the optimum design solution have been obtained and verified by numerical results.
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5.1.1 Introduction

Since the pioneering works of Beesack [2], Schwarz [3,4], and especially Niordson [5],
considerable progress has been made in the optimum design of vibrating elastic structures.
Niordson [5] first showed that, for simply supported beams with geometrically similar cross-
sections, an increase of 6.6% in the lowest frequency of vibration can be achieved through
optimum shape design. Later, Karihaloo and Niordson [6] studied the optimum design of
vibrating cantilever beams and found considerably larger increases in the lowest frequency.
For example, the lowest frequency of the optimum cantilever with geometrically similar
cross-sections is 57.8% larger than that of the corresponding one with a uniform cross-
section. Similar work and extensions have also been conducted by many other researchers
[7—10]. Since then, the problem has become a classical one and has been discussed widely in
the literature and textbooks on structural optimization.

Wang [11] investigated the problem of the optimum shape design of flexible manipulators.
The objective is to increase the fundamental vibration frequency of a flexible manipulator so
that a larger bandwidth can be obtained for the manipulator control system. The problem
formulation is almost the same as that in Ref. [6]. However, different boundary conditions
have made the optimization problem for flexible manipulators much more difficult than the
corresponding problem for cantilever beams.

Initially, we attempted to follow the iteration schemes in Ref. [6] in order to solve the
corresponding optimization problem for flexible manipulators. However, for all cases tried,
the iterative schemes of Ref. [6] did not converge. It was also found that the implicit
equation (so-called inner loop) for solving the Lagrange multiplier in those schemes took
a significant amount of computation time. After careful reexamination of the original
problem, we found that the time-consuming inner loop in the original iteration schemes was
redundant and could be removed completely in the solution process. Eliminating this
redundant equation from the iteration process leads to a new formulation for the iterations,
and consequently to substantial simplification of the iteration equations and significant
improvement in convergence rates. For example, three simplified iteration schemes are
needed to solve the optimum design problem completely using this method, whereas five
different sophisticated schemes were required in Ref. [6]. These results have provided
useful information for solving the optimization problem for manipulators [11,12].

As in Ref. [6], we assume throughout this paper the following relationship between the
moment of inertia / and the area A of a cross-section of the beam:

I=cAP(x), p>1 (5.1)

where c is a constant. Three cases (p =1, 2, 3) are especially interesting to us, since they
correspond to beams with rectangular cross-sections of given uniform height, geometrically
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similar cross-sections, and rectangular cross-sections of given uniform width respectively.
The treatment in this section, however, is valid for all cases with p > 1.

5.1.2 Basic Equations

Consider the small harmonic transverse vibrations of a tapered cantilever beam carrying

a mass Q at its tip. If both the rotary inertia and shear deformations are neglected, the
differential equation of motion and the boundary conditions can be written in the following
dimensionless form:

(oY) — day =0 (5.2)
y(1) =y(1) =0, a"(0)=0, (a”y")'(0)=2qy(0) (5.3)

Here, y is the amplitude of the lateral displacement in the plane of bending and the prime
indicates differentiation with respect to the dimensionless coordinate § = x/I. The
dimensionless area function is denoted as o« = Al/V, in which [ is the length of the beam and V
is the total volume of the beam. The dimensionless eigenvalue A and mass parameter ¢ in the
boundary conditions are defined as

A=w*y P JcEVPTY, q=0Q/yV (5.4)

where w is the natural vibration frequency and vy the mass density of the beam. From the
definition, o must be non-negative and satisfy the following constraint:

1
JEGIE (5.5)
0

The problem of the optimum design of vibrating cantilevers is to find the optimal area
function that will maximize the fundamental vibration frequency. Using the Rayleigh
quotient and variational calculus, we find the equation for determining the optimum area
function as

paP~! (y”)2 — = 2d? (5.6)

where 4 is the Lagrange multiplier introduced for the constraint (5.5).

Equations (5.2), (5.3), and (5.6) are fundamental for solving the optimum design problem.
Note that in order to be consistent with the original work by Karihaloo and Niordson, all
notation used in Ref. [6] has been kept here. Detailed derivation of these equations is given in
Ref. [6].

The Rayleigh quotient can be obtained by multiplying both sides of Eq. (5.2) by y and
integrating over the interval [0,1]. Integrating by parts and taking the boundary conditions
(5.3) into account, we have
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1 1
A= { / apy”ng} / { / ozyzd.f—l—qyz(O)} (5.7)
0 0

Furthermore, by substituting Eq. (5.6) into (5.7), we obtain the following implicit equation for
the Lagrange multiplier:

1
o] /1)
a* / (> +a)/p(y )} ! y2dE + pgy*(0) (5.8)
0

Expressions (5.7) and (5.8) can be considered as the consequences of Eqs (5.2)—(5.3) and
(5.5)—(5.6). That is, as long as y and « satisfy (5.2)—(5.3) and (5.5)—(5.6), both (5.7) and (5.8)
will be satisfied automatically. Therefore, in order to solve the optimization problem, one only
needs to work with Egs (5.2)—(5.3) and (5.5)—(5.6). This observation will serve as the basis for
the development of our new formulations of iteration schemes. Note that, except for the case
p =2, the Lagrange multiplier a® cannot be expressed explicitly in terms of y. For p # 2 the so-
called inner loop has been used in Ref. [6] to find a* for a given y in their iteration schemes. The
numerical simulation indicates that most of the computation time is spent on this inner-loop
operation. Hence, by removing Eq. (5.8) completely from the solution process, the rate of
convergence of the iteration schemes can be significantly improved.

To this end, we notice that for a given area function and eigenvalue, y and a® cannot be
determined uniquely from Eqs (5.2)—(5.3) and (5.5)—(5.6). To see this, let (y,az,oz,/\) be

a solution of (5.2)—(5.3) and (5.5)—(5.6). Then, (ny,nzaz,oz,}{) is obviously another solution
for any nonzero constant n. This non-uniqueness offers us a way to remove the Lagrange
multiplier completely from (5.6) by selecting n = 1/a. In other words, for the optimization
problem, we only need to find the unknown function u = y/a, instead of y and a* separately.
Another method for solving the non-uniqueness problem is to impose some normalization
scheme on y. This method has been used widely in structural optimization [13,14]; however, it
still requires the Lagrange multiplier to be found.

In terms of the new function u, Eqs (5.2), (5.3), and (5.6) can be rewritten as

(aPu")" = dau=0 (5.9
pa? (W) = i =2 (5.10)
u(1) = (1) =0, @u"(0) =0, (au")(0) = qu(0) 5.11)

It follows from these equations that

1 1
[ ez == [[62+0pw?) "l s paio) s
0 0
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Note that this identity does not require the constraint (5.5) to hold.

From (5.10), for p > 1, we can find « in terms of u and A:
a(d) = ¢, (£)/8, B=(p/N)""7Y (5.13a)
A=p/B7 $,(6) = [(WP(E) + 1) /u"(E)] VD (5.13b)

When the constraint (5.5) is satisfied, we have

1

8- / NG (5.14)

0

The following integral formulas are useful in our discussion (see Section 5.2.4):

E x
// s)dsdx = E/l—x (x€)dx (5.15)
0
1 1

// s)dsdx = (1 —¢ 2/xc;gjum- £)]dx (5.16)

3 0

By formal integration of (5.9), after satisfying the boundary conditions at & = 0, substituting
« from (5.13) into (5.9) and using (5.15), we find that

2 /(p+1)

! (p—1)/(p+1)
e[ Bau(0) + ¢ (1 -9, (x|}

which will be used as the basic formula for the construction of new iteration schemes.

5.1.3 Analysis of Singularity at the Free End

When p # 1, the solutions of Eqgs (5.9)—(5.11) are singular at the free end & = 0; therefore,
the numerical method cannot be applied to finding the solution directly. To make
numerical solution possible, we first have to determine the behavior of the solution near
the free end. This can be done by assuming that the solutions can be expanded in a power
series of & with a characteristic term Ek near the free end. A standard procedure was used
by Karihaloo and Niordson [6] to derive the characteristic equations for determining the
singularity k. Here, however, a direct and much simpler method is employed to find the
singularity.
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Case where q #+ 0
In this case, since u is finite at £ =0, we can see from Eqs (5.9)—(5.11) that at £ =0:
i =0, (oPu") =finite, (ou”)" = finite, o~ (u")* = finite
Therefore, in the neighborhood of £ = 0:
P =af+afr ..., WP =b+ ...
where ay, as, and by are constants. Solving the above equations for « and u”, we get
a(8) = 8/ WD 4 (5.18)
W' (£) = dy gm0/ (5.19)
where ¢ and d; are two new constants. Then the behavior of u near the free end can be found as
u() = d g0/ 4 (5.20)

Therefore, the singularity of u at £ =0 is

k=(p+3)/(p+1)

Case where q =0
Expanding both u and « in a power series of & at £ =0:

u() = upt* + ... (5.21a)

a(8) = apf" + ... (5.21b)
Substituting these expressions into Eq. (5.10) we get

2k =mp—1)+2(k—-2), Ar=pd "KEk—1)*
Similarly, from Eq. (5.9) we get
Aag = apk(k — 1)(m +k+2)(m+k + 1)

By eliminating A and ag from these equations we find that

m=4/(p—1) (5.22)

kp—1)+2(pp+D]k(p—1)4+p+3]—plp— l)zk(k -1)=0 (5.23)

For p =2, we find k= —2, and for p =3 we find k = —1. In both cases, the results are the
same as those obtained in Ref. [6] using the standard procedure.
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5.1.4 Solution by Successive lterations: New Formulation

In this section, we present a new simplified formulation for solving Eqs (5.9)—(5.11) using
successive iterations. We first discuss in detail the degenerate case in which p =1 and then
investigate the cases where p > 1, ¢ =0 and p > 1, g # 0 respectively.

Case where p=1

For p =1, function « drops out of Eq. (5.10) and we have a degenerate case. Equations
(5.9)—(5.11) now have the form:

(au")" — dau =0 (5.24)
W) = A® + 1) (5.25)
u(l)=d' (1) =0, au”(0)=0, (au”)'(0)= Aqu(0) (5.26)

and the identity (5.12) becomes
1
a0 = [ a(e)az
0

The above equation indicates that for g = 0, the solution to the optimum design problem of

a vibrating cantilever beam does not exist, since the constraint (5.5) cannot be satisfied by any
solution of (5.24)—(5.26). Actually, as pointed out in Ref. [6], the vibration frequency of

a cantilever can be increased indefinitely in this case by selecting « appropriately. For g # 0, if
we choose

q = 1/u*(0) (5.27)

then « obtained by solving Eq. (5.24) with boundary conditions (5.26) will satisfy the
constraint (5.5) automatically. This observation leads to an inverse approach to solve the
problem in this case. In other words, starting with a given A, we determine u by solving (5.25)
with the first two boundary conditions in (5.26) and then calculate the corresponding ¢ using
(5.27). This will establish a relationship between the mass parameter g and the optimum
eigenvalue A, which will enable us to find A for a given ¢, and hence solve the optimization
problem. Note that this process does not involve the computation of «. Once u and ¢ have
been found for a given A, « can be obtained by solving (5.24) with the last two boundary
conditions in (5.26). It is guaranteed that the resulting « will meet the constraint (5.5).

For very large ¢, an asymptotic relationship between g and A can be obtained. Since A is very
small in this case, we can use £ = v/A as a small parameter and solve (5.25) by the
perturbation method [15], i.e. expand u in a power series of &:

u(€) =uo(§) +eu(§) + ...
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Substituting the above expression into (5.25), we get
wo =0, u=(1/2)(1-£)72 .. (5.28)

Hence, from Eqs (5.24), (5.26), and (5.27), we have
Mg =4, af) =2 (5.29)

when ¢ is very large.

For a cantilever beam of uniform cross-section and the same length and volume as the
optimum beam, «(§) = 1 and the characteristic equation for the eigenvalue A is (see
Ref. [16])

1 + cos 6 cosh 6 + gB(cos 0 sinh § — sin 6 cosh ) = 0, 6 = Al/* (5.30)
From this, we find that for very large ¢:
g =3 (5.31)

Therefore, for a large tip mass, a relative increase of

w/we —1=\/Afde =1 =1/4/3—1=1547%

in the lowest natural frequency can be achieved with the optimum tapering of cantilever
beams.

To develop a successive iteration scheme for general g # 0, we formally integrate (5.24) and
(5.25) with boundary conditions (5.26). Application of formulas (5.15) and (5.16) leads to

1
u(€) = Va( —£)? /x\/u2[g +x(1=8)]+1 dx (5.32)
0
1
1/u(0) —i—Eof(l — x)a(x€)u(xt) dx
a(f) = V2E wEES (5.33)

Based on Eqgs (5.32) and (5.33), the iteration scheme can now be outlined as follows.

e Step 1. For a given A, select an initial u(§). Update u; until a specified accuracy is
obtained:

1
wr (8) = VA =87 [ xJudle (1= 6) + 1o
0

* Step 2. For u obtained in Step 1, calculate g according to Eq. (5.27).



108 Chapter 5

e Step 3. Select an initial «y(§) and update «; until a specified accuracy is obtained:

1
1/u(0) 4 £ [(1 — x)a; (x&)u(x€)dx
i) = VA 0

ur(&) +1

Clearly, compared with the corresponding scheme presented in Ref. [6], the new formulation

in this case is simpler.

Case where p > 1 and q=0

In order to avoid the singularity of u at £ =0, we introduce two new functions:

fE) =E'u(8), z(8) =&T2(¢)

(5.34)

where k is the singularity of u at £ = 0 determined from Eq. (5.23). Both f and z are regular

over the entire interval 0 <& < 1. It is easy to show that

f)=f(1)=0, f(0)=2z(0)/k(k+1)

In terms of f and z, the function ¢, and parameter § can be rewritten as
1
56 =210 090, 5= [ £ Vg
0

$(5) = [(F2(8) + %) /2 ()] /D)

From Eq. (5.34) and Eqs (5.15)—(5.17), we get

1

fE) = 2/)C‘EH N 0<z<t

g_'_x k+2

0
[fz(g) + ng]P/(PJrl)

€8 =— oD
[Pf (1 —x)x¥/ (=1 k¢(x5)f(x5)dx]
0

Now, the scheme for successive iterations can be specified as follows:

e Step 1. Select an initial zg(§).
e Step 2. Update f;(£) according to

(5.35)

(5.36a)

(5.36b)

(5.37)

(5.38)
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1
fir1(6) 2/&&E+x JL& 0<&<1
0

fi+1(0) = z(0) /k(k + 1)
* Step 3. Update ¢i(¢):
$ir1(8) = [ ,-il(g) +g2’<)/zi2(5)]1/(p—1)

» Step 4. Update z;(£):

[f; (5)_,_52](}1’/(]""”
71 (8) = - =1/

[P S = x)x P10k, (xE)fig1 (xE)dx

0

* Step 5. If a given accuracy is not obtained, go back to Step 2.

Once f and z have been obtained within the specified accuracy, one can find the parameter (.
Then the optimum eigenvalue A, the function ¢, and the optimum « can be determined
according to Eqgs (5.36), (5.14), and (5.13) respectively. Clearly, the proposed new procedure
is much simpler than the one developed in Ref. [6].

Case where p>1 and q # 0

In this case, we need only to consider the singularity of u” at £ = 0. To this end, we introduce
the new function:

2(8) = 75" () (5.39)

where k= (p + 3)/(p + 1), according to the expression (5.20). The function z is regular over
the entire interval 0 <& <1.

In terms of z, we can find that

1
u(# 2/[7‘5”1_2)],(@ 0<e<l (5.40)
0

For the purpose of numerical calculation, we need to specify u(0) explicitly:
1
u(0) = /xz/@“)z(x)dx (5.41)

0
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Similarly, for ¢, and 3, we have

1
bu() = 2/Pg(z), g = / 2/ (e d(g) (5.42)
0

$(5) = [(u?(£) + 1) /22(&)]/ ¢~V (5.42b)

From Eq. (5.17) we get

[u2<5) 4 l]p/(ﬁ+1)

z2(§) = 1 R
{p [ﬁqu(o) + P [(1 — x)x2/ ) d)(XE)u(XE)dXH
0
The iteration scheme here is similar to that of the previous case and is given below:
e Step 1. Select an initial zg(£).
e Step 2. Update u;(§) according to
1
iz (2 2/ Z’Eﬂl_zldx 0<£<1
) e+
Ui+ (0) = / P 2 (x)dx
0
e Step 3. Update ¢;(§):
1/(p—1
Bi11(6) = [(31(6) + 1)) 1V
e Step 4. Update z;(&):
/(p+1)
_ [“12+1 ]p
zit1(§) = 1 (p=1)/(p+1)
{P [6qui+1(0) + £GP T/H]) of WD iy (xE i1 (x€) ]}

» Step 5. If a given accuracy is not obtained, go back to Step 2.

Again, the new iteration scheme in this case is simpler than the one used in Ref. [6].
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5.1.5 Numerical Examples

To verify the correctness and efficiency of our new formulation, several numerical examples
have been considered. Some results are described in this section.

Case where p=1

The iteration processes in this case are subject to the following accuracy criteria:
i = will[uia |l <& N — aill /il <&

To simplify the numerical computation, we have approximated both « and « using spline
functions through interpolation over their values at N 4 1 uniformly distributed discrete points
in 0 <& < 1. Throughout this section, N= 10 and ¢ = 10~*have been used in all examples. The
numerical integrations in the iterations are carried out using the recursive Simpson formula.

The iteration for u starts with ug, found by solving Eq. (5.25) using the fifth-order Runge—Kutta
formulas. The iteration for « starts with «(§) = 1. For various values of the nondimensional
mass parameter ¢, Table 5.1 summarizes the percentage increase in the lowest frequency in
comparison with that of the cantilever beam having uniform rectangular cross-sections and
having the same length, volume, and material as the optimum beam. The corresponding results
obtained in Ref. [6] have also been included in the table. As one can see, a large discrepancy
exists between the two results. We believe that our results are more accurate, since they agree
with the prediction from the asymptotic expressions (5.29) and (5.31); i.e. for large g:

VA de = \/4/3 = 1.1547

It is also obvious that, for ¢ = 1.1027, the result y/4/4, = 0.28 in Ref. [6] is simply not
logical, since A should always be greater than or equal to A..

Figure 5.1 illustrates the corresponding variation in width of the rectangular cross-section as
a function of nondimensional coordinate &. Figure 5.2 presents the relationship between the
eigenvalue A and the mass parameter ¢ for the optimum beam. The dashed curve in the figure
is the corresponding result obtained from Eq. (5.30) for a cantilever beam of uniform cross-
section. From these curves, one can find the eigenvalue A, and hence the lowest frequency of
beams for a given mass parameter g. The percentage increase in the lowest frequency

Table 5.1: Values of \/2/A¢ for various values of g (p = 1)

q = 0.0375 q = 0.2233 q =1.1027 q=4x10*
p=1 2.3235 1.5025 1.2388 1.1547
p=1 28.42" 2.56" 0.28" —

“Results obtained by Karihaloo and Niordson [6].
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() ¢=0.0375

(b) ¢=0.223

w
M

0 0.2 0.4 0.6 0.8 I
3

Figure 5.1: Optimum Tapering of Rectangular Cross-Section of Given Height (p = 7).

achieved through the optimum design is given in Figure 5.3. Clearly, the results here have
verified the asymptotic expressions (5.29) and (5.31).

Cases where p=2 and p=23

The iteration processes are continued until

fivr =fill /il or uir —will/fuir || < e
llziv1 = zill /llzia |l <&

Figure 5.2: Fundamental Frequencies vs. Mass Parameter q (p = 1).
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0 0.2 0.4 0.6 0.8 1
q

Figure 5.3: Ratio of \/1/A. vs. Mass Parameter q (p = 1).

As in the previous case, f (or u for g # 0) and « are approximated using spline functions
through interpolation over their values at N 4 1 uniformly distributed discrete points on
0<¢<l

The iterations always start with zg(§) = 1 for all the cases. For various values of the
nondimensional mass parameter g, Table 5.2 summarizes the increase in the lowest frequency
in comparison with that of the corresponding cantilever beam of uniform cross-section. The
results of Ref. [6] have also been included.

For large g, using the perturbation method, we can find that

M= +3)/(p+ P a@)=[(p+3)/(p+ 1) T (5.44)

Equation (5.29) is a special case of Eq. (5.44). From Eqs (5.31) and (5.44), for large tip mass one
can find by simple calculation that increases of 24.23% and 29.90% in the lowest natural
frequency can be achieved by optimum tapering of the cantilever beams for p =2 and p =3
respectively. From Table 5.2, the results for ¢ = 100 using the new iteration scheme are quite
close to these two values, whereas a relatively large discrepancy is found for the results given in
Ref. [6].

Table 5.2: Values of \/4/Ac for various values of g (p = 2, 3)

g=0 q = 0.0003 q = 0.03 Q =100
p=2 7.0025 4.5984 2.3450 1.2432
p=2 6.78" 5.48" 3.36 1.27"
p=3 4.2937 3.3201 2.2868 1.2998
p=3 4.25" 3.717 2.30" 1.33"

“Results obtained by Karihaloo and Niordson [6].
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Figures 5.4 and 5.5 present the corresponding variation of the linear dimension of the cross-
section as a function of the nondimensional coordinate &. Figure 5.6 describes the changes
of the eigenvalue A versus the mass parameter g for the optimum beam (p =2 only). The

dashed curve in the figure is the corresponding result obtained from (5.30) for a cantilever

< d) ¢=100

0 0.2 0.4 0.6 0.8 1

Figure 5.5: Optimum Tapering of Rectangular Cross-Section of Given Width (p = 3).
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Figure 5.6: Fundamental Frequencies vs. Mass Parameter q (p = 2).
beam of uniform cross-section. The percentage increase in the lowest frequency achieved
through optimum design is illustrated in Figure 5.7 (p =2 only).

Numerical computations show that the new successive iteration formulations converge much
faster than those used in Ref. [6]. For example, for the case where p =2 and ¢ =0, it takes

0 0.2 0.4 0.6 0.8 1
q

Figure 5.7: Ratio of \/1/A. vs. Mass Parameter q (p = 2).
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134 iterations to achieve the specified accuracy by using the iteration scheme in Ref. [6],
whereas only 33 iterations are needed with the new scheme.

5.2 Geometrically Constrained and Composite Material Designs

Many applications of flexible manipulators will impose constraints on the geometry of the
link and its material characteristics. First, the simple constraints of minimum and maximum
radius are considered. Since technological advances in link manufacturing capabilities now
permit hollow tunnel cross-sections, these designs will be examined and compared to the
corresponding optimum solid link designs. New composite materials have been introduced in
flexible link design, due to their extremely high bending rigidity to mass ratios. Simple
composite designs have been considered and analyzed [17].

5.2.1 Minimum and Maximum Radius Constraints

Generally, a manipulator arm will have to adhere to at least minimum and maximum radius
constraints. For geometrically similar cross-sections, this is equivalent to minimum and
maximum constraints on the cross-sectional area function. Now, since the IHR algorithm
requires these two constraints as part of the optimal design, it will be used to demonstrate how
convenient it is to generate a constrained link design.

Figure 5.8 shows three shapes for different area constraints, which can be compared with the
unconstrained shape at the top left. We see that the fundamental frequency of vibration is
always lower for the constrained shapes, as expected. The lowest fundamental frequency of
vibration results from the simultaneous constraints of both minimum and maximum area.

5.2.2 Uniform and Variable Tunnel Cross-Section Designs

It has long been known in the field of structural optimization that beams with hollow tunnel
cross-sections are more rigid than the corresponding solid beams. This is because the
bending rigidity is equal to the product of the moment of cross-sectional inertia and Young’s
modulus of elasticity. As the mass is moved away from the beam’s neutral axis, the moment
of inertia increases dramatically. Thus, hollow links should be much less flexible than the
corresponding solid links. The basic DP solution, which was converted into a program called
UniTunnel, will be utilized to examine the gain over the optimized solid link. In Figure 5.9,
the top left plot shows the optimum frequency versus the radius of the uniform tunnel. It

is clear that a larger tunnel gives a much better fundamental frequency of vibration. But most
applications cannot tolerate huge allocations of space for a flexible manipulator, and this

is especially true in space applications where every cubic centimeter must be fully utilized.
So, constraints must be placed at least on the outside radius of the link. Specialized
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Figure 5.8: Constrained Optimum Designs.

applications may require other constraints, such as minimum/maximum inner radius and
minimum wall thickness, to avoid buckling.

A very important design is that of the variable tunnel cross-section. This design can be used to
model any flexible link with a hollow interior and will have many practical applications due to
the large gain in frequency over the corresponding optimum solid link. Thus, for the same

frequency, the total mass can be greatly reduced. Obviously, this design is most relevant for
space applications. To implement this design, the IHR algorithm presented in the previous

chapter had to be renovated due to the fact that there are two simultaneous design variables of
area A and inside radius Rj,. The following constraints on the design variables were required:

i o e

=¥ |Aia;i = Constant total volume.
RixMin N < Rj,(N) < Rj,Max N for segment N.
RinMin < Ri,(j) < RiyMax for segment j < N.
RinG+ 1) <Rin() <Row(G+ 1) — 0.1WIDTH( + 1) for j < N.
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Figure 5.9: Optimum Shapes for Uniform Tunnel Design.

Here, WIDTH(j + 1) = Rou(j + 1) — Rin(j + 1), RiyMin N is the minimum inside radius of
segment N, Ri;Max N is the maximum inside radius of segment N, Rj,Min is the overall
minimum inside radius, and R, is the outside radius.

Constraint 2 is imposed so that end effectors can be attached to the link. Constraint 3 limits
the overall outside diameter of the link, when combined with the area constraints A, and
Amax. Constraint 4 requires a minimum 10% overlap of segment areas to maintain mechanical
strength at segment interfaces. This constraint also requires the shape to be monotonically

decreasing, which greatly reduces the computation time. The constraints can, of course, be
reformulated to adhere to any particular set of design requirements.

Figure 5.10 gives four shapes computed by the program VarTunnel. The top left shape was
computed using the same design vector as for the uniform tunnel design of Figure 5.9. The
constraints here were Apjn =0, Apax =2 m?, RiyMin = Rij;Min N = 0.002 m, and Rj,Max =
RixMax N = 0.2 m. Notice that the shape and frequency are very close to the uniform tunnel
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Figure 5.10: Optimum Shapes for Variable Tunnel Design.

design. This example is very important in that it points out that the optimum frequency will
always be attained by moving the mass of the link to the constraint limits of R;;Max, in the
absence of additional constraints. The shape at the top right is the same design with the exception
of RipMax N =2.5 cm, which was set to accommodate the shaft of an end effector. The two
lower plots in Figure 5.10 show how changes in u and K affect the shape and frequency.

5.2.3 Composite Material Designs

We have seen that the segmentized formulation lends itself easily to geometrical constraints.
The other possible types of constraints are material characteristics such as density and
Young’s modulus. Since the density and Young’s modulus of each segment can be specified
individually, the IHR program will be adapted for these optimizations. We are interested
in seeing how the optimum frequency and shape are affected when the left half of the link has
a different density or Young’s modulus from the right half of the link. The two top shapes
in Figure 5.11 show the effect of a change in p between the left and right halves of the link.
We see that the denser right side of the link gives a slightly higher fundamental frequency
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Figure 5.11: Optimum Shapes for Composite Material Design.

of vibration. The two lower shapes show the effect of a change in Young’s modulus between
the left and right halves of the link. A larger Young’s modulus in the left half gives

a somewhat higher frequency. Also notice the similarity in shapes between the top and bottom
figures. The right-hand shapes have a smaller segment 4 due to the larger density and
Young’s modulus there, in comparison with the left-hand shapes.

Thus, if an optimum design cannot produce the required frequency within a given maximum
area or radius constraint, a material of higher density or Young’s modulus may be substituted
to generate a higher fundamental frequency of vibration in a shape with a smaller radius.

5.3 Optimum Shape Design of Flexible Manipulators with Tip Loads
5.3.1 Problem Setup

Research on flexible manipulators is most relevant in the design of new-generation industrial
robotic manipulators and in the field of robotic space applications. Many techniques have
been applied to overcome tip oscillations caused by manipulator flexibility. Here, the control
problem is addressed from a design perspective. The goal is to build a high-performance
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flexible manipulator such that the effect of its oscillation is reduced during normal operation.
This design should also improve the performance of control algorithms. An important
direction in flexible link research is the search for structural designs that optimize
manipulator mass and speed. The design problems are as follows:

1. Given a fixed mass for the link, find a shape that maximizes its speed.
2. Given a fixed speed for the link, find a shape that minimizes its mass.

How can these objectives be achieved? We need a design variable that relates directly to the
maximum speed of the manipulator and is a function of shape, as well as material properties.
The only design variable that fits these requirements is the fundamental frequency of
vibration. Thus, problem 1 is equivalent to finding a shape that maximizes the fundamental
frequency of vibration of the link. A large fundamental frequency is desired since it generates
a large bandwidth for the flexible manipulator, and this allows for fast motion and stable
endpoint control. Problem 2 is known as the minimum weight problem and is dual to problem 1.
This problem is very important in that a significant reduction in energy costs can be achieved by
using the optimally designed link. Also for space applications, where flexible manipulators
have been generally recognized as an ideal tool for material handling and space-structure
construction, minimum-weight manipulators are of special interest due to the strict weight
constraints imposed by the loading capacity of space vehicles [18].

What is the difference between a flexible and a rigid manipulator? A rigid manipulator, in
theory, has an infinitely large fundamental frequency of vibration and thus can move at any
desired speed without significant tip deflection. The drawbacks to this design are a large link
mass and correspondingly low energy efficiency. A flexible manipulator, on the other hand,
has a much lower mass but experiences significant tip deflection under normal operating
conditions, and the oscillations become severe when the manipulator speed approaches its
fundamental frequency. The amount of deflection depends upon the following factors:

* Rotational velocity of the link

* Total length of the link

* Material properties of the link

* Shape of the link

* Mass, placement, and moment of tip load.

In general, only one of these factors is not a specified design requirement and that is the link’s
shape function. So, the objective is to develop a flexible manipulator that is capable of high-
speed motion with less energy consumption by increasing the fundamental frequency of
vibration through optimum shape design.

It has been shown that the fundamental frequency of a flexible manipulator can be increased
substantially through the optimum tapering of its cross-section. For example, numerical
analysis indicates that, depending on the values of hub inertia and tip load parameters, an
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increase of up to 625% in the fundamental frequency can be achieved for manipulators with
links of geometrically similar cross-sections [11].

The first attempts to optimize a flexible beam using the fundamental frequency of vibration
were made by engineers working in the field of structural optimization. Niordson first showed
that the optimum design of a simply supported beam will have a fundamental frequency of
vibration that is 6.6% larger than that of the corresponding uniform beam [5]. This work was
extended by others to include specific design requirements [7—9]. In the early 1970s,
Karihaloo and Niordson showed that an increase of up to 678% in the fundamental frequency
of vibration was possible for vibrating cantilevers with a tip mass [6]. This research was
concerned with beams that were rigidly attached to an inertial frame, meaning simply
supported beams at both ends and the cantilever supported at only one end. But flexible
robotic links must rotate about an axis at the link’s base. Also, the base of the flexible link
usually must be rigidly attached to a rotating hub for mechanical support. Thus, the results
from structural optimization cannot be carried over into the field of robotics. This is an
important point and one that is often overlooked.

Early work on flexible manipulators was carried out by Cannon and Schmitz [19], Book [20],
Nguyen et al. [21], Sakawa et al. [22], and many others. Khorrami and Ozguner [23]
presented a set of integro-partial equations and used a perturbation method for control
purposes. Yang and Donath [24] considered the flexibility of the joint as well as link
flexibility. A complete study of different dynamic equations under various boundary
conditions for flexible manipulators was conducted by Bellezze et al. [25]. Wang and Wen
[26] derived the dynamic equations for flexible manipulators subject to large angular
deformations and clarified some issues relating to the specification of boundary conditions. A
comprehensive study on the influence of rotary inertia, shear deformation, and tip load on the
vibration behavior of one-link flexible manipulators has been conducted by Wang and Guan
[16]. Asada et al. [27] addressed the optimal design problem using a finite element
computational model. As part of their effort towards a control-configured flexible arm, they
tried to increase the fundamental frequency of vibration of a flexible manipulator through
optimum tapering of a beam of varying rectangular cross-section. A theoretical increase of
43% in the fundamental frequency of the manipulator was obtained.

5.3.2 Euler—Bernoulli Equations

Design Model

The system model of the flexible manipulator is composed of a hub rigidly attached to

a flexible link of length L with a tip load (see Figure 5.12). The hub has a rotational inertia
given by Iy. The tip load is modeled by its mass, Mp, and moment of inertia, /p. A constant
torque, 1, is applied to the hub, which is located to the left of x; = 0. The angular displacement
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Figure 5.12: Design Model of Flexible Manipulator.

of the link axis, xy, is given by 6. The transverse displacement of the link’s neutral axis from
the x-axis is given by w. The tip load center of mass, which also includes the end-effector
mass, is located at (a.,b.) in the (x;,y,) frame. Three coordinate systems are employed in the
subsequent analytical derivation: inertial (xg,yq), link (x1,y1), and tip load (x»,y7).

The dynamics of the flexible link will be modeled using the Euler—Bernoulli beam theory.
Rotary inertia, as well as shear deformation, will be ignored since these factors have been

shown to have only a negligible effect on the fundamental frequency of vibration [16]. No
rotary inertia implies that the velocity of every point on a given cross-section has the same
velocity as the point of intersection with the neutral axis. The normal plane assumption is also
used, which means that each transverse section remains plane and normal to the neutral axis
after deformation.

According to the derivations in Sections 3.2—3.4, the linearized Euler—Bernoulli model is
summarized as

Iy — D(OW'(0) = © (5.45)

140 — D(OW'(0) = © (5.46)
with boundary conditions

v(0)=0, V(0)=4¢ (5.47)

D(L)V' (L) + I, (L) + MpacH(L) = (5.48)
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DLW (L)) — M,[i(L) + aci’ (L)) =0 (5.49)
where v(xy, 1) = w(xy, 1) +x10(¢) is the total displacement of the link.

Equation (5.45) is the well-known dynamics equation, which all flexible links must satisfy.
Equation (5.46) is the torque relationship. Equation (5.47) is the boundary condition at the
hub, while Eqgs (5.48) and (5.49) are the boundary conditions at the tip load. These are the
linearized equations of motion for the system, upon which all subsequent derivations will be
based. Note that the endpoint boundary conditions are independent of b, the transverse
placement of the tip load center of mass. This makes sense mechanically, since small
deformations were assumed in the linearization process.

Vibration Equations

Suppose the link undergoes harmonic vibrations in its plane of motion. Then, the total
displacement can be expressed as

v(xy, 1) = v(xp)sin (wt), 6 = Gysin (wr) (5.50)

where  is the frequency of vibration. The governing equations of harmonic vibration can
then be written as

D)V (x1,0)]” — pw?A(x;)v(x1) =0 (5.51)
IV’ (0)w? + D(0)u(0)” = 0 (5.52)
with boundary conditions
v(0) =0 (5.53)
D(L)W'(L) — Lw*V (L) — Mpa.w*v(L) = 0 (5.54)
DLW (L)) + Mpw*v(L) + Mpa.o*V' (L) = 0 (5.55)

Here, the second boundary condition from Eq. (5.47) has been substituted into the torque
equation. The substitution, A(x;) = pA(x1), has been used, where p is the volumetric mass
density and A(x;) is the cross-sectional area function. Now, we change to a variable, £ = x;/L,
which indicates the position along the link axis in dimensionless coordinates. Then:
9 1o & 16

A= 2=y 0<ESI

Ox; Lo& Jx 1 L? 13
The equations of vibration become

IDEW(6)]" — pL*0?A(E)u(E) = 0 (5.56)
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IzLo*V'(0) + D(0)v(0)" =0 (5.57)
with boundary conditions
v(0) =0 (5.58)
D(1)W'(1) — LLo™ (1) — Mpa L*w*v(1) = 0 (5.59)
DWW (D] + ML (1) + MyaL2w*' (1) = 0 (5.60)

Multiplying Eq. (5.56) by v(§), integrating by parts, and applying one boundary condition at
each integration, the following equation can be derived:

—2Mpa L2 (1)u(1) — MyL3w?u(1)* — I,Lo*v' (1)?
1 1
—IgLo™ (0)* + / DEW(£)2dE — pL*w? / A(E)(8)*dE =0
0 0

Solving this for W’ gives

1
[ D)V (5)]dE
w? = 0 (5.61)

pL fA V2(£)dE + LIy (0)* + G,

where
G, = M,L3v(1)* + 2a.M,L*v(1)v' (1) + I,Lv'(1)*

Equation (5.61) is the basic equation of vibration that our system model must satisfy. Note
that G, is due only to the tip load and, if a tip load is absent, then G, = 0.

5.3.3 Analytical Solutions
Optimality Equations

Now the optimality equations will be derived using variational calculus, similar to that of
Haftka et al. [14]. In order to simplify computations, the following moment—area relationship
will be used:

1(&) =71,A"(§) p=1,2,3 (5.62)

where p = 1 = rectangular cross-sections of uniform height, p =2 = geometrically similar
cross-sections, and p =3 = rectangular cross-sections of uniform width.
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This relation was first used by Brach [7] in the optimization of vibrating cantilevers, and is
very useful in comparing different designs. Here, A is the cross-sectional area of the link and
7vp is a constant. It should be noted that for p =2, v, will depend on the shape of the cross-
section. For example, the geometrically similar cross-section can be circular, square, or
rectangular, each having its own unique moment.

Now, the nondimensional shape function is defined as

_prL

a(§) = i (£)

where M is the total link mass. The frequency equation, Eq. (5.61), then becomes

1

2
v EMp—l fap(g)[v/,(g)] dg
W = ;pr+3 1 0 (5.63)
[ a(E)2(£)dE + M~1L3[LIgv'(0)* + G,
0
Converting parameters into their dimensionless form:
| pPLP T3 2 dimensionless ei |
all orzryr=i imensionless eigenvalue
Vp
Iy .
n= L2 relative hub moment
M
uw= ﬁp relative tip load mass
(= % relative tip load placement
K= M—‘ZZ relative tip load moment
Eq. (5.63) now becomes
; 2
J ol (E)V"(§)]°dE
A= 0 (5.64)

Oja(E)vz(&f)dE +q/(0)* + H(1)
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where
H(1) = 2%u v(V' (1) 4 k' (1)2 4+ wo(1)?

The fundamental frequency eigenvalue, Ay, is obtained by minimizing Eq. (5.64) over all
admissible displacements:

A = min A (5.65)
I

The maximum fundamental frequency eigenvalue, Agmax), is obtained by maximizing
Eq. (5.65) over all admissible shape functions:

Af(max) = mMax A (5.66)
f (max) o?) \f

where the shape function must satisfy
1
/ a(£)dé =1 constant-volume constraint (5.67)
0

Without this constraint, optimization would be meaningless since the volume, and likewise
the mass, could be increased indefinitely making Aqmax) as large as desired. The optimum
shape design problem now becomes:

Find a shape function apy that satisfies the above constraint and maximizes the fundamental
frequency eigenvalue, Agmax).

In order to derive the optimization equations, we convert to an unconstrained problem by
defining

L, = Af(max) - U{ ja(E)dE—l} (5.68)

0

which is a function of « and v. Here, ¢ is a Lagrange multiplier. Setting the total variation of
L, to zero generates the following equations:

[@”v"]" — Aav = 0 Dynamics equation (5.69)
pa? W2 — )w? = k¢ Optimality equation (5.70)
with boundary conditions

v(0) =0, o (0)"(0) + Anv'(0) =0 (5.71)
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o (1" (1) — kA (1) — Cuiv(1) =0 (5.72)
[ (1" (1)(1)]" + uav' (1) + wiv(1) =0 (5.73)

It is easy to see that this solution is not unique. If (v,0,a,4) is a valid solution, then (cv,cza,a,l)
is also a valid solution for any nonzero constant c. We can utilize this non-uniqueness in

a constructive way by choosing ¢ = 1/ y/a. Then, the solution can be expressed as
(v/\/a,1,a, ). Thus, we only need to find v/+/o instead of v and o separately. And since the
displacement function v is not unique, we can set o = 1, thereby simplifying the problem
considerably.

Now, the optimality condition, Eq. (5.70), becomes
paP W — ? =2 (5.74)

Equation (5.74), along with Eqs (5.69) and (5.71)—(5.73), constitute the optimality equations
upon which the following iterative solution will be based. Note that for p = 1, the shape
function « disappears, and special techniques must be employed to find the solution [17].

The most important case is p = 2, as it gives the greatest increase in frequency in comparison
to the other possible cross-sectional shapes [11]. Thus, only geometrically similar cross-
sections will be considered in the following solutions for the above reason and the fact that the
p =1 and p =3 shapes and frequencies are mostly a rescaling of the p =2 case.

Iterative Solution

The optimality equations derived above constitute a nonlinear eigenvalue problem, which in
general has no closed form solution. Thus, an iterative scheme is developed to find the numerical
solution for a specified design vector, D = [n,u,{,k]. Formal integration of the dynamics
equation, Eq. (5.69), yields, upon applying one boundary condition at each integration:

2 o

pBg(£) +p(1 — s>20} QO(x, £)dx

ptl1

where s is the sign of the denominator and

O(x, &) = x¢,[€ + x(1 — E)Jv[E + x(1 — £)] (5.76)
g(8) = k' (1) + Luv(1) + (1 — &)(L'(1) 4+ v(1)) (5.77)
1 1
_ b LR N =
a) = 8 ¢,(§) = |: U//Z(E) :| , B= <A) —/¢U(E)df (5.78)

0
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with boundary conditions, Eq. (5.71), expressed as

U// (O)

v(0) =0, V(0)=—""-""— (5.79)
pnB" ()T
Standard integration gives v as
1
v(E) =V/(0)f + £ /(1 — x)v" (x&)dx (5.80)

0

Here, the integral relations given below have been utilized, since single integration is much
less computationally intensive than double integration:

£ x 1
0/ / s)dsdx = &2 0/ (1 — x)G(x£)dx (5.81)
1 1

// s)dsdx = (1 — ¢ 2/ngerl— £)]dx (5.82)

3 0

The successive iteration scheme shown below is a variation of the one developed by
Karihaloo and Niordson [6] for cantilever optimization:

Specify a design vector D = [n,u,{,k].

Select an initial 8y and v (£).

Update v;(£)by using v/ (&)and 8;.

Update v/ (£) by using v (§) and v (£).

Update ; by using v;1(£) and v, ().

If a specified tolerance is not met, go to Step 3. Here:

AR

18ir1 — B n vigr — i (vl — vl
|Biv1l Jvit1]] o7

Tolerance =

7. Using Eq. (5.78), Armay) = P/’ and aop = ¢,/

When the specified accuracy is met (typically 0.001), the shape function aqp and the

fundamental frequency eigenvalue Agmax) are computed. The actual optimum cross-sectional
area of the link can then be computed using Eq. (5.63). The optimum fundamental frequency
of vibration wqp is found from the eigenvalue relation below Eq. (5.64). Cubic splines were
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used to approximate all functions and a recursive Simpson formula was used for numerical
integration.

In the introduction, the basic dual problems were given as:

1. Given a link mass My, find ap that gives wpyax.
2. Given a frequency wo, find aop that gives Mipip.

Problem 1 is based on finding a shape aqp that gives Agmax) under the constraint of constant
volume, Vj. Suppose there is a smaller mass M and a smaller volume V| that generates the
frequency A1. Now, the density, p, is given by M/V,. Thus, M| = pV. Substitution of V| =
fO (x1) dx; gives My = p fo (x1)dx;. Thus, if My decreases to My, then A(x;) must also
decrease. Now, the bending rigidity, EI, is a function of A by Eq. (5.62). So a decrease in A
will cause a decrease in the bending rigidity, which will have the unavoidable effect of
decreasing Ay. Thus, it should be obvious that a smaller mass means a smaller fundamental
frequency of vibration for links of the same length and density. All of this leads to the fact that
My must necessarily be the minimum mass, My,;,. This implies that each optimum shape o
and frequency Aopt = Afmax) correspond to one unique mass Moy that is minimum for that
particular frequency. And since Agmax) i8 directly proportional to w?
in Eq. (5.64):

ax» via the relation below

Wmax = Wy < My = Muyin

Note that this is true even if the optimum shape aqp is not unique for that particular
Aopt- To date, the mathematical proof of the uniqueness of aop for each Ay has not
been successfully demonstrated, although all of the numerical results point to this
conclusion.

Utilizing this knowledge, the above relationship can be combined with the above iterative
solution to problem 1 in a simple algorithm that solves problem 2. Here, Ay is computed
using the above iterative solution. The algorithm is:

Set w, p, L, E, and E = Iy, M), ac, I,).

Initialize link mass, M.

Compute design vector D = [, u, ¢, k], where 7, u, and « are functions of Mj.

Get Ay, where Ay = Cp/M; and Cyy = sz5 wz/yzE using the relation below Eq. (5.64).
Using D, find Agp.

Set error = |Apps — Akl

If tolerance is not met, change mass and go to Step 3.

Nk WD =

The minimum mass design is found at the intersection of the A,y and A plots versus mass.
For a separate solution to problem 2 based upon the optimality equations, see Wang and
Russell [28].
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Numerical Results and Discussion

Again, we have only considered the p = 2 case and, in particular, links with circular cross-
sections. The advantage of circular cross-sections is that the frequency of vibration will be the
same, regardless of the direction of movement in a three-dimensional space frame. For example,
a rectangular link will have different dynamical characteristics if the motion of the link is
diagonal to a side as opposed to being perpendicular. Circular cross-sections also give a larger
increment in the fundamental frequency of vibration compared with other possible shapes.

First, a general overview of the dynamic relations between Agmax) and the four design
parameters, 1, u, {, and «, will be given. It is easy to see that an increase in tip load mass u
will generate a larger bending moment in the link that manifests as a larger tip deflection
during motion. Similarly, when the tip load moment « is increased, a larger bending moment
will be induced in the link, particularly towards the end of the link near the tip load. This
should also increase the tip deflection during motion. Now, an increase in tip deflection
implies a corresponding decrease in the fundamental frequency of vibration. So, increasing u
or k should cause Agmax) to decrease. From mechanics, it should be obvious that the further
away the tip load center of mass from the endpoint of the link, the larger the induced bending
moment will be, especially near the end of the link. As with the other parameters, we should
expect a larger { to generate a smaller Agmax), although if £ is small (of the order of 0.05), the
effect should only be slight.

Now, consider the effect of a change in hub inertia, 7, on Agmax). Large hub inertia will give
the link a very stable platform. On first examination, this stability might seem to reduce
vibrations and tip deflection, but in fact it has just the opposite effect. The reason for this is
that large hub inertia means that the base of the link is very stable. This stability exacerbates
tip deflection since the vibrations cannot be damped out by hub rotational vibrations.
Conversely, when the hub is small and easy to rotate, it effectively damps out much of the
link’s vibrational modes. Thus, we should expect a smaller hub inertia to give a larger
fundamental frequency of vibration. The numerical results given in Figure 5.13 reflect the
validity of these intuitive observations.

The following analysis is the result of extensive numerical simulations of different design
vectors, D, using the above successive iteration scheme. The convergence of this method is
very quick for large hub inertias (n > 4). Usually, only 5—8 iterations at 10 seconds per
iteration on Matlab are required. For small hub inertias (1 < 1), the required number of
iterations increases dramatically, and if a large tip load is also present it may not converge at
all. These facts, along with the dynamics analysis given above, serve to point out that the hub
inertia is very important for the optimum shape design. This is substantiated in the numerical
results, as evidenced in Figure 5.13. We also see that A, 1s relatively insensitive to variations
in normal tip load placements ({ < 0.1). A thorough sensitivity analysis of each design
parameter will be presented in Section 5.4.6.



132  Chapter 5

Figure 5.13: Aopt vs. D = [n,m,,k].

In general, as the fundamental frequency of vibration decreases due to an increase in one or
more of the parameters, the optimum frequency approaches that of a uniform link. This does
not necessarily mean that the optimum shape becomes uniform. An example of this is u,
which generates a large amount of tapering near the tip load of the optimum shape for large
parameter values (see Figure 5.14). Also, note the almost uniform shape generated by k = 1.0.
The reason for this can be explained from dynamics principles. When the manipulator slows
down or speeds up, the large tip load moment will generate a large bending force near the end
of the link. This would increase flexibility and thus lower the frequency. To compensate, the
optimization scheme puts more mass here.

In Table 5.3, the gain in A of the optimized link versus the uniform link is given. Note that

although A, decreases with 7, the gain in Aractually increases. Thus, a smaller hub will give
a smaller advantage in frequency to the optimized link. When x = 0.5, there is very little gain in
frequency since the shape becomes practically uniform. This serves to point out an important
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Figure 5.14: Optimum Shapes for Small Tip Load.

Table 5.3: Ratio of Agpe/ Ay

(u,8,k) = (u,85k) = (n,8,x) = (n,85x) =
(0.10,0.1,0.05) (0.05,0.1,0.05) (0.10,0.1,0.50) (0.50,0.1,0.10)
n=12 3.6704 3.8694 1.0843 1.8172
n=2 4.0219 4.5408 1.1602 1.9821
n=4 4.4335 5.0578 1.1959 2.0775
n=8 4.6478 5.335 1.2066 2.0961

fact of optimum shape design, and that is if the manipulator will be handling tip loads with
relatively large moments, then it will most likely be more economical to use a less expensive
uniform link. The largest gain, both here and in general, will be realized when the tip load
parameters are small (u = k < 0.05). As this is the case with many robotic applications, there
will be many possibilities for optimum shape design in commercial and industrial situations.
For example, when u = { = k = 0.001, the gain in w over that of the corresponding uniform
link is 625% (see Figure 5.15).

5.3.4 Segmentized Optimization Approach

Segmentized Formulation

Much of the work being done on the design of optimum controllers for flexible manipulators
is also based upon the fundamental frequency of vibration. Currently, this frequency has to be
approximated using modal shape functions developed for uniform links. But since the links
are non-uniform, there is an inherent inaccuracy in the design.
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Figure 5.15: Optimum Shapes for large 7, u, {, and «.

An efficient method to find the fundamental frequency of vibration to any required degree of
accuracy would result in a considerable improvement in optimum controllers. The analytical
solution of Section 5.3.3 is for an unconstrained design. But we would like a model to which
any practical constraint could be applied. Also, we would like to have a more formal
optimization method that allows the utilization of mathematical programming techniques.
For these reasons, an innovative design method has been developed based on a segmentized
solution of the vibration equations.

The flexible link is approximated by N discrete segments, each having a constant cross-
sectional area. A model of this design is shown in Figure 5.16. The link, of length L, is rigidly
attached to a hub of inertia /y. Here, x is the link axis and w is the transverse displacement of
the link’s neutral axis from the x-axis.

We define local coordinates by

& = %, Aj=xi—xi—1, X1 <x<x (5.83)
1
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Figure 5.16: Design Model of Segmentized Link.

where

a9 190 o 18 &
o ner ae - ma o o

The bending rigidity and linear mass density of segment i are defined, respectively,
as B; = (ED); and vy; = (pA);. Now each segment must satisfy the following four
boundary conditions [29]:

1. Displacement must be continuous at §;_; =1 and §; =0:

vic1(§im1) = vi(§)) (5.85)

2. The first derivative must be continuous at §;_; =1 and &; =0:

L duig(§i-1) _ 1 dui(&)

INEE N 2 ©-80)
3. Bending moments must be equal at §;_; =1 and §; =0:
A
4. Shearing forces must be equal at §;_; =1 and §;=0:
B Pvici(Ei1) B Puil£)) (5.88)

ALy eE, A o
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Using the dynamics equation of vibration, Eq. (5.56):

a*vi(£)
9e}

A
— kui(E) =0, where K zy’ﬁiwz

The solution is given by
v (€) = ¢4Ci

where

Ci=1[Cy Ci Cy C3,-]T (Cpn = constant)

¢i0 = [sin(k;&;) sinh(k;&;) cos(ki&;) cosh(ki&;)]

b = b= b3=0h ¢u=kdj
The torque equation and boundary conditions, Eqs (5.57)—(5.60), become

I A111(0) + B1ki1¢12(0)]C1 =0, ¢1(0)C1 =0
[Brky bz (kn) — Lo Ankndy (kn) — acMyo” Ao (kn)]Cy = 0

Bk dns (k) + acMpwky Ay by (k) + Mpw? A dno (k)] Cy = 0

Reformulating the interfacial relations, Eqs (5.85)—(5.88), into transfer matrices:

Ci=v "M 1Ci

where
O 0 1 1 sn; sh; csj chj
1 1 O O ‘L'jCSj ‘L'J'Chj —rjsnj ‘l?jshj
V= M=
0 0 -1 1 —vjsnj  yjshy  —vjesi vjch;
—1 1 O O —0jCSj 0jchj 0jSi’lj 0jshj

snj = sin(k;§;), sh; = sinh (k;§;), cs; = cos (ki§j),  ch; = cosh (kj&;)

2 3

ook A 6 T g U

]_k' ) J A‘7 ]_6' ) ,YJ_. (32 ) ]_. (33
i+1 j j—1 Tj+1071 Tj+10j41

Relating the interior coefficient vectors, Eq. (5.94):

Ci=¢;1Cic1, ¢;=y 'M;

(5.89)

(5.90)

(5.91)
(5.92)

(5.93)

(5.94)

(5.95)

(5.96)
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and the endpoint coefficient vector relation can now be expressed as

1
Cy = ¢C;, where ¢ = H b (5.97)
N—1

Substitution of Cy into the boundary equations, Eqs (5.92) and (5.93), gives

00, =0 (5.98)
where
0 0 1 1
0 IgAiow?  IgAiw® —Biki Bk (5.99)
Ri¢
Ry

Here, Ry and R, are the matrix coefficients of Cy in Eqs (5.92) and (5.93) respectively.
Requiring the determinant of Q to be zero gives the frequency of the link. The maximum
speed design problem becomes

maxw(Xg, Xy; E)  subject to
; . U . v (5.100)
AXT =Mr, XL<X, <XV, XL<Xp<X]

where Xg = [81, B2,---, Byl Xy =[v1,72:- -5 Y], B = g Mp.ac, L], A =[A1,A;,...,Ay], and
M7 is the total link mass.

Segmentized Optimization Solutions

The solution to the segmentized formulation can be achieved through the use of

a number of mathematical programming methods. Here, two particular methods are
presented: a dynamic programming (DP) algorithm and an adaptive random search
algorithm (IHR).

Dynamic Programming Solution

The DP algorithm has been developed explicitly for this problem, considering the previous
optimum results in Section 5.4.3. Knowledge of the optimum shapes generated by the
iterative solution can simplify the algorithm considerably. Perhaps the most useful
observation is that the optimum shape is monotonically decreasing towards the tip load.
Of course, the constant-volume constraint must always be satisfied.

These heuristics have been successfully integrated into a DP algorithm where the stages are
represented by the number of segments in the current design, and the states at each stage are
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all admissible combinations of segment areas [30]. The general algorithm is presented
below:

Set the tolerance of wqp.

Set the link parameters to the desired values.
Set the number of links, N, to 1.

Find wop(1).

Set N=2N.

Find wop(N).

If tolerance is met, stop. Else, go to Step 5.

Nk W =

Here, Step 4 finds the uniform link frequency corresponding to the prescribed parameter
values using equal segment lengths. Step 6 is obviously the crucial element in the
algorithm. First, consider a two-segment link. Since we know that in the optimum design,
the area of segment 1 must be greater than or equal to that of segment 2, we begin by
incrementing the area of segment 1 and decrementing the area of segment 2 by the same
amount. This way the total volume will stay constant as required. So the areas are changed
slowly until a peak in w is reached. For a two-segment design, this will be optimal. If the
tolerance of wqp has not been reached, the link will be divided into four segments. Then
segments 3 and 4 are optimized, after which segments 1 and 2 are optimized. One of the
drawbacks to the above algorithm is that the number of links must double on each iteration
of Steps 5—7, since an even number of equal segments cannot be split into an odd number
of equal segments.

Here, a constant p and E are assumed. Also, the moment—area relation, Eq. (5.62), for
circular cross-sections has been used. In Step 4, area A = M7/(pL). In successive steps, A is
kept constant by the balanced increments described above. This will ensure a constant
volume. The above algorithm works very well because the fundamental frequency of
vibration w is a smooth function of area increments, as can be seen in Figure 5.17. The figure
on the left results from splitting a two-segment link, while the figure on the right is due to the
splitting of segments 7 and 8 in an eight-segment design.

Adaptive Random Search Solution

The IHR algorithm will now be considered. This algorithm is a slight modification of the
Improving Hit and Run algorithm recently developed by Zabinsky et al. [31]. The
modification of the algorithm was necessary to ensure a constant volume during the
optimization process. The modified IHR algorithm is:

1. Set design vector & = [Iy,M),a., I,] and number of segments, N. Set step multiplier
MUL to 1 and FACTOR to 8.

2. Calculate wg (frequency for uniform link).

3. Set minimum and maximum area constraints, Api, and Apax. Setj=1.
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Figure 5.17: w vs. Segment Increments.

4. Randomly select N/2 of the N segments and mark them with a 1 in vector D; of length N.
Mark the remaining N/2 segments with a — 1. If N is odd, one randomly selected area
will remain constant and will be marked by a 0.

5. Get N/2 samples from an N(0,1) normal distribution and place them in each position of
Dj where there is a 1. Place the negatives of this same sample in each position of D;
where there is a —1. This arrangement will ensure a constant volume during optimization.
Here, D; is called the direction vector.

6. Generate a step size, §;, uniformly from L;, the set of feasible step sizes in the direction D;,
where

Li = {SjeR : Apin < Aj + SiDj < Amax }

If L; =0, go to Step 4.

7. SetS;=S; * MUL while  MUL| < 1.
8. Update the area vector, A; if the frequency is improving:

AL — Aj + Sij if Q)(Aj + Sij) > wj
AR Aj otherwise

Set wjr1 = w(Ajt1).
9541 = 9], EACTOR and MUL = MUL — MUL « TRIM.
j

10. If the stopping criteria are met, stop. Otherwise, increment j and go to Step 4.

9. If (1)j+1/0)j, set TRIM =

Notice that the area function A; is not updated unless the frequency is improving. Also, the
step size §; is adapted to the proportional increase in frequency when w is improving through
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the use of MUL, which is set in Step 9. Thus, as the segmentized shape approaches its
optimum, the segment areas will change less and less. This is highly desirable since it
eliminates the high fluctuations in the random direction vector D; as the design approaches
optimality.

Numerical Results and Discussion

In Figure 5.19, the optimum shapes and frequencies are given for one-, two-, four-, and eight-
segment designs. The segmentized shapes were produced by the above DP algorithm with
design vector E = [10,10,0.05,0.1]. The corresponding optimum shape from Section 5.4.3 has
been overlaid for comparison purposes. This particular example was chosen because of its
highly nonlinear shape. Here, with only eight segments, the segmentized frequency is within
1% of optimum! Generally, most designs can be approximated very closely with only a few
segments (N < 10).

One obvious goal is to have the analytic design of Section 5.4.3 and the optimization design
presented above agree with each other, i.e. the same shape should produce a similar frequency.
To accomplish this comparison, the optimum shape ap; and frequency Aqy were computed
using the iterative solution of Section 5.3.3 for two different designs as specified in Figure 5.7.
Then, a,pe wWas converted to an area function using Eq. (5.63), which was then used to
approximate the area of each segment at its midpoint. The segmentized frequency was then
computed for N =1 to 25. The results can be seen in Figure 5.18. Here, the first frequency,
N =1, is for the uniform link corresponding to the chosen design parameters. It is also
apparent here that the segmentized frequency rapidly approaches that of the analytic optimum.

The IHR results are also very impressive. Obviously, the number of required iterations will be
somewhat higher than that of the DP algorithm, depending on the number of segments in the
design. One advantage of the IHR algorithm is that it is a truly impartial optimization process.

Figure 5.18: wgpe vs. N.
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Figure 5.19: DP Optimum Shapes for N =1, 2, 4, and 8.

That is, the segment area increments are chosen randomly in each iteration. Thus, this gives
us yet one more valuable tool in comparing the merit of the other optimization processes.

The IHR algorithm has been tested on two-, four-, and eight-segment designs, and the results
are very good. The average number of iterations needed to achieve 1% accuracy compared
with the DP solution of Figure 5.19 is only 6 for a two-segment design. For a four-segment
design the required number of iterations is 27 and for an eight-segment design the required
number of iterations is 138. Figure 5.20 gives the results of the IHR solution using the same
design vector as the DP solution shown in Figure 5.19.

Both the DP and IHR algorithms lend themselves readily to the incorporation of constraints
into the design. Two common constraints are maximum and minimum area. Indeed, these are
required in the IHR algorithm to compute the step size. One important constrained design is
that of the circular tunnel cross-section. This shape gives a very high rigidity factor with

a smaller total mass. An added bonus is that the arm is hollow so that control cables and even
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Figure 5.20: IHR Optimum Shapes for N = 1, 2, 4, and 8.

mechanical drives can be located here inside the link. This is also the most commonly
used design in the new composite links, which promise to be exceptionally useful. For
optimization results of the circular tunnel cross-section and composite design
implementations, see Russell [17].

5.3.5 Multiple Tip Load and Multiple Link Optimum Designs

Most manipulators must be multifunctional, which usually translates to handling multiple-
sized tip loads. An optimum design model for this case is presented along with numerical
results and discussions. A two-link optimum model is then given and implemented using the
single-link analytic model.

Minimax Optimum Design

In most cases, a flexible manipulator has to perform tasks in different situations, particularly
with different tip loads. This is reflected by different values of vector E. Results from
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Section 5.4.3 indicate that the fundamental frequency of vibration varies dramatically with
a change in tip load parameters. This naturally leads to the question of what is an “optimum”
design for a manipulator dealing with multiple task situations? Consider the case of a finite
number of task situations, i.e. E€ {&q, ..., E,}. B is defined in Eq. (5.100).

Using the segmentized formulation of Section 5.4.4, the maximum speed design problem for
multiple tip loads can be formulated as

n
max » wif(Xy,Xg, Ex)
R (5.101)

subject to  AXT =, Z' <Xp <X{
L U L U
XL<X, <XV, xh<Xg<X} (5.102)

where 27 w; = 1, and w; = 1 represents the weight assigned to situation i. For circular
cross-sections, X, and Xz can be expressed as functions of an independent design vector Z.

In particular, if we choose w; = 1 when f(Xy, Xg; Ex) = minj<x<pf(Xo, Xg; Ex) w; =0 when
k # i, then Eqgs (5.101) and (5.102) constitute the minimax design formulation [32], i.e. the
objective is to maximize the worst-case fundamental frequency.

To illustrate the minimax design procedure, an example will be solved where

= [B, By, B3], B = [10,0.1,0.1,0.1], E, =[10,0.01,0.1,0.15],

B3 =[10,0.27,0.2,0.05]. The optimal shapes for the two-segment design corresponding to
B, By, B3 are Shape 1, Shape 2, and Shape 3. These are shown in Figure 5.21. Shape,, is the
minimax design shape. This example is particularly illustrative because the three shape

1]

frequencies can be plotted versus the segment increment (see Figure 5.22). The minimax
design is specified by the intersection of the w, and w3 plots.

Note that the frequency of the minimax design will always be less than or equal to the
maximum of the shape with the minimum frequency. Equality only holds when the frequencies
of the other shapes lie above this lowest frequency. When using the minimax design in practice,
the average tip load will be specified along with upper and lower bounds in the usable range.
These values will be used to select the weights w;, with the weight corresponding to the average
expected tip load being the largest. Once the minimax design vectors and weights have been
specified, either the DP or IHR algorithm can be used to find the solution to Eqs (5.101) and
(5.102) by searching all combinations of shapes and design vectors.

Two-link Optimum Design

Since a single-link manipulator has few practical applications, a two-link flexible manipulator
will now be considered. The optimization model will be based on the single-link solutions
presented in Section 5.4.3. Figure 5.23 gives a view of the design model, which is composed
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Figure 5.21: Optimum Shapes for Minimax Design.

Figure 5.22: Omega vs. Increment.
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Figure 5.23: Two-Link Design Model of Flexible Manipulator.

of two flexible links, Link 1 and Link 2, having respective masses M and M. Link 1 has
length L, while Link 2 has length L,. Link 1 is rigidly attached to a hub H; at its base. Link 2
is also rigidly attached to a hub H; at its base, and this same hub is attached to an axis at the
endpoint of Link 1. The working tip load is positioned at the endpoint of Link 2 with the
normal tip load parameters given previously.

The general specifications for a two-link manipulator are its total mass M7 and its working
range, which must satisfy the following requirements:

Ly + L, = MaxRange

|L; — Ly| < MinRange

M, + My = My
Note that although the total mass and working range are given as specifications, there is
a choice of mass and length distribution between the two links. Thus, both the mass and

length distribution become design variables in the optimization process. It is straightforward
to place constraints on these variables in this optimization process.

The tip load and hub parameters for Link 1 are specified by

I M> +Mp + M L
_ g =2 5.103
MlL% M M, Cl 2L ( )

m
1, (L)\? L\?

=—M>L — | M — | M 104

ki M2 2—1—(2) P+<2 H2 (5.104)

where My, is the mass of Hub 2. The moment k; is approximated by the moment of inertia of
Link 2, including Hub 2 and the tip load about its center of mass, which was assumed to be at
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L*/2. The center of mass could be more accurately calculated numerically by using M, and the
current shape function « for Link 2. But this would drastically increase the computation time,
which is already large. The tip load and hub parameters for Link 2 are specified by

Cdn o Mea
mz 2T ML

m (5.105)

The optimization scheme is:

Initialize L; = L, and M| = M,.

Optimize Link 2 using its tip load and Hub 2.

Optimize Link 1 using Hub 1 and Link 2 as its tip load.

Error = |Freql — Freq2)|.

Change mass distribution and go to Step 2 if tolerance is not met.

Change length distribution and reset M; = M,. Go to Step 2 if tolerance is not met.

e

Since the speed of the manipulator will be limited by the lowest fundamental frequency

of vibration of either Link 1 or 2, the best possible system frequency occurs when w; = w;.
As can be expected from the previous analysis in Section 5.4.3, the large values of u1, {;, and
k1 will require more mass to be placed in Link 1 when L; = L,. We could also expect Link 1
to be shorter in length than Link 2. Both a shorter length and a higher mass would increase
the fundamental frequency of vibration of Link 1.

In the following results, it should be remembered that the analytical optimum of Section 5.4.3
is based on small deformations. Thus, this optimization scheme yields only an approximation
of the actual governing system fundamental frequency of vibration. The amount of variation
will depend upon material characteristics, as well as the average relative angular position
of Link 2 relative to Link 1. Figure 5.24 gives the optimum design for a specified total mass
and working range. The following values were used in the optimization process:

MaxRange = 1 m, MinRange = 0.3 m, My = 10kg, Iy =20kgm?, Iy, = 4kgm?,
E = 6.06e10 N/m?, density = 70 kg/m>, and = = [20,0.5,0.02,0.5]

5.3.6 Sensitivity Analysis

A variation in the hub inertia, or more likely in the tip load, will induce a corresponding
change in the frequency of the link. For the purpose of link design, it is extremely important to
know how sensitive the optimal frequency is with respect to changes in the design vector, D.
For the optimal fundamental frequency Aqp, from Eq. (5.66), a variation of A, due to small
changes in 7, u, {, and k can expressed as

0Aopt on ou o(ul) ok

_s g om g WD) ok (5.106)
Aopt K n # 12 - ,U: k k
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Figure 5.24: Optimum Shapes for Two-Link Design.

where sensitivity indices can be calculated according to

()2 2 / 101)\2
(S0, S S, 5¢) = ——— 2 Oy pee(1)7, (D), (L)) (5.107)

[ a2dg + v/ (0)7 + pu(1)* + 28uu(1)v/ (1) + kv'(1)°
0

Note that although 67, ou, 6, and 0, generate corresponding variations év and d«, these
variations will not affect the value of A when small terms of order 2 or higher are ignored,
since Agarrives at one of its stationary values at Uope and aqp. This is why we do not need to
consider the variations of v and «. It should be pointed out that sensitivity indices can also be
formally defined as follows:

%change in A 6A/A  x4A
%change inx  ox/x  Aox

x=mn, u, ug, k (5.108)

Clearly, from Eq. (5.107), 0 < S, < 1; therefore, the vibration frequency always decreases as
system parameters increase in value, a conclusion that has been verified by numerical
analysis (see Figure 5.13). Using Eqs (5.106) and (5.107), one can find the actual numerical
values of sensitivity indices for any particular optimum shape design. In this section,
numerical analysis is used to investigate the sensitivity of an optimum design to variations in

D = [n,u,Ck].

In Figure 5.25, the frequency response to variations in particular design parameters is given.
The optimum design vector is D = [4,0.1,0.1,0.05], which generates an optimum frequency,
Aout = 9.4331. Note that the frequency is particularly sensitive to 1 and k. It is somewhat less
sensitive to u and almost completely insensitive to C.
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5.4 Optimum Shape Construction with Total Weight Constraint

In this section we consider the optimum shape design problem of flexible manipulators
carrying tip loads [33]. A tip load is characterized by its mass, moment of inertia, and position
of the center of mass. Furthermore, to avoid the design of optimum shapes that are not
acceptable for some real applications, we also investigate the constrained optimum shape
design problem by imposing both upper and lower bounds on the shape of flexible
manipulators. Nonlinear programming methods are used to solve the constrained design
problem. The preliminary results with these considerations have been reported in Wang and
Russell [28].

5.4.1 Basic Equations and the Variation Formulation

The flexible manipulator is modeled as a flexible beam fixed on a rigid hub with rotational
inertia Iy in the horizontal plane. Based on different beam bending theories, different dynamic
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models can be established for the flexible manipulator. A comprehensive study of the
influence of rotary inertia, shear deformation, and tip load on vibration behavior of flexible
manipulators has been conducted by Wang and Guan [16] using the results derived from three
different dynamic models, i.e. the Euler—Bernoulli model, the Euler—Bernoulli model with
rotary inertia, and the Timoshenko model. The first model neglects the effect of both rotary
inertia and shear deformation, the second considers only rotary inertia, while the third takes
both into account. Asymptotic analysis and numerical computations indicate that the effect of
shear deformation cannot be ignored for high-order vibration frequencies. However, for the
fundamental vibration frequency, the study has shown that both rotary inertia and shear
deformation have very little influence and thus can be neglected. Since we only need the
fundamental frequency in optimum shape design, here we will use the Euler—Bernoulli model
to describe the vibration of the flexible manipulator. Accordingly, the governing equation of
harmonic vibration and the boundary conditions can be written as follows [16,25]:

(ENV"Y" — pAw?y =0 (5.109)

v(0) =0, Igw*/'(0)+EN'(0)=0 (5.110)
EN'(L) — J,0*V (L) — acMpw*v(L) = 0 (5.111)
(ED") (L) + acMpw®V' (L) + Myw?v(L) = 0 (5.112)

where v is the total displacement of the beam (v = w(x) + x6), w is beam deflection, ¢ is hub
rotation, w is the natural vibration frequency, EI is the bending rigidity, A is the area of cross-
section, p is the mass density per unit volume, L is the length, and M), J),, a. are the mass,
moment of inertia and x-coordinate (with respect to the beam tip) of the center of mass of the
tip load respectively. A prime indicates differentiation with respect to the coordinate x along
the longitudinal axis of the beam. Note that a. represents the position effect of the tip load.
When a, is set to zero, Eqs (5.109)—(5.112) are the same as the corresponding equations
developed in Ref. [25].

To find the optimal shape, which for a given total weight will maximize the fundamental
frequency of the flexible manipulator, we need to have an explicit expression for w from
Eqgs (5.109)—(5.112). To this end, we multiply both sides of (5.109) by v and integrate it over
0 <x < L. After several steps of integrating by parts and taking the boundary conditions
(5.111) and (5.112) into account, we find

L
[ En™dx
0

0)2:

L
[ pAV2dx + I (0)* + G(L)
0
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where

G(L) = Mpv(L)* + 2acMyv(L)V (L) + J,V (L) (5.113)

Since the fundamental frequency is the smallest frequency among all the natural vibration
frequencies, the following must be true for the fundamental frequency:

L
[ En"dx
0 (5.114)

®w = min
v L

J pAvdx + IV'(0) + G(L)
0

where v is any admissible displacement function.

On the other hand, by variational calculus it is straightforward to show that if v satisfies
only the geometric boundary condition v(0) =0 and is the solution of the variational
problem (5.114), then it must satisfy all equations in (5.109)—(5.112). Therefore, the
variational problem (5.114) and Eqs (5.109)—(5.112) are equivalent. The variational form
(5.114) will serve as the basis for the problem of optimum shape design of the flexible
manipulator.

To facilitate our discussion, we will assume the following relationship between the moment /
and the area A of the cross-section of the beam:

I(x) =yA"(x), p>1 (5.115)

where v is a shape constant. Three cases, namely p = 1, 2, and 3, are of special interest since
they correspond to beams with rectangular cross-sections of given uniform height,
geometrically similar cross-sections, and rectangular cross-sections of given uniform width
respectively. Many similar sections can be classified as geometrically similar sections, for
example hollow circular or rectangular sections when all their inner and outer radii or widths
and heights vary proportionally to a single variable. Note that this includes the case of
solid circular or rectangular sections, which should emphasize the relationship (5.115). This
is not essential in our treatment. As we will see in Section 5.5.3, the optimization method
proposed there can handle any relationship between [ and A.

Using (5.115), the problem of optimum shape design can now be formulated as a variational
problem in the following dimensionless form:

1
f aPVIIng
) = max min 0 (5.116)

o [ av2dg 4+ nv(0)* + H(1)
0
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H(1) = pv(1)? + 28uv(1)V' (1) + /(1)* (5.117)

where a prime indicates differentiation with respect to the dimensionless coordinate & = x/L.
The dimensionless eigenvalue A, shape function «, hub inertia parameter 7, and tip load
parameters u, C, k are defined respectively by

pPL3tP pLA Iy
'= YEWH“’Z’ “Twe " w2 o119
M J,
P S P (5.119)

w ST N T wre

in which Wis the given total weight (mass) of the beam of the flexible manipulator. From the
definition, « must be non-negative and satisfy the following constraint:

1
/a(g)ds =1 (5.120)
0

Equations (5.116)—(5.120) complete the mathematical specification for the optimum shape
design problem of flexible manipulators, i.e.

Find the shape function o. that satisfies constraint (5.120) along with other possible addi-
tional constraints and maximizes eigenvalue '\ defined by (5.116).

In the following we will divide our discussion into two parts: the unconstrained and
constrained optimum shape design problems.

5.4.2 Analytical Approach of Unconstrained Shape Design

Here we will try to solve the optimum shape design problem analytically without considering
additional constraints on shape function « other than the total weight constraint of (5.120). In
order to obtain the set of differential equations and boundary conditions for solving the
optimum shape design problem, we have to reformulate the optimization problem (5.116)
into a completely unconstrained form. This can be achieved by utilizing the Lagrange
multiplier technique, i.e. by incorporating constraint (5.116) into variational (5.114) via the
following generalized variational equation:

1
[ aPv"dg
0

A*¥ = max min (5.121)

o v 1 1
[ av2de + ' (0)* + H(1) + 0(fozd§ - 1)
0 0

where v(0) =0 and ¢ is the Lagrange multiplier, which can easily be shown to be a positive
number.
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The variational problem for optimum design is now unconstrained with respect to variational
expression (5.121). After tedious variational calculus, we find that the generalized variational
formulation leads to the following Euler equations, along with the corresponding natural
boundary conditions:

(V") — dav =0 (5.122)

pa? (V) = W = de (5.123)

v(0) =0, o' (0)+/(0)=0 (5.124)
oV (1) — kA (1) — quAv(1) =0 (5.125)
(V") (1) 4 qudv' (1) + uAv(1) =0 (5.126)

These equations, together with constraint (5.120), form the complete set of basic equations
for solving the optimum shape design problem for a one-link flexible manipulator.

Clearly, the solution of Eq. (5.121) and Eqgs (5.122)—(5.126) is not unique, since if (v,a,a,4) is
a solution, then (cv,cza,a,/l) is also a solution for any nonzero constant c. At first glance, the
non-uniqueness of a solution may seem to create problems in numerical computation, but it
actually offers us a way to completely remove the Lagrange multiplier from (5.123) by
selecting ¢ = 1/4/a. In other words, we only need to find the unknown function v/+/a instead
of v and ¢ individually. Therefore, we can assume ¢ = 1 in (5.123). As has been found for the
optimum design of vibrating cantilever beams [23], this observation eliminates the necessity
of finding ¢ and therefore simplifies the problem substantially.

An important identity can be obtained by multiplying both sides of Eq. (5.122) by v and
integrating over 0 < £ < 1. Integrating by parts and taking the boundary conditions
(5.124)—(5.126) into account, we have after applying (5.123):

1 1
[ @z == 1) [ @@ +pin' (07 + H(D) (5.127)
0 0

Note that this identity does not require constraint (5.120) to be satisfied. This identify is used
for construction of iteration equations in the next section.

Equations (5.120) and (5.122)—(5.126) constitute a nonlinear eigenvalue problem for the
frequency parameter A. Obtaining the optimum shape « of a flexible manipulator is equivalent
to finding an « that maximizes the smallest eigenvalue of the problem. Since, in general, the
solution of this eigenvalue problem cannot be obtained in closed form, successive iteration
schemes are developed to find the solution numerically.
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The iteration schemes are based upon formal integration, with the introduction of one of the
boundary conditions at each integration. The following two integral formulas are very useful
in the construction of the iteration schemes:

£ x 1
/ / G(s)dsdx = £2 / (1 — x)G(x¢)dx (5.128)
0 0 0
1 1 1
//G(s)dsdx:(1—§)2/xG[§+x(1—E)]dx (5.129)
£ X 0

Note that compared with double integration, single integration saves computation time and
hence is preferred numerically.

Scheme: Case where p =1

For p =1, the function « drops out of (5.123) and we have a degenerate case. Equation
(5.127) now becomes

1
0 = [ a(€)dz = wv(1) = 25m() (1) = /(1)
0

Therefore, if we choose

_1- uv(1)* = 2cuv(1)V (1) — k/(1)?

5.130
V(0)? (5.130)

then « obtained by solving (5.122) with boundary conditions in Eqs (5.124)—(5.126) must
satisfy constraint (5.120) automatically. This observation leads to an inverse approach to
solving the optimization problem for p = 1. In other words, for a given A, we determine v and
« by solving Eqgs (5.122)—(5.126) with 7 calculated by (5.130). This will establish

a relationship between the hub inertia parameter n and the optimum eigenvalue A, which in
turn will enable us to find A for a given 7 and tip load parameters, and hence solve the real
optimization problem.

To develop a successive iteration scheme, we formally integrate Eqs (5.122) and (5.123)
with boundary conditions (5.124)—(5.126). Application of formulas (5.128) and (5.129)
leads to

1

Vv(E) = &V (0) + Va2 /(1 — x)\/v*(xE) + 1 dx (5.131)

0
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A

a(§) = 2@ 1 {g(s) +(1—¢)? flmv(g+x<1—g)>dx (5.132)

where g(2) = kv/(1) + Cuv(1) + (1 — )@V (1) + v(1)).

After application of (5.130), the second equation of boundary conditions (5.124) can be
replaced by

wv(1)? 4+ 22uv()V (1) + /(1) = 1
1
H(1) + E)f)coz(x)v(x)dx

V(0) = (5.133)

Based on Egs (5.131)—(5.133), the iteration scheme can be outlined as follows:

1. For a given A, select initial v{(0), vo(£), and «(£).
2. Update v; according to

1

vis1(8) = 9400) + VA2 [ (1= 28) + 1 e

0
3. Update «; according to

p ,2
air1(§) = | 73— (8(6) + (1 —&)" | Ziy1(x,§)dx
1O =\ 146+ (-8 7By .

Zip1(x,8) = xavip1(§ +x(1 =€)

where g; is obtained by replacing v in g by v;.
4. Update v;(0) according to

i 2 . / ! 2
VEH(O) _ wvi(1)” + 2C,uv;(1)vi(1) + xvi(1)

Y; + I<v§(1)2 + [ xaip 1 (x)vigp (x)dx (5.135)
0

Yi = wvi(1)? 4 28uv;(1)vi(1)

5. If a given accuracy is not satisfied, go back to Step 2.
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Iteration Scheme: Case where p > 1

In this case, formal integration of (5.122) yields, after satisfying the boundary conditions at
¢ =1 and using (5.123):

2 (p/p+1)
V(£) = sp7() + 17 (5.136)

1 (p—1/p+1)
{poete) +p1 - 27 ot £y

where s is the sign of the denominator and

O(x, &) = x¢ [§ + x(1 = E)V[E +x(1 — )] (5.137)
¢v v2(g) + 1:| (1/p—1)
== el YN 5.138
a(é) 3 ¢,(8) [ V”Z(if) ( )
1
o\
5= ()= [ ooz (5.139
0
Furthermore, boundary conditions (5.124) can be rewritten as
v(0) =0, v(0)= 4 (ozzp — (5.140)
Py (0)|
The expression for v(§) is obtained by using standard integration and then applying
Eq. (5.128):
1
v(€) =v'(0)¢ +52/ (1 — )" (x€)dx (5.141)

0

Based on Eqs (5.136)—(5.141) and experience from a previous study [11], an iteration
scheme for this case can be suggested as follows:

Select an initial 8y and an initial v{ ().

Update v;(£) according to Eqs (5.140)—(5.141) by using v/ (£) and (;.
Update v/ (£) according to (5.136) by using v;;1(£) and v/ (£).
Update ; according to (5.139) by using v;;1(£) and v/, (£).

If a specified accuracy is not satisfied, go to Step 2.

M.

After 8, v, and v’ have been determined within the specified accuracy, one can find the
optimum eigenvalue 4, the function ¢, and then the optimum « respectively, according to
Eqgs (5.138) and (5.139). The linear dimension of the cross-section of the beam is o1P )(E).
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5.4.3 Optimization Approach of Constrained Shape Design

Unconstrained shape design may create some optimal shape functions that are not acceptable
for some real applications. For example, the cross-section of the optimal shape may become
too small or too large in certain parts of the beam. In practice, this may cause some problems.
Small cross-sections may make the beam too weak to support the required load, while large
ones may not be allowed by task environments. Therefore, additional constraints such as
upper and lower bounds on the shape function may have to be imposed in order to generate
a realistic shape design. Introduction of any meaningful constraints, however, would make it
impossible to follow the analytical approach described in the previous section. Hence, in this
section we will use nonlinear programming methods to solve the constrained shape design
problem directly based on the variational form (5.116).

For this purpose, we will approximate v by

N,
v(E) = widi(6) = p(E)U (5.142)
k=1
where v, are real numbers and {¢x(§)} is a set of base functions, k=1, ..., N,. Row base

function vector ¢ and column coefficient vector U are defined as

¢(&) = (d1(8), ..., ¢n,(8)), U= (v, ...,vNV)TeRNV

respectively. Each of the base functions can be taken as some modal shape function of
vibration, e.g. modal shape functions of flexible manipulators with beams of uniform cross-
sections [34]. Obviously, the finite element method can also be used here.

It is clear from (5.116) that A does not change if we multiply v by an arbitrary nonzero
scalar. Therefore, in order to guarantee a unique solution in numerical computation, we will
impose the normalization condition. We will impose the normalization condition | U|| = 1 on
U. Note that other conditions may also be used and may actually produce a better result.

We will approximate the shape function as a piecewise uniform cross-sectional shape, i.e.

Ne
a(f) =) aer(®) = e(§)A (5.143)
k=1
where o, k=1,...,N, are positive real numbers and the function g is defined as

€k(§) _ { 1 for gk—l < g < Ek

0 otherwise

where 0 =£p < §1 <... <&y, =1is a division of [0,1]. Row shape function vector & and
column coefficient vector A are defined as
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e(8) = (e1(8),...,en.(8)), A= (ap,...,an ) eRM

respectively. Of course, other functions such as spline functions can also be used for «.

Let A= (&1 —£&0...., N, — 5Na—1)T, then constraint (5.120) can be written as ATA =1. The
lower and upper bounds can be imposed on the shape function as

AL <A<Ay (5.144)
where A; and Ay are two positive vectors in RV,
Nonlinear Programming Method: Single Tip Load

We now consider the case where the manipulator is subject to a single tip load.
Substituting approximations (5.142) and (5.143) into Eq. (5.116), we find that the problem
of optimum shape design can be reformulated as a constrained nonlinear programming
problem:

.. UTe(A)U
A= IIXH m(}n 7TQ(A, U (5.145)
subject to
U =1, ATA=1, AL<A<Ay (5.146)

where d = (u, ) is the vector of tip load parameters. A and Q are two matrices that can be
found from (5.116) as

1
/ 1(eA)P ¢ (£) (5.147)
0

1
Ad+ 0
0/¢ £+ ¢/ (0)¢(0) 51

+ (1) d(1) + 2epp(1)" ¢/ (1) + k¢’ (1) ¢'(1)
Note that both @ and Q are positive definitive matrices.

Obviously, Eqgs (5.145) and (5.146) do not constitute a standard programming problem
(see Ref. [35]), since they involve first a minimization problem with respect to U for given
A and then a maximization problem with respect to A. It is also clear that the standard
minimax algorithm in mathematical programming cannot be applied directly (see, e.g.,
Ref. [36]). But the problem is certainly solvable since we can simply divide it into two
optimization problems, though this division may not be an efficient way to solve the
problem.
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To solve the minimization problem with respect to U, it is not difficult to see that for given A
and d the result of minimization is equal to the minimum eigenvalue of the following
generalized eigenvalue problem:

det[®(A) — AQ(A; d)] =0 (5.149)
Since Q is a nonsingular matrix, it can easily be reduced to an ordinary eigenvalue problem.
Minimax Design Method: Multiple Tip Loads

In most cases, a flexible manipulator has to perform tasks in different situations, particularly
with different values of tip loads. This is reflected by different values of tip load parameter
vector d. As we will see later from the numerical results presented in Section 5.5.4, the
optimum frequency of a manipulator changes dramatically with the variation in tip load
parameters. This naturally leads to the question of what is an “optimal” shape for
a manipulator handling multiple tip loads. A reasonable criterion of optimum shape design
in this case is to maximize the worst-case fundamental frequency of the flexible manipulator.
We will consider only the case of a finite number of task situations. Specifically, let D =
{d1,...,d,} be a set of possible values of parameter vector d. Then the problem of optimum
shape design in this case can be formulated as a standard minimax problem:

max min {4;(A)}, A(A) = m[}n AA,U;dy), i=1,...,n (5.150)

A 1<i<n
subject to

Ul =1, ATA=1, AL<A<Ay (5.151)

where 4; is actually the minimum eigenvalue of Eq. (5.149) for a given shape A and tip load d;.

Several minimax algorithms may be used to solve this problem. In this paper the
Pshenichnyi—Pironneau—Polak algorithm with exact line search (PPP-ELS) [37] has been
utilized. This algorithm requires the gradient information of A; with respect to A, i.e.

3 K

H = (Ai,la -"7)\i7Na)’ ;{i’k - aak7

i=1,...,N,

From Eq. (5.149) it is not difficult to see that the gradient 4; is the minimum eigenvalue of
the generalized eigenvalue problem:

det[(I).k(A) — /\iQ.k(A; di) — A[’kQ(A; dl)} =0 (5.152)

where
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Again, since € is nonsingular, it can be reduced to an ordinary eigenvalue problem.

Although the optimization approach is an approximate method for solving the optimum shape
design problem, it offers several advantages, especially the following:

1. Sophisticated constraints, such as maximum stress restraint, can be included in the
optimization formulation.

2. The general relationship between EI and pA can be considered in straightforward fashion.
Equation (5.115) may be important for the analytical approach, but is certainly not so
for the optimization approach.

3. The coefficient vector U found during optimization may be useful for modeling the
dynamics of the optimum flexible manipulator for control purposes, since this vector
represents the modal shape of vibration corresponding to the fundamental frequency.

The result of the analytical approach, in which no approximation is made with respect to the
basic equations, can be used to verify the result of the optimization approach since, we can
also apply the latter approach to the case of unconstrained shape design.

5.4.4 Numerical Examples and Discussion

Many numerical examples have been conducted based on the previous iteration schemes. In
this section we only present the results for p = 2, i.e. manipulators having beams of
geometrically similar cross-sections. Specifically, we have chosen a circular cross-section
with varying radius in all our numerical investigations.

Unconstrained Design

The successive iteration processes of the analytical approach are controlled by the following
accuracy criterion:
7 7
Biv1 — Bl | Mvier —will | Vi — V|l

+ + <e
1Bi1] Vit Vil

To simplify numerical computations, we have approximated all functions using spline
functions through interpolation over their values at N 4+ 1 uniformly distributed discrete
points in 0 <& < 1. Throughout this section, N =10 and ¢ = 1072 have been used in all
computations. In all cases for which convergence is achieved we can find a solution for any
&> 0, but for values of & below 102 the number of required iterations increases dramatically
while the optimal frequencies and shapes obtained show very little change (less than 5%). For
the purpose of comparison, ¢ is quite sufficient. All numerical integrations are carried out
using the recursive Simpson formula.

The iteration process begins with $¢(0) =1 and vf)’(&) = —1. For large hub inertias (n > 4)
and small tip loads (u = { =k <0.1), convergence is usually achieved in five to six iterations.
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For a small hub inertia (n < 1) the speed of convergence is very slow and, if a large tip load is
also present, the process does not converge at all. From a physical standpoint the reason for
this is obvious. Remember that we are dealing with a system composed of three parts: the hub,
the beam, and the tip load. The flexibility of this system is increased by decreasing the hub
inertia or by increasing the tip load (x, £, or ). Thus, we should expect rapid convergence for
a rigid or stable system and slow or even nonconvergence for a highly flexible or unstable
system. This is exactly what the numerical computation processes show.

For various values of hub inertia parameter n and tip load parameters u, {, and «, Table 5.4
summarizes the increment for the unconstrained shape design in the fundamental frequency
in comparison with that of a flexible manipulator with a beam of uniform cross-section
and the same length, volume, and material as the optimum flexible manipulator. The
dimensionless fundamental frequency of the uniform flexible manipulator is denoted by A..
Results from Table 5.4 show that the gain in the optimum shape design is substantial
(increases range from 149.76% to 642.31%).

From this table, it is also very clear that the optimal frequency varies dramatically with the
change in tip load parameters. For example, given { = 0.1 and k = 0.05, when mass parameter
u is reduced from 0.10 to 0.05, the corresponding increase in frequency is reduced from
296.22% to 149.76%. Note that even for flexible manipulators with beams of uniform
rectangular cross-sections, their vibration frequencies change dramatically with variations in
tip load [11].

Another interesting point can be found by observing the values in the last two columns of
Table 5.4. These show that by exchanging the values of u and «, the results of optimum
design can be quite different. This shows that the effect of tip load mass and tip load moment
is not symmetrical. Finally, as one can clearly see in Table 5.4, the frequency increase is
larger as the hub inertia increases. This conclusion has also been confirmed by our previous
results [11].

For small u and «, the optimum shape is approximately a linearly tapered beam (Figure 5.27).
For large values of u, the beam tapers dramatically near the tip (Figure 5.28). If « is large, the
beam becomes almost uniform (Figure 5.29). This is most likely due to the large bending

Table 5.4: Ratio of \/4/Ac for unconstrained shape design (p = 2)

(m,85k) = (m,85k) = (m,85k) = (m,85k) =
(0.10,0.10,0.05) (0.10,0.10,0.05) (0.10,0.10,0.05) (0.10,0.10,0.05)
n=1 3.9622 2.4976 4.7175 3.6207
n=2 4.3725 3.1135 5.3285 4.3241
n=3 5.8935 3.7837 6.0134 6.9039
n=4 7.0013 4.3752 7.4231 5.8128
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Magnitude of Tip Deflection

Required Total Beam Weight

Resonant Frequencies:
f1=2.9682Hz
2=7.2608Hz

0 1 1 1 1 1 A 1 1
0 2 3 4 5 6 7 8 9 10
Maximum Velocity of Hub Rotation
Figure 5.26: Motion Speed and Tip Deflection.
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0.6 (a).circular cross-section
05t (b).rectangular b/h=10 h

(c).rectangular b/h=5

3 4 5 6 7 8 9 10
Specified Fundamental Vibration Frequency (Hz)

Figure 5.27: Beam Weight and Specified Fundamental Frequency.

moment that is induced towards the end of the beam by the large moment of inertia of the

tip load. In order to counteract this, the beam assumes a uniform shape with no tapering.

Also, the frequency and optimum shape seem to be relatively insensitive to the placement of
the tip load relative to the end of the beam.
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Figure 5.28: Uniform Beam vs. Optimum Design: p = 2.

Figure 5.29: Uniform Beam vs. Optimum Design: p = 3.
Constrained Design

To evaluate the effect of lower and upper constraints imposed on the shape function,
numerical analysis has been conducted by introducing a lower bound and an upper bound.
The lower bound is 5% larger than the actual smallest value of « obtained in the
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corresponding unconstrained shape design, whereas the upper bound is 5% smaller than the
largest value of « obtained in the unconstrained design. The optimization approach discussed
in Section 5.3.4 has been used in the numerical computations. The nonlinear programming
algorithm used is the Broyden—Fletcher—Goldfarb—Shanno (BFGS) method with
constraints.

Corresponding to Table 5.4, Table 5.5 presents the results of the constrained shape design of
single tip loads for the same combinations of hub inertia and tip load parameters. It is very
clear that the increases in the fundamental frequency have been reduced due to the further
constraints on the shape functions. However, the numerical results indicate that the profiles of
the optimal beam shapes are very similar in the cases of unconstrained and constrained
designs (see Figure 5.30).

Table 5.5: Ratio of \/4/A¢ for constrained shape design (p = 2)

(m,85k) = (m,85K) = (m,85k) = (m,85k) =
(0.10,0.10,0.05) (0.10,0.10,0.05) (0.10,0.10,0.05) (0.10,0.10,0.05)
n=1 3.2938 2.1162 3.9149 3.2414
n=2 3.6777 2.7735 43105 3.5734
n=3 4.7557 3.1579 4.9537 5.9869
n=4 5.7087 3.7556 6.4859 4.8637

Figure 5.30: Weight Ratio of Optimum and Uniform Arms: p = 2.
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Minimax Design

To illustrate the minimax design procedure in the case of multiple tip loads, three tip load
situations (labeled as A, B, and C respectively) have been studied. The tip load parameters for
three cases are (ua,ug,uc) = (0.10,0.05,0.10), (£4,¢B,¢) = (0.10,0.10,0.10), and

(ka,kg,kc) = (0.05,0.05,0.50). The hub inertia parameter is fixed at = 4. No lower or upper
bound is imposed on the shape function in this case. The corresponding optimal shapes
designed for each of the individual cases are called Shapea, Shapeg, and Shapec respectively.
The optimal shape obtained by the minimax method is called Shapey,.

Table 5.6 summarizes the result of the minimax design. As one can see from the table,
the performance of the optimal shape degrades when the tip load is not the one given
in its design specification. However, we have found that the optimal shapes always
obtain higher frequencies than the uniform shapes. It is clear from the table that the
optimal shape constructed by the minimax design gives a fundamental frequency that is
always higher than the lowest frequency produced by the other three optimal shapes in
all three tip load cases, as would be expected. Figure 5.31 shows the profiles of four
shapes:

Sy, Sy Sues 50) = (0O w1, 217 1), /(1))

Ofavsz + /(0)? + wv(1)? 4+ 28w (1) (1) + v/ (1)?

(5.153)

5.4.5 Sensitivity Analysis of the Optimal Frequency

A variation in hub inertia, or more likely in tip load, will induce a corresponding change
in the frequency of flexible arms. For the purpose of arm design, it is extremely
important to know how sensitive the optimal frequency is with respect to changes in
system parameters. The sensitivity information can be used to specify the accuracy of the
machining operation during the real construction of the optimal shapes. This section
investigates the problem of sensitivity analysis for the unconstrained optimum shape
design only.

Table 5.6: Ratio of \/A/Ac¢ for minimax shape design (p = 2, n = 4)

(1,%,K)a = (0.10,0.10,0.05)  (m,{,k)s = (0.10,0.10,0.05)  (11,{,x)c = (0.10,0.10,0.05)

Shape, 4.3725 2.3412 4.2134
Shapeg 2.9112 3.1135 4.0211
Shapec 3.0119 2.5143 5.6285

Shapen, 3.8125 2.3571 4.4653
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Figure 5.31: Weight Ratio of Optimum and Uniform Arms: p = 3.

For optimal fundamental frequency 4, from Eqs (5.116) and (5.117), variation of A due to
small changes in 71, u, £, and k can expressed as
oA on ou o(ul) OK

o e/ S i PV T 5.154
A Ty THu TR Ttk ©.154)

where sensitivity indices are calculated accordingly (see (5.153) above).

Note that although 67, ou, 6, and 6k cause the corresponding variations ov and d« in v
and « respectively, these variations will not affect the value of A when small terms of order
2 or higher are ignored, since A reaches one of its stationary values at v and «. This is

why we do not need to consider the variations of v and « in the above sensitivity analysis.

It should be pointed out that sensitivity indices can also be formally defined as follows:

6 % change inA  0A/A X 04 (5.155)
X" % changeiny  ox/x = Adx .

X =", M, ug, K

Clearly, 0 < §, < 1. Therefore, the vibration frequency always decreases as system
parameters increase in value, a conclusion that agrees with intuition and that has been
verified by numerical analysis [16].

Using Eqs (5.153) and (5.154), one can find the actual numerical values of sensitivity indices
for any particular optimum shape design.
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5.5 Minimum-Weight Design of Flexible Manipulators for a Specified
Fundamental Frequency

The focus of this section is on the problem of designing a minimum-weight flexible
manipulator for a given fundamental vibration frequency. As indicated in Figure 5.26,
the fundamental vibration frequency of a flexible manipulator defines the range of
operational speeds of the manipulators, since as the operational speed approaches the
fundamental frequency, it may cause resonant vibration of the manipulator system.
Therefore, to increase the operational speed of the manipulator, i.e. the productivity, one
has to ensure that the manipulator has a large fundamental frequency. However, as we
can see from Figure 5.27, a large fundamental frequency means that a manipulator must
be heavier.

As pointed out by Asada et al. [27], the majority of flexible manipulators that have been
studied in the literature have a simple structure consisting of beams with uniform mass and
stiffness distribution. While the simplified beams permit analytical modeling and theoretical
treatment, the arm construction is unrealistically primitive and its dynamic performance is
severely limited. In our previous work [11,12,28,33], the problem of optimum mass and
stiffness distribution of flexible manipulators under a given total weight constraint has been
investigated using the variational formulation.

Under the constraint that a flexible arm must have a specified fundamental frequency, we will
show here that the same method can be used to find an optimum mass and stiffness
distribution such that the arm will have a minimum weight. For space applications, where
flexible manipulators have been generally recognized as an ideal tool for material handling
and space-structure construction, minimum-weight manipulators are of special interest due to
the strict weight constraint imposed by the loading capacity of landers [18].

5.5.1 Basic Equations

A one-link flexible manipulator is modeled as a beam mounted on a hub with rotational
inertia /g in the horizontal plane. The minimum weight design of flexible manipulators will
involve only the fundamental frequencies. Although rotary inertia and shear deformation of
the beam are very important for higher order vibration frequencies, a previous study [11] has
shown that their influence on the fundamental frequency is very small and can be neglected.
Accordingly, the simple Euler—Bernoulli beam model without rotary inertia and shear
deformation is valid for the study here and thus, for a specified fundamental frequency wy, the
governing equation of harmonic vibration and the boundary conditions can be written as
follows:

(ED")" — pAw*v =0 (5.156)
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v(0) =0, Igw?/'(0)+EN'(0) =0 (5.157)
EN'(L)=0, (ENM')(L)=0 (5.158)

where v is the total displacement of the beam, EI is the bending rigidity, A the cross-sectional
area, p the mass density per unit volume, and L the length of the beam. A prime indicates
differentiation with respect to the coordinate x along the longitudinal axis of the beam.

For a flexible manipulator with a beam of uniform cross-section, it can be shown that the
following relationship must be satisfied by the specified fundamental vibration frequency Wi,
the total beam weight W = pAL, and the hub inertia /g:

1/4
w El Iy
— ) =4, W, = = 5.159
(WS> (), C Wil K72 ( )

where 6; is the minimum eigenvalue of the characteristic equation:

sinf coshf — cos@ sinhd + 0> (1 + coshd cosf) = 0

It is straightforward to show that ¢, increases monotonically as the hub inertia parameter
decreases. The lower and upper bounds of ¢, can be found to be 1.8751 < 6 < 3.9266, which
are achieved at n = o and n = O respectively. Similarly, 12.3623 < (W/W,) < 237.7205. Note
that when n = o, Eq. (5.158) is reduced to the characteristic equation of a clamped
cantilever, whereas when n = o, Eq. (5.158) is reduced to that of a hinged cantilever. Hence,
for manipulators with beams of uniform cross-section, one can see from Eq. (5.158) that hub
inertia can cause the total weight to vary over a wide range. For fixed hub inertia, Figure 5.27
shows that the total beam weight increases as the specified fundamental frequency increases.

For manipulators with beams of varying cross-section, however, simple equations such as
Eq. (5.158) for the relationship between the fundamental frequency and the beam weight are
no longer possible. In this case, the fundamental frequency is a nonlinear function of the
shape function (or, equivalently, mass and stiffness distribution) of the cross-section. The
objective of this work is to find the best possible tapering of a beam for a flexible manipulator,
which for a specified fundamental frequency would generate the minimum beam weight.

Throughout this work we will assume the following relationship between the moment / and
the area A of the beam’s cross-section:

I(x) = yA"(x), p>1 (5.160)

where v is a constant.We are especially interested in three cases, namely p =1, 2, 3, since
they correspond to beams with rectangular cross-sections of given uniform height,
geometrically similar cross-sections, and rectangular cross-sections of given uniform width
respectively. The treatment in this section, however, is valid for all cases with p > 1.
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5.5.2 Problem Formulation

In this section we use the variational method to establish the basic equations for solving the
minimum-weight design problem. For this purpose, we transfer Eqs (5.156) and (5.157) into
the following variational form using Rayleigh’s principle:

L
[ EN"dx

w} = min — 0 (5.161)
v

[ pAVEdx + Iyv'(0)?

0

where v only needs to satisfy the geometric boundary condition v(0) = 0. The equivalence of
(5.161) and Egs (5.156) and (5.157) can be easily proved. The above equation can be
rewritten in dimensionless form as follows:

1
fa/’v”zde
As = min — (5.162)
\%
[ av2de 4 v/ (0)*
0

where a prime indicates differentiation with respect to the dimensionless coordinate & = x/L.
The dimensionless eigenvalue Ag, shape function «, and hub inertia parameter 7 are defined
respectively as

Lr LA I
A = Lflw%, L L (5.163)
YEWS Wo WoL
in which Wy is a nominal weight.
To minimize the total weight of the beam, «(£) must be designed such that
1
min / adé (5.164)
o

0

subject to constraint (5.162).

Using the Lagrange multiplier method, it can be found from variational calculus that the
minimum-weight design problem leads to the following set of differential equations:

(V") — Asav =0 (5.165)
poe”_l(v")2 — A = Ao? (5.166)
and the boundary conditions

v(0) =0, a”V'(0) + A (0) =0, o"V'(1)=0, (V') (1)=0 (5.167)
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where ¢ is a Lagrange multiplier. These equations, together with constraint (5.162), form the
complete set of basic equations of minimum-weight design for the one-link flexible
manipulator.

Clearly, solution of Eqs (5.165)—(5.167) is not unique, since if (v,az,a,/ls) is a solution of
(5.165)—(5.167), then (cv,czaz,a,ls) is another solution for any nonzero constant c. At
first glance, the non-uniqueness of a solution may seem to create problems in numerical
computation, but it actually offers us a way to completely remove the Lagrangian
multiplier from Eq. (5.166) by selecting ¢ = 1/g. In other words, we only need to find the
unknown function v/g, instead of v and o> individually, in order to solve the optimization
problem. Therefore, we will assume Lagrange multiplier ¢ = 1. As for the optimum
design of vibrating cantilevers [5,7], this observation has simplified the problem
substantially.

It follows from Eq. (5.166) that for p > 1:

a(f) = ?5) (5.168)
g8
where
_PE L (p)
¢,(8) = [V’T(E)} , B= (A_s> (5.169)

An important identity can be obtained by multiplying both sides of Eq. (5.165) by v and
integrating over 0 <& < 1. After integrating by parts and taking the boundary conditions
(5.167) into account, we have, after applying Eq. (5.166):

1 1
[ etz =p=1) [ a@rere + pm(0)? (5.170)
0 0

5.5.3 Solution by Iterations

Since, in general, the solution of the nonlinear equations Eqs (5.165)—(5.167) cannot be
obtained in closed form, a set of successive iteration schemes is developed to find the
solutions numerically. The iteration schemes are based upon formal integration, with
the introduction of one boundary condition at each integration. Care is taken to remove the
singularity of solutions at singular points and to separate the differential operator of the
highest order on the left-hand side at each step. This has been found necessary in order to
make the numerical computation feasible and to obtain convergence by successive
iteration.
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The following two integral formulas are very useful in the formulation of iteration schemes:

£ x 1
//G(s)dsdx:EZ/(l — X)G(x£)dx (5.171)
0 0 0
1
// s)dsdx = (1 —¢ z/ngerl— £)]dx (5.172)
0

Note that compared with double integration, single integration saves computation time and
hence is preferred numerically.

Next we will present iteration schemes for the cases of p=1 and p > 1.
Case where p=1

For p =1, function « drops out of Eq. (5.166) and we have a degenerate case. Then identity
(5.170) becomes

To develop a successive iteration scheme, we formally integrate (5.165) and (5.166) with
boundary conditions (5.167). Application of formulas in Egs (5.170) and (5.171) leads to

1
v(£) +\/_5/1—x\/v2(x5)+ldx (5.173)
0

V(1 —£)?

af) = W J xav[€ + x(1 — &)]dx (5.174)
1
! = —l XX\ X)Uulx
V0= O/ (u(x)ax (5.175)

Based on these equations, the iteration scheme can be outlined as follows:

1. For a given A, select initial v((0), vo(£), and ag(£).
2. Update v; according to
1

vis1(8) = 611(0) + VaE / (1= 072 (a2) + 1 dx

0
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3. Update ¢; according to

Vas(1 =€)
4

1
g (8) = YL ZES /? win[E (1 — £)ldr
0

t+1

4. Update v;(0) according to

:I>—‘

1
Vi1 (0 /xam x)vig1(x)dx
0

5. If a given accuracy is not satisfied, go back to Step 2.
Case where p > 1

For p > 1, by formal integration of (5.165) we find, after satisfying the boundary conditions at
€ =1, substituting « from (5.168) into (5.165), and using (5.171) that

2 pit

where M(v) and s are defined as
1

M(v) = p(1 — &) / Xy + x(1 — E)VE +x(1 — £)ldx

0

s = sign[ojxqﬁv[i +x(1 =&)[E+x(1 - E)]dx}

It is easy to show that

1

W) =80+ 2 [(1- e (5.177)
0
V(0) = V(0) 5 (5.178)
-

Now the scheme for successive iterations can be specified as follows:

1. Select an initial v{j(£).
2. Update v;(§) according to (5.176) and (5.177).
3. Update ¢,;(§) according to (5.168).
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4. Update v/ (&) according to (5.175).
5. If a given accuracy is not satisfied, go back to Step 2.

5.5.4 Numerical Examples

Several numerical examples have been considered based upon the successive iteration
schemes described in the previous section. In this section we present some of the results for
p=2and p=3.

The successive iteration processes are controlled by the following accuracy criteria:

[ier =il | [leisr — o]

<e
[vis1ll [letig1]]

To simplify the numerical computation, we have approximated all functions using spline
functions through interpolation over their values at N + 1 uniformly distributed discrete
points in 0 <& < 1. Throughout this section, N=10 and ¢ = 10~* have been used in all
computations. All numerical integrations in iterations are carried out by using the recursive
Simpson formula.

The iteration for v (£) starts with vjj(£) = 1. In this case, for large n = 50, convergence is
achieved after 54 iterations for p = 2 and 39 for p = 3. For small n, say 0.5 < 7n < 1, the speed
of convergence becomes very slow (close to 1000 iterations are required for convergence),
and for 7 < 0.5 the iterations do not converge at all with the initial guess v((§) = 1. This
problem can be overcome by using the converged v (&) of the previous value of 7 as the initial
guess vjj(£) of the new 7 value, but the speed of convergence is still very slow and becomes
extremely slow for n <1.

For various values of specified fundamental frequencies fy(w; = 27f), Table 5.1 summarizes
the ratio of the weights of the uniform beam and the optimum beam. More results are
illustrated in Figures 5.28—5.31. Figure 5.32 illustrates the corresponding variation of linear
dimension (i.e. radius of the cross-section) of the geometrically similar cross-section (p =2)
as a function of nondimensional coordinate . Figure 5.33 gives the corresponding results for
the rectangular cross-section of given uniform width (p = 3, i.e. linear dimension is the height
of the cross-section).

5.6 Optimum Design of Flexible Manipulators: The Segmentized Solution

Our objective in this section is to address the control problem from a design perspective. The
goal is to build a high-performance flexible manipulator such that the effect of its oscillation
is reduced during normal operations. The finite rigidity of a flexible manipulator results in

a finite fundamental frequency of vibration, while the infinite stiffness of a rigid arm implies
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Figure 5.32: Optimum Tapering of Beam: p = 2.

Figure 5.33: Optimum Tapering of Beam: p = 3.

an infinite value for the fundamental frequency. For any system with finite fundamental
frequency, oscillation is unavoidable and becomes severe when the system operates near its
fundamental frequency. Thus, to reduce the oscillation, one has to either operate the
manipulator at low speeds or somehow increase its fundamental frequency. Since one of the
major reasons for developing flexible manipulators is to obtain high-speed motion with less
energy consumption, increasing the fundamental frequency is the only appropriate solution.
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In previous work, we have solved the unconstrained design problems for both maximum
speed and minimum mass formulations analytically using the variational method [11,33,38].
Theoretical and numerical analyses have indicated that the unconstrained formulations could
result in unrealistic link designs such as zero-area cross-sections, which are not allowed in
real applications. To overcome these situations, more constraints have been introduced in the
design specification and nonlinear optimization techniques have been used to find the
optimum solutions [28,33]. The major problem in these constrained design formulations is
that the fundamental frequency is calculated approximately using the modal shape functions
derived for manipulators with uniform cross-sections. This makes the task of verifying the
results of optimum designs very difficult, and numerical examples have also indicated that the
results are sensitive to the number of modal shape functions used.

To overcome these problems, an innovative design method based on the segmentized
solution of vibration equations for flexible manipulators is developed here. The main
advantage of this new method is that the design process is closely related to the actual
process of manipulator construction, i.e. using many different, uniform segments to
approximate a non-uniform link.

5.6.1 Basic Equations

This section presents the basic dynamic equations for a non-uniform flexible manipulator
carrying a load at its end. We then solve these equations by approximating the link of
the manipulator with a number of segments of uniform mass and bending rigidity
distributions.

Our model consists of a flexible link of length L fixed on a rigid hub of inertia Iy. The
harmonic vibration of this manipulator system is described by the amplitude of its pure
link deflection w and rigid hub rotation . Based on the Euler—Bernoulli bending theory [16],
the vibration equation and the corresponding boundary conditions can be expressed in terms
of the amplitude of its total link displacement, u(x) = w(x) + x0, as

(Eld")" — pAw*u =0 (5.179)

u(0) =0, Iyw?u' (0)+ EL"(0) =0 (5.180)
ENL'(L) — Jyw*u (L) — acMpyo*u' (L) = 0 (5.181)
(Eld"Y (L) + acMpw*u' (L) + Myw*u(L) = 0 (5.182)

where () = d()/dx, w is the natural vibration frequency, EI is the bending rigidity, and pA
is the linear mass density. A tip load is characterized by its mass M), inertia J,, and local
x-coordinate a., of the center of mass. When a tip load is considered as a point, a. =0,
Eqgs (5.179)—(5.182) reduce to the form developed by Bellezze et al. [25].
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For the purpose of optimum design, we will treat w in Eqs (5.179)—(5.182) as the
fundamental vibration frequency. Then, Eqs (5.179)—(5.182) can be reformulated into the
following equivalent variational problem [28,33]:

L
[ Eld"dx
0

©? = min

u(x) L
@ pru2dx —I—IHM,(O)Z + Gy,
0

where G, = Myu(L)* + 2a.Mpu(L) (L) + Jou' (L)*.

To reduce the number of symbols, we introduce the following dimensionless form of the
above equation:

1
fﬂv"zdf
= min - 0 (5.183)
1@ [ av?d + qv'(0)* + Ry
0

where R) = uv(1)% 4+ 2xuv(1)V' (1) + k' (1)%, £ = x/L, v(€) = u(x)/L, and ()’ = d()/0F.
Dimensionless frequency 4, linear mass distribution «(£), bending rigidity distribution (&),
hub inertia parameter 7, and tip load parameters u, x, k are given by

LM, AL EI I
A= 02 PrE g2 H (5.184)
Dy My Dy MyL?
M, ac Jp
i =< = 5.185
% My X=7, K Mol2 ( )
where M and Dy are two arbitrary constants of mass and rigidity.
The total mass and its dimensionless form are
L 1
M
M= [paae, v =y = [a@ (5.186)
My
0 0

5.6.2 Segmentized Solutions

To optimize mass and rigidity distributions, one needs to find the relationship between v(§)
and these distributions. This will lead to a set of equations similar to Eqs (5.179)— (5.182).
Since Eq. (5.179) is a differential equation of varying coefficients, it cannot be solved easily.
From the perspective of practical design, however, we can always approximate a non-uniform
link with a link consisting of many uniform segments, each having a constant mass and
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rigidity distribution. By increasing the number of segments, we can represent any link of
practical interest as closely as we want.

Specifically, we divide the whole link 0 <& <1 into N segments, i.e. 0 =§p < ... <&y=1.
Segment i is of length A; =&; — £;_1 and is considered to be uniform with constant linear
mass and bending rigidity «; and §;. For each segment, its total displacement can be found as

vi(€) = Si(€)C; (5.187)

where S; = [sinA;{ sinhA;{ cosA; coshA;{], /1? = aiA;‘/\ /B;, Cie Rs a coefficient vector, and
0<¢=(§—-¢&_1)/A; <listhelocal coordinate. Based on the considerations of deformation
continuity and force balance at the interfacial cross-section of two segments, we can express Ci
as a function of C; by C;11 = ¢,C;, and eventually every C; as a function of C = C; by C; =

¢i—1 ... ¢1C, where ¢; is a matrix whose elements are functions of mass and rigidity constants:

cioyics; cioaich  —cioy;s;  cijo2ish;
6 = | CioCsi ciorichi  —cio2isi  cio1ish; (5.188)
! o1iSi oysh;  ovicsi  oich; '
02iS; o1ishi 02CS; aiich;
1/4
o; B; a;
ai=—— bj=—— ¢ = <—’> (5.189)
Qg1 Bit1 b;
A;
d; = , o= 14bic, oy =1—bic? (5.190)
Ajyg

where c¢s; = cos A;, s; = sin 4;, ch; = cosh A;, and sh; = sinh A;. In other words, we are able to
describe v(§) over the whole link by a coefficient vector of four unknowns:

N
v(§) =S8@¢E)C, S= Zvi(5)€(§; £ii1,&0)D; (5.191)
i=1
D) =lyx4, Diy1 =9®;, i<N-—1 (5.192)
where €(§;§;_1,&;) = 1 for §;_ < § <&; and (§;§;_1,&;) = 0 otherwise.

By substituting Eq. (5.191) into the boundary conditions at the two ends, we obtain

a homogeneous equation QC =0 for C. Since C must be a nonzero vector, its coefficient
matrix must be singular. Therefore, the characteristic equation for determining the natural
vibration frequency can be specified as

det 0= (2, Xu, Xg,E) =0 (5.193)

where X, = (ay,...,ay) and Xg = (8,...,0y) are mass and rigidity distribution vectors, and
E = (n,u,X,k) represents hub inertia and tip load parameters. The fundamental frequency is
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the smallest nonzero eigenvalue of the transcendental equation (5.193). Thus, Eq. (5.193)
leads to the following expression for the fundamental frequency:

A=f(Xa, X3, E) (5.194)

where both X, and X3 are considered as design variables, while & is treated as a design
parameter vector.

The total mass of the flexible manipulator can be obtained by adding up the individual mass of
each uniform segment:

v =aA 4 ...+ ayAy = X, AT (5.195)

Equations (5.194) and (5.195), as well as Eq. (5.183), provide the basic expressions for the
optimum design formulations discussed in the next section.

In Figure 5.34, it can be seen that the segmentized frequency rapidly approaches the
optimum frequency, which is obtained using the analytical solution given in an earlier
work [28].

Figure 5.35 compares the optimum analytical design to the four-segment optimum design.
Note that with four segments the segmentized frequency is just 4% less than the analytical
optimum. Other similar results have indicated that the optimum link can be approximated
very accurately with only a few segments (usually eight or less for 5% accuracy).
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Figure 5.34: Frequency vs. Number of Segments.
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Figure 5.35: Analytic Optimum vs. Four-Segment Optimum.

5.6.3 Optimization Formulations for Linear Mass and Bending Rigidity Distributions

In this section, we investigate two optimum design problems for a flexible manipulator. The
basic forms of these two problems can be stated as:

1. Maximum speed design problem (MaxSDP). For a given cross-section specification
and a given total mass M, determine the optimum mass distribution (pA) and rigidity
distribution (EI) of a flexible manipulator with respect to a specified set of design
constraints such that its fundamental vibration frequency « is maximized.

2. Minimum mass design problem (MinMDP). For a given cross-section specification
and a given fundamental vibration frequency g, determine the optimum mass distribution
(pA) and rigidity distribution (ET) of a flexible manipulator with respect to a specified set
of design constraints such that its total mass M is minimized.

The selection of direct design variables for optimization depends on the cross-section
specification. For example, if a rectangular cross-section is specified then the direct design
variables will be the thickness and width of the section. Here we only consider simple
constraints such as the upper and lower bounds imposed on design variables, as well as on mass
and rigidity distributions. This is sufficient in order to eliminate the possibility of generating
unrealistic optimum designs, such as manipulators with zero-area cross-sections or with their
mass/rigidity concentrated only at certain segments. More sophisticated constraints, such as
maximum bending stress, strain, tip deflection, or feasibility of link construction, can also be
included in design specifications. See Section 5.6.4 for a detailed discussion.
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Maximum Speed Design Problem

For certain specific cross-sections, such as a solid circular cross-section, mass and rigidity
distributions are not independent. In these cases, we can easily express both X, and Xg as
functions of some independent design variables, denoted as a vector Z. Therefore, we
consider X, = X,(2) and X3 = Xg(Z) in our optimization formulations.

Based on Eqgs (5.194) and (5.195), the maximum speed design problem can be formulated as

max f(Xa, Xg; E) (5.196)
subject to X, AT =~,, zZE<z<ZY (5.197)
Xi<Xo<Xx{, Xjp<Xs<Xxy (5.198)

where v, = M/M,.
An adaptive random search algorithm has been developed to solve this problem.
Minimum Mass Design Problem

For the minimum mass design problem, we use Eqs (5.183) and (5.191) to calculate the
fundamental frequency, instead of Eq. (5.194). This is because the fundamental frequency
is given as a design constraint in this case. Therefore, the procedure for solving Eq. (5.194)
will be invoked many times if Eq. (5.194) is to be used. Since Eq. (5.193) is transcendental,
this will require significant computational time in optimization.

To avoid this computational problem, we substitute Eq. (5.191) into Eq. (5.183). It follows
that

CTy(Ag, Xu, Xg: B)C
l//( Sy 20y 67 w) (5199)

A, = mi
s T CTQ(, Xo, X5 B) C

where A, = L3Mow§ /Do, and ¥ and Q are obtained by

1=

N 1
V= [ '@ G
>y

1
Q= Za,‘/S(E)TS(E)dC + Y
i=1

0
where Y, = 15" (0)7S(0) + uS(1)7S(1) + 2xuS(1)78' (1) + kS’ (1)78'(1), and A = A, is used
in calculating displacement function S(§¢ =&;_1 + {A;). Note that both y and Q are positive
definite matrices.
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It is not difficult to see that, given X,, Xg, and E, the result of minimization in (5.199) is equal
to the minimum eigenvalue of the generalized eigenvalue problem:

det[W(As, Xo, Xg: B) — AQ(As, Xo, Xg: B)] = 0 (5.200)

Since Q is nonsingular, this eigenvalue problem can be reduced to an ordinary eigenvalue
problem, which can be easily solved. Thus, Eq. (5.200) provides a very efficient way to verify
frequency constraint (5.199).

Based on Eqgs (5.195) and (5.199), the minimum mass design problem can be formulated as

mZinXaAT (5.201)

subject to 7L<z < ZU, Xﬁ <X, < Xg, XIK; <Xg < Xg, and frequency constraint (5.199).
Design Formulations for Multiple Loads

In most cases, a flexible manipulator has to perform tasks in different situations, particularly
with different tip loads. This is reflected by different values of vector E. Results of numerical
analyses have indicated that the fundamental vibration frequency [16] varies dramatically
with tip load parameters. This naturally leads to the question of what is an “optimum” design
for a manipulator dealing with multiple task situations. We consider the case of a finite
number of task situations, i.e. Ee {&, ..., &, }.

The maximum speed design problem for multiple loads can be formulated as

n
max Z wif (Xa, Xg; i) (5.202)
k=1

subject to X, AT =y, ZF<z<ZV, XL <X, <XY, Xj<Xg<X§ (5203

where 2] wx = 1, wy > 0, represents the weight assigned to situation i. In particular, if we
choose w; =1 when f (X, Xg; /) = minj<g<, f(Xa, Xg; E¢)and wy, = 0 when k # [, then

Eqgs (5.202) and (5.203) constitute the minimax design formulation, i.e. the objective is to

maximize the worst-case fundamental frequency. This problem has been investigated in Refs
[28,33], where the Pshenichnyi—Pironneau—Polak minimax algorithm with exact line search
(PPP-ELS) [36,37] was used. The gradient information required by this algorithm, A? = 0A/0x;,
where x; = «; or (;, can be obtained by using Eq. (5.200) since A, which must be the smallest
eigenvalue of (5.200), has already been found using Eq. (5.193). The result can be described as

det[y? — 2Q0 — Q] =0 (5.204)

where A?is the smallest eigenvalue, wf = 0y//d > x;, and Q? = 0Q/dx;. Equation (5.204) can
easily be reduced to an ordinary eigenvalue problem because Q is positive definite.
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Similarly, the minimum mass design problem for multiple loads can be stated as

mZin X, AT (5.205)

n
subject to Ay < > wif(Xa, Xg3 By), Z8<Z<2zY, XL <Xo<XY, Xj<Xp<Xx{
k=1
(5.206)

where wy has the same interpretation as in Egs (5.202) and (5.203).
5.6.4 Practical Issues in Link Construction

In the previous section, simple design constraints were considered. However, the advantages
of the optimum design would be nullified if the stress/strain distributions or displacement of
the optimum manipulator were unacceptably large. To ensure the practicality of optimum
designs, we investigate more complicated constraints related to the maximum strain/stress
and deflection of a flexible manipulator.

Strain/Stress and Deflection Constraints

At each link cross-section the maximum strain &ny,x and stress gmax occur in the outermost
fibers and are given by

€max(§) = h(E)v”(E) = h(g)S”(g)C
O'max(g) = Eemax(f) (5.207)

where h(§) = dmax/L; dmax 1 the maximum distance between the neutral axis and the outermost
fibers of the cross-section. In many cases, dpax is half of the cross-section thickness, but it
generally depends on the specific shape of the cross-section selected for a link.

From harmonic vibration, however, the exact value of ey, Or a2 cannot be specified since
vector C can only be determined up to an arbitrary constant. The simplest way to fix this

problem is to normalize C, i.e. impose condition ||C|| = 1. In this case, strain/stress and
deflection constraints can be specified as
max  h(&)||S"(6)C|| < e max ||S(6)C|| <v 5.208
somax PO ECl < ev, max  ISEC] < vy (5.208)

where A, which must be less than the fundamental frequency, is the upper bound of
operational frequency, €y and vy are upper bounds imposed on link strain and displacement.
Note that the value of e is usually determined by the stress constraint. In actual computation,
we only check strain and displacement at certain points, since the procedure to find the
maximum strain or deflection is computationally intensive. For a uniform beam, we know
from mechanics that the maximum strain occurs at the hub end (£ = 0), while the maximum
deflection occurs at the tip (6 =1).
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Link Construction Constraints

Construction of an optimum link can be achieved by either using composite materials or
structural design. Using composite materials, we can consider both Young’s modulus E and
mass density p as construction variables. With the structural design method, we can build
a link segment using, say, trusses, to obtain the specific segment mass and rigidity required by
the optimum design. But a simple method is to select the shape of cross-sections.

For certain cross-sectional shapes, however, we must impose additional constraints on design
variables to ensure that an optimum link can be constructed.

For example, using a circular tunnel cross-section where design variables are z = (r, f), and

A=mt(2r+1))2, T=xl[(r+0*—r*/8 —y*A, dmax =r+ (1 —4/7)1, y. = 41/37
the construction feasibility can be guaranteed by imposing the following constraints:

ri+ (1 =vi)ti > rigr, ri+voiti < rigr +tip

where 0 < vg;, v1; < 1. In other words, for any two adjacent segments, the inner radius of one
segment must not exceed (1 — vy;) thickness of another segment, and the outer radius must
pass the inner radius by v;, the thickness of another segment.

Similarly, for a rectangular tunnel cross-section, we have z = (a,b,t) and
I=[(b+20)(a+1)® —ba®]/24 —y2A
A=t2a+b+2t), dnax=a+1/2, y.=1/2
The unfeasible situation can be prevented by adding the following constraints:

bi+2(1 —vi))t; > biv1, ai+ (1 —vi)ti > aiy

bi +2voit; < biy1 + 2tiy1, a;i +voiti < @i+ tip

forl1 <i<N-1
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6.1 Introduction

A manipulator becomes flexible when its link deformation cannot be ignored in the analysis
of its performance. A manipulator that has large dimensions is lightweight, fast, or handles
a heavy load with flexibility. Flexible manipulators utilize less energy due to their light weight
and higher productivity achieved through fast motion. They are safer to operate due to good
damping behavior and less pronounced interconnections between the different segments for
multiple-link manipulators. These manipulators are found in space exploration (NASA Mars
Exploration Mission STS95, 1998) because of the constraints on arm length, weight, and
“gravity loss”; in mining applications (robotic excavators) because of their heavy payload; in
construction applications (robotic crane systems) because of the length and heavy tip load;
and where dexterous manipulators are required, such as in medical operations or chip
placement pick-and-place manipulators in electronic assembly manufacture. The NASA
Remote Manipulator System has very low natural frequencies and consequently has to move
slowly (0.5°/s) in order to avoid vibrations because of its beam mass (450 kg) and its heavy
payload (27,200 kg).

In the last decades, research on flexible manipulators has increased dramatically. From the
perspective of control, recent research has been carried out by Doyle and Glover [1,2],
Francis [3], Gutierrez et al. [4], Jnifene [5], Zabinsky et al. [6] and references therein [7—9].
These studies performed control-intensive work to improve beam performance, but they
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ignored the impact of the beam’s mechanical properties. The resulting system was only
locally optimal. At the same time, another goal was to find a better beam shape so as to move
faster but with less vibration. One of the first papers on an optimal shape for flexible
manipulators was by Karihaloo and Niordson [10]. Extensive studies on optimal shape design
have been conducted by Wang [11], who simplified the scheme substantially. In 1991, this
group examined the external fundamental frequencies and developed an iterative scheme,
producing the first one-link optimum manipulator shape. It was shown that, by proper
selection of the hub, the optimal link could improve the first natural frequency by 600%.
A minimum weight design of flexible manipulators was developed by Wang and Russell
[12,13]. In 1995, they also investigated a new approach, the segmentized scheme of optimal
design, which treats the flexible beam as a collection of small lengths of rigid beam
constrained by each other’s interfacial conditions [14]. The new technique converts the
optimal shape design problem into a matrix determinant problem. In 1996, a new computing
method for optimum mass and rigidity distribution was formulated by Wang et al. [15] and
Zhou [16] for a flexible manipulator with a tip load. The robustness with respect to design
specification and appropriate constraints was considered. Practical issues were also
addressed. These studies focused on open-loop design. They only concerned the beam’s
mechanical construction; that is, a proper design of the flexible beam shape that can make it
suffer less vibration. However, in reality, all manipulators must be in a closed loop to obtain
high performance. The couplings between the controller and the construction were not largely
considered in these designs.

6.2 Overview of Mechatronics Design
6.2.1 Why Mechatronic Design?

Modeling Accuracy and Control Efficiency of Flexible Manipulators

Flexible manipulators are distributed systems described by partial differential equations.
Therefore, their dynamic behavior has infinite degrees of freedom. From the perspective
of control theory, it is impossible to design an infinite dimensional controller. The
controlled plant must have a finite dimension, thereby requiring less significant
constituents of the model to be omitted. This causes model uncertainties, since those
constituents are generally time variable and system dependent. The boundary conditions
set by tip load, hub inertia, friction, rotary inertia, and shear force also affect beam
dynamics, which makes model implementation more complicated for the purpose of
real-time control. However, the model must be accurate enough to take control into
account. The efficiency of modeling and the precision of the control of flexible
manipulators are contradictory factors and a compromise between the two for real-time
implementation is inevitable.
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Figure 6.1: Traditional Design Procedure.

Interrelation and Interdependency of Subsystems of Manipulator Systems

The complexity of manipulator systems is also due to the interrelation and interdependency of
their subsystems. A manipulator system consists of different subsystems:

* A kinematic system, mainly related to the beam structure
* A control system

e A driver system, or actuator

* A measuring system, or sensors.

Some subsystems exert influence over others, whereas some subsystems are only influenced
by others. In traditional design, a manipulator link is designed first, followed by a driver
system, measuring system, and then a control system, as shown in Figure 6.1. As a result, this
traditional design scheme leads to a locally optimal solution, since these coupling effects have
not been considered in the design process.

If a flexible manipulator system can be designed taking the interrelationships between
subsystems into account while avoiding control-intensive or model-intensive work, the
control and modeling problems will no longer be critical, thus improving productivity and
reducing energy consumption. The mechatronic design method (MDM) fits these
requirements exactly.

6.2.2 What is Mechatronic Design?

For applications in manipulator systems, the MDM is a system optimization through the
integration of actuator, controller, system dynamics, and sensor specifications, as shown in
Figure 6.2. Compared with traditional design, the following features can be identified for
mechatronic design:

* Different methodology. MDM treats the mechanical, electrical, and control components
of a flexible manipulator concurrently, instead of sequentially, from the very start of the
design process. The coupling effects are automatically taken into account. This in turn
results in global optimal objective functions in the system.
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Figure 6.2: Mechatronic Design Procedure.

* Different direction. MDM focuses on the system’s overall design instead of modeling or
control. That is, the objective is to design a better manipulator system so its control
problems and dynamic accuracy will not be critical to its performance. In other words, the
result of this mechatronic design is better than what is obtained from model-intensive work
or control-intensive work.

6.2.3 How Does Mechatronic Design Work?

Let (A,B,C) represent a flexible manipulator system, which is comprised of beam shape,
sensor specification, actuator selection, and u the controller. J is the performance index.
Assume that Q is the space of all feasible manipulator systems and A is the feasible control
space from the actuator. In traditional design

J = inf J(u;A,B,C) 6.1)
ue A

and the objective is to find the optimal control for a system given by (A,B,C) only. But the
mechatronic design goes further to find J* by choosing different (A,B,C) values, by choosing
a different beam shape, different sensor and actuator. Then the objective is to minimize the
performance index J with respect to link construction, actuator selection, sensor specification,
and control design, i.e.
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J = inf J(u;A,B,C) = inf [infJ(u; A, B, C)] (6.2)
(A,B,C)eQue A (A,B,C)eQue A

Accordingly, the global optimization can be carried out in two steps. The first step (the inner
inf,c o loop) is to find the optimal control structure and its associated optimal value of the
performance index based on a given plant (A,B,C), which is exactly the traditional optimal
control design problem. The second step (the outer inf(4 g c)eq l0op) is to find the
optimal feasible plant that will further minimize the performance index obtained by the
optimal controller. In this chapter, assuming that the DC motor and sensors are given, the
outer loop is only searching the beam shape distribution.

6.3 Mechatronic Design of Flexible Manipulators Based on LOR
with IHR Programming

6.3.1 Dynamics of Flexible Manipulator Systems

The dynamics of a flexible manipulator system are described by an infinite-dimensional
mathematical model, since the model consists of partial differential equations. But to design
a finite-dimensional controller, a finite-dimensional system model is needed. To achieve this
goal, a finite-dimensional approximation needs to be used to model a flexible manipulator,
retaining a finite number of modes and eliminating the other less significant modes based on
the requirements of the controller. The N-mode expansion for the beam displacement w(x,t) is
given by

N

w(x, 1) =Y 0;(x)qit) (6.3)

i=1

The separability in this case refers to describing the displacement as a series of terms that are
products of two separate functions, each of which is a function of a single variable, a spatial
variable x and time ¢ respectively. ¢; is the ith modal shape, or eigenfunction. g; is the
corresponding generalized modal coordinate describing the flexible deformation.

The scheme for developing a mathematical model is to use the Lagrangian method or Hamilton’s
principle for the total kinetic energy, total potential energy, and virtual work done by the torque
actuated to the joint. This method will not introduce extra errors into the system and will be used
to obtain the state-space model for a flexible manipulator suggested in this chapter [16].

State-space Equations of Flexible Manipulators

In Section 3.5.2, dynamic equations of a one-link flexible manipulator in matrix form were
obtained as

Mx + Kx = bt (6.4)
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where

X = [07611#27%, ---7qN]’(rN+171)a b= [1,%(0)7%(0% '-'7¢§V(0)]{N+171)

O (1) 0(2) Q,(N)
yo | 20) Q1) Q(1,2) - Q3(1,N)
_Qz(N) Q3(N,1) Q3(N,2) . Q3(N,N) (6.5)
[0 0 0 . 0
K — (.) k(l.,l) k(l.,2) : k(l.,N)
0 K(N.1) k(N,2) - K(N,N)

As has been shown, Q3(i.j) = Q3(j,i), k(i,j) = k(j,i), and thus the matrices M, K are symmetric
and are called the mass and rigidity matrices respectively.

Next, the actuator dynamics need to be incorporated into the link system. It is assumed that
the arm is driven by a permanent magnet DC motor. Therefore, the actuator dynamics can be
described as

T — (Bm + KbK’") L (6.6)
R R

where J,, is the actuator inertia, B,, the friction coefficient, K, the torque constant, K the

back e.m.f. constant, R the armature resistance, and 6, v. the hub rotation and armature

voltage respectively. In general, all motor circuit parameters can be considered as design

variables. The overall state variable is defined as

X
q= [ x} (6.7)
Combining Eq. (6.4) with Eq. (6.5), we present the overall system state-space equations as
q=Aq+Bu, u=v (6.8)
where
0 I — 0
A=k ) 8= [
— — KpK,
M= (M+J,be))", B= <Bm+ me>bg1, (6.9)
— K
D=b—2, ¢ =[1 0 0]y
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A is the function of beam construction. Thus, any changes in the beam’s mechanical shape
will result in a different A, which provides the basis for simultaneous optimal construction
and control based on the mechatronic formulation discussed earlier.

Output Specifications

As can be seen from the system state-space equations, the state vector consists of 6, the
generalized modal coordinates ¢; and their first-order derivatives. So all controllers based
on the state feedback are indirect, which means that the states need to be predicted. This
will mean a trade-off with computation time and introduces a further inaccuracy into
closed-loop, cutoff bandwidth. This presents hindrances to real-time processing and high
motion speed. Output feedback takes precedence over state-space feedback as far as the
mechatronic approach and the objectives of this chapter are concerned.

Tip deflection output is
yzw(L,t)=Zw,-(L)qi=[o Yi(L) ¥o(L) ... yy(L) 0lg (6.10)

where 1; is the ith eigenfunction and 0, x(n+1) 18 the zero vector. A CCD camera clipped on
the hub can be used to measure the output.

The tip position output is

y=v(L1) L0+Z% (L @) ¥@) .. yy(@) 0lg 61D
and the hub tangent angle output is
y = —0+Zw (L ¥(0) ¥4(0) ... ¥4(0) Dlg  (6.12)
A potentiometer may be used to measure ©.

In this mechatronic design, output feedback may be one of the above outputs or a mixture,
such as

o [w(L)
y==Cq= [v’(L,t)]q
_ (6.13)
:[0 Yi(L) $o(L) ... yn(L) O
1 ¥1(0) ¥5(0) Yy(0) 0

The corresponding state-variable equations are
q=Aq+bu, y==Cq (6.14)
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These output feedbacks will be used in control design in the later sections to show the
improvement in the suggested mechatronic approach and to make a comparison between
them.

As stated, mechatronic design is a global optimization of the overall system. For a flexible
manipulator, the overall system consists of the integration of link dynamics, DC motor
equation, measuring sensors, and the selected controller. The optimization process will result
in an optimal link geometric distribution, an optimal controller structure subject to the
performance requirement. To demonstrate this approach and also due to the computational
complexity, the following restrictions are applied here. A rectangular beam is considered and
divided into N equal segments along with the beam spatial coordinate. Each segment is
uniform. In each segment, the width is the only variable to be optimized for the link geometry.

It was pointed out that output feedback instead of state-space feedback is a feasible choice. It
is also possible that the optimum system performance index may not matter in the selection of
the controller to a large degree, since the resulting index is the result of the overall system
optimization. Due to this factor, the linear quadratic regulator (LQR) is admissible as the
selected controller.

Mechatronic design based on the LQR formula is discussed here. The LQR feedback is
outlined in Ref. [17] as an inner loop followed by an adaptive iterative algorithm (IHR) as an
outer loop searching for the beam width distribution. The mechatronic design procedure is
addressed by detailing the integration of the inner loop with the outer loop.

6.3.2 LOR Formula: Inner Loop Optimizations

For the flexible manipulator system given by Eq. (6.14), the LQR controller will be a linear
output feedback of the form:

u==Ny (6.15)

where R is a matrix of constant feedback coefficients to be determined. If the quadratic
performance index (PI) is

[¢9)

) =1 / (¢" (0)04q(r) + u” (1)Ru(1))dr (6.16)

to

where the Q, R are symmetric positive semi-definite weighting matrices, and after substituting
the feedback controller Eq. (6.15) into Eq. (6.16), also assuming that the system is
asymptotically stable so the g(¢) vanishes with time:

lim ¢” (t)Pq(t) = 0 (6.17)

t— ©
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where P can be solved by the Lyapunov equation:
ATP 4+ PA. + CTRTRRC+ 0 =0, (A—BRC) = A, (6.18)
Then:

J= %qT(O)Pq(O) = %tr(PX) (6.19)

where the n X n symmetric matrix X is defined by q(O)qT(O).
Following the substitution process in Ref. [17], two additional equations are described as
AS+SAT +X =0

(6.20)
® =R'BTPSCT(cscT)™!

where X = q(O)qT(O) and S is a symmetric matrix of Lagrange multipliers.

It is now clear that the problem of selecting & to minimize J subject to the dynamic constraint
of Eq. (6.14) on the states is equivalent to the algebraic problem of selecting R to minimize
Eq. (6.20) subject to the constraint of Eq. (6.18) on the auxiliary matrix P. To solve this
modified problem, we use the Lagrange multiplier method.

The equations for P, S, and & are coupled among these nonlinear matrix equations. Therefore,
some trial-and-error iterative design methods have to be used to find R. The process to find
the feedback matrix ¥ is described as follows for a given set of A, B, C.

LOR: Inner Loop Optimization

1. Initialize:
i =0, select an initial $( so that A, is asymptotically stable; set system initial state
values X = q(O)qT(O) and the Stop criterion .
2. ith iteration:
Set A; = A — BR;C.
Use lyap.m in the Control Toolbox of Matlab to solve the equations
ATP 4+ PA; + C1 =0, where C1 = CTRRR;C + Q and A;S + SAT = 0 for P; and S..
Set J = Vatr(P;X).
3. Updating:
Gain updating direction: AR = R*IBTPZ-S,'CT(CS,CT)_1 —R;.
Update gain: R,y = R; + aAR
where « is chosen so that A — BR;1;C is asymptotically stable.
Check the eigenvalues of the new A; if unstable go to Step 5.
4. Criteria:

1
Jiv1 = EIF(P,'JF]X) <J;
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If (Ji+1 — Ji) < g, the given criterion, go to 5. Otherwise set i = i + 1 and go to Step 2.
5. Stop:

Set ® = R4 1, J=Jiy1.

If index =0, go to Step 2.

This process will converge to J, the minimum performance index for the set of A, B, C, by
searching proper feedback matrix . In the next section, the outer loop searching the optimal
beam shape will be discussed.

6.3.3 IHR Algorithm: Outer Loop Optimization

It was established that the components in the matrices of the state equations are related to a given
link shape, meaning that matrices A, B, C are functions of the beam geometric distribution. Here,
a procedure to find the link geometrics based on the adaptive Iterative Hit and Run (IHR)
algorithm [9] is outlined. Some restrictions should be made clear from the perspective of the
mechatronic design. Firstly, the beam weight remains constant, which, in terms of beam volume,
means that the whole volume is constant. The only variable for the beam geometric is the width of
the cross-section for each segment. However, the sum of these width variables must remain
constant in order to keep the total volume constant based on an N segment solution. Another
consideration, realistically, is that minimum stress on the beam is required, which, in terms of
beam width, is its minimum width. These restrictions are applied to modify the IHR algorithm.
The iterative procedure of the modified IHR can be specified as follows.

IHR: Outer Loop Optimization

1. Set uniform area A, minimum and maximum area constraints, A i, and Ap,x, according to
the beam strength requirement. Set j = 1. Set beam material parameters.

2. Calculate the uniform beam PI as the starting value.

Initialize loop vectors, loop factors, direction vector D, and stop criteria.

4. Select changing positions: randomly select N/2 of the N segments and mark them with 1s in
vector D; of length N. Mark the remaining N/2 segments with —1s. If N is odd, one
randomly selected area will remain constant and will be marked by a 0.

5. Set direction vector: get N/2 samples from an N(0,1) normal distribution and place them in
each position of D; where there is a 1. Place the negatives of this same sample in each
position of D; where there is a —1. This arrangement will ensure a constant volume during
optimization. Here, D; is called the direction vector.

6. Implement direction: generate a step size, S, uniformly from L; the set of feasible step sizes
in the direction Dj, where L; = {Se€ R : Apin < Aj + SD; < Apax}. If Lj=0, go to Step 4.

7. Set § =S« MUL, while 0 < MUL < 1.

8. Update the area vector Aj:

et

Ajp1 = Aj + SD;
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6.3.4 Integrated Optimization Process

Mechatronic design is about choosing the best plant and finding the associated controller for
the performance requirement. It is an overall optimization process. This can be done by the
integration of the inner loop optimization with the outer loop optimization as follows.

Integrated Optimization

1. Set design vector & = [Iy,M),ac,Jp,,L,B,E] and number of segments N. Set step multiplier

MUL to 1 and FACTOR to an appropriate constant.

2. Set weighting matrices Q and R.

Load precalculated coefficients for modal shapes.

4. Calculate Ay (uniform shape radius or width), set initial index = 0 and call LQR to get the
corresponding Jg.

5. Update the area vector A;.

a. Call IHR to find A;.

b. Based on mode shape coefficients and current link geometry, calculate mass matrix M,
potential matrix K, vectors B, C, and state equations after integration with motor
dynamics.

c. Call LQR to find J. If J is improving, set J;1 = J(Ayy1). If J is improved, store it in an
array and save this A;. Update all loop variables and factors.

6. If all the differences between two J values in the array are smaller than the stopping

criteria, stop. Otherwise, go to Step 5.

7. Stop. Output optimal feedback matrix J*, optimal performance index J*, and optimal

flexible link structure A*.

(98]

6.3.5 Results and Discussion

In order to verify the mechatronic method presented in this chapter, a rectangular aluminum
flexible link is used for simulation. The mechatronic algorithm is intended to find the beam’s
geometric shape, or the width distribution, so that the PI reaches a minimum.

To meet the minimum stress requirement pointed out earlier, the maximum width Hy,,x and
the minimum width H,,;, are set at twice, and a quarter of, the uniform width separately. For
the IHR algorithm, all other criteria were set to 0.000001.

To fully test this mechatronic design algorithm, the different output feedback combined with
various state weighting matrix Q and the number of segments N, but with R = I (identity),

were used. Three sets of feedback were considered. They were the hub tangent angle {®(0,7)}
feedback (Eq. (6.12)), the hub tangent angle with tip deflection {®(0,),w(L.,r)} (Eqs (6.10)
and (6.12)), and the hub tangent angle with tip position {@(0,¢),v(L,7)} (Eqs (6.8) and (6.10)).
These sets of feedback have very clear physical meanings and are detectable. The initial state
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set is ¢1(0) = [V/10,0, ..., O]T. The scenario ({feedback list},number of segments,Q) was
used, meaning that the feedback strategy is as {feedback list}, that the beam is divided into
a number of segments, and that the value Q in LQR is Q. These notations are applied in the
following figures and tables.

Note that it was necessary to show the PIs with a different number of segments. To do that,
a performance index was set with g = ¢1(0), Q@ = 100 X I, and with various n =4, 6, 12, and
one of these three sets of feedback. For uniform and associated optimal shapes, performance
indices were obtained with different feedback and a different number of segments, as in
Table 6.1. Column 1 is the type of feedback, while columns 2, 3, and 4 are for the different
numbers of segments respectively. The performance indices of the optimal shape are
improved over that of the associated uniform shape. For example, when n =4 and
{®(0,1),w)} feedback is applied, the PI for uniform shape is 3789.143, while the result for
the mechatronic design is smaller, 3591.341. However, the performance indices show only
a slight dependence on the number of segments. The associated feedback constants are
listed in Table 6.2.

The related optimal shapes are illustrated as follows. In all figures, the solid outline is the
optimal shape and the dotted one is for the uniform shape. The horizontal axis is the link
spatial coordinate, the vertical axis is the beam width.

Table 6.1: Performance index with Q = 100 X /

Feedback List n=4 n==6 n=12
{®(0,t)} feedback—uniform shape 4665.504 4665.504 4665.504
{©®(0,t)} feedback—optimal shape 4647.230 4646.571 4643.038
{©(0,t),w} feedback—uniform shape 3789.143 3789.143 3789.143
{®(0,t),w} feedback—optimal shape 3591.341 3585.945 3580.064
{®(0,t),v} feedback—uniform shape 4342.569 4342.569 4342.569
{©(0,t),v} feedback—optimal shape 4180.548 4178.569 4176.437

Table 6.2: Optimal feedback constants with Q = 100 X /

Feedback List n=4 n==6 n=12
{©(0,t)} feedback—uniform 3.674 3.674 3.674
{®(0,t)} feedback—optimal 3.686 3.677 3.675

{®(0,t),w} feedback—uniform  (2.7599—422.398) (2.7599—422.398) (2.7599—422.398)
{©®(0,t),w} feedback—optimal (2.498—337.071) (2.539—380.396) (2.423—378.554)

{®(0,t),v} feedback—uniform (2502.705—2499.521) (2502.705—2499.521) (2502.705 —2499.521)
{®(0,t),v} feedback—optimal (1768.423—1765.672) (1732.346—1747.358) (1746.276—1764.428)
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Figures 6.3—6.5 show O(0,¢) feedback (hub tangent angle) with Q =100 x land n =4, 6, 12
respectively. All three optimal shapes have one common feature, with a large size at the hub
end and a small size at the tip end.

Figures 6.6—6.8 illustrate (®(0,H)w(L,t)) feedback (hub tangent angle, tip deflection) with
0 =100 x I and n =4, 6, 12 respectively. In the same way, the best performance indices are

0o o016 02 03 04 05 06 07 08 09 1

Figure 6.3: Optimal Shape for ({®(0,t)},4,100).
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Figure 6.4: Optimal Shape for ({®(0,t)},6,100).
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Figure 6.5: Optimal Shape for ({®(0,t)},12,100).
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Figure 6.6: Optimal Shape for ({®(0,t),w},4,100).

almost the same for a different number of segments. A common feature of these three optimal
shapes is a large beam size in the middle and a relatively small size at both ends.

Figures 6.9—6.11 show (O®(0,1)v(L,t)) feedback (hub tangent angle, tip position) with
Q=100 x I and n=4, 6, 12 respectively. As before, the best performance indices are
almost the same for different numbers of segments. A common feature of these three
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Figure 6.7: Optimal Shape for ({®(0,t),w},6,100).

Figure 6.8: Optimal Shape for ({®(0,t),w},12,100).

optimal shapes is a relatively small beam dimension in the middle and a large dimension at
the ends.

As shown in these figures, the geometric shapes of these optimal shapes are influenced

significantly by the type of feedback, and not very much by the number of segments. Next,
this mechatronic approach was applied to different weighting matrix Q with these types of
feedback. The number of segments was fixed as 4 since the number of segments play a less
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Figure 6.9: Optimal Shape for ({®(0,t),v},4,100).
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Figure 6.10: Optimal Shape for ({®(0,t),v},6,100).

important role here. Q was taken as 50 x [ and 10 x I. The performance indices are listed in
Table 6.3, where the columns denote different types of feedback, and the rows different values
of Q. The associated feedback constants are listed in Table 6.4.

Figures 6.12 and 6.13 show ®(0,f) feedback (hub tangent angle) with different
weighting matrix Q. As before, the optimal shapes have relatively large dimensions on
the hub side.
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0 0.1

Figure 6.11: Optimal Shape for ({®(0,t),v},12,100).

Table 6.3: Performance index with different Q = 100 X /, 50 X I, 10 X /

Beam Shape {©®(0,t)} {®(0,t),w} {©(0,t),v}
O =100 X /—uniform shape 4665.504 3781.547 4342.763
O =100 x [—optimal shape 4647.230 3591.538 4180.546
O =50 x I—uniform shape 2611.373 2174.499 2421.595
O =50 x [—optimal shape 2540.470 2098.374 2388.850
O =10 x I—uniform shape 679.856 630.266 670.482
O =10 x I—optimal shape 663.834 621.442 638.356

Table 6.4: Optimal feedback constants with different Q = 100 X 1, 50 X I, 10 X |

Beam Shape

{©(0,1)}

{©(0,),w}

{©(0,¢),v}

O =100 x I—uniform shape
Q=100 x [—optimal shape
O =50 x /—uniform shape
Q =50 x [—optimal shape
O =10 x I—uniform shape
Q =10 x I—optimal shape

3.674
3.686
(2.7599—422.398)
(2.759—422.398)
1.659
1.653

(2.7599—422.398)
(2.498—337.071)
2.279—395.458)
2.096—335.370)
1.604—167.576)
1.386—166.142)

Py

(2502.705—2499.521)
(1768.423—1765.672)
(2.7599—422.398)
(2.423—378.554)
(1138.098—1194.508)
(1045.568—1065.754)
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Figure 6.12: Optimal Shape for ({®(0,t)},4,50).
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Figure 6.13: Optimal Shape for ({®(0,t)},4,10).

Figures 6.14 and 6.15 illustrate (®(0,)w(L,t)) feedback (hub tangent angle, tip deflection)

with a different weighting matrix Q. The optimal shapes have a relatively large dimension in
the middle.

Figures 6.16 and 6.17 show (®(0,/)v(L,1)) feedback (hub tangent angle, tip position) with
different weighting matrix Q. The optimal shapes have relatively small dimensions in the middle.
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Figure 6.14: Optimal Shape for ({®(0,t),w},4,50).
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Figure 6.15: Optimal Shape for ({®(0,t),w},4,10).

Figures 6.18 and 6.19 illustrate hub tangent angle responses to initial state ¢(0) for ®(0,f) (hub
tangent angle) and (®(0,H)w(L,7)) (hub tangent angle, tip deflection) feedback respectively.

Figures 6.20 and 6.21 show the hub tangent angle responses to step input for ®(0,7)
(hub tangent angle) and (®(0,H)w(L,t)) (hub tangent angle, tip deflection) feedback

respectively.
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Figure 6.16: Optimal Shape for ({®(0,t),v},4,50).
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Figure 6.17: Optimal Shape for ({®(0,t),v},4,10).

Figures 6.22 and 6.23 illustrate the tip deflection responses to initial ¢(0) for @(0,r)
(hub tangent angle) and (®(0,)w(L,t)) (hub tangent angle, tip deflection) feedback
respectively.

Figures 6.24 and 6.25 show the tip deflection step input responses for ®@(0,t) (hub tangent
angle) and (®(0,H)w(L,r)) (hub tangent angle, tip deflection) feedback respectively.
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Figure 6.18:

Hub Tangent Angle Initial Response for ({®(0,t)},4,100).
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Figure 6.19: Hub Tangent Angle Initial Response for ({®(0,t),w(L,t)},4,100).

These results show that the performance index shows only a slight dependence on the number
of segments, because according to this mechatronic algorithm, the final shape converges
to its optimal shape. A system with two output feedbacks has a relatively lower performance
index than one with only one output feedback, since the former has a higher degree of

freedom to work with. The optimal shape for ®(0,7) feedback is always larger on the hub side
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Figure 6.20: Hub Tangent Angle Step Input Response for ({®(0,t)},4,100).
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Figure 6.21: Hub Tangent Angle Step Input Response for ({®(0,t),w(L,t)},4,100).

and smaller at the tip end. The optimal shape for (®(0,r)w(L,t)) has smaller dimensions at the

ends, while the optimal shape for {@(0,£)v(L,f)} is smaller in the middle. For optimal shapes,
the initial responses have less vibration and fast convergence. The step input response of the

hub tangent angle for the optimal shape has a smaller rising time and the tip deflection

converges much faster than those of uniform shapes.
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Figure 6.22: Tip Deflection Initial Response for ({®(0,t)},4,100).
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Figure 6.24: Tip Deflection Step Input Response for ({®(0,t)},4,100).
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Figure 6.25: Tip Deflection Step Input Response for ({®(0,t),w(L,t)},4,100).
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6.4 Mechatronic Design of Flexible Manipulators-Based on H
with IHR Algorithm

6.4.1 State-Space Formulas for H.,, Control Problems

A basic block diagram used in the state-space H. controller [18,19] is where G(s) is

a generalized plant that includes what is usually called plant and all weighting functions, and
K is the controller. They are all real, rational, and proper. All external inputs such as
disturbances, measurement noise, model uncertainties, and unmodeled high-order vibrational
dynamics are characterized as d. Signal z is the error output, u is the control input, and y is the
measured variable (see Figure 6.26).

u y

Figure 6.26: H., Control Problem Configuration.

If the state-space equations in Ref. [20] are referred to, the linear system

x(t) =Ax(t) + By d(t) + B u(r) (6.21a)
z(t) = Cy x(t) + D11 d(t) + Dy u(t) (6.21b)
y(t) = Cox(t) + D21 d(t) + Do u(t) (6.21¢)

is obtained. Then the transfer function G(s) is denoted as

[Gus) Guals)
Gls) = {Gils) GZ(sJ

A Bl BQ |:

- [Cl](sI—A)_l[Bl By + [D” Dlz} = |C D Dp

A B
G D>y Dy C, Dy Do

C D

The transfer function from d to z is

T4 (G, k) = G| + GK(I — Gy) ' Gy
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Then the H control problem is to design the controller K(s) so that:

1. The system is internally stable, meaning the states of G(s) and K(s) tend to zero from
all initial values when d = 0.
2. min ||Ty]| o = min sup,A(T,(jw)), where A() denotes the maximum singular value.

If A, R, Q are n X n matrices and with symmetric R, Q, the Hamiltonian matrix is defined as

Then there exists a symmetric x:= Ric(H), which satisfies the Riccati equation:
Ax +xA" +xRx + Q0 =0

Two Hamiltonian matrices are involved in the H control problem:

Ho = A r2BiB| — BB,
| —CiC —A/

Jo — [ A 200 - GO
| BB, —A

For ||T4||» < r, a performance index for noise attenuation from input d to output z, an
admissible H,, controller [18] exists if:

l. Xo =Ric(Hw) > 0.
2. Yo =Ric(Jo) > 0.
3. pXw¥w) < r?, where p( ) is the maximum singular value.

One such controller is

ko= |5z 5]

where

Aw =A+712B B\ Xe +BrFa +Zos Lo Cs
Fo = —B)Xo
Lo = Yo C)
Zo = (I —r2YeXs)™!
As seen from the above formulas, K(s) is coupled with r. In this case, an attempt is made to

find a minimum r to which the above three conditions still hold and K(s) exits, so that the
attenuation from error input d to error output z reaches the maximum degree.
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6.4.2 Generalized Plant of a Flexible Beam System

In Eq. 53 .86), the omitted high-order terms in the kinetics of the tip load are considered to be
Vs M0~ w(L, 0 + M, (6 +w(L,t))w(L, )0b., then Eq. (3.87) becomes

Tonew = T + = M 0 Z Zq,qm

i=1 j=

N
+ Mybed qu (L) + Mpbed™ >

i=1 i=1 j=

(6.21)
N

qujkl/l
1

In the same way, if the term %2 fOL (w[?)zpdx in Eq. (3.88) is considered, then the link kinetics is

L
1.NN
mwzn+;632hm/wwm (6.22)
i=1 j=1
After going through all the derivative processes,
MX + Kx = byew (6.23)
is obtained, where
bpew = b1+ bo (6.24)
[ N W o N N N
— " Y (bqiq))Quli.j) — 2(041)95( ) =2 > (4ig;)Q6(i))

—

i=1j 1

1j

i=1 i

2 o N )
0 Qs(1) + 0" > qiQu(1,i) + Qe(1,1)
i=1
N

) . -2 .. ..
0 QS(])+0 ZQiQ4(Ial)+QG(/7l)
i=1

by =

07 Qs (N) + i Izvj qiQ4(N,i) + Qe(N, i) (6.25)
i=1
Qu(i.J) = MV (LI /mwm

QS(i) = Mpbcl//l( )
Q6(iaj) = Mpbcwi(l‘)"pj(l‘)
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Then Eq. (6.14) becomes
Gg=Aq+ Bu+vy (6.26)

where

vy = [M_Ol bo} 6.27)

In this model, vy is a time-varying term, acting like a system disturbance but originating from
model uncertainties. To describe these uncertainties, a frequency weighting function in the
form of

vo(s) = wi(s)v(s) (6.28)
is introduced, where
wi(s) = Cyi(sI — Ay,) " 'By, + Dy, (6.29)
wi(s) will be specified later.

If the fact that measured output y is affected by measurement noise and higher frequency
model uncertainties are considered, then the system state-space model in Eq. (6.8) becomes

q = Agq + Bu + Dgvo (6.30)
y=Cq+wo (6.31)
whereg=1[60 q ¢ ... ¢ ¢ .| ,.,and Dy is an identity matrix with the same

dimension of g.
Following the same pattern, to describe wy

wo(s) = Wa(s)w(s) (6.32)
is introduced, where wy(s) = C,»(sI — sz)_lez + D,». These coefficients will be specified

in the next section.

Naturally, beam system stability is the main concern and therefore the regulated variables are
chosen as
7g =q=Hyx (6.33)

where H, is an identity matrix. The error vector is

_lal |9z
AN

where ® = diag(®; ©, ... 0,) is the weighting matrix on variable z,, and r is the
scalar factor. All states and the control variables are in the “error vector”, and the states are
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expected to be eliminated to stabilize the closed loop under the regulation of K, while the
control variable will also become zero, thus saving energy consumption.

Let the state variable vector be

q
x= x|, d:[;] (6.35)
Xw2

where x,,, and x,, are the states of the frequency weighting functions wj(s) and w(s)
respectively.

After some manipulations, Fujita et al [17] is referred the state-space representations in Eqs
(6.21a)—(6.21c) are

A DgCy 0 D¢Dy, 0 B
A=10 Ay 0|, Bi=| Bu 0|, Bo=10
0 0 Ap 0 By 0
o _[®H 0 0] o _Too] , _fo (6.36)

C,=[C 0 Cy), Dy =[0 Dy], Dy=1I0]

After substituting u(s) = —F(s)y(s), the transfer functions

T.» = OH,¢(I + BFCH) ' D W, (6.37)
T.,» = —rFC(I + BFCH) ' D, W, (6.38)
Tow = —OH ¢BF (I + G,F) ' W (6.39)
Tow = —rF(I 4+ GoF) " 'W, (6.40)
are obtained, where
= (sI—A)"", Gg=C(sI —A,) 'B (6.41)

From the above equations, the H. control problem now is to design F(s) to internally
stabilize the system but satisfy

Tzlv Tzlw

<r 6.42
Tp, T2 - (6.42)

[o2]
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One such controller is

Aoo _ZOOLOO
k(s) == [Fw 0 ] (6.43)
where
Aw =A+7r?BB\Xw + ByF o + Zx LGy
(6.44)
Loo - _Yoo C/2

Zoo = (T —r 2YoXo) !

and X, Y« are the solutions of two Hamiltonian matrices involved in the H, control
problem:

A r2B|B| — BB
Hoo—[ ICICI,II_A,“] (6.45)

A r2ec) - 6
Jw—[ BB, A (6.46)

The purpose of the H, controller here is to find the minimum r, thus attenuating z to the
maximum degree while still holding the necessary and sufficient stable conditions discussed
in section 6.4.1. The implementation algorithm is presented in the next section.

6.4.3 H. Controller Design

To design the H controller discussed in the previous section, the weighting functions and
factors need to be specified. Because vy is in a relatively low frequency range for
low-frequency model uncertainties, wi(s) with a “cutting frequency” around 250 Hz is
chosen. So wi(s) is given as

9.79 x 10°
W) = A0 72m) (0 + 5/ (2.07)) ©47)
wo(s) assures robustness for high-frequency noise:
-7
wa(s) = 521 x 107/(1 4+ /(0.027))(1 4+ s/(0.17) ) (1 4 5/(200.07)) (6.48)

(I +s/(6.0m))(1 +5/(20.07))(1 + 5/(160.07))

The parameters ® and r are adjusted by the cost:

e}

J(u, (v,w)) = / 24 Qzg + ' Ru— (Vv + wlw)]ds (6.49)

—®
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where O = ®’® and R=r*. H,, can be interpreted to reduce this cost. Based on the
observations in Fujita et al. [17] and our simulations, the weighting matrix ® for our beam
system with 10 states is

® = diag(60.0 80.36 1591 10.7 5.1 151 2.1 62 52 5.1) (6.50)
and the scalar factor r=>5 x 10>, The output feedback used here is as in Eq. (6.12).

In order to search the minimum value r, and since it is not known in which region such an
index r constitutes a controller, an adequate number of random r values (usually » < 1)
are tested. All the r values for which such a controller exists are saved, and the
minimum r represents the cost function for its beam shape. The loop in the H
controller is

1. For a given beam construction distribution, calculate beam system dynamics Ag, B, C.
2. Calculate generalized plant matrices:
a. Get the state-space matrices for frequency weighting functions.
b. A,,,Bw,,Cy,,Dy, ;Aw,,By,, Cy,, Dy,.
c. Get weighting factor ® and scalar factor r.
d. Generate A,B1,B,C1,Cy,D11,D12,D21,D»).
3. Search for minimum index r loop for a beam shape distribution:
a. Randomly pick an r value.
Check X, Yo, p conditions.
Decide to save this r in a vector or discard it.
Choose the next r, which is smaller than the last valid r, then go to Step b.
After a certain number of iterations, single out the minimum r from the vector
to represent this shape. Save this r and its shape.
4. Check stop criteria. If the differences between the three smallest r values in this r vector
meet the criteria, stop here. Otherwise, go back to Step 3 for another routine.
5. Calculate Fo, Lo, Zo, Aw to get the controller K(s) based on the minimum r and
Ag, B, C.

o oo

6.4.4 Simulation Results

There are two blocks in the searching loop, the H controller block and the IHR algorithm
block. The former is used to find the best controller that has a minimum index r based on the
input of beam geometric shape as specified in the previous chapter. The latter is used to
generate a feasible beam shape distribution. This loop stops until the index vector meets the
criteria described in the previous chapter.

For a given beam shape, one such admissible H controller associated with an index r is
shown in Eq. (6.33), which conforms to all the required conditions. The beam consists of four
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"0 01 02 03 04 05 06 07 08 09 1

Figure 6.27: Optimal Shapes for H.. Controller.

segments, and the number of degrees of its mechanical dynamics is set to 10 (the first four
modal shapes are used here).

For a ® feedback controller as in Eq. (6.6), Figure 6.27 is one of the best shapes, having
a minimum index of r = 0.832.

The admissible H controller associated with the shape and this r is

_F(s) = 2,158 x 1035+ 50.2655)(s + 31.4159)(s + 6.1133 + 18.87061)
Voo (s + 50.2577)(s + 31.4219) (s + 5.7432 + 18.5868i)

(s + 6.1133 — 18.8706i) (s + 18.8496)(s + 17.4371)(s + 13.1358 + 11.0675i)
(s +5.7432 — 18.5868i) (s + 13.2079 + 11.0351i)(s + 13.2079 — 11.03514)(s + 17.1713)

(s + 13.1358 — 11.0675i) (s + 0.2660 + 9.2176i) (s + 0.2660 — 9.2176i)
(s + 0.4437 + 9.9505i) (s + 0.4437 — 9.9505i) (s + 3.9752)(s + 0.0376 + 5.0332i)

(s + 0.4664 + 3.9814i) (s + 0.4664 — 3.98147)(s + 0.1299)(s + 3.9720)
(s +0.0376 — 5.0332i) (s + 0.0658 + 2.4910i) (s + 0.0658 — 2.4910i)(s + 018.8489)

This controller has 15 degrees of freedom, 10 of them having been contributed by the beam
dynamics, two from the frequency weighting function w;(s), and the rest originating from
frequency weighting function w(s).

This controller is tested with the same initial state as in Section 6.3, ¢;(0) = [V/10,0, ..., O]T.
As before, the dashed curve is for the uniform beam and the solid one is the response of the
optimal beam shape. For ® feedback, the initial response of the hub tangent angle is shown
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Hub Angle (radian)

Time (s)

Figure 6.28: Hub Tangent Angle Initial Response for ®(H ) Feedback.

0.5

Tip Deflection (cm)

Time (s)

Figure 6.29: Tip Deflection Initial Response for ®(H..) Feedback.

in Figure 6.28. It has a small overshoot, but nevertheless steadily converges to the
equilibrium point with several pulses. The optimal shape has faster convergence than the
uniform shape. Figure 6.29 shows the associated initial responses of the tip deflection. It has
a significant first deflective pulse and is larger than that of the uniform beam, but this
decreases quickly, almost at the same speed as that of the hub tangent angle.

Figure 6.30 shows the step response of the hub tangent angle for the uniform and associated
optimal beams respectively. They both have an overshoot after crossing the given input



Mechatronic Design of Flexible Manipulators 219

14

Hub Angle (radian)

Time (s)

Figure 6.30: Step Response of Hub Angle for ®(H..) Feedback.

Tip Deflection (cm)

Time (s)

Figure 6.31: Step Response of Tip Deflection for ®(H..) Feedback.

reference, but this fades away gradually. Figure 6.31 illustrates the step response of tip
deflection. Both responses progress through several cyclic oscillations and each transition
lasts slightly longer than that of the hub tangent angle. The deflection of the optimal beam is
smaller and converges faster. The step-type disturbance is added as disturbance v for the
stable test. As derived earlier, v is assumed to describe the system uncertainties. The results
are shown in Figures 6.32 and 6.33. A notable deflective pulse is seen, but this quickly
recovers to the equilibrium point.
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Figure 6.32: Step-Type Disturbance Response of Hub Angle for ®(H..) Feedback.
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Figure 6.33: Step-Type Disturbance Response of Tip Deflection for @(H..) Feedback.

For tip deflection w feedback, Mx + Kx = br, the optimal shape is shown in Figure 6.34 with
r=0.952. The initial responses of the hub tangent angle are illustrated in Figure 6.35. The
response of the optimal beam has a smaller vibration then the uniform beam, but both have
higher frequency vibration than the responses of ® feedback. Figure 6.36 shows the
associated initial responses of the tip deflection. The optimal shape has a bigger first pulse,
but decays faster for the whole transient.
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Figure 6.34: Optimal Shapes for w(H .. ) Feedback.
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Figure 6.35: Hub Tangent Angle Initial Response for w(H..) Feedback.

Figure 6.37 shows the w feedback step response of the hub tangent angle for the uniform and
associated optimal beams respectively. Figure 6.38 illustrates the step response of tip
deflection.

For the tip position v feedback as in Eq. (6.5):

T
X = [07%,512;6]37 "'7Qn](N+171)
b= [1,/(0)1,¥5(0), ., ¥x(0)] {111y
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Figure 6.36: Tip Deflection Initial Response for w(H..) Feedback.
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Figure 6.37: Step Response of Hub Angle for w(H..) Feedback.

The optimal shape is shown in Figure 6.39 with r = 0.8162. The initial response of the hub
tangent angle is illustrated in Figure 6.40. Figure 6.41 presents the associated initial responses
of the tip deflection. Figure 6.42 shows tip position feedback step responses of the hub tangent
angle for uniform and associated optimal beams respectively. Figure 6.43 shows the step
responses of tip deflection.
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Tip Deflection (cm)

Time (s)

Figure 6.38: Step Response of Tip Deflection for w(H..) Feedback.

o | (8.2353 11.7647 10.5882 9.4118)

01 02 03 04 05 06 07 08 09

Figure 6.39: Optimal Shapes for v(H. ) Feedback.

The optimal shape has faster responses and less vibration cycles than a uniform beam under the
® feedback. In this chapter, both the generalized state-space model and model uncertainties are
developed for the Ho controller to completely avoid the complexity of frequency-domain
implementation. The design goal is to internally stabilize the closed loop, while minimizing the
maximum singular value of the transfer function from characterized error inputs to error
outputs, so that the effects of disturbances and system uncertainties are removed. All the results
show that the H controller here is stable against system uncertainty and works robustly.
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Figure 6.40: Hub Tangent Angle Initial Response for v(H . ) Feedback.
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Figure 6.41: Tip Deflection Initial Response for v(H..) Feedback.
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Figure 6.42: Step Response of Hub Angle for v(H..) Feedback.
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Figure 6.43: Step Response of Tip Deflection for v(H.) Feedback.

6.4.5 System Robustness Analysis
Sensitivity Analysis

In Chapter 3, less significant terms of the dynamic model were truncated to give the
Euler—Bernoulli dynamic model with rotary inertia, but this generated a modeling error. It is
critical to design a controller that has the ability to provide stability in spite of modeling
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Figure 6.44: Standard LQR Feedback Configuration.

errors. Many papers have been published that address these problems. This section focuses on
beam parameter variations due to beam manufacture accuracy and DC motor dynamics
variations. After the DC motor equation and the beam dynamics are integrated into the system
state equation, these two kinds of variations are treated as system disturbance d(¢). This is
illustrated as the system configuration in Figure 6.44. The plant is G(s) and the feedback
compensator is K(s), which can be designed by various techniques. The system output is (%),
the system control input is u(f). The sensitivity of the overall system depends on the technique
employed in the design of the controller. In this case LQR and H. were chosen to
demonstrate the mechatronic methodology, since a system’s robustness depends on the
characteristics of these controllers. For systems with LQR, the classical analysis of robustness
is measured in the frequency domain. The notions of singular value, multivariable loop gain,
and Bode magnitude plot are either evaluated for the sensitivity analysis, or they are used
directly as design tools. These methods are not addressed here. Instead, numerical results with
these two kinds of parameter variations are presented to show the system’s robustness.

Numerical Results of System Robustness

First the beam shape variations were tested. For a beam with one segment, the performance
index differences with the three feedbacks are carried out for £0.1 width variations of the ith
segment. The optimal LQR controller is unchanged at Q = 50. A; is the width of the ith
segment from the hub end. The results are given in Table 6.5. All data in the following tables
show the PI difference due to the variation of the segment width or motor parameter.

Table 6.5: Robustness analysis with (g4(0),4,5)

{6} {0®,0} {®,v}
Optimal shape (11.2031 10.7338 (5.9555 12.4597 (9.8623 6.1054
(A1 Ay A3 Ay) 9.2351 8.8080) 12.027 9.5578) 11.4927 12.5595)
Optimal PI 2540.470 2098.374 2388.850
Ay £ 0.1 +9.7 +3.3 +3.0
A, 0.1 +9.3 +3.4 +8.0
Az £ 0.1 +9.7 +3.4 +7.7

A, £ 0.1 +9.7 +3.5 +6.5
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In order to explore the PI with different variations of each segment separately, a beam with
four-segment feedback {®,w}, Q = 50 is chosen. Table 6.6 summarizes the results.

From a beam with 12 segments, feedback {®,w}, Q =50 is chosen. Table 6.7 illustrates
analyses with only one segment variation at a time.

For motor parameter uncertainties, J,, with —0.1 variation was attempted. The results are
listed in Table 6.8.

The results in the above tables show that small beam geometric variation changes the
associated PI slightly when compared with the original optimal PI. Note, however, that the
larger the variation in the beam dimension, the larger the offset of the PI. Motor parameter J,,
is shown to have a larger impact than PIL

For the H controller, the beam shape (13.8813, 12.6027, 8.4932, 4.5228) instead of the
optimal shape (13.8813, 12.6027, 8.4932, 5.0228) was tested. Compared with the uniform
beam with the first segment near the tip, the value was 9 instead of 10. The tip deflection
response for the initial condition, step input, and step-type disturbance respectively is shown

Table 6.6: Robustness analysis with (g4(0),{®,®},4,50)

A;—0.3 A;—0.2 A;— 0.1 A; + 0.1 A +0.2 A+ 0.3
A ~8.1 2.8 25 -3.3 9.9 16.5
A, 9.7 2.6 3.4 2.5 —6.2 10.9
As -10.0 6.8 3.4 2.5 6.5 -10.6
Aa 10.1 —6.7 3.4 3.5 6.4 10.5

Table 6.7: Robustness analysis with (¢4(0),{®,®},12,50)

A, + 0.1 A, + 0.1 A; + 0.1 Ay + 0.1 As + 0.1 Ag + 0.1
-3.8 2.8 -53 3.7 —1.1 0.5
A; — 0.1 Ag — 0.1 Ay — 0.1 Aqo— 0.1 A — 0.1 Az —0.1
1.1 —0.7 0.8 1.2 -1.7 1.9

Table 6.8: Robustness analysis with motor coefficient J,, variations
(91(0),0 = 100 X 1,50 x 1,10 X I)

{0} {O,0} {©,v}
0=100x/ —23.0453 ~54.3013 —15.1548
0=50x1 ~5.4908 —14.3455 —5.7012
0=10x1 —2.3543 ~9.6067 —5.4134
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Figure 6.45: Initial Input Response (Tip Deflection) for H,.
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Figure 6.46: Step Input Response (Tip Deflection) for H...

in Figures 6.45—6.47. There is not much difference between the optimal shape and the
uniform beam.

As these results show, both LQR and H ., controllers for flexible manipulators have very good
robustness in terms of parameter variation and disturbance. H ., has stronger stability against
system uncertainties.
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Figure 6.47: Step-Type Disturbance Response (Tip Deflection) for H...

6.5 Closed-Loop Design of Flexible Robotic Links

In this section, the problem of the optimal design of a flexible manipulator link
based on its closed-loop transfer function is formulated through the integration of
actuator dynamics, control algorithm, sensor location, and the mechanics of arm
construction.

The objective is to conduct a thorough investigation of the problem of optimal design of
a flexible robotic link from the perspective of mechatronics. In other words, the focus of
this section is on optimal design through the integration of actuator dynamics, control
algorithm, sensor model, and link mechanics of flexible arm systems. Traditionally, these
four areas have been analyzed and/or designed independently for a flexible arm system
but, as we will see later in this section, these aspects are closely related in determining the
dynamic performance of the flexible arm system and their integration in the design phase
might lead to substantial improvement in dynamic response and energy consumption of
the arm system. It is important to point out that our intention is to use flexible arms as
a case study for the general methodology of integrated design based on mechatronic
formulations.

By approximating a flexible link with N small uniform segments, we obtain analytical
segmentized solutions for transfer functions for integrated arm systems. This enables us to
formulate various optimization problems with explicit objective functions. Several
optimization criteria are discussed in this section.



230 Chapter 6

6.5.1 Dynamics of Single-Link Flexible Manipulator Systems

A single flexible robotic link is modeled as a beam fixed on a rigid hub driven by a DC motor.
This section presents equations of link mechanics, actuator dynamics, and a control
algorithm for a flexible link.

Link Mechanics

Let us consider transverse motions of a single-link flexible robotic arm carrying a load at
its tip. The arm is modeled as a beam of length L fixed on a rigid hub with rotary
inertia Iy. Shear deformations and rotary inertia of the beam are neglected. The
Euler—Bernoulli dynamic equation and the boundary conditions of the arm can be written
in the following form:

(DV'Y' +pi =0, Iy —DV'(0,1) =1 (6.51)
V(O, t) =0, V/(()) t) =40 (6.52)
DV'(L,t) + Jy(L,t) + acM,¥(L,1) = 0 (6.53)
(DV"Y(L,t) — acM,¥' (L, t) — M, ¥(L,t) = 0 (6.54)

where v =w(z, ) + x0(¢) is the total deflection of the beam, w the pure flexible beam
deflection, ¢ the rigid hub rotation, 7 the torque applied on the hub, D the bending rigidity
(product of Young’s modulus and the moment of inertia of the cross-section), p the mass
density per unit length (product of the mass density per unit volume and the area of the
cross-section), M), J,, and a. the mass, moment of inertia, and x-coordinate of the center of
mass of the tip load respectively. Primes indicate differentiation with respect to coordinate x.
Here design variables from the link construction are rigidity and mass distributions along the
length of the beam, as well as the hub inertia. Note that usually distributions D and p are
coupled and are not independent of each other.

Actuator Dynamics

Let the arm be driven by a permanent magnet DC motor, then the actuator dynamics can be
described as

. KpKn\ . K
_]mgm —+ <Bm + M) m

O0p=—v.—r1,0 =r0 6.55
R m R C 9 m ( )
where J,, is the actuator inertia, B,, the friction coefficient, K, the torque constant, K the
back e.m.f. constant, R the armature resistance, r the gear ratio, and 6,,, 0, and v are the rotor
rotation, hub rotation and armature voltage respectively. In general, all motor circuit
parameters can be considered as design variables.
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Control Algorithm

The general form of linear control laws based on the feedback of the hub rotation and beam
deformation can be represented as
Ty . . .
ve =u—heg(0) = Y [Hig(v(li,1) + by (v (1 1)) + hig (V' (1, 1)) (6.56)
i=1
where u is input command, /g, hio, hil, and hiz are linear time differential or
integral operators that specify the feedback control law and /; locations on the link
where deformation information (displacements, rotations, and strains) is collected.
Design variables are gain parameters associated with the linear operators. For example, a PD
control law using hub rotation, tip deflection, and strain at the hub end can be specified as

ve =t — Kg, 0 — Kj O — —KV"(0,1) — Ky"9"(0,1) — K2v(L,t) — K3V (L,1)  (6.57)

Here u gives the desired final hub position. More sophisticated control laws may also be
considered in integrated design formulations.

6.5.2 Transfer Functions of the Integrated Systems

Procedures for optimum design of the integrated flexible arm system will be carried out in the
frequency domain. To this end we have to find the closed-loop transfer functions from the
input command to the hub rotation and the beam deflection by combining the link mechanics,
actuator dynamics, and control algorithm. Applying the Laplace transform to

Eqgs (6.51)—(6.56), we obtain the following equations for the frequency domain:

(DV")' 4 ps*V =0 (6.58)

V(0,5) =0, s*IzV'(0,s)—DV"(0,s) =T (6.59)
DV"(L,s) + s*[J,V'(L,s) + a:M,V(L,s)] = 0 (6.60)
(DV")(L,s) — s*Mj[acV'(L,s) +v(L,s)] =0 (6.61)
T(s) = —Hu(s)V'(0,5) + KV, (s) (6.62)

Ve(s) = U(s) — Hep(s)V'(0,5) — § [H. o (s)V (li,s) + H. (s)V' (I, ) + H.5 (5)V" (I;, 5)]
i=1
(6.63)

r2 2R

J, B KK, K,
Har(s) :F—,;1S2+ < " b m> s, -
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i, and H!, are obtained from the corresponding time-
domain operators by replacing differential and integral operations with s and 1/s respectively.
Note that we have eliminated the Laplace transform of hub rotation 6 from these equations
using the relationship

and transfer functions Hg, H'y), H'

O(s) = V'(0,s) (6.64)

Using Eqs (6.62) and (6.63), the second boundary condition in Eq. (6.59) can be reformulated
as

n,
(%I + Hyr + KHeg)V'(0,5) + K Z[H;O(S)V(z,», s) + H ($)V (I, s) + Hy (s)V" (1, 5))]
i=1
—DV"(0,s) = KU(s)

(6.65)

which involves only deflection terms. Now the combination of Eqs (6.58), (6.61), (6.65), and
V(0,s) =0 gives a complete set of equations for solving the Laplace transform of the
deflection function.

The three transfer functions to be used in optimum design are defined as

H(x,s):Vl(;z;;), Hy(s) ?jéng’(o,s) (6.66)
Hy(x, 5) WU()(C;)S) — H(x,s) — xHy(s) 6.67)

Clearly, H(x,s) can be found by choosing U(s) =1.

Transfer functions H(x,s) and Hy(s) are related to mass and rigidity distributions p and D and
other design variables implicitly through differential equations. The major remaining task
to achieve analytical optimization formulations is to find the explicit relationship between the
transfer functions and the design variables. A piecewise-uniform-link approximation has
been used in the next section to solve this problem.

6.5.3 Segmentized Solution for Transfer Functions

For general unknown varying mass and rigidity distributions, it is very difficult, if not impossible,
to solve differential Eq. (6.58) and its boundary conditions. In order to obtain the relationship
between the transfer functions and the design variables, some approximation must be made. For
numerical solutions, one may use the finite element or finite difference equation methods.
However, numerical solutions are not efficient for our purpose of optimum design. Thus, in this
section we present an analytical solution using the piecewise-uniform-link approximation.
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Let us consider that the flexible link can be approximated by N small uniform segments. Each
segment has uniform mass and rigidity distributions. In other words,

N N
p(x) = Zpié(x; Xi-1,%), D(x)= ZDié(x; Xi—1,X;) (6.68)
i=1 i=1
where p; and D; are positive numbers and
. N J T forxig <x<x;
0065 i1, Xi) = { 0 otherwise
Accordingly, the deflection function can be expressed as
N
V(x,s) = Z Vi(x, 8)0(x; xi—1, X;) (6.69)
i=1

where V; is the deflection on the ith segment.

Substituting Eqs (6.67) and (6.68) into Eq. (6.58) and applying the conditions of continuity
of deflection, rotation, bending moment, and shear force at both ends of each segment, we
can arrive at the following equations after quite long and tedious calculations:

Vl' = Si(E,S)(I),'C

b, =I4xs, P =Di¢;, 1 <i<N-—-1 (6.70)
where
S; = [sin ;¢ sinh 4§ cos ;€ cosh A€ ]
X — Xi—1
- Ail A =X =X
Yi Vi
6—l¢1i —6—1%1'
¢;= |9 i
Voi Vi
[ 31 cos A; =, cosh A;
Vi =
l | 22i cos A Zjpicosh A; (6.71)
i 21,' sin A,‘ 22,' sinh /\,‘
Voi = , _
| 22isin 4;  Zy; sinh 4
divy; diy;
1i + 51' y 2i 5i
M= _ﬂf

1 Dl
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A; D; A - D\
o=t g = 1=+ 5~<pp’ l’; 1) (6.72)
' iv1 Di

and C is determined by
BC =KA [0 U(s) 0 0]
b= (5] 8 8] B

Here B; is found from the boundary conditions

(6.73)

B; = 81(0)

D, 1 . .
By = (s*Iy + KHep + Har)S)(0) — A—ls/{(O) + ALY [HSk(Es) + HESL(Ers)] O

i=1

li — xp,—1
Xp—1 < i <xpy i = ZT
(6.74)
Sp(h) g V(1)
By="—+-- N [Jp N +a~MpSN(1)] (6.75)
/1]2\, pNAIZV AN ‘
SY(1)  AvM, Siy(1)
By ="M "4 ”{a‘N +51] 6.76
+ 33 pvAN [ Ay w(1) (670
Let
B '=[B' G(s) B® BY
Then the deflection transfer function can be found as
N
H(x,s) = KA ZSi(E,s)é(x; Xi—1, %) ®;G(s) (6.77)
i=1

Thus, we obtain an explicit expression for the deflection transfer function in terms of mass
and rigidity distribution. The poles of the integrated arm system can be obtained from

det B(s) =0 (6.78)
which is a transcendental equation.
6.5.4 Optimization Formulations for Mechatronic Design

Traditionally, mechanical, electrical, and control systems for a robotic manipulator have
been designed individually and, as a consequence, the coupling effects of these systems
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with each other as well as their influence on performance have been largely ignored. For
example, a link of a flexible arm is usually constructed without considering its effects on the
arm control system, and the control algorithm is developed after the link has already been
built. However, as indicated by the analysis in the previous section, the mass and rigidity
distributions of the link have a strong influence on transfer functions and, therefore, on
control performance of the integrated arm system. The idea of combining mechanical,
electrical, and control aspects in the design phase for better system performance is the major
motivation for mechatronic research. In this section we present several optimization
formulations for flexible arm design through the integration of link mechanics, actuator
dynamics, and the control algorithm.

Frequency responses of hub rotation error and pure beam deflection are found as

O(jw) — O4(jw)

B= =g ) .
Ha(rw) = ) = PP IO ) it (0.w)

In order to suppress the overall beam deflection, we introduce the following weighted
measure:

L
Ev(w) = / P0) |, ) (6.80)
0

where p(x) is a non-negative weight function. To consider the deflection at a particular
location, e.g. at tip x = L, one can set p(x) to be a ¢ function. For normal operations, stresses
produced along the beam must be under the elastic stress limit of the beam material.

The maximum bending stress along the beam and the corresponding transfer function are
given by [3]

ox(x, 1) = @Ex(x, 1), Zi(x1) = @EHQ()C, 1) (6.81)

where E is Young’s modulus and /4 is the height of the beam.

For certain specific cross-sections, such as a solid circular cross-section, mass and
rigidity distributions are not independent. In these cases, we can easily express both p; and
D; as functions of some independent design variables, denoted as a vector Xp, i.e. we
consider p = p(Xp) and D = D(X},) in our optimization formulations. We also introduce
two vectors X, and X, to represent design variables of the actuator and controller
respectively.
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Pole Location Optimization

For a given set of constraints, let us find the optimal mass and stiffness distributions, actuator,
control and sensor parameters, such that the first M poles of the transfer function H are located
as closely as possible to a set of specified positions. This can be expressed as

min(P, (x;d) — Py W, (Py(x;d) — Py)

(6.82)
X = (Xa>Xb7Xc)
subject to
XaL S Xa S XaUa XbL S Xb S XbU7 XCL S Xc S XCU

S (6.83)

Z pl(Xb) = Wba max EW((U) < 6W

i=1 0<w=<wy

Ze(jw)|l <0 6.84
Jmax [%.(0)] < b, 684
Eg(jw)|| <0 6.85
Og})agxwoll o(Jjo)| < dg (6.85)

where P, is the set of specified pole positions, d = (Iy, M), ac, J,), (Xar, Xavs Xpn» Xpus XeL»
X, y) are the lower and upper bounds for design vectors, W, is the specified total mass of the
beam, and (0,,04,0¢) are the corresponding upper bounds of tip deflection, beam stress, and
rotation error over the frequency range [0,wg].

Tracking Error Optimization

For a given set of constraints, Eqs (6.83)—(6.85), we find the optimal mass and stiffness
distributions, actuator, control, and sensor parameters, such that

min [ £(0)|[Ev(jo)]do (6.86)
0

where wy is a cut-off frequency and f{w) a weight function.

Reference Model Optimization

For a given set of constraints, Eq. (6.83)—(6.85), we find the optimal mass and stiffness
distributions, actuator, control, and sensor parameters, such that

W

min [ £(0)|Ha(jo) - H(jo) |do (68)
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where H; is a desired transfer function, e.g. the transfer function of a rigid arm,

w2

Hy(s) = ——n
als) 52 + 2wy + w2

Minmax Optimization

Generally, an arm has to perform tasks under different situations, e.g. moving with different
tip loads or driven by different control algorithms. This is reflected by different values of
design parameter vector d. A reasonable criterion for optimum design in this case is to
maximize the worst-case bandwidth of the flexible arm. Specifically, let D = {d,...,d,} be
a set of possible values of parameter vector d, then the problem of optimum design in this case
can be formulated as a standard minimax problem:

max. min {f(X;d;)}
subject to the same constraints as in (6.83)—(6.85). Several minimax algorithms can be used
for this problem.

6.6 Concurrent Design

Great progress has been made in aspects of modeling, optimal design, and control of flexible
manipulators over the past few decades [21]. Various approaches have been developed for
modeling of flexible manipulators and a variety of control strategies for the control of flexible
manipulator systems can be found in recent research papers. These studies paid more
attention to control-intensive work but ignored the impact when applied to flexible beams’
mechanical shape. On the other hand, studies of optimal beam shape design to improve the
properties of flexible manipulators have been carried out by some researchers and further
studies were performed by Wang and his research group, who developed an iterative scheme
that produced the first single-link optimum manipulator shape, a minimum-weight design of
a flexible manipulator, and a new computing method for optimal mass and rigidity
distributions for a flexible manipulator with a tip payload [13,22,23]. However, these studies
focused either on control strategies or proper shape design of a flexible beam, and coupling
effects between controllers and construction were less considered. Asada et al. [24] studied
the methodology of structure and control integrated design (SCID), which focused on the
fusion of an object’s structure and control, and applied SCID in the design of a robotic system,
flexible arm system, and even an intelligent air-conditioning system.

Wang and colleagues [15,25—27] proposed the mechatronic design method (MDM) for
global optimization of an overall mechatronic system, such as a flexible manipulator system
that takes the interrelationships between the subsystems into account while avoiding control-
intensive or model-intensive work.
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6.6.1 General Concepts

Concurrent design is an integrated design methodology. As for tasks involving engineering
systems design, it may contain many subsystems, several design process stages, constraints,
and requirements, involving multiple disciplines. The designer should use various methods,
technologies, and strategies to meet these requirements. Traditional sequential design follows
a serial, subsystem-independent route, which leads to a locally optimal solution at best.
However, in concurrent design, the designer concurrently considers the interactions and
coupling effects among different subsystems and takes the interactions and trade-offs among
different or even conflicting requirements into account in the design process. It therefore
tends to lead to a global optimal design result that must simultaneously meet requirements
such as quality, cost, performance or even market requirements, as well as meeting
constraints such as manufacturing, etc.

In a broad sense, concurrent design is a cross-domain design methodology that provides
guidance in engineering design and project implementation. From this point of view,
concurrent design is similar to the theories of multidisciplinary design optimization (MDO)
and concurrent engineering (CE). They all focus on the optimization and distribution of the
resources in the design and development process, and explore and exploit synergistic effects
of coupling between various interacting disciplines/phenomena, to ensure an effective and
efficient product development process and balance product performance considerations with
manufacturing, economics, and life-cycle issues.

In a narrow sense, we can take a mechatronic system as an example. It is generally composed of
several subsystems: a mechanical system, driving, sensor, and control system, etc. In traditional
sequential design, each subsystem is always designed sequentially, locally, and separately, with
few interactions between each of these subsystems, while in concurrent design the subsystems
are treated concurrently rather than sequentially, so any coupling effects are automatically
taken into account. The primary goal is to construct a global optimal mechatronic system at the
system level instead of an optimal mechanical system or an optimal control system. From this
viewpoint, concurrent design is equivalent to MDM, SCID, etc. to some degree.

In fact, a multidisciplinary system made up of all the local-optimal-designed subsystems is
not always a global optimal system. According to the function and scope of application,
concurrent design can be classified into broad-sense and narrow-sense concurrent design
[28—30], as shown in Figure 6.48.

In an engineering design, broad-sense concurrent design deals with both top-level issues,
such as conceptual design, architecture, organization and management of the development
process, etc., and lower level issues such as materials, technology, mechanical structure,
controllers, optimization, etc. However, it attaches heavier weight to the former. From the
viewpoint of knowledge, broad-sense concurrent design involves nontechnical disciplines
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Figure 6.48: Broad-Sense and Narrow-Sense Concurrent Design.

like manufacturing, marketing, cost, life cycle, etc.; technical disciplines such as controls
and sensors, mechanical structures, optimization strategies and algorithms, materials, etc.;
and the coupling between them. In general, broad-sense concurrent design tends to integrate
all the subsystems and disciplines, to manage the whole process of design with optimization
strategies, considering the coupling effects among the subsystems and disciplines. As

a result, it leads to a global optimal design solution that meets both technical and
nontechnical requirements. As Finger et al. [20] pointed out, in creating a concurrent design
system, the goal is to infuse knowledge of downstream activities into the design process so
that designs can be generated rapidly and correctly. Therefore, the ultimate goal is to
effectively and concurrently design a complex system and make the product more
competitive.

6.6.2 Existing Representation of Special Concurrent Designs

When applied to a specific system (a mechatronic system in this context), concurrent design
can be viewed as narrow-sense concurrent design, without considering those top-level issues or
nontechnical disciplines. As mentioned in a previous section, a mechatronic system generally
contains various subsystems: mechanical and structural systems, sensor and control systems,
materials, etc. Thus, the design variable set contains the variables from these subsystems.

According to design requirements and the constraints that need to be satisfied, the design

objective is transformed into an optimization objective function (or functions) and constraint
equations. The optimal design problem is thus transformed into a simultaneous optimization
problem with multiple variables from each subsystem. Although it may be a complicated multi-
objective optimization problem subject to multiple constraints, this design method guarantees
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attainment of a globally optimal design solution or a suboptimal solution with a higher
probability, if the optimization problem is properly solved by mathematics.

In narrow-sense concurrent design, globally simultaneous optimization can be expressed in
the following mathematical form:

X = [Xs, Xu, Xc, Xo]
Min f(X) = f([Xs, Xm, Xc, Xol)
St m(X)=0 (i=1,2,....n)
G(X) <0 (i=1,2,....m)

(6.88)

where X is a set of design variables; Xs, Xys, X¢, Xo represent sets of mechanical and structural
variables, material variables, control and sensor variables, and other variables respectively.
f denotes optimization objective functions, and 4;(X), g;(X) represent equality constraints
and inequality constraints.

Narrow-sense concurrent design shares a similar concept with the methodology of structure and
control integrated design (SCID), control structural design, and the mechatronic design
method (MDM) proposed by Wang et al. [22,25]. They all focus on the coupling, fusion, and
simultaneous optimization of the subsystems of the mechanical structure, control, material, etc.,
and attempt to overcome the conflicts and waste of resources in the sequential design of

those subsystems.

6.6.3 Problems

There are some problems to be faced due to the complexity involved.

System Analysis

Since a mechatronic system generally involves multiple disciplines that may have coupling
effects, the complexity of searching for a global optimal solution increases dramatically with the
growth in design variables and constraints. Properly constructing objective optimization
functions, the selection of design variables and definition of their scope are important and are
subject not only to design requirements and constraints, but also to the mathematical solvability
of the optimization problem. Reducing complexity (especially computational complexity) by
properly and skillfully dealing with constraints is also important. Measures to plan and simplify
how to deal with constraints can be taken, such as using an algorithm for finding coupled
constraints and for creating a solution plan that minimizes the need for simultaneous solution,
and using algorithms like that proposed by Navinchandra and Rinderle [31], for example.

Global Optimization

Global optimization of a multi-objective function subject to nonlinear constraints is very
difficult, or even unsolvable, especially for a nonlinear and nonconvex objective function. The
situation varies from case to case, so there is no universal method to guarantee a global optimal
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solution. In multidisciplinary design optimization (MDO), an effective strategy is to divide the
design system into a hierarchical system and a nonhierarchical system according to the
relationships between subsystems, and then use different optimization strategies and algorithms
[32]. Constraint deletion and searching for a tighter limit for the design space can be considered.
Interval methods [33] have been used to solve the global optimization problem, which subdivide
the constraint-based design space to a part of the serial space that gradually satisfies all the
constraints. Smith et al. [34] proposed a step and iterative method to optimize structures and
controllers. Wang and colleagues [22,25] proposed LQR output feedback-based global
optimization strategies for optimal construction and control of flexible manipulator systems.

The choice of algorithm is also critical in global optimization. Most traditional nonlinear
programming techniques or gradient-based algorithms are local methods that are prone to
become bogged down with local processes. Some intelligent optimization algorithms are
good choices in tackling this problem, such as evolutionary computation algorithms (a
genetic algorithm, simulated annealing algorithm and taboo search algorithm), evolutionary
programming and strategies, etc.

6.7 Concurrent Design of a Single-Link Flexible Manipulator Based
on PID Controller

In this section, a narrow-sense concurrent design method is introduced in the optimization
control and design of a single-link flexible manipulator system to achieve good performance
at high speed, good vibration suppression, etc. The system includes a single-link flexible arm,
driving motor, sensor, controller, etc.

6.7.1 Dynamics of Single-Link Flexible Manipulator Systems

The flexible manipulator considered here is a single-link flexible arm mounted in the
horizontal plane with a tip-mass payload. It consists of a beam of length L fixed on a rigid hub
as shown in Figure 6.49, where XyOY, and X;0Y represent the stationary and moving

Yo

Vi A ac

0 > X,

IH

Figure 6.49: A Single-Link Flexible Manipulator.
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coordinates respectively. E, 1, p, Ag, M), a., and Iy are Young’s modulus, the rotary inertia of
the cross-sectional area, beam density, cross-sectional area of the beam, payload mass, the
distance of the tip center of mass to the end of the beam along the X axis, and hub rotary
inertia respectively.

The motion of the flexible manipulator is described by the rigid rotation angle # of the hub
and the flexible displacement w of the beam. Thus, the total displacement y of a point along
the manipulator at a distance x from the hub is

y=x6(t) +wx, 1) (6.89)

We use the Euler—Bernoulli model, where rotary and shear deformation of the beam are
neglected, to describe the dynamic behavior of the flexible manipulator [28]. Then the
governing equations of beam deformation and hub rotation are

9 9>
EI(x) <ﬁ> + pAo(x)a—tf =0 (6.90)
. 0%y
IHO — EI(X) <W>x_0 = Tin (691)
Yie0 =0, Y._,=80 (6.92)
0%y 0y .
X= x=L

where a prime (') donates spatial derivative dy/dx, and a dot (y) donates time derivative dy/dz.
For a non-uniform beam, bending rigidity EI(x) and cross-sectional area Ag(x) are functions
of x, while for a uniform beam they are constant.

Suppose the arm is equally divided into n segments each with a length of Ax = L/n.
We define

xi = i*Ax,y; = y(iAx, 1) (6.94)

Using the finite difference method (see Section 3.5.3), the desired dynamic equations of
motion of the system can be written as

(M) + [K]y = [Bltin (6.95)
where M, K, and B are mass, stiffness, and input matrices of the flexible manipulator
respectively [28]. ;, represents control torque at the hub.

The manipulator is driven by a DC motor connected to the hub through a speed reducer,
where a velocity-measuring dynamo is used for speed negative feedback of the motor output
shaft. Dynamics of the DC motor and reducer are
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V.- r 1y (6.96)

(I +J1)0 + <B 4K (Ke+KW'K1)> y — Ko
m m -

R

where J,,, J1, By, K, Ko, K, K1, R, and r are rotary inertia of motor rotors, rotary inertia on
the speed reducer side, damping ratio, torque constant, back e.m.f. constant, feedback factor,
feedback gain, armature resistance, reduction ratio, and angular displacement of the motor
respectively.

We define
qo =10 y1 y2o )" (6.97)

The overall state variable is defined as

q0

=" (6.98)
! [610]

Combination of Eqgs (6.95) and (6.96) yields the state-space equations of the system, which

include flexible manipulator, driving motor, and speed reducer. Special decoupling treatments

are taken to avoid round-up errors of matrix M inversion in the transformation from Eq. (6.95)

to first-order differential equations [28]. The state-space equations are

q=Aq+ Bu

Z-Cq (6.99)
where

T
A A11A127 p— | KKy ol , c=lo - 0 1,0 - 0
A Ax R
2n+2 n+1 n+l
At = Oy (e A12 = Tgys(uen)s A2 = [0 1)x ()

Ay refers to the literature [28,29].

6.7.2 Implementation of Concurrent Design

Narrow-sense concurrent design of a mechatronic system is a globally simultaneous
optimization process of the overall system, including the subsystems of mechanical structure,
sensor and controls, materials, etc. As a study example, the overall system of a single-link
flexible manipulator is the integration of flexible manipulator, driving motor and reducer,
measuring sensors, controller, etc. The optimization is very complex unless some
simplifications are made, so the following restrictions are applied here. The flexible beam is
equally divided into n segments. Each segment is uniform and the width (b;, i = 1,2,...,n) of
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each segment is the only variable to be optimized for link geometrics. With an increase in
segment number 7, the number of state variables increases greatly to 2n 4 2, which
consequently increases the burden of optimization. In this section, a PID controller is chosen
as a case study. In fact, any admissible controllers proposed in the literature can be used in the
optimization if computational complexity and feasibility are not considered. According to
Wang and Gao [22], the system optimum performance index may not be of utmost importance
in the selection of the controller. It is preferable to attain an optimal result with a simple
controller and an optimally designed structure through concurrent consideration and
optimization of the subsystems.

For simulation, a conventional PID controller after Laplace transformation is expressed as

1 sTy
Hs)=K,(|1+—+——F77F—=|E 6.100

(5 ”( +Tl~s+1+sTd/N) ) (6.100)
where K,,, T;, and T, represent proportional gain, integral time constant, and derivative time
constant. E(s) is the transfer function of tip position error between reference and actual
output. N is a large number.

The overall system model that includes mechanical variables of flexible manipulator
structure, sensor and controller variables can be written as

Z = Z(A’Bv C)Z(Kp, Ti, Tq) (6.101)
T 0 1

where 2¢(A,B,C) and Z(K),,T;,T,) represent the manipulator system model and PID controller
respectively.

Then the design variables are chosen as

X =1[b1, by, ..., by, Kp, Ti, Ty,K1] (6.102)

Some criteria for evaluating PID tuning, such as IAE, ISE, ITAE and ITSE, can be chosen as
the optimum performance index for the global optimization, which can be transformed into
the optimization objective function. One of the evolutionary algorithms, the genetic algorithm
(GA), is employed in the design optimization, which has been proven to provide a robust
search in complex spaces to find nearly global optima. Thus, the optimization approach will
lead to an optimal shaped beam (link geometric distribution) and an optimal controller subject
to the performance requirements.

An example of the framework of concurrent design of a single-link flexible manipulator
system with PID controller is illustrated in Figure 6.50.

Three constraints need to be satisfied in the optimization problem, including beam rigidity,
control system stability, and keeping the total mass of the flexible beam constant. They are
treated as follows [28,29].
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Figure 6.50: Framework of Concurrent Design.

According to rigidity checks before the optimization process, beam width b; is simply
restricted to a conservative range, [bmin,Omax], Which is then brought within the design
variable range during GA optimization.

Control system stability is an implicit constraint condition, which is treated as the method of
discarding infeasible solutions. Stability is verified after each set of solutions is generated in
the GA operations and then the infeasible solutions are discarded.

Keeping the total mass of the flexible beam constant, we have =7, b; = n+b. We define
g(b;) = |=I_b; — n+b|. The penalty function method is adopted to transform the equality
constrained optimization problem into an unconstrained one.

6.7.3 Simulation Results

In this section, some results from computer-based simulation are presented. The simulation
has been developed using the Mathworks Inc. MATLAB® software. The main physical
parameters of the flexible manipulator system are as follows:

beam average width
b=00064m, L=0947m, E=7.0x10"°N/m’
Iy = 2.3 x 107* kgm?, M, = 0.033kg, a, = 0.035m,
Jpy=15x10"*kgm, J, =0.01384 x 10~* kgm,
K,, = 0.0669 V/(rad/s), K,=0.24Nm/A, r=1/50,
R=138Q, b;e [0.8b,1.2b], n=5~8
An improved real-code GA is adopted in the optimization. The ISE criterion is chosen as

optimum performance index, then the fitness function is constructed as ' = fi.x — ®(X), where
®(X) is a penalty function including quality constraint and ISE criterion equation, and fi,,x is
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Figure 6.51: Optimal Shape (Beam Width Distribution) for n = 5.

a large number to keep f positive. A number of simulation exercises have been carried out.
Figure 6.51 shows the optimal shape (width distribution) of the flexible beam with segment
number n = 5. Figure 6.52 illustrates the GA optimization progress. Figure 6.53 shows the unit
step response of the optimally designed manipulator system with PID controller.

The step response curve (dotted) of a common uniform shape flexible manipulator control
system and the step response curve (solid) of an optimized flexible manipulator control
system using this method are illustrated in Figure 6.53. This figure shows that the tip vibration
of the flexible beam is suppressed to some degree.

Figure 6.52: GA Optimization Progress for n = 5.
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Figure 6.53: Step Responses of Common and Optimized Flexible Manipulator System
with PID Controller.

Figure 6.54 shows the optimal shape (width distribution) of the flexible beam with segment
number n = 8. As illustrated in the figures, the optimal shapes of the beam are not much
affected by the segment numbers.

In this chapter, the mechatronic design of flexible manipulators is presented. This design
approach emphasizes a global optimal system design by taking coupling effects into
account automatically, including concurrent optimization of the geometric shape of the

Figure 6.54: Optimal Shape (Beam Width Distribution) for n = 8.
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flexible link and selection of parameters for the controller. Using this method, the flexible
link can improve the performance index compared to its uniform shape. This approach can
theoretically be applied to other systems’ control problems by choosing different objective
functions as required. This chapter presents some investigations of concurrent design
methodology, especially in the optimal design of a mechatronic system. In the application
considered, an optimization design of a single-link flexible manipulator system is
achieved, simultaneously integrating the design variables from mechanical, driving, sensor,
and control subsystems. The desired performance has been demonstrated by simulation
results. The use of a simple PID controller is based on two considerations: reducing the
complexity of the optimization, and evaluating the efficiency of the methodology with
control reduction. The concurrent design of a flexible manipulator system with other
control strategies, such as a robust controller and a different optimum performance index,
has been carried out, and this research will meet the higher requirements of optimal
systems design.
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Conclusions and Future Research

We have presented a unified and systematic approach to deal with the modeling, analysis,
optimization, and mechatronic design of flexible manipulators. This approach will enable us
to deal with various issues in the design and operation of flexible manipulators so that both
analytical and numerical procedures, especially new methods in optimization in the field of
computational intelligence, can be applied. Based on this approach, we have developed

a mechatronic methodology for the design of flexible manipulators that combines their
mechanical, electrical, sensing, and control components concurrently instead of sequentially,
from the very beginning of the design process. Theoretically, this method is capable of finding
global optimal design solutions and results in a better design outcome.

The mechatronic approach as a significant and valid design for the global optimization of
a flexible manipulator is the highlight of this research. The critical point of this design is
global integration and optimization, which treats all the subsystems in a system as a whole
and covers the full searching space for system parameters, including the beam parameters
(material and geometric), coefficients in motor dynamics and controller parameters, and
controller structure. Compared to traditional optimal design, which relies on a local
optimization by assigning a controller to a given plant, the mechatronic mechanism achieves
a better solution by regarding the plant and the controller concurrently. Each parameter in the
system equation or their combination can be the optimized variable. From this perspective,
the boundaries of mechatronic design expansion into other fields are limited only by the
imagination. The LQR standard output feedback is the only option considered here to
illustrate this basic idea. Ho control is used to obtain a more robust system resistant to
disturbances.

In this research, the search space is limited only with regard to the beam’s physical
dimension; all other parameters are considered to be constant. There are two options for
mechatronic simulation, the first being that addressed in this book. From a uniform link, the
most significant modes and associated natural frequencies were calculated and these modes
were used as the universal space base. Thus, all elements in those coefficients of the state-
space equation are the only functions of the geometric link. Since the mechatronic method as
outlined in Chapter 6 searches the beam’s geometric distribution through the whole space to
find an optimal solution, this “base” approach can save a considerable amount of computation
time.

Flexible Manipulators. DOI: 10.1016/B978-0-12-397036-7.00007-6
Copyright © 2012 Elsevier Inc. All rights reserved. 251
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The other option for mechatronic simulation is what is called the “segmentized method”.
Based on segmentized beams, and their interfacial conditions, a set of constraints is
established. To solve these equations with beam boundary conditions, the most significant
natural frequencies from the determinant equal to zero were obtained. Furthermore, a series
of eigenfunctions for each segment was found. In this approach, even if one segment of
the beam shape changes, all these frequencies and eigenfunctions will be changed. Because of
the searching process in the mechatronic design, this approach will take longer to reach the
optimal point. So the first option is prefereable for mechatronic design, which is why it was
employed in this research.

The simulation results show that in all cases the performance index (PI) improved to various
degrees. It was found that the PI does not change very much with varying numbers of
segments. The results are better for two-output feedback than that for single feedback. If the
motor parameters are added into the search space, better performance is obtained.

The results obtained here show that the H controller gives better performance, but this is
a tradeoff for slower computation time because the H. controller is much more complicated
than the LQR controller and needs more calculation. The robustness analysis was also
conducted numerically. As was pointed out, the controller provides robust features for
parameter uncertainties or variations, as well as disturbance. The numerical responses to
different kinds of parameter variations were illustrated, showing that the system designed by
the mechatronic method displays good robustness against parameter variations.

Based on the results obtained in this book, we believe that computational intelligence
methods, in particular evolutionary computing, such as genetic algorithms, should be
investigated in the ongoing research on flexible manipulators.
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Preface

Flexible robotic manipulators, consisting of mainly lightweight or large dimension robotic
manipulators, exhibit many advantages over conventional rigid robotic manipulators. For
example, flexible manipulators require less material and smaller actuators, consume less power
and cost less, and provide fast motion, high force to mass ratio, more maneuverability and
transportability,. Therefore, the use of flexible manipulators could lead to reduced energy
consumption, increased productivity, and enhanced payload capacity. Over the past few
decades, flexible manipulators have been deployed widely in many fields, such as space
exploration, manufacturing automation, construction, mining, and hazardous operations.

However, the flexible nature of flexible manipulators has brought up many challenging problems
in their construction and operation for design, modeling, analysis, and control. For example, due
to link deformation, the dynamics of manipulators is significantly complicated and distributed
parameter model should be applied for precise description. The model complexity also leads to the
non-minimum phase characteristics of flexible manipulators that prevent the direct use of many
conventional and effective control algorithms for the operation of flexible manipulators. Finding
an effective control mechanism that would account for the need of both accurate positioning and
elastic motion has motivated a great deal of research effort over the past two decades.

Although significant progresses have been made in many aspects over the last two decades,
many issues are not resolved yet, simple and effective, as well as reliable controls of flexible
manipulators still remain an open quest. Clearly, further efforts and results in this area would
contribute significantly to robotics, and in particular, automation, as well as its application and
education in general control engineering. To accelerate this process, this book summaries the
main results of our studies in design, modeling, control and applications of flexible
manipulators over the past two decades.

In the past, research work has been focused on modeling of link deformation, dynamics, and
development of independent motion control algorithms and systems. Very few studies with
quantitative results have been reported in the literature on the effect of size, shape, mass
distribution, tip load, sensing location, coupling of control algorithms and link construction, and
other factors on the dynamics and operational performance of flexible manipulators. However,
such analyses are critical to the effectiveness of any model for optimization and control

ix
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purposes. The objective of this book is to provide a unified approach that will consider all factors
in mechanical simultaneously, electrical, sensing, and control components to address design,
modeling, analysis, optimization, and control of flexible manipulators. To this end, a systematic
study of various models and comparison between pros and cons with respect to specific design
and control problems are developed here. Many critical factors in construction and operation of
flexible manipulators are addressed with systematic but specific numerical investigations based
on the current available dynamic models. In many cases, analytical procedures developed for
flexible manipulators in previous studies seem no longer applicable in our investigation. New
methods for optimal design problems with meaningful constraints are explored and established.

The complexity of a manipulator system is due to the interrelation and interdependency of its
subsystems, for example, its kinematic units, control units, driver units, and measuring or
sensing units. In traditional design, a manipulator’s link structure is designed first, followed by
its driver system, then a measuring system, and finally its control system. This leads to

a sequential design process and a local optimal solution at the best, and therefore the potential
of the flexible manipulator, that is, the global optimality of the manipulator, is rarely realized in
full. To overcome this problem, a concurrent design procedure that integrates all subsystems
must be under taken. In other words, a mechatronic approach must be considered in the design,
construction, and operation of flexible manipulators. The establishment of a computational
framework and related methods, and procedures for mechatronic design, construction, and
operation of flexible manipulators is the main objective and the unique feature of our book.

We would like to thank our former associates and graduate students at the Program for
Advanced Research in Complex Systems (PARCS), the University of Arizona, Tucson,
Arizona, USA, and the Key Laboratory for Complex Systems and Intelligence Science,
Chinese Academy of Sciences, Beijing, China, and our colleague in the National Laboratory of
Management and Control for Complex Systems, Beijing, China for their significant
contributions and great assistance to the completion of this book. This project is supported in
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Computational Intelligence, from the National Natural Science Foundation of China.
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external forces, work done by, 21
finite difference model, 47—51
finite element model, 51—57
finite-dimensional see Finite-
dimensional modeling
kinetic energy
of beam, 18—19
of tip load, 18—21
tip load, 17—19, 17f—18f
total potential energy, 21
Multidisciplinary design optimization
(MDO), 238, 240—241
Multiple loads, design formulations
for, 180—181

N

NASA
Center for Intelligent Robotic
Systems for Space
Exploration (CIRSSE), 72
Mars Exploration Mission, 186
Remote Manipulator System,
1-2, 186
operational problems in, 2
Neural network tracking controller, 7
see also Controller
Neuro-fuzzy state-space
modeling, 9
Nonlinear programming method,
157—158

(0]

One-link flexible manipulators, 10,
47—48, 52
-based on PID controller,
concurrent design of,
241248
dynamics of, 241243, 241f
framework of, 245f
implementation of, 243—245
simulation results, 245—248,
246f—247f
coordinate systems for, 61, 61f
dynamic models for, 61—64
Euler—Bernoulli dynamic model
for
with rotary inertia, 63
with tip load, 64
transverse section, motion of,
62, 62f
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One-link flexible manipulators
(Continued)
parameters of, 73t
robotic link, 229—237
state-space equations of, 190—192
Timoshenko dynamic model
with rotary inertia, 63—64
with shear deformation, 63—64
Optimization, of flexible manipulator,
2,99—184
composite material designs, 103,
119—-120
geometrically constrained
optimum designs, 116—119,
117f
maximum radius constraints,
116
minimum radius constraints, 116
uniform tunnel cross-sectional
designs, 116—118, 118f
variable tunnel cross-sectional
designs, 118—119, 119f
mechatronic design, 234—237
minimax, 237
pole location, 236
reference model, 236—237
tracking error, 236
minimum-weight design,
166—172
basic equations, 166—167
numerical examples, 172
problem formulation, 168—169
solution by iterations,
169—172
new iteration approach
basic equations, 102—104
p=1,106—108, 111, 111t,
112f—113f
p =2, 112—116, 113t,
114f—115f
p =3, 112—116, 113t, 114f
p > 1and g =0, 108—109
p>landg # 0,109—110
q=0,105
g # 0,105
segmentized solutions, 172—182
basic equations, 174—175
design formulation with multiple
loads, 180—181
link construction constraints, 182
maximum speed design
problem, 178—179

minimum mass design problem,
178—180
stress/strain and deflection
constraints, 181
shape construction with tip weight
constraint, 148—165
basic equations, 148—151
constrained shape design,
156—159
numerical examples, 159—164
sensitivity analysis, 164—165
unconstrained shape design,
analytical approach to,
151155
variation formulation,
150—151
shape design with tip loads,
120—147
analytical solutions, 125—133
Euler—Bernoulli equations,
122—125
minimax optimum design,
142—143, 144f
problem setup, 120—122
segmentized optimization
approach, 133—142
sensitivity analysis, 146—147,
148f
two-link optimum design,
143—146, 1451, 147f
Output feedback, 7, 192—194,
196—197, 206—207,
215-216, 240—241, 251
see also Feedback
Output specification, 192—193

P

Passivity analysis, 91—97
Payload, tip-mass, 20, 52—54, 237,
241242
Perturbation method, 5, 7, 16,
106—107, 113, 122
Photosensors, 7
PID controller, single-link flexible
manipulator systems based
on, 241248
dynamics of, 241243, 241f
framework of, 245f
implementation of, 243—245
simulation results, 245—248,
246f—247f
see also Controller

Pole location optimization, for
mechatronic design, 236
Port-based modeling, 7—8
Potential energy
of beam, 22—32, 45—46, 53—55
of tip load, 18
total, 21, 45—46, 55
Pshenichnyi—Pironneau—Polak
minimax algorithm with exact
line search (PPP-ELS), 180

R
Rayleigh damping, 56—57
see also Damping
Recursive Lagrangian formulation, 5
Reference model optimization, for
mechatronic design, 236—237
Rigid manipulator(s)
distinguished from flexible
manipulator, 1
robotic, comparison with flexible
manipulators, 1
Rigidity matrix, 56
Robotic crane systems, 1
Robotic excavators, 1
Robotic manipulators
flexible, 16
rigid, comparison with flexible
manipulators, 1
Rotary inertia
Euler—Bernoulli dynamic model
with, 63
asymptotic behavior of, 71
characteristic equations for,
65—66
influence on vibration frequencies,
73—74, 74f-75¢
Timoshenko dynamic model with,

63—64

S

Segmentized optimization approach,
133—142

formulation, 133—137, 135f
numerical results, 140—142
solutions, 137—140, 172—182,
252
basic equations, 174—175
design formulation with multiple
loads, 180—181
link construction constraints,
182
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maximum speed design
problem, 178—179
minimum mass design problem,
178—180
stress/strain and deflection
constraints, 181
Sensitivity analysis
of flexible manipulators-based on
H o with IHR algorithm,
225-226
of optimum shape design
with tip loads, 146—147, 148f
with tip weight constraint,
164—165
Shear deformation
influence on vibration frequencies,
74-175, 75f
Timoshenko dynamic model with,
63—64
Single-link flexible manipulators
see One-link flexible
manipulators
Stability analysis, of nonlinear
dynamic model, 94—97
State-space equations, of flexible
manipulators, 190—192
H, control problems, 190—192
Stiffness matrix, 53, 55—56
Stokes—Dirac structure, 7—8
Structure and control integrated
design (SCID), 237, 240
System robustness analysis,
225228
numerical results of, 226—228,
226t—227t, 228f—229f

T

Timoshenko beam model, 18
derivation of, 27—33
with dimensionless variables,
36—37
dynamic
asymptotic behavior of, 71
characteristic equations for,
67—69
natural frequencies, 83—88
transverse section, motion of,
62f, 63—64
equations of motion for, 33—34
after linearization, 35

with rotary inertia, 87f
one-link flexible manipulators,
63—64
with shear deformation, 87f
Tip deflection, 7, 121, 131, 192,
228f—229f, 231
hub tangent angle with, 198,
199f—200f, 203—205, 204,
206f—2009f, 218f—220f,
222f-225f
output, 192
Tip inertia, influence on vibration
frequencies, 79f
Tip length, influence on vibration
frequencies, 77f—78f
Tip load, 17—19, 17f—18f,
186—187
Euler—Bernoulli dynamic model
with, 64
asymptotic behavior of, 72
characteristic equations for,
69—70
influence on vibration frequencies,
76179, 76f—77f
kinetic energy of, 18—21
optimum shape design with,
120—147
analytical solutions, 125—133
Euler—Bernoulli equations,
122—125
minimax optimum design,
142—143, 144f
problem setup, 120—122
segmentized optimization
approach, 133—142
sensitivity analysis, 146—147,
148f
two-link optimum design,
143—146, 1451, 147f
Tip position, 9—10
hub tangent angle with, 199—200,
201f—-202f, 203, 205f
output, 192
Tip weight constraint, optimum shape
construction with, 148—165
basic equations, 148—151
constrained shape design,
156—159
numerical examples, 159—164
sensitivity analysis, 164—165

unconstrained shape design,
analytical approach to,
151—155
variation formulation, 150—151
Torque transmission, 5
Tracking error optimization, for
mechatronic design, 236
Transfer function(s), 7
closed-loop
of integrated systems,
231-232
segmentized solution for,
232234
Two-link optimum design model,
143—146, 1451, 147f

U

Unconstrained optimum shape
design, analytical approach to,
151-155

numerical examples, 159—161

Uniform tunnel cross-sectional
designs, 116—118, 118f

see also Cross-sectional
designs

v

Variable tunnel cross-sectional
designs, 118—119, 119f
see also Cross-sectional
designs
Vibration equations, 124—125
Vibrations of flexible manipulators,
dynamic analysis of
asymptotic behavior, 70—72
characteristic equations, 64—70
experimental verification and
numerical analysis, 72—79
natural frequencies and modal
shape functions, 80—88
one-link flexible manipulators,
61—64
step responses and general
solutions, 88—91
Vision-based flexible tip point
control, 8

\\

Wave-based control analysis, 10
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