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1

Fundamentals of Engineering Mechanics

L1.INTRODUCTION

Engineering mechanics is that branch of science which deals with the behaviour of a body when the
body is at rest or in motion. The engineering mechanics may be divided into Statics and Dynamics. The branch
of science, which deals with the study of a body when the body is at rest, is known as Starics while the branch
of science which deals with the study of a body when the body is in motion, is known as Dynamics. Dynamics
is further divided into kinematics and kinetics. The study of a body in motion, when the forces which cause
the motion are not considered, is called kinematics and if the forces are also considered for the body in motion,

that branch of science is called kinetics. The classification of Engineering Mechanics are shown in Fig. 1.1
below.

EHGINEER[HF MECHANICS
! ;
1. Statics 2. Dynamics
{Body ix at rest) (Body is II'II mation)
{f) Kinematics {if) Kinetics
Fig. 1.1

Note. Stztics deals with equilibrium of bodics at rest, whercas dynamics deals with the motion of bodies and the
forces that cause them.

1.2. DEFINITIONS

1.2.1. Vector Quantity. A quantity which is completely specified by magnitude and direction, is known
as a vector quantity. Some examples of vector quantities are : velocity, acceleration, force and momentum. A
vector quantity is represented by means of a straight line with an arrow as shown in Fig. 1.2. The length of the
straight line (Le, AB) represents the magnitude and arrow
represents the direction of the vector. The symbol AB also A B
represents this vector, which means it is acting from A to 8. Fig. 1.2. Vector Quantity.

1.2.2. Scalar Quantity. A quantity, which is completely specified by magnitude only, is known as a
scalar quantity. Some examples of scalar quantity are : mass, length, time and temperature.

1.2.3. A Particle. A particle is a body of infinitely small volume (or a particle is a body of negligible
dimensions) and the mass of the particle is considered to be concentrated at a point. Hence a particle is assumed
to a point and the mass of the particle is concentrated at this point.

1.2.4. Law of Parallelogram of Forces. The law of parallelogram of forces is used to determine the
resultant® of two forces acting at a point in a plane. It states, **If two forces, acting at a point be represented

*The resultant of a system of forces may be defined as a single force which has the same effect as system of forces
acling on the body.
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in magnitude and direction by the two adjacent sides of a parallelogram, then their resultant is represented in
magnitude and direction by the diagonal of the parallelogram passing through that point™”.

Let two forces P and (2 act at a point () as shown in Fig. 1.3. The force P is represented in magnitude
and direction by OA whereas the force (0 is presented in magnitude and direction by 8. Let the angle between
the two forces be ‘a’. The resultant of these two forces will be obtained in magnitude and direction by the
diagonal {passing through @) of the parallelogram of which OA and OB are two adjacent sides. Hence draw
the parallelogram with (A and OB as adjacent sides as shown in Fig. 1.4. The resultant R is represented by
OC in magnitude and direction.

Fig. 1.3 Fig. 1.4

Magnitude of Resultant (R)
From C draw CD perpendicular to OA produced.
Let a = Angle between two forces Pand 0 = ZAOB
Now LDAC = LAOB {Corresponding angles)
. o=q
In pnrn!]elu gram OQACE, AC is parallel and equal to O8.
AC=(0.
In triangle ACD,
AD=ACcosa=Jcosa

and CD =AC sin = sin o
In triangle OCD,
0C*=0D* + DC?,
But OC=RO0OD=0A+AD =P+ Qcosn
and DC =) sin .
R* = (P + 0 cos o)’ + (0 sin a)f = P + 0% cos” a + 2PQ cos a + P sin* o
= P? 4+ F (cos® @ + sin” a) + 2P0 cos a
=P+ (" + 2P0 cosa (v cosa+sinfa=1l) "
R=VP +0*+2PQcosa 1D
Equn.llun (1.1) gives the magnitude of resultant force R.
Direction of Resultant
Let B = Angle made by resultant with OA.
Then from triangle Gﬁ'ﬂ

tan = C2 o Qsina
oD P+Qcosn
- El=r,an"( Qsin a )

P+Qeooso

A1.2)
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Equation (1.2) gives the direction of resultant (R).

The direction of resultant can also be obtained by
using sine rule [In triangle OAC, OA=F, AC=(Q, OC
=R, angle OAC = (180 - a), angle ACO = 180 - [6 + 180
—a] = (- 9)]

sin@ _ sin (180 - a) _sin[u-ﬂ}

AC i OA
sin _ sin (180 - ar) _ sin (o - 8)
Q - R - P
Two cases arc important. Fig. 1.4 {a)
1st Case, If the two forces P and () act at right angles, then
a =90°

From equation (1.1}, we get the magnitude of resultant as

R=VP* + Q"+ 2P0 cos @ =VP? + Q% + 2PQ cos 90°
=VP+Q? (" cos90°=0) ..[(124)
From equation (1.2), the direction of resultant is obtained as
H=lan"[ Q sina ]

P+Qcosa

:m“-l[M]=m“=l% (" sin90° =1 and cos 90° = 0)

P + (J cos 90°

2nd Case. The two forces P and  are equal and are acting at an angle a between them. Then the
magnitude and direction of resultant is given as

R=VP+0P+2P0cosa =VP + P+ 2PxPxcosa (- P=(0)
=V2P 4 2P cos = V2P3(1 + €08 )

=VZF2:{2W$1§ { ]+cn:5-:t-lcusz%
= 4P1ma?§=1rm% {1.3)
R @sina_y_ _ Psina .
and 0=tan (P+ﬂmsu] tan P+Peosa (- P=0Q)
= tan! Psina  sina
P(l +cosa) 1 4+ cosa
EsinEmﬁE
-1 2 2 ) . a
= {an UOBIN =2 50— cos —
lmalﬂ 2 2
2
.o
sin 3 a\ a
- tan"! u""““(““i]“i (14)
3
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It is not necessary that one of two forces, should be
along x-axis. The forces P and 0 may be in any direction as
shown in Fig. 1.5. If the angle between the two forces is “a’,
then their resultant will be given by equation (1.1). The
direction of the resultant would be obtained from equation
(1.2), But angle 8 will be the angle made by resultant with the
direction of P.

1.2.5. Law of Triangle of Forces. It states that, **if
three forces acting at a point be represented in magnitude and
direction by the three sides of a triangle, taken in order, they
will be in equilibrium."” Fig. 1.5

1.2.6. Lami's Theorem. It states that, **If there forces acting at a point arc in cquilibrium, each force
will be proportional to the sine of the angle between the
other two forces,™

Suppose the three forces P, (Q and R are acting
at a point O and they are in equilibrium as shown in
Fig. 1.6.

Let o= Angle between force Pand (.

B = Angle between force ? and R.
¥ = Angle between force R and P.
Then according to Lami’s theorem,

P a sine of angle between €2 and R a sin [

of

L = constant
sin
Similarly -ﬂ— = constant and i = constant
5in Y sina
or P _Q __R

sinf siny sina

Proof of Lami's Theorem. The three forces acting on a point, are in equilibrium and hence they can

be represented by the three sides of the triangle taken in

the same order. Now draw the force triangle as shown in
Fig. 1.6 (a).

MNow applying sine rule, we get

P . _ R
sin (180 =) ~ sin (180 =y) ~ sin (180 - @)
This can also be written
P g R

- = L] - .
sinfl siny sina

Fig. 1.6 {(a)
Note. All the three forces should be acting cither towards the point or away from the point.

This is same equation as equation (1.5).
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1.3. SYSTEM OF UNITS

The following system of units arc mostly used :

1. C.G.5. (i.e., Centimetre-Gram Second) system of units.

2. M.K.S. (i.e., Metre-Kilogram-Sccond) system of units.

3. 5.1 (Le., International) system of units.

1.3.1 C.G.S. System of Units. In this system, length is expressed in centimetre, mass in gram and time
in second. The unit of force in this system is dyne, which is defined as the force acting on a mass of one gram
and producing an acceleration of one centimetre per second square.

1.3.2. MLELS. System of Units. In this system, length is expressed in metre, mass in kilogram and time
in second. The unit of force in this system is expressed as kilogram force and is represented as kgf.

1.3.3. S.1. System of Units. 5.1. is abbreviation for “The System International Units’. It is also called
the International System of Units. In this sysicm length is expressed in metre mass in kilogram and time in
second. The unit of force in this system is Newton and is represented N. Newton is the force acting on a mass
of one kilogram and producing an acceleration of one metre per second square. The relation between newton
(N} and dyne is oblained as

One Newton = One kilogram mass x QMI—
a
100 em
= 1000 gm x k (" onekg= 1000 gm)
= 1000 x 100 x EPZER
5
= 10° dyne { o dyne - m}
3

When the magnitude of forces is very large, then the unit of force like kilo-newton and mega-newton
is used. Kilo-newton is represented by kN.
One kilo-newton = 10" newton
ar 1kN=10°N
and One mega newton = 10" Newton
The large quantities are represented by kilo, mega, giga and terra. They stand for :
Kilo = 10" and represented by .....k
Mega = 10" and represented by .......M
Giga = 107 and represented by .......G
Tera = 10'? and represented by ........T
Thus mega newton means 10° newton and is represented by MN. Similarly, giga newton means 10* N
and is represented by GN. The symbol TN stands for 10'2 N,
The small quantities are represented by milli, micro, nano and pico. They are equal to
Milli = 10~ and represented by ......m
Micro = 107 and represented by ...
Nano = [0 and represented by ........n
Pico = 107'? and represented by ....... p-
Thus milli newton means 107" newton and is represented by mN. Micro newton means 107 N and is
represented by pN.
The relation between kilogram force (kgf) and newton (N) is given by One kgf =981 N
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Weight of a body is the force with which the body is attracted towards earth. If W = weight of a body,
nt = mass in kg, then W= m x g Newtons
If mass, m of the body is 1 kg, then its weight will be,

W=1(kg)x9.81 2 =981 N. - Nekg
& 5
1.4. TRIGONOMETRIC FORMULAE AND EXPRESSIONS
The following are the trigonometric formulae in a right-angled triangle ABC of Fig. 1.7.

(i) sin 8 = A€ [mmsa=%

BC C

(fii) tan © AB

{iv)sinfA +B)=sinAcos B +cosAsinB
(v)sin(A - B)=sinA cos B—cos A sinB
(viycos (A +B)=cosAcos B-sinAsinB

{vii) cos (A = B)=cos A cos B + sin A sin B

tan A + tan B

- lan A tan B

tan A - tan B -]
1 +tanAtan B A "

{x) sin 24 =2 5in A cos A Fig. 1.7
(x1) sin” 0+ cos” 0 = 1.

(viii} tan {A + H) = I

(ix) tan (A - 8) =

1.5. DIFFERENTIATION AND INTEGRATION

1.5.1. Differentiations. (/) Differentiation of a quantity (say A) with respect 1o x is wrilten as

d dA
dx{’”“’.-.&

{ifj%[xq}nhj.ifﬂnnf'l and %[:}m 1
[:‘:’E}i{&r-&ﬁ}":x#(ﬂ:i- 5)° x 8
{iv) % {4) = 0 as differentiation of constant is zero.

o dv du .
{v) oI (ev)=u. =tV d [when u and v are functions of x]

(vi) Differentiation of trigonometrical functions

f:"; (sinx) =cosx
4 {cosx)=-sinx
dr

i (tan x) = sec’ x.
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1.5.2. Integrations. (i) Integration of a quantity (say A) with respect to x is wrillen as [ Adx.
]

(i) ;"iu“] (iif) [ 4ex = dx
: 4, (Be+5)'*!
{tu}f{ﬂ:+5} dy = TITE

Problem 1.1. Twe forces of magnitude 10 N and 8 N are acting at a point. If the angle between the
mwa forces is 607, determine the magnitude of the resultant force.

Sol. Given :
Force P=10N
Force (@=8N

Angle between the two forces, o = 60°
The magnitude of the resultant force (R) is given by equation (1.1)

R=VP + (P +2P0cosa =V10? + B2 +2 % 10 x B x cos 60°
=V100+64+2x 10x8x 1 (" cos60°=1)

= V100 + 64 + 8 = V244 = 15,62 N. Ans.

Problem 1.2. Two equal forces are acting at a point with an angle of 60° between them. If the resultant
force is equal to 20 x V3 N, find magnitude of each force.

Sol Given: Angle between the force, a = 60°

Resultant, R=20xv3

The forces are equal. Let P is the magnitude of each force,

Using equation (1.3), we have

R=2F-::~n-sE of ﬂxﬁ:?um[%]:ﬂmﬂ]'

2

=2Pu%=?nﬁ ( ms:‘-{]‘-—‘)

_20x¥3 _
P= 3 = 20 N.
.. Magnitude of each force = 20 N, Ans,

Problem 1.3, The resultant of the two forces, when they act at an angle of 60F is 14 N. If the same
forces are acting at right angles, their resultant is V136 N. Determine the magnitude of the two forces.
Sol. Given: Casel

Resultant, Ry=14N
Angle, a = 60°
Case [1

Resultant, R,=v136 N
Angle, a = 90°

Let the magnitude of the two forces are P and Q.
Using equation (1.1) for case [.

R=sz+Qz+2Pﬂmsu
or i#!\fP:+Q1+EPﬂxmﬁﬁ_ff=‘Ver+Ql+2Fﬂ:é
or 14=VP+ 0%+ PO ’
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Squaring, 196 = P* + 0 + PQ i)

Using equation (1.2 A) for case I,

R=VP+Q* or VT =VP:Q®

or 136=P+Q* (Squaring both sides) ...(ii)

Subtracting equation (i) from equation (i), we get

196 -136=P+ P+ PQ-(P+ )

or 60 = P 17y

Multiplying the above equation by two, we get 120 = 2P(Q ~Aiv)

Adding equation (iv) to equation (if), we get 136 + 120 = P* + 0% + 2PQ
or 256 =P+ *+2PQ or (16)=(P+ Q)

lo=P+(Q
P=(16-0Q) -y
Substituting the value of P in equation (iif), we get
60=(16-Q)xQ=16Q-0* or *-16Q +60=0
.. This 1s a quadratic equation.
162 V(=16 -4x60 16+VI56-240 1624
Q= = -
2 2 4
=124 ana 1222 10ande.
Substituting the value of Q in equation (v), we get
P=(16-10)or (16 - 6) = 6 or 10.

.~ Hence the two forces are 10N and 6 N. Ans.

Problem L.4. Tweo forces are acting at a point O as shown in Fig. 1.8. Determine the resultant in
magnitude and direction.

Fig. 1.8 Fig. 1.9
Sok Given :
Force P=50N, Force Q = 100 N
Angle between the two forces, a = 30°
The magnitude of the resultant R is given by equation (1.1) as

R=VP + 0%+ 2P0 cosa = V507 + 1007 + 2 x 50 x 100 x cos 30°
=v2500 + 10000 + 8660 =vZI160 = 145.46 N. Ans.
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The resultant R is shown in Fig. 1.9,
The angle made by the resultant with the direction of P is given by equation (1.2) as

tan B = sin o
P+{cosa
_ant [ @sina Y100 x sin 30®
o B =tan (P+Qmsu]-h“ (5!]+]l‘!]-ms.3[l"

= tan™ 0.366 = 20.10°

- Angle made by resultant with x-axis = 6 + 15° = 20,10 + 15 = 35.10°. Ans.

Problem 1.5. The resultant of two concurrent forces is 1500 N and the angle between the Jorces is 90,
The resultant makes an angle of 36° with one of the force. Find the magnitude of each force.

Sol. Given :

Resultant, R = 1500 N

Angle between the forces, a = %)°

Angle made by resultant with one force, 8 = 36°

Let P and { are two forces.
. ) - {2 sin o
Using equation (1.2}, tan & P+ 0 cos a
o . Qsin90° _ Ox1 _Q =<
or tan 36 PeQcos00°  PeQx0" P or 0.726 P
or 0=0726P i)
Using cquation (1.1}, R=VP + Q%+ 2P0 cos
or RP=P +(F +2PQcosa
or 15{[}2=P1+{ﬂ.72ﬁﬂ=+ E.Piﬂ-?lﬁf’}umﬁ?ﬂ‘ (v Q=0.726P)
1500 = P* + 0L527P% + 0 (v cos M° = 0)
=1.527 P
1}'15[:]1 1500
P= 1577 = Iﬂs?-llllﬁﬁﬂ

Substituting the value of P in equation (i), we get
2 =0.726 x 1213.86 = 881.26 N. Ans.
Alternate Method, Refer to Fig. 1.9 (a). Consider triangle OAC.
Using sine rule, we get
sin 90°  sin 36° _ sin 54°

R~ 0 P 8 C
of sin 90° _ sin 36° .
R =~ @ 54
R sin 36° Q4 Q
or sz (where R = 1500 N) ) R
ap°
o 120 ”lﬂjﬂﬂﬂm.ﬁ? N. Ans. 8=36" C
o A
Al e have sin 90°  sin 54° P
S0, WERAVE TTTT =T p Fig. 1.9 (a)
p_ Rusin54° _ 1500 x 0.8000
T sin90® 1

= 1213.52 N. Ans,
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Sol. Given : Weightat C=15N
LOAC = 60°
LCBD = 45°
Let Ty = Force in stnng BC
T; = Force in string AC
1st Method
Using Lami’s theorem at C
15 _ T I
sinof ZBCA  sinof FACE  sinof ZACE Fie. 1.13
But LBCA =45° + 30° = 75°
LACE = |B0° =30° = 150°
LBCE = 180° - 45° = | 35°
15 N T
sin 75°  sin 150°  sin 135°
T = 15 :‘sin 150°
sin 75°

15  sin 135°
and =75

2nd Method
The point C is in the equilibrium. The forces acting at C are 15 N, 7} and T5.
Resolving all forces at C in the horizontal direction

= 7.76 N. Ans.

= 10.98 N. Ans.

Tisin45° =Ty 5in30° or T, x%: Tz“%

2
Ny=Tix =VIxT L)
Resolving all forces at C in the vertical direction,
Tycos45° + Tocos30°= 15
1 v
or T HTE+T1:T= 15 Ty
Substituting the value of T, from equation () into equation (ii),

ﬂn%i—ﬁx'ﬁxﬁ:m

2
I ﬂ_ V2 V2 1
or Zrty = : T'ﬁxﬁ'ﬂ')
ar T|+ﬁr|=15?lﬁ o T|{I+\;§-}Ilﬁxﬁ
15 %2

Ty =~2"0= =776 N. Ans,

Substituting this value of T) in equation (7), we get
T2=vV2 x Ty =V2 x 7.76 = 10.98 N, Ans.
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L.6. RESOLUTION OF A FORCE
Resolution of a force means ** finding the components Y
of a given force in two given directions.”™
Let a given force be R which makes an angle 8 with
X-axis as shown in Fig. 1.14. It is required to find the com-
ponents of the force R along X-axis and Y-axis.

Components of R along X-axis = R cos 6.

Compaonent of R along Y-axis = R sin 8, 0 2 con B A x
Hence, the resolution of forces is the process of find-
ing components of forces in specified directions, Fig. 1.14

L.7. RESOLUTION OF A NUMBER OF COPLANAR FORCES
Let a number of coplanar forces (forces acting in one plane are called co-planar forces) R, Rs, Ry, ...
are acting at a point as shown in Fig. 1.15.
Let ) = Angle made by R with X-axis
B, = Angle made by R with X-axis
B, = Angle made by Ry with X-axis
H = Resultant component of all forces
along X-axis
V = Resultant component of all forces
along Y-axis
R = Resultant of all forces
B = Angle made by resultant with X-axis,
Each force can be resolved into two components, one
along X-axis and other along Y-axis.
Componcent of R; along X-axis = R; cos B,
Component of R; along ¥-axis = R, sin 8.
Similarly, the components of R; and R, along X-axis and ¥-axis are (R, cos 6, Ry sin 8,) and (R cos
13, R4 sin B4) respectively,
Resultant components along X-axis
= Sum of components of all forces along X-axis.
o H=R;cos8, + Rycos B, + Rycos By + ... A 1.6)
Resultant component along Y-axis.
= Sum of components of all forces along F-axis.

Ry

Fig. 1.15

V=R, sint; + R;sinB; + Ry5in By + ... ~L1.7)
Then resultant of all the forces, R = HY V2 -{1.8)
The angle made by R with X-axis is given by, tan 0 = E L{1.9)

Problem 1.10. Two forces are acting at a point (7 as shown in Fig. 1.16. Determine the resultant in
magnitude and direction.

Sol. The above problem has been solved earlier. Hence it will be solved by resolution of forces.

Foree P=50N and force 0 = TDO N,

Lct us first find the angles made by cach force with X-axis.
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Angle made by P with x-axis = 15°

Angic made by {J with x-axis = 15 + 30 = 45°

Let  /f = Sum of components of all forces along X-axis.
V = Sum of components of all forces along Y-axis.

The sum of components of all forces along X-axis is given

H = P cos 15° + 0 cos 45°
=50 xcos 15° + 100 cos 45" = 119 N
The sum of components of all forces along Y-axis is given by, .
V= Psin 15° + Q sin 45° Fig- 1.16
= 50 sin 15° + 100 sin 45" = B3.64 N
The magnitude of the resultant force is given by equation (1.8),

R=VH +V* =V119° + 83.64° = 145.46 N. Ans.

The direction of the resultant force is given by equation (1.9),1an 8 =

L
B = tan™! %‘?‘-t—- 35.10°. Ans.

Here B is the angle made by resultant R with x-axis.

Problem 1.11, Three forces of magnitude 40 kN, 15 kN and 20 kN are acting at a point O as shown in
Fig,1.17. The angles made by 40 kN, 15 kN and 20 kN forces with X-axis are 6/°, 120° and 240° respectively.
Determine the magnitude and direction of the resultant force,

Sol. Given :

R|=IUkH‘ﬂ|=ﬁﬂu
Ry=15kN, 8, = 120°
H:l =20 kH, Ejl = 240°

The sum of components of all forces along X-axis is given by
m?untiun (1.6) as
H=R;cos 8, -l-ﬂ;l:nﬁﬂ-z-l- R+ cos Oy

=40 x cos 60° + 15 x cos 120° + 20 x cos 240°
=40 x 2+ 15% (- 3) 4+ 20 % (- 3)

=20-75-10=25kN.
The resultant component along Y-axis is given by equation (1.7)
as V=R, sin 8, + R;sin B; + Ry sin 0,
= 40 x sin (60%) + 15 x sin (120%) + 20 x sin (240%)

=4ﬂ+ﬂ+15:ﬁ-+mx[:;—z]

3 2

=20 x V3 + 75 x V3 - 10x V3 = 17.5 x v3 kN = 30.31 kN,
The magnitude of the resultant force 1s given by equation (1.8)

R=VH+ V2 =V25%4 30317 = 30.41 kN. Ans.
The direction of the resultant force is given by equation (1.9)

tan 8 = — =——=12.124 = tan 85.28°
8 = 85.28° or 85° 16.8". Ans,
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According to Lami’s theorem, **IT three forces acting at a point are equilibrivm, each force will be proportional to
the sine of the angle between the other two forces.””

The relation between newlon and dyne is given by One newton = 1 dyne.

Moment of a force about a point = Force x perpendicular distance of the line of action of the force from that point.
The force causes linear displacement while moment causes angular displacement. A body will be in equilibrium
iF (i} resultant force in any direction is zero and (i{) the net moment of the forces about any poinl is zero.
Gravitational law of attraction is given by,

R m

2

where (7 = Universal gravitational constant
my, ma=mass of bodies
r = Distance between the bodies
F = Force ol attraction between the bodies.

F=0G

EXERCISE 1

(A} Theoretical Problems

What do you mean by scalar and vector quantities 7

Define the law of parallelogram of forces. What is the use of this law ?

State triangle law of forces and Lami's theorem.

Two forces F and (0 are acting at a point in a plane. The angle between Lhe forces is *a’. Prove that the resultant

(R} of the two forces is given by B =‘JP1+QZ+‘2FE COS .

Define the following terms @ dyne, newton, meganewion and moment of a force,

Prove that one newton is equal Lo 10 dyne.

Explain the terms : clockwise moments and anti-Clockwise moments.

What is the effect of force and moment on a body ?

Indicate whether the following stalement is true or falze.

“'The resullant components of the forces acting on a body along any direction is zero but the net moment ol the
forees about any point is not zero, the body will be in equilibriom’. [Amns. False]
Wrile the S.1. units of : Force, moment and velocity.

What do you mean by resolution of a force ?

A number of coplanar forces are acting at a point making different angles with x-axis. Find an expression for the
resultant force. Find also the angle made by the resultant force with x-axis.

State and explain the pinciple of transmissibility of forces.

State and explain the following laws :

{i} Mewton's laws of motion.

(it} The gravitational law of atiraction.
Using gravitation law of attraction, prove that W =m = g.
Explain fully the following terms :

(i) Resolved pant of a given force in a given direction.
(£i) Lami’s theorem.

(B) Numerical Problems

Determine the magnitude of the resultant of the two forces of magnitude 12 N and 9 N acting al a point if the angle
between the two forces is 30°. [Ans. 20.3 N]
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10,

Find the magnitude of two equal forces acting at a point with an angle of 60° between them, if the resullant is equal

to 30 x V3 N, [Ans. 30 N]
The resultant of two forces when they act at right angles is 10 N, whereas when they act at an angle of 607 the
resultants is VI48 . Determine the magnitude of the two forces. [Ans, 8 N and 6 N]

Three forces of magnitude 30 kN, 10 kN and 15 kN are acting at a point £, The angles made by 30 kN force,
10kN force and 15 kN force with x-axis are 50°, 120" and 2407 respectively. Delermine the magnitude and direction
of the resultant force. [Ans. 21.79 kN, 83" 24]
A weight of 800 N is supported by two chains as shown in Fig. 1.26. Determine the tension in each chain.

[Ans, 273.5 N, 751.7 N]
An electric light fixture weighing 20 N hangs from a point C, by two strings AC and BC. AC is inclined at 607 to
the horizontal and BC at 307 o the vertical as shown in Fig. 1.27. Using Lami's thcorem or otherwise determine
the forces in the strings AC and BC [Ans. 8920 N, 13.05 N]

Fig. 1.26 Fig. 1.27
A beam AB of span 6 m carnies a point load of 100 N at a distance 2 m from A. Determiine the beam reaction.
[Ams. R, = 66.67 N ; Ry =33.33 N|
Four forces of magnitudes 20 N, 30 N, 40 N and 50 N are acting respectively along the four sides of a square taken

in order. Determine the magnitude, direction and position of the resultant foree.

Ta
LS
Ans, 20 %2 N, 225 T
Two forces magnitude 15 N and 12 N are acting at a point. [f the angle between the two forces is 60°, determine
the resultant of the forces in magnitude and direction. [Ans. 23.43 N, 26.3%]

Four forces of magnitude P, 2P, 3 x v3I P and 4P arc acting al a point O, The angles made by these forces with
x-axis are 0°, 60°, 150° and 300° respectively. Find the magnitude and direction of the resultant force.

[Ans. P, 1200)



2

Coplanar Collinear and Concurrent Forces

L INTRODUCTION

Coplanar forces means the forces in a plane. The word collinear stands for the forces which are having
common lines of action whereas the word concurrent stands for the forces which intersect at a common point.
When scveral forces act on a body, then they are called a force system or a system of forces. In a system in
which all the forces lie in the same plane, it is known as coplanar force system. Hence this chapter deals with
a system of forces which are acting in the same plane and the forces are either having a common line of action
or intersecting at a common point.

2.2. CLASSIFICATION OF A FORCE SYSTEM

A force system may be coplanar or non-coplanar. If in a system all the forees lie in the same plane then
the force system is known as coplanar. But if in a system all the forces lie in different planes, then the force
system is known as non-coplanar. Hence a force system is classified as shown in Fig. 2.1.

Force System
| | |
1. Coplanar 2. Non-coplanar
| 1 | 1 }
Collincar Concurrent Parallel Non-concurrent
MNon-parallel
Concurrent Pu::nllcl Mon-comcurrent
MNon-parallel
Fig. 2.1
In this chapter, we shall discuss only coplanar force system, in which the forces may be :
{£) Collincar
{i1) Concurrent
(eir) Parallel

(iv) Non-concurrent, non-parallel (or General system of
forces).

2.2.1. Coplanar Collinear. Fig. 2.2 shows three forces
F\, Fsand Fyacting ina plane. These three forces are in the same
line i.e., these three forces are having a common line of action.
This system of forces is known as coplanar collinear force

Fig. 2.2, Coplanar Collincar Forces.
24
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system. Hence in coplanar collinear system of forces, all
the forces act in the same plane and have a common line
of action.

2.2.2, Coplanar Concurrent. Fig. 2.3 shows three
forces Fy, F; and F; acting in a plane and these forces
intersect or meet at a common point 0. This system of
forces is known as coplanar concurrent force system.
Hence in coplanar concurrent system of forces, all the
forces act in the same planc and they intersect atacommon

point.

2.2.3. Coplanar Parallel. Fig. 2.4 shows three
forces Iy, FF; and FFy acting in a planc and these forces are
parallel. This system of forces is known as coplanar paral-
lel force system. Hence in coplanar parallel system of
forces, all the forces act in the same plane and arc parallel.

2.2.4. Coplanar Non-concurrent Non-parallel.
Fig. 2.5 shows four forces Fy, F;, Fy and F acting in a
plane. The lines of action of these forces lie in the same
plane but they are neither parallel nor meet or intersect ai
a common point. This system of forces is known as
coplanar non-concurrent non-parallel force system. Hence
in coplanar non-concurrent non-parallel system of forces,
all the forces act in the same plane but the forces are neither
parallel nor meet at a common point. This force system is
also known as general system of forces.

2.3. RESULTANT OF SEVERAL FORCES

When a number of coplanar forces are acting ona
rigid* body, then these forces can be replaced by a single
force which has the same effect on the rigid body as that
of all the forces acting together, then this single force is
known as the resuftant of several forces. Hence a single
force which can replace a number of forces acting on a
rigid body, withoul causing any change in the external
cffects on the body, 1s known as the resuliant force.

2,4. RESULTANT OF COPLANAR FORCES

Fy

Fig. 2.3. Concurrent Coplanar Forees.

Fa2
Fs

Fi

Fig. 2.4. Coplanar Parallel Forces.

Fig. 2.5. Non-concurrent Non-parallel.

The resultant of coplanar forces may be determined by following two methods :

1. Graphical method
2. Analytical method.

*Rigid bady is a body which does not deform under the action of loads or external forces. In case of rigid body,
the distance between any two points of the body remains constant, when this body is subjected 10 loads. Though all the
kodies do deform to same extent under the action of loads, bat in many situation, this deformation 15 negligible small.
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The resultant of the following coplanar forces will be determined by the above two methods :
(1) Resultant of collinear coplanar forces
{ii) Resultant of concurrent coplanar forces.

2.5. RESULTANT OF COLLINEAR COPLANAR FORCES

As defined in Ar. 2.2.1, collincar coplanar forces are those forces which act in the same plane and
have a common line of action. The resultant of these forces are obtained by analytical method or graphical
method.

2.5.1. Analytical method. The resultant is oblained by
adding all the forces if they are acting in the same direction. If
any one of the forces is acting in the opposite direction, then
resultant is obtained by subtracting that force.
Fig. 2.6 shows three collinear coplanar forces Fy, F5 and A £
Fy acting on a rigid body in the same direction. Their resultant
R will be sum of these forces.
R=F +Fy+F; {2.1) Fig. 26
If any one of these forces (say force F3) is acting in the
opposite direction, as shown in Fig. 2.7, then their resultant will
be given by
R=F,-Fs%F, ~A2.2)
2.5.2. Graphical Method. Some suitable scale is chosen F,
and vectors are drawn to the chosen scale. These vectors are
addedfor subtracted to find the resultant. The resultant of the
three collincar forces Fy, F; and F; acting in the same direction Fig. 2.7
will be obtained by adding all the vectors. In Fig. 2.8, the force
F\ = ah to some scale, force F; = be and force F5 = ed. Then the _f‘ P Fﬁ“ F!-
length ad represents the magnitude of the resultant on the scale a b c d

chosen. I"' R= F; +Fa + F3 I

The resultant of the forces F|, F> and Fy acting on a body

shown in Fig. 2.7 will be obtained by subtracting the vector Fa. Fig. 2.8

This resultant is shown in Fig. 2.9, in which the force Fy = ab o F ¢
some suitable scale. This force is acting from a to b. The force - HN —r
F5 is taken equal to be on the same scale in opposite direction. o ¢ Fg b d
This force is acting from b to ¢. The force F; is taken equal 1o .I‘ R=Fy =F2+Fs .|
cd. This force is acting from ¢ o d. The resultant force is

represented in magnitude by ad on the chosen scale, Fig. 2.9

Problem 2.1. Three collinear horizontal forces of magnitude 200 N, 100 N and 300 N are amng ona
rigid body, Determine the resultant of the forces analytically and graphically when

(£} all the forces are acting in the same direction,

(it) the force 100 N acts in the opposite direction.

Sol. Given: F, =200 N, Fa=100 N and F; =300 N

(a) Analytical Method :

(f) When all the forces are acting in the same dil‘ﬂﬂmn.,, then n:sulinnt is given by equation (2.1) as
R=F+F;+ F;=200+ 100+ 300 =600 N. Ans.
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(i) When the force 100 N acts in the opposite direction, then resultant is given by equation (2.2) as
R=Fy+F;+ F;=200=-100+ 300 =400 N. Ans.

(b)) Graphical Method
Select a suitable scale. Suppose 100 N = 1 cm. Then to this scale, we have
Fi= 100 =2 cm, : i
F
F;mﬂnltm. -—-t—t-: 2ll-: LH
100 a b c d
300
and Fy=T00 = ™ Fig. 2.10

(£) When all the forces act in the same direction.
Diraw vectors  ab =2 cm to represent Fy,
vector be = | em to represent £; and vector
cd = 3 cm 1o represent F'y as shown in Fig. 2.10.
Mcasure vector ad which represents the resultant,
By measurement length ad = 6 cm

Resultant = Lengih ad x chosen scale (.- Chosen scale is 1 cm = 100 N)
=6x ]00=600N. Ans

(i) When force 100 N = £, acts in the opposite direction

Draw length  ab =2 em to represent force F).

From b, draw bc = 1 em in the opposite direction to Fy Fy
represent F3. From ¢ draw ¢d = 3 cm 1o represent F3 as shown in a cfa b d
Fig. 2.1(0a).

Measure length ad. This gives the resultant,

By measurement, length ad = 4 cm

Resultant = Length ad x chosen scale

=4 x100=400 N. Ans.

2.6. RESULTANT OF CONCURRENT COPLANAR FORCES

As defined in Art. 2.2.2, concurrent coplanar forces are those forces which act in the same plane and
they intersect or meet at a common point. We will consider the following two cases :

{#) When two forces act at a point

(i) When more than two forces act at a point,

2.6.1. When two forces act at a point

() Analytical Method

In Art. 1.2.4, we have mentioned that when two forces act at a point, their resultant is found by the law
of parallelogram of forces. The magnitude of resultant is
obtained from equation {1.1) and the direction of resultant with
one of the forces is obtained from equation (1.2).

Suppose two forces P and () act at point £ as shown in
Fig. 2.11 and a is the angle between them. Let 8 is the angle
made by the resuliant R with the direction of force P.

Forces P and () form two sides of a parallelogram and 0 P A
according to the law, the diagonal through the point @ gives
the resultant R as shown, Fig. .11
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The magnitude® of resultant is given by
R=VP+(*+2PQ cosa

The above method of determining the resultant is also known as the cosine law method.
The direction® of the resultant with the force P is given by

B = tan™! (Lﬂn 2 ]

P+Qcosa
(b)) Graphical Method
(i) Choose aconvenient scale to represent the forces P and
Q.
{ii) From point O, draw a vector Oa = P.
(i) Mow from point O, draw another vector Ob = Q and at
an angle of c as shown in Fig. 2.12.
(£v) Complete the parallelogram by drawing lines ac || 1o
O and be || o Oa.

{v) Measure the length OC. Fig. 2.12
Then resultant & will be equal to length OC x chosen scale.

(vi) Also measure the angle B, which will give the direction of resultant.
The resuliant can also be determine graphically by drawing a triangle oac as explained below and
shown in Fig. 2.13.
({) Draw a line oa parallel to P and equal to P.
(i) From a, draw a vector ac at an angle « with the c
honizontal and cut ac equal to ¢,

(¢if) Join oc. Then oc represents the magnitude and
direction of resultant R.

Magnitude of resultant B = Length OC x chosen scale.
The direction of resultant is given by angle 8, Hence measure
the angle .

2.6.2. When more than two forces act al a point

(a) Analytical Method

The resultant of three or more forces acting at a point is found analytically by a method which is known
as rectangular componenis methods (Refer to Art. 1.7). According to this method all the forces acting at a point
are resolved into horizontal and vertical components and then algebraic summation®* of horizontal and vertical
components is done separately. The summation of horizontal component is written as ZH and that of vertical
as LV, Then resultant R is given by

R =V(EH? + (TV? .
The angle made by the resultant with horizontal is given by

_EV)
tan B = (£H)

Let four forces F, Fp, Fyand Fy act at a point 2 as shown in Fig, 2.14.

Fig. 2.13

*Refer Art. 1.2.4, for the derivation of magnitude and direction of resultant on page 1.

**Summation means addition. Algebraic summation of horizontal components means that if all the horizontal
components are in the same direction then they are added. Bul if one honzontal component is in opposile direction then it
is subtracted.
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0| FacosBy4
X X
o :
£ E:
=l .
S e
Fig. 2.14 (b)

Fig. 2.14 (¢) Fig- 214 {d)
The inclination of the forees is indicated with respect 1o horizontal direction. Let
8, = Inclination of force F; with OX

B, = Inclination of force F; with QX
i}y = Inclination of force Fy with OX
ty = Inclination of force Fy with OX.

The force Fy is resolved into horizontal and vertical components and these components are shown in

Fig. 2.14 (a). Similarly, Fig. 2.14 (), () and {d) shows the horizontal and vertical components of forces F5,
Fy and Fy respectively. The various horizontal components are :

Ficos By —=(+)
F3 cos By« (=)
F]ﬂ'lE H_\ = [u:l
F,cos By —= {‘F}

Summation or ulgnhmir: sum of horizontal compaonents :

ZH=F,cos By = Fycos - Fyocos Oy + Fycos By
Similarly, various vertical components of all forces are :

F| sin H. t {+]'

Fasint 1 (+)
F_] E-i-l"l H_] l {—}
Fasinfly | (=)

Summation or algebraic sum of vertical componenis :

ZV = F, sin by + F55in 85— Fy sin By — Fy sin iy
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Then the resultant will be given by R = '\;{EH}I + (V)P (2.1}
And the angle (8) made by resultant with r-axis is given by tan B = % W 2.2)
(h) Graphical method

The resultant of several forces acting at a point is found graphically with the help of the polygon faw
af forces, which may be stated as

**If a number of coplanar forces are acting at a point such that they can be represented in magnitude
and direction by the sides of a polygon taken in the same order, then their resultant 15 represented in magnitude
and direction by the closing side of the polygon taken in the opposite order.

Let the four forces Fy, Fs, Fy and Fy act at a point © as shown in Fig. 2.15. The resultant is obtained
vraphically by drawing polygon of forces as explained below and shown in Fig. 2.15 (a).

Fa F

4 RESULTANT

Fig. 2.15 Fig-2.15(a)
(/) Choose a suitable scale to represent the given forces.
(if) Take any point a. From a, draw vector ab parallel to OF . Cut ah = force Fy to the scale.
(iif) From point b, draw be parallel to €2F;. Cul be = force F;.
{ivy From point C, draw cd parallel to OF ;. Cut od = force Fs.
(v) From point d, draw de parallel to OFy. Cut de = force Fy.
(vi} Join point a to e. This is the closing side of the polygon. Hence ae represents the resultant in
magnitude and direction. '
Magnitude of resultant R = Length ae x scale.
The resultant is acting from a to e.
Problem 2.2. Two forces of magnitude 240 N and 200 N are acting at a point () as shown in Fig. 2.16.

If the angle between the forces is 60°, determine the magnitude of the resultant force. Also determine the angle
[% and y as shown in the figure.

Fig. 2.16 Fig. 2.16 (a)
Sol. Given :
Foree P=240N, (2 =200N
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Angle between the forces, a = i
The magnitude of resultant R is given by,

R=VP + 0%+ 2P0 cos a = V2407 + 2007 + 2 x 240 x 200 x cos 60°
= V57600 + 40000 + 48000 = 381.57 N. Ans.
MNow refer to Fig. 2.16 (a). Using sine formula, we get

p =“,i= - K 1)
sinfi  siny  sin (1B0° - ax)
F__ R
sinfi  sin (180° - )
mnfl:PSin (180° ~ ) _ 240 sin(180 - 60)
R 381.57
_ 240 x sin 120°
T 38157
p=sin"! 0.5447 =33°, Ans,

Qo _ R
From equation (i), also we have siny sin {180 = a)

or

(. P=240N,a=60° R =381.57N)

=0.5447

Ein?=Q5m[1REﬂ - 1)
_ 200 sin (180 = 60} _ 200 sin 120° _
=T aisT sy o

y =sin”" 0.4539 = 26.966°. Ans.
Frnhltm 2.3. Two forces P and (Q are acting at a point () as shown in Fig. 2.17. The resultant force
iv 400 N and angles [} and y are 35° and 25° respectively. Find the two forces P and .

Fig. 217 Fig. 217 (a)
Sol. Given :

Resultant, R=400 N

Angles, B =35%vy=25°

/. Angle between the two forces, @ = i +y = 35" + 25° = 600°
Refer to Fig. 2.17 (a). Using sine formula for AOAC, we get
F .2 ___R i)
sinf siny sin (180 -a)
P R
sin B~ sin (180 - a)
__ fsinf 400 x sin 35 ..
" sin (180 - ) sin (180 - 60) C.
400 x 0.5736

= 0866 - 26493 N. Ans.

R =400, p = 35, a = 60%)
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Also from equation (i), we have a:%? = sin [I::] - L)

R siny _ 40 x sin 257 _ﬂlxﬂﬂl}lﬁ
sin (180 =) sin {180° = 60°) 0.866

(= = 95,19 N. Ans.

Problem 2.4, Twe forces P and () are acting at a point (3 as showsn in Fig. 2,18, The force P = 240N
athied force (0 = 200 N, If the residiant of the forces is equal to 300 N, then find the values of angles B,y and a.
Sol. Given :

Forces, P=240N, (0 =200N
Resultant, R=400N
et [} = Angle between R and (2,

v = Angle between R and P,
From Fig. 2,18, itis clearthat, = § + y.

Let us first calculate the angle a {i.e., angle between 4] P A
the twao forces).
Using the relation,

R="(’P‘1+Q2+2Pﬂm5u orRI=PP+(F+ 2P0 cosa

of SU0F = 240° + 200° + 2 % 240 » 200 » cos o
or 16000 = 57600 -+ 0000 + 96000 x cos o
16000 = 57600 - 30000
= = .65
B0

a = cos” .65 = 49.458° = 49° (L4538 = 60") = 49° 27.5
Now using sine formula for AQAC of Fig. 2,18, we get

P _Q __ R D)
sin [} siny  sin (180 - a)

P R
sin B sin {180 = a)

_ Psin (180 — ) 240 sin (180 - 49.458)

uar

s = ] = - = a
sin f} = = = 200 (0 P =240, a = 49.458%)
_ 240 sin (130.5427)
Py = (14559
i = sin~! 0.4559 = 27.12° Ans.

0 _ R
siny  sin {180 - a)

Also from equation (i), we have

O sin {180 = a) _ 200 = sin (180 = 49.458)
R 400

200 x sin (130.542%)
B 400

y=sin"' 0.3799 = 22.33". Ans.

['nuhh,m 2.5. A force of 100 N is acting at a point making an angle of 30° with the horizontal,
Diciermine the components of this force along X and Y direciions.

siny =

= (1L.3799
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Sol. Given : T‘
Force, F=10N
Angle made by F with horizontal, 8 = 30°
Lt F, = Component along x-axis
F, = Component along y-axis
Then F,.=Fcos B = 100 cos 31°
= |{M) = (LEGG -
=866 N. Ans X
and Fy = F sin 8 = 100 sin M) Fig. 219

=00 x05=50N. Ans

Problem 2.6, A small block of weight 100 N is placed on an inclined plane which makes an angle
ih = 307 with the horizontal. What is the component of this weight ; (i) paraflel 1o the inclined plane aned (i)
prerpendicular to the inclined plane ?

Sul. Given : INCLINED

Weight of block, W= 100 N PLANE

Inclination of planc, 8 = 30°

The weight of block W= 100 N is acting verti-
cally downwards through the C.G. of the block.
Resolve this weight into two components Le.. one per-

PERPENDICULAR TO
INCLINED PLANE

pendicular to the inclined planc and other parallcl to the M HORIZONTAL
mnclined planc as shown in Fig. 2.20. The perpendicular W=100N

{normal) component makes an angle of 307 with the

direction of W, Fig. 2.20

Henee component of the weight perpendicular to the inclined plane
= Weos 30° = 100 = 0.8606 = B.66 N. Ans.
Component of the weight (W) parallel to the inclined plane
=Wsin 30° = 100« 0.5 =50 N. Ans.
Problem 2.7. Fig. 2.2] shows a particular position of the connecting rod BA and crank AQ. At this
position, the connecting rod of the engine exeris a force 2500 N on the crank pin at A. Resolve this force into
horizontal and vertical components at A, Also resalve the given force at A along AQ and along a direction

prerpendicular to AQ,
Sol. Given :
Length BA =50 cm
Length AC) =25 cm.

Fig. 2.21
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Force exerted by connecting rod BA at A = 2500 N. This force is acting along 84 at point A.

Let a0 = Angle made by BA with horizontal.

This angle can be caleulated by drawing a perpendicular AC from point A on the horizontal axis. Now
the side AC 1s common n triangles ABC and AOC.

Intrangle ABC, sinas= ﬁ or AC=ABsina=350sina (" AB=350)
In triangle AOC, sin 45° =% or AC = AO sin 45° = 25 sin 45° (o AO=25)
Equating the two values of AC, we get 50 sin a = 25 sin 45°

sina = ljn‘i:']—-l*i =03535 or c=sin" 03535 = 20.7°

Now the force 2500 N is acting along 8A at point A as shown in Fig. 2.21 (a).
Horizontal component of this force at
A = 2500 cos -

-
= 2500 cos 20.7° 8 e o N
=2338.61 N. Ans. o . |

Vertical component = 2500 sin ot w ,I
= 2500  sin 20.7 E; e

=RBBATS N, Ans.

Hnd Part Fig. 2.21 (n)
The force of 2500 N is acting along BA al poinl A as shown in Fig. 2.21 (F). This force ot point A is
represented by AD. Hence BAD is a straight line. Resolve _
the force AD along AQ and perpendicular to AD Le., in the - 7= ~
direction AE where AFE is perpendicular to AC at point A. . 7 \
Now angle OAD =45+ 20.7 = 65.7° B X=20.7
Component of force AD along
AO = AD cos 65.7°
= 2500 cos 65.7°
=1028.78 N. Ans.
Component of force AD along AE = AD sin 65.7°
= 2500 = sin 65.7
=22785N. Ans

Problem 1.8. The four coplanar forces are acling at
a pownt as shown in Fig. 2,22, Determine the resultant in
magnitude and direction analytically and graphically.

Sal. Given :

Forces, Fy=1M4N,
Fy=156N,
Fy=252N, and
Fy=228N,

{a) Analytical Method, Resolve each force along
horizontal and vertical axes. The horizontal components
along QX will be considered as +ve whereas along OX" as—ve.
Similarly, vertical components in upward direction will be
+ve whereas in downward direction as =ve,
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(i) Consider force Fy = 104 N, Horizontal and vertical
components are shown in Fig. 2.22 (a).
Horizontal component,
Fx; = Fyoos 10° = 104 = 0.9848
= 10242 N
Vertical component,
Fyy = F;sin 10° = 104 x 0.1736
= 18.06 N.

{(17) Consider force F; = 156 N. Horizontal and vertical

Angle made by F» with horizontal axis
OX =90 - 24 = 66°
£ Hornzontal components,
Fxy = F5co5 66° = 156 = 04067
=6344 N.
It is negative as il is acting along OX.
Vertical component,
Fy; = F3sin 66° = 156 x 0.9135
= 142.50 N. {+ve)

(itf) Consider force F; = 252 N. Horizontal and vertical
components are shown in Fig. 2.22 (c).

Horizontal component,
Fx+ = Fycos 3% = 252 x 0.9986
=251.64 M. (~ve}
Vertical component,
Fyy = Fysin 3% = 252 x (1.0523
= 1318 N, (-ve)

(iv) Consider force Fy= 228 N, Horizontal and vertical
companents are shown in Fig. 2.22 (d).
Angle made by Fy with horizontal axis
OX =% -9=81"°,
Horizontal component,
Fry=Fycos 81° =228 =« 0.1564
=3566 N {—ve)
Vertical component,
Fyg = Fysin 817 = 228 = 09877
=252 N. {-ve)
MNow algebraic sum of horizontal components is given by,
IH =Fx) - Fx;— Fxy- Fx4
= 124 - 63.44 - 251.64 - 35.66
=- 24832 N.

o|Fsin0®

Fig. 2.22 (a)

Fig. 222 (b)

4

Fycos 3°
e R
E _25_,'2_ = 37 Fa_l\l'l L

i5
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— ve sign means that £H is acting along QX as shown in Fig. 2.22 ().
Similarly, the algebraic sum of vertical components is given by,
IV=18.00= 14250+ 13.18 -225.2
== TTH2 N.

~ve sign means that £V is acting along 01 as shown in
Fig. 2.22 {e).

The magnitude of resultant (ie., R) is obtained by using
cyuation (2.1}

R =V(SHY + (XVF
= V(248.32) + (77.82)°
=260.2 N. Ans.
The dircetion of resultant is given by equation (2.2). Fig. 2.22 (e}
2V 7782
tan 0 = vH = 34833 - 0.3134
B=tan ' 03134 =174 Ans.
{hj Craphical method. Fig. 2.23 (a), shows the point at which four forces 1M N, 156 N, 252 N and
228 Nare acting. The resultant force is obtained graphically by drawing polygon of forces as explained below
and shown in Fig. 2.23 (b) :
(r) Choosc a suitable scale to represent the given forces. Let the scale is 25 N = | cm. Hence the force

104 N will be represented by 104 4.16 cm, force 156 N will be represented by 156 = 6.24 cm force 252 N

'1{ _5
: 252 . 228
will he represented by 35 = 10,08 em and the force 228 N will be represented by =2 = .12 em.
Yi ¥
C
156N d, 252 IS6N
W0AN D
X' X" =
252N zzaw X
e MoEsuv
228N ,
Y
Fig. 2.23(a) Fig. 223 (b)

(i) Take any point @. From point a, draw vector ab parallel 1o line of action of force 104 N. Cut
ab = 4.16 cm. Then ab represents the force 104 N in magnitude and dircction,

(iir) From point b, draw vector be parallel to foree 156 N and cut be = 6.24 em. Then vector cd represents
the force 156 N in magnitude and dircction.

(1v) From point ¢, draw avector od parallel 252 N foree and cut cd = 10,08 cm. Then vector cd represents
the force 252 N in magnitude and direction.
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{v) Now from point d, draw the vector de parallel to 228 N force and cut de = 9.12 em. Then vector
de represents the foree 228 N in magnitude and dircction.

(vi) Join point @ to ¢, The line ae is the closing side of the polygon. Henee the side ae represents the
resultant in magnitude and direction. Measure the length of ae.

By measurement, length ae = 10.4 cm

Resultant. R = Length ae x Scale = 10.4 x 25 (. 1em=25N)
=260 N. Ans.
Now measure angle made by ae with horizontal. This angle is 17.4% with axis X",  Ans.
Problem 2.9, The resultant of four forces which are acting at a point O as shown in Fig. 2.24, ix afong
Y-axis. The magnitude of forces Fy, Fyand Fyare 10 kN, 20 kN and 40 kN respectively. The angles made by
100 kN, 20 kN and 40 kN with X-axis are 30°, 90° and
120° respectively. Find the magnitude and direction of v
force Fyif resultant is 72 kN,
Sol. Given : 2 IEDHH
Fy=10kN, 0, = 30°
F,=?  B8,=8
Fy=20kN, f; = 00°
Fy=40kN, 6, = 120°
Resultant, R=T71kN
Resultant is along Y-axis.
Hence the algebraic sum of horizontal com-
ponent should be zero and algebraic sum of vertical Fig. 2.24
components should be equal to the resultant.
o IH=0 and EV=R=T2kN
But EH = Fy cos 30° 4+ F; cos O + Fycos 90° + Fycos 1 207

= muﬂ.ﬂﬁ&+FzmmH+2ﬂxu+4Hx{—-;-]

=R.60 + F;cos 6+ 0-20
=F;costh=11.34
IE=0 or FacosB-1134=0
or Faoos=11.34 k)
MNow V= F, sin 30° + Fysin 0 + Fysin 907 + F; sin 120°

= 10 x 3 + Fy5in 0 +20 x | +40 x 0.866

=5+ Fasin B+ 20 + 34.64
= F> sin B + 59.64

But EV=R
Fasin 045964 =72
F;5inB=72-59.64=12.36 T}

Dividing equation (i) and (i),
Fysin® 1236
Fcos 1134
B =tan"' 1.0899 = 47.46°. Ans.

or tan 8= 1.0899
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N
Substituding the value of 8 in equation (#), we get F; sin (47.46%) = 12.36
12.36 12,36
o F2= G (47.46%) = 07368 = 1677 KN Ans.

Problem 2.10. Determine the magnitude, direction and position of a single force P, which keeps in
cauilibrivm the system of forces acting at the corners of a rectangular block as shown in Fig. 2.25. The position
af the force P may be stated by reference to axes
with origin O and coinciding with the edges of

the block. SON
Sol. Given : B 25N
Length OC =4m, A -
Length BC=3m T
Foree at (}=20N(+)
Force al C=35N(}) Sm
Force at AB=25N(-) -l
Force at A=50N(]) - c
Let O be the origin and OX and (Y be the 20N 0 e gy el
reference axes as shown in Fig, 2.26.
Forces 50 N and 20 N form a concurrent ¥ 33N
system and their line of action intersect at (). Fig. 2.25

Yison

20N
i u
!

R bt
1 ¥ Yasu

Fig. .26

The resultant of these forces

R, =V50%+ 207 =v2900 = 53.85N

and i, =tan ™! (%g}=21.3' with vertical axis.

Similarly the forces 35 N and 25 N form a concurrent system and their line of action intersect at B,
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The resuliant of these forees
RI="¢"151+ 3152 =+1850 = 43.01 N

"
and 0, = tan™’ ( % ) = 35.53° with BC te., with vertical line.
These two forces R, and R, intersect at D). The angle between these forces 1s 8y + 8, Le, angle
R\DRy = 8) + 8, = 21.8% # 35.53" = 57.33"%
Let P be the resultant of the forces K, and R;.

P=VR,? + R + 2R, x Ry x cos (57.33°)

=V53.85% 4 43.01% + 2 x 53.85 x 43.01 » cos 57.33°

= V20U + 1850 + 4632.17 x 0.5398 = 85.15 N. Ans.
The angle made by the resultant P with R is given by

R, sin 57.33° _ 43.01 sin 57.33°
R, + Rycos 57.33° _ 53.85 + 43.01 x cos 57.33°

43.01 x 0,418 _ 36.2058
T 538542321 71.06
o o= fan ™' 0.4698 = 25.16°
Hence the resuliant P makes (o - B, ) angle with vertical in anti-clockwise direction i.e., P makes (25.16
- 21.8=336"). Ans.
Position of the force P
The position of the force P 1s obtained by equating the clockwise moments and anti-clockwise moments
about O (Refer Fig. 2.26),
Let £2F = Perpendicular distance petween O and line of action of the force P.
Taking moments of all forces about €2,

Wx0+50x0+35x44+25x3=P=x0E

lana =

= (L4698

215

0 75 = 85.147 = =251
or D+0+ 140+ 75=85.14Tx OE or OF 85 147 2525 m
; . . OFE
From right angled triangle OED, sina=_—
oD
0D = OF  OF 2525 ~ 5.039

since  sin 25.16" (14241

et x and v are the co-ordinates of the force P with reference to the axes with onigin €.

Then x=0Fandy=DF
In right angled triangle OFD,
OF = 0D x sin By = 5.939 x sin 21.8° (0 8, =218")
=220m
Also FD=0DxcosB;=5939 xcos21.8°=5514m

x=0F=220m. Ans.
and y=FD=5514dm. Ans.
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Graphical Method [Refer to Fig. 2.27 (a)]

{1} To a suitable scale, take (M =50 N and GH = 20 N. Join OH. Then €£H represents the resultant R
in magnitude and direction, Produce the line HO backward.
(1) From point B, Take B = 35 N and JK = 25 N, Join BK, which represents the resultant Rs in
magnitude and direction. Produce KB in the backward direction to interest the line of action of R at point 2.
(iif) To find the resultant of Ry and R; (L.e., force F) refer o Fig. 2.27 ().
{iv) Take any point ‘a’. From this point draw line ab parallel to R, and equal to B}, From point *6°, draw
line be parallel to R, and equal to R,. Join the point ¢ to a.
(v) Then ca represents in magnitude and direction the force P. Hence measure ca. Then
P=ca=8515N. Ans.

(vf) From point £, draw the line DL parallel to ca. Hence DL represents the direction of the force P,
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(vir) To find the position of the force P which is acting at point D, draw DF parallel 10 axes QY. Then

OF represents the x-coordinate and FD represents the y-coordinate of the force P. Measure OF and FD. Then
by micusurement,

and

L

5.

o

(F =x=220m. Ans.
FD=y=5514. Ans.

HIGHLIGHTS

Coplanar forees means the forces are acting in one plane.

Concurrent forces means the forees are intersecting al a common potnl.

Collincar forces means the forces are having same line of action.

The resuliant of coplanar forces are determined by analytical and graphical methods.

The resultant (R) of three collinear forces Fy, F3 and Fy acting in the same direction, is given by R = Fy + Fy+ Fu
IV the force F; is acting in opposite direction then their resultant willbe, R = Fy = Fa + Fy,

The resuliant of the two forces P and {2 having an angle « between them and acting at a point, is given by consine

taw method as R = V77 + 0 + 2P0 cos a . And the direction of the resultant with the force Pis given by,

an nn_Ellsin T
P+Beose

The resuliant of three or more forces acting at a point is given by, K = \!{EHF +{ZV), where BH = Algebraic
sum of honzontal components of all forces, ZV = Algebraic sum of vertical components of all forces. The angle
made by the resultant with honizontal is given by, fan 8 = %ﬂnﬂ .

The resultant of several forces acting at a point is found graphically by using polygon law of forces,

Polygon law of forces staies that if a number of coplanar forces are acting at a pointsuch that they can he re presenicd
in magnitude and direction by the sides of a polygon taken in the same order, then their resultant is represented in
magnitude and direction by the closing side of the polygon taken in the opposite order.

EXERCISE 2
iA) Theoretical Questions
Define and explain the tollowing lerms :
(7} Coplanar and non-coplanar forces (#f) Collinear and concurrent forces

(#iiy Parallcl and non-parallel forces.
What is the difference between collinear and concurrent forces ?
State and explain the following laws of forces :
(/) Law of parallclogram of forces {(#7) Law ol triangle of forces
(i) Law of polygon of forces.
Derive an expression for the resultant in magnitude and direction of two coplanar concurrent forces using cosine
law method.
Explain in detail the method of finding resultant in magnitude and direction of three or more forces acting al a
point by snalytical and graphical method.
Expliin the procedure of resolving a given lorce inlo two components at right angles 1o each other.
Three collinear forces Fy, F; and Fy are acling on a body. What will be the resultant of these forces, il
{ar) all are acting in the same direction {b) force Fy is acting in opposite direction,

State the law ol parallelogram of forces and show that the resultant R = P+ Qz when the two forces P and {0
are acting at right angles 1o each other. Find the value of R if the angle between the forces is zero.
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Three collincar horizontal forces of magnitude 300 N, 100 N and 250 N are acting on rigid body. Determine the
resultant of the forces analytically and graphically when : (7} all the forces are acting in the same direction ;
[Ans. (i) 630 N. (/i) 450 N)
Twao forces of magnitude 15 N and 12N are acting at a point. The angle between the forces is 607, Find the resultan

{ii} the force 100 N acts in the opposite direction.

is magnitude.

[Ans. 20.43 N]

A foree of 100K N is acting at a point, making an angle of 60° with the horizontal. Determine the components of

this force along horizonlal and vertical directions.
A small block of weight 100 N is placed on an inclined
plane which makes an angle of 607 with the hortzontal,
Find the components of this weight (i) perpendicular 1o
the inclined plane and (i) parallel 1o the inclined plane.
[Ans. 50N, 86.6 N]
Two forces /" and @ arc acling at a point € as shown in
Fig. 2.28. The force P = 264.9 N and force 0 = 1952 N.
If the resultant of the forces is equal to 400 N then find
the values of angles fi, v, a.
[Ans. § = 357, v = 25°%, a = 60°]
A small block of unknown weight is placed on an
inclined planc which makes an angle of 307 wilh
horizontal plane. The component of this weight paralicl
e the inclincd planc is 100 M. Find the weight of the

hluck. [Ans. 200 N)
In quesiion b, find the compaonent of the weight perpen-
dicular 1 the inclined plane. [Ans. 173.2 Nj

The four coplanar orces are acting at 3 point as shown
in Fig. 2.29. Determine the resultant in magnitude and
direction analytically and graphically.

[Ans. 1000 N, 8 = 60° with OX]

The four coplanar forces are acting ol a point as shown
in Fig. 2.3, One of the forces 18 upknown and its
magnitude is shown by F. The resultant is having a
magnitude 300 N and is acling along x-axis. Determine
the unknewn force P and its inclination with r-axis.
[Ans. P =286.5N and 0 = 537 157)

[:1.“5. Slll Ni My N]

200N

TEU'DH

Fig. 2.30
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Coplanar Parallel Forces

JLINTRODUCTION

The forces, which are having their line of actions parallel to each other, are known parallel forees. The
two parallel forces will not intersect at a point. The resultant of two coplanar concurrem forces (ie., forces
intersecting at the same point) can be directly determined by the method of pamllelogram of forces. This
method along with other methods for finding resultamt of collinear and concurrent coplanar forces, were
discussed in earlicr chapters.

The parallel forces are having their lines of action parallel to each other. Hence, for finding the resultant
of two parallel forces, (two parallel forces do not intersect at a point) the parallelogram cannot be drawn. The
resultant of such forces can be determined by applying the principle of moments. Hence in this chapter first
the concepts of moment and principle of moments will be dealt with. Thereafier the methods of finding resuliant
of parallel and even non-parallel forces will be explained.

32. MOMENT OF A FORCE
The product of a force and the perpendicular dis-
tance of the line of action of the force from a point is known

LINE OF ACTION OF
ORCE

as moment of the force about that point. - { ] i _:-
Let F = A force acting on a body as shown in Fig. 3.1, i PERPENDICULAR

r = Perpendicular distance from the point @ on the
line of action of force F.

Then moment (M) of the force F about (0 is given

I a—4 DISTANCE
I

i

hy, M=Fxr
The tendency of this moment is to rotate the body
in the clockwise direction about €2, Hence this moment is Fig. 3.1

called clockwise moment. If the tendency of a moment is 1o rotate the body in anti-clockwise direction, then

that moment is known as anti-clockwise moment. If clockwise moment is taken = ve then anti-clockwise
moment will be + ve.

In 5.1 system, moment is expressed in N m (Newlon metre).

Fig.3.2
43
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Fig. 3.2 shows a body on which three forces F, Fs and F4 are acting. Suppose it is required to find the
resultant moments if these forces about point O.

Let  ry = Perpendicular distance from © on the line of action of force F).

r; and ry = Perpendicular distances from @ on the lines of action of force Fy and F; respectively.

Moment of Fy about @ = F) x ry (clockwise) (<)

Moment of F; about @ = F; x ry (clockwise) (=)

Moment of Fy about € = F5 x ry (anti-clockwise) (+)

The resultant moment will be algebraic sum of all the moments.

The resultant moment of Fy, F> and Fy about O
=-Fixr-Fyxri+ Fyxn.

Problem 3.1. Four forces of magnitude 10N, 20 N, 30 N and 40 N are acting respectively along the
Jour sides of a square ABCD as shown in Fig. 3.4. Determine the resultant moment ahowt the point A, Each
siee of the square is given 2 m.

Sol. Given : 20N
Length AB=BC=CD
=PA=7m '-——-p o
T = 30N
Force at B=10N,
Force at =2 N,
Force at D=30N, 2m
Force at A=40N,
The resultant moment about point A is to be
determined.
. A B
The forces at A and B passes through point A. IGH-
Henee perpendicular distance from A on the lines of 2m -
action of these forces will be zero. 40N
Henee their moments about A will be zero. The
moment of the force at C aboul point A. Frg. 3.3

= Force at C x L distance from A on the line of action of force at C.
= (20 N) x (Length AB).
=20 x 2 N m =40 N m (anti-clockwise).

The moment of force at I about point A.
= Force al D = L distance from A on the line of action of force at D.
= (30 N) x (Length AD).
= 30 x 2 Nm = 60 Nm (anti-clockwise).

Resuliant moment of all forces about A.

= 40 + 60 = 100 Nm (anti-clockwise). Ans.

3.3. PRINCIPLE OF MOMENTS (OR VARIGNON'S PRINCIPLE)

Principle of moments states that the moment of the resultant of a number of forces about any point is
cqual to the algebraic sum of the moments of all the forces of the system about the same point.

And according to Varignon's principle, the moment of a force about any point is equal to the algebraic
stirt of the moments of its components about that point.
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Proof of Varignon’s Principle

Fig. 34
Fig. 3.4 (a) shows two forces Fy and F; acting at point (. These forces are represented in magnitude
and direction by ©A and OB. Their resultant R is represented in magnitude and direction by OC which is the
diagonal of parallelogram OACB. Let O is the point in the plane about which moments of Fy, F; and R are to
he determined. From point €, draw perpendiculars on OA, OC and OB.
Let ry = Perpendicular distance between Fy and O,
r = Perpendicular distance between R and €.
rz = Perpendicular distance between F;and O,
Then according to Varignon’s principle ;
Moment of R about €' must be equal to algebraic sum of moments of F; and F; about "
or Rxr=Fixrn+Fyxr;
Now refer to Fig. 3.4 (b). Join OO' and produce it 1o I, From points C, A and 8 draw perpendiculars

on 0D meeting at D, E and F respectively. From A and B also draw perpendiculars on CD meeting the line
CDat G and H respectively,

Let 6, = Angle made by F, with OD,
l = Angle made by R with @D, and
fia = Angle made by Fa with O
In Fig. 3.4 (b), OA = BC and also OA parallel to BC, hence the projection of OA and 8C on the samc
vertical line €D will be equal Le., GD = CH as GD s the projection of OA on CD and CH is the projection of
BCon CD.
Then from Fig. 3.4 (b), we have
Pisint =AE=0D=CH
Fycos B, = OF
F;sin @, = BF = HD

Fieosth=OF=ED (OB = AC and also OB || AC. Hence projections of OB and AC

on the same horizontal line OD will be equal ie., OF = ED)
RsinB®=CD
ReosB=0D
Let the length OO = x.
Then xsinby=r,xsint=randxsinty=r;
MNow moment of R about €
= R x (L distance between Q' and R} =Rxr

=Rxxsinf (" r=xsinf)
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i

=(RsinB)xx

=CDxx {* RsinB=0D)
= (CH + HD) = x

=(F;sinf; + FasinB) xx (. CH=Fsin8, and HD = F; sin 8,)

=F; xxsinb) + Faxxsin by

=Fxr+Fxr; (" xsin® =ryandxsin@; =r)
= Moment of Fy about 0" + Moment of F; about .
Hence moment of R about any point in the algebraic sum of moments of its components (i.e., F; and
75} about the same point. Hence Varignon’s principle is proved.
The principle of moments (or Varignon's principle) is not restricted to only two concurrent forces but
15 also applicable to any coplanar force system, i.e., concurrent or non-concurrent or parallel farce system.
Problem 3.2. A force of I N is aciing ai a poini A as shown in Fig. 3.5, Determine the ioments of
this force abour €3,
Sol. Given :
Force at A=100N
Draw a perpendicular from @ on the line of action of force 100 N. Hence OB is the perpendicuiar on
the linc of action of 1(0} N as shown in Fig. 3.5,

15t Method
Triangle OBC is a right-angled triangie. And angle Y ?
OCE = 6,
. (#7!] A
sin 60° = oc
OB = OC sin 60° /100N
=3 x (.866 P
=2.508 m ~3m =] 2 g0
Moment of the force 100 N about €2 o= lr;jli:q i'-
= 100 = OB = 100 x 2.598 “-J?B
= 259.8 Nm (clockwise). Ans. ’
2nd Method Fig, 3.5

The moment of force 106 N about 3, can also be dcter-
mined by using Varignon's principle. The force 100 N is replaced
by its two rectangular components al any convenient point, Here Y4 IOON
the convenient paint is chosen as C. The horizontal and vertical
components of force 100 N acting at € are shown in Fig. 3.6.

(i} The horizontal component .
= 100 x cos 6(}° = SO0 N !

But this force is passing through © and hence has no /
moment about €.

The vertical component

= 100 x sin 60° = 100 x 0.866 = 86.6 N

This force is acting vertical downwards at C. Moment of

this force about €.

=806 x (O =866 % 3 (" OC=3m)
= 2598 N (clockwise). Ans,

o)
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3 4. TYPES OF PARALLEL FORCES

The following are the important types of paraliel F| Fa

forces .
I. Like parallel forces,
2. Unlike parallel forces.

3.4.1. Like parallel forces. The parallel forces which
are acting in the same direction, are known as like parallel
forces. In Fig. 3.7, two parallel forces Fy and F; are shown.
They are acting in the same direction. Hence they are called
as like parallel forces, These forces may be equal or unequal
in magnitude.

3.4.2. Unlike Parallel Forces. The paralle]l forces
which are acting in the opposite direction, are known as unlike
parallel forces. In Fig. 3.8, two parallel forces Fy, Frare acting
in opposite direction. Hence they arc called as unlike parallel
torces. These forces may be equal or unequal in magnitude.

The unlike parallel forces may be divided into :
() unlike equal parallel forces, and (i) unlike unequal parallel
forces.

Unlike equal parallel forces are those which are acting
in opposite direction and are equal in magnitude.

Unlike unequal parallel forces are those which are
acting in opposite direction and are uncqual in magnitude.

Fig. 3.7

1.5. RESULTANT OF TWO PARALLEL FORCES

The resultant of following two parallel forces will be considered :

1. Two parallel forces are like.

2. Two parallel forces are unlike and are unequal in magnitude.

3. Two parallel forces are unlike but equal in magnitude.

3.5.1. Resultant of two like parallel forces. Fig. 3.9 shows a body on which two like parallel forces
Fy and F, are acting. It is required to determine the resultant (R)
and also the point at which the resultant R is acting. For the two
parallel forces which are acting in the same direction, obviously the * R=F, +F2
resultant R 1s given by,

R= F1 + F:

In order 1o find the point at which the resultant is acting,
Varignon's principle {or method of moments) is used, According
to this, the algebraic sum of momenis of F; and F; about any
point should be equal to the moment of the resultant (R) about
that point. Now arbitrarily choose any point @ along line AB and
take moments of all forces about this point.

Moment of Fy about O = F) x AQ (clockwise) (=)

Moment of F; about O = F; % BO (anti-clockwise) (+ ve) Fig. 3.9
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Algebraic sum of moments of F, and F> about O
==FxAO+ F; x BO
Moment of resultant about @ = R = OC (anti-clockwise)(+)

But according 1o principle of moments the algebraic sum of moments of F; and F; about (2 should be
cqual to the moment of resultant about the same point €2,

—Fy%xAQ + Fyx BO = 4R x €O = (Fy + F3) x CO (v R=Fy+F3)
of F(AO + CO) = F5(BO - CO)
or F, x AC = Fy x BC (v AQ +CO =AC and BO - CO = BC)
or Fi _BC
F; - AC

The above relation shows that the resultant R acts at the point C, parallel to the lines of action of the
wiven forces Fy and Fy insuch a way that the resultant divides the distance AB in the ratio inversely proportional
to the magnitudes of Fy and F;. Also the point C lics in line AB Le., point C is not outside AB.

The location of the point C, at which the resultant R is acting, can also be determined by taking moments
about points A of Fig. 3.9. As the force F is passing through A, the moment of F, about A will be zero.

The moment of F;aboul A = F; x AB (anti<clockwise) (+)

Algebraic sum of moments of Fy and F; about O

=0+ F; x AB = F5 x AB (anti-clockwisc) (+) )
The moment of resultant & about A
= R = AC (anti-clockwisc){+) (i)

Bul according to the principle of moments, the algebraic sum of moments of F, and F; about A should
he equal to the moment of resultant about the same point A. Hence equating equations () and (),

FaxAB=RxAC

But B = (F, + F;) hence the distance AC should be less than AB. Or in other words, the point C will lie
inside AB.

3.5.2. Resultant of Two Unlike Parallel Forces (Unegual in magnitede). Fig 3.10 shows a body on
which two unlike parallel forces F| and F» are acting which are unequal in magnitude. Let us assume that force
£} 15 more than F;. It is required to determined the resultant R and also the point at which the resultant R is
acting. For the two parallel forces, which are acting in opposite direction, obviously the resultant is given by,

R= 'Fl - Fz -

Let the resultant R is acting at € as shown in Fig, 3.10.

In order to find the point C, at which the resultant is
acting, principle of moments 1s used.

Choose arbitrarily any point  in line AB. Take the
moments of all forces {i.e., ), F; and R) about this point.

Moment of Fy about O = F) x A0} (clockwise)

Moment of F; about @ = F; x BO (clockwise)

Algebraic sum of moments of £, and F; about O

=Fy = AQ + Fa x BO )

Moment of resultant force R about O

= R x CO (clockwise)

=(Fy - Fy) = CO (- R=F=-F3)
=F xCO=F;xCO (13

Fig. A0
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But according to the principle of moments, the algebraic sum of moments of all forces about any paint
should be equal 1o the moment of resultant about that point, Hence equating equations (f) and (i), we get
FieAQ + Fox BO = Fyx CO - Fo, x CO
or Fy(BO + CO) = Fi(CO - A())
Fax BC=F x AC (. BO+C0O=BCand CO -AD) = AL)
Bc_Fo . H_BC
AC~ Fy Fa~ AC
But F, > F5, hence BC will be more than AC. Hence paint O lies outside of AB and on the same side
as the larger force Fy. Thus in case of two unlike parallel forces the resultant lies outside the line joining the
points of action of the two forces and on the same side as the larger force.
The location of the point C, at which the resultant R is acting, can also be determined by taking momemis
about point A, of Fig. 3.10. As the force F is passing through A, the moment of F; about A will be zero.
The moment of F; about A = F; x AR (clockwise) (-)
Algebraic sum of moments of F; and F> about A
=0+ F;xAB = F> x AB (clockwise) (-) - Af)
The moment of resultant R about A should be equal 1o the algebraic sum of moments of Fy and F5 (ie.
= F;3 x AB) according to the principle of moments. Also the moment of resultant R about A should be clockwisc.

As R is acting upwards [*.° F; > F; and R = (F; = F3) so R is acting in the direction of F,], the moment of
resultant R about A would be clockwise only if the points C is towards the left of point A. Henee the point ©
will be outside the linc AB and on the side of F, (Le., larger force).

Now the moment of resullant R about A

ar

= R x AC (clockwise) (=) (i)
Equating equations (i) and (i),
‘1 x H.ﬂ = R X i’lr:
E"{FIFFZ] HAC' {'.' R=F!—f'-1]

As Fy, Fyand AB are known, hence AC can be calculated. Or in other words, the location of point C is
known,

1.5.3. Resultant of two unlike parallel forces which are equal in magnitude, When two equal and
oppositc parallel forces act on a body, at some distance apart, the two forces from a couple which has atendency
to rotate the body. The perpendicular distance between the parallel forces is known as arm of the couple.

Fig. 3.11 shows a body on which two parallel forces, which
are acting in opposite direction but equal in magnitlude are acting.
These two forces will form a couple which will have a tendency to
rotate the body in clockwise direction. The moment of the couple is
the product of ecither one of the forces and perpendicular distance
between the forees.

et F=ForceatAoralB

a = Perpendicular distance {(or arm of the couple)

The moment (M) of the couple is givenby, M= F x a.

The units of moment will be Nm. Fig. 3.11

Problem 3.3, Three like parallel forces 16 N, 200 N and 300 N are acting ar points A, B and ¢
respectively on a straight line ABC as shown in Fig. 3.12. The distances are AB = 30 em and BC = 40 cm.
Find the resuftant and also the distance of the resultant from point A on line ABC,
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Sol. Given :
Foree al A=100N R
Force at B=200N 200N } 300N
Force at C=300N HOON |
Distance AB = 30 em, BC =40 em. As all the forces P |
arc parallel and acting in the same direction, their resultant !
R is given by A [
R =100 + 200 + 300 = 600 N e ¥ ——--l
Let the resultant is acting at a distance of x cm from —— z,ncm--r-— 4Br.rr~—l'-|
the point A as shown in Fig. 3.12.
MNow take the moments of all forces about point A. Fig. 3.12

The foree 100 N is passing A, hence its moment about A will be zero.

0ur

Moment of 100 N force about A =10
Moment of 200 N force about A = 200 x 30 = 6000 N cm (anti-clockwise)
Moment of 300 N force about A =300xAC
' = 3(H) = 70 = 21000 N cm (anti-clockwise)
Algebraic sum of moments of all forces about A

=10+ 6000 + 21000 = 27000 N cm (anti-clockwise)
Moment of resultant R about A = R xx

=600 xx Nem (. R=600)
But algebraic sum of moments of all forces about A
= Moment of resullant about A
2000 =6 xx or x= lﬁm =45cm. Ans.

Problem 3.4, The three like parallel forces of magnitude 50 N, F and 100 N are shown in Fig. 3.13. If

the resultant R = 250 N and is acting at a distance of 4 m from A, then find

ar

{f) Magnitude of force F.
(if) Distance of F from A.

IOON
Sol. Given : R=250N
Forcesat A=S50N,atB=FandD= 100N SON F
R=250N, Distance AC =4 m, CD=3m. 1
(i) Magnitude of force F A B :C D

The resultant R of three like forces is given by,

xﬂ'
R=504+F +100 > aﬁl---{-—am--l

250 =50+ F + 100 (" R=230)
S F=250-50-100=100 N. Ans. Fig. 3.13
(if) Distance of F from A
Take the moments of all forces about point A.

Moment of force 50 Nabout A =0 (. force 50 N is passing through)

Moment of force F about A=Fxx {anti-clockwise)
Moment of force 100 N about A = 100 x AD = 100 x 7=700 N m {anti-clockwise)
Algebraic sum of moments of all forces about A
=0+ Fxx+T00ONm
=Fxx+T00ONm (anti-clockwisc)
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Moment of resultant £ about A
=Rxd4d=250x4=1000Nm {anti-clockwise)

But algebric sum of moments of all forces about A must be equal to the moment of resultant R
about A,

S Fxx+T00=100) orF=xx=1000-700 =300

nn 300
=—=— = 1K)
or =T =100 (" F=100N)
=3m. Ans

Problem 3.5. Four parallel forces of magnitudes 100N, 150N, 25N and 200 N are shown in
Fig. 3.14. Determine the magnitude of the resultant and also the distance of the resultant fraom point A.

IQON ISON 25N 200N
A B8 C D
{-I—D.Em —-l-n—- L.2m ———-I-I-—n_?f,m —4-|
Fig. 3.14
Sol, Given ;
Forces are 100 N, 150 N, 25 N and 230 N.
Distances AB=09m BC=12m,CD=0.75 m.

As all the forces are acting vertically, hence their resultant R is given by.-
R =100-150-25 + 200 (Taking upward force + ve and downward as — vc)
=300-175=125N
+ve sign shows that R is acting vertically upwards. To find the distance of R from point A, take the
moments of all forces about point A.
Let x = Distance of R from A in metre.
As the force 100 N is passing through A, its moment about A will be zero.
Moment of 150 N force about A = 150 x AB
= 150 x 0.9 (clockwise) () =— 135 Nm
Moment of 25 N force about A =25 x AC =25 x (0.9 + 1.2)
= 25 x 2.1 (clockwise) (=) == 52.5 Nm.
Moment of 200 N force about A = 200 x AD
=200 % (0.9 + 1.2 +0.75)
= 200 = 2.85 (anti-clockwise) (+) = 570 Nm
Algebraic sum of moments of all forces about A
=—135-52.5+ 570 = 3825 Nm i)
+ ve sign shows that this moment is anti-clockwise. Hence the moment of resultant R about A must be
IR2.5 Nm, i.e., moment of R should be anti-clockwise about A. The moment of R about A will be anti-clockwise
if R is acting upwards and towards the right of A.

MNow moment of R about A=Rxx.ButR=125

=125 xx (anti<clockwise) (+)
=+ 125 xx )
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Equating (£) and (if),
_ 3825
IM25=125xx or x= 135
Resultamt (R = 125 N) will be 125 N upwards and is acting at a distance of 3,06 m to the right
of point A.

3.6. RESOLUTION OF A FORCE INTO A FORCE AND A COUPLE

A given force F applied to a body at any point A can always be replaced by an equal force applied at
another point B together with a couple which will be equivalent to the original force. This is proved as given
below :

Let the given force F is acting at point A as shown in Fig. 3.15 {(a).

5 & e

(b) (e}
Fig. 3.15

This force is to be replaced at the point B. Introduce two equal and opposite forces at B, each of
magnitude F and acting parallel 1o the force at A as shown in Fig. 3.15 (b). The force systcm of Fig. 3.15 (b)
is equivalent to the single force acting at A of Fig. 3.135 (a). In Fig. 3.15 (b) three equal forces are acting. The
two forees i.e., force F at A and the oppositely directed force F at B (i.e., vertically downward force at B) from
a couple. The moment of this couple is F = x clockwise where x is the perpendicular distance between the lines
of action of forces at A and B, The third force is acting at B in the same direction in which the force at A is
acting. In Fig. 3.15 (c), the couple is shown by curved arrow with symbol M. The force system of Fig. 3.15 (¢)
is equivalent to Fig. 3.15 (b). Or in other words the Fig. 3.15 (c) is equivalent to Fig. 3.15 (a). Hence the given
force F acting at A has been replaced by an equal and parallel force applied at point B in the same dircction
together with a couple of moment F x x.

Thus a force acting at a point in a rigid body can be replaced by an equal and parallel force at any other
point in the body, and a couple.

Problem 3.6. A system of parallel forces are acting on a rigid bar as shown in Fig. 3.16. Reduce this
svstem o !

=306 m. Ans.

(i) a single force 32.5N  ISONM 65N ION
(if) a single force and a couple at A 4
(iif) a single force and a couple at B. 4 TD la
Sol. Given :
Forces at A, C, D and B are 32.5 N, 150 N, 67.5 N R *
and 10 N respectively. - 3.3m

Distances AC=1m,CD =1 mand BD = 1.5m.
(i) Single force system. The single force system
will consist only resultant foree in magnitude and location. All the forces are acting in the vertical direction

and hence their resultant (R) in magnitude is given by
R=325-150+675-10==60N. Ans.

Fig. 3.16
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Negative sign shows that resultant is acting vertically downwards.
Letx = Distance of resultant from A towards right. To find the location of the resultant take the moments
of all forces about A, we pet Moment of resultant about A.
= Algebraic sum of moments of all forces about A

or Rxx==50xAC+675xAD-10xAB
(Taking clockwise moment —ve and anticlockwise moment +ve)
or (o) xx=50x1+675x2-10x35 R=6ON
¢+ R=-60) N
or =6l ==150+135=-35=-50
A
:=:—5{l= 0.833 m. Ans. q

L

Hence the given system of parallel forces is equivalent to a —-I-D-Hllm 1"'_-
single force 60 N acting vertically downwards at point £ at a
distance of (1.833 m from A shown in Fig. 3.16 (a). Fig. 3.16 (a)

(¢i) A single foree and a couple at A, The resultant force R acting at point £ as shown in Fig. 3.16 (a)
can be replaced by an equal force applied at point A in the same direction together with a couple. This is shown
in Fig. 3.16 (c).

The moment of the couple = 60 x (.833 Nm (clockwise)

=—4998 Nm. Ans. {—ve sign is due to clockwise)
(iif) A single force and a couple at B. First find distance BE. But from Fig. 3.16 (), the distance
BE=AB=AF =35-0.833 = 2667 m.

60N R=60N 60N
B A B
AL YE P — !
a3l Mp=60x0.833Nm
ifep ()
R=60N 60N 60N
A lE B 1
L (. 9 D
3 2.667
Mg
60N
(d) (e)
Fig. 3.16

Now if the force R = 60 N is moved to the point B, it will be accompanied by a couple of moment
6l) x BE or 60 x 2.667 Nm. This is shown in Fig. 3.16 (e).
The moment of the couple = 60 x 2.667 Nm (anti-clockwise)
=160 Nm. Ans.
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ALT. GENERAL CASE OF PARALLEL FORCES IN A PLANE

Fig. 3.17 shows a number of parallel forces acting on a body in one plane. The forces F, F; and F are
acting in one direction, whercas the forces Fy and Fs are acting in the opposite direction. Let Ry = Resultant

Fiy Fg F3 Fa Fs
A B ¢ D E
Fig.3.17

of forces F, F> and Fs and R, = Resultant of forces Fy and Fs. The resultants R and K- are acting in opposite
direction and are parallel to cach other. Now three important cases are possible.

I. R, may not be equal 1o Ry, Then we shall have two unequal parallel forces (R, and R;) acting in the
opposite direction. The resultant R of these two forces (R) and R;) can be casily obtained. The point of
application of resultant R can be obtained by equating the moment of R about any point to the algebraic sum
of the moments of individual forces about the same point.

2. Ry is equal to R;. Then we shall have two equal parallel forces (R and R.) acting in the oppuosite
direction. The resultant R of these two forces will be zero. Now the system may reduce to a couple or the
system is in equilibrium. To distinguish between these two cases, the algebraic sum of moments of all forces
[ ST S — F<) about any point is taken. If the sum of moments is not zero, the system reduces a resultant
couple. The calculated moment gives the moment of this couple.

3. R, is equal to R and sum of momenis of all forces (Fy, F3, F3, Fy, Fs, .....) ubout any point is zero,
then the system will not be subjected to any resultant couple but the system will be in equilibrium,

Problem 3.7, Determine the resultant of the parallel force system shown in Fig, 3,18,

BN IEN

L

._I_‘D.Bm "“I“" 1.2m _l_‘OEm_-*

Fig. 3.18
Sol. Given :
Forcesat A, B, C,Dand E and 4 N, B N, 8 N, 16 N and 12 N respectively.
Distances AB =0.6m, BC =0.9 m,

CD=12m, and DE=0.6m.
Since all the forces are vertical and parallel, hence their resultant is given by
R=-4+B8-8+16-12=0
As the resultant force on the system is zero, there will be two possibilities. The system has a resultant
couple or the system is in equilibrium. To distinguish between these two possibilities, take the sum of moments
of all forces about any point. Let us take the moments about point A.
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Algebraic sum of moments of all forces about A

=dx0+8xAB-8xAC+ 10 xAD-12 = AE
=04+B8xD6-8x(06+09)+16x(06+09+1.2)-12x(0.60+0.9+ 1.2 +00.6)
=0+48-12+16x2.7-12x33Nm
=48-12+432-39.6=48-51.6
=—3.6 Nm

As the algebraic sum of moments of all forces about any point is not zero, the system will have a

resultant couple of magnitude — 3.6 Nm L., a clockwise couple. Ans.,
Problem 3.8. Determine the resultant of the parallel forces acting on a body ax shown in Fig. 3.1

20N 4QN 30N ION

A 8] Jc ¢o Ey

|_. 2m . Iﬂ-ﬁhlﬂ.ﬁlﬂi 2m ol
Fig. 3.19

Sol. Since all the forces are vertical and parallel, hence their resultant is given by
R==20+20+40-30-10=0
Taking moments of all forces about the point A, we get
Resultant moment =20 x 0+ 20x 2 + 40 % 25 -30x 3 - 10l x 5
=0+40+ 100-90-50=140- 140 =0

As the resultant moment is zero and also the resultant force on the body is zero, the body will be in
equilibrium. Ans. )

3.8. EQUIVALENT SYSTEM

An cquivalent system for a given system of coplanar forces, is a combination of a force passing through
a given point and a moment about that point. The force is the resultant of all forces acting on the body. And
the moment is the sum of all the moments about that point.

Hence equivalent system consists of :

(i) a single force R passing through the given point P and

() a single moment Mg
where R = the resultant of all force acting on the body.

Mg = sum of all moments of all the forces about point P.

Problem 3.9, Three external forces are acting on a L-shaped body as shown in Fig. 3.20. Determine
the equivalent system through point O.

Sol. Given :

Force at A = 2000 N, Angle = 30°

Foree at B=150N

Force al C=1000N

Distance OA = 200 mm, O8 = 100 mm and BC = 200 mm
Angle COA =90°

Determine the equivalent system through O. This means find
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(£} single resultant force, R
(1) single moment through 0.
Taking x-axis along OA and y-axis along OC.
The force at A is resolved inlo two components.
Component along x-axis = 2000 x cos 30° = 1732 N
Component along y-axis = 2000 x sin 30° = 1000 N
Resolving all forces along X-axis Le.,
IF, = 2000 cos 30° = 1500 = 1000 = - 768 N
Similarly ZF, == 2000 x sin 30" = = 1000 (= ve sign is due to downward)
» Resultant, R=VIF2+3F? =V(-768) + (- 1000
= V589824 + 1000000 = 1260.88 N
Taking moments of all forces about point O, )
My = (= 2000 sin 30) x 200 + 1500 x 100 + 1000 x 300
= = 200000 + 150000 + 300000
= 250000 Nmm = 250 Nm
~. Equivalent system through point O is
R=126088 N
M =250 Nm

Problem 3.10. Fig. 3.21 shows two vertical forces and a couple of moment 2000 Nm acting on a
horizontal rod which is fixed at end A.

(i) Determine the resultant of the system. 4000 N 2500N
(if) Determine an equivalent system through A. 4
Sol. Given : L—«“""'

Forceat  C = 4000 N, Force at B = 2500 N j £

= A
Moment at D = 2000 Nm i C Lo0p<2 B

Distance AC=1m, BC=15m N
CD=08m, BD=0Tm Im ""-'I'. 1.5m -'I
Fig. 3.21
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(i) Resultant of the system
This means to find the resuliant of all the forces and also the point at which the resultant is acting.
There are two vertical forees only.
Hence resultant, R = 4000 - 2500 = 1500 N acting downward
The point al which the resultant is acting is obtained by taking moments about point A. For moments
there are two forces (4000 N at € and 2000 N at B) and also a moment at D,
Moment of force 4000 N about point A = 4000 x 1
= 4000 Nm (clockwise)
Moment of force 2500 N about point A
= 2500 x {1 + 1.5)=2500 x 2.5
- = 6250 Nm (anti-clockwisc)
Moment at D = 20K Nm (clockwise)
- Sum of all moments about A
= 4000 (clockwise) — 6250 (anti-clockwise) + 2000 (clockwisc)
= — 250 {anti-clockwise)
The resultant is acting vertically downward. If it is acting towards right of A, then it will give clockwise
moment. But we want anti-clockwise momeal. Hence the resultant must act towards the left of A.
Let x = Distance of resultant force (1500 N) from A
". Moment of resultant force (R) about 4
= 1500 x x
1500 = x = 250

250
lﬁl]}=u'lﬁﬁ m. Ans,

Henee resultant of the system is 1500 N | acting at a distance of 0.166 m left to A. Ans.
(if) Equivalent system through A

This means to find a single resultant force and a single moment through A.

Single resultant force, R=1500N

Single moment through, A = 250 Nm. Ans.

X =

HIGHLIGHTS

l. Parallel forces are having their lines of action parallel to each other.

2.  The moment of a force about any point 1% the prodoct of force and perpendicular disiance between the point and
line of action of force.

4. Anti-clockwise moment is laken +ve whereas clockwise moment is taken — ve.

4.  Varignon's principle stales that the moment of a force about any point is equal to the algebraic sum of moments
of its components about that point.

5.  Like parallel forces are parallel o esch other and are acting in the same direction, whereas the unlike parallel forces
are acting in opposite direction.

6. The resultant of two like paralle] forces is the sum of the two forces and acts at a point between the line in such a
way (hat the resultant divides the distance in the ratio inversely proportional to the magnitudes of the forces.

7. When two cqual and opposite paralle]l forces act on a body at some distance apart, the two forces form a couple
which has 2 tendency to rolate the body. The moment of this couple is the product of either one of the Torces and
perpendicular distance between the forces.
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A given force F applied to a body atany point A can always be replaced by an equal force applied at another point
A in the same direclion together with a couple.

If the resultant of a number of parallel forces is not zero, the system can be reduced to a single force, whose
magnitude is equal to the algebraic sum of all forces. The point of application of this single force is oblained by
cqualing the moment of this single force about any point to the algebraic sum of moments of all forces acting on
the system aboul the same point.

Il the resultant of a2 number of paralle] forces is zero, then the system may have a resultant couple or may he in
cguilibrium. If the algebraic sum of moments of all forces about any point is not zero, then system will have a
resultant couple. But if the algebmic sum ol moments of all forces aboul any poinl is zero, the system will be in
cquilibrium.

EXERCISE 3

A. Theoretical Questions

Define the terms : Coplanar parallel lorces, like paralle]l forces and unlike parallel forces.
Define and explain the moment of a force. Differentiate between clockwise moment and anti-clockwise moment.
{a) State the Varignon's principle. Also give the prool of Varignon's principle.
{#) Differcntiale between :
(/) Concurrent and non-concurrent forces,

(i) Coplanar and non-coplanar forces,

(#i1) Moment of a force and couple.
Define moment of a force about a point and show that the algebraic sum of the moments of two coplanar forces
abwut a point is equal to the moment of their resultant about that point.
What are the different types of parailel forces ¥ Distinguish between like and enlike parallel forces.
Prove that the resultant of two like parallel forces Fy and F4 is F) + F3. Also prove that the resultant divides the
ling of joining the points of action of Fy; and /7 intemally in the inverse ratio of the forces.
Prove that in case of two unlike paralle] forces the resultant lies outside the line joining the points of action of the
two forces and on the same side as the larger (orce.
Describe the method of finding the hine of action of the resultant of a system of parallel forces.

The resuliant of a system of parallel forces is zero, what does it signily ?
Describe: the method of finding the resultant of two unlike parallel forces which are equal in magnitade.
Prove that a given force F applied to a body at any point A can always be replaced by an equal foree applied at

another point B logether with a couple.
State the principle of moment.

Indicate whether the following staternents are True or False.
(f) Force is an agency which tends to cause motion.
(#() The tension member of a frame work is called a sireet.
(#if) The value of g reduces slightly as we move from poles towards the equator.
{iv]) Coplanar forces are those which have the same magnitude and direction.
(v} A couple consists of two unequal and parallel forces acting on a body, having the same line of action.
{vi) A vector diagram of a force represenls ils magnitude, direction, sense and point of application.
(wif) The force of gravitation on a body is called its weight.

{w#i) The centre of gravity of a body is the point, through which the resultant of paralle] forces passes in whalever

position may the body be placed.
[Ams. (1) True (i) False (iii) True (iv) False (v) False (v} False (vii) True {wii) True.]
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B. Numerical Problems
‘IﬂH
60N D C
Four forces of magnitudes 20 N, 40 N, 60 N and 80 N = T
are acting respectively along the four sides of a square
ABCD as shown in Fig. 3.22. Determine the resultant
moment aboul point A, 2m
Each side of square is 2 m.
[Ans, 200 Nm anti-clockwise)
A BlY .
20N
2m -
BON
Fig. 3.22

A force of SON s acting al a point A as shown in
Fig. 3.23. Determine the moment of this force about 0. Yi

[Ans. 100 Nm clockwise]
Three like paralle] forces 20N, 40N and 60 N are acting
at points, A, # and C respectively on 2 straight line ABC.
The distances are AR = 3 m and BC = 4 m. Find the
resultant and also the distance of the resultant from point
A on line ARC. [Ans. 120 N, 4.5 m]

The three like parallel forces 101 N, F and 300 N are
acting as shown in Fig. 3.24. I the resultant R = 600 N
and is acting at a distance of 45 cm from A, then lind the
magnilude of force F and distance of F and A.

[Amns. 200 N, 30 cm]

Four paraliel forces of magnitudes 100 N, 200 N, S0 N
and 400 N arc shown in Fig. 3.25. Delermine the mag-
nitude ¢f the resultant and also the distance of the resul-
tant from point A. [Ans. R = 350 N, 3.07 m]

f-4m *

Fig. 3.23
R=600N

IOON F 4 300N
|
1

A 8] lc D

X —-1

R Za5em ——ofe-25crive
Fig. 3.24

I0OON 200N  SON 400N

Lh d L

o~ Imala- L5m—sleim o+

Fig. 3.25
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6. Asystem of parallel forces are acting on a rigid bar as shown in Fig. 3.26. Reduce this system 1o :

{i) a single foree, [Ans. ()R = 120N at .83 m from A
(ii} a single force and o couple a1 A (fYR=120Nand M, = =340 Nm
(#i} a single force and a couple at 8. (fif) R = 120N and Mg = 120 Nm|

20N 100N BON

Ll
fe-1m —fIm wfe— 2m =] |

7. Five forces are acting on a body as shown in Fig. 3.27. Determine the resultant.
[Ans. & = 0, Resultant couple = 10 Nm]

20N 20N 40N 30N ION

A F
2,5m
g
-—— 2m ——]
Fig. 3.27
8.  Determine the resultant of the paralie] forees shown in Fig. 3,28, [Ans. Body is in equilibrium]

ION 40N 30N ION ION

|

I"" 2m *&5m F | |

Fig. 3.28
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Conditions of Equilibrium

4.1. INTRODUCTION

When some external forces (which may be concurrent or parallel) are acting on a stationary body, the
hody may start moving or may start rotating about any point. But if the body does not start moving and also
does not start rotating about any point, then the body* is said to be in equilibrium. In this chapter, the conditions
of equilibrium for concurrent forces (i.e., forces meeting at a point) and for parallel forces will be described.
Also the concept of free body diagram, different types of support reactions and determination of reactions will
be explained.

4.2. PRINCIPLE OF EQUILIBERIUM

The principle of equilibrium states that, a stationary body which is subjected to coplanar forces
{concurrent or parallel) will be in equilibrium if the algebraic sum of all the external forces is zero and also
the algebraic sum of moments of all the external forces about any point in their plane is zero. Mathematically,
it is expressed by the equations :

IF=0 A{4.1)
IM=10 .(4.2)

The sign X is known as sigma which is a Greek letter. This sign represents the algebraic sum of forces
Or moments.

The equation (4.1) is also known as force law of equilibrium whereas the equation (4.2) is known as
moment law of equilibrium.

The forces are generally resolved into horizontal and vertical components. Hence equation (4.1) is
wrillen as '

IF, =0 -.(4.3)
and IF,=0 (4.4)
where IF, = Algebraic sum of all horizontal components
and  XF, = Algebraic sum of all vertical components.

4.2.1. Equations of equilibrium for Non-concurrent forces systems. A non-concurrent force systems
will be in equilibrium if the resultant of all forces and moment is zero.

Hence the equations of equilibrium are

IF,=0,ZF,=0 and IM=0.

4.2.2. Equations of equilibrium for concurrent force system. For the concurrent forces, the lines of
action of all forces meet at a point, and hence the moment of those force about that very point will be zero or
IM =0 automatically.

Thus for concurrent force system, the condition ZEM = 0 becomes redundant and only two conditions,
Le, LF, =0and £F, = () are required.

*A body will be in equilibrium if both the resultant of the forces and resultant moment are zero, whereas a paraticle
will be in equilibrium if the resultant force acting on it is zero,
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Now let us apply the three conditions of equilibrium :

() £F, = 0 as there is no horizontal force acting on the body

(.l'l'] IFI =0Le., Fi+Fi=F

{iif) ZM = 0 about any point.
Taking the moments of F\, F; and F4 about point A,
IMy==F; 2 AB+ F3 = AC

{Moment of Fy is anti-clockwise whercas moment of F; is clockwise)

For equilibrium, ZM, should be zero
L., ~FixAB+ FaxAC=0

If the distances AB and AC are such that the above equation is satisfied, then the body will be in
cquilibrium under the action of three parallel forces.

4.3.3. Four force system. The body will be in equilibrium if the resultant force in Imnzonta'[ direction
is zero (Le., ZF, = 0, resultant force in vertical direction is zero (i.e., ZF, = 0) and moment of all forces about
any point in the plane of forces is zero (Le., M = 0).

Problem 4.1, Two forces F) and F;are acting on a body and the body is in equilibrium. [fthe magnitude
of the force F is 100 N and its acting at O long x-axis as shown in Fig. 4.4, then determine the magnitude and
direction of force F.

Sol. Given :

Force, Fy=100N

The body is in equilibrium under the action of two forces F;
and Fj.

When two forces are acting on a body and the body is in F =I00N
cquilibrium, then the two forces should be collinear, equal and '
opposite.
- .F1 F| = 100 N

The force F; should pass through O, and would be acting in
the opposite direction of Fy.

Problem 4.2, Three forces Fy, F; and F; are acting on a body as shown in Fig. 4.5 and the body is in
equilibrium, If the magnitude of force Fy is 400, N, find the magnitudes of force Fy and F.

Sol. Given :

Force, Fy = 400 N.

As the body is in equilibrium, the resultant force is
x-direction should be zero and also the resultant force in

Fig. 4.4

y-direction should be zero. F2 Fy
({) For £F, = 0, we get
Fyeos 30° — Facos 30° =0 30° 30"
or Fi=Fa=0 0
or Fi=Fs el i)
(éf) For ZF, =0, we get
F, sin 30° + Fysin 30° - 400 =0
or F, % 0.5+ Fyx 0.5 =400 1
ar Fix 0.5+ Fyx 0.5 =400 (v Fa=Fy) Famlﬂﬂﬂ
ar F,=400N. Ans.

Also Fa=F =400 N. Ans. Fig.4-5
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2nd Method
If three forces are acting on a body at a point and the Fa Fi
body is in equilibrium, Lami’s Theorem can be applied. 120"
Using Lami's theorem,
F B 4w 120°* i20°
sin 120°  sin 120°  sin 120°
aor Fi=F;=400N. Ans.
L ]
F3=4GDH
Fig. 4.5 {a)

Problem 4.3. Three parallel forces Fy, F; and Fy are acting on a body as shown in Fig. 4.6 and the
hexdy is in equilibrium. If force Fy = 250 N and F3 = 1000 N and the distance between F; and Fy = 1.0 m, then
determine the magnitude of force Fy and the distance of F; from force Fy

Sol. Given :
Force, Fy=250N =
Force, Fy= 1000 N =250 Eﬂlﬂﬂﬂﬂ
Distance AB=10m
The body is in equilibrium.
Find F; and distance BC.
For the equilibrium of the body, the resultant A
force in the vertical direction should be zero (here there le—1.0m
is no force in horizontal direction). Fa
. For IF, =0, we get Fig. 4.6
Fi+F3=-F;=0 )
or 250+ 1000 =F5=0
or F3=250+1000=1250N. Ans.

For the equilibrium of the body, the moment of all forces about any point must be zero,
Taking moments of all forces about point A and considering distance BC = x, we get
F;xAB-AC = Fy=0

T

or 1250 % 1.0=(1 + x) x 1000 =0 (" AC=AB+BC=1+x)
or 1250 = 1000 = 1000x =0
or 250 = 1000

250
xnlﬂmnﬂ'ﬁm Ans.

Problem 4.4, The five forces F), Fa Fy, Fyand Fgare acting at a point on a body as shown in Fig. 4.7
and the body is in equilibrium. If F; = I8N, F; = 225N, F; = 15 N and F; = 30 N, find the force Fs in
magnitude and direction.

Sol. Given :

Forces, Fi=18N, F;=2125N,

Fy= IENandﬁ-E!ﬂ IN.

oar
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The body is in equilibrium. Find force Fy in mag-
nitude and direction. This problem can be solved analyti-
cally and graphically.

1. Analytical Method

Let 8 = Angle made by force Fg with horizontal
axis 0-X".

As the body is in equilibrium, the resultant force
in x-direction and y-direction should be zero.

(i) For ZF¢ = 0, we get

F. + Fz cos 45° = F.cusl'-l.'l"-Fsms 8=0

or 18+225x0.707-30x 0.866 - Fscos =10

or 1B+159-2598-Fscos8=10
or Fgcos @ =18+ 15.9 - 25.98
or Fscos8=792 {0

(if) For  ZF, =0, we get
F;5in 45° + F3 - Fy5in 3° - FssinB =0

or 225x0.707+15-30x05-Fssinb=0

or 159415~15=FssinB8=0

or Fssinf =159 el 1)
Fssin8 159

Dividing equation (if) by equation (i), we get Facos® =302 O tan B = 2.0075

8 =tan"' 20075 = 63.52°. Ans,
Substituting the value of B in equation (i), we get
Fs cos 63.52° =7.92
7.92
Fs= p—y 17.76 N. Ans.

2. Graphical Method

(1) First draw a space diagram with given four forees F, F3, Fyand Fy at correct angles as shown in
Fig. 4.8 (a).

(ii} Now choose a suitable scale, say I cm =5 N for drawing a force diagram. Take any point ) in the
force diagram as shown in Fig. 4.8 (b).

Fy=ISN

(a) (&)
Space diagram Force diagram
Fig. 48
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(1ii) Draw line €2a parallel to force F; and cut OQa = F| = 18 N to the same scale.
(iv) From a, draw the line ab parallel to Fz and cut ab=F; =225 N

{¥) From b, draw the linc bc parallel to Fyaand cut be= F3= 15 N

(vi) From ¢, draw the line cd parallel to Fyand cut cd = Fy =30 N

{(vii) Now join d 1o O, Then the closing side 4O represents the force Fs in magnitude and direction. Now
measure the length 402,

By mcasurement, length dO = 3.55 cm.
Foree Fs = Length d0 x Scale =355x5=17.75 N, Ans.
The direction is obtained in the space diagram by drawing the force Fs parallel to line 40,
Measure the angle 8, which is equal 10 63.5°, Or the force Fs is making an angle of 180 + 63,5 = 243.5°
with the force F.
Problem 4.5. Fig. 4.8 (c) shows the coplanar sysiem of forces acting on a flat plate. Determine :
(i) the resultant and (i) x and y intercepis of the resultant.
Sol. Given :
Force at A =2240N.
Angle with x-axis = 63.43°
Foree at B =1805N.
Angle with x-axis = 33.67°
Force at C = | 500 N.
Angle with x-axis = 60°
Lengths A =4m,
DB =3 m,
DC=2m
and OD=3m
Each force is resolved into X" and ¥ components
as shown in Fig. 4.8 (d). Fig. 4.8 (¢)
(f) Force at A = 2240 N.
Its X-component = 2240 x cos 63.43° = 1001.9 N,
Its Y-component = 2240 x sin 63.43° = 2003 4 N
(if) Force at B = 1805 N.
X-component = 1805 x cos 33.67° = 15022 N
Y-<component = 1805 x sin 33.67° = 1000.7 N
{(éif) Force at C = 1500 N.
X-component = 1500 x cos 60° = 750 N
Y-component = 1500 = sin 60° = 1299 N
The net force along X-axis,

R,=ZF =1001.9-15022-750 =~ 12503 N
The net foree along Y-axis,
R,=3F, ==20034 - 1000.7 + 1299 == 1705.1 N

() The resultant force is given by,
R=VRZ+R} =V(-12503) + (- 1705.1)%
= V1563250 + 2907366 = 21144 N. Ans.
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T4
1299 N 1000.7H
i?SE'JH 1502.2N
T cC B
bt — 2T iy
am 3m
l 100L.9N
- -
] 1_- am A -;:
2003.4N
Fig. 4.5 (d)
The angle made by the resultant with x-axis is given by
R, -1705.1
tan B "R, 12503 1.363

o B =tan™' 1.363 = 53.70
The net moment® about point @,
My=20034 x4+ 10007 x3=1299x 2= 15022 x 3 =750 x 3
= R012.16 + 3002.1 - 2598 - 4506.6 - 2250
= 11014.26 — 9354.6 = 1659.55 Nm
As the net moment about €7 is clockwise, hence the resultant must act towards right of ongin €, making
an angle =53.7° with x-axis as shown in Fig. 4.8 (e).
The components K, and K, are also negative, Hence

this condition is also satisfied. .-;‘ * _-:,
(i) Intercepes of resultant on x-axis and TD — -
y-axis [Refer to Fig. 4.8 (e)]. R
Let x = Intercepl of resultant along x-axis. ¥

y = Intercept of resultant along y-axis. Ry {=1705.1N)

The moment of a force about a point 15 equal
tor the sum of the moments of the components of the Rx=1250.3
force about the same point. Resolving the resvltant
(R) into its component R, and R‘r at F.

Moment of R about 7 = Sum of moments of
Ry and R, at

But moment of R about (0 = 1659.66 Fig, 4.8 (e)

(Mq = 1659.66)
165966 =R, x O+ R, xx
(as R, at F passcs through € hence it has no moment)

*Considering  clockwise moment posilive and anti-clockwise moment as negative. Al A, the X component ol
1HHI.9 N passes through O and hence has no moment,
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1659.66 = 1705.1 x x : (" R,=1705.1)
1659.66 .
o xnimimuﬂﬂ'?mnghtuf& Ans

To find y-intercept, resolve the resultant R at & into its component R, and R,.
Moment of R about O = Sum of moments of R, and R, at O
oF 165966 =R, xy + R, x O.
(At G, R, passes through O and hence has no moment)
1659660 =12503 x ¥
1659.66
Y= 125030 _
Problem 4.6. A lamp weighing 5 N is suspended from the ceiling by a chain. It is pulled aside by a
horizontal cord until the chain makes an angle of 60° with the ceiling as shown in Fig. 4.9. Find the tensions
in the chain and the cord by applying Lami's theorem and also by graphical method.
Sol. Given :
Weightof lamp=35N
Angle made by chain with ceiling = 60°
Cord is horizontal as shown in Fig. 4.9.
(i) By Lami's Theorem
Let T\ = Tension {or pull) in the cord
T3 = Tension {or pull) in the chain.
Now from the geometry, it is obvious that angles between T and lamp will be 90°, between lamp and
T; 150° and between 75 and Ty 120° [Refer to Fig. 4.9 (h)].

= 1.32 m below 0. Ans.

80"
CHAIN
I o
0 CORD
5N
T2
SN 3
m DIAGRAM F!:IHEE DIAGRAM
(a) (b) (c)
Fig. 4.9
Applying Lami’s thecorem, we get
: T| _ Tg _ 5
sin 150° ~ sin 90°  sin 120°
sin 150°
Ty=5x sin uu,zlﬂ-‘!ﬂ'ﬂ. Ans.
' ]
and Ta=5x30X _s974N. Ans.

sin 1207
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(if) By Graphical Method

(1) First draw the space diagram at correct angles as shown in Fig. 4.9 (b). Now choose a suitable scale
say | em = | N for drawing a force diagram as shown in Fig. 4.9 (c). Take any point € in the force diagram.

(2) From O, draw the line Oa vertically downward to represent the weight of the lamp. Cut Oa = 5 N,

(3) From a, draw the line ab parallel to T5. The magnitude of T; is unknown. Now from O, draw the
line Ob horizontally (i.e., parallel to T) cutting the line ab at point b.

(4) Now measure the lengths ab and b0.
Then ab represents T5 and bO represents 7). By measurements, ab = 5.77 cm and b0 = 2.9 ¢cm.
S Pull in the cord = b0 =29 cm x scale = 2.9 x |
= 2.9 N. Ans,
Pullinthechain =ab=57Tcmxscale=577x1
=5.77TN. Ans.
Problem 4.7. On a horizontal line PORS 12 cm long, where PQ = QR = RS = 4 cm, forces of 1000,
1500, 1000 and 500 N are acting at P, Q, R and 5 respectively, all downwards, their lines of action making
angles of 90, 60, 45 and 30 degrees respectively with PS. Obtain the resultant of the system completely in
magnitude, direction and position graphically and check the answer analytically.
Sol. Given :
PO=0R=RS=4cm
Force at P = 1000 N. Angle with PS = 90°
Forece at (2 = 1500 N. Angle with Q5 = 60°
Force at K = 1000 N. Angle with BS = 45°
Force at § = 500 N Angle with PS = 3P

EPACE DIAGRAM

R=1000N

FORCE DIAGRAM
SCALE: ‘om= 300N

(e)
Fig. 4.9
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Graphical Method ,
Draw the space diagram of the forces as shown in Fig. 4.9 (d). The procedure is as follows :
{1} Draw a horizontal line PORS = 12 cm in which take PO =0R=RS¥ =4 cm

(ii} Draw the line of action of forces P, 0, R, § of magnitude 1000 N, 1500 N, 1000 N and 500 N
respectively at an angle of 90°, 60°, 45° and 30° respectively with line PS as shown in Fig. 4.9.
Muagnitude and direction of Resultant force (R*)

To find the magnitude and direction of the resultant force, the force diagram is drawn as shown in
Fig. 4.9 (¢} as given below :

(i) Draw the vector ab to represent the force 1000 N to a scale of 1 cm = 500 N. The vector ab is
parallel to the line of action of force P,

(i{} From point b, draw veetor be = 1500 N and parallel to the line of action of force Q. Similarly the
vectors, cd = [N N and parallel 1o line of action of force R and de = 500 N and parallel 1o the line of action
of force &, are drawn,

(4t} Juin ae which gives the magnitude of the resultant. Measuring ae, the resultant force is equal to
ATTON.

{iv} To get the line of action of the resultant, choose any point O on force diagram {called the pole) and
poin Ca, Ob, (¢, (Od and Oe.

{v) Now choose any point X, on the line of action of force P and draw a line parallel to (2.

{vi) Also from the point X, draw another line parallel to b, which cuts the line of action of force
at X3, Similarly from point X5, draw a line parallel to Oc to cut the line of action of force R at X5. From point
A draw a line parallel to Od to cul the line of action of force § at X,

{vir) From point Xy, draw a line parallel Oe.

{viff) Produce the first line (i.e., the line from X, and parallel to €2a) and the last line (Le., the line from
X4 and parallel to C2¢) to interest at X, Then the resultant must pass through this point.

{ix) From point X, draw a line parallel 10 ae which determines the line of action of resultant force.
Mceasure PX. By measurements :

Resultant force. R* = 3770 N

Point of action, PX = 4.20 cim

Drirection, 0 = 60° 30" with P§

Analytical Method

In analytical method, all the forces acting can be resolved hndmmnlly and vertically. Resultant of all
vertical and horizontal forces can be calculated separately and then the final resultant can be obtained.

Resolving all forces and considering the system for vertical forces only.

Vertical forceat P= 1NN

Vertical force at @ = 1500 sin 60° = 1299 N

Vertical force at R = 1000 5in 45° = TOT N

Vertical force at & = 500 sin 30° = 250 N

"
1000N 299N Ry TOTN 230N

R
x —]

g 4.9
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Let Ry =the resultant of all vertical forces and acting al a distance x cm from P,

= 1000 + 1299 + 707 + 250 = 3256 N
Taking moments of all vertical forces about point P,

Ryxx=1299 x4 + 707 x 8 + 250 x 12 = 13852

13852 13852
TRy 3256

=425cm

Now consider the system for horizontal forces only Horizontal force at P =0
Horizontal forceat @ = 1500 x cos 60° = 750 N

Horizontal forceat R =1000x cos45° = T07T N

Horizontal forceat S=500xcos30° =433 N

Resuliant of all horizontal forces will be,

Rfy =0+ 750 + 707 + 433 = 1890 N
The resuliant B* of Ry and R}; will also pass through point X which is at a distance of 4.25 em from P.
R* = VR + R} =V3256% + 18907 = 3764 N. Ans.

The resultant will make an angle 8 with PS5 and is given by

B =tan™ 1.723 = 59.9°

Thus the resultant of 3764 N makes an angle 59.9% with P§ and passing through point X which isat a
distance of 4.25 cm from point P,

This result confirms closely with the values obtained by graphical method.

4.4. ACTION AND REACTION

From the Newton's third law ol motion, we know that to every action there is equal and opposiic
reaction. Hence reaction if always equal and opposite to the action.

Fig. 4.10 (a) shows a ball placed on a horizontal surface {or horizontal plane) such that it is free 10
move along the plane but cannot move vertically downward. Hence the ball will exert a force vertically

L

ACTION

A SUPPORT

(a) (&) {e)
Fig. 4.10
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downwards at the support as shown in Fig. 4.10 (b). This force is known as action. The support will exert an
cqual force vertically upwards on the ball at the point of contact as shown in Fig. 4.10 (c).

The force, exerted by the support on the ball, is known as reaction. Hence “any force on a support
causes an equal and opposite force from the support so that aciion and reaction are iwo equal and opposite forces’,

4.5. FREE BODY DIAGRAM
The equilibrium of the bodies which are placed on the supports can be considered if we remove the

supports and replace them by the reactions which they exert on the body. In Fig. 4.10 (a), if we remove the
supporting surface and replace it by the reaction R4 that the surface exerts on the balls as shown in Fig. 4.10(¢),
we shall get free-body diagram,

The point of application of the reaction R, will be the point of contact A, and from the law of equilibrium
of two forces, we conclude that the reaction R4 must be vertical and equal to the weight W,

Hence Fig. 4.10 (¢), in which the ball is completely isolated from its support and in which all forces
acting on the ball are shown by veclors, is known a free-body diagram. Hence to draw the free-body diagram
of a body we remove all the supporis (like wall, floor, hinge or any other body) and replace them by the reactions
which these support exert on the body. Also the body should be completely isolated.

Problem 4.8, Draw the free body diagram of ball of weight W supported by a string AB and resting
against a smooth vertical wall at C as shown in Fig. 4.11 (a).

Sol. Given :
A
STRING F
c "
Pt
W W

Weight of ball = W
(a) (&)

Fig. 4.11

The ball is supported by a string AB and is resting against a vertical wall at C.

To draw the free-body diagram of the ball, isolate the ball completely (i.e., isolate the ball from the
support and string). Then besides the weight W acting at B, we have two reactive forces to apply one replacing
the string AB and another replacing the vertical wall AC. Since the string is attached to the ball at B and since
a string can pull only along its length, we have the reactive force F applied at 8 and parallel to BA. The
magnitude of F is unknown,

The reaction R will be acting at the point of contact of the ball with vertical wall i.e., at point . As
the surface of the wall is perfectly smooth®, the reaction Re will be normal to the vertical wall (i.e., reaction
Re will be horizontal in this case) and will pass through the point B. The magnitude of R is also unknown.
The complete free-body diagram is shown in Fig. 4.11 (b).

*The reaction at a perfectly smooth surface is always normal to the surface.
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Problem 4.9. A circular roller of weight 100 N and radius 10 cm hangs by a tie rod AB = 20 cm and

rests against a smooth vertical wall at C as shown in Fig. 4.12 (a). Determine : (i) the force F in the tie rod,
und (ii} the reaction Ry at point C.

Sol. Given :

Weight of roller, W=100N
Radius of roller, BC=10ecm
Length of tierod, AB=20cm

0 =sin"' 0.5 = 30°
The free-body diagram of the roller is shown in Fig. 4.12 (b) in which
Ry = Reaction at C
F = Force in the tie od AB

Frec-body diagram shows the equilibrium of the roller. Hence the resultant force in x-direction and
y-direction should be zero.

an

(a) (B)
Fig. 4.12

For IF, =0, wegetRe=FsinB=0
or Re=Fsin A1)

For IF,=0,weget 100-Fcos8=0
or 100=Fcos B

100 100 o

or F=¢mﬂ=¢maﬂ" (. 8=30°)

= 115.47N. Ans.
Substituting the value of F in equation (i),

Rc=11547 x 5in 30° = 57.73N. Ans.

Problem 4.10, Draw the free-body diagram of a ball of weight W, supported by a string AB and resting

against a smooth vertical wall at C and also resting against a smooth horizontal floor at D as shown in
Fig. 4.13 fa).
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Sol. Given :

To draw the free-body diagram of the ball, the ball should be isolated completely from the vertical
support, horizontal support and string AB. Then the forces acting on the isolated ball as shown in Fig. 4.13 (&),
will be :

() (b)
Fig. 4.13

(¢) Reaction Rc at point C, normal to AC,
{if) Force F in the direction of string.
(iif) Weight W of the ball.
(iv) Reaction Rp at point D, normal to horizontal surface.
The reactions R~ and Ry, will pass through the centre of the ball Le., through point B.
Problem 4.11. A ball of weight 120 N rests in a right-angled groove, as shown in Fig. 4.14 (a). The

sides of the groove are inclined to an angle of 30° and 60° to the horizontal. If all the surfaces are smooth,
then determine the reactions R, and R at the points of contact.

Sol. Given ;
Weight of ball, W=120N
Angle of groove = 90"

Angle made by side FD with horizontal = 30°
Angle made by side ED with horizontal = 60°
o Angle FDH =30° and angle EDG = 60°

Consider the equilibrium of the ball. For this draw the free body diagram of the ball as shown in
Fig. 4.14 (b).

The forces acting on the isolated ball will be :

() Weight of the ball = 120 N and acting vertically downwards.
(#{) Reaction B acting at C’ and normal to FD.
(iif) Reaction R, acting at A and normal to DE.

The reactions R, and R will pass through B, i.e., centre of the ball. The angles made by R, and R at
point B will be obtained as shown in Fig. 4.14 {c).
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(a) (b)

Fig. 4.14
In AHDC, LCDH = 30° and LDCH = 90°. Hence LDHC will be 60°. Now in AHBL, £8BLH = %°

and angle LHB = 6(0°. Hence ZHBL will be 30°,

wr

i

L

Similarly, ZGBL may be calculated. This will be equal 1o 60°.
For the equilibrium of the ball,
IF,=0 and ZF, =0
For EF, =0, we have R sin 30° - R, sin60° =0
Re sin 30° = Ry sin 60°
Re=R, x S?f;?, =1.732R, D)
For IF, =0, we have 120 - R, cos 60° - R-cos 30° =0
120 = R, cos 60° + Re- cos 30°
=R, % 0.5 + (1.732 R,) x 0.866 (. Re=1.T32Ry)
=05K, + 15 R, =2R,

R,‘=%'1=HH. Ans.

Substituting this value in equation (£}, we get
Re=1732x60= 10392 N. Ans.
Problem 4,12, A circular roller of radius 5 em and of weight 100 N rests ona smooth horizortal surface

and is held in position by an inclined bar AB of length 10 em as shown in Fig. 4.15. A horizontal force of 200 N
is acting at B. Find the tension (or Force) in the bar AB and the vertical reaction at C.
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(a) (&)
Fig. 4.15
Sal. Given :
Weight, W=100N
Radius i.c., BC=5¢cm
Length of bar, AB = 10cm
Horizontal force at B=200N
. . BC 5

In AABC, smﬂ:IE:ﬁ:I].S

0 =sin™ 0.5 =30°
Let F =Tension in the string AB.

Consider the equilibrium of the roller. For this draw the free body diagram of the roller as shown in
Fig. 4.15 (b).

The reaction R at point C will pass through point B,

The tension (or force F) will be acting along the length of the string.

As the roller is in eguilibrium in Fig. 4.15 (), the resultant force in x-direction and y-direction should
he zero.

For EF, =0, we have Fecos 8 =200=10
200 200
“cos@  cos30° -+ 8=307
=230.94 N. Ans.
For LF, =0, we have Re—W=-Fsinf=0
or Re=W+ Fsin 8 =100+ 23094 x sin 30
=21547N. Ans.

Problem 4.13. Two identical rollers P and Q, each of weight W, are supported by an inclined plane
and a vertical wall as shown in Fig. 4.16 (a). Assume all the surfaces to be smooth. Draw the free body diagrams

F

af ©
(0) roller (2, (i) roller P and (iif) rollers P and ( taken together.
Sol. Given :
Weight of each roller =W
Radius of each roller =R

Identical rollers means the radius of each roller is same.
Hence the line EF in Fig. 4.16 (a) will be parallel lo surface AB.
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Fig. 4.16 (a)

77

Each surface is smoath, hence reaction at the point of contact will be normal to the surface.

Let R, = Reaction al point A
Ry = Reaclion at point B
R = Reaction at point C

The two rollers are also in contact at point D.
Hence there will be a reaction Rp at the point D.

(/) Freesbody diagram of roller Q. To draw the
free-body diagram of roller {2, isolate the roller {2 com-
pletely and find the forces acting on the roller 2. The roller
(? has points of contact at B, C and D. The forces acting
on the roller 2 will be :

{i) Weight of roller W,

(if) Reaction Rg at point B.

This will be normal to the surface BA at point B,

(#if) Reaction Ry at point C, This will be normal 1o
the vertical surface at point C.

(iv) Reaction Rp, at point D. This will be normal to
the tangent at point D,

The reactions Ry, R and Ry will pass through the
centre £ of the roller (2. These three reactions are un-
known.

(if) Free-body diagram of roller P. Free-body
diagram of roller P is shown in Fig. 4.16 (¢). The roller P
has points of contact at A and I}, The forces acting on the
roller P are :

() Weight W

(i) Reaction Ra at point A

(i1f) Reaction Rp at point D).

The reactions R, and Ry, will pass through point F,
i.e., centre of roller P. These two reactions are unknown.
If Wis given, then these reactions can be calculated.

Rp

Fig. 4.16 (b)

W

30°

Fig. 4. 16 (c)
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(iff) Free-body diagram of rollers P and Q taken together. When the rollers P and Q are taken
together, then points of contacts arc A, B and C. The free-body diagram of this case is shown in Fig. 4.16 (d).
The forces acting are :

w

Fig. 4.16 (d)
(i) Weight Won each roller (if) Reaction R at point A
(iff) Reaction Rg at point B (iv) Reaction Re at point C.,

In this case there will be no reaction at point D,

Prablem 4.14. Two identical rollers, each of weight W = 100 N, are supported by an inclined plane
anid a vertical wall as shown in Fig. 4.17 (a). Find the reactions at the points of supports A, B and C. Assume
cfl the surfaces to be smoenth.
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Sol. Given :
Weight of cach roller = 1000 N
Radius of each roller is same. Henee line EF will be paralle] to AB.
Equilibrium of Roller P
First draw the free-body diagram of roller Pas shown in Fig. 4.17 (). The roller P has points of contact
at A and D, Henee the forces acting on the roller P are :
() Weight 1000 N acting vertically downward.
(i) Reaction R4 at point A. This is normal o OA.
(1) Reaction Rp at peint . This is parallel to line OA,
The resultant force in x and y directions on roller P should be zero.
For ZF, =10, we have

Rpsin60° ~ Ry sin30° =0 or Rpsin60® = R, sia 30°

Ro=Ry " gg =0577 R, i)
For  EF, =1, we have
Rpcos 60° + Ry cos 30° - 1K =0
{(L577 Ry) cos 60° + R, cos 30° = 1000 (v Rp=0577R,)
or 0.577 x 0.5 R + R, x 0.866 = 1000
1000

LIS4S R, = 1000 or R, = =866.17 N. Ans.

1.1545
Substituting this value in equation (), we gel
Ry =0.577 x 866.17 = 499.78
Equilibrium of Roller
The free-body diagram of roller @ is shown in Fig. 4.17 (#). The roller  has points of contact at B, C
and D,
The forces acting on the roller 2 are :
(1} Weight W= 1000 N ;
(#) Reaction Rg at point B and normal to B(J ;
{4ir) Reaction Re al point € and normal 1o OO ; and
(iv) Reaction Rp at point [ and parallel to BO.
For £F, =0, we have
Ry sin 30° + Rp sin 60° - R-=0
or Rp=05+44978 x (0L.BoH - R-=0
or Re-=05Ry+ 4328 i)
For IF, = (), we have
Ry » cos 30° — 1000 - Ry x cos 60° =0

or Ry % 0.866 — 1000 — 499.78 x 0.5 = 0 (" Rp=499.78)

or D.866 Ry—124989=0 or Ry= Iiﬁg

= 14433 N. Ans.

Substituting this value in equation (i), we get
Re=035x14433 +4328=115445N. Ans.

Problem 4.15. Two spheres, cach of weight 1000 N and of radius 25 cm rest in a horizonial channel -
of width 9 cm as shown in Fig. 4.18. Find the reactions on the points of contact A, B and C.
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Sol. Given :

Weight of cach sphere, W=1000N

Radius of each sphere, R =25em

L AF=BF=FD=DE=CE=25¢cm
Width of horizontal channel = 90 ¢cm

Join the centre £ to centre F as shown in Fig. 4.18 (b).

MNow EF=25 4+ 25 =50em, Fiir =40 em
In AEFG,EG = VEF? = FG* = V507 - 40 = V3500 = 1600 = 30
IDO0 N 1000 N

{a1) (&)

Fig. 4.18
H-E-EH-E and  si “_fg_d_ﬂ_i
R T MU= EF 0" 5"

Equilibrium of Sphere No. 2
The sphere 2 has points of contact at C and D).

Let Ry = Reaction at C 1000w
and Ry = Reaction at D
The free-body diagram of sphere No. 2 is shown in Fig.
418 (o).
The reaction Ry at point D, will pass through the centre R
E of the sphere No. 2, as any line normal to any point on the D ¢
circumference of the circle will pass through the centre of
circle. For the equilibrium of the sphere No. 2, the resultant Rop
force in x and y directions should be zero.
For XF, =10, we have Rpsinf = R )
For XF, =0, we have Ry cos i = 1000 Fig. 4.18 (c)
or Rp= 1099, 100 [ uﬁﬂ-%]

=)
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-muu:i-éf_;"'!’-m i)
Substituting the value of Rp in equation (i),
. S000 4 . 4
xsin =R or 3 E_R ( mnﬂ-g]
ar 133333 =R

R-=133333N. Ans.
F..qulllhrium of sphere No, 1, The sphere | has points of contact at A, B and D,

Let K4 = Reaction at point A
= Reaction at point B
The free-body diagram of sphere No. 1 is shown in I000N Rp
Fig. 4.18 (d). The reactions Ry, Ry and Ry, wili pass through the
centre F of the sphere No. 1.
For EF, = (1, we have
Ry—RpsinB=0
o Ry = Rp sin 8
5000 4
=73 5
R, _ET and sin 6 = %J
= 133333 N, Ans. Rp
For EFJ, = (), we have i d ;
Ry — 1000 - Ry cos B =0 g 418 1d)
- RH = [0 + Rﬂ cos o .
=|[II}+5[;D:% ( EIISH-%]
=1000 N. Ans.

Problem 4.16. Two smooth circular cylinders, each of weight W = 1000 N and radius 15 em, are
connected at their centres by a string AB of length = 40 cm and rest upon a horizomal plane, supporting above

them a third eylinder of weight = 2000 N and radius 15 cm as shown in Fig, 4.19. Find the force S in the string
AR and the pressure produced on the floor at the points of contact D and E.

2000N 2000N
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Sol. Given :

Weight of cylinders | and 2 = 1000 N
Weight of evlinder 3 =2000N
Radius of each cylinder =15¢cm
Length of string AB =40 cm

From Fig. 4.19 (b), AC=AF+FCU=154+15=30cm

Mf=1mﬂ=lzx4ﬂ=2u:m.

X AH 20
From AACH, q1"H-IE-riﬁ=ﬂﬁﬁ?
8 = sin™! 0.667 = 41.836".

I:‘,qullj briam of cylinder 3. The cyltndm 3 has points of
contact at F and (7. The rcactions Ry and R will pass through
the centre of sphere 3. The free-body diagram is shown in
Fig. 4.19 {c). Resolving forces horizontally,

Rpsinf=R;sinf =0

0 Ry = Ry; Y

Resolving forces vertically,

Ry cos B + Re; cos 8 = 2000

ur R cos 0 + Ry cos 0 = 2000 (" Re=Rg)

_ 20001000 .
o R"Hiucmﬁ_cusdl.mﬁ“ 14219N
i)

Equilibrium of cylinder 1

The cylinder 1 has points of contact at [ and F. Also the
cylinder 1 is connected to cylinder 2 by a siring AB. To draw the
frec-body diagram of cylinder 1, there will be reactions Ry and
Ry at ponts F and D as shown in Fig. 4.19 (d). Also there will
be a force § in the direction of the string AB.

ForZF, =0, we have

S=RpsinB =0
S=Rpsin@
= 1342.179 x sin 41 836°
[*-  From equation (i), Rg = 1342.179]
= 8952 N. Ans.
For £F, =), we have
Rpy = 1000 -~ Rpcos B =1)
or Ry = 1000 + Rgcos 8
= 10010 + 1342179 x cos 41.836
= 199900 = 2000 N. Ans,

ENGINEERING MECHANICS

2000N

Fig. 4.19(c)

Frg. .14 ()
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The equilibrium of eylinders 1,2 and 3 taken

together 2000N
The three cylinders taken together have points

of contact at I? and E, The free-body diagram is shown
in Fig. 4.19 {e). In this case only vertical forces exist.
Hence resultant force in y-direction should be zero.

Rp + Rg = 1000 - 2000 - 10000 =0

or R = 1000 + 2000 + 1000 - Ry,

or R = 4000 = Ry
= 4000 — 2000 (" Rp=2000)
= 2000 N. Ans.

Fig. 4.1V {¢)

Problem 4.17. A roller of radius 40 cm, weighing 3000 N is to be pulled over a rectangular block of
heiphe 200 cm as shown in Fig, 4.20, by a horizontal force applied ar the end of a string woune round the
circumference of the roller. Find the magnitude of the horizontal force which will just turn the roller over the
corner of the reciangular block. Also determine the magnitude and direction of reactions at A und B. All
surfaces may be taken as smooth.

Sal. Given :

Radius of roller = 40 em

Weight, W= 3000 N

Height of block = 20 cm

Find horizontal force P, reaction By and reac-
tinn Ry when the roller just turns over the block.

When the roller is about to furn over the comer
of the rectangular block, the roller lifis at the point A
and then there will be no contact between the roller and
the point A. Hence reaction Ry at point A will hecome
Zero. Fig. 4.20

Now the roller will be in equilibrium under the action of the following three forces
(i) its weight W acting vertically downward
(if) horizontal force P
(i} reaction Rg al point B. The direction of Ry is unknown.
For the equilibrium, these three forces should pass through a common point. As the foree P and weight
Wis passing through point C, hence the reaction Ry must also pass through the point C. Therefore, the line BC
gives the direction of the reaction Rp.
In ABCD, 80 = Radius = 40 cm,
OD = 0A =AD =40 = 20 = 20 cm
BD =VBO* - OD* = V40P - 207 = VI200 = 34.64

BD 3464 _ _34.64
CD  CO+0D (40 + 20)

B = tan™! 0.5773 = 29.999° - 30°

Now in ABCD, tanf= =0.5773
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11.

12.

Two identical rollers, each of weight 50 N, are sup-
ported by an inclined plane and a vertical wall as
shown in Fig. 4.33. Find the reactions at the poinis
of supports A, B and C. Assume all the surfaces 1o be
smooth.

[Ans, Ry = 433N, Rg=T2N, Rp = 57.5 N}

Two spheres, each of weight 50 N and of radius
10 cm rest in a horizontal channed of width 36 cm as
shown in Fig. 4.34. Find the reactions on the points
of contact A, B and C.

[Ans. Ry = R = 66.67 N, Rg = 10 N]

50N

Fig 4.34

91
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Support Reactions

5.LINTRODUCTION

When a number of forces are acting on a body, and the body is supported on another body, then the
second body exerts a force known as reactions on the first body at the points of contact so that the first body
15 in equilibrium. The second body is known as support and the force, excrted by the second body on the first
hady, is known as support reactions,

5.2. TYPES OF SUPPORTS

Though there are many types of supports, yet the following arc important from the subject point of
View {

() Simple suppors or knife edge supports

(I} Roller support BEAM

{¢) Pin-point {or hinged) support [ —

() Smooth surface support @ a N FANE:

{¢) Fixed or built-in support.

5.2.1. Simple support or knife edge support. . |
A beam supported on the knife edges A and B is shown (k) T 1
in Fig. 5.1 (@). The reactions at A and B in case of knife Ra Ra
edge support will be normal to the surface of the beam.
The reactions Ky and Ry with free-body diagram of the
heam is shown in Fig. 5.1. (b).

5.2.2. Roller Support. A becam supported on the rollers at poinis A and B is shown in Fig. 5.2 (a). The
reactions in case of roller supports will be normal to the surface on which rollar are placed as shown in

Fig. 5.2 (h).
(a) ]
YN AL

(b [ 1

Tn

A B

Fig. 5.1

Fig. 5.2
5.2.3. Pin joint (or hinged) support. A beam, which is
hinged {or pin-joint) at point A, is shown in Fig. 5.3. The reaction at ﬁ
A

the hinged end may be either vertical or inclined depending upon
the type of loading. If the load is vertical, then the reaction will also
be vertical. But if the load is inclined, then the reaction at the hinged
end will alzso be inclined. Fig. 5.3

92



SUPPORT REACTIONS 93

5.2.4. Smooth Surface Support. Fig. 5.4 shows a body in contact with a smooth surface. The reaction
will always act normal to the support as shown in Fig. 5.4 {a) and 5.4 (b).

BODY

Re
Em Ra SURFACE
(a) (b)
Fig. 5.4

Fig. 5.5 shows a rod AB resting inside a sphere,
whose surface are smooth. Here the rod becomes body
and sphere becomes surface. The reactions on the ends
of the rod (e, o point A and 8) will be normal 1o the
sphere surface at A and B. The normal at any point on
the surface of the sphere will always pass through the
centre of the sphere. Hence reactions Ry, and Kg will
have Jirections A6 and Br) respectively as shown in
Fig. 5.5.

5.2.5. Fixed or built-in Support. Fig. 5.6
shows the end A of a beam, which is fixed. Hence the
support al A is known as a fixed support. In case of fixed support, the reaction will be inclined. Also the fixed

support will provide a couple,
r'a ]

"]

Fig. 5.5

Fig. 5.6
5.3. TYPES OF LOADING
The following are the important types of loading :
(@) Concentrated or point load,
(&) Uniformly distributed toad, and
{c) Uniformly varying load.
5.).1. Concentrated or point load. Fig. 5.7 shows a At
R

pol— =

beam AB, which is simply supported at the ends A and B. A load
Wis acting at the point . This load is known as point load (or
concentrated load). Hence any load acting at a point on a beam,
is known as point load.

Ly
o
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The given beam is drawn to a suitable scale along with the loads and the reactions K, and Kg. This step
15 known as construction of space diagram.

The different loads and forces (i.e.. reactions Ry and Kg) are named by two capital letiers, placed on
their cither side of the space diagram as shown in Fig. 5.11. This step is known as Bow's notation. The load
W, is numed by PO, W, by R, reaction Rg by SR and reaction Ry by SP.

Now the vector diagram s drawn according to the following steps :

{(r) Choosce a suitable scale to represent the various loads. Now take any point p and draw pug paralicl
+ndd equal o the load PO (e, W) vedically downward to the same scale.

(i) Now through g, draw gr paraliel and equal 1o QR vertically downward to the same scale.

(#ii} Seleet any svitable point €. Now join the point € to points p, ¢ are r as shown in Fig. 5.11 (b).

(iv) Now in Fig. 5.11 (&). extend the lines of action of the loads and the two reactions. Take any point
.o the line of action of the reaction Ry. Through 1, draw the line 1-2 parallel o p(), intersecting the line of
witon of load W, a1 2.

{¥) Now from point 2, draw line 2-3 parallel to g€). intersecting the line of action of load W; a 3.
~imilarly, from poimt 3, draw the line 3-4 parallel o r0), intersecting the line of action of reaction Ry a
prrint 4.

W, W,

{a) Space diagram {&) Vector diagram
Fig. 5.11
(i) Now join the point | to point 4. The line 1-4 is known as closing line. Now from point € (i.e.. from
vector diagram) draw line Qs parallel w line 1-4. :

{wif) Now in the vector diagram the length sp represents the magnitude of reaction Ry 1o the same scale.
Similarly. the length rs represents the magnitude of reaction Ry to the same scale,

5.5, PROBLEMS ON SIMPLE SUPPORTED BEAMS
Problem 5.1. A simply supported beam AB of span 6 m carries point loads of 3 kN and & kN at a
distance of 2 m and 4 m from the left end A as shown in Fig. 5,12, Find the reactions at A and B analytically

and graphically.
Sol. Given :
Span of beam = 6 m
Let R, = Reaction at A

Ry = Reaction at B
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(a) Analytical Method. As the beam is

in cquilibrium, the moments of all the forces 3kN 6kN
about any point should be zero. l
Now taking the moment of all forces A L 18
about A, and equating the resultant moment to
ZCT0, wWe get m _.1“1
Rgxh-3x2-6x4=0 &m
i ﬁHﬂ=ﬁ+24=3ﬂ H._ HB
. R,,=1'1-5m Ans.
Fig. 5,12
Also for equilibrium, F, =0

R_.q_ + Rﬂ =31+6=9
RysU=-Rg=9-5=4kN. Ans

{-':‘,i Graphical Method., First of all draw the space diagram of the beam to a suitable scale. Let | em
bength in space diagram represents | m length of beam. Hence take AH = 6 em, distance of load 3 kN from A
= 2 cm and distance of 6 kN from A =4 cm as shown in Fig. 5.13 (a).

Now namc all the loads and reactions according to Bow's notation Le. load 3 kN is named by PO, load
6 kN by R, reaction Ry by SR and reaction R, by SP.

Now the vector dingram is drawn according to the following steps : [Refer to Fig. 5.13 (b)].

1. Chowse o suitable seale 1o represent vartous loads. Let 1 em represents | kN load. Hence load PO
(e, 3 kKN) will be equal to 3 cm and load OR (e, 6 KN) b em.

2. Now rike any point p and draw line pg parallel to load PQ (ie., 3 kN). Take pg = 3 cm 1o represem
the load of 3 kN.

3. Through g, draw line gr parallel w load QR (ie., 6 kN). Cut gr equal to 6 cm to represent the load
ul 6 kN,

3kN 6kN

o

@;
kznm ——;-t!m -

6cm

CLOSING LINE.

e S

3

() Space diagram (b} Vector diagram
Fig 5.13

4. Now take any point €, Join the point € to ihe poinis p, ¢ and r as shown in Fig. 5.13 (b).
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5. Now in Fig. 5.13 {a). extend the lines of action of the loads (3 kN and 6 kNJ. and the two rcactions.

Tukeany point 1, on the line of action of the reaction R,. Through 1, draw the line 1-2 parallel 1o p€2, intersecting
the line of action of load 3 kN at point 2.

6. From point 2, draw line 2-3 parallel to g0, intersecting the line of action of load 6 kN at 3. Similarly,
from point 3, draw a line 3-4 parallel to rf), intersccting the line of action of reaction Ry at point 4.

7. Join | to 4. The line 1-4 is known as closing line. From the vector diagram, from point €7, draw line
(s paralle! o line 1-4,

R. Mecasure the length sp and rs. The length sp represents the reaction By and length s represents the
reaction K.

By measurement, sp=4cm and rs=5cm
. Ry=Lengthspx scale =4 x 1 kN =4 kN. Ans,
fp=Llengthrsxscale=5x | kN =5kN. Ans.

Problem 5.2. A simply supported beam AB of length 9 m, carries a uniformly distribuied load of
10 kN{m for a distance of 6 m from the left end. Calculate the reactions at A and B.
Sol. Given :

Length of beam =0m
Rate of U.D.L. = 10 kN/m
Length of U.D.L. =6m

Total load due to U.D.L. = (Length of U.D.L.) x Rate of U.D.L.
=hx D=0l kN

10 kN/m

—

AWC P
tfsm —g;’ —I

Fig. 5.14

This load of 60 kN will be acting at the middle point of AC i.e., at a distance -:-rl’g =3 milromA.

Let R, =ReactionatA and Rg= Reactionat B
Taking the moments of all forces about point A, and equating the resultant moment to zero, we gel
Rgx9—(6x 10)x3=0 or 9Ry-180=0

Ry="g =20kN. Ans.
Also tor equilibrium, ZF, =0

ar Ry +Rg=6x10=060
y Ry=00-Rg=61-20=40kN. Ans.
Fruh]em 5.3. A simply supported beam of length 10 m, carries the uniformly distributed load and wwo
point loads as shown in Fig. 5.15. Calculate the reactions Ry and Rp.
Sol. Given :
Length of heam = 10m
Length of ULD.L. =4m

Rate of U.D.L. = 10 kN/m
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SOkN 40 kN
C D
1B
m --+4—_—4m B i, o e 1y 44
R Ra

Fig. 5.15
Total load duc o ULDL. =4 x 10 =40 kN

This lad of 40 kN due to U.D.L. will be acting at the middle point of CD, ie., at a distunce of 2

C {oral a distance of 2 + 2 = 4 m from point A).
Let

2 m trom

R = Reaction at A
Ry = Reaction at B
Taking the moments of all forces about point A and equating the resultant moment to zero, we get

Ry % Iﬂ—SﬂxE—HHH[2+4]—{IHK4}(2+§]=H

and

or 1Ry = 100-240-160 =0

ar 10Rg = 100 + 240 + 160 = 500
RH-E:-E-*S[I kN. Ans.

Also for equilibrium of the beam, IF, =10
s Ry + R,nTntaI load onthe beam =50+ 10 x 4 + 40 = 130
Ry=130-Rg=130-50=80 kN. Ans.

I"rﬂhlem 5.4. A simply supported beam of span 9 m carries a uniformly varying load from zero at end
A ter 000 Nl at end B, Calerdate the reactions at the two ends of the support.

Sol, Given :
Span of beam =9 m
Load at end A=10
Load at end B =900 N/m
Total load on the beam = Arca of ABC = AB ;BC - ? x;ﬂﬂ
= 4050 N
C
T
900 N,r"m

A rEl'L
T‘ 9m

Fig. 5.16
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of SRH—[ExHﬂﬂ]xZ.S-(%xSxﬁIﬂ)x(%xﬁ):
or SRy — 1000 - 6666.66 =0

or SRy = 10iM) + 6666.66 = 16666.66
or Ry =2 2 333333N. Ans.

Also for the equilibrium of the beam, £F, =0
Ry + Ry ="Total ]md on the beam

= &INN) (" Total load on beam = 6000 N)
Ry = 6000 = Rp = 6000 - 333333 = 2666.6T N. Ans.

5.6. PROBLEMS ON OVERHANGING BEAMS

If the end portion of a beam is extended beyond the support, then the beam is known as over hanging
beam. Owver hanging portion may be at one end of the beam or at both ends of the beam as shown in Fig. 5.18.

OVER OVER
HANGING HANGING
PORTION SiIMPLY SUPPORTED PORTION PORTION

o - -|
f ﬁ a | |
Fig. 5.18

Problem 5.6, A beam AB of span 8 m, overhanging on .":mﬁ sides, is loaded as shown in Fig. 5.719.
Calenlate the reactions at both ends,

S0l. Given :
Span of beam =8 m
et By = Reaclion al A

and Ry = Reaction m B,
800N 2000N 000N
B
i |
m— ]

Bm
Ra

Fig. 5.19

Taking the moments of all forces about point A and equating the resultant moment to zero, we get
Rgx8+800x3-2000%5—1000%(8+2)=0

or SRg + 2400 - 10000 - 10000 =D
or ERy = 200N} = 2404 = 17600
Ry=-19% _ 3300 N, Ans.

8
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Also for the equilibrium of the beam, we have
Ry + Rp = 800 + 2000 + 1000 = 3800
' R, = 3800 - R = 3800 - 2200 = 1600 N. Ans.
thI&m 5.7.A beam AB of span 4 m, overhanging on one side upto a length of 2 m, carrics a uniformfy

distributed load of 2 kN/m over the entire length of 6 m and a point load of 2 kN/m as shown in Fig. 5.20.
Calculate the reactions at A and B.

Sol. Given :

Span of beam =4 m
Total length =bm
Rate of U.D.L. =2 kN/m

Total load due to U.D.L. =2x6=12kN

Fig. 5.20
The load of 12 kN (ie., due to U.D.L.) will act at the middle point of AC, e, al a distance of 3 m
from A.

Let R, = Reaction at A
and Ry = Reaction at 8.
Taking the moments of all forces about point A and equating the resultant moment to zero, we get

Rpxd-(2x6)x3-2x(44+2)=0

or 4Ry~ 36-12=0
r dﬂﬂujﬁ-l- 12 =48
RF?::ukN Ans.
Also for equilibrium, IF,=0 or Ry+Rg=12+2=14

Ry=14—Ry=14-12=2kN. Ans.

5.7. PROBLEMS ON ROLLER AND HINGED SUPPORTED BEAMS

In case of roller supported beams, the reaction on the roller end is always normal to the support. All
the steel trusses of the bridges is gencrally having one of their ends supported on rollers. The main advantage
of such a support is that beam, due to change in temperature, can move easily towards left or right, on account
of expansion or contraction.

In case of a hinged supporied beam, the reaction on the hinged end may be either vertical or inclined,
depending upon the type of loading. The main advantage of a hinged ¢nd is that the beam remains stable.
Hence all the steel trusses of the bridges, have one of their end on rollers and the other end as hinged.

Problem 5.8. A beam AB 1.7 m long is loaded as shown in Fig. 5.21. Determine the reactions at A and B.

Sol. Given :

Length of beam = 1.7 m
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Let R, = Reaction at A
and Ry = Reaction at B.

SON 20N 30N ISN

70 em ..E... 40cm
1.7m

Rg

Fig. 5.21
Since the beam is supported on rollers at B, therefore the reaction Rg will be vertical.
The beam is hinged at A, and is carrying inclined load, therefore the reaction R4 will be inclined. This
mcans reaction Ry will have two components, Le.. vertical component and horizontal component.
Let Ryy = Horizontal component of reaction R,
Ry = Vertical component of reaction Ry,
First resolve all the inclined loads into their vertical and horizontal components,
(f) Vertical component of load at D
=20 5in 60° = 20 x 0.866 = 1732 N
and its horizonial component
=20cos 6" = 10N «—
(i) Vertical component of load at £
=30sin 45" = 2121 N
and its horizontal component
=3 cos 45" =21.2I N —
(i1f) Vertical component of load at B
=15sin 80° = 14.7TN
and its horizontal component
=15cos BF =26 N~
From condition of equilibrium, £F, =0
or Raxy=10421.21=-2.6=0
or Ray=10-2121426=-861N

— ve sign shows that the assumed direction of By (L e., horizontal component of R,) is wrong. Correct

direction will be opposile to the assumed direction. Assumed direction of By is towards right. Hence correct
direction of Ry will be towards left at A.

J. Riy=861 N+~
To find Ry, take moments®* of all forces about A,
For equilibrium, EM, =0
50 3 20 + (20 sin 60} x (20 + 40) + (30 x sin 45%)
% (20 + 40 + 70) + (15 5in B0*) x (170) - 1TO Ry =0

*The moment of all horizontal components aboul point A, will be zero.



SUPPORT REACTIONS 113

or 1000 + 10392 + 27577+ 2511 - 1T0Rg =0
or TINT9-1T0Rg =0
7307.
Ry= lTﬂ =4298 N. Ans.
To find Ry, apply condition of equilibrium, £ZF, =0
or Ry + Rg = 50 + 20 sin 60° + 30 sin 45° + 15 sin 50°

or Ray+ 4298 =50+ 1732+ 2121 + 14.77=103.3
Ryy=1033-4298=6032N }

ReactionatA, Ry=VRj+ R

Ray =B.6IN
=V8.61% + 60.32° A
=6092 N R
The angle made by R, with x-direction is given by o
Rar 6032 R..=60.32
tan 8 = Rae =361 = 7.006 AY
8 = tan"! 7.006 = 81.87°. Ans. Fig. 5.21 ()

thlem 5.9. A beam AB 6 m long is loaded as shown in Fig. 5.22. Determine the reactions at A and
i by (a) analytical method, and (b) graphical method.

Sol. Given :
Length of beam =6m
Let R, = Reaction at A

Ry = Reaction at B.
The reaction Ry will be vertical as the heam is supported on rollers at end B.

SkN 4kN

Re
Fig. 5.22
The reaction R, will be inclined, as the beam is hinged at A and carries inclined load.
Let Rxx = Horizontal component of reaction R,

Ryy = Vertical component of reaction R,
() Analytical Method. First resolve the inclined load of 4 kN into horizontal and vertical components.
Horizontal component of 4 kN at D
=4 cos 45° = 2.828 kN —
and its vertical component
=4 xin 45" = 2828 kN |
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For equilibrium, ZF, =0
y —Ruyx+2828=10
or Ray=2828N
To find Ry, take the moments*® of all forms about point A.
For equilibrium, EM, =0

Ryx 6-5%2—(2x LS}[2+§]—(45in45']{2+2}=ﬂ

or 6Ry—10-9—-11312=0
or 6Ry=10+9+11.312=30312
R,=3“*§'2=sins: kN. Ans.

To find Ryy, apply the condition of equilibrium, ZF, =0
K Riyv+Rg=5-=(15x2)- 4r.|n45°'=['-‘
or Ryy+5.052-5-3-2828=0

Ray==5052+5+3+2828=5T776 kN
- Reaction ai A s given by

Ry=VRZ+RE
=V2.8282 4+ 5.776° Rax™2-B28kN

8
= VT T+ 3362
=VAT350 = 643 kN. Ans.
Let 8 = Angle made by R, with x-direction.

Ray  5.775 Ryy=35.7T6kN

lﬂ.nﬂ-—m—m =2.0424

6 = tan™" 20424 = 63.9°. Ans.

(b) Graphical Method, First of all convert the uniformly distributed load (U.D.L.) into its equivalent
point load acting at the C.G. of the portion on which U.I. L. is acting. Hence total load due to U.D.L. will be
1.5 x 2 =3 kN acting at a distance of 3 m from point A :

(f) Now draw the space diagram of the beam according to some suitable scale, as shown in
Fig. 5.23 {a).

{if) Name all the loads and reactions according to Bow's notation. Now draw the vector dmg,mm as
shown in Fig. 5.23 (b). Choose any suitable scale for vector diagram.

{4if) Take any point p for drawing vector diagram. From p, draw line pg parallel and equal to load 5 kN
(e, load PQ). From g, draw gr parallel and equal to 3 kN. From r, draw rs parallel and equal to 4 kN load.

(iv) Now take any point @, and join Op, Og, Or and Os.

(v) Now in space diagram [ie., Fig. 5.23 (a)], extend the lines of actions of loads PQ, QR, RS and
reaction Rg.

{vi) Take any point 1, vertically below the point A as shown in Fig. 5.23 (a). From point 1, draw linc
1-2 parallel to line p€, intersecting the line of action of 5 kN at point 2.

(vif) Similarly, draw lines 2-3, 3-4 and 4-5 parallel to g0, rQ and sO respectively. Join point 1 to 5. Line
1-5 is the closing line in space diagram.

Fig. 5.22 (a)

*The moment of horizontal component aboul A, will be zero..
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P
q a
1
r
2
() Space diagram {b) Vector diagram

Fig. 5.23
(viti) From € in vector diagram, draw a line parallel to closing line 1-3. Now through 5, draw a line st
vertical (as the reaction Ry is vertical), imersecting the line through O at r. Join rto p.

{ix} The length sf represents the reaction Rg in magnitude and direction whereas the length 1p gives the
magnitude and direction of reaction R,. At point A, draw a line parallel to fp as shown in Fig. 5.23 (a). By
measurement, we get

Ry =length ip = 643 kN
Ry = length ¢ = 5.052 kN
and 8 =26.1°.
Problem 5.10. A beam AB 10 m long is hinged at A and supported on rollers over a smooth surface
inclined at 30° to the horizontal at B. The beam is loaded as shown in Fig. 5.24. Determine reactions at A
and B.

Sol. Given :

Lengthofbeam = 10m

Let R, = Reaction at A
and Rg = Reaction at B

4kN S5kN

N
Ran %I‘aam rnl uml 3m Im. ” AT

Fig. 5.24
The reaction Rg will be normal 1o the support as the beam at B is supported on the rollers. But the

support at & is making an angle 30° with the horizontal or 60° with the vertical as shown in Fig. 5.24. Hence
the reaction Ry is making an angle of 30° with the vertical.
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The vertical component of Ry
= Ry cos 307 B Rgsin30"
and horizontal component of Rg
= Rg sin 30°
These components are shown in Fig. 5.24 (a).
Resolving the load of 5 kN acting at D into horizontal and $30° Rg
vertical components, we get Rpes
Fig. 5.24 (a}

Vertical component of 5 kN
=55in 45" = 5 x« 0,707 = 3.535 kN

Horizontal component of 5 kN

=5c0545" = 5x 0,707 = 3535 kN
The rcaction at A will be inclined, as the end A is hinged and beam carries inclined load.
Let Ry = Horizontal component of reaction R

R,y = Vertical component of reaction R,
For equilibrium of the beam, the moments of all forces about any point should be zero.

Taking the moments® about point A,
(Rpeos30*) % 10 -4 x 2.5 -(Ssin45")x5-5x8=0.
R66 Ry—10-17675-40=0

R3=m+l;::;5+m=?jlkﬂ ;

or
For equilibrium, EF =10
Ry + 5cos45° — Ry sin 30° =0
Ry +3535-781x05=0
o Rup=T81 x05-3535=03TkN
For equilibrium, IF, =0
Rip+ Rgoos 30° -4 -55in45°-5=10 .
Riv+ 781 x0866-4-3535-5=0 P
Ry + 6763 -12.535=0
Ryy=12.535-6.763 =5.7T kN

Ry=VR3 +R3 =V0372+ 5772 Ray
=578 kN. Ans.
The angle made by R, with x-dircction is given by

_Rav 577
1ﬂ-ﬂﬂ—"ﬁ;—n.3?—15-59

A =tan™ 15.59 = 8633°. Ans.
Problem 5.11. Determine the reaciions ai the hinged support A and the roller support B as shown in

Fig. 5.25 (a).

Sol. Given :
The support at A is hinged whereas the support at B is placed on the roller. Hence the reaction at the

roller support will be perpendicular to the inclined surface.

ar

uar

O
o

0r

Reaction at A,
Fig. 5.24 (b)

“The moments of horizontal components aof 5 kN at I3 and of reaction Ry will be zero aboul the paint A.
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S00N 500N

Ra

Fig. 5.15 {a)

The reaction at the hinged support A (iLe., reaction Ry) will be inclined at some angle to the incline.!
surface AB.

Let Ryy = Component of rcaction R4 normal to inclined surface AB

Ry = Component of reaction R, along the inclined surface AB,

The given vertical force of 500 N at C is resolved parallel and perpendicular to the inclined surface
AB. The value of its component parallel to the inclined surface is equal to 500 sin 30° or 250 N and its value
perpendicular to the inclined surface is equal to 500 cos 30° or 250 x 3 N. The directions of these components
are shown in Fig. 5.25 (b).

Similarly, the vertical foree of 500 N at I is resolved as shown in Fig. 5.25 (b).

$ $
b g,
I

Fig. 5.25 (b)
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Now sum of the components parallel to the inclined surface AB = 500 sin 30° + 500 sin 30° = 250
+ 250 = 500 N acting from left to right.

Hence the value of the reaction component K, would be equal to 500 N and should act from right to
left as shown.

To find Rp, take the moments of all forces about point A shown in Fig. 5.25 (a).
Hence applying ZM, =0, we gel

SMxAC+ 500 xAD =Ry x AB
But AC=5em, AD =10¢cm
- _AD
From AABD, cos M)° = AB

AD 1M0x2 20

Hence Aﬂ-msaﬂ"- ] =ﬁ
Hence above equation becomes,

suu:msm:m-n,x% or 2.5EH}+5[H]]=RBH%

Ry = B0+ xVT _ G495 N, Ans

Now from Fig. 5.25 (&), equating all the forces perpendicular to the inclined surface AB, we get
HAF+RE=5“]'EEI:E3D'+5W{IEW

ar R,.,+541;.5=1{n]m3u‘=1mu:¢%

Rav= lﬂmxg-ﬁﬂj=llﬁjﬂ

But Ry =500N
R,=VRZL +R3 =V5007+2165% =545 N, Ans.

Problem 5.12. Find reactions at supports of an L-bent shown in Fig. 5.26,
Sol. Given :

Force at point D = 100 N at an angle of 30° with horizontal

Force at point C =70 N at an angle of 45° with vertical

100N
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Load on EF = 250 Nfm = 250 x Length EF in metre
=250x 0.6 = 150N

100N

Fig. 5.27 (a)

The loaa on EF will be acting at the middle point of EF ie., at a distance of 0.6/2 = 0.3 m from E or
at a distance of 0.6 + 0.3 = 0.9 m from A. The point B is placed on roller at an angle of 20° with the horizontal.
Hence reaction at B will be normal to the surface of the roller.

The perpendicular distance from A on the line of action of Rg = AOQ = AB cos 20° = 180 x cos 20° em
= 1.8 cos 20° m as shown in Fig. 5.27 (a). For equilibrium of the beam, the moments of all forces about any
point should be zero. Taking moments of all forces about point A, we get

[Honzontal component at D] x AD - [Horizontal component at )
xAC + Loadon EF x 90 - Rgx AO =1}
or (100 cos 30) x 80 - {70 x sin 45) x 40 + 150 x 90 - Ry = 180 cos 20 =0

{Note. The vertical components at D and C, pass through the point A. Hence moments of these vertical components
about A are zero)

or 6923 - 1979.6 + 13500 - 169.14 Rg =0
Ro=T69.14 = 10007

Let R, = Reaction at the point A

The reaction at A can be resolved in two components Le.,
Hg,ill'l-d R,q,_r.

For equilibrium, ZF =0
or Ry + 100 cos 30° =70 sin 45° = Rgsin 20 =0 . -
or Ry, = Ry sin 20° + 70 sin 45° - 100 cos 30° Ra sin 20°

= 1!]‘9.!]1:_[!342+Tﬂ:&ﬂ?- 100 = 0.8B66 Fig. 5.27 (k)

=373 +4949-866=0.19N
For equilibrium, ZF, =0
or Ry, + 100 sin 30° + 70 cos 45° + Ry cos 20° = 150
or R4y = 150— 100 sin 30° - 70 cos 45° — R cos 20°
=150-50-49.49-109.07 x 0.9396 =~ 51.98 N
(= ve sign means, Ry, will be acting vertically downward)
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Refer to Fig. 5.27 ()
Rﬁ = U R"i * Rﬁi
or Ry =V0.19? 4 (- 51.98)°
= v0.0361 + 2701.92
= 51.9803 kKN. Ans.
The angle made by R, with x-axis is given by Fig. 5.27 (c)
Rﬂp 51.98

B =tan™ 273.57 = 89.79° Ans.

5.8. PROBLEMS WHEN BEAMS ARE SUBJECTED TO COUPLES

In this section, the reactions of the beam will be calculated when beams are subjected to clockwise or
anti-clockwise couple along with the other loads. While taking the moments about any point, the magnitude
and sense of the couple is taken into consideration. But when the total load on the beam is calculated the
magnitude and sense of the couple is not considered.

Problem 5.13. A simply supported beam AB of 7 m span is subjected io : (i) 4 kN m clockwise couple
at 2 m from A, (i) 8 kN m anti-clockwise couple at 5 m from A and (iii) a triangular load with zero intensity
at 2 m from A increasing 1o 4 kN per m at a point 5 m from A. Determine reactions ar A and B.

Sol. Given :

Span of beam =T m

Couple a1 C (Lo, at 2 m from A) = 4 kN m (clockwisc)

Couple at D {i.e.,, at 5 m from A) = 8 kN m anti-clockwise)

Triangular load from C to D with :

Vertical Load at C =10

Vertical Load at D = 4 kN/m
CDxDE 3x4_

Total load on beam = Arca of tnangle CDE = > 5 6 kN
B
Fig. 5.28
This load will be acting at the C.G. of the ACDE ie., at a distance nf% x CD = % x3=2mfromC

or2+2+4mfromendA.
Let R,=ReactionatA.
Ry = Reaction at B.
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Taking the moments of all forces about point A and equating the resultant moment to zero (e, ZM,
= 0 and considering clockwise moment positive and anti-clockwise moment negative), we get
—Rgx T+ 4% -8** 4 (Total load on beam) x Distance of total load from A) =0

of -TRg+d4-B+6x4=0
—?Hﬁ-l-“' ~-B+24=0

or 20=TRy
of Hﬂ=%kﬂ. Ans,

Also for the equilibrium of the beam ZF, =0
or K, + Rg = Total load on the beam = 6 kN

o RA=E—RE=E-E=EIEH. Ans,

7 7
HIGHLIGHTS

1. The reaction at the knife edge support will be normal to the surface of the beam.

2.  The reaction in case of roller support will be normal to the surface of roller base.

3. The reaction at the hinged end (or pinned end) will be either vertical or inclined depending upon the type of loading.
If the load is vertical, then reaction will be vertical. But if the load is inclined, then the reaction will also be inclined.

4. For a smooth surface, the reaction is always normal to the support.

5. Aload, acting at a point on a beam, is known as point load or concentraled load.

6. Ifeach unitlength of the beam carries same intensity of load, then that type of load is known asuniformly distributed
load which is written as U.D.L.

7. The reactions of a beam can be determined by analytical method and graphical method.

8. The reactions by analytical method are obtained by using equations of equilibrium, ie., XF, =0, ZF, = 0 and IM
- ﬂ'_

9.  The reactions by graphical method are oblained by drawing a space diagram and a vector diagram.

10.  If a beam is loaded with inclined loads, then the inclined loads are resolved normal o the beam and along the

beam. Now the equations of equilibrium are used for finding reactions.

EXERCISE 5

A, Theoretical Questions

1. Explain the term ‘support reactions.” Whal are the different types of support 7
2. Whats the difference between a roller support and a hinged support 7

3. Whatare the imporiant types of loading ona beam ? Differentiate between uniformly distributed load and uniformly
varying load on a beam.

4. Name the different methods of finding the reactions at the two supports of a beam.

5.  Abeam AB of length L is simply supported at the ends A and B. [t carries two point loads W, and W5 at a distance
Ly and L3 from the end A respectively. How will you find the reactions R4 and R by analytical method.

6. Describe in details the different steps involved in finding the reactions of a bum by graphical method.

7.  Define and explain an overhanging beam.

8. What is the main advantage of roller support in case of the steel trusses of the bridges 7

*The couple at C is 4 kN m clockwise. Hence its sense is positive.
**The couple at [ is 8 kN m antf-clockwise. Hence its sense is negative. The couple is also moment.

i
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(B) Numerical Problems
A simply supported beam of length 8 m carries point loads of 4 kN and 6 kN at a distance of 2 m and 4 m from
the lefl end. Find the reactions at both ends analytically and graphically. [Ans. 6 kN, 4 kN]

A simply supporied beam of length 8 m carries a uniformly distributed load of 10 kN/m for a distance of 4 m,
starting from a point which is at a distznce of 1 m from the left end. Calculate the reactions at both ends.

[Ans. 25 kN, 15 kN]
A beam 6 m long is simply supported at the ends and carries a uniformly distributed load of 1.5 kN/m and three
concentrated loads T kM, 2 kN and 3 kN acting respectively at a distance of 1.5 m, 3 m and 4.5 m from the left

end, Calculate the reactions at both ends. [Ans. 7 kN, 8 kN]
A simply supported beam of span 10 m carries a uniformiy varying load from zero at the lefi end 10 1200 N/m al
the right end. Caleulate the reactions at both ends of the beam. [Ans. 2000 N and 4000 N]

A simply supported beam AH is subjected to a distributed load increasing from 1500 N/m to 4500 N/m from ¢nd
A o cnd B respectively. The span A8 = 6 m. Delermine the reactions at the supports.
[Ans. Ry = 7500 N, Rg = 10500 N)
An overhanging beam carries the loads as shown in Fig. 5.29. Calcolate the reactions at both ends.
[Ans. Ry = 1 kN, Ry =06 kN]

kN
2kN/m
A c
- ——— 2m —'—ﬁ— Im —=|
Fig. 5.20

An overhanging beam carries the loads as shown in Fig. 530, Calculale the reactions at both ends.
[Ans. By = 10kN, Rg = 11 kN]

BkN 4kN
1kN/m 1 lWE6kN/m
C D B
Sm "l f*—5m AIE-EHI (.
Fig. 5.30

8. A bcam is loaded as shown in Fig. 5.31. Determine the reactions at both ends.

[Ans. Ryy = 2.875 kN, Ry = 5.196 kKN =, Ry = 7.125 kN]

6kN 3kN
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9.  Abcam AB of span 6 m is hinged at A and supported on rollers at end B and carries load as shown in Fig, 5.32.

Determine the reaciions at A and B. [Ans. Ryy = 58T kN, Ryy = 3.222 kN «=, Rg = 7.3 kN]
6kN BkN
4kN
5 60"
o vm-sbe—t5m e 20 al..ﬁ
Fig. 5.32

10. A beam A8 of span 8 m is subjecied to the oniformly distributed load of 1 kN/m over the entire length and the
moment 32 kN/m at C as shown in Fig. 5.33. Determine the reactions at the both ends. [Ans. Ry =0, Rg = 8 kN|

TkN/m 32kN-m

=

Fig. 533

1.  Asimply supported beam Al is subjected 1o a distnbuted load increasing from 1500 N/m to 4500 N/m from cnd
A toend B. The span AB = 6 m. Determine the reactions at the supports.

A

D

3000 '
! 4500N/m

-LE — i ————— T — — e Sl S — - Ei

1S00N/ I 1500 1
A B
T im -—-bf 1 *
4m ——
= Em PI
Fig. 5.34
3000 x 6
[Hint. Arca of jectangle = 1500 x 6 = 9000 N, Arca of triangle = 5 = Q000 N. C.G. of rectangle from

A =3 m, C.G.of triangle from A =%uﬁ=4m.

EM, = 0,6 Ry = 9000 x 3 + 9000 x 4 = 63000 -
Ry = 10500 N. R, = (9000 + 9000) — 10500 = 7500 N|
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Suppose we add a set of two members and a joint again, we get a perfect frame as shown in Fig. 6.2 (b).
Hence for a perfect frame, the number of joints and number of members are given by,
n=2j-3
where n = Number of members, and
j = Number of joints.
6.2.2. Imperfect Frame. A frame in which number of members and number of joints are not given by
n=2=3
is known, an imperfect frame. This means that number of members in an imperfect frame will be either more
or less than (2) - 3).

() If the number of members in a frame are less than (2j — 3), then the frame is known as deficient
frame.

(i) If the number of members in a frame are more than (2j - 3), then the frame is known as redundant
frame.

6.3. ASSUMPTIONS MADE IN FINDING OUT THE FORCES IN A FRAME
The assumptions made in finding out the forces in a frame arc :
(i) The frame is a perfect frame
{#i) The frame carries load at the joints
(iit) All the members are pin-joined.
6.4. REACTIONS OF SUPPORTS OF A FRAME

The frames are generally supported
{£) on a roller support or

(¢f) on a hinged support.

If the frame is supported on a roller support, then the line of action of the reaction will be at right angles
to the roller base as shown in Figs. 6.3 and 6.4,

If the frame is supported on a hinged support, then the line of action of the reaction will depend upon
the load system on the frame.

Fig. 6.3
The reactions at the supports of a frame are determined by the conditions of equilibrium. The external
load on the frame and the reactions at the supports must form a system of equilibrium.
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ROLLER
L BASE Ry

Fig. 6.4
6.5, ANALYSIS OF A FRAME
Analysis of a frame consists of :
({) Determinations of the reactions at the supports and

(if) Determination of the forces in the members of the frame.

The reactions are determined by the condition that the applied load system and the induced reactions
at the supports form a system in equilibrium.

The forces in the members of the frame are determined by the condition that every joint should be in
equilibrium and so, the forces acting at every joint should form a system in equilibrium.,

A frame 15 analysed by the following methods :

{#) Method of joints,
(if) Method of sections and
(iif) Graphical method.

6.5.1. Method of Joints. In this method, after determining the reactions at the supports, the equilibrium
of every joint is considered. This means the sum of all the vertical forces as well as the horizontal forces acting
on a joint is equated to zero, The joint should be selected in such a way that at any time there are only two
members, in which the forces are unknown. The force in the member will be compressive if the member pushes
the joint to which it is connected whereas the force in the member will be tensile if the member pulls the joint
to which it is connected.

Problem 6.1. Find the forces in the members AB, AC and BC of the truss shown in Fig. 6.5.

Sol. First determine the reactions Ry and Re.
The line of action of load of 20 kN acting at A is vertical.
This load is at a distance of AB x cos 60° from the point
8. Now let us find the distance AB.

The triangle ABC is a right-angled triangle with
angle BAC = 90", Hence AB will be equal to BC x cos
60",

20N

AH:j:msﬁﬂ“:S:%:Mm

&0*
B
MNow the distance of line of action of 20 kN from t m
B is AB x cos 60° or 2.5 x% =1.25m.

Taking the moments about B, we get Fig. 5,51
Rex5=20x125=25
Re=2=5kN
5

and Ry = Total load = R-=20-5= 15kN

30*
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MNow let us consider the equilibrium of the various joints.
Joint B

Let F = Force in member AB

F> = Force in member BC

Let the force F) is acting towards the joint B and the force
F5 is acting away* from the joint B as shown in Fig. 6.6. (The
reaction Ry is acting vertically up. The force F; is horizontal. The
reaction Ry will be balanced by the vertical component of F.
The vertical component of F; must act downwards to balance
Ry. Hence Fy; must act towards the joint B so that ils vertical
component is downward. Now the horizontal component of F
is towards the joint B. Hence force F; must act away from the

joint to balance the horizontal component of F,). Fig. 6.6
Resolving the forces acting on the joint B, vertically
Fy sin60° = 15
15 15 X
1= S 60° = 0.866 = 17.32 kN (Compressive)
As F, is pushing the joint B, hence this force will be compressive. Mow resolving the forces horizontally,
we get
Fy=F, cos 60° = 17.32 x % = 8.66 kN (tensile)
As F; is pulling the joint B, hence this force will be tensile.
Joint C
Let F; = Force in the member AC

F. = Force in the member BC
The force F; has already been calculated in magnitude
and direction. We have seen that force F; is tensile and hence it
will pull the joint C. Hence it must act away from the joint C as
shown in Fig. 6.7.
Resolving forces vertically, we get

Fy5in 30° = S kN
5 .
o Fi= <in 30° ~ 10kN ({Compressive) RemSiN
As the force Fy is pushing the joint C, hence it will be
COMmpressive. Fig. 6.7

Problem 6.2. A truss of span 7.5 m carries a point load of 1 kN at joine D as shown in Fig. 6.8. Find
the reactions and forces in the members of the truss.

Sol, Let us first determine the reactions R, and 'Ry
Taking moments about A, we get R x 7.5=5x1

*The direction of 5 can also be taken towards the joint 8. Actually when we consider the equilibrivm of the joint
f, if the magnitude of F; and F3 comes out to be positive then the assumed direction of Fy and F; are correct. But il any
ane of them is having a negative magnitode then the assomed direction of thal force is wrong. Correct direction then will
be the reverse of the assumed direction.
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Joint F
The forces Fgy and Fge are known in magnitude and
directions. The assumed directions of the forces Fppand Foy
arc shown in Fig. 6.23 (d).
Resolving the forces vertically, we get
SxsinB+ Fppsint=3

Ssinf+3
=-5+*:§—=-5+.["3—'=-5+5=ﬂ
sin B LG Fig 6.23 ()

Resalving the forces horizontally. we get
12+5cos8l=Fg + Fppeos B
0r 12+5x08=Fge+0 or 1244 =Fg:
Fep=12+4 =16 kN (Tensile)

Now consider the joint D.
Juint D

The forces Fpe and Fep are known in magnitude and I, sn D
direction. The assumed directions of Fi; and Fiye are shown 5 g
i Fig. 6.23 (). Fos

Resolving vertically, we get

Fm’; sin A = FD}‘ xsinf =1
o Foo=0
Resolving forces horizontally, we get Fig. 6.23 (#)
Fm = FI:'.D =§ kN

Fpe: = 8 kN (Compressive)
Mow consider the joint G,
Joint G
The forces Fpe; and Fre are known in magnitude and
direction. The assumed directions of Fyp and Fey arc shown
in Fig. 6.23 (/).
Resalving the forces vertically, we get
Fopsinb=FpzsinB+6=6
& 6 F
GE=GinB 06
= 10 kN (Tensile)
Resolving forces horizontally,

T

.Fﬁ-ﬂ= ]ﬁ"Fnﬁmﬂ'

=16-10x08=8kN (Tensile)
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The truss is hinged at A and hence the support reactions at A will consists of a horizontal reaction H,
and a vertical reaction Ry,

Now length AC=4xcos 30 =4 x 0,866 =3.464 m
and  length AD =22 AC=2x3464 =05928m
Now taking moments about A, we get
Rgx12=2xAC+ 1 =xAD+ | = AL
=2x3464 4+ 1 x6.928 + | x4 = 17856

R,=IT]'F__;55=I.4‘H:H

Total vertical components of inclined loads
=(1+2+1)xsin60”+ 1.0
=4 x (L8566 + 1.0 = 4.464 kN
Total horizontal components of inclined loads
=(1+2+1)cosb" =4 x05=23kN
Now R, = Vertical components of inclined loads - Ry
= 4464 - 1.49 = 2974 kN ()
and H4 = Sum of all honzontal components = 2 kN
Now the forces in the members can be calculated.
Consider the equilibrium of joint A,
Juint A
Let Fyp = Force in member AE
and F 4 = Force in member AC
Their directions are assumed as shown n Fig. 624 (a).
Resolving the forces vertically, we pet
Far % 5in 30° + 1 » sin 60° = 2.974
or Firx 05+ 0866 =2974
2.974 - 0.866 Fig. 6.24 (a)
0.5
= 4,216 kN (Compressive)
Resolving the forces horizontally, we get
Fap=2+ Fyrcos 30° = 1 % cos 60°
=2+ 4.216 x (L.B66 - 0.5 = 5.15 kN (Tensile)

For=

Now consider the joint C,
Joint C

From Fig. 6.24 (b}, we have

Fep=Fy=4.216
{Compressive)

and Fep=2kN  (Compressive)

Now consider joint E.
Joint E [Sce Fig. 6.24 (c)]

Resolving forces vertically, we get

I + 2 x sin 60° = Fpp, x sin 60°

Fig. 6.24 (h)

1 .
or FE.-_.-3+;E"-EE-?-J55 {Tensile)
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Resolving forces honzontally, we get
5.05 =2 xcos 6 - Fen cos r‘ﬂ#HFEFHﬂ
or 5.15-2x 3315 %3 - Fgp= 0
Frp=35.15-1-15T=258 kN
(Tensile)
At the joint G, two forces, Le., Fpg and Fpg; arc in the
same straight line and hence the third force, Le., Fgp should be
Zero.
o Fop=0
Now consider the joint F.
Joint F [See Fig. 6.24 (d)]
Resolving forces vertically, we get
FDF x5in60" =0
a Fpe=10
Resolving horizontally, we get
Frpg=Fgp=258kN
L Frp=258 kN (Compressive)
Now consider the joint B.

Joint B
Resolving vertically, we get
Fe = sin 307 = 1.49

FM = 1;_:‘5.} = 2.98 kH
(Compressive)
Joint G i
Feon = Fpe = 2.98 kN (Compressive)

The forces are shown in a tabular form as

ENGINEERING MECHANICS

A

Fig. 624 ¢)

807
E 258N F  2.28kN 8

Fig. 6,24 (-

'! Member Force in the member Nature of force
' AC 4216 kN Compressive
| AE 5.15kN Tensile

! CE 2 kN Compressive
! co 4216 kN Compressive
l ED 3.155kN Tensile

| EF 258 kN Tensile

| DF 0 Nil

i Ih 298 kN Compressive
: GH 298 kN Compressive
i FB 258 kN Compressive
| Fti | 0 Nil

6.6. METHOD OF SECTIONS

When the forces in a few members of a truss are 1o be determined, then the method of section is mostly
used. This method is very quick as it does not involve the solution of other joints of the truss.
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In this method, a section line is passed through the members, in which forces are (o be determined as
shown in Fig. 6.25. The section line should be drawn in such a way that it does not cut more than three members
in which the forces are unknown. The part of the truss, on any one side of the section line, is treated as a free
body in equilibrium under the action of external forces on that part and forces in the members cut by the section

line. The unknown forees in the members are then determined by using equations of equilibrium as
FFE. =0, EF =0 and EM =1,

{ar) Gaven Truss il Lot Pan (e} Right Farl
Fig. 6.25

If the magnitude of the forees, in the members cut by a section line, is positive then the assumed
direction is currect. If magnitude of a force is negative, then reverse the direction of that force.

Problem 6.11. Find the forces in the members
AB and AC of the truss shown in Fig, 6.26 using method
uf seciion,

Sol. First determine the reaction Ry and R

The distance of line of action of 20 kN from

point B is AR x cos 60° or 2.5 x %: 1.25m

Taking moments about point B, we get

Rrx5=20x1.25

- 20x 1.25
5

and Rg=20-5=15kN

Mow draw a section line (1.1), cutting the mem-
bers AH and BC in which forces are to be determined.
Now consider the equilibrium of the left pan of the
truss, This part is shown in Fig. 6.27.

Re =SkN

Let the directions of Fgy and Fge are assumed S
as shown in Fig. 6.27. T~ .

Now taking the moments of all the forces acting 31:*:":" “
on the left part about point C, we gel ‘::EE')' B

L -
15% 5+ (Fgy xAC)* =0 s L 4
(" The perpendicular distance between the line of
action of Fgy and point € is equal o AC) Fig. 6.27

*The moment of the lorce Fgy about point C, is also taken by resolving the force Fig, into ventical and horizontal
components at point £, The mement of the horizontal component about Cis zero, whereas the moment of vertical component

will he (Fgy = 5in 60°) x 5 = Fgy % 5 % sin 60° or Fgy x 5 x cos 30°, (*.* sin 60° = cos 307)
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or 75+ Fgy % 5xcos30° =0 {*." AC = BC = cos 307)

-75
isf Fpy= 5 % cos 30° =~ ]7.32 kN

. The negative sign shown that Fgy isacting in the opposite direction (re.. towards point ). Hence force
Fyq will be a compressive force.

. Fyq = 17.32 kN (Compressive). -Ans,
Again taking the moments of all the forces acting on the left part about point A, we get
15 = Perpendicular distance between the line of action of
15 kN and point C = Fj- x Perpendicular distance between Fyge and point A
15 % 2.5 x cos 60° = Fgr- % 2.5 x sin 607

F _15%x25xcos60° _ 15x0.5
BC™ 28 xsin60® —  (.866

= 8.66 kN (Tensile). Ans.
These forces are same as obtained in Problem 6.1.

Problem 6.12. A fruss of span 5 m is loaded as shown in Fig. 6.28. Find the reactions and forces in
the members marked 4, 5 and 7 using method of section.

Sol Let vs first determine the reactions R, and Ry,

Triangle ABD is a right-angled triangle having angle

ADB = 90°

oy AD=ABcos 60 =5x05=25m

The distance of line of action the vertical load 10 kN from point A will be AD cos 60° or 2.5 = 0.5
= .25 m.

From triangle ACD, we have

AC=AD=25m
. BC=5-25=25m
In right-angled triangle CEB, we have
Vi

BEEBCI:DSS'I]'-I,EKT

The distance of line of aclion of vertical load

12 kN from |J|::|inlﬂf1.lnrillI:|-|:B'E1:1.!55!1\[]'"«\'.11B.n‘i':ur.ﬂ

2
= ZJHE xg
2 b Fig, 6.28
= 1.E75m

The distance of the line of action of the Joad of 12 kN from point A will be
(5-1.875)=3.125m
Mow 1aking the moments about A, we get
Ragx5=10x 125+ 12 x 3.125 = 50

RHJ?“u I0KN and Ry =(10+12)-10=12kN
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Now draw a section line (1.1), cutting the members 4,
S and 7 in which forces are to be determined. Consider the
cyuilibrium of the right part of the truss (because it is smaller
than the lelt part).

This part is shown in Fig. 6.29. Let Fy, Fs and F; are
the forces in members 4, 5 and 7. Let their directions are
assumed as shown in Fig, 6,29,

Now taking the moments of all the forces acting on
the night parn about point £, we get

Ry x BE cos 30° = Fy x (BE x sin 307)

or ]“H[Z.SHJ_,?]R§=F4!I.5!£H“.5

2
ar 10 = ?2 Fyx 0.5
F,= Iﬂxﬁx—- 17.32 kN (Tensile).
4 2 705

Now taking the moments of all the forces about point B acting on the right part, we get
12x BE cos 30% + Fex BE =0
or 12xcos 30 + Fe=0
Fs=-12 x cos 30° == 10.392 kN
-~ wve sign indicates that Fg is compressive.
: Fe=10.392 kN (Compressive). Ans.
an taking the moments about point C of all the forces acting on the right parts, we get

12 (25=-BEcos30%)=Fy=x CE + Rg x BC

of IZ::[I-E "5:%:ﬁ F-;:Z.ixsm!ﬂ“-l-lﬂ:".j

of 1I2x(25-1875)=F7x1.25+25 or 75=125F;+25
75-25

of Fq= 135 =- 14 kN

Megative sign shows that F5 15 compressive.
: Fq = 14 kN (Compressive). Ans.
These forces are same as obtained in Problem 6.3,

Problem 6,13, A truss of span 9 m is loaded as shown in Fig. 6.30. Find the reactions and forces in
the: members marked 1, 2 and 3.

Sol. Let us first calculate the reactions Ry and Rj.

Taking moments about A, we get
Rpx9=9%x34+12x06

=274+ 72=09
99
R Rﬂ=?=llkﬂ
and Ry=(9+12)-11=10kN
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@ .4111

®

3m !am am Yi2kN

Ra

Fig. 6.3

Now draw a section line (1-1), cutting the members 1, 2 and 3 in which forces are 1o be determined.
Consider the equilibrium of the left part of the truss (because it is smaller than the right part). This part is shown
m Fig. 6.30 {a). Let Fy, F; and F; are the forces
members 1, 2 and 3 respectively. Let their directions
are assumed as shown in Fig, 630 {(a).

Taking moments of all the forces acting on
the left part about point D, we get

Mx3=Fyx4
Fy= Iﬂ:.’-

= 7.5 kN (Tensile). Ans
Now taking the moments of all the forces
acting on the left part about point &, we get
Mx3+Fx4=0

Fr="22_ _75kN am Yo
4 10w 1
Mepative sign shows that force F) is com-
pressive. Fig. 6,30 {a)

Fy = 7.5 kN (Compressive). Ans,
MNow taking the moments about the point C, we get
Fax3-9%x3+Fyx4=0

or Fax3-2T+75x4=0 (" Fy=735
or F1=27";'5"4="33=-.Lum
Megative sign shows that force F; is compressive. |
F3; = 10 kN (Compressive). Ans,
Prnhhm 6.14. For the pin-joined truss shown in Fig. 6.31, find the forces in the members marked |,
2 und 3 with the single foad of 80 kN as shown.
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Now taking the momenis about A, we get
Ryx 12=2xAC+ 1 xAD + | x AE
=2xddd + | 06928 + 1 x4 = 17830

17.856 _
Ry==75—=149kN

Now draw the section line (1-1), passing through
members DG, DF and EF in which the forces are 1o be
determined. Consider the equilibrium of the right part of
the truss, This part is shown in Fig. 6.33 (a). Let Fpe Fep
and Fgp are the forces in members DG, FD and EF
respectively. Let their dircctions are assumed a shown in
Fig. 6.33 {@). Taking moments of all forces acting on right
part about point F, we get

Rypx 4+ Fpgx FG=0 =
or 1.49 x4 + Fpe; % {4 x 5in 30%) = 1)
(" F{i =4 % sin 307) Fig. 6,33 (a)
-~ 1. 4% x 4
[l = - "'_'_=—2.
W Foe 3 sin 30° 098 kN

- ve sign shows that the force Fi; is compressive.
o Fpe; = 298 kN (Compressive). Ans.
Now taking the moments about point D, we get

Ry » BD cos 30 = Fgp x BD x sin 30

or o Ry x cos 30 = Fp x sin 30
P _ 1.4Y x cos 30 1.49 x 0.866
FET sin3 0.5

=258 kN (Tensile). Ans.
Mow taking the moments of all forces acting on the right part about B, we get

Fep x L distance between Fepand B =10
; Frp=0. Ans. (.~ L distance between Fep and 8 is not zero)

6.7. GRAPHICAL METHOD

The force in a perfect frame can also be determined by a graphical method. The analytical methods
(such as method of joints and method of sections ) give absolutely correct results, but sometimes it is not possible
1o get the results from analytical methods. Then a graphical method can
be used conveniently to get the results. The graphical method also

prowides reasonable accurate results.

The naming of the various members of a frame are done according - B

o Bow's novations. According to this notation of force is designated by
two capital letters which are wrilten on either side of the line of action of
the force. A force with letters A and B on either side of the line of action Fig 6.34
15 shown in Fig. 6.34, This foree will be called AB.

FORCE aB
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The following steps are necessary for obtaining a graphical solution of a frame.
(i) Making a space diagram
{ir} Constructing a vector diagram
(it} Prepanng a force table.
L. Making a space diagram. The given truss or frame 15 drawn accurately according 1o some linear
seitle. The leads and seppert reactions in magnitude and directions are also shown on the frame. Then the
various members of the frume are named according to Bow's notation. Fig. 6,35 (o) shows a given truss and

¢
r
FIY
g
ta) Given Diagram (b)) Spoce Diagram {e) Veclor Diagram

Fig. 6.35
the forces in the members AB, BC and AC are 10 be determined. Fig. 6.35 (b) shows the space diagram to same
lincar scale. The member AR is named as PS and so on,
2. Constructing a vector diagram. Fig. 6.35 (c) shows a vector diagram, which is drawn as given
below :
{1} Take any pomnt pand draw pg parallel to PQ vertically downwards. Cut pg = 4 kN 1o same scale.
{if}) Now trom q draw gr parallel to (R vertically upwards and cut gr = 2 kN to the same seale.
(i1t} From r draw rp parallel to RF vertically upwards and cut rp = 2 kN 1o the same scale.
(iv) Now from p, draw a line ps parallel to PS and from r, draw a line r5 parallel to RS, meeting the first
line at 5. This is vector diagram for joint (A). Similarly the vector diagrams for joint (8) and (C) can be drawn.
3. Preparing a force table, The magnitude of a foree in a member is known by the length of the vector
diagram for the corresponding member, Le., the length ps of the vector diagram will give the magnitude of
force in the member PY of the frame.
Nature of the force (i.e., tensile or compressive) is determined according to the following procedure :
(/) In the space diagram, consider any joint. Move round that joint in a clockwise direction. Note the
order of two capital letters by which the members are named. For example, the members at the joint (A) in
space dingram Fig. 6.35 () are named as PS, SR and RP.
{ii} Now consider the vector diagram. Move on the vector diagram in the order of the letters {Le., ps,
srand rp). ‘
{#4f) Mow mark the arrows on the members of the space diagram of that joint (here joint A).
(i) Similarly, all the joints can be considered and arrows can be marked.
(v} I the arrow is pointing towards the joint, then the force in the member will be compressive whercas
if the arrow is away from the joint, then the force in the member will be tensile.
Problem 6.17. Find the forces in the members AB, AC and BC of the truss shown in Fig, 6,36,
Sol. First determine the reactions Rg and R

From Fig. 6,36 (a). AB=BC xcos 60" = 5 x LIT =25m
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Distance of line of action of 20 kN from point B

=ABecos Bl =285x—=125m

B | =

Now taking moments about B, we gel
Rex5=20x125=25

Hf=%=5kw and Rp=20-5=15kN

201N E
]
S0 e Q
60° t .
B e ©® -
Rg Re 15kH 15 kN q

{a) Given Diagram {£) Space Diagram () Vewtor Diogram
Fig. 6.36 '

MNow draw the space diagram for the truss alongwith load of 20 kN and the reactions Ry and R cqual
o 15 kN and 5 kN respectively as shown in Fig, 6.36 (b). Name the members AB, AC and BC according 1o
Bow's notations as PR, R and RS respectively. Now construct the vector diagram as shown in Fig. 6.36 (¢)
and as explained below :

(¢) Take any point p and draw a vertical line pg downward equal to 20 kN to some suitable scale. From
¢f draw a vertical line g5 upward equal to 5 kN to the same scale to represent the reaction at €. Then sp will
represent the reaction Ky to the scale.

(1) Now draw the vector diagram for the joint (B). From p, draw a line pr parallel to PR and from »
draw a line sr parallel 10 SR, mecting the first line at r. Now prs is the vector diagram for the joint (B). Now
mark the arrows on the joint B. The arrow in member PR will be towards to joint B, whereas the arrow in the
member RS will be away from the joint B as shown in Fig. 6.36 (b).

(i) Similarly draw the vector diagrams for joint A and C. Mark the arrows on these joints in space
diagram.

Now measure the various sides of the vector diagram. The forces are obtained by multiplying the scale
Tactor. The forces in the members are given in a tabular form as

| e -
l Member
' o I et Nafrre

: According to given triss According 1o e memBer ature of force
; Bow's notation .

Aft e 173 kN 1 Compressive

AC R 10.0 kN Compressive
. i ! RS ST kN | Tensile

Problem 6.18. A iruss of span 7.5 m carries a point load of 1000 N at joint 1) as shown in Fig. 6.37.
Find the reactions and forces in the member of the truss.
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\ 1078 @ ‘LL

®m
o ————
ooon
7.58m 3334 1000N 6&TH r t
() Gaven Diagram {f) Space Lhagram (£) Veaoe Diagram

Fig. 6.37
Taking moments about A, we get
Rp=7.5=5x 1000

R, = -_? =60TN and R, = 1000667 = 333 N,

Now draw the space diagram for the truss alongwith load of 1000 N and reactions K, and Ry equal 10
333N and 667 N respectively as shown in Fig. 6.37 (b). Name the members AC, C8, AD, CD and DB according
1 Bow's notations as PR, PO, RT, OR and Q8 respectively. Now construct the vector diagram as shown in
Fig. 637 (c) and as explained below :

(¢) Take any point s and draw a vertical linc st downward equal to load 1000 N to some suitable scale.
From ¢ draw a vertical line ip upward equal 1o 333 N 1o the same scale to represent the reaction at A, The ps
will represent the reaction Ry 1o the scale.

(i) Now draw the vector diagram for the joint A. From p, draw a linc pr parallel to PR and from ¢ draw
a line tr parallel to RT, meeting the first line at r. Now prt is the vector diagram for the joint A. Now mark the
arrows on the joint A, The arrow in the member PR will be towards the joint A, whereas the arrow in the member
RT will be away from the joint A as shown in Fig. 6.37 (b).

(iii) Similarly draw the vector diagrams for the joint C, B and D. Mark the arrows on these joints as
shown in Fig. 6.37 (b).

Now measure the various sides of the vector diagrams. The forces in the members are obtained by
multiplying the scale factor to the corresponding sides of the vector diagram. The forces in members are given
in a tabular form as :

| Member

| | |

According to given truss | According to Bow's nota- | Force in member Nature of force :
fof '| :

|

AC PR | fii N Compressive |

AN RT | STHhTN Tensile |

R PO 1333 N Compressive i

ch or 1155 N Tensile -

n (A 1555 N Tensile !.

Problem 6.19. Determine the forces in all the members of a cantilever truss shown in Fig. 6.38.

Sol. In this case the vector diagram can be drawn without knowing the reactions. First of all draw the
space diagram for the truss along with loads of 1000 N of joints B and C. Name the members AB, BC, CD,
DE, AD and BD according to Bow's notation as PT, Q5, SR, RV, VT and 5T respectively. Now construct the
vector diagram as shown in Fig. 6.38 (c) and as explained below :
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{1} The vector diagram will be started from joint € where forces in two members are unknown, Take
any point o and draw a vertical line gr downward equal to load 1000 N to some suitable scale. From r, draw
a line rs parallel to 125 and from g draw a line gs parallel to (5, mecting the first line at 5. Now grd is the vector
diagram for the joint ©. Now mark the arrows on the joint €. The arrow in the member RS will be towards the
int £, whereas the arrow in the member 50 will be away from the joint € as shown in Fig. 6,38 (h).

p r
10008 1000N 000N 10000 == -
Em i S -
A B c A

i

L} q 5
3;1- ’ D

“lE

r
{er) Goven Fipure i) Space Duagram (e} Vector Diagram

Fig. 6.38
(1) Now draw the vector diagram for the joints B and D simalirly.
Mark the arrows on these joints as shown in Fig, 6,38 (b).
Now measure the various sides of the vector diagram. The forces in the members are given in a tabular
torm as @

Member )
According to given truss According to Bow’s Farce in member Narure of force
motation
AR rr 1333 N Tensile
i nc , oS 1333 N Tensile
' ' 5R 1666 N Compressive
I DL | RV 2500 N Compressive
I Al i vir B33 N Tensile
| BD 5T 1000 N Compressive

From the vector diagram, the reactions R} and R at A and E can be determined in magnitude and
directions,

Reaction K; = rv = 2500 N. This will be towards point E.

Reaction Ry = vp = 2000 N. This will be away from the point A as shown in Fig. 6.38 (b). The reaction
Ry s parallel oy

HIGHLIGHTS

1.  The relation between number of joints () and number of members (1) in a perfect frame is given by n= 2/ - 3.
2.  Different frame iz a frame is which number of numbers are less than (2 = 3) whereas a redundant frame is a frame
in which number of members are more than (2 - 3).
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The reaction on a roller support is at right angles to the roller base :
The forces in the members of a frame arc determined by ¢
(1) Method of joints {if) Method of sections and
{i7i) Graphical method.
The force in a member will be compressive if the member pushes the joint the which it is connecied whereas the
force in the member will be tensile il the member pulls the joint 1o which il is connected.

While determining forces in a member by method of joints, (he joint should be selected in such o way that at any
time there are only two members, in which the forces are unknown.

If three forees act at a joint and two of them are along the same straight line then third foree would be zero.

I airuss (or frame) carries horizontal loads, then the support reaction al the hinged end will consists of (#) horizontal
reaction and (i) vertical reaction.

IF a truss carries inclined loads, then the support reaction at the hinged end will consists of : (i) henzontal reaction
and (fi} vertical reaction. They will be given as
Huorizontal reaction = Horizontal components of inclined loads

Vertical reaction = Total vertical components of inclined loads - Roller support reaction,

Method of scction is mostly used, when the forces in a few members of a truss arc 1o be determined.

The following sleps are necessary for obtaining a graphical solution of a frame :
(/) Making a space diagram,
() Comstructing a vector diagram, and
{#if) Preparing a force lable,

The various members of a frame are named according o Bow’s notation.

EXERCISE 6

A. Theoretical Questions

Define and explain the terms : Perfect frame, imperfect frame, deficient frame and a redundant frame.
{a) What i< a [rame ! State the difference between a perlfect frame and an imperfect frame.
{H) What are the assumptions made in finding out the forces in a frame ?

What are the different methods of analysing (or finding out the forces) a perfect frame ! Which one is used where
and why 7
How will you lind the [orces in the members of a truss by method of joints when

{11 1he truss is supported on rollers al one end and hinged at other end and earries vertical [oads.

{ii}) the truss is acting as a cantilever and carrics vertical loads.
(ifr} the truss is supported on rollers at one end and hinged at other end and carries horizontal and vertical loads.
{iv} the truss is supported on rollers at one end and hinged at other end and carries inclined losids.
() What s the advantage of method of section over method of joints 7 How will you use method of section i
finding forces in the members of a truss 7
i) Explain with simple sketches the terms (i) method of sections and (1) method of joints, as applicd to frusses,

How will you find the forces in the members of a joint by graphical method 7 What are the advantages or
disadvaniages of graphical method over method of joints and method of section ?

What is the procedure of drawing a veetor diagram for a frame 7 How will you find out (1) magnitude of a force.
and (17} nature of a lorce from the veclor diagram 7

Honw will you find the reactions of a cantilever by graphical method 7

What arc the assumplions made in the analysis of a simple truss,
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8.  Determine the forces in the truss shown in Fig. 6.46 which carries a horizontal load of 16 kKN and a verfical load

of 24 kN.

- n [Ans. AC = 24 kN (Tens.)

AD = 10 kN (Comp.)

l CIy =24 kN (Tens.)

L5m OB =24 kN (Tens.)
l B0 = 30 kN (Comp.))

. C =
L o- T24kN - !

Fig. b.db
9.  Find the forces in the member AR and AC of the truss shown in Fig. 639 of question 1, using method of sections.
[Ans. Al = 433 kN (Comp.)
AC =25 kN (Comp.}]
10,  Find the forces in the members marked 1, 3, 5 of truss shown in Fig. 6.40 of question 2, using method of sections.
[Ans. Fy = 333 N (Comp.}
Fa=5T1.5N (Tens. )

Fg=577.5 N Tens.)|

1l.  Find the forces in the members DE, CE and CB of the truss, shown in Fig. 6.41 of equation 3, using method of
sections. [Ans. DE = 3.5 kN (Comp.)

CE = 2598 kN (Comp.)

BC =433 kN (Tens. )]
12.  Using method of section, determine the lorces in the members C0, FD and FE of the truss shown in Fig. 6.42 of
question 4, [Ans. CD = 800 N (Comp.)
Fiy = 400 N (Comp.)

FE = 600 N Tens.))

13,  Using method of section, determine the forces in the members CD, ED and EF of the truss shown in Fig. 6.47.

] [Ams. CD = 4.216 kN (Comp.)
ED =355 kN (Tens.)
EF =258 kN (Tens.)]

L]

Frg. 6.47
14. Find the forces in the members AB, AC and BC of the truss shown in Fig. 6.39 of question 1, using graphical
method.

15. Using graphical method, delermine the magnitude and nature of the forces in the members of the truss shown in
Fig. 6.40 of question 2.

16, Determine the forces in all the members of a cantilever truss shown in Fig. 6.44 of question 6, using graphical
method. Also delermine the sections of the cantilever.



7

Centre of Gravity and Moment of Inertia

7.1. CENTRE OF GRAVITY

Centre of gravity of a body is the point through which the whole weight of the body acts. A body is
having only one centre of gravity for all positions of the body. li is represented by C.G. or simply G.

7.2. CENTROID

The point at which the tnal area of a plane figure (like rectangle, square, triangle, quadrilateral, circle
cic.) is assumed to be concentrated, is known as the centroid of that area. The centroid is also represented by
C.G. or simply G. The centroid and centre of gravity are al the same point.

7.3. CENTROID OF CENTRE OR GRAVITY OF SIMPLE PLANE FIGURES
{({) The centre of gravity (C.G.) of a uniform rod lies at its middie point.
(ii) The centre of gravity of a triangle lics at the point where the three medians® of the triangle meet.
(ééf) The centre of gravity of a rectangle or of a parallelogram is at the point, where its diagonal meet
cach other. It is also the point of intersection of the lines joining the middle points of the opposite
sides.
(iv) The centre of gravity of a circle is at its centre.

7.4. CENTRE OF GRAVITY OF PLANE FIGURES BY THE METHOD OF MOMENTS

Fig. 7.1 shows a plane figure of total area A whose centre of gravity is to be determined. Let this area
A 45 composed of a number of small areas a), a3, as, ay, ...... cic.
S A=apdartaytagt ...
Let x; = The distance of the C.G. of the area
ay from axis OY ¥i
x3 = The distance of the C.G. of the area a,
from axis QY AREA
x3 = The distance of the C.G. of the area ay
from axis QY
x4 = The distance of the C.G. of the area ay
from axis OY and so on.

The moments of all small areas about the — X
axis OV -— X3
= X + @t + @0y + gty + ... (1) X3
Let (7 is the centre of gravity of the total area . -
A whose distance from the axis OY is x. _ ﬂl = | X
Then moment of total area about OY = Ax
i) Fig, 7.1

*The line comnecting the vertex and the middle point of the opposite side of a triangle is known as median of the
triangle.

154
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The moments of all small arcas about the axis OY must be equal to the moment of total arca about the
same axis. Hence equating equations (f) and (i), we get
Ay + sty + asxy +agy + = AX

— Xy F daXa + 30y F dgXa F ...
or = Ol 2%z A.J #t4 w11

where A=) + a4+ a3+ dy ...
If we take the moments of the small areas about the axis OX and also the moment of total area about
the axis OX, we will get

_d@gVy # da¥y + ey agd ¥ ..
¥ LYy + 2z ;}’.1 4 {72)

where y = The distance of ¢ from axis (X
y; = The distance of C.G. of the arca a; from axis OX
¥ ¥, ¥4 = The distance of C.G. of arca a;, a3, ay from axis OX respectively.

7.4.1. Centre of Gravity of Plane Figures by Integration Method. The equations (7.1) and (7.2) can
he writien as

x=

Eax; - Zav;
¥a M Y=—gg
where i=1,2.3,4, ...
x; = Distance of C.G. of area g; from axis Y and
v; = Distance of C.G. of area a; from axis (X,

The value of i depends upon the number of small areas. If the small areas are large in number
{mathematically speaking infinite in number), then the summations in the above equations can be replaced by
integration. Let the small areas are represented by dA instead of *a’, then the above equations are wrilten as :

E:I't-'ﬂ

A AT2A)
-
and fu%d—fi (72 B)
where [x* dA = Exa;
JdA = Za,
Jy*dA = Zya,

Also  x* = Distance of C.G. of area 44 from axis OY
y* = Distance of C.G. of area dA from axis OX.

7.4.2. Centre of Gravity of a Line. The centre of gravity of a line which may be straight or curve, is
obtained by dividing the given line, into a large number of small lengths as shown in Fig. 7.1 (a).
The centre of gravily is obtained by replacing dA by dL in equations (7.2 A) and (7.2 B).
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Yy

=¥

Fig. 7.1 {a)

W
Then these equations become X = % A7.20)

- fy*dL
and ¥= DIL-:?L_ {7.2D)
where x* = Distance of C.G. of length dL from y-axis, and

y* = Distance of C.G. of length dL from x-axis.
If the lines are straight, then the above equations are written as :

. Lyxy + Lavy + Laxy + ...

xX= Lot Lot bt o (7.2 E}
] ___Ll_'.r.+Lr_._v2 + Layr + v
and P L A Lot Lyt o (72 F)
7.5. IMPORTANT POINTS

{f) The axis, about which moments of areas are taken, is known as axis of reference. In the above
article, axis OX and OY are called axis of reference.

{fi) The axis of reference, of plane figures, is generally taken as the lowest line of the figure for
determining y, and left line of the figure for caleulating x.

(¢if) 1f the given section is symmetrical about X-X axis or Y-¥ axis, then the C.G. of the section will lie
on the axis is symmetry.

7.5.1. Centre of Gravity of Structural Sections. The centre of gravity of structural sections like
T-section, f-section, L-sections etc. are obtained by splitting them into rectangular components. Then equations
(7.1) and (7.2) are used,

Problem 7.1. Find the centre of gravity of the T-section shown in Fig. 7.2 {a).

Sol. The given T-section is split up into two rectangles ABCD and EFGH as shown in Fig. 7.2 (b). The
given T-section is symmetrical about Y-¥ axis. Hence the C.G. of the section will lie on this axis. The lowest
line of the figure is line {F. Hence the momenis of the areas are taken about this line (F, which is the axis of
reference in this case.
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3em
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Fig. 7.2 {a})
Let y = The distance of the C.G. of the T-section from the bottom line GF

(which is axis of reference)
ay = Area of rectangle ABCD = 12 x 3 = 36 ¢cm?

y, = Distance of C.G. of area a, from bottom line GF = 10 + —% =11.5¢cm
@3 = Area of rectangle EFGH = 10 x 3 = 30 em?

y2 = Distance of C.G. of area a, from bottom line GF = % =5cm.
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Fig. 7.2 (b)
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