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Preface to these three texts

The three texts in this one cover, entitled “The series solution of second order, ordinary differential equations and special
functions’ (Part I), ‘An introduction to Sturm-Liouville theory’ (Part IT) and ‘Integral transforms’ (Part III), are three of
the ‘Notebook’ series available as additional and background reading to students at Newcastle University (UK). These
three together present a basic introduction to standard methods typically met in modern courses on ordinary differential
equations (although the topic in Part III is relevant, additionally, to studies in partial differential equations and integral
equations). The material in Part I is the most familiar topic encountered in this branch of university applied mathematical
methods, and that in Part II would be included in a slightly more sophisticated approach to any work on second order,
linear ODEs. The transform methods developed in Part IIT are likely to be included, at some point, in most advanced

studies; here, we cover most of the standard transforms, their properties and a number of applications.
Each text is designed to be equivalent to a traditional text, or part of a text, which covers the relevant material, with many

worked examples and a few set exercises (with answers provided). The appropriate background for each is mentioned in

the preface to each Notebook, and each has its own comprehensive index.
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This is a list of the types of equation, and specific examples, whose solutions are
discussed. (Throughout, we write y = y(X) and a prime denotes the derivative; the
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Preface

This text is intended to provide an introduction to the methods for solving second order, ordinary differential equations
(ODEs) by the method of Frobenius. The topics covered include all those that are typically discussed in modern mathematics
degree programmes. The material has been written to provide a general introduction to the relevant ideas, rather than
as a text linked to a specific course of study. Indeed, the intention is to present the material in a way that enhances the
understanding of the topic, and so can be used as an adjunct to a number of different modules — or simply to help the
reader gain a broader experience of mathematics. The aim is to go beyond the methods and techniques that are presented

in a conventional module, but all the standard ideas are included (and can be accessed through the comprehensive index).

It is assumed that the reader has a basic knowledge of, and practical experience in, various aspects of the differential and
the integral calculus. In particular, familiarity with the basic calculus and elementary differential-equation work, typically
encountered in a first year of study, is assumed. This brief notebook does not attempt to include any applications of the
differential equations; this is properly left to a specific module that might be offered in a conventional applied mathematics
or engineering mathematics or physics programme. However, the techniques are applied to some specific equations whose
solutions include important ‘special’ functions that are met in most branches of mathematical methods; thus we will

discuss: Bessel functions, and the polynomials of Legendre and Hermite.
The approach adopted here is to present some general ideas, which might involve a notation, or a definition, or a theorem,

or a classification, but most particularly methods of solution, explained with a number of carefully worked examples (there

are 11 in total). A small number of exercises, with answers, are also offered to aid the understanding of the material.

Download free ebooks at bookboon.com


http://bookboon.com/

1 Power-series solution of ODEs

In this chapter we will describe the fundamental ideas and method that underpin this approach to the solution of (second
order, linear) ordinary differential equations. This will be presented with the help of a simple example, which will provide
much of the motivation for the more general methods that follow later. However, as we explain in §1.2, this first analysis
is very restrictive. We extend its applicability by first classifying the equations for which we can employ this technique,
and then we carefully formulate (Chapter 2) the general method (due to G. Frobenius). All the possible cases will be

described, with examples, and then we apply the procedure to a number of important equations.

1.1 Series solution: essential ideas

The methods for finding exact solutions of ordinary differential equations (ODEs) are familiar; see, for example, the volume

‘The integration of ordinary differential equations’ in The Notebook Series. So, for example, the equation

y'+3y"+2y=3+2x

(where the prime denotes the derivative with respect to x) has the complete general solution (complementary function

+ particular integral)

y(x)= Ae ¥ + Be 2¥ +x

>

where A and B are the arbitrary constants. A solution expressed like this is usually referred to as being ‘in closed form’;

on the other hand, if we wrote the solution (of some problem) in the form

0 xn )
y(x)=4 2—2 +Xx

n=17

then this is not in closed form. (It would become closed form if we were able to sum the series in terms of elementary
functions.) A solution is, of course, best written in closed form, but we may not always be able to do this; it is, nevertheless,
sufficient for most purposes to represent the solution as a power series (provided that this series is convergent for some

x, so that the solution exists somewhere). We should note that the solution of

y'+3y"+2y=3+2x

could be written

yw =4 3

nOn
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(with the usual identification: 0!=1). In other words, we could always seek a power-series solution, and this will be
particularly significant if we cannot solve the equation any other way. Indeed, it is evident that this approach provides a
more general technique for tackling the problem of solving differential equations, even if the downside is the construction

of a more complicated-looking form of the solution.

o0

n
Thus the procedure is to set V (x) = z dpX, and then aim to determine the coefficients, @, , of the series, in order
n=0
to ensure that this series is the solution of the given equation.

Example 1

o0
Seek a solution of ¥ +3y"+2y =3+2x in the form y(x)= Zanxn .

n=0
Given the power series, we find
0 | ©
n— -
y'= Znanx and y" = Zn(n—l)anx" 2
n=0 n=0
and so the equation becomes
o0 o0 o0
Zn(n - l)anxn_2 +3 z;qanxn_1 +2 Zanx" =3+4+2x.

We have assumed that y, 3" and y", all expressed via the given series, exist for some x i.e. all three series are convergent
for some xs common to all three series. With this in mind, we require the equation, expressed in terms of the series, to be
valid for all x in some domain - so we do not generate an equation for x! For this to be the case, x must vanish identically
from the equation. Now our equation, written out in more detail, becomes

2ay +6ayx +12a4x” +20a5x” + ..+ 3ay +2apx +3a3x” +4ayx + .

+2(a0 +a1x+a2x2 +a3x3 + ) =3+2x

and so, to be an identity in x, we require

2612 +3a1+2a0:3_ 6613 +6Clz +2611 =2

>

12a4 +9a3+2a, =0 20as+12a4 +2a3 =0 and so on.
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We choose to solve these equations in the form
_3_3 _1 __7
4y =5 =74 =4 43 =3(l-a))-ay ——g(l—al)ﬂlo;

ag =—gay —ya3=g(-a)—g5a0, 5= 1583 -5a4 = —qg(I-a)+ga0

Further, see that, in general, for every term x" in the equation, for # > 2, we may write

(n+D(n+2)a,r +3(n+1a,,;+2a,=0

_ 261” _ 3an+l
(n+D)(n+2) n+2 .

ap42 =
ie.

this is called a recurrence relation.
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Because we have the combination (1 — g ) appearing here, it is convenient to write a1 = 1+ by, then all the coefficients
92,93 etc, depend on only two constants: @() and b . These are undetermined in this system, so they are arbitrary:

the two arbitrary constants expected in the general solution of a second order ODE. Our solution therefore takes the form

y(x)=ap+(1 +b1)x—(a0 +%bl)x2 +(a0 +%bl)x3 —(%ao +%bl)x4

1 3Ly
+(4a0 + 120b1)x +

:x+a0(1—x2 +x° —%x“ +%x5 +)

_3x24:7,3_5,4,31,5 )
+b1(x DX H X X A5 X+

This is more conveniently written by relabelling the arbitrary constants as

ag=A+B b =—(A+2B)

although this is certainly not a necessary manoeuvre. (We choose to do this here to show directly the connection with

the general solution quoted earlier.) This gives
1.2 1.3,1.4 1.5
y(x):A(l—x+Ex —y X X X +)
1 2 1 3.1 4 1 5
+B(1—2x+2—!(2x) ~Leod+Lent-Le +...)+x,

which recovers our original (closed form) solution, because the infinite series (on using the formula that defines all the
coefficients) can be summed and are convergent for all finite x. This approach, we observe, has automatically generated

both the complementary function and the particular integral.

In summary, direct substitution of a suitable series, followed by the identical elimination of x, enables the complete general
solution to be found. This approach, we note — perhaps with some relief - does not invoke any integration processes; any

technical difficulties are now associated with the issue of convergence of the resulting series.

1.2 ODEs with regular singular points

The essential idea described in §1.1 needs to be developed further because it cannot accommodate, as it stands, functions
such as y(x) = +/x(1+ x) . This function, represented as a power series, becomes

y(x) :\/;(lJr%x—%xZ +...),

x|<1,
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obtained by using the familiar binomial theorem; this contains non-integral powers of x. Thus a solution assumed to be

of the form used in §1.1:

y(x) =Y a,x"

n=0

can never find a solution that contains a term such as v x . The method - a simple extension of our basic approach - will
enable a wide class of important equations to be solved. However, we must be clear about this class, and this then leads

to an important classification of linear, second order, ordinary differential equations.

Let us suppose that the homogeneous ODE

a(x)y" +b(x)y"+c(x)y =0

where the coefficients a, b and ¢ are given functions, possesses a solution, near some point X = Xy, of the form

()= A(x—x0)" (@s x> xo)

for some constant A (where A is an arbitrary constant). Then we see that

y' = Al(x—xo)/l_l; y'~ AL - 1)()c—x0)/1_2

b

and so y", y'/(x —X() and y/(x —x0)2 are each proportional to (X — xO)/l—2. Thus a linear combination of

these will be zero, and this must recover (approximately) the original ODE (if such a solution exists) in the form

a(x) d a(x) 4

ie. b(x)/a(x) oc(x —xo)_1 and c(x)/a(x) oc (x —xo)_2 (as X = Xxq).

This observation is the basis for the classification of the equations that we are able to solve by this method. Note that we

are not concerned, at this stage, with the complete general solution which contains a particular integral.
Consider the second-order, homogeneous, linear ODE, written in the form

'+ p(x)y +q(x)y =0,

if p(x) or 4 (x) (or both) are undefined - in this context, this means infinite - at X = Xy, then we have a singular

point at X = X(y. Then, in the light of the observations just made, we form
2
P(x) = (x=x0)p(x) and Q(x) = (x —x0)"q(x);
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if both P(x) and O(X) remain finite as x — X( » then we have a regular singular point at X = X).

If either P(x) or O(x) (or both) are undefined (infinite) at X = Xy, then we have an essential singular point at
X = X(. On the other hand, if both P(X) and 9(X) are defined at x = X(> then we have an ordinary point at X = X(.

The methods that we shall develop here are applicable to equations with regular singular (or ordinary) points; we cannot,

in general, use this same approach to find a solution in the neighbourhood of an essential singular point.

Example 2

Identify and classify the singular points of these equations.
(@ y'+3y'+2y=0; (b) xzy”+3xy’+2y:0;

(© x(1=x)y" +xp"+y=0; () x>y + x>y +(1-x)y=0.
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In each, first we identify the functions p(x ) and q(X) , and then proceed.
(a) p(x) =3, g(x)=2: defined for all x, so all points are ordinary points.

2
(b) p(x)= 3/x , q(x)= 2/x : there is a singular point at X=0; we form xp(x)=3 and
xzq(x) = 2, both of which are defined at x = 0, so we have a regular singular pointat x = 0.

() p(x) = 1/(1 -X), q(x) = l/x(l —X) : there are singular points at X =0 and x =1; for X = 0 we
form xp(x) = X/(l —X) and ch](x) = X/(l —X) , both of which are defined at x=0,s0 x=0 isa
regular singular point; for x =1 we form (x—1)p(x) =—1 and (x— l)zq(x) =(1-x)/x, both of

which are defined at X =1,s0 x =1 is another regular singular point.

@ p(x)=1/x, gq(x)= (1—x)/x3 : there is a singular point at X =0; we form xp(x)=1 and
xzq(x) =(1- x)/x , and the second of these is not defined at ¥ =0, so we have an essential singular
point at X = 0.

Comment: This classification can also be applied where |x| — % To accomplish this, we transform the equation so
— -1

that y(x) =Y(x 1) which ensures that |x| — 00 now corresponds to X ~ =u—>0; =0 is called the point at

infinity. The point at infinity will, according to our classification, be an ordinary point or a regular singular point or an

essential singular point.

Example 3

Classify the point at infinity for the equation ny,, +3xy"+2y =0 (cf. Ex. 2(b)).

We write y(x) = Y(x_l) then
1 _ 2 - 1 _
Y@ ==V and p () =SV )+ 7T,
X X X

sowehave y=Y(u), y' = —uZY'(u) ,y'= 2M3Y'(u) + M4Y”(u) (where u = x7! ). Thus the equation becomes

uiz(%ﬁY’ +u4Y")+%(—u2Y') +2Y=0

e ulY"—uY' +2Y=0.
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We see that p(u) =—1/u, q(u) = 2/M2 : the point at infinity (# = () is singular point. Now consider up(u) = —1
and uzq(u) = 2, both of which are defined at # = 0, so the point at infinity is a regular singular point.

Exercises 1

1. Identify and classify the singular points (excluding the point at infinity) of these equations.
2 " _ ' _ _ 2\ n X ' 2._0n.
@ X7+ 2"+ x(1=x)y" + (=x)y=0; @) (167" +| ~— Pp'+ay =05
+X
() Y'+x 2y =0, and in this case, also classify the point at infinity.
2. Show that the equation (the hypergeometric equation)

x(l—x)y”+{c—(a+b+1)x}y’—aby:0,

has three regular singular points: at X =0, x =1 and at infinity (where a, b and c are given constants, although ¢ will

not be zero, nor will |c| be an integer).
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2 The method of Frobenius

We consider the second order, linear ordinary differential equation

a(x)y" +b(x)y" +c(x)y =r(x)

for which we know that the solution can be expressed as

y(x)=ycr(x)+ypr(x)

where the particular integral, ¥ =y py(X), is any function that will generate 7 (). 1t is known that, if we can find
one or both solutions that contribute to the complementary function, Yz (X), then the complete general solution
can be found (by the method of variation of parameters, for example). Thus it is sufficient here to work only with the
homogeneous equation i.e. 7(x) = 0. (For the relevant background ideas and techniques, see volume “The integration
of ordinary differential equations’ in The Notebook Series, or any other suitable text.) We shall consider a power-series
solution, in powers of (X —X() (and quite often we will have xop =0)and if X = X( happens to be an ordinary point
of the equation, then the simple method described in the previous chapter is applicable. We allow the equation to have, at
most, regular singular points, and then the most useful results are obtained by expanding about a regular singular point
i.e. X = X may be a regular singular point. The method cannot be applied, in general, if X = X(y is an essential singular
point. If there are, for example, two regular singular points, then it is often necessary to construct two power series: one

about each of the regular singular points; we will comment on this in more detail later.

2.1 The basic method

Given the equation

a(x)y" +b(x)y’ +e(x)y =0

which has a regular singular point at X = X(y, we seek a solution

o0
y(x)= Zan(x—xo)/ﬂna ay#0,
n=0

where A is a parameter (called the index) which is to be determined; this is usually called a ‘power series about
X = X0’ This type of series solution is at the heart of the method of Frobenius. [Georg E. Frobenius (1849-1917), German
mathematician; developed the concept of the abstract group; published his method for finding power-series solution of
second order ODEs early in his career (in 1874).] Apart from the appearance of A, the method follows precisely that
described in Chapter 1. Note that A4 gives the power of the first term (7 = () ) in the series, whatever that may be. Thus,
provided that a power series of this form exists, there must be a first term and this has been designated a (x - xo)/l,
and so we require d( # 0. As we shall see, our previous method can be simplified and made more systematic, and this

is the approach we will incorporate here.
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Example 4

Use the method of Frobenius to find the general solution of the equation

4xy" +2y'—y=0

as a power series about x = 0.

We can note that the equation possesses a regular singular point at ¥ = 0, so the method is applicable. We set

o0
y(x)= Zanx/“" (ag # 0), then we obtain
n=0

yr(x) = Zan(l_l_n)xﬂ-i-n—l ; y”(X) — Zan(ﬂ+n)(ﬁ.+n—l)x’l+”_2 ,
n=0 n=0

and so the equation becomes

o0 o0 o0
4x Zan(l+n)(ﬂ, +n— l)x’Hn_2 +2 Zan(ﬂ. +n)x’1+n_1 - Zanx’H" =0.
n=0 n=0 n=0
It is convenient to introduce new dummy counters into each summation, so that each term now takes the form x Avm_
this is the essential manoeuvre in simplifying and organising the calculation. Thus in the first and second series we write

n—1=m, and in the third we simply set 7 = 17 ; we then obtain

o0 o0 o0
4x Y a,(A+n)(A+n-Dx*2 42N a0, A +n)x M N g M = 0.
n=0 n=0 n=0

This equation can be rearranged to give

4agA(A-Dx* 1 4249 ax* !

3 e W) 22 r51) - =0

m=0

which is an identity, for all x, if

2a9(22 =) =0

2(/1+m+1)(2/1+2m+1)am+1 -a,=0,m=0,12,....
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But, by definition, ap # 0 so we require

222 -2=0,
and the equation for A is called the indicial equation (being the equation for the index A ); here we see that 4 =0 or 1/ 2,

We also have

am
= ﬂl=0 1 2 ces
Im+1 2(A+m+1)(22+2m+1) ( 12,00

which is called the recurrence relation. (Note that we are not dividing by zero here, for the given A s and ms - but this is

something that we must be wary of later.)

Now for each value of A, we can find the coefficients @, , ultimately in terms of @ . However, because the equation
is linear, we may perform the two calculations (one each for A =0 and A = 1/ 2) and then construct a general linear

combination of the two in order to generate the complementary function. In particular, for A = 0, we obtain

— Am _1 1 a
a — :a a 5 - - 5 )
M D@Em+ D) 2 0 2T 23N T )

and for A = 1/2:

Am+1 = A s ay =La0; ap = L ay = %0 , etc.
2Q2m+3)(m+1) 23 225 (22+1)!

The general solution can then be written as
o0

X g X
) Ango(zn)! +Bx nzz‘;)(2n+1)!'

Comment: These two series converge for all finite x, as can be seen by applying the ratio test.

In this example, we found that the indicial equation was quadratic - it always will be — and that its roots were not equal
(nor did they differ by an integer, which will be an important observation). The upshot is that we have two special cases

that must be addressed.
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2.2 The two special cases

First, we write the general homogeneous equation in the form

Y'+p(x)y' +q(x)y=0

and seek a solution oo
A+n
y(x) = Y ayx
n=0 .

>

this will, for general A, take the form
_ A 2
$(x) = agx {1+ a1 (A)x +ay(A)x? + }

where the ;(A) are obtained from the recurrence relation. Let us write

Y(x, ) = x/l{1+a1(/1)x+a2(/1)x2 ; }

>
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then the equation, with y =Y, gives (after a little calculation, which is left as an exercise)

Y+ p(0)Y +q(x0)Y = x* 2 (A= 21)(A-12),

where A = A, A, are the roots of the indicial equation. This result immediately confirms what happened in Example
4: y= Y (x,ﬂ) is a solution for 4 = ﬂ“l and for A = /12. However, if 2,1 = /12 (repeated root), we clearly obtain
only one solution by this method (and we know that there must be two linearly independent solutions of a second order

ODE). To see how to continue in this case, we choose to differentiate with respect to A
" , 0 [ a-2 2
Y+ p()Y}+q(x)Y; =—x (1-41)

where we have set A5 = A{. But the right-hand side of this equation is still zero for A = A1, so a second solution is

0
a[y(xa /1)] evaluated on 4 = A1 . This solution is

aa_ﬂ,[xl{l +a(A)x+ a2(i)x2 " 'W}]on A=2

= a—[e’“nx{1+0{1x+052x2 + H

Y A=A,

= xM 1n|x|{1+ ax+ a2x2 +....}+x/11 {al'(ll)x+ a’z(/ll)xz + }

- this second solution contains a logarithmic term, which is therefore certainly linearly independent of our first solution
(Y). As we have demonstrated, this second solution can be obtained directly from the first solution or, as is quite often

done, it is computed by seeking an appropriate solution of the differential equation.

Example 5

Use the method of Frobenius to find the general solution of the equation

xy"+y'=xy=0

as a suitable power series about x = 0.

0

We note that the equation has a regular singular point at x =0, so we may indeed write y(x)= Zanxﬂﬁn

(ap #0), to give n=0
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o0 0 o
Zan (A+n)(A+n- l)xi_m_l + Zan A+ l’l)xﬂ“-"n_1 - Zanxﬂ*"'”"'l -0
n=0 n=0 =0

In the first two summations, we choose to write M =#n—1,and m =n+1 in the third; this gives

0 e 6]
a A+mA1P MmN g At g
Z m+1( ) m—1

m=—1 m=1

This can now be expressed as

o0
apx v a (A1) 5t + Z{am+1(l+m+1)2 —am_l}xlﬂn =0
m=1

and this is an identity for all x if

ap# =0 aj(A+1)° =0 ay (A+m+D)>=a, =0 m=12,..

( ).

But ag #0,s0 A =0 (repeated) and then a| = 0; this leaves

Am-1
A1 =—"—5 (m=1,2,...),
(m+1)
with implies that 0 = @) = a3 = a5 =.... . Otherwise we obtain
ap = a_(); a 9 0 0 , etc,,

4 = —_——— =
22 42 (247 2%0n?

which provides one solution:

0 2n
) =ay Y 2T

2
where a) is the arbitrary constant.

To proceed, let us write )1 (x) = agY(x) (so, of course, xY" + Y’ —xY = 0), then a second solution must necessarily
take the form

o0
y2(x) = Y(x) Injx|+ D" b,x"
n=0
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the equation therefore gives

X

0
x| Y In|x|+ 2Y'.l + Y.(—%) + > byn(n— Dx"2

X n=0

o0 o0
+Y’1n|x|+Y.l+ annx"_l —x| YIn[x|+ D b,x" |=0.

n=0

Thus, when we use the fact that Y(X) is a solution of the original equation, we obtain

e L R
ann X - anx +2 222}1—'2:0
n=1 n=0 n=0 (n!)
so 0=b =by=bs=.... and
(m+1)

2m+2)byyin —boy = —

22" [(m+ ) m=0,1,2, ...
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(where we have written 2m for n — the even values). We may select by = 0 (because this will simply generate y; again),

then

| 3
by =—— i by = ——
27 47T 316

The complete, general solution can therefore be written as

, etc.

1n|x|—%x2 —ix4+... ,

SYCTE) S (ST 7Py
+h Z 8.16

yx)=4,

= (n)? = (n)?

where the arbitrary constants are now A and B.

The second special case arises when the roots for A differ by an integer; let us write A1 = Ao + 1, where n is a positive

integer i.e. 17 > A5 . A solution for general A will take the same form as before, namely

P(x) = aoxﬂ{l ray(A)x+ar(A)x? + }

>

but this time each &;(A), startingat ,,(A) (with n as just defined), will have a factor (4-12) in the denominator.
(In exceptional cases, this factor is cancelled by one in the numerator and then the standard procedure (§2.1) can be

employed; we discuss this special situation in §3.2.)

Because of the appearance of this factor, it is convenient to write

Y(x, 1) = (A- ﬁz)x‘{1 ray(A)x+ay(A)xt + }

A

then the original equation, with y =Y, gives
1 > 5 A2 2
Y'+p(x)Y' +q(x)Y =x"""(A-A))(A-4y)

so that possible solutions are Y (x,41), Y (x,47) and ?/1 (x,4,) . But the second of these, it turns out, is a multiple of
the first (where there is a zero in the denominator of the ;S , I > 71 ); thus the second solution we require is ¥ (x,47)

which follows the same pattern as for repeated roots. We have avoided giving the details of this general argument; we have
simply aimed to indicate what we should expect. The precise details, and any particular difficulties, will become evident

when we tackle specific problems of this type, as we shall now see.
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Example 6

Use the method of Frobenius to find the general solution of the equation

xy"+y=0

as a suitable power series about X = 0,

We see that there is a regular singular point at ¥ = 0, 50 we may proceed by writing

o0
p
y(x)= D apx™™ (44 £0),
n=0

and then we obtain

0 0
Zan (A+n)(A+n- l)x’“n_1 + Zanxﬁm =0
n=0 n=0

In the first series, we set #— 1= m, and in the second simply put # = m, to give

0 e e}
> s (A+m+ (A +m)x* "+ g, A =0
m=—1 m=0
0
ie. ag2A-Dx " 4 Y a2+ ma DA +m) +ay, b =0.

m=0

This is an identity for all x if
MA=1)=0 and dp | (A+m+D(A+m)+a, =0 (m=0,1,2,...).
So A =0, I - they differ by an integer. If we select A =1 (the larger one), then the recurrence relation becomes

a
(m+1D(m+2)ay1+a, =0 o @py=— ) (m=0,1,2,...),

(m+ l)’(nm+2

which is defined for all the given m. Thus

ap a] )
=———a :——:—,etc.
M= T T3 1223
"
to give a,, =L2Clo, m=12,3, ..,
(1+m)(m!)

Download free ebooks at bookboon.com


http://bookboon.com/

and hence one solution is

o o \n_n+l
y(x)=a02%

aso(+m(nh?

Now if we select A=0 (the lower value), we obtain

m(m+1)a,, . =—a,, (m= 0, 1,2,...)

so that, for m =0, we get dg =0, which is impossible; equivalently, we have division by zero in the definition of the
coeflicient @] (exactly as we described in our commentary earlier). The second solution, we believe, therefore contains

a logarithmic term, just as we encountered in Example 5. Thus we set

o0
y(x)=Y(x) 1n|x| + anxn
n=0

where our first solution is written as V(X) = apgY (X); thus we obtain

0 o8]
x| Y" In|x|+ = Y.(—izj + 3 byn(n—1Dx"" |+ YInjx|+ Y b,x" =0.
X X n=0 n=0
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This is simplifies to give

o0
D {m(m+1)by, 1 +by ™ = Ly oy
x

m=0

e 0] 0 e 0]
= > aux™ =2 (1+mya,x™ == (1+2m)a,x"
m=0 m=0

m=0

where @ = (=" [+ m)omt)?]

Thus the coefficients b, satisfy

m(m+ Dbyray +by = —(142m)ay, g0 m=0,1,2,..)

so bg =-1, 2by +b) = -3a; = 3/2 (and we may choose by = 0), etc.; a second solution is therefore

y(x)= Y(x)ln|x|+(—l+%x2 —%x“ + ) .

In conclusion, we have the complete, general solution as

( l)n 1+n ( l)n 1+n 3 5 7 4
AY ———————+ B:1 A S— vt
y(x)= nZ‘z)(l o ') >+ n|x|nz‘6(1+n)(n') +4x 36x +

The exceptional case, where the roots for A differ by an integer but no logarithmic terms appear, will be discussed in

detail when we consider the Bessel equation (Chap. 3).

Comment: All our examples thus far have involved seeking power series about X = 0, but this is not always what we

require. Let us consider the equation

(I-x)y"+xy'+2y =0,

this has a regular singular point at X = 1, so our conventional application of the method of Frobenius is to seek a solution

y(x) =Y a,(x -

n=0
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However, it is often more convenient to transform the original equation so that the ‘standard’ power series, i.e. equivalently

about X =0 , can be invoked. To do this, we write

Y =Y(x=D)=Y(2) pee z=x-1,

and then we obtain

—zY"+(1+2)Y'+2Y=0

This equation has a regular singular point at Z = 0 (ie. X=1), and so we may seek a solution

o0
_ A+n
Y(z)= Z apz - the standard form.
n=0

We conclude with one more example which contains two regular singular points, and show what happens when we expand
about each in turn. In this case we will write a little more about the convergence of the series that we generate (and we

will take the opportunity to mention one of the special cases that can arise, but we will write more of this later).

Example 7

Use the method of Frobenius to find a power-series solution, about X = 0, of the equation

xz(x—l)y"+xy'—%(3—x)y: 0

Examine the convergence of this solution, and then construct a corresponding solution about the other singular point.

It is clear that we have a regular singular point at X = 0 (and also at x = 1), so we write

o0
yx) =D att"
n=0

to obtain

(o 0] 0 w
(x_l)zan(/l'i'n)(/l-i-n_l)xl"rn+zan(/l_i_n)xi'i'l’l_%(3_x)zanx/i+n:0
}’lZO }’l:O n_o
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which is rewritten as

iam_l{(i+m—l)(ﬁ+m_2) +%}x’1+m

m=1

+ iam{—(/1+m)(/1+m—1)+(,1+m)_%}x/1+m —0.

m=0
Thus we have

ao{—l(l—1)+i—%}

+ i{am—l[(ﬂ+m—1)(ﬂ+M—2)+%]—am[(ﬂ,+m)(/1+m—2) +%:|}x/1+m _0,

m=1
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which is an identity for all x if
2 3
A —2/1+Z:O (40 ¢0)
and (A +m)(A+m=2)+3|=au[(A+m-1D)(A+m=-2)+1] (m=1,2,...)

=0; am(ﬂ+m—%)(ﬂ+m—%) :am_l(/1+n’l—%)2 (m=1,2,...).

ie. (A=1)% -
So we have A = 1/ 2 and A= 3/ 2 (which differ by an integer); for 4 = 3/ 2 we obtain

m

a,mm+1) = am_1m2 or Ay = ( jam_1 (m=1,2,...).

m+1

This gives one solution:

= 3/2( 1412 L r )
y(x) =apx 1+2x+3x ot x )

On the other hand, for A = 1/ 2, the recurrence relation becomes
_ 2
ap(m=1) =y (=12 for m=1,2,...

which shows that, on 772 =1, we have both @( and @ arbitrary. (Comment: This special case of values of A differing by
an integer, but for which the recurrence is valid even for the lower value of A, is one that we shall discuss more fully later.
The procedure always involves the testing of the recurrence relation, and we use it if it does not produce an inconsistent

solution - and, as we have seen, it is valid here.) Thus we now have

-1
ay, :(mm jam_l for m=2,3,...,

which produces the solution
y(x)= X2 (ao +ax +%a1x2 + )

1/2 1.2 1

+a1x3/2(1+%x+—x +o+—x"+ )

— do* 3 r+l

>

the complete, general solution. (Comment: We see that the solution obtained for 4 = 3/ 2 merely recovers one contribution
to the general solution; it is always the case that, if the recurrence gives a solution for both values of A ,when they differ

by an integer, then the smaller value will always generate the complete, general solution.)
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Now the infinite series

1.,1.2 1 r
1+2x+3x +mrﬂx + ...

can be investigated, for example, by applying the ratio test; this shows us that the series is certainly convergent if

17 <lasr—o i.e.if|x|<l,
x / r
and it is divergent for |x| >1. For x = %1, we must examine the series directly: this gives

1.1
+ 1412
1+ +3_4+“n

N |—

and for the lower sign (x = —1) this series converges, but it does not for the upper sign (X = +1). Thus we have
constructed a power-series representation of the solution which is valid for —1<x <1 _ and the inadmissible choice
X =+1 corresponds precisely to the other singular point of the equation. In order to find the form of the solution valid

in the neighbourhood of x = 1, we now seek a power-series solution about X = 1.
First, therefore, we set x —1 =z and write y(x)=Y(x—1)=Y(2), to give

(I+2)°2y"+(1+2)V' -1 2-27=0

o0
we seek a solution Y(z) = Z anzﬂﬂl (where we have elected to retain the standard notation although, presumably,
n=0
A and a, will take different forms here). We obtain

0] e 0]
(1422 Y a,(A+n)(A+n-Dz""T o (142) Y ay (2 +m)4 7!
n=0 n=0

o0
-12-2Y e,z =0
n=0
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which becomes

iam+1{(ﬂ,+m+ D(A+m)+(A+m+ 1)}Zﬂ+m

m=-1

+ iam{2(l+m)(/l+m—1)+(,1+m)_%}Z,Hm

m=0

+Zam_l{(mm—1)(/1+m—2)+%}z“’" =0.

m=1

With m = —1, we obtain ﬂz =0,s0 A =0 is a repeated root (implying that logarithmic terms will definitely arise);
with m =0, we get @1 —%ao =0, leaving (with 2 =0)

aerl(m+1)2 +am(2m2 —m—l)+am_1[(m—l)(m—2)+ﬂ =0, m=12,....

2
This generates the coefficients dp = —a / 8, a3 =a / 16, etc., so we have one solution
_ 1. 1.2,1.3 )
Y(z)—a0(1+22 g2 TieZ )
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A second solution necessarily takes the form

e 0]
Y(z) = ¥(z)Inlz|+ > b,z"
n=0
1.2

where ?(Z) = 1+%Z—§Z + ...; then we obtain

z(1+2)? Y”ln|z|+— Y'—i Y+ Zb n(n—1)z""2

Z n=2

+(1+72) Y’1n|z|+ T+ Zb nz'"" ——(2 2)| Ylnfz| + Zb A =0.
n=1 n=0

But ¥ is a solution of the original equation, so we are left with

(e 0] o0 (e 0]
(1+2)* Y byn(n=Dz""" +(1+2) Y bnz" =1 2-2) Y b,z**"
n=0

=(1+2)7-2(1+2)*Y

=(1+Z)(1+%Z—%22+..) 2(1+2) (——Zz+%22+ )

Then terms z° give by ——bo =0, and we may select by =0, so that by =0, Terms z! give 4by =0, and terms
then give 93 = 0, and so on. There is a solution for which b” =0 for all n, so the complete, general solution can

be written as

Y(z)= A(l+%z—%z2 +...)+B(1+%Z—%22 + ...)ln|z|

o W=l =D LoD L =D+ A+ Bl 1))

We conclude, therefore, that the singular point at X =1 corresponds to a logarithmic singularity in the solution here.
Thus if we want to use the solution not too near X = 1, we should employ the power-series representation about X =0
. However, if we wished to capture more accurately the behaviour near X =1 then we should use the power series valid
about x =1 (ie. about z = (). (Note that the solution does not exist on x =1 unless B=0.)

Comment: You might recognise 1+ %x + %xz +...+——x" + ... as the Maclaurin expansion of In(1—x), valid for

r+l
—1<x <1, and also that 1+%Z - %22 + %23 + ... is the binomial expansion of (1+2) Y2 . Indeed, our original

equation has the exact general solution
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y(x)= \/;(A +B ln|x - 1|)

Exercises 2

1. Use the method of Frobenius to find the general solutions of these equations as power series about X = 0.1n each

case, find explicitly the first three terms of each series and also record the recurrence relation that will generate the rest.
(@ 4xy" +2y"+y=0; () xp" +(x +%)y' +y=0;
(© 2x“y"+7x(x+1)y' =3y =0;(d) xzy"+x(x—2)y'+2y =0;
(e X"+ +xy=0;() x y”+x(3+x)y’+(1+x+x2)y =0.
2. Repeat Q.1, but now find the power series about X = 1 for the equation

2(x—D)(3-4x+2x% )y = y' = 24(x - 1)y =0.
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3 The Bessel equation and Bessel
functions

An important equation in applied mathematics, engineering mathematics and most branches of physics is the second
order, linear, ordinary differential equation
x2y” +xy' +(x2 - vz)y =0,

>

where V> 0 is a real number; this is Bessel’s equation of order V. [Friedrich W. Bessel (1784-1846), German astronomer
and mathematician; first to use the method of parallax to determine the distance away of a star; developed his equation,
and its solution, in his study of the perturbations of planetary orbits.] We shall use the method of Frobenius to construct
solutions of this equation, for various V; we note that this is permitted because the equation possesses a regular singular

pointat x =0.

3.1 First solution

We set
< A
y(x)= Zanx o (ag #0)
n=0

to give

e 0] o0 0

Zan(/1+n)(/’t+n—l)x/1+n + Zan(/1+n)x/1+n +(x2 - v2)zanx/1+” =0;

n=0 n=0 n=0

in the first, second and the constant multiple of the third series we set 7 =m, and in the other series we write
n+2 = m. Thus we obtain

ao(/lz - 1/2)x’1 +al[(ﬂb+1)2 - vz]x’”1

o0
+> {am[(/l—i-m)z — V2]+am_2}x’1+m =0,
m=2

which is an identity for all x if

A=ty (ag#0) a1 =0 (A+1%£v) and a2 +m)? V2 |= =gy (m=2.3,..).
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For A =+V, we certainly have a solution with

a, =——m=l__ =23
m(m+2v)
and Ozal =a3 =as =.... . Thus we obtain
az = —a—o, aq = — az = 3 aO , etc.,
22(1+v) 422+v)  42°(1+v)(2+V)
(=D"ag

ivin ADm = ,
B (v m) (v m—1)...(v+ 1)

which can be expressed in terms of the gamma function:

r(v=[¢"'e"dt (v>0)
0

_(=)"T(v+D)
22 (T (vm+1)

as aArm

Thus we have a solution

y(x)= aOZVF(lH— 1) i

(_1)m (x)Zm-H/
m=0

(m)T(v+m+1)\ 2

which is usually written as the Bessel function of the first kind, of order V:

iy )—(fjvi L Hzm
VY3 mT(v+m+D)\2)

m=0
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This series converges for all X = 0. Examples of these Bessel functions are given in the two figures below.

-0.2

-0.a4

The Bessel functions Jy,J1,J,,J3, identified in this order by the ordering,
from left to right, of the first peak on each curve.

The Bessel functions J;,J;,J,,J 3, identified in this order by the ordering, from left to right, of the first peak on each curve.

0.2

-0 4

The Bessel functions J,J4 /2 1,13 /2 » identified in this order by the ordering,

from left to right, of the first peak on each curve.

The Bessel functions J,J; /2 J1,33 /2 identified in this order by the ordering, from left to right, of the first peak on

each curve.
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3.2 The second solution

From our work with the method of Frobenius, in the previous chapter, we know that the second solution of these equations
depends critically on the relationship between the two roots for A . First we note that only for V=0 are the roots
repeated, and this case is essentially the same as V = n (n integer), for then TV will differ by an integer; in these cases,
we must expect that logarithmic terms will arise (unless something exceptional occurs). In addition, there are non-integral
values of V which also give rise to AS that differ by an integer: all the half-integers e.g. v = 1/ 2, forthen A =1 1/ 2
(which differ by 1). For all other Vv, the solution that we have just described is appropriate when V is replaced by —v,

the solutions then being J_,,(X); this is the second solution.

In the case v=n (n=1,2,...), with A = —v = —n, the recurrence relation becomes amm(m—Zn) =—ayu_>
(m=2,3,...)

which is not defined when 7 = 2n, for a given n. Thus this case, and that of a repeated root, will certainly require the

inclusion of a logarithmic term. The calculation follows that described in Chapter 2 and, although it is rather cumbersome

and lengthy, it is altogether routine. So, for example, for # = 0, we find that the second solution can be written

2 2 4
y(x)=JO(x)lnx+(§) —%G) (%) -
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However, this solution is usually combined with Jo(x) in the form
2 2 4
2 x X 1)1 X
Y, =— +In| —||J H =] |+ =] |=
o ﬂ{(y (2D o) (2) ( 2)(2!) (2)
(33155
HI+=+==||=| =7 >
2 373! 2

where y = _J(;)O e 'Intdt ~0-5772 is Euler’s constant; the resulting solution, Y, is the Bessel function of the second

kind, of order zero. Correspondingly, with v=n (> (), we find

n-1, 2r—n
0= (y+1n(gjj1n(x)_§zw+m(gj

r=0

1 (1+;+;+...+711)(xj” 1 (1)+(1+;+...+1in)(x)”+2
—_— J— +_ R
2 n! 2) "2 Wy 2

Finally, we consider the case where V is half-integer. The recurrence relation now becomes, with A =—V and

v=—(142n)/2 (n=0,1,2,...),

amm(m—n—%)z —a,,_» (m=2,3,...),

and we see that m—n —% # 0 for every valid choice of m and #; thus the recurrence is defined and the second solution
exists without a logarithmic term - and it simply takes the form J_,(x) for the appropriate V. Some examples of these

Bessel functions are shown in the next two figures; note that all these solutions diverge as x — 0.
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-0.2 4

-0.4

-0.5 1

-0.5

The Bessel functions Y() , Y1, Y, ,Y3, identified in this order by the ordering,

from left to right, of the first peak on each curve.

The Bessel functions J_7 /4 ,J -3/2> J ~3/4> J ~1/2» identified in this order by the ordering, from left to right, of the first

peak (ignoring the asymptote along the y-axis) on each curve.
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Example 8

Write down the general solution of the equation x)" + )"+ azxy =0, where @ >0 is a constant.

When the equation is multiplied by x it becomes — almost — a zero-order Bessel equation; it can be recast precisely in this
form if we write V(X) = u(ox), where & is a constant to be determined. The equation becomes
X2a’u" + xau' +a*x*u=0

2
or (ax)u” + ()’ +(1) (o) 2u=0,
(04

so we choose & = a: Zzu" +zu'+z°u=0 (u=u(z), z= o). This is the zero-order Bessel equation, with general

solution u(z) = AJy(z) + BY((2) ie.

2

(x) = AJg(ax) + BY((ax)
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3.3 The modified Bessel equation

We comment briefly on an equation that is intimately related to the conventional Bessel equation, namely
x2 "+ xy' ( X +12 ) y = 0, called the modified Bessel equation of order V. We observe that the only change occurs
in the term |2 - it is negative here. This immediately suggests that we should consider, formally at least, a change of

Xy

variable X =1z in the standard Bessel equation:

xzy”+xy (x2+v2)y:0

This yields 22Y" 4 2Y —(22 + V2)Y: 0, y(iz)=Y(2),

for which we have a solution. Thus, for example, we define

( /2)2r+n
r'(r+n)'

1,(z)=i"],(iz) = Z
which is the modified Bessel functzon of the first kind, of order n. The function that corresponds to Y, is usually defined by
K (2) =20 [1, ) +i%,,52)],

which is the modified Bessel function of the second kind, of order n. Written explicitly, for # =0 (and reverting to the
more conventional x), we obtain

I(x)—1+(x/2) (X/Z) (x/z)
on*  @2n*  @3?

(X/2) (1 )(X/2) +(1+2+ )(X/2)

Ko(x) =~{7 + I/ 2)lo() + (07 15 1) @3)*
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some examples of modified Bessel functions are shown in the figure below.

The modified Bessel functions K, K;,1(,I;, identified in this order by the ordering,
from left to right, of the upper part of the curves.

Exercises 3

1. Write the general solutions of these equations in terms of Bessel functions:
2 2 9x2)" +9xy" +(9x2 —4)y =0
(a)xy”+xy’+(x —1)y=0;;(b) XTyTEIxy +19x y=0.

2. Seek a solution of the equation xy" +(1-2Vv)y'+xy =0 in the form y(x) = x"Y(x); use your result

to find the general solution of the equation

xy"'=2y"+xy=0
3. Show that the differential equation

d a 4
—(x%y" ) +bx"y=0
dx( ) (c—=a+2#0,b5>0)

can be transformed into a Bessel equation for Y ( X):

X2y + XY +(X2 - VZ)Y: 0
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Vb

by X = Txl , Y = x—lv y » for suitable A and v.Find A and v and hence obtain the general solution of the equation

xy"'+3y'+y=0

4. In the definition of the Bessel function of the first kind (J v ), select vy ==+ 1/ 2 and hence show that

2 . 2
Jya =4 —sinx J_jp=,—cosx
m pad ‘

>

5. The Bessel functions of the first kind, with integer orders, can be represented by

T
T, (x) :%Icos(né’—xsinﬁ)dx.
0

Use this expression to show that

%[ann(x)] = x"Jn_l(x) ; %[x_njn (x)] = —x_an+1(x)

>

and hence obtain the recursion formula
2n
Jns1(x) = 7Jn (x)=J,-1(x)

6. Use the recursion formula in Q.5, and the results in Q.4, to obtain closed-form representations of J 3/2 (x)

and J—3/2 (x).
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4 The Legendre polynomials

Another equation that plays a significant réle in many branches of the applications of mathematics (particularly in problems

that involve spherical symmetry) is the Legendre equation

(l—xz)y”—2xy'+/1y =0,

>

where A isa parameter. [A.-M. Legendre (1752-1833), French mathematician who made contributions to number theory,
the theory of elliptic functions and to celestial mechanics, which is where his equation first arose.] This equation has
regular singular points at x = +1, and so the domain of interest is normally —] < x <1 (for general A ); however, it is

usual to seek a power-series solution about x = ( (which is, of course, an ordinary point). Thus we write
o0
_ n
y(x) = Y ayx
n=0

to give

o0 o0 o0
(l - x2) Zann(n - l)xn_2 -2 Z:annxn_1 +A Zanxn =0
n=0 n=0 n=0
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which becomes

iamﬂ (m+2)(m+1x™ - iam{m(m— 1)+2m— /?v}xm =0.

This equation is an identity for all x if

Ao (m+D)(m+2) =a,[mm+1)-2] m=0,1,2, ...

>

with both @ and a; arbitrary. Thus, for general 4, we have a general solution:

y(x) = ao[l—%ﬂxz + 2 AA=6)x* L A - 6)(2-20)x° + ]

+a1[x—%(/1—2)x3 rs(-D(-12)x7 4 ]

The ratio test then gives

2
2" 7| mm+1)—A

L " 5 <1
m as M—> X je (m+1)(m+2)

asm—>oo,

so that each series that contributes to the general solution converges for —1 < x < 1.

In many applications we need bounded solutions for —1 < x <1 and, for general A, this is impossible: the series are not
convergent at X = *1. (Indeed, a Frobenius approach about x = +1 or x = —1 shows that the solution diverges like
In(x F1) as x — £1.) However, if the series possesses a finite number of terms i.e. it is polynomial, then it certainly
will remain bounded for all x €[—1,1]; we then say that the series terminates. This situation will occur here for any

A=n(n+1), n=0,1,2, ...; the first few such solutions are then

”:0’y:1$”:1)y=3ﬁn:2,y=1—3x2;n=3,y=x—%x3,

and so on. Of course, these are still solutions when multiplied by constants, and when these are chosen to ensure that

(1) =1, for each n, they are known as the Legendre polynomials (P, (x) ), so we have

Py(x)=1, Pj(x)=x, Py(x) = %(3x2 - 1), Py(x) = %(5x3 —3x), etc.
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These first few polynomials are shown in the figure below.

The Legendre polynomials, Py, P;,P,, Py, identified in this order by
the number of times (#) that each crosses the x-axis.
Exercises 4
1. Obtain the Legendre polynomials Py (x) and Ps(x) .
1 4"

2" n! dx"

3. Legendre’s equation in the form (1 — xz)y” —2xy"+n(n+1)y =0 has one solution y(x) =P, (x)

R
2. Confirm that P (%) = [(x - 1) } for n=0,1,2,3,4. (This is called Rodrigues’ formula.)

; use the method of variation of parameters to find a second solution (usually written Q,,(x)) in the cases

l’l=0 andnzl‘

4. Use Rodrigues’ formula (Q.2) to obtain the recursion formula

(n+DPyy1(x) = 2n+1)xP, (x) —nP,_; (x)
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5 The Hermite polynomials

Another standard second order ODE is

y'=2xy"+Ay=0, -0 <x <00,
which appears, most typically, in elementary solutions of Schrodinger’s equation; A is a parameter. This is Hermites
equation, where special choices of A give rise to the Hermite polynomials. [Charles Hermite (1822-1901), French
mathematician who made important contributions to the theory of differential equations and also worked on the theory

of matrices; in 1873 he proved that e is a transcendental number.] The equation has no singular points - all (finite) points

are ordinary points — so we seek a solution

y(x) =Y a,x"

n=0

which gives

o0 o0 o0
Zann(n - l)xn_2 -2 Zannxn +A Zanxn =0
n=0 n=0 n=0
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This is written as

iamz (m+2)(m+1)x" - iam@m—l)xm =0

m=0 m=0

which is an identity for all values of x if

Ay (m+2)(m+1)=a,2m-1) m=0,1,2, ...

with both @ and @ arbitrary. This recurrence relation gives directly the general solution

P(x) = a0[1—2l!2x2 + L a4yt —]
+a1[x—%(z—2)x3+§(1—2)(,1—6)x5+...]

It is immediately clear that there exists a polynomial solution of the original equation whenever A =2n,
n=0,1,2,.... With the choice 4 =27, and the arbitrary multiplicative constant chosen so that the coefficient of the

n
term x" is 2", the resulting solution is the Hermite polynomial, H, (x) . Thus we have

Ho(x)=1 Hy(x)=2x Hp(x)=4x>-2 Hj(x)=8x"-12x Hy(x)=16x"-48x*+12 __

the first four of these are shown in the figure below.

o
=

/
-

The Hermite polynomials, Ho,H1,H2,H3  identified in this order by
counting up on the far right of the figure.
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Exercises 5

1. Write down Hs(x).
nox2 d" (32
2. Confirm that H,(x) =(=1)"e — e for n=0,1,2,3,4. (This is Rodrigues’ formula for the
dx
Hermite polynomials.)
3. The equation »"” —2xy’' +2ny = 0 has one solution ¥ = H,,(x); use the method of variation of
parameters to find a second solution in the cases 7 =0 and n=1.

4. Use Rodrigues’ formula (Q.2) to obtain the recursion formula

H,, (%) = 20H,, (x) ~2nH,,_; ()
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6 Generating functions

We conclude with an additional and intriguing property of the functions that we have discussed in this Notebook (and
similar properties arise for other functions and polynomials). The existence of recursion formulae, and also the Rodrigues’
formulae [O. Rodrigues (1794-1851), French mathematician] for the polynomials, is related to another important idea:

the generating function.

Suppose that we are given a set of functions, £, (X) say; further, suppose that these can be obtained as the coefficients

of some power series (in z, say) i.e. we write

ZFn(x)Zn

n=0

If we can find a function, f'(z;x), whose Maclaurin expansion in z recovers the series, so that we have

f(zx)= ) Fy(x)Z"

n=0

we call f(z;X) a generating function. (It obviously generates, in a purely algebraic way, the set of functions that are of

interest.) An elementary example of this idea is the choice
f(z;x)=+z+x

which has the Maclaurin - actually binomial in this case - expansion

1z 1z 2 1(z 3
f(zx)=+x 1+5;—§(;j +E(§) — b

>

thus we have generated the set of functions

GLL 111
52\/;’ 8x\/;a16x2\/;,....

(and the coefficients that appear here may, or may not, be included). We may therefore regard f(z;x) =+/z+ X asa

1
. . ~—n
generating function for Fn (x)=x2 .
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For each of our three examples (Bessel, Legendre, Hermite), simple generating functions exist; we will present them -

detailed proofs of their correctness are beyond this text — and make a few observations about each.

6.1 Legendre polynomials

First we consider the function 1/ VI-2xz+ 22 , which has the expansion (in z)

-1/2 2

(1—2xz+zz) :1—%(—2xz+22)+%(—2xz+22) -

= 1+xz+(%x2 —%)22 + ...

and we recognise the coefficients of ZO, Zl, 22: I, x, %(3){72 — 1), respectively. These are the first three Legendre

polynomials; see Chapter 4. In general, we find that

1

o0
ﬁ: ZPn(x)zn
1-2xz+z n=0

and this property can be analysed in a number of ways; the most powerful is to differentiate each side with respect to z

and, separately, with respect to x. First, the z-derivative gives

2 (-2x+22)= Y P, (x)nz"""!
n=0

%(1—2xz+22)

which can be written (upon using the original definition of the generating function) as

(x—z)iPn(x)zn = (l—2xz+22)§:nPn(x)zn_l

n=0 n=0

o0 o0
—ZPm_lzm +Xx Zszm
m=1 m=0

or

o0 o0 e 0]
= Y (1+m)Pyy 2" =2x > mP, 2" + > (m—1)P,,_ 2"

m=—1 m=0 m=1

This is an identity in z if

xPy =Py and xP,, —P,,_1 =(m+ 1P, .4 —2xmP,, +(m—1)P,_; (m=12,...)
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and the first of these is automatically satisfied; the second can be written as
(n+ 1B, 41 (x) = x(2n+ )P, (x) ~ nP,_;(x)
which is the recursion formula for Legendre polynomials (see Exercises 4).

On the other hand, if we differentiate with respect to x, we obtain

—%(1 —2xz+2° )_3/2 (—2z2)= Z P, (x)z"
n=0

or zZPn(x)z” :(l—2xz+zz)ZP,;(x)z” )
n=0 n=0

which can be simplified when we use the previous derivative:

2> P (02" = (x—2) Y Py (x) 2"

This is conveniently written as

o0 0 0
> mP ()" =x > Py (x)2" = Y Py _1(x)Z"
m=0 m=1

m=0
which is an identity in z if
Py =0and mP,, =xP, —P;,_| (m=1,2, ...);

we know that P(’) = (), so we are left with

Py _1(x) = P (x) — 1P, (x)

- another type of recurrence relation.

6.2 Hermite polynomials

The function that we consider here is

exp(sz — 22)
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which possesses the expansion

2 3 4 4
(2xz) N (2xz) N (2xz) . )’z
3! 4!

exp(sz —z? ) =|14+2xz+

= 1+2xz+(2x2 - 1)22 +(%x3 —2x)z3+...

and again we recognise (see Chapter 5) the first four H,;s, in the form
Ho,Hy,1H,,1H
0>t 2,7 3.

Thus we have a generating function for the Hermite polynomials, written as

o0
exp(sz ~z? ) Z % H,(x)z"

n=0

(with the usual identification: (! =1). This generating function can be used (as described in the preceding section) to

derive various recurrence relations.
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The z-derivative yields

o0
2(x—2) exp(2xz—22) = ZﬁHn (x)z"!
n=1

2x-z2) Y LH, (02" = ZﬁHn(x)z”‘l
n=0 n=1

or

which can be written as

o0 o0 e}
2x Z#Hm(x)zm -2 Z (mll)! H,_1(x)z" = Z%Hmﬂ(x)zm
m=0 m=1 m=0

This is an identity in z if

2XHO = Hl and 2_me _ 2 1

m! m m_lzﬁHm_f_l (m=1,2,...);

the first of these is automatically satisfied, and the second becomes

H, 1(x)=2xH,(x)-2nH,,_;(x) M= L2, ... )

which appears in Exercises 5.

6.3 Bessel functions

Finally, we return to the functions which possess a far more complicated structure: the Bessel functions (discussed in
Chapter 3). We shall present the relevant details for the Bessel functions J4.,(x) (for n=0,1,2, ...) by considering

the function

exp{%(z—ljx} (z#0)

which, we observe, will necessarily generate a more complicated powers series (in z) than has arisen in our earlier examples.

This time we must expand in a Laurent series (i.e. terms Z and Z = will appear), producing a power series that is
convergent for 0 < |Z| < 00. The expansion is
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e'7/2 ¢¥/22 _ [1+ (xz/2) + (xz/2)2 + (xz/2)3 +]
T 2! 3!

2! 3!

o) ) a3 el
e e i

(1o, )

= iszn(x)

n=—0

Thus we have demonstrated (in outline, at least) that

exp{% (z ! )x} = i "], (x)

n=—00

which, as developed earlier, can be used to obtain various recurrence formulae. The z-derivative gives

e resfile—= )~ St

n=-—ow
0 e 0]
or %(z+z_1)x Z Z"],(x)= anan(x)
n=—0 n=-—

which leads directly to

Jr1(x)= 2—an (x)=J,,_1(x) (see Exercises 3).
X

Correspondingly, the x-derivative produces

e-+Jorfdle- )= T

n=—00
o0 0
or %(z+z_1)x > ()= D "1, ()
n=—x n=-—oo
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which produces
’ _ 1
Jh(x)= E[Jn—l(x) - Jlﬁ-l(x)]
Exercises 6

1. Use the appropriate generating functions to find P3(x) and Hy4(x).
2. Use the appropriate recursion formulae (and any results already available) to find Pg(x) and Hg(x).
3. Use the recursion formulae (obtained from the generating functions; see §6.1) to show that

(1= x% )Py = 2xP; +n(n+1)P, =0

(thereby confirming that the generating function does produce functions P,, ).
" ! j—
4. Repeat Q3 for H,,(x) (§6.2) and the equation Hj; —2xH, +2nH, = O.
. o =Ly 2 -2 _
5. Repeat Q3 for J,,(x) (§6.3) and the equation J;; +x "J, + (1 -n"x )Jn =0..
6. Use the generating function for the Bessel functions, J,,, to show that

J,(=x)=(-D)"J,(x) and J_,(x) =(-1)"],,(x),

and hence deduce that Jb(x) = —Jl(x) and then that

Jn(x)=<—1)”x"(ld—} To(x).
x dx
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Answers

Exercises 1

1. (a) Regular singular points at X = 0, x=-1; ) regular singular point at ¥ = 1 and an essential singular
point at X = —1; (0 no singular points - all (finite) points are ordinary points, but the point at infinity is an
essential singular point.

Exercises 2

Where the result is easily obtained, the full series is presented.

@ e 43 59" (with 2=0, 1/2),
1 ()y(x)_Agb(zn)!+B\/;nz:0(2n+1)1( . o

= (—x)" S (2n+1)!
(b) ¥(x)= Avx 2—' + Bx z—'-(_4x)n (with 4 =1/2, 1) and note that the first solution
Y P n!

here can be written Avx e
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(c) y(x)= A\/;(l—%)m 1.'3'7'7 x2+...)+Bx_3(1—%x+%x2 343 3) (with 4 =-3,1/2),
d) y(x)= szz( +B{y1(x)1n|x| x+x° ——x +.. }(w1th =1, 2)andnotethattheﬁrst

-Xx
solution here can be written Ax c

00 —x2/4)n
(e Y(x)=4
© 2

f) y(x)=Ax (I—Zx +...)+B{yl(x)ln|x|—1+%x+...} (with A =-1,1).

{yl(x)ln|x|+ X _%x“"’ }(with A=0,0)

2 Set X—1=2.4zY"+2Y' =Y =0_ then

y(x) = AZ()E2 1))| B+x Z(x (with A =0, 1/2 which can be written

y(x)=(4+BJx-1 )cosh(\/x— ).

Exercises 3

L (@) y(x) = AT (x)+ BY|(x); (b) y(x) = AJp/3(x)+ B _5/3(x).
2 xPY Y +(x2 =2 )Y =05 y(x) = x3/2(AJ3/2 (x)+ B _35(x)).

3. A= 1(c a+2), v=(1-a)/(c—a+2); y(x)——(AJz(x)JrBYz(x))

4 J3/2(x) \F(—smx cosxj J 3/2(x) \/7(31nx+lcosx)
X

Exercises 4

C1{rc 4 202 4. 125 0.3
. P4(x)—8(35x 30x% +3); P5(x)—8(63x 70x +15x).

).

1+x 1+x

2. Qp(x) = A+Bln1

; Qr(x)=Ax+ B(xln

1-x
Exercises 5

L Hs(x)=32x"—160x> +120x
X x2

X
2
2. n=0: y(x)=_[ex dx; n=1: y(x):x_[e—zdx.
x
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Exercises 6

1 P3(x)=%(5x3—3x); Hy(x)=16x" —48x% +12.
2. Pg(x)= %(23 1x® = 315x* +105x2 —5); Heg(x) = 64x% —480x* +720x% - 120.
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Part Il

An introduction to
Sturm-Liouville theory
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Preface

This text is intended to provide an introduction to some of the methods and ideas that come under the heading of ‘Sturm-
Liouville theory’. This topic is likely to be included in any modern, fairly comprehensive mathematical degree programme,
probably linked to the method of series solution (Part I). This volume in the ‘Notebook Series’ has been written to extend,
and explain in more detail, these ideas, but it has not been designed to replicate any typical module that includes this
material. Indeed, the intention is to present the material so that it can be used as an adjunct to a number of different
modules - or simply to provide a different and broader experience of these mathematical ideas. The aim is to go beyond
the methods and techniques that are presented in the relevant course of study, but the standard ideas are discussed here,

and can be accessed through the comprehensive index.

It is assumed that the reader has a basic knowledge of, and practical experience in, the elementary methods for solving
ordinary differential equations (as encountered in any standard course in the first year of study). Some knowledge of the
material taught beyond the first year (e.g. series solution: Part I) would be an advantage, but this is not essential. Further,
this brief notebook does not attempt to include any applications of these equations; this is properly left to a specific

module that might be offered in a conventional applied mathematics or engineering mathematics or physics programme.
The approach adopted here is to present some general ideas, which might involve a notation, or a definition, or a theorem,

or a classification, but most particularly methods of solution, explained with a number of carefully worked examples — we

present 11. A small number of exercises, with answers, are also offered in order to aid the learning process.
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List of Equations

These are the equations, and associated problems, that are discussed in the examples.

Yy’ + w? y =0 (solution and Wronskian) ................ccoiiiiiiiiiiiiiiiii e, 69

xy” + 2x? YV+Q2+X)y= x* (write in Sturm’s form) ..., 71

y’+Ay=0, 0<x<1, with y(0) = y(1) =0 (find eigenvalues) ...........................78

X2y +Ay=0, 0<x <1, with Y(0) = Y(1) = 0(dIttO) ......ovoveerreiiieirne 79
U +nfu=0, v/ +mfv= 0 (oscillation theorem) ............ceoeviiiiiiiiiiiiinenn 83
40 +nfu=0, V' +m>v=0 (AItO) vt 83
(y//x) +Axy=0, 1<x<2, y(1) = y(2) = 0(ditto + solution) ....................... 85
Y7+ Y =0 (SoIutions interlace) .........ccooviiiiririiiiii i 88
y’+Ay=0, 0<x<1, with y(0) = y(1) = 0 (orthogonal eigenfunctions) ............... 89
Xy”+y +Axy=0, 0< x<1(eigenfunctions are Bessel functions) ...................... 92
y”+ Ay =sin(37x), 0<x<1, y(0) = y(1) = 0 (solve for A=37%97%) .....occo..... 98
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1 Introduction and Background

The thrust of this volume is to present and describe some of the essential features of the properties of solutions of second
order, linear, ordinary differential equations that contain a parameter. Most significantly, these ideas are developed within
a general framework which does not require explicit solutions to have been obtained. Indeed, it will become apparent that
it is possible to derive some important (and often quite detailed) properties of the solution of these equations, even when
we cannot write down a solution. First, we shall provide a general description of the type of equations, and problems,

that we shall discuss here.

1.1 The second-order equations

We start with the homogeneous equation for y(x ) :
L(y)= po(x)y" + p1(x)y" + pr(x)y =0 (1)

where the prime denotes the derivative with respect to x and L represents the differential operator

L N B
Po dxz P1 dx 1 %) H

the functions PO, P| and P are continuous throughout the domain of the solution. Because this is a second-order

equation, the general solution will be constructed from two linearly independent solutions ( V1 (X ) » V2 (X ) , say) i.e.

y(x) = Ay1(x) + Byp(x)
where A and B are arbitrary constants.

As an introduction to our more detailed work, it is convenient to write down the two equations that, separately, define

Y1(%) and y,(x):
Poyi+ P11+ P21 =0 and poys +piyh+p2y2 =0,
and then we form y, x first — y; x second, to give

po(yayi'=yv8)+ p1(y2vi —y13h) =0.

j ’ (2)
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then d_ = ¥1V5 —¥2¥1 and so our new equation can be written as
X

po(x)

and if we have data given somewhere, at X = X), say, then

dw
po——+piW=0o0r W= exp{—.[mdx} .
dx

p1(x) dr
po(x)

where Wy = W(yl (x0), 2 (xo)) = y1(x0)»5(x0) = y2(x9)¥{(xp). Consequently, either W =0 everywhere
(because W) = 0), or W is never zero (because Wy # 0 and the exponential term can never be zero). Further, W (which

W =exps—

b

is called the Wronskian of the two functions) possesses an additional and fundamental property: W = ( if and only if

Y1 and )2 are linearly dependent functions.

Proof

Suppose that )] and )9 are linearly dependent, then 7 (x)= ky1 (X) for some (non-zero) constant k; then
W =ky;y{ —ky1¥{ = 0. On the other hand, if W =0 then

Yvh—y2¥ =050 ;—2 = % or ln|y2| = 1n|y1| +constant ie. yp = constant x y; .
2 1

the functions yl( x) and )2 (x) are linearly dependent. =
Thus we deduce, for the solution of a linear, second-order ordinary differential equation, comprising two linearly
independent solutions, that J/ # () . However, if the two solutions are linearly dependent (so that we do not have the general
solution), then W =0 everywhere; indeed, this property of W can be used to test if the solution we have constructed is

the general solution. When W # (0, we say that the functions form a fundamental set.

Example 1

Find the general solution of the equation " + a)zy =0 (where @ > 0 is a real constant), and then find the Wronskian

corresponding to the two independent solutions.

We have " + (02 y =0, a constant coefficient, second-order equation, so the two solutions are }] = sin(wx) and
W = cos(wx) ; the general solution is therefore

(x) = Asin(@wx) + Bcos(wx)
Now W =y ¥4 —yoy| = sin(a)x)[—a) cos(a)x)] — cos(a)x)[a) cos(a)x)]

Download free ebooks at bookboon.com


http://bookboon.com/

=-o (#0)

[Josef Maria Hoéné-Wronski (1778-1853) was a Polish mathematician with great manipulative skills, but not much
concerned with rigor (which he regarded as a ‘pendantry which prefers means to ends’). He spent most of his career in
France - he became a French citizen in 1800 — where he often quarrelled with other mathematicians and the academic
institutions: he was a troubled man. For many years his work was dismissed as having no merit. However, in recent times,

it has been realised that he produced some important results — even if a lot of what he did is erroneous.]

We conclude this section by commenting on two other variants of the second-order equations that we shall discuss. The

first is at the heart of Sturm-Liouville theory; write equation (1) in the form

w, PL_, P2 d
y +p—y +p—y =0or & y'exp[.[ﬂdx] +p—2yexp{.[ﬂdx} =0
0 0 dx Po Po Po
(provided that po # 0). This makes use of the integrating factor associated with the first two terms in the equation. We

write this equation more compactly as

f—x[P<x>y']+Q<x)y= 0 .,
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for given P(x) and O(X) ; see §2.1 for a development of this form. A further generalisation is to allow the equation to

have a non-zero right-hand side i.e. it has a forcing term; then we write (cf. equation (3))

j—x[P<x>y']+Q(x)y= ) §

This last equation is usually referred to as Sturm’s equation.

Example 2

Write x)"" + 2x2y' +2+x)y= x* in the form of Sturms equation.

We need to find, first, the integrating factor associated with the first two terms i.e. ¥" +2x)" (after division by x (# 0)

2
), so we use the integrating factor eXp(_[ 2x dx) = exp(Xx~). Thus we now write

2 2
e* {y” +2xy' +(1 +z)y} = xe*
x

2 2 2
or d—[ex y,:|+(1+£jex y=x% |
dx X

which is Sturm’s version of the equation.

1.2 The boundary-value problem

The equation, and the relevant boundary conditions, which will be central to the ideas that we present here are described by

d
a[p(x)y']+[q(x)+/1r(x)]yzs(x), a<x<b, (5)
where A is a constant and, with S(x) = (0, we use the boundary conditions

ay(a)+py'(a)=0. yyb)+5y'(h) =0 (6)

We record that a and/or b could be infinite, allowing us to have infinite or semi-infinite domains. The functions P (x) ,

q(x) and 7(x) are all real, with the additional requirements that

p(x)>0, p'(x), q(x), r(x)>0,
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are all continuous on the domain of the solution; the constants &, [, 7 and ¢ are also real (and not both of the pair
(a”B ) , nor both the pair (7,0), are zero). These (two-point) boundary conditions are homogeneous (because the
transformation } —> constant X y Jeaves them unchanged); the constant A is the eigenvalue and is to be determined.
The problem posed by (5) (with s(x) = 0) and (6) is usually called the Sturm-Liouville problem; this was first discussed
in a number of papers that were published by these authors in 1836 and 1837. [Charles-Fran¢ois Sturm (1803-1855),
Professor of Mechanics at the Sorbonne, had been interested, since about 1833, in the problem of heat flow in bars, so
was well aware of eigenvalue-type problems. He worked closely with his friend Joseph Liouville (1809-1882), Professor
of Mathematics at the Collége de France, on the general properties of second order differential equations. Liouville also

made many contributions to the general field of analysis.]

1.3 Self-adjoint equations

One final, but general aspect of second-order equations, closely related to the Sturm-Liouville form, needs to be mentioned

before we proceed with the more detailed discussion. We return to equation (1):

L(y)= po(x)y" + p1(x)y" + pa(x)y =0,

and ask if there is a function, v(x) , that makes vL(y) an exact differential i.e. does an integrating factor, for the whole

equation, exist? To examine this possibility, we write

d . d ,
vL(y) =—(pow') = (pov) ¥ +— (1) —(p1v) ¥+ povy
dx dx

d 4 " d ,

d ,
= a[povy’ —(pov) ¥+ plvy} +yM(v)

where M is the differential operator

2

d d
M= P 2 ph — R 1" _ )
Do A2 +(2p0 Pl)dx+(Po pi+p)

Thus, for vL(y) to be an exact differential, we require M (V) = 0 - another second-order, ordinary differential equation

(so probably not that helpful).

We call the operator M the adjoint to L,and M (v) = O is then the adjoint equation. In general, the differential operators
M and L are not identical, butif M = L then the equation () = 0 is said to be self-adjoint. It is immediately apparent
that the operator is self-adjoint if p(’) = D1, for then

d? d d d
M= p, +po—+Pprandso M=L=— |+ p,
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which is the Sturm-Liouville form. However, we have already demonstrated that any linear, second-order ordinary

differential equation can be recast in this form; thus every such equation can be written in self-adjoint form.

Exercises 1

1. Find the general solutions, and associated Wronskians, of these equations:

(@) Y'+2y"+5y=0; @) 2x2y”+3xy’—y:0; ) V'+2y'+y=0.

2. Which of these functions could be Wronskians ?
(@) e 2% (b) x5 () 1/(2—x); (d) 72.

3. Write these equations in the form of Sturm’s equation:

@ y"+2y" +xy=0;(b) 2y" +4xy’ +3e*y = x;
(©) y"+4y=sinx;(d) (1+x)y" +5xy=x.

4. Which of these are Sturm-Liouville problems?

(@ y"'+4y=0,0<x<1, ¥(0)=y(1)=0;
) () +(1+Ax)y =0, -1<x <1, y(~1)=0, y'(1) = 0;
© [(+)yT+(x+ ")y =0, 0<x <1, y(0) =0, y(1)+y'(1) = 0

@ y"+y' +e*y=0,-1<x<1, y(-1)=0, y(1)-2y'(1)=0.

5. Find the adjoint equation associated with the equation

xy"+2y'+(Bx-1)y=0.

6. Write this general equation

poy"'+py' +p2y=0
in self-adjoint (Sturm-Liouville) form, with Pl = p() (see §1.3); hence write down
the equation for the adjoint function, v( x) , and then obtain (a version of)

Lagrange’s identity:

VL(y) — yL(v) = j—x[pomW(v,y)]
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2 The Sturm-Liouville problem:
the eigenvalues

The strength, and beauty, of the approach developed by Sturm and Liouville is that considerable general information,
and some specific detail, can be obtained without ever finding the solution to the problem. Thus we are able to find,
for example, integrals involving these functions - orthogonality integrals are the prime example — without knowing the
solution. Such integral results are likely to be useful in their own right, and they are essential in the context of Fourier
series. We shall describe, first, the nature of the eigenvalues and then, in the following chapter, turn to the associated

solutions (the eigenfunctions).

2.1 Real eigenvalues

We return to the classical Sturm-Liouville problem (equations (5) and (6)):

[p(x)y’]' + [q(x) + lr(x)]y =0, a<x<b,

with av(a)+fy'(@)=0; p(b)+5'(b)=0 7
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r(x)>0

where p(x) >0, and q(x) are real functions, and & , p .7 and 8 are real constants. Suppose that the two

(independent) solutions of the equation are )] (x;4) and V2 (x;4) , where the dependence on the parameter A has

been included. Thus the general solution becomes

y=Ay(x; )+ Byy(x;4)

The boundary conditions then require
of Ay(a;A)+ Byy(a; )]+ Al Avi(a; A) + Byj(a; 1)) =0

and V[ 4V1(5;2) + By, (b; )]+ 6] Ayi (b; A) + Bys (b; )] = 0.

A/B

where the prime denotes the derivative with respect to x. The elimination of

(@A) + Bi(a;d) _ mi:A) + i (b 4)
ayy(a; )+ Bys(a;2) - o (b A) + 5 (b 4)

between these two equations then yields

(8)

which, in general, can be an extremely complicated equation for A (We may note that this is a statement of the
condition | M | =0, necessary for the existence of non-zero solutions of the matrix equation MX = (0, where
A
MX =0, where X = . This demonstrates a direct connection with the familiar definition of the eigenvalues of
B
a matrix A: |A — /U| =0, associated with the matrix equation (4—A/)X =0.).)
Now equation (8) may have, in general, complex roots; indeed, this must be expected as a possibility. However, we do not
have )| and Y, available to use in (8), which would allow us - in principle, at least - to determine the A s by solving
(8). It turns out that we can deduce the nature of the roots directly from the differential equation itself. Although p, g, r,
a, [3, 7 and O areall real (as is the domain), A might be complex and then, in turn, so will be the associated solutions
y; we shall prove, however, that all the eigenvalues of a Sturm-Liouville problem are real.
Proof
We proceed by assuming that both A4 and y are complex valued, and then we have the pair of equations
—1 - —
[p(0)y'] +[q(x)+ Ar(x)]y =0 and [p()F'] +[q(x)+ Ar(x) |7 =0,
where the over bar denotes the complex conjugate. Correspondingly we have

ay+ ' =0 and oy + ' =0 (bothon x=a),

and
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w+0y'=0and p+y' =0 (bothon x =5h).
We form

?[(py')' +(q+ /V)y} - y[(pf ) +(q+ Zr)f} =0,
which simplifies to give

Hpy') =y(p7') +(A=2)7 =03,

this equation is integrated over the given domain:

b b
J[?(py’)' —y(pf’)'}dx +(2-2)[nydx=0.

Integration by parts (on the first integral) then produces

b b b
ey’ =T, - [ py'5 dx+ [ py'y dv+ (2= 7) [y dx =0,

a a a

in which two of the integrals cancel identically. The evaluation at x = b, for example, generates the term
POV =37']._) where P(B) >0,

if we have the case 0 = 0, then y(b) = ¥(h) = 0 and so this evaluation gives zero; if ¥ =0, then () = y'(b) =0
and again the value is zero. If, however, both 7 # 0 and § # 0, then y(b) = —(5/ 7))/'(1?), so that we now obtain

(5" = 35].._, = 7(b)y"(b) +§y'(b>y'(b)

. %y’(b)[ﬂ(b) + 57 (5)]=0

>

so again zero. Hence the evaluation at X = b is zero; the same argument obtains at X = @, leaving

(/’L—Z)jzry)_/dx=0.

a
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_ 2
But #(x) >0 and )y = |y| >0 for any non-identically-zero solution; thus if there exists a non-trivial solution (i.e.

not identically zero), then necessarily

b
[ o)y H)F(x; 2y dx > 0
a
requiring that A — A=0 , which implies that A is real. -

We have demonstrated that the eigenvlues of the general Sturm-Liouville problem are necessarily real, and then so are all

the associated solutions - the eigenfunctions.

Comment: This proof requires 7(x) >0, and we also impose P(X) >0 If a particular equation has 2 () <0 e
simply multiply through by —1; if the resulting equation then has 7(x) < 0, we redefine A to absorb the minus sign.

The word ‘eigen’ is German, meaning something like ‘proper’ or ‘characteristic’ or ‘own’ (as in ‘belonging to’).
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2.2 Simple eigenvalues

Although we have written little so far about the eigenvalues (and eigenfunctions) — other than to prove that the eigenvalues
must be real - it is probable that the reader assumes that to each eigenvalue there corresponds one (linearly independent)
solution. Is this the case? If there is only one solution to each choice of the eigenvalue, we describe this as ‘simple’ i.e. the
eigenvalues are said to be simple if there is one solution to each eigenvalue. We will provide a proof of this property for

the Sturm-Liouville problem; this will require the introduction of a suitable Wronskian (§1.1).

Proof
For a given A, let us suppose that there are two linearly independent solutions, V1 (x)

and ¥7(X), say. (Note that we may certainly allow a constant multiple of any particular solution, because a constant

XY is necessarily a solution of the Sturm-Liouville problem, if )(x) is.) The Wronskian of these two solutions is then
W(y1,y2) = y1va = yavi,

and we may compute W at any point in the domain; let us do this at one end e.g. X = @ (and we may equally evaluate at
x = b, if we wished). The boundary condition (in (5) and (7)), at X = a applies to each solution, ) and )2, because
each is a solution of the same Sturm-Liouville problem. Hence, if ,B =0, then )| (Cl) ="M (Cl) =0;if g =0, then
yi(@)=ys(a)=0;if ¢ =0 and B# 0, then

p

o

B _
ywr—yayi=—_yiva+ yiyi=0atx=a.

Hence in all cases, ' = (. But (see §1.1) the functions y; and )7 are linearly independent, if and only if W =0;
thus )| and )7 are linearly dependent: to each A there is one and only one linearly independent solution. Thus the

eigenvalues of the Sturm-Liouville problem are simple. ]

Example 3

Use the Sturm-Liouville problem: "'+ Ay=0,0< x <1, with ¥(0)=y(1) =0, to demonstrate explicitly (in this

case) that the eigenvalues are simple.

This is an elementary problem with a familiar solution: set 4 = a)z (>0) then

y(x) = Asin(wx)+ Bcos(wx) :

see Example 1. (In Exercises 2, Q.1, you are invited to show that this is the only choice of A which allows the application

of the boundary conditions, to obtain a non-zero solution.) The boundary conditions then require

0=y»(0)=B and 0= y(1) = Asinw + Bcosw,
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so B=0,Aisarbitraryand sin@ =0 ie. @ =nx forn =0,£1,£2, .... Thustheeigenvaluesare | = w? =n?r?

(and we may now use just 7 =1,2, ...; n =0 is of no interest since it generates the zero solution), and the solution
corresponding to each n is then y(x)= Asin(nzx). But Sin(nzx) and sin(mzx), for n# m, are linearly

independent functions, so the eigenvalues are simple.

2.3 Ordered eigenvalues

In the example above, we see that the eigenvalues are

7z2, 47r2, 97r2, etc.

i.e. they are discrete, ordered and extend to infinity. This is a general property of eigenvalues of the Sturm-Liouville
problem; the proof of this follows from the oscillation theorems, which are described in Chapter 3. It is natural, however,
to note this important property here, in the context of a discussion of the eigenvalues. However, it is worthy of comment
that if we relax the conditions that underpin the formulation of the Sturm-Liouville problem, then we can produce a

very different picture.

Example 4

Find the eigenvalues of the problem: ny,, +Ay=0, 0<x<1,with y(0)=»(1)=0.

In this case, the general solution is obtained by setting y = x"

m(m—1)+1=0 so (m—%)z :%—/1 or m:%i [%—/1.

Let us write these two roots as 72 and 7 , then the general solution is
y(x) = Ax"™ + Bx"" (m; = my).

Now a choice that allows the two boundary conditions to be satisfied (in order to generate a non-zero solution) is: 77y > 0
and My >0, both real and unequal; it is clear that these cannot be real and negative. (The demonstration that other
choices lead to only the zero solution is left as an exercise; there is, however, one exceptional solution: repeated roots; see
the comment that follows this example.) Here, we require %— A= luz with % >u>0ie

my = +,u,mz=%—,u (sothat%<m1<l and 0 <my <%).

1
2

Then we have 0 = y(0) = Ax0+ B x0; 0= y(1) = A+ B, which gives the solution
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y(x)= A(xﬂﬂ/2 —x_”H/Z), 0<y<l;

1

the eigenvalues are A = %— /12 ,sothat 0 < A < n

In this example, we do not have a discrete, ordered set of eigenvalues: the eigenvalues are continuous on the open interval
0,7} . How can this have happened? To answer this, note that when we write the differential equation in Sturm-Liouville
4 pp q

form we obtain

and so we identify p(x)=1,¢9(x)=0 and r(x)= l/x2 .Thus 7(X) is not continuous on the domain of the solution:
X € [0, 1] . Thus not all the conditions of the Sturm-Liouville problem are met; nevertheless, as we have demonstrated, the

problem has a solution that is readily accessible. Indeed, if we include the exceptional solution that corresponds to repeated

roots (A = 1/4), namely, y(x) = A+x Inx (with y— 0 as x = 0"), then we have a solution for all A € (0, 1/4].

Exercises 2

1. For the simplest Sturm-Liouville problem:
y'+Ay=0,0<x<1,with y(0)=y(1) =0, show that the choices A <0 and A =0 produce only

the zero solution.

2. For the equation "'+ Ay =0, 0< x <1, find the eigenvalues and the corresponding solutions to the

following problems; confirm, in each case, that the eigenvalues are real, ordered and simple.

(@ ¥(0)=y"(D)=0;®) y'(0)=y(1)=0;() y'(0)=y'(1)=0.

3. Find the eigenvalues, and corresponding solutions, of this Sturm-Liouville problem:

xzy”+3xy’+ﬂy=0, 1<x<e,with (1) =y(e)=0.

4. Find the eigenvalues, and corresponding solutions, of this problem:

X2y —xy'+ Ay =0, 0< x < 1. with ¥(0) = y(1)=0,

(Note that this is not a Sturm-Liouville problem.)

Download free ebooks at bookboon.com


http://bookboon.com/

3 The Sturm-Liouville problem: the
eigenfunctions

We now turn to a consideration of the solutions of the Sturm-Liouville problem, that is, we analyse the eigensolutions
(more often referred to as eigenfunctions; each is associated with an eigenvalue, as described in §2.2). The main tool for
this analysis is a set of theorems, usually called oscillation theorems (but some authors prefer comparison theorems). The

equation that we consider is (see (5) and (7))

[p(x)y’]' +[q(x) + ir(x)]y =0,a<x<b;
to proceed, we introduce two equations, each of this form, namely

[p(x)u'] —k(x)u=0 and [p(x)v'] —(x)v=0, a<x<b. ©)
These two equations define, respectively, the functions #(x) and y(x) ; note that, at this stage at least, the dependence

on the parameter 4 is irrelevant (and the negative sign is simply a convenience). Consistent with our standard Sturm-

Liouville problem, we require that p(x) > 0 in the domain of the solution.
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3.1 The fundamental oscillation theorem

We examine equations (9), with the auxiliary condition that k(x) > £(x) for Vx €[a,b], the equality occurring (if
at all) at only a finite number of points. We form v x first — u x second to give

v[(pu’)' — ku} - u[(pv')' - fv} =0

d
so that a[p(u'v - MV')] =(k—0Ouv., (10)

We now suppose that u#(x) oscillates for x €[a,b], that is, u(x) = 0 occurs with at least two zeros on [@,D]. These
zeros are assumed to be simple i.e. the function y = u(x) crosses the y-axis with #'(X) non-zero and finite at these

points. Let two consecutive zeros of #(X) be at X = X{, X5 , then we integrate equation (10) from Xxj to X2 :

X2
[p(x)(u’v—uv’)];2 = J-(k—f)uvdx. (11)

X1

Suppose that v(x) is not zero for X; < x < X7, and then take #(x) > 0 and v(x) > 0 in this same interval (which we
may always do, by adjusting the arbitrary, multiplicative constants accordingly). These conditions ensure that the integral
on the right in (11) is positive. However, on the left, we have u(xl) = M(xz) =0 with M'(xl) >0 and u’(xz) <0;

see the figure below, which represents this situation.

X1 X2

Sketch of V = u(x) , showing the two zeros: at X| and X .

The left-hand side therefore becomes

) v(x)u'(xg) = pe)v(xu'(x) <0

which presents us with a contradiction: right-hand side > () and left-hand side < () . Since the conditions describing 2( x)
are given, we conclude that v(X) must change sign between x = xj and X = x5 . Thus v(x) = O (atleast once) between
the zeros of #(X), and if it happens that v(x1) =0 (which could be at, for example, X = X] = &) then the next zero

of v(x) appears before that of u(Xx) . Hence v(x) oscillates more rapidly than #(x) ; this is our fundamental result.
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Example 5

2 2

Demonstrate the correctness of the above theorem, in the case #"" +n“u =0, v'+m“v=0, for m>n.

The general solutions are
u(x) = Asin(nx) + Bcos(nx)  v(x) = Csin(mx) + D cos(mx)
where A, B, C and D are the arbitrary constants. The periods of these oscillations are, respectively, 27?/ n and 272'/ m

, and so V(X) oscillates more rapidly than u(x), given that 7> 1. We observe that, in this example, p =1 and
k—0=-n*+m*>0.

An important extension of this fundamental theorem is to the pair of equations
[p(x)u']' —k(x)u=0 and [P(x)v’]' —l(x)v=0

where p(x) > P(x)>0 and k(x) > /(x) (and equality occurs, at most, at only a finite set of points). The result of
the theorem just proved, namely that v(x) oscillates more rapidly than #(x), applies in this case also, although the
proof is less straightforward. The extension (usually associated with the name M. Picone) will not be presented here: it
produces exactly the same result, even if the technicalities are more involved. An example should be sufficient to describe

this new situation.

Example 6

2 2

Demonstrate the correctness of this latter theorem, in the case 4u"" +n“u =0, v'+m“v =0, for m>n.

The general solutions are
u(x) = Asin(nx)+ Bcos(nx); v(x) = Csin(mx) + Dcos(mx),
where A, B, C and D are the arbitrary constants. The periods of these oscillations are, respectively, 277 / n and 27 / m

and 27/m ie. v(X) oscillates more rapidly than u(x), since m >n/2 (and obviously so, since 72> 7). (In this
example, we have P_P:4_1:3>0 and k_(:_nz +m >0.)
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3.2 Using the fundamental oscillation theorem

The really useful results are obtained when we suppose that we have upper and lower bounds on P (X) and k (x) for

x €[a,b]. Let us be given that

O<P<p(x)<Q 4 N<k(x)sM (@a<x<bh)
and then we compare the equation

[p(x)y'] —k(x)y =0 (12)

with u"—%uzo and v"_%vzo, (13a,b)
which are constant-coeflicient equations. From the extension to the main theorem (in part proved and otherwise described),
it follows that ¥(X) oscillates more rapidly than v(X) , but less rapidly than u(x) . Indeed, if N >0, then the solution
for 1\X) i non-oscillatory - it is either a linear function ( N = O) or an exponential function (N > 0) - and so V (x)

is also non-oscillatory. Correspondingly, if NV < 0, then #(x) hasa distance of at least 7+/— P / N between consecutive
zeros, and so the solution will again be non-oscillatory if 77,/— P/ N>b-a.
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When we consider the other associated function, v(x), with M < 0, we observe that consecutive zeros are a distance

TTA— Q/M apart, and so y(x) has at least m zeros on [a,b] if
(m—D7z\-Q/M <b-a-

(Note that m zeros for x €[a,b] require (m—1) spacings between them.) Thus a sufficient condition that y(x)
oscillates on [a ,b] is that

2
M, 7

0 (h-a)?

corresponding to the choice m =2.

These ideas can now be applied directly to the Sturm-Liouville equation:

(py’)’+(q+ﬂ,r)y:0, a<x<bh,

with P(X)>0 and 7(x) >0, which corresponds to the general problem that we have just described (and with
k(x)=—q(x)— Ar(x) . Then, as above, we consider the situation where we have 0 < P < p(x) <O, where the

bounds P and Q are independent of A ; similarly, we write

N—-AT<—q(x)—Ar(x) S M -AS

where N <—g(x)< M, 0<S<r(x)<T and we have assumed A4 >0 (see below and also Example 7); and all
these bounds are independent of A . Thus y(x) has at least m zeros in [a,b] if

(b—a) AS-M
m—1< ;
= N\ 0

thus, starting from 4 =0, A4S — M increases as A increases: the number of zeros increases with the eigenvalue, A .

Example 7

Apply the relevant oscillation theorems to the equation ( y' / x)’ + Axy =0, 1 < x <2, and then solve the associated
Sturm-Liouville problem with y(l) = y(2) =0.

We identify p(x) = l/x (so 1/2 < p(x)<1)and k(x)=-Ax (so —2A<k(x) <-4 for 1 >0). Thus we may

compare the given equation with the pair

u" +4Au =0 and v'+ Av =0;
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these two have solutions, for 4 >0,

u(x)=A4 sin(2x\/7) +B cos(Zx\/z) ;v(x) = Csin(xﬁ) + Dcos(x\/;) .

Thus the number of intervals between consecutive zeros, for x €[1,2], lies between 2\/7 / 77 and \/7 / 7T (because we
require 2(2 — l)\/z =mrsm and (2— 1)\/2 =Mm7T , respectively). This number, and so the number of zeros, increases

as A increases. We may note that, for 4 < 0, there are no oscillatory solutions.
Now let us introduce y(x ) =Y (X 2) , then we obtain

d [yyi. 2 "

—2Y'(x7) [+ AxY =0 andso 4Y"+AY =0 (x #0).

dx
We write A =4®? >0 and then the general solution is

y(x)=A4 sin(a)xz) + B cos(a)xz)

with 0=y(l)= Asinw+ Bcosw; 0= y(2) = Asin(4w) + Bcos(4w) -
Thus we must have

tanw = tan4w = 4(tanw — tan’ a))/(l —6tan’ @ + tan* )

which has solutions tan® = 0 and tan @ = +/3 ie. @ = nr,t (72'/3) +nr (forn=0,£1,£2,

then takes the form

y(x)=4 sin(a)xz) —tanw cos(a)x2 )]

which reduces to either

y(x)= Asin(nﬂxz), n=12,..

or y(x)= A{sin[(i%vL n)ﬁxz] F+3 COSI:(i%-f‘ n)ﬂxz]} ,n=0,x1,....

The eigenvalues are A = 40)2 = 4n27z 2

eigenvalues are discrete, ordered and extend to (plus) infinity as 72 —> £00.

...). The solution

(n=1,2,...) and /1=%(i1+3n)2772 (for 7 =0,%1,...); these
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Finally, we apply the fundamental oscillation theorem in a very direct way, but now to two (independent) solutions of the

same equation. Let }1(x) and )2 (x) be the independent solutions of

[p(x)y'] =k(x)y =0 (p(x)>0),

then the construction used in (11) yields
/ \1*2
[P (riy2 = y193)] 7 =0.
Suppose that X1 and X, are consecutive zeros of the solution y1(x) ie. ¥1(x]) = »1(xp) =0, then we obtain
P(x2)yi(x2)y2(x2) = p(x1)y'(x1)y2(x1)

but y{ must have opposite signs at x = xy, X, (as shown in the figure on p.18), and so }2 must correspondingly have
opposite signs at x = x|, xp . Thus )2 (x) must be zero at least once between X = X| and x = X» . We can apply
exactly the same argument by reversing the réoles of ¥] and y;; hence the zeros of yj(x) and }2 (x) interlace.
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Example 8

Demonstrate that the zeros of the two solutions of "+ =0 interlace.

This is an elementary exercise: the two independent solutions are the familiar ) = sinx and Y = COSX . The former has

1 . .
zeros at X = N, and the latter at X = 5” +Rn7 (eachfor n =0, %1, ...): the two sets of zeros do indeed interlace.

3.3 Orthogonality

A very significant and fundamental property of the eigenfunctions of a Sturm-Liouville problem, with far-reaching
consequences, is that of orthogonality. (This word is used because, as we shall see, the property mimics the familiar
orthogonality of vectors: 2 ‘b=0 implies that the vectors are mutually orthogonal (if they are both non-zero) and so
linearly independent. Indeed, the connection goes far deeper when we consider how a set of linearly independent vectors
spans a space; this is to be compared with a complete set of independent functions used to represent general functions

as series — the Fourier series.)

The procedure follows very closely that which we adopted in the proof that the eigenvalues are real (§2.1). We consider

the classical Sturm-Liouville problem

[p(x)y'] +[q(x)+ r(x)]y =0, a<x<b,

with W@+ (@)=0 pb)+3'(b)=0

Let the solution )y, (x) correspond to the eigenvalue A m » and similarly for Vp (x) and A n (with M # 1, so that we

are working with two different solutions of the problem). Thus we have the pair of equations

(pyvin) +(q+Amt)ym =05 (pv}) +(q+ A7)y, =0,

and each solution satisfies the same boundary conditions. We follow the previous method, so we form

v, x first—y, xsecond and then integrate over the given domain (see §2.1), to give

b
b
[p(ynyr'n _ymyr'z)]a +(Am _ﬂn)j’ymyn dx=0.

a
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The evaluations at X =a and at X = b are precisely as developed in §2.1, so these each contribute zero, leaving

b
(A = An) [ 702 () () dx = 0.

a

But we have 4,, # 4,,, so we see that

b
[r()ym()y,(x) dx =0 (m#n);

a

the set of functions ), (X) are orthogonal on [a,b] with respect to the weight function ¥(X) . We should note that, for

m=n_we obtain
b
J.r(x)y,% (x)dx>0

a

for any non-zero solution (because 7(x) > 0); it is fairly common practice to normalise the eigenfunctions by choosing

the multiplicative arbitrary constant in each y,,(x) so that
b

[r)yn ) dx=1.

a

These two integral results can then be expressed in the compact form
b
J 7Oy ()7 () dx = S

a

the orthonormal form, where O, is the Kronecker delta. A set of functions that satisfies this integral condition, for all

n=1,2,...,is called an orthonormal set.

Example 9

Confirm by direct integration that the eigenfunctions of the Sturm-Liouville problem:
V'+Ay=0,0<x<1,with y(0)=xy(1)=0,
are orthogonal, and construct the corresponding set of orthonormal functions.
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Set A =®>, then y = Asin(wx)+ Bcos(wx) with B=0 and sin®@ =0 (4 #0)ie. @ =n7; thus we may

write

yu(x) = Ay sin(nzx), A, =n’7* (n=1,2,...),

where the An are the arbitrary constants. (Note that 7 = 0 generates the zero solution.) First, we find

1 1
J sin(nzx)sin(mzx) dx = %J [cos{(m —n)zx}—cos{(m+ n)zrx}] dx
0 0

1 sin{(m—n)zx} sin{(m+n)zx} :

S + (m#n)
2 (m—n)x (m+n)x 0

=0 (since m*n are integers).
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Thus the eigenfunctions are certainly orthogonal. Now we consider

1 1
J A,% sin’ (nzx)dx = %A,% J [1 - cos(2n7rx] dx
0 0
1 . I 1]
=3 A,f[x —~ ﬁsm(Zn;zx)]O =5 A2

which takes the value 1 if we choose Ap = \/5 (the sign is irrelevant); thus the set of orthonormal functions is

Yu(x) =2sin(nzx), n=1,2,...

3.4 Eigenfunction expansions

The construction of an expansion of a given function as a power series in x is a very familiar (and useful) technique: the
Maclaurin and Taylor expansions. Further, many readers will be almost equally familiar with the expansion of a function
in a trigonometric series: the classical Fourier series. However, this latter series is simply one example of an expansion
that is based on a set of orthogonal functions generated by a Sturm-Liouville problem. The statement of this property,

and its construction, is readily presented.

Suppose that we are given a set of orthogonal functions , y,(x) (n=1,2,...), of some Sturm-Liouville problem
(defined for g < x < b ). Further, suppose that we are given a function, f ( x) , also defined for a < x < b ; we assume

that we may write

F(x)=26a(x)

n=1

and then we address the question: how do we determine the coefficients €n ? To accomplish this, we first multiply
by 7 (x)ym (X) (where we must remember that the general Sturm-Liouville problem involves the weight function,

r(x)), to give

S (x)y,(x) = zcnr(x)ym(x)yn(x)

n=1

Now we integrate over the given domain, and in the process integrate each term in the series, to produce

b o0 b
[ £ PG ym) de =3 e [r(0y,(e)ym(x) dx |;
a n=1 a
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b

but Ir ()Y (X) Y (x) dx =6,y (since the )y, s form an orthonormal set), so we obtain
a

b
[ £ ym(x) dx =iy

This determines each coefficient c,,, m =1, 2, ..., and so we have demonstrated, formally at least, that the procedure
is quite simple. Of course, this does not justify the correctness of the expansion itself - this issue concerns the existence,
i.e. convergence, of the series representation for f (X) . The proof of convergence is altogether beyond the scope of this

text (and beyond the assumed background of the reader); however, we can state the relevant theorem:

Let Yn(*) be a set of orthonormal eigenfunctions of the Sturm-Liouville problem

(py’)' +(g+Ar)y=0,a<x<b,

with (@) + " (@) =0, p(b)+'(b) =0
Let f'(x) and f'(x) be piecewise continuous functions on [a,b] ; the series

o b
S =Y eayn(x)> ¢ = [ £(0r(x)y,(x) dx, »
n=1 a

then converges to %[f(x+)+f(x_)] at every X E(Cl,b)_

Comment: The notation X , X , means the approach to the value x from above and below, respectively. Thus, if S ()
is continuous at X = X, the series converges to f (xo) ; if, however, f (x) is discontinuous across X = X(), then the

series converges to the mid-point value.

Example 10

Find the solution of the zero-order Bessel equation

' +y' +Axy=0,0<x<1,

which satisfies ¥(1) =0 and is bounded as x —> 0. Hence use the resulting set of eigenfunctions to represent the

general function f(x).

We take 4 > (0 and then write y(X) = Y(x\/E) , to give

AXY" +JAY + xY =0 or (xﬁ)Y"+Y'+(xﬁ)Y=o;
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this equation has the general solution

y(x) = Y(x\/z) = AJO(x\/Z)JrBYO(x\/Z).

But Yo —> =% as x — 0, so we set B =0; then we require y(1) =0 ie. JO(\/Z) =0, and so we need to use
the infinite set of discrete zeros of Jy: X1, X7, ..., say. Thus the eigenvalues are Ay = x,% ,n=1,2,... . Further, the

equation in Y can be written

(XY') + XY =0 (where X =x+/1),

and so we see that the weight function is X = X\/z ; thus we have the orthogonality property

1
JxJO x\/_ Jo(x\/_)dx 0(m=#n).

0

Now we write

()= e, do(xy/4,)
n=1
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and then we form

fo(x)Jo(x\/_ chxJO x\/_

note that we have not, here, introduced a normalised version of J O(X N A m ) - it is unnecessary. Thus the coeflicients

of the ‘Fourier-Bessel” series are given by

1
[ ()To(xyf4, ) dx
Cy = 0 I
J-xJ%(x\/Z)dx
0

Comment: A Sturm-Liouville problem that does not satisfy the usual conditions prescribed for p(x) , q(x) and 7(x)
at the boundary points is called a singular Sturm-Liouville problem. In the example above, we have that P(X) =X and
7(x) = X, so the conditions 2 >0 and 7 >0 for x €[0,1] are not satisfied. The problem and its solution, as we have
seen, turn out to be well-defined, although this explains why we were careful to prescribe the domain as the open interval
x €(0,1], with a condition as x — 0.

Exercises 3

1. Use the oscillation theorems to describe the nature of the solutions of

+x)y"+(1+2x)y"+[2+ Ax (2x" —1)[y=0, 1<x<L2.
1 " (142x)y +]2+ A (2x2 <1 0.1 2

2. Use the substitution y(x )=Y] (\/ I+x ) to find the eigenvalues and eigenfunctions of the Sturm-Liouville

problem

(I+x)y"+1y"+ Ay =0, 0< x <3, with ¥(0) = ¥(3) =0.
Hence relate the nature of the eigenvalues, and the oscillatory solution, to the oscillation theorems.

3. Show by direct calculation that cos(nzx), n=1,2,... with ) < x <, form an orthogonal set; find the
corresponding orthonormal functions.

4. Find the solution of the Sturm-Liouville problem xy" +y'+Axy =0, 0<x <1,
with ¥'(1) = 0 and which is bounded as X —> 0 . Hence use the resulting set of eigenfunctions to represent
the general function, f'(x).
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4 Inhomogeneous equations

We now turn to the consideration of the equation which is, generally, of the Sturm-Liouville type but with a forcing term;

see equation (5). Thus we will discuss
(PJ")' +(g+Ar)y=s(x),a<x<bh,

with the same homogeneous boundary conditions:
ay(a)+py'(a) =0, p(b)+'(b)=0

All the same conditions (see §1.2) apply to the functions p(x), ¢(x) and r(x); additionally, for this equation, we
shall assume that S(X) is a continuous function on [@,b]. The analysis of this problem, as we shall see, produces an

intriguing and unexpected situation.

To initiate the discussion, we will make use of the eigenfunctions associated with the classical Sturm-Liouville problem i.e.
obtained by setting s(x) = 0;let y,,(x) be the (orthogonal) eigenfunction associated with the eigenvalue An . We now

assume that the solution of the inhomogeneous equation can be represented by an expansion in these eigenfunctions, so
0
y(x)= chyn (%)
n=1

The use of this form of solution in the original differential equation then gives

o0 o0
> culpyn) +(@+ )Y ey, =s(x),
n=1 n=1

where we have differentiated, appropriately, each term in the series. But from the definition of Yn(X) , we have

(py;,q)’ +(g+ /lnr)yn for each n,

so we may use the identity

0

0
Z{cn(py;l) +qcnyn}= _Zﬂ“ncnkyn

n=1 n=1
to give
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0 0
ﬂchnyn - z}tncnryn = s(x)

n=1 n=1

5(x)

0 0
or A c - > A,c =—=.
nZ:l nVn nzzl nCn¥n (x)

To proceed, we now assume that we may write S(X) / 7(x) as an expansion in the same eigenfunctions (which would

then be consistent with our earlier assumption), so

ﬂ = ianyn(x)

r(x) n=1
The coefficients, ¢}, are defined in the conventional way:

o :jzr(x)w (x)dx:jzs(x) (x) dx
n ' r(x)yn ’ y}’l >

so the apparent (minor) complication in working with s( x) / r( x), rather than S(x) , leads to an unlooked for

simplification.
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Thus we now have

0

Z[(’i_ﬂ“n)cn _an])’n(x) =0,

n=l1

which is a linear combination of linearly independent functions, so the only solution is

(A=Ay)ey —ay =0 or ¢, =/1L (n=1,2,...)

provided that A # A, for any n. We have therefore constructed, formally at least, a solution of the original inhomogeneous

equation; it is

y(x) = iiyn (x)
. 12, — Ay

>

and this automatically satisfies the homogeneous boundary conditions because each ¥, (X) does. (For the purposes of
this discussion, we assume that this solution exists for X € [a,b] , and this will be the case - according to the theorem

stated in the previous section.) At first sight, all this appears quite satisfactory, but there is a complication lurking here.

In all the analysis so far, we have not made any detailed statements about A, the parameter in the original equation.
Certainly A is a free parameter in the solution that we have obtained, and the solution is well-defined, provided that
A # A, for any n. If it happens that A has been chosen (or fixed by some additional constraint — perhaps a physical
requirement) to be one of the eigenvalues, then it is immediately evident that we are presented with a difficulty. Let

A= ﬂ,m , where m is one of the integers 7 = 1,2,...; then the equation defining m becomes

(A = Am)em —ap =0.

There are thus two cases: either 7, # 0 or z,, = 0. In the former case, we have an inconsistency, and so no solution
exists. If oy = 0, then we do have a solution, but not a unique solution because “m is undetermined: it has become

an arbitrary constant in the solution. Further, if &, =0, then we must have that

b
& = [ 5(X) () dx =0,

a
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which implies that the forcing term, S(X), must be orthogonal to the eigenfunction Vm(X). Thus the existence, or
otherwise, of the solution in the case 4 = A4,, hinges on the value of this integral: if it is non-zero, no solution exists;
if it is zero, then a non-unique solution exists. (This situation, where a (non-unique) solution exists only if a quantity
vanishes, is usually called the Fredholm alternative. It occurs in various branches of mathematics, and in various guises;
for example, in matrix theory, in the form|M | =0 which ensures that MX =0 has a non-zero solution, and in the

theory of integral equations, a field of analysis that was essentially founded by Fredholm.)

Example 11

Find the solutions, if they exist, of the problem:
y'+ Ay = sin(37rx), 0<x<1, y(0)=y(1)=0,

in the cases (a) A = 37[2 ;(b) A= 972'2 .

The eigenfunctions are given by (see Example 3) ), (x) = Sin(n 7TX) ,n=1,2,...; then sin(37z'x) , expanded as a
Fourier series in terms of Sin(n7rx), is simply itself: sin(37x) . Now we seek a solution in the form

y(x)= icn sin(nzx)

n=1

>

which gives

0 e 0]
- z cnnzﬂ2 sin(nrx)+ A z ¢, sin(nzx) = sin(37x)

. . . 2\ _
which requires that ¢, = 0 for Vn # 3; otherwise €3 (i -97 ) =1..

Thus in the case 4 =37 2 we have ¢3 = — 1/ 67 2 ; the solution is therefore

y(x) = —%sin(37zx)
6

. 2 . .
However, in the case A = 97, we see that no solution exists.
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Second-order ordinary differential equations Inhomogeneous equations

Exercise 4

Given y"+Ay=k+x, )< x <1 with y(0) = y(1) = 0, determine the solutions (if they exist) in these two cases:

Q) A=nx 2 (for all k? for any special value(s) of k?)
b) A=4x? (ditto).
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Answers

Exercises 1

1. () y=e (A4sin2x+Bcos2x), W=-2e"2%;(b) y= Ax + Bx 7!

w=_3,"32:() y=Ae™  +Bxe ", W=e 2%
2

2. (a) Yes; (b) No; (c) Yes; (d) Yes.
' 2 Y 2 2
3. () (ery,) +(xe2x)y:0; ®) (ex y,) +(%ex+x jy:%xex :
’ ' 5x X
") +4y =sinx;(d) (y') + =
o0 ) way=sinxs @ ) (32 o=
4. (a) Yes; (b) No; (c) Yes; (d) Yes.

5 xv"+@Bx-1)v=0.

Exercises 2
| A=—0?<0,y=4e"+Be”™ = 4=0,B=0,
A=0.y=4Ax+B = 4=0,B=0

2. (a) y:Asin[(%+n)7zx], /12(%4-11)27[2, n=0,1,2,...;(b) y:Acos[(%+n)7zx],

2
/1:(%+n) 72, n=0,1,2,...; (c) y = Acos(nzx), A=n*7%, n=0,1,2,... .

; V= Ax”! sin(mzlnx), /1=1+n27r2, n=12,....

4, y:A(x”VH —xl‘“‘ﬁ), 0<A<l; y=Axlnx, A=1.

Exercises 3

1. At least m zeros if m—lSsz/3(2+/1) :
e

2. y= Asin(mr 1+x), 12%11272'2, at least m zeros, where mSl+%n, n=12,....

3. Orthonormal functions is \/E Cos(nﬂx)..
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4. V= AJO(X\/ ﬂ’n ) where ﬂ,n = x,% , X;; being the roots of J(')(x) =0, n=1,2,...;in addition there is

the solution y = 4 for Ao =0;

1
© J A, Jdx
0= SetaleT) - [y T0(xy/2,)
n=0

j;xJ%(x\/Z)dx |

Exercise 4

a) Onlyfor k =—1/2,then y = 2LZCOS(ﬂ)C) +L2(x—%)+ Asin(zx) ;;
b) No solution for any k. " "
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Part Il

Integral transforms
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Preface

This text is intended to provide an introduction to, and a discussion of, integral transforms. This topic, as a stand-alone
course of study, may not appear in a particular degree programme, although the possibility of solving problems using
this technique may be mentioned in connection with specific applications. For example, modules on complex analysis are
likely to include a brief mention of the Fourier Transform, and a fairly comprehensive course on differential equations may
mention the Laplace Transform. The material has been written to provide a general introduction to the relevant ideas (but
it could provide the basis for a module based on these ideas). The intention is to present the material so that it can be used
as an adjunct to a number of different modules — or simply to help the reader gain a broader experience of mathematical
ideas. Necessarily, therefore, this material goes beyond the methods and techniques that are likely to be presented in any

current programme of study, but any elementary ideas that might be mentioned are certainly included here.

It is assumed that the reader has a basic knowledge of, and practical experience in, various aspects of standard methods
of integration, and is familiar with the more routine methods for solving ordinary and partial differential equations. Some
use is also made of complex analysis (but this can be ignored without any detrimental effect on the basic ideas and their
applications). This brief notebook does not attempt to include any ‘applied mathematical’ applications of these methods,

although various differential (and integral) equations are solved, as examples of what can be done.

The approach adopted here is to present some general ideas, which might involve a definition, or a theorem, or an idea,
but with the emphasis on methods and applications of the ideas, explained with a number of carefully worked examples
— we present 35. A small number of exercises, with answers, are also offered, to reinforce the ideas and methods that are

described here. In addition, a list of the transforms of the more common functions is provided at the end of the Notebook.
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List of Problems

This is a list of the various problems, whose solutions are discussed in this Notebook.
We have used the notation: LT = Laplace Transform, FT = Fourier Transform, HT =
Hankel Transform, MT = Mellin Transform.

LTS OF F(X) =1, 0 X 00 uuuuteeeeeeeeeeeeeeeeeeeeeeeseseeeeeeeeeeeseeseseesseesseeseseeeseeeesseeesse 112
Xa,OSX<°<>,f0r05>—1 ............................................................. 113
eax’ DS X <00, O COMPIEX...unieneeeniei et 113
sinh(aX) & cosh(oX), & 1eal.........oooiiiiiiiii i, 114
SIN(AX) & COS(AX) , & T€AL.......oeieiiieiieiece e 114
VeIt F(S) = o 116
& —25+5
LTS Of f(X) =€ H(X=1)SIN X 0euuneeeeeie e, 117
j(;( Y SIN(X= Y)Y (0> =1, T€al)rv v veereeseeeeeee oo 120
F(x+2)=F(X) (for 0<x<e), F(x)=1" 0<x<l, 121
= or 0< ), =9 e,
2-X%X 1<x<Z£2.
Use complex integration to invert (eal @>0)..ooiiiiiiiiii 125
Solve Y+ y=3H(X=1) (X20), Y(0)=Y(0)=0 ...0eevivreeeereeroreeeieeaen., 127
V4+2Y+y=xX, 0<X<1, y(0)=2, YD) =1 . oot 128
Ut —Uyy =0, Uu(x,0)=f(x), 4(x,0)0=0, and U—0 as X —>toeo.......... 129
X
J'f(iy)ady=x,x>0,0<a<lreal ............................................ 131
0 (X—y)
FTs of £ =€ @ >0 o 133
2,2
e A0 134
a=constant, —-bD< X<b, zeroelsewhere............coooiiiii i 135

%(x+b), -b<x<0

a, 0<x<c
FOX) =0 e, 135
C_i(x—d), c<x<d
0 otherwise.
O(X=X0) QIrCCLLY. .. oottt 137
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2ik

Invert F(k)=62— ............................................................................ 140
ke +1
2
e K)o 143
I T 145

Invert general FT convolution integral (in f and g) and then evaluate on X =0, with

FU) ST (U)o 146
2 2
Solve a_nga_;l:O, u(x,0)= f(x), u(x,y)—0 as X +y2 >0 147
o0X oy
T t
| YO 4 G0 e, 149
1/2
“eo|x—1
< (1-cos(ak
Find I Mdk, a(>0)real ..ot 150
_ k?
HTs of X" e 155
T 155
Show that 560[6_9(; K] satisfies an algebraic property.................ccceeeveeevunn.n. 157
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1 Introduction

A powerful technique - certainly for solving constant coeflicient ordinary and partial differential equations - is the integral
transform. The essential idea is to replace the unknown function (which may be the required solution of a differential
equation) by a suitable integral of this function that also contains a parameter. When this is done, we can expect that
ODEs are reduced to algebraic equations and that PDEs are replaced by differential equations of lower dimensionality.

One of the simplest integral transforms is the Laplace Transform:

F(s)= [ f(x)e™*¥dx
0

(where R(s) > 0), and one of the most commonly-used is the Fourier Transform:

Fly= [ f(x)e™*dx

00

(for real k).

In this Notebook, we shall introduce four standard and popular integral transforms, describe some of their properties
and apply them to a variety of problems (mainly differential equations, but not exclusively so). An important - and
obvious — question to pose is simply: having obtained the transformed version of a problem, and generated a solution for
the transform itself, (the ‘F’ above), how do we recover the solution (equivalently, the ‘f above) to the original problem?
Although the answer to this, in practice, is often very straightforward: look it up in a table, we shall comment on this

important aspect. However, it is useful, first, to show how transforms appear fairly naturally within familiar contexts.

1.1 The appearance of an integral transform from a PDE

We shall start with the technique of separation of variables, and apply it to Laplace’s equation in two dimensions:

We seek a solution #(x,y) = X(x)Y(y), to give

X"Y+XY" =0

(where the prime denotes the derivative), and then we choose (for example)
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X"+0*X=0,Y"-0’Y=0,

for real, positive @ . Thus a solution for #(X,y) is

iox—oy

u(x,y)=e

which, in this case, might be restricted to ¥ >0, (Note that this solution, as written, is complex valued; we could, however,
elect to take the real or imaginary part, or construct a suitable linear combination with a complex conjugate, essentially as
we do below.) The boundary conditions for a particular problem lead to an eigenvalue problem, and then we may write

down a more general solution:

u(x,y) = z Aneia)"x_w”y . (1)
n

where the Ans are (complex) constants and the summation is over all the allowed values of @, (which are essentially
the eigenvalues here). This solution, for suitable A4,,, can be made real, as mentioned above. We have obtained the familiar
structure of the separation of variables solution (although it is likely to have been expressed in terms of sin and/or cos

functions, with real coefficients).
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The presence of the summation in the solution (1) suggests that an equivalent formulation could be obtained by replacing

Z by -[ ie.

u(x.y) = [A@)e Vo, @

0

where we have allowed all real @ (and so we have written @) as |a)|y for ¥ =0); the original solution, (1), can be
recovered by making a suitable choice of A(®) e.g. as a sum of delta functions. Now is (2), albeit formally, a solution
of the original PDE? In order to answer this, we first assume that A(@) is such as to ensure that U(X,)) exists — of
course — and, indeed, that both #,,, and u . exist. When we employ the technique of differentiation under the integral

sign, we find that

e} o0
Uy = J.(—a)z)A(a))ela’x_‘w‘yda) and u,,, = J|a)|2 A(w) elwx_‘w‘yda);

—00 —00

o0
thus Uxy +Uyy = .[(_wz * a)z)A(a)) ela)x—\a)\yda) =0

—00

2 2
(because, of course, |60| = @ ). Thus (2) is indeed a solution of Laplace’s equation.

This representation of the solution suggests that we might seek a solution in the form

u(x,y) = [ (k)" dk,

—00
>

where we have used the more conventional k; this is the solution expressed as a Fourier Transform. In this formulation,
we first solve for f(V;k) (eg. f(y;k)= A(k)e_‘k‘y ) and then - presumably - we shall want to recover U(x,)).

© .
An alternative approach is to construct an equation for J. u(x,y)e lkxdx - and with the k used above, it turns out

—00
that we need —k here — directly from the PDE. (The semi-colon notation here, f'(y;k), is the standard one used to
separate variables from parameters in the arguments of a function.)

1.2 The appearance of an integral transform from an ODE

A second example is provided by the constant coefficient, second order, ordinary differential equation (with a right-hand
side):

y'+ay'+by =r(x)
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where a and b are given (real) constants and 7(x) is a known function. There is a very familiar method for solving
such equations: seek a solution for the complementary function (CF) by writing y = e’1 ¥, determine A, write down
the CF, and also find (by some appropriate means) a particular integral (PI). A slightly more formal approach, and one
that is applicable for any 7(X), is to write y(x) = e’”v(x) (where A is chosen to be a value associated with the CF),
solve for V(X) and hence write down y(x) . (This is recognised as a version of the method of variation of parameters,

resulting in a first-order equation for V'(X).) We now demonstrate how this approach can be generalised and modified.
First, it is evident that it is more convenient to work with v(x) ; second, we treat A asa parameter - rather like the k
and @ in the previous section - and then generate a new function (to replace V(X)) which depends only on 4 ; this is
the integral transform. Thus, guided by these observations and given

y'+ay'+by=r(x), x=20,

we multiply throughout by e " (introducing the most commonly-used notation for the parameter, although some texts

use p rather than s) and integrate over all x:

o0 o0
J(y” +ay'+by)eVdx = Je_sxr(x)dx.
0 0
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We use integration by parts, and suppose that we are given »(0) = & and y'(0) = /3, then

e8]
[y’e_sx]: + J-(sy’ +ay'+by)e *dx
0

= —,Bjt[(sjta)ye_sx];O +Oj3[(s2 +as)y+by]e_sxdx
0

=—f—(s+a)a+ (s2 +as +b)Te‘”y(x)dx = Te_sxr(x)dx ,
0 0

1(x) and € **y"(x) both tend to zero as X —> 90 . (This normally requires that the real

on the assumption that €
part of s, R(s), is sufficiently large, in order to ‘kill off” any exponential growth associated with the solution y(x).) We

express this equation in the form

—f—(s+a)a +(s2 +as+b)Y(s) = R(s),

o0 o0
where ¥(s) = [ ¥ y(x)dx and R(s) = [ r(x)dx
0 0
are the Laplace Transforms of V (x) and r(x), respectively. Thus we have

R(s)+(s+a)a+pf

SZ +as+b

Y(s)=

which represents the complete solution of the equation, and also satisfies the given boundary conditions. We have therefore
reduced the calculation to an elementary algebraic exercise to find Y(ss) ; the solution for ¥(X) can be recovered if we
are able to map back from the known Y(s) to ¥ (x).
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We have introduced two of the most common integral transforms; in the following chapters, we shall discuss and examine
these, and two others, in far more detail.

Exercise 1

A problem in heat conduction is described by

ou_ 2
ot Ox2

with #(x,0)=0 (in x>0), u(x,£) >0 as x >0 (for >0) and u(0,)= f(¢) (t>0), where k is

—st o0
a positive constant. Multiply the equation by © " and integrate IO (.)dt to form the Laplace Transform (in

0 o0 2
_ _ d
t). Introduce U(.X',S) = J-e Stu(x,t) dt and F(S) = Je Stf(t) df, show that I; = %U and hence that

U(x;s) = F(s) Xk
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2 The Laplace Transform

The Laplace Transform (LT), of the function f(X), is defined by

F(s)= [e™ f(x)dx,
0

>

where s is, in general, a complex parameter but with R(s) large enough to ensure that F'(s) exists. (Of course, if such
2

an s does not exist, then the LT cannot be defined; so, for example, the LT of f(x)= eXp(x ), 0<x<ow , does not

exist.) The LT, not surprisingly, was introduced by Pierre-Simon de Laplace (1749-1827), in 1782, but in the form of an

integral equation:

o0
S0 = [ gnydr.
0
He then posed the question: given f'(x) , whatis (#) ? (It was S.-D. Poisson who, in 1823, provided the general solution
to this problem - but more of this later.) We start by obtaining a few LTs of simple functions; a list of the more common

LTs can be found in Table 1 at the end of this Notebook.

2.1 LTs of some elementary functions

Here, given a suitable f'(x), we integrate directly to obtain

F(s) = [ f(x)dx,
0

noting any restrictions on the choice of the parameter s; we shall present each as an individual example.

Example 1

FindtheLToff(x)zl, 0<x<o0.

o0

w 1 _ 1

We write F'(s) = J.O Le ™ dx = {——e Sx:| = —, provided that R(s) > 0, so that ¢ ™** — (0 as X —> o0 this is
N 0 N

therefore the required Laplace Transform.
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-1
The result is sometimes expressed as L [Ls]=s .

The extension to f'(x) =x% (on the same domain), at least for some « , is quite straightforward; the case ¢ =0

should then recover the result of Example 1.

Example 2

Find the LT of f(x)=x%, 0<x <00, for a>—1.

w —
We have F(5) = J-O ¢ *x%dx, and it is convenient to introduce ¥ = SX to give

[24
. d e [S° —
F(S):J-(:we u(%j TM:S ! ajgwe “u*du

which, for & > —1 (necessary for the integral to exist), can be expressed in terms of the gamma function:

F(s)=s""T(l+a)

We may note, for & = 1 (integer), that we have the familiar result ['(1+7) = ! (and then the special case @ =n =0

, in Example 1, is recovered). Thus we see that

LIx%s]=s""“T(1+a) (a>-1)

We note here that the upper limit in the u-integral has been written as S-%° , because s is, in general, a complex parameter;
o0

if s were restricted to the reals, then we would simply write J. .. dx . The inclusion of s makes clear that, in the complex-u

plane, we go to infinity in a given direction (with x given as real, of course). This does not affect the definition of the I

-function.

Example 3

Find the LT of f(x)=e%, 0< x <00, where & is a complex constant.

This is particularly straightforward:

F _OO —SsX _ox _ 1 (a—s)x OO_ 1
(s)—'[e € dx—;e 0 —S_a forR(S)>R(05).
0
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1
Thus we write L[eax;s] = E (R(s)>R(a)).

We may use the preceding result in a number of ways, as we now demonstrate.

Example 4

Find the LTs of sinh(ax) and cosh(ax), both given on [0,90), for & real.

Because integration is a linear operation, we may use linear combinations of, for example, exponential functions. Thus

£[sinh(ox); s] = %ﬁ[eax;s] _1

é B[e_‘”;s]

_l( 11 )_ a
2\s—a s+a §2 —o?

(R(s)> ).

Similarly

B[cosh(ax);s]z%(sla+sjaj= . Saz (R(s)> ).
- 7

Example 5

Find the LTs of sin(ax) and cos(ax) , both given on [0,00), for ¢ real.

We use the result

,e[ei‘” : s] = L[cos(ax) +isin(ax);s| = L[cos(ax);s] +i L[sin(ax);s]

(from Example 3);

o0
with B[elax;s] = jelaxe_sxdx =
0 s—ia
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; s+ia
thus ‘e[elax;s] = 2 2 .
ST t+a

So equating real and imaginary parts, we obtain the pair of results:

% L[sin(ax); s] = %

L[cos(ax);s] = 5
ST +a s“+a

for R(S) > & in each case.

In the above, we have presented a few simple examples of LTs (and a few others are included in Table 1); we now examine

some general properties of the LT, some of which lead to the construction of more LTs based on our earlier examples.

2.2 Some properties of the LT

We now consider a few algebraic, differential and integral properties of the Laplace Transform; many of these will prove

to be useful when we turn to the problem of finding solutions to differential (and integral) equations.
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(a) Algebraic

Here, given f(X) and its LT (ie. F(s)), we consider how we might obtain the LTs of the functions € *” f(x),
f(ax) and H(x—a) f(x) (where & is a real constant and H(.) is the Heaviside step function). First we consider

Je e f(x)dx= [e T f(x) dx = F(s+a),
0 0

>

provided that the integral exists; thus the inclusion of the exponential factor is simply to shift the argument of the given

LT. Now we construct, for & positive,

_[e_sxf(ax) dx = 1 fe_(s/a)”f(u) du (where u=ax);
0 *0

thus
o)=L
L[f(ax);s]= > F(s/a).
Finally, we consider the function H(X —-a ) f (X) , again for positive & , where

1, x>0,

H(x)={0 x<0

and then we form the resulting LT:

Je™ H(x-a)f(x) dx = [e™ f(x) dx
0 a
= je_s(a"L”)f(a +u)du (where x=a+u)
0

=e W L[f(x+a);s].

Example 6
S f—

3 , use the results above (or from Table 1) to find f(x).
s —28+5

Given that the LT of a function is F'(s) =
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s=2 s—1 B 1
(s=1)?+4 (s=1)2+4 (s—-1)*+4
f(x)=e"(cos2x —sin2x)

First we write F'(s) = , and then the required function follows directly:

because the two LTs that we have produced are shifted versions of those for the trigonometric functions.

Example 7

Find the LT of f(x)=¢ "H(x—1)sinx,

This becomes F(s)=¢ ° L[e_(x+1) sin(x +1); S]

= e_sﬁ[e_l(cosl)e_x sinx;s] +e*’ .B[e_l(sin e cosx;s

_ e_(s+1){(s+ I)cosl N sinl }

(s+l)2 +1 (s+l)2 +1

(b) Differential

We start with a property that, at first sight, would appear to be purely algebraic (of the type encountered in the previous
section): given the LT of f'(x), find that for xf'(X). So we require

Te_sxxf(x) dx,
0

o0

given that F'(s) = Je_s x £ (x) dx; now this expression for F'(s), when we invoke differentiating under the integral
sign, yields 0

aF T, o
az{(—x)e f(x) dx
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(provided, of course, that this integral exists). Thus we immediately have the identity

je‘”xf(x) dx=—F'(s);
0

further, provided that all the relevant integrals also exist, we may generalise this to produce

d"F
—.

[ x" £ (x) dx = (=1)"
0 ds

However, the more natural LT to investigate (and arguably the more important) is that of f'(x); by direct calculation,

we have

[ r100 de= [e‘” f(x)]: s[e () dr
0 0
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and so, provided that f(0) exists and that € °* f(x) = 0 as x —> 00 (which may require R(s) sufficiently large and

positive), then
LLf'(x);s]=5F(s) = f(0).

Similarly, we see that

0

femstpix) du= [e‘” f’(x)]: e /() de
0 0

=—f"(0)+s{-f(0)+sF(s)} =={/"(0) +sf(0)}+st(s) .

which then generalises to give
o0

[ ) de=s"F(9) - {s" (O +5" 2 (O D0}

0

again provided that all the evaluations on X = 0 exist and that there are suitable decay conditions at infinity.

(c) Integral

The counterpart to the differential result above is

o rre)

0

0 0

- [_ie-” jo’“ f(x) dx’} 1 je‘”f (x) dx
0

+—
0 S

—sx ¥
and so, provided that € J-O f(x)dx"—>0 as X — o0 (at least, for suitable s), we obtain

Ll f(x)dx'ss L.
0 S
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Finally, another important integral for which we require the LT, takes the form

[fG=»g(y)dy
0

>

which is usually denoted by f*2(x); this is called the convolution (or convolution integral) of the two functions
(sometimes the Faltung integral, which is the German for “folding’ or ‘intertwining’ i.e. convolution). In passing we may

observe the symmetry property:

[r=»e(dy=[ f@gt-uwydu (x~y=u)
0 0

andso f*g(x)=g™* f(x). The LT of the convolution becomes

o0

o X
_ x _

o[y =gy Jav = [ [ = g v

0 00 )

where the region of integrationis 0 < y < x, 0 < x <00,0r y <x <0, ()< y <00, and so we may write this double

integral as

[ e f=pg(y)dedy= | g(y)( I;O e ¥ f(x—y) dxj dy
0y 0

Now we introduce X — ¥ =u into the inner integral (at fixed y):

[ g(y)(]j’ e‘S‘“”)f(u)dujdy: [e¥e(dy || [e fadu |= G(s)F(s)
0 0 0

>

where G and F are the LTs of g(x) and f(x), respectively.

Example 8

X .
Find the LT of I o v sin(x=y)dy (for @ > 1, real).
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From the result above, together with two of our earlier LTs, we see that the LT is simply

sTTT 1+ @)

s2+1

being the product of the LTs for x% and sinx.

(d) Periodic functions

A fajrly common type of function that is encountered (in various branches of applied mathematics, for example) is one
that is periodici.e. f(x+ X )= f(x) forall x €[0,00), where X (= constant) is the period. The LT of such a function

can then be written

J.e—SXf(x)dx — z (J‘rg:n)x e—SXf(x) dej
0 n=0

= z U()Xe_s(nXJr”)f(u+nX)duj (x=nX+u)
n=0

X

_ i (J‘()Xe—s(n)(+u)f(u)duj: i e—nsX J‘e—suf(u)du :
n=0 n=0

0

x -1
but z e—nsX = (1 - C_SX ) <1, which can be guaranteed for any given X by choosing s appropriately),

(for ‘e_SX
n=0

and so the required LT is

F(s)
l_e—SX

where F (8) is the LT defined over one period (e.g. the first period).

Example 9

Find the LT of f(x),where f(x+2):f(x) (for 0 < x <o0) and

0<x<],

p— x’
f()= 2—x, l<x<L2.
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Second-order ordinary differential equations

The Laplace Transform

First we require

2
F(s)=[e™ f(x)dx
0

1 2
= [xe™dx+ [ (2-x)e™dx
0

1 b 1 2%
:[——xe_”} +—Ie_sxdx+[——(2—x)e_sx} ——je_sxdx
S 0 SO S 1 Sl
e (e—s ) s (e—2s _eS a e )2
- SR 2 -T2
S K N s s

122
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Thus the required LT is

T x s (: S%tanh(s/2)j

2.3 Inversion of the Laplace Transform

So far, we have discussed various aspects of the LT, from the viewpoint: given a function, the derivative of a function, and
so on, what is the LT? However, we must now address the question of how we can recover the original function, knowing
the LT of the function; we will examine some aspects of this issue. The conventional (and simple) approach is to have
available a comprehensive list of functions and their LTs; a few are provided in our Table 1 (and most standard texts list
many more). However, this assumes that a fundamental principle is at play here: there is a one-to-one correspondence
between a function and its LT. This is the case, but only for continuous functions (which, fortunately, is the situation that
we encounter most often). Lerch’s theorem (1903) states that, if two functions have the same LT then these functions differ,
at most, by a set of measure zero i.e. only at isolated points of discontinuity. If, on the other hand, the two functions are
continuous, then the functions are identical; on this basis we may use a table to recover the functions from their LTs.
[M. Lerch, 1860-1922, was a Czech mathematician who was taught by Weierstrass and Kroneker at Berlin University;
he made contributions to analysis and number theory.] If the functions are not continuous, but their LTs are identical,
we say that the functions are equal almost everywhere, usually written in mathematical shorthand as ‘a.e’ But how do we
proceed if our LT is not on the list? This requires an inversion formula and, if possible, its evaluation, in order to obtain

the original function.

On the basis of the Fourier Inversion Theorem (which we shall introduce in §3.3, and we shall mention there the connection

with the Laplace Transform), it is reasonable to infer that the inverse Laplace Transform (ILT) takes the form

1 ¥ +10
S === [ F(s)e™ds
27 yico

where y (real) is sufficiently large. We shall use this as our starting point, and then provide an outline proof that this is

indeed the required ILT. First we need some fundamental properties of the LT

F(s)= [ f(x)e*dx
0

>

for this to exist, we require f ( x) = O(eax ) as X — o0 (for some real a), and then we select } > & . We also assume
that f(x) isa C~ function i.e. it has continuous first derivatives. It then follows that F(s) is analytic in the complex half-

plane R(s) > y; this ensures that F(s) is sufficiently well-behaved for all that follows to be valid.
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We form

y+it 1 y+iT
j F(s )esde— j (j f(xe” Sxdx'j Xds

y-i 7_

b
271

where we are careful to relabel the dummy variable in the definition of F(s) and, for the moment, 7 is finite. (We shall let

T — o0 shortly.) Now we change the order of integration - rather simple in this case — thereby producing

o y+HT
J’ J‘ f(x)es(x x)dsdx'
07/ ir
s(x ) y+HIT
_ b }/+12’ s(x x) _ ,
- ff()(f a Jav - jf() S

The evaluation here is

;[e<7+ir)<x—x'> o] e/ =)

P . 2isin[(x—x")7]

and so we obtain

7T sin[(x—x")7] :
— J. F(S)esxds jf( )— }/(X—X)dx!
27 yoiz x—x
- .[ f(X+u)Sm(uT)e_y”du (X' —x=u).
V4
—X

At this stage, we introduce the further change of variable: 7 = W, to give

2 I flx+ s1n_w eI/ 4w
w

—xr
which, for X >0 and 7T — %, becomes

sin W

—f(ﬂ dw= f(x),
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where we have used the property that the integrand is even, and incorporated a standard integral evaluation; thus we

have demonstrated that

1 y+ico
—_— F(s)e™ds
271 I 5)
y—ioo

is the inverse Laplace transform (ILT).

This result, in conjunction with the integral theorems of complex analysis, enable the function to be recovered from the
ILT. To accomplish this, we note that F(s) is analytic in R(s) > y, and so we use the reversed-D-shaped contour (below)
where F(s) is analytic in y > o and, indeed, everywhere outside C i.e. all the poles of F(s) must lie inside C; the curved
section of the contour is of radius R. (This contour is often called a Bromwich contour, after T.J.I'A. Bromwich (1875-1929),
an English mathematician.) To proceed, we use Cauchy’s residue theorem, followed by taking the limit K —> 0O (and
for all valid F(s)s, the integral along the semi-circular arc tends to zero as K —> 00, enabling f(x) to be recovered from
F(s)). [A presentation of the relevant ideas, results and methods in complex analysis can be found, for example, in the
volume of the Notebook Series entitled “The integral theorems of complex analysis with applications to the evaluation of

real integrals’]

Example 10

Use complex integration to find the (continuous) function which has as its LT (for real o >0).

S—a
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X
c

We form ——

- ds , with the contour shown above, where 7 > @ and R > y . This function has a simple pole at
s oS

S =, with a residue €**; thus the residue theorem (or simply Cauchy’s Integral Formula) gives

1 e 1 Cax  ax
qS ds=—-2rmie”"" =e”";
271 Cs—a 271

now let R — o0, leaving the ILT of 1/(S —a) as e** (cf. Example 3).

We see that, to give the complete argument here, we use

IA

s=a| b=a s=gaig,

on the semi-circular arc (s =0 + R eug ), and this vanishes exponentially as the radius increases.
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2.4 Applications to the solution of differential and integral equations

We conclude this chapter with a few simple applications of the Laplace Transform to various standard problems, notably
differential equations (both ordinary and partial), and also to an integral equation. The essential idea is the same in all

cases: take the LT of the given equation, find an expression for the LT of the solution that we seek, and then invert this.

Example 11

Find the solution, y(x), of the equation

Y'+y=3Hx-1) x>0

satisfying 1(0) = »'(0) = 0. [H(.) is the Heaviside step function; see §2.2(a).]

Let L[y(x); N ] =Y (S ) , and then take the LT of the equation; this yields

3 )
%Y —sp(0)— y'(0)+Y :LBH(X —1);s]= e

since the LT of 3is 3¢, s > 0, and this is then shifted by 1 (where we have used results from Example 1, §2.2(a) and

§2.2(b)). When we use the given initial values, we see that

-

3e
Y(s)=—— (5> 0)
s(1+s
e’ e’ 1
which we interpret as 3 x ——x : the LT of a convolution (§2.2(c)). Now the inverse LTs of —— and 3
S l+s s 1+s

are H(x - 1) and sinx, respectively (see Examples 1 and 5, with §2.2(a)), and so

y(x)=3 j H(u —1)sin(x —u) du
0

0, 0<x<l,
C3[t-cos(x-D], x=1

=3[l-cos(x-DH(x—-1)
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If there is any doubt about the correctness of this answer — and there may be some concerns because of the appearance
of the step function - it is left as an exercise to confirm by direct substitution that this is indeed the solution, defined for
x > 0. (Of course, some care is required when differentiating the step function.) This example was a rather routine one

in the context of ordinary differential equations and LTs; let us now consider a slightly more involved one.

Example 12

Find the solution, y(x), of the equation

V'+2y'+y=x 0<x<I

which satisfies y(0)=2, y(1)=1.

Let L[y(x);s]=Y(s), and then we take the LT of the equation, to give

s2Y —sp(0) = y'(0) + 2[sY = (0)| + Y = £[x;5] =i2;
S

we note that we may incorporate the conventional LT, defined for X € [0, 00) , even if we elect to use the solution only for
x €[0,1]. We are given ¥(0) =2, but we do not have '(0) (whose choice, presumably, controls the value of V @)

cf. the ‘shooting’ method in the numerical solution of ODEs); let us write V '(0) =@, then we obtain

(s2+2s+1)Y=i2+2s+4+a
A

1+ (4+a)s2 +25°

or Y =
) s2(1+5)?

This we express in partial fractions:

Y(S)=—£+i+i 3+a

_I_—
s s2 s+l (s+1)2

1 1
and we recognise the LTs: — (Ex.1), — (Ex.2), L (Ex.3), (Ex.2 with Ex.3). Thus we obtain the solution

2
directly: § S s+1 (s+1)

y(x)=-2+x+4e " +(B+a)xe

>
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and we select a by imposing the condition }(1) =1, which requires @ = 2€ — 7 ; the resulting solution is therefore

y(x)=x-2+[4+(2e—4)x]e”* (for 0<x<1)

Again, it is left as an exercise to confirm (if it is thought necessary) that this function does indeed satisfy the ODE and
the given boundary conditions. Perhaps a more interesting example is offered the problem of solving a partial differential

equation — and we met one in Exercise 1 — and so we examine, carefully, a simple example of this type.

Example 13

Find the solution, #(X,?) , of the classical wave equation Uy — Uy, =0, with u(x,0) = f(x) and u, (x,0) =0 (both
for —00 < x <00),and 4 —> 0 as X —> 100 (for suitable f'(x)).

Because time (f) is defined so that # = 0, we first take the LT of the equation in f:

s2U (x;8) = su(x,0) —u, (x,0) ~U"(x;5) = 0

Download free ebooks at bookboon.com


http://bookboon.com/

where U is the LT of #(X,#) (in ), at fixed x; the prime denotes the derivative with respect to x. The equation for U is

therefore
U"—s°U = —sf(x)

which has become an ODE for U as a function of x (with parameter s). The homogeneous equation here (i.e. the one with

zero right-hand side) has the general solution
U=Ae™ +Be ™™
(the complementary function), and then a particular integral is

%e—st'esxf(x)dx_%esxj'e—sxf(x)dx

(which can be obtained quite easily by seeking a solution U = esxv(x; s), for example, via the method of variation of
parameters). Now, by virtue of the decay conditions as |x| —> 00, we require 4 =B =0; further, it is then convenient

(for R(s) > 0) to write the integrals correspondingly, and so give the solution in the form

X 0
Ux;s)=2e™ [ ™ () + e [ f(x) dv'
—0o0 X

But the LT of, for example, f(x—1%) (in ¢) is

o0 X
[ fe—ndi=e™" [ ™ f(Y (x—r=x');
0 —00

thus the inversion of the LTs in U give directly the solution for #(x,?) :

u(x, ) =3[ f(x=0)+ f(x+1)]

which is the familiar result from d’Alembert’s solution of the classical wave equation.

Finally, we show how the Laplace Transform can be used to solve problems that look very different and appear far more
difficult: integral equations. A number of types of integral equation are encountered, particularly in branches of applied

mathematics; we shall consider a simple - but important - class which are of Volterra type with a special form of the kernel:
x
[, Tk dv=g(x) x>0,
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with & 0)=0 (which is necessary for a conventional solution to exist). [V. Volterra, 1860-1940, Italian mathematician,
remembered for his work on functionals, PDEs and, of course, integral equations.] The problem here is: given g(X) and
the kernel k(x— ), find the (continuous) function f(X). We recognise, in the light of our work on LTs, that the left

side of this integral equation is in convolution form, and so taking the transform immediately produces

F($)K(s)=G(s) ,

where F, K and G are the LTs of f(x), k(x) and & (x), respectively. The solution for F, and then for f, follows directly
(at least, in principle).
Example 14

X
Find the solution of J.Mdy =x, x>0, where 0 <& <1 is a real constant.
a
0 (x=»)

The transform of the integral equation gives

S—l—a

a-l1 —) = i and so -2
Pl Tl-a)=5 o= rica

this result uses Ex.2. Again, following this same example, we see that the required solution is immediately

a
X

r+aol(l-a)

fx)=

This exercise demonstrates the ease with which some integral equations of this type — often regarded as technically more
difficult to solve than differential equations - can be tackled.
Exercises 2

1. Find the Laplace transforms of these functions:

(@) 2x% +x—1; (b) ¢ ¥ sin 5x; (c) xcos(ax); (d) xsinh(ax);

(e) X7 sin(ax); () sin(ax)

X

2. Find the solutions, }(X), of these ODEs, subject to the conditions given, by using the Laplace transform:
(@) y' =2y =e™, p(0)=1; () ¥"=3y'+2y =", y(0)=)'(0)=0;

(© ¥'+4y =4x—(x-DH(x-1)], »(0) =1, (0)=0
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3. Find the solution of the ODE x)" — ' — xy = 0, which satisfies }(0)=0, y@=1
[The LT of X" n (x), where 1 n (x) is the modified Bessel function of the first kind

2"T(n+1)

Ja(s2 o)

J

(of order n), is

4. Find the LT of the solution of the heat conduction equation, Uy, =U;, 0 S x<a, t >0, which satisfies
u(0,0)= f(t)> u(a,t)=0 and u(x,0)=0 (0<x<a).

x ()

5. Find the solution of Abel’s integral equation: J. dt = f(x), for suitable f'(x), where a is a real
a\x—t

constant.
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3 The Fourier Transform

We shall define the Fourier Transform (FT) of the function f(x) as

o0
F(y= [ fx)e ™ dx
—o ,
provided, of course, that this integral exists. Other definitions are used by some authors, but the one we adopt is the most

common; some replace k by —k , or use & (or —& ) instead of k, or elect to work with the symmetric form:

F(k)= ﬁ F(x)e gy

—00

Also, corresponding to the notation introduced for the Laplace transform, we shall sometimes write the FT of f(X) as

FLf(x);k].

The Fourier transform was, not surprisingly, introduced by Fourier (in his paper on Fourier series published in 1811);
however, the notion of it as a transform, in the modern sense, almost certainly did not occur to him, nor did he use it
any way that we would recognise. Essentially, he allowed - without being too careful about the underlying procedures and
necessary conditions — the summation in his Fourier series to go over to an integral and this, together with the integral
representation of the coefficients of the Fourier series, constitutes a version of the FT and its inverse. It was Cauchy, in
1816, who produced a more mathematically robust and complete description, albeit in the context of a problem on water

waves; he used this approach to construct a solution of that problem.

3.1 FTs of some elementary functions

We follow the procedure introduced in §2.1 by using direct integration to find the FTs of a few simple functions, presenting

each as an individual example.

Example 15

alx]

Find the FT of f(X)=¢€¢ for ot >0 (real).

—at|x|—ikx

©
We have immediately that F'(k) = J. e dx
—00
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. 0 . [e'e}
—ik —(a+ik
_ [ elamibrg [ etibng, - ﬂ N _ﬂ
-0 0 a—ik a+ik
—00

1 1 2a
. + . =
a-ik  a+ik g%+ i*

because of the necessary decay at infinity (by virtue of the real & >0).

-a
Thus we may write .‘i|:e x;k} = 2a/(a2 +k2).
A problem that, at first sight, seems to be very much more involved - perhaps impossible! - is the next one.

Example 16

22
Find the FT of f(x)=¢ Y for @ #0 and real.

o0

2.2 .
Here we have F(k) = I e~ @ ¥ —1k¥ 4, and we note that

—o0
2 2
o +ike = (x+ Lik/a) +k—2
4o

>

which enables us to write dx. Now we introduce a change of variable:

o . 2
F(k) :e—k2/4a2 I e—(ax+1k/2a)
—00
u=ax+ik/2a, to give
ik

F(k) _ e_k2/4a2 J_Za .

ik
2a

—u? du

—00+

and, because this integral is along the line # = 1k / 2a (in the complex-u plane), from —o0 to 00, the value of the integral

2
is simply J-OO e ¥ du =~/7;thus
—0

Jz K /4a? e g[e—a2x2 ;k} N ﬁe_k2/4a2 .

Fk)==" o
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The next two examples demonstrate how we can find FTs of elementary functions defined piecewise (and, as we shall see

later, these provide the basis for the evaluation of certain complicated real integrals).

Example 17

Find the FT of f(x)=a = constant, for —b < x < b, and zero elsewhere.

b _ s
The FT becomes F(k)ZJ- ,ae lkdeZ[—%e 1]“}
- 1
b

la , _ikp kb 24 .
=—-/(e —e =—sin(bk
k( ) P ( ).

Example 18

Find the FT of

%(x+b), -b<x<0

a, O<x<c
rm=1"

C_d(x—d), c<x<d

0 otherwise.

In this case, we see that

0

c d
F(k)= | %(erb)eikxder [ae®ax+ [ )(x—d)e_

-b 0 c(c_d

) 0 0 ] ) c
={—.L(x+b)e_lkx} + 4 J. e_lkxdx—{ie_lkx}
1bk _p kb e ik 0

d-x) it |’ 14
+ —i( x)e_lkx —i—J‘e_lkxdx
ik\d—c ikd-c

C

ikxdx
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What is particularly useful here — and we will exploit this later - is that special choices can be made e.g. ¢ =0 and

d =b, to give
F(k)= 2—“(1 —cos(bk))
bk? _

Finally, in this section, we consider the important example afforded by finding the FT of the - arguably - most useful

generalised function: the Dirac delta function. This function is defined as

5170 70 Ta( ydv =1
X tt x)dx=1,
=0 otherwise andsubjectio

—00
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although we will approach this exercise by working with a sequence of functions that, in the appropriate limit, recover
the delta function. (This is the usual method that is adopted when introducing, and developing the properties of, the

generalised functions.) Thus we write

2.2
5, (x)=——e ¥

N

which possesses the property

T 5, (x)dx =— T e_"zxzdx:% T e du=1
— o0 72:—00

V-

00

>

foralln (# ( ); as nincreases, so we approach the definition of the delta function. Now, from Example 16, we see directly that
2 2
515, (k] =K/
and this has a well-defined limit as 77 —> 9, namely

FI5(x):k]=1.

Example 19

Find the FT of O(Xx —X() (X( a real constant) directly from the definition of the delta function.

© .
The FT is simply I_OO o (X — X0 ) ¢ lkxdx , and then we introduce ¥ = X — X() to give

(e 0] o0
F(k)= [ 8@)e ™ ¥ 0dx =70 [ 5u)e ™ du
—00 —00
. w . . w
= "0z [ 5(en)e ™ dv e e [ S(ev)dv
—00 —00
o0 o 0]
as &£ —> 07 (where u=¢gv).But & J‘ o(ev)dv= J O(u)du =1, and so we obtain
—00 —00

F[o(x—xp);k]=e Fo

Download free ebooks at bookboon.com


http://bookboon.com/

which recovers our previous result when we select x5 =0.

The development just presented, we note, requires a little experience in working with generalised functions (but nothing,
we suggest, too extreme). A short list of standard FTs can be found in Table 2, at the end of this Notebook. We now turn

to a consideration of some important and general results associated with the Fourier Transform.

3.2 Some properties of the FT

Corresponding to the results that we presented for the Laplace transform, in §2.2, we now describe some standard properties

of the Fourier transform, namely those that relate to algebraic and differential formulae.

(a) Algebraic

First, let us be given a function, f(X), and its FT, F (k) ; we form the FT of f(ax) where a > 0 is a real constant.

Thus we have

FLf(ax)k]l= [ flax)edx

~L [ pae @Oy = Lgposkal,
a a

where we have used the substitution # = ax ; it is clear, however, that this will be slightly adjusted if a is real and negative.

In this case, we obtain

F[ f(ax);k] :%_J. f(u)e_i(k/a)”du = _é I f(x)e_i(k/a)“du

. —éfi[f(x);k/a],

which can be summarised, for any real @ # 0, as

9[f(ax>;k]=ﬂf[f(x>;k/a]=iF(k/a>.

1
a a

This has described a ‘scaling’ property (x is scaled and the resulting FT contains a scaled k); now let us perform a shift:
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Flf(x—a)kl= | f(x—a)e*dx

= I f(u)e_ik(”+a)du = ¢ ika J. f(u)e_ik”du (u=x-a),

where a is a real constant. We see, therefore, that
Ff (x—ayk]=e M F[f(x);k]=e M F (k).
Further, it is possible to derive a converse of this result: let a be a real constant, then
. m . .
fi[e_lax 1(x; k} = [ s e gy
—00

= [ f@e e =F [/ ()ik +a]=F(k+a),

—00

i.e. the multiplicative exponential factor generates a shift in k; cf. the previous result.
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Example 20
2ik
Given that the FT of a function is F'(k) =

. > . , use the results above (or Table 2) to find f'(x) .

We use the shift property, together with Ex. 15, and so write
2k _ —ik(=2) 1 2x1
2o - 2.2
k= +1 2 k7 +17,

—1><‘x+2‘ _ le—‘x+2‘

1
this is the FT of —¢
2 2

(b) Differential

We now consider the problem of finding the FT of df’ / dx , given the FT of f(x) (and, of course, this is the type of

calculation that we shall need to perform for the solution of differential equations). Thus we construct
[ Frehar= [ F(x)e ke } vik [ f)e
—00
—0 —0

and, for the FT to exist, we certainly require f(x) — 0 as |x| —> 00; hence we obtain

F[f(x):k] =ik j [ ®dx =ik F[ £ (x);k].

This result is easily generalised to produce
F| SOk | = 0" F] £ (01:K],

Provided that the FT of each f(m) (x), m=0,1,...,n—1, exists ie. f(m) (x) >0 as |x| —> 00, (Some texts are
keen to emphasise the operator identity: d"/dx" maps to multiplication by (ik)n , but such simplistic notions leave

a lot to be desired.)

An important additional result, which we need on occasion, is the following. Let us suppose that f(x) has a finite

discontinuity at X = X(y, then we see that
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T [ *dx = xf S *dx + T f1(x)e *dx

x5

where we have indicated the evaluation from below (xa ) and from above ()C(J)r ). This gives

—ikc T0 . g —ikx S L —ikx
[ f(x)e lwﬂk_joo f(x)e dx+[ f(x)e Lg +1ka(:; f(x)e ke dy

= [(xg)e 0 = £(xg)e0 +ik [ f(x)e Ny

00

>

with f(x) — 0 as |X| — 90; thus we have

LS @)kl =ik F[/ (k] - [f ()], e

where [/ (%)] x, denotes the jump in value at the discontinuity i.e. = f ()C(J)r )= f (X ). (We note, as we would expect,
that if f(x) is continuous everywhere, then [ f(x)] X = 0 and we recover the previous result.)

In our discussion of the LT, we observed that the use of the derivative can be extended to mean: differentiate the transform

with respect to the parameter; the same type of results obtains with FTs. Let us be given f{x) and its FT F(k), so that we have

Floy= [ f(x)e ™ dx

—00

>

and then F'(K)= [ f(x)(-i)e™dx,

—00

provided that the FT of xf'(x) exists. In this case, we therefore have the identity

F'(k) = i F[xf (x); k).

(c) Convolution integral
Although the Fourier transform of integrals, per se, are of no particular interest or relevance in standard applications of

FTs, there is one of particular importance: the convolution integral. This (and we met a corresponding result in §2.2(c))
takes the form of the function defined (here) by
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fog()= [ fx—u)g(x)du

>

an integral over all u (cf. §2.2(c)); it is easily confirmed that f'o g = g o f* (simply by changing the integration variable
from u to v = x —u ). Thus we have the FT

3ok = [ ([ se-mgwan e as,

—00

and we now transform this double integral according to (x,u) - (v, W) ,with w=y and v=x—w = Xx —u ; this

produces

[ ] F()g(w)e KM gy = | FO)e ®qy | g(w)e ©dw | = F(k)G(k)

where F and G are the FTs of f(x) and g(x), respectively.
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Example 21

2
Given that the FT of a function, flx), is e_k / (1+k 2) , use the results above (or Table 2) to find f(x).

1 Nz e—k2/4(1/2)2xl 2x1

247 (1/2) 2 k2 412

2
1 e ¥ /4

We write this FT as

(see Examples 15, 16), which is the product of the FTs of

fx)=

1 —
and g(x) = 5 e lx‘x‘ , respectively. Thus the given FT is the transform of the convolution integral

T

NI
o0 o0
[ L /Al ey, L I S
C 2Nr 2 4

3.3 Inversion of the Fourier Transform

A complete and rigorous proof of the Fourier Integral Theorem (which provides the inversion of the FT) is well beyond
the scope of the Notebook - it involves a number of functional-analytic ideas that we cannot assume of the reader (and
cannot possibly develop here). Thus we will content ourselves with a proof in outline only, based on a complex version
of the familiar Fourier series; this will therefore, in a small way, mimic what Fourier did in 1811. To accomplish this, we

first express a (suitable) function f(x) in the form

f(x)= io: Cneinﬁ/f

n=—o

a function with period 20 , where Cp is the set of complex-valued constants

1 E —inzx/l
=— e dx
ey _Igf(x)

(This formulation is no more than the familiar Fourier series, containing both sin and cos terms, written in a complex
form.) The important interpretation of this pair of definitions is afforded by considering the extension to any (suitable)

general, non-periodic function; this is possible by allowing the period to increase indefinitely i.e. we take £ —> 00
It is convenient, first, to write

‘ |
20, = [ ) "™ dx = F(nr/1)
—/
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and then we have

f(x)= z %EF(nﬂ/g)einﬂx/fzzi z %F(nﬂ_/g)eimrx/li

n=—o n=—o

Now we set ﬁ/ﬁ = Ak , so that

7/ Ak
_ 1
Fdky= [ f(x)e ™™ dx witn f(x)=— Z F(nAk)e "™ Ak
-7/ Ak 27 n=—00
in this latter result, using the definition of the Riemann integral, we take the limit Ak — 0, and so obtain

f(x)—z— Z F(nAk)emAkxAk—> j Fk)e™dk

n=—oo

Correspondingly, we have the definition

F(k)= T F(x)e Fdx

—00

>

which is the FT of f(x); the expression for f{x) (in terms of F(k)) then provides the inversion theorem:

[ee]

f(x)zi [ F(k)e™dk.

—00

As a commentary on, and a consequence of, this fundamental result, we choose to replace f{x) by e—}/ xf(x)H(x) R

where H(.) is the Heaviside step function and ) > O is a real constant. Thus we may write
Ty = T e £ (e R ek
¢ f(x)—gf[foe S(x)e le

—00

>

and we introduce Y + ik =5 inside the integral to produce

yx o
f(x)—e— j [ f()e dr'le ™ dk
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Finally, we define £[ f'(x);s5]= J~(<)>O S/ (x)e_Sxdx , the Laplace Transform of f{x); then, at fixed y, we obtain

4
e]/x Y100

S === [ [fy fxNe > dr'1eC 7 ds

2m 7.
y—io0

1 ¥ +ioo " .
2_ﬂ-i J' [J'O f(x!)e—Sx dx!] eSXdS

y—ioo

the inverse Laplace Transform. These are the two identities introduced in §2.3.

Example 22

—alk
Given that the FT of a functionis € | | ,where & > () is a real constant, use the inversion theorem to find the function.
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We have

LT i 19 - 1% .
J(x)=— _[ F(k)elkxdk - I eak"‘lkxdk_'__“‘e—akﬂkxdk
27 s 27 27

. 0 . 0
~ 1 e(0{+1x)k N e(—ozﬂx)k
2 a+ix —a +1x

This result should be compared with that obtained in Example 15, demonstrating a symmetry between f(x) and F(k), in
this case.
Example 23

Apply the inversion theorem for FTs to the general convolution integral (in fand g) and then evaluate on X = 0, with
f (u) = § (—U); this yields an important identity.

Let F(k) and G(k) be the FTs of f{x) and g(x), respectively; the FT of jiooo f (X - u) g (u)du is then £ (k )G(k )
(see §3.2(c)). Thus

[ f-wgtdi=-1 [ FaGEReMak
Zﬂ_w

—00

andsoon X =0

| f(—u)g(u)du=$ [ F(k)G(k)dk

—00
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Now let us take the special case f (l/l) = § (—u) (given), for u real, where the overbar denotes the complex conjugate

(of course) since we may allow both fand g to be complex-valued; indeed, in this case, we see that

) _ 0 ‘ B
F()=5[f(x):k]= | f(0e ™ dx= | gu)e"du=G(k)
—0 —0
fork(and U = —k yreal,with G(k) =F[g(x); k] .Thus, given the transform G(k) of g(x), so that of f(—u) =g(u)
is G(k) , we obtain

| g(u)g(u)duzi [ G(k)G(k)dk

—00

0 ) _LOO )
or [ |g@) du—zﬂ_{o G(k)|” dk.

—00

This important identity is usually referred to as Parseval’s theorem. [M.-A. Parseval, 1755-1836, a French mathematician
who published only 5 papers; this was his second (1799), and was regarded by him as a self-evident property of integrals:
he did not prove or derive it! Note that this pre-dates the introduction of the Fourier Transform, as we recognise it today.]
This result is a quite powerful tool in analysis — and then it is usually expressed as an inner product — and it also constitutes

a fundamental property in physics, namely, the conservation of energy (in particular, of a waveform over all wave number).

3.4 Applications to the solution of differential and integral equations

As we did for the Laplace Transform (§2.4), we shall conclude with a couple of applications: we solve some equations,
but this can give little more than a hint of the usefulness of FTs in modern mathematics and physics. Our first example

involves the solution of Laplace’s equation.

Example 23
o%u  0%u : :
+——=(Q in y>0’—oo<x<oo,glven
o’ oy’
x Y
u(x, 0) = f(x), —00 < X < 00, with f(x) and f'(x) both tending to zero (suitably

Find the solution of

rapidly) as |x| —> 0, and u(x,y) —> 0 as x2 +y2 —> 0.
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Because x € (—O0,00) , it is convenient (and natural) to take the FT of the equation (see §3.2(b)) in x:
b 2 " __ " 2
(1k) U+U"=00cc U"-k°U =0

where U(y,k) :f;[u(x,y);k].Correspondingly, U(O,k) = F(k) =fi[f(x);k] with = 0 as J — 0;

thus we obtain the solution satisfying the equation (for U), and the boundary conditions, in the form

U(ysk) = Fkye 1Y

This is in convolution form (§3.2(c)) and, with the result of Example 22, we therefore obtain

u@y%—If@ D27 g

Z+y

I f(x Z) fory>0).

Z+y

Download free ebooks at bookboon.com


http://bookboon.com/

It is left as an exercise to confirm that 4 —> f (x) as Yy —> 0.

We now turn to the problem of solving an integral equation. As we found for the LT (see Example 4), the most straightforward

type of problem is one that involves a convolution - and the same applies here. Thus an integral equation of the form

o0
[ F(OK(x—1)dr=g(x) (~0<x<0)
—00
can be solved directly by employing the FT.

Example 24
Find the solution of I L3/2dt =g ()C) , where & (x) is defined for all —00 < x < 00 and for which the FT
exists. —t |

We take the FT of the equation, to give

) 1/2
ol

where V27T |k|_1/2 is the FT of |3C|_1/2 (see Exercise 3); thus we have
| | 1/2
Y (k)= ( j G(k)

Now |)C|_1/2 sgn(x) is the inverse of —1+/ 27T |k|_1/2 Sgn(k) (see Exercise 3) and so we write
il

Y(k) =27 (ik)G(k) e sgn(k).ﬁ

Finally we use the derivative result (§3.2(b)) and, of course, split the inverse integral into (—OO, x) and ()C, OO) . Thus

we obtain

g(t)d_

g(t)
- L E - [
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which is the required solution (provided all the various integrals exist).

We conclude our brief set of problems that constitute some routine applications of the Ft by evaluating a (real) definite

integral.

Example 25

oo
Determine the integral I (1 _ cosz(ak)) d/k » where o (> O) is a real constant.
k
—00

a(x+b)/b, —b<x<0
WeknowthattheFToff(x)I a(b—x)/b, O0<x<b is

612 (1 — COS(bk)) ; see Example 18 (with
0 otherwise

c= O, d = b). Thus we may write, via the inverse transform,

1 % 2a o
f(x):z— {O —21 cos(bk)) " dk

>

we evaluate thison X =0

f(O)=a= Of 2—2 1 —cos(bk))dk

dk =1

or

1 Of 1 —cos(bk)
br 2

OJ? 1_— cos(ak)

dk=ar.
k2

and so

—Qo0

We have presented a few simple examples that embody the main (mathematical i.e. solving conventional problems)

applications of the FT; we finish with some exercises.
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Exercises 3

1. Find the Fourier Transforms of these functions:

1 -1/2 -1/2
@ X" f(x) (n>0, integer) ; (b) g : (©) |x| / . (d) |x| / sgn(x);
+Xx

© (a—ix)"? (R(a)>0,R(p)>0).

2. Find the Fourier Transform of these functions:

@ £(x) :{a(b—x)/b, 0<x<b

sinx, —7<x<r1w
S f(x)= .

0 otherwise 0 otherwise

3. Use the Fourier Transform (in x) to find the solution of Laplace’s equation,
uxx+uyy =0, OSySa, —00 < x < 00, subject to

u(x,0) = f(x), u(x,a) = g(x), —o < x < 0.

[The Fourier Transform of Sm(”y / a) (in x) is 2aM.]
cosh(zx/a)+cos(zy/a) sinh(ka)
4. Find the solution of the integral equation
o0
I y(t)e_|x_t_a|dt = X (a real).
—00
I, 0<x<1

Find the Fourier Transform of the function f ( x) =1+ X, — 1 < x < (> and hence evaluate

0 otherwise

0 . e0] .
I 1—cosk;ksmkdk I cosk—cos(3éc)+2ks1nkdk
(a) =® k ; (b) =® k

Download free ebooks at bookboon.com


http://bookboon.com/

4 The Hankel Transform

In the final two chapters, we introduce and briefly describe two other fairly important integral transforms (and many
others exist, and have been used in certain specific contexts). Here we present the main features of the Hankel Transform
(HT). [These were introduced by H. Hankel (1839-1873), a German mathematician who made contributions to complex
analysis and the theory of functions, as well as recasting Riemann’s fundamental work on integration in terms of more
modern measure theory. However, he is probably best remembered for his work on Bessel functions of the third kind:

Hankel functions.]

In order to initiate our discussion, we note that any problem posed in cylindrical coordinates, together with the requirement
to separate the variables, necessarily results in ordinary differential equations of Bessel type. Such problems are therefore
likely to be neatly represented — and perhaps solved easily — by introducing an integral transform based on a Bessel

function; this is the Hankel Transform. We define the HT, of order v, as

o0

F(k) =9, [f(0:k1= [ of (0, (kr)dx (v >—1),
0

The corresponding inverse (which we do not derive here - it is considerably more involved than either of our earlier

discussions) takes the form
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J KGO, (o) dk = [ (5) + (),
0

which allows f ( x) to be discontinuous. We observe that k is therefore defined on [ O, 00 ), and this applies throughout

our discussions here. Of course, if f (X) is continuous for all x, then the right-hand side is simply replaced by (x) .

These two results require that \/; f(x) is absolutely integrable on (—00,00), with V > — 1/ 2, where J v (x) is the
appropriate (i.e. bounded) solution of the ODE

2y +xy + (2 =v?)y=0

It should already be evident that any use of the Hankel Transform - powerful though it is - necessarily involves some
considerable knowledge of, and skills working with, the Bessel functions. Furthermore, many of the integrals that we
encounter are not, in any sense, elementary; in consequence, in this chapter (and in the context of this Notebook), we
shall proceed without giving all the details. Many of the main results that we mention can be found, described in detail,

in a good text on transforms, read in conjunction with a standard work on the Bessel functions.

4.1 HTs of some elementary functions

The Hankel Transforms of many functions can be obtained from standard results in the theory of Bessel functions. As
we have just implied, we shall not dwell upon this aspect of the derivations; we shall, however, outline the underlying

structure in most cases. To start this process, we first consider the HT of the function
v, 2 2\ u—v—-1 >0
x (a”—x7) H(a—x), u>v=20,a>0,

where H(.) is the Heaviside step function; we therefore obtain the HT

a
va+1 (a2 _ x2),u—v—1 JV (Xk)dx
0

The procedure is then slightly tedious (but routine): expand J y Via its defining power series, integrate term-by-term and
finally interpret the result (which turns out to be the power-series representation of another Bessel function). The result

of all this is to generate
g, [x" (a* = x* ) H(x - a);k]=2#" ' T (- v)at 'k M, (ka).

The corresponding inversion theorem then gives

24 (u=vya [ KT (ka)T, () dk = XV (a® = x* Y " H(a - x)
0
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where we recognise that the integral on the left is, equivalently, the HT of

transform result:

g, [x"7H1 , (ax);k] = Tx”v‘ﬂJ (@0)]I, () dx
0

ve 2  22\u-v-l1
_ k”(a : k<) H(a— k)
27 a T (1 —v)

Thus, with the choice £ =V +1, we obtain directly

1+v
a

‘%V[XVH(a —x);k]= TJHV (ka)

and

14

9, [x7' 1), (ax);k]=——H(a k).

1+v
a

Further, in this last result above, we now set ¥V =0 (for example) to give

Fo[x T (ax);k]1=a H(a k).

Correspondingly, with ¢ =V + % , we obtain the pair

V —
g, | @) Q1 T vy k)
a® —x* 2k ’
and
2 kY H(a-k)

9, [xY %), (ax)sk] = | =

P av+% /az —k2 i

then, in this last result, with V = 0:

xv_”Jﬂ (ax)

, and so we obtain the important
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H(a—-k)

/az_kz'

We note, as we must expect, that we have used appropriate properties of the Bessel function (and its various integrals).

ﬂo[x_l sin(ax); k] =

Many other results follow from these, but we should mention another route that is useful in the construction of HTs,

which is based on this observation:

o0

g, [e f(x);k]= [ xe™ f(x)J, (kx)dx;
0

this is the Laplace Transform of the function Xf (X)J v (]OC) (with parameter s).

Example 26

Find the HT of xv_le_sx .

0
This is, directly, the integral J. xVe ™) v (/OC) dx,
0

which is a standard integral involving Bessel functions; the result is

"K' T(v+3)
\/;(k2 + S2)V+% |

The above example makes clear that a very good working knowledge of Bessel functions is required! Another rather

similar example is

Example 27

—SX
Find the HT of €

o
This is simply the integral -[0 xe T v (]OC) dx, which is another (fairly) standard result:
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1%
S+V\/k2+S2 k

g€, [e k] =
g (K2 +52)%2 | o fi2 4+ 52

Note that these various results are greatly simplified if we elect to use, for example, V = 0, and in particular calculations

we may do just this. So we have, from the last result above,

N

‘760[6_ ,k] :m.

4.2 Some properties of the HT

We shall discuss just two important properties of the Hankel Transform: a simple algebraic property and the HT of

derivatives. These are — by far — the most useful, although others do exist (but are not derived in any routine or direct way).
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(a) Algebraic

Given the HT

o0

e, [f (x);k1= [ xf (), (kx)d,

0

we form the HT of f'(ay) (where a is real and positive) to give

3, f (ay);k]= | yf ()], (ky)dy
0

- aiz [ (I, [(kf@)21dz (ay=2),
0

Thus we see that we have a simple algebraic property:
. -2 .
9,1 f(ax);k] = a 23, [ f (x):k/a).

Example 28

Show that ﬂo[e_sx ik ] satisfies the above algebraic property.

1

(1+ k)2
and then the algebraic property yields

We have that ﬂo[e_x;k] = (see Example 27)

Fole ™ k=52 Fole " k/s]

1 1 s
T2 (1+k2/s2)3/2 - (2 + k)

as required.
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(b) Differential
The construction of the useful - and relevant - HTs of differentials requires a little care. First, consider the HT of

xv_l (xl_v f ()C))’ (where the prime denotes the derivative); this gives

gev[xV*(xl‘Vf(x))';k]:ofx”(xl‘VfYJV(/oc)dx
0

=[xf ()T, (k)5 = [ X' £ (12T, ()] dx
0

The first term certainly vanishes as X —> 00, because this requires xl/ 2 f (x) —> 0 in this limit (which is a necessary
requirement for the existence of the HT). If, in addition, X L+v f (X) —>0asx—0 , then the other evaluation of

the first term is also zero; this is often the case, and we will invoke this condition here. Thus we obtain

o0

ge, [ (Y £ )3k == [ X fOIYT, (k)T dx.
0

To proceed, we make use of a standard recurrence relation for Bessel functions:
L, o)) =,y (k)
1% - v—1
dx b
which gives

e, [ (Y £ )3k ==k [ xf (0T, (e) dx
0

=~k 3,1/ (x);k]
- our fundamental property. If we select 1V = |, then we obtain the particular identity

3 [/ (x);k] =~k 3o f (x);k],

2
where the removal of the contribution on X = 0 now requires X f (X) —0ax—0.
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A corresponding result for the HT of x_l_v (x1+v f (X))’ , when the identity

d v -V
o Ul =—hx T, (k)

is used, is
—1- 1+ r. .
e, [x (Y f(0)) k] =k 3, [ f (x);K]
which, in the case V = 0, yields

Folx ™ (of (1)) k1= k 36, [ £ (x);k].

(The details of these calculations are left as an exercise; they follow precisely the pattern of the preceding one.)
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Now, it is a familiar observation in the separation of variables applied to cylindrical coordinates — and therefore also for

Bessel functions - that we encounter the differential operator

@ 1d _d ( d j
—t——=Xx —| x—
dx? xdx dx

Thus we are likely to want the HT of X -1 (xf '(x ))' , which follows directly from our two previous identities:

Feolx T (xf )3 k] = k 36 [f1(x); k] = k> 3o £ (x);k],

which enables us to carry out the Hankel transformation of, for example, PDEs expressed in cylindrical coordinates. We

will use this important property in an application.

4.3 Application to the solution of a PDE

o*u 1 0u

+ ——— (the form we
ot  ror

mentioned above) and so the introduction of a suitable HT should enable us the construct a solution (albeit expressed as

Partial differential equations, when written in cylindrical coordinates, contain the terms

an integral involving Bessel functions).

Example 29

Find the solution of Laplace’s equation, U, + (l/r)u,, tU, = 0,in >0, 0<z<a, which satisfies
U(V , O) = f (7’ ), M(I" R a) =0 (on the assumption that all relevant integrals exist).

We take the J€ () transform of the equation, and employ the differential result above; this gives

d*U
dz2

— kU =0 where U(z;k) = % o[u(r,2);k].

The boundary conditions become U(O;k) = F(k) = .%O[f(l”),k] and U(a; k) = () ; thus the solution for U is
simply
sinh[k(a —z)]

sinh(ka)

U(z;k) = F (k)
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Taking the inverse, we then obtain the solution

B T ; sinh[k(a — z)]
u(r,z) = (j) KE (k)T o (k) <inh(a) dk

where F(k) ZTI’f(I’)JO(kI”) dr.
0

It is possible to write this solution in alternative forms, mainly by re-expressing the double integral that is generated when

the expression for F(k) is inserted. Of course, simplifications can arise for appropriate, special choices for f(r).

Exercises 4

1. Find the Hankel Transforms, gfo, of these functions:
(a) )C_l; (b) x; (¢) (x2 + az)_l/z (a real and positive).

2. Given that .%O[f(x),k] = F(k), find an expression for ﬂo[—xzf(x);k].

o> 1o (o> 18
3. Show that the biharmonic operator | ——= + —— || ——= + —— |, under the Hankel Transform

ot ror ot ror
(k2)2 4

Ft 0 becomes

2 2
a_u+ 8__‘_15_ u=0@=20,r=20)
o> |\or ror

. Hence find the solution of

2

which satisfies Z/I(I”,O) = f(l") and u, (r,()) =(.
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5 The Mellin Transform

The Mellin Transform (MT) arises most naturally in problems that involve, for example, the solution of Laplace’s equation
in a wedge (an idea that we will not develop here, but this situation will arise in one of our examples). This type of problem

then suggests the introduction of the integral

F(p)= [ x"™ f(x)dx =M (x); p],
0

which requires that x? -1 f(x) is absolutely integrable on [0,90) for some p >0 (which we will take to be real here);

the corresponding inverse (for continuous functions) is then

c+ioo

f@ =5 [ XTF(pp

c—1

where c sits in the strip of analyticity of F(p). [R.H. Mellin, 1854-1933, Finnish mathematician who worked mainly on
the theory of functions; he introduced his transform, developed its theory and applied it to many and varied problems,

from PDEs to number theory.]
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5.1 MTs of some elementary functions

Mellin Transforms are readily obtained from some of our earlier transforms, so, for example, the Laplace Transform of

xP 7! becomes the Mellin transform of ¢ ie.

LLxPs]= [ le ™ de =M p] (p>0),
0
and thus M[eisx;p] = Sipr(p) (from Example 2).

Example 30

o 1 1 B
The evaluation of ¢ _z” e ¥ dz , around a suitable contour, yields the result | »” le lkydy =e 2" PkPT (p)
C Y 0

(0< p<l k>0 ); use this identity to find the MTs of Sin X and COSX.

We simply take real and imaginary parts, to give

o0

[ 77! cos(ky)dy = k™ PT(p)cos(L 2 p)
0

and j y?sin(ky)dy = kPT(p)sin(d 7 p);
0

thus M [sinx; p]=T(p) sin(% zp) and M[cosx; p]l=T(p) cos(% p).

This example is based on the Fourier Transform; now let us construct an example that uses the Hankel Transform.

Example 31

29771 q)

Use the identity on xq_v_lJV (xX)dx=——=—
0 L(v+1-1q)

(0<g<1,v>—1)tofind the MT of J, ().

First, we set 4 YV = P (so that —v < p< % ), then we have

-1
277 T(Ev+1p)
rdv-1p+n’

M, (x); pl= [ 270, () dx =
0

which is the required MT.
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5.2 Some properties of the MT

Corresponding to our development for the Hankel Transform, we show that there exist simple algebraic and differential
properties that the MT satisfy; indeed, for this transform, we may also include the integral of a function.

Algebraic

Three results are readily obtained. First, given the MT of f(x), we form the MT of flax), where a@ > 0 is a real constant:

0

pr_lf(ax)dxza_pjup_lf(u)d“ (u=ax)
0 0

=a P M[f(x); p].

Also, we may (for some real @ > 0) form the MT of xaf(x) :

o0
Ixa+p_1f(x)dx
0
which simply replaces p by a + p , so that we obtain

Mx? f(x); pl=M[f(x); p+a].

Perhaps rather surprisingly, we can find - for the same as — the MT of f° (x“); in this case we obtain
o0

MLL(); p]= [P () dx

0

WPy Ly ag, w=x4
a

Q |~ o—38

Tu“’/ 7 () du = é ML (x); p/a].
0

Example 32

2
X

Find the MT of €~

From §5.1, we have -/’/l[eix; p1=T(p), and then the last result from those above gives:
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Ml p] = % Mle™; p/2]= %r(p/Z) .

(b) Differential

We construct the MT of f ’(x) directly, as

o0

[ e de =[x fOTF = (p=1) [ 77 £ (x)dx
0 .

0
ifxp'_lf(x)—>0 as x >0, and sz_lf(x)—>0 as X —> 00, then

MLS (x); p)=~(p=1) MLf (x); p=1] (for py<p<p,).
This result is easily generalised to n derivatives, to produce

ML (x); pl= (1) (p=1)(p—2)..(p—n) M[f(x); p—n],
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provided that the extension to higher derivatives of the conditions as x — 0, and as x —> 00, holds up to the (17 —1)

th derivative.

Example 33

Find the MT of xf”(x), from the results above.

First we have M [xf"(x); p]=M[ f'(x); p+1] and then
ML (x); p+1]==(p+1-D) M[f(x); p+1-1]

ie. M[xf'(x); pl=—p M[f(x); p].

This is a similarly neat result, which is readily generalised:

M[x” = f(x);p} — (1) p(p+ D). (p+ n—1) MLL () ],

provided that all the appropriate decay conditions are met.

(c) Integral

The result we decsribe here can either be obtained by a direct calculation — which is left as an exercise - or derived from

our differential identity. Consider the result from above (§5.2(b)):

ML f'(x); pl=~(p-1) M[f(x); p—1],
in which we elect to write f(x) = J-(;Cg(u)du (so that f'(x) = g(x) ); thus we obtain

Mg p)=~(p =DM [} glardus p-1 .

Now replace P -1 by p:
x 1
M| [ g@)du; p | =—— Mlg(x); p+1],
p

which is the required identity.
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Example 34

X 2
Find the MT of IO e du,

_ 1 _
We have M|:J.;e usz;pj|=__M[e xz;p+1]
p

I 1_, |
= —;EF(EP +§) |

This example shows that the MT of a less-than-trivial function (essentially the error function, erf), which might have been

expected to generate a complicated MT, presents us with a particularly routine exercise.

5.3 Applications to the solution of a PDE

Although the MT can be used to solve a class of integral equations (using the appropriate convolution theorem, much as
we have seen for other transforms), arguably the most useful application for the applied mathematician is to the solution of
certain types of PDE. However, we should mention that the MT also plays a réle in the solution of functional equations and

in certain problems in statistics. For us, a suitable problem involves Laplace’s equation written in plane polar coordinates:

82u+16u+ 1 6% 3
ot ror r*o6*
which is conveniently expressed as
2 —
U, +ru, +ugy =0

2
We now observe that ri ri = ;nz 8_ + ra_ , and so we have one of the simple forms for the application
or or or? or

n

of the MT i.e. 7" (see after Example 33). The application of the MT therefore produces a fairly routine problem,

or"

although we may need to take care over where the MT exists; we rehearse all the salient points in our final example.
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Example 35

Find the solution of rzurr +ru, +ugy=0in r=0, 0<O <, with u(r,0)= f(r) (given) and u(r,a) =0
(and y > 0 as r > © for 8 €[0,x]).

Because the conditions as ¥ — 0, and 7 — 9, are not precise, we first apply the MT (in ) and perform the required

integration by parts with some care:

M[r(ru,),; p1 =" u, — preuly + p* Mlu(r,0); p].

Let us suppose that rﬂu(l’, 0) — f as r — 0, and that VVM(V, 0) > ¥ as r = © (for [, ¥ non-zero constants),
then for £ < p <V the evaluations at the endpoints vanish and so the MTs exist for these ps. Thus we obtain the equation

2
%+ p*U =0 where U(0; p) = M[u(r,0); p]

with the boundary conditions
U(0; p) = MLS (r); p]= F(p) and U(a; p)=0.

The appropriate solution is the obtained directly:

sin[ p(a —6)]

U@, p)=F(p) sin(par)

and then we may express the solution of the original problem as the integral

1 c+io ~ . _9
u(r,@)zz—m J- r pF(p)%dp

Of course, ¢ must sit in the strip of analyticity of the integrand, which depends on F(p).

Alternative versions of this solution are possible, particularly when F turns out to be a simple function. This concludes

our discussion of the Mellin Transform.
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Exercises 5

1. Find the Mellin Transforms (parameter p) of these functions:

(a) 5(x—a), a >0 constant; (b) xX"H(x—a), a>0 constant, R(p+n)>0;

1
1+x

(©) (valid for O <R(p)<1).

2. Obtain the Mellin Transform of the Bessel equation

2

2d7y  dy o o

X —=+x—+(x"-v)y=0
7Y ( )Yy

in the form F(p+2)=(?*—=p?)F(p),
assuming zero contributions from X =0 and x — 0.

Show that this equation for F(p) has a solution

F(p)=k"T[$(p+v) |T[1(p-v)]cos pr)

for a suitable choice of the constant k.
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Tables of a few standard Integral

Transforms

Table 1: Laplace Transforms

function

transform
S F(s)=[e™ f(x)dx
0
1 57!
x* sTT(+a) (a>-1)
e ! (R(s)>R(a))
sinh(ax) s (R()>a)
sT-a
hi di
cosh(ax) ERp (ditto)
. di
sin(ax) R (ditto)
cos(ax) 2 ja 5 (ditto)
S(x—a) e (a=0)
x/2a

erf(x/2a) = 2 J. e du
0

N

571" erfe(as) (R(s)>0)

erf (a\/;)

a 2
(s+a”>0)
s\s +a?
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Table 2: Fourier Transforms

function transform
S Flk)= [ foe dx
_ 2a
o ——— (a>0)
K +a?
e—ozzx2 ﬁ esz/4oz2
a
,—b<x<b _
GO 24 Gin(bk)
0, otherwise k
o(x—a) ¢ iha
2i
sgn(x -—
gn(x) .
1 270 (k)
elox 275(k — )
x" 271" 5™ (k)
x ! —izsgn(k)
EETAY !
x " —ir (1K) sgn(k)
(n—1)!
1 2z
K 4
sin(ax) ir[o(k+a)—-o0(k—a)]
cos(ax) mok+a)+o(k—a)]
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Table 3: Hankel Transforms

function transform
£ F ()= [ (9], (o) dx
1]
T VYT (v ++
xb—l o , ( . ;L
(it +st) T
o] ~ ¥
o s+ +57 | ik )
. TR | 5 = |
(2 +52)" Lot +57)
e Fy(l) = [ 5 (39T (o) e
0
1~ (2 +52)42
< ;f
[k +s" |
o !
~lgiox 11 = (a>0.k<a
o -
—fatr iﬁ K 2ad
>
I T1+L
x™ (m odd) d+am)

2 T(=1m)
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Table 4: Mellin Transforms’

function transform
f() F(p)=[x"" f(x)dx
0
e a "I (p) (R(a)>0,
R(p)>0)
e 11 p)
sin x F(p)sin(%ﬂp) (-1<R(p)<]1)
COS X F(p)cos(%np) (0<R(p)<1)

— mecosec(zp)  (ditto)

1+x
12 %ﬂcosec(%ﬂ'p) (0<R(p)<2)
I+x
1 I'(a—p)'(p)
——= (R(a- 0,
(Lr2) T(a) (R(a—p)>
R(p)>0)
In(1+x) Zcosec(;rp) (-1<R(p)<0)
P
erfc(x) p;\/;F(%Jr%p) (R(p)>0)
o(x—a) al™!
a?
H(x—a) -—  (a>0, p<0)
P
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Answers

Exercises 2

@+l L o oo (d) 208 R(s)>a)
a) — —_— 5 5 A5 A ) o 5
53 s2 (s+2)2+25  (s*+a?)? (st -a?)?
(s . )3 ; (f) arccot(s/a) -
1 1 2x /6 12 1/3
2. (@) Y(s)= + then y(x)=1+xe"";(b) Y(s)= — + then
s=2 (s-2)? ) s+1 s—1 s-2
41-e)+s°

y(x) =% —Ee += ezx () Y(s)= then

52 (52 +4)
y(x) = x =3 sin 2x +cos 2x +[sin(2x —2) — x + 1]H(x 1)

3. Y(s) :+ (arb. A) then y(x) = xI;(x)/I;(1).

(2 —1)2
4. U(x;s)=F(s) Sm:;[l(lf(;j/cl\)/;] .

1d ¢t f) f(a) lx (
A s I o

a

Exercises 3
_| _ . -1/2
I () i”j—kF(k);(b) re M@ vz b 125 @ —iN2z [k sgnk,

@ | 27kP e [Tk k>0
0, k<0

2isin(kr)

2. (a) kz .

a Sibky 1@
F-e )2 )

S U(y'k):F(k)M+G oy S
’ sinh(ka) sinh(ka)

1 f(©
M(X y) = Sln( y)_J. COSh[ﬂ'(-x _ t)] cos(ﬂ'y)
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g(®)

cosh[7z(x—1)]+cos(ry)

1. H
+Esm(7ry) J-

—00

4. y(x)=%(x+a).
1 iy 1 ik ,
5. F(k)—k—z(l—e )+;e then (a) 2775 (b) 4r .

Exercises 4

L@ ks ®) -1/k5© e—k\a\/k‘
2

2. d—Fb-i-l% where Fo(k)ZHo[f(x);k]_
dk?>  k dk 1

3. U(t;k) = Fy(k)cos(tk?) then u(r,t) = > j v f() (/20 sin[(y% +72)/4t]dy .
0
Exercises 5

n+

1. (a) a7, b _2 : (c) reosec(mp).

n+p

2. k=%2.
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Index

Abel's integral equation
adjoint
adjoint equation

algebraic property

almost everywhere

Bessel equation

Bessel function

Bessel, EW.

boundary conditions
boundary-value problem
Bromwich contour
Bromwich, T.J.T'A.

Cauchy, A.L.
classification

closed form

comparison theorems
complementary function
convergent

convergent

convolution integral

D'Alembert's solution
differential operator

differential property

discrete eigenvalues

Eigen (meaning)

Fourier transform
Hankel transform
Laplace transform

Mellin transform

first kind
generating function
modified

second kind

homogeneous

singular point

ratio test
Fourier transform

Laplace transform

Fourier transform
Hankel transform
Laplace transform

Mellin transform

132
72
72

138

157

116

164

123

39.169
40

59

46

43
92.152
39

72

71

125
125

133
16
13,16
81
109
13
35
141
119

130
68,72
140
158
117
165
79

77
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eigenfunction expansion

eigenfunctions
eigenvalue

eigenvalues

equation

essential singular point

Euler's constant
existence

expansion

Forcing term

Fourier transform

Fourier, J.B.
Fredholm alternative

Frobenius

Sturm-Liouville

discrete
ordered

real

simple
Sturm-Liouville
Abel

adjoint

Bessel

heat conduction
Hermite
homogeneous
indicial
inhomogeneous
Laplace
Legendre
modified Bessel
ordinary
self-adjoint
Sturm's
Volterra

wave

of solution
convergence
eigenfunction

orthogonal functions

algebraic property
convolution integral
differential property
inversion

Parseval's theorem
table

index

method of

91

81
72,74,107
79

79

74

78

74

132

72
39.169
111

52

68

23

95
106.147.160.167
49

46

108

72

71

130
129

18

43

97

92

91

91

71,95
106.133
138
141
140
143
147
171
133
98

21

21
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Frobenius, G.E

function

fundamental set

Gamma function

generating function

Hankel transform

Hankel, H.

heat conduction

Heaviside step function

Hermite equation

Hermite polynomials

Hermite, C.

homogeneous

Identity in x

index

indicial equation

power series

Bessel

Bessel, 1st kind
Bessel, 2nd kind
gamma

generating

Heaviside step

mod Bessel 1st kind
mod Bessel 2nd kind
orthogonal

periodic

Bessel function
Hermite polynomials

Legendre polynomials

algebraic property
differential property
table

generating function
recursion formula

Rodrigues' formula

boundary conditions

equation

Frobenius method
roots (general)
roots differ by N

roots repeated

roots (general)

21

21
92.152
40

43
40.113
55

144

46

46

88

121

69

40.113
55
59
57
56

152
157
158
172
152
111
144
52
53
57
54,57
54
52
72
68

14
21
23
28
25
23
23
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roots differ by N 28

roots repeated 25
infinity point at 19
inhomogeneous equations 95
integral property Laplace transform 119
Mellin transform 166
interlacing of zeros 87
introduction power series 13
inversion Fourier transform 143
Laplace transform 123
Kronecker delta 89
Laplace transform 106.110.112
algebraic property 116
convolution integral 119
differential property 117
integral property 119
inversion 123
periodic functions 121
table 170
Laplace, P-S. de 112
Laplace's equation 147.160.167
eigenvalue 107
separation of variables 106
Legendre equation 49
Legendre polynomials 51
generating function 56
recursion formula 51
Rodrigues' formula 51
Legendre, A.-M. 49
linearly independent 68
Mellin transform 162
algebraic property 164
differential property 165
integral property 166
table 173
Mellin, R.H. 162
method of Frobenius 21
modified Bessel equation 46
modified Bessel function first kind 46
second kind 46
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Non-unique solution

Operator

ordered eigenvalues

ordinary differential equation

ordinary point

orthogonal functions

orthogonality
orthonormal
orthonormal set

oscillation theorems

Parseval, M-A.
Parseval's theorem
particular integral
periodic functions
point at infinity
Poisson, S-D.

polynomials

power series

problem

Ratio test
real eigenvalues
recurrence relation

recursion formula

regular singular point

Rodrigues' formula

Rodrigues, O.

differential

complementary fn

particular integral

variation of parameters

expansion

application

in Sturm-Liouville

Fourier transform

Laplace transform

Hermite

Legendre

about x = a (not 0)
Frobenius
introduction
boundary value
singular

Sturm-Liouville

for convergence

Hermite polynomials

Legendre polynomials

Hermite polynomials

Legendre polynomials

97

68
79
109
109
109
18
88
91
88
89
89
82
84
85

147
147
109
121
19
112
53
51
31
21
13
71
94
72

35
74
15,23
54,58
51
16
54
51
55
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Self-adjoint equations

separation of variables

series termination
set fundamental
orthonormal

simple eigenvalues

singular point

classification
essential
regular

singular Sturm-Liouville problem

solution closed form
non-unique

solution does not exist

solutions independent

Sturm-Liouville form

Sturm-Liouville problem
eigenfunctions
eigenvalues
orthogonality
oscillation theorem
singular

Sturm's equation

Termination of series

transform Fourier
Hankel
Laplace
Mellin

Variation of parameters

Volterra integral equation

Volterra, V.

Wave equation

weight function

Wronski, Josef

Wronskian

Zeros interlacing

of Bessel function

72
106
50
69
89
78
18
16
18
13
94
13,16
97
97
68,69
72
72
81
74
88
85
94
71

50
106.108.133
152
106.110.112
162

109
130
131

129
89
70
69

87
93
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