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FOREWORD

Once the design and components of a machine have been selected there is an important
engineering analysis process the machine designer should perform to verify the integrity of
the design. That is what this book is about.

The purpose of Marks’ Calculations for Machine Design is to uncover the mystery
behind the principles, and particularly the formulas, used in machine design. All too often
a formula found in the best of references is presented without the necessary background
for the designer to understand how it was developed. This can be frustrating because of
a lack of clarity as to what assumptions have been made in the formula’s development.
Typically, few if any examples are presented to illustrate the application of the formula with
appropriate units. While these references are invaluable this companion book presents the
application.

In Marks’ Calculations for Machine Design the necessary background for every ma-
chine design formula presented is provided. The mathematical details of the development
of a particular design formula have been provided only if the development enlightens and
illuminates the fundamental principles for the machine designer. If the details of the devel-
opment are only a mathematical exercise, they have been omitted. For example, in Chapter 9
the steps involved in the development of the design formulas for helical springs are pre-
sented in great detail since valuable insight is obtained about the true nature of the loading
on such springs and because algebra is the only mathematics needed in the steps. On the
other hand, in Chapter 3 the formulas for the tangential and radial stresses in a high-speed
rotating thin disk are presented without their mathematical development since they derive
from the simultaneous integration of two differential equations and the application of ap-
propriate boundary conditions. No formula is presented unless it is used in one or more of
the numerous examples provided or used in the development of another design formula.

Why has this approach been taken? Because a formula that remains a mystery is a
formula unused, and a formula unused is an opportunity missed—forever.

It is hoped that Marks’ Calculations for Machine Design will provide a level of comfort
and confidence in the principles and formulas of machine design that ultimately produces
a successful and safe design, and a proud designer.

THOMAS H. BROWN, JR., PH.D., PE.

xi
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PREFACE

As the title of this book implies, Marks’ Calculations for Machine Design was written
to be a companion to Marks’ Standard Handbook for Mechanical Engineers, providing
detailed calculations to the important problems in machine design. For each of the over
175 examples presented, complete solutions are provided, including appropriate figures and
diagrams, all algebra and arithmetic steps, and using both the U.S. Customary and SI/Metric
systems of units. It is hoped that Marks’ Calculations for Machine Design will provide an
enthusiastic beginning for those just starting out in mechanical engineering, as well as
provide a comprehensive resource for those currently involved in machine design projects.

Marks’ Calculations for Machine Design is divided into two main parts: Part 1, Strength
of Machines, and Part 2, Application to Machines. Part 1 contains seven chapters on the
foundational principles and equations of machine design, from basic to advanced, while
Part 2 contains three chapters on the most common machine elements based on these
principles and equations.

Beginning Part 1, Chapter 1, Fundamental Loadings, contains the four foundational
loadings: axial, direct shear, torsion, and bending. Formulas for stress and strain, both normal
and shear, along with appropriate examples are presented for each of these loadings. Thermal
stress and strain are also covered. Stress-strain diagrams are provided for both ductile and
brittle materials, and the three engineering properties, (E), (G), and (v), are discussed.

Chapter 2, Beams, provides the support reactions, shear and bending moment diagrams,
and deflection equations for fifteen different beam configurations. There are ten simply-
supported beam configurations, from end supported, single overhanging, and double over-
hanging. There are five cantilevered beam configurations. Loadings include concentrated
forces and couples, as well as uniform and triangular shaped distributed loadings. Almost
45% of the total number of examples and over 30% of the illustrations are in this single
chapter. Nowhere is there a more comprehensive presentation of solved beam examples.

Chapter 3, Advanced Loadings, covers three such loadings: pressure loadings, to include
thin- and thick-walled vessels and press/shrink fits; contact loading, to include spherical
and cylindrical geometries; and high-speed rotational loading.

Chapter 4, Combined Loadings, brings the basic and advanced loadings covered in
Chapters 1, 2, and 3 together in a discussion of how loadings can be combined. Seven
different combinations are presented, along with the concept of a plane stress element.

Chapter 5, Principal Stresses and Mohr’s Circle, takes the plane stress elements devel-
oped in Chapter 4 and presents the transformation equations for determining the principal
stresses, both normal and shear, and the associated rotated stress elements. Mohr’s circle,
the graphical representation of these transformation equations, is also presented. The Mohr’s
circle examples provided include multiple diagrams in the solution process, a half dozen
on average, so that the reader does not get lost, as typically happens with the more complex
single solution diagrams of most other references.

Chapter 6, Static Design and Column Buckling, includes two major topics: design
under static conditions and the buckling of columns. The section on static design
covers both ductile and brittle materials, and a discussion on stress concentration fac-
tors for brittle materials with notch sensitivity. In the discussion on ductile materials, the

xXiii
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maximum-normal-stress theory, the maximum-shear-stress theory, and the distortion-energy
theory are presented with examples. Similarly, for brittle materials, the maximum-normal-
stress theory, the Coulomb-Mohr theory, and the modified Coulomb-Mohr theory are pre-
sented with examples. The discussion on stress concentration factors provides how to use the
stress-concentration factors found in Marks’ Standard Handbook for Mechanical Engineers
and other references. In the discussion on column buckling, the Euler formula is presented
for long slender columns, the parabolic formula for intermediate length columns, the secant
formula for eccentric loading, as well as a discussion on how to deal with short columns.

Chapter 7, Fatigue and Dynamic Design, contains information on how to design for
dynamic conditions, or fatigue. Fatigue associated with reversed loading, fluctuating load-
ing, and combined loading is discussed with numerous examples. The Marin equation is
provided with examples on the influence of its many modifying factors that contribute to
establishing an endurance limit, which in turn is used to decide whether a design is safe.
Extensive use of the Goodman diagram as a graphical approach to determine the safety of
a design is presented with appropriate examples.

Beginning Part 2, Chapter 8, Machine Assembly, discusses the two most common ways
of joining machine elements: bolted connections and welded connections. For bolted con-
nections, the design of the fastener, the members, calculation of the bolt preload in light of
the bolt strength and the external load, static loading, and fatigue loading are presented with
numerous examples. For welded connections, both butt and fillet welds, axial, transverse,
torsional, and bending loading is discussed, along with the effects of dynamic loading, or
fatigue, in shear.

Chapter 9, Machine Energy, considers two of the most common machine elements
associated with the energy of a mechanical system: springs and flywheels. The extensive
discussion on springs is limited to helical springs, however these are the most common
type used. Additional spring types will be presented in future editions. In the discussion
on flywheels, two system types are presented: internal combustion engines where torque is
a function of angular position, and electric motor driven punch presses where torque is a
function of angular velocity.

Chapter 10, Machine Motion, covers the typical machine elements that move: linkages,
gears, wheels and pulleys. The section on linkages includes the three most famous designs:
the four-bar linkage, the quick-return linkage, and the slider-crank linkage. Extensive calcu-
lations of velocity and acceleration for the slider-crank linkage are presented with examples.
Gears, whether spur, helical, or herringbone, are usually assembled into gear trains, of which
there are two general types: spur and planetary. Spur gear trains involve two or more fixed
parallel axles. The relationship between the speeds of these gear trains, based on the num-
ber of gear teeth in contact, is presented with examples. Planetary gear trains, where one
or more planet gears rotate about a single sun gear, are noted for their compactness. The
relative speeds between the various elements of this type of design are presented.

While much has been presented in these ten chapters, some topics had to be left out
to meet the schedule, not unlike the choices and tradeoffs that are part of the day-to-day
practice of engineering. If there are topics the reader would like to see covered in the second
edition, the author would very much like to know. Though much effort has been spent in
trying to make this edition error free, there are inevitably still some that remain. Again, the
author would appreciate knowing where these appear.

Good luck on your designs. It has been a pleasure uncovering the mystery of the prin-
ciples and formulas in machine design that are so important to bringing about a safe and
operationally sound design. It is hoped that the material in this book will inspire and give
confidence to your designs. There is no greater reward to a machine designer than to know
they have done their best, incorporating the best practices of their profession. And remem-
ber the first rule of machine design as told to me by my first supervisor, “when in doubt,
make it stout!”
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CHAPTER 1
FUNDAMENTAL LOADINGS

1.1 INTRODUCTION

The fundamental loadings on machine elements are axial loading, direct shear loading,
torsion, and bending. Each of these loadings produces stresses in the machine element, as
well as deformations, meaning a change in shape. There are only two types of stresses:
normal and shear. Axial loading produces a normal stress, direct shear and torsion produce
shear stresses, and bending produces both a normal and a shear stress.

Figure 1.1 shows a straight prismatic bar loaded in tension by opposing forces (P) at each
end. (A prismatic bar has a uniform cross section along its length.) These forces produce
a tensile load along the axis of the bar, which is why it is called axial loading, resulting in
a tensile normal stress in the bar. There is also a corresponding lengthening of the bar. If
these forces were in the opposite direction, then the bar would be loaded in compression,
producing a compressive normal stress and a shortening of the bar.

PA LP

Prismatic bar
FIGURE 1.1 Axial loading.

Figure 1.2 shows ariveted joint, where a simple rivet holds two overlapping bars together.
The shaft of the rivet at the interface of the bars is in direct shear, meaning that a shear
stress is produced in the rivet. As the forces (P) increase, the joint will rotate until either
the rivet shears off, or the material around the hole of either bar pulls out.

P
P I — —p

HE T
— Riveted joint

FIGURE 1.2  Direct shear loading.

Figure 1.3 shows a circular shaft acted upon by opposing torques (7'), causing the shaft
to be in torsion. This type of loading produces a shear stress in the shaft, thereby causing
one end of the shaft to rotate about the axis of the shaft relative to the other end.

Copyright © 2005 by The McGraw-Hill Companies, Inc. Click here for terms of use.



4 STRENGTH OF MACHINES

FIGURE 1.3 Torsion.

Figure 1.4 shows a simply supported beam with a concentrated force (F) located at
its midpoint. This force produces both a bending moment distribution and a shear force
distribution in the beam. At any location along the length (L) of the beam, the bending
moment produces a normal stress, and the shear force produces a shear stress.

, L2 F
A! B
| L |

FIGURE 14 Bending.

The beam shown in Fig. 1.4 will deflect downward along its length; however, unlike axial
loading, direct shear loading, and torsion that have a single equation associated with their
deformation, there is not a single equation for the deformation or deflection of any beam
under any loading. Each beam configuration and loading is different. A detailed discussion
of 15 different beam configurations is presented in Chap. 2, complete with reactions, shear
force and bending moment distributions, and deflection equations.

1.2 AXIAL LOADING

The prismatic bar shown in Fig. 1.5 is loaded in tension along its axis by the opposing
forces (P) at each end. Again, a prismatic bar has a uniform cross section, and therefore a
constant area (A) along its length.

D +—>

Prismatic bar
FIGURE 1.5 Axial loading.

Stress. These two forces produce a tensile load along the axis of the bar, resulting in a
tensile normal stress (o) given by Eq. (1.1).

o=— (1.1)

As stress is expressed by force over area, the unit is given in pound per square inch (psi)
in the U.S. Customary System, and in newton per square meter, or pascal (Pa), in the metric
system.
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U.S. Customary

SI/Metric

Example 1. Determine the normal stress in a
square bar with side (a) loaded in tension with
forces (P), where

P = 12 kip = 12,000 1b
a=2in

solution
Step 1. Calculate the cross-sectional area (A)
of the bar.

A =a*= (2in)? = 4in®

Step 2. From Eq. (1.1), calculate the normal
stress (o) in the bar.

P 120001b

AT 4

= 3,0001b/in® = 3.0kpsi

o =

Example 2. Calculate the minimum cross-
sectional area (Apmin) needed for a bar axially
loaded in tension by forces (P) so as not to ex-
ceed a maximum normal stress (oymay), Where

P = 10 kip = 10,000 Ib
Omax = 36,000 psi

solution
Step 1. Start with Eq. (1.1) where the normal
stress (o) is maximum and the area (A) is min-
imum to give
P
Amin

Omax =

Step 2. Solve for the minimum area (Amin)-
P

Amin =
Omax
Step 3. Substitute for the force (P) and the
maximum normal stress.

10,0001b

= _0.28in?
36,000 1b/in?

min

Example 1. Determine the normal stress in a
square bar with side (a) loaded in tension with
forces (P), where

P = 55kN =55,000 N
a=5cm=0.05m

solution
Step 1. Calculate the cross-sectional area A of
the bar.

A =a? = (0.05m)? = 0.0025 m?

Step 2. From Eq. (1.1), calculate the normal
stress (o) in the bar.

P 55000N

A " 0.0025 m2

= 22,000,000 N/m? = 22 MPa

o =

Example 2. Calculate the minimum cross-
sectional area (Amin) needed for a bar axially
loaded in tension by forces (P) so as not to ex-
ceed a maximum normal stress (omax), Where

P = 45kN =45,000 N
Omax = 250 MPa

solution
Step 1. Start with Eq. (1.1) where the normal
stress (o) is maximum and the area (A) is min-
imum to give
P
Amin

Omax =

Step 2. Solve for the minimum area (Amin)-
P

Amin =
(Tmax
Step 3. Substitute for the force (P) and the
maximum normal stress.

45,000 N

_ 2
250 x 106 N/m2 000018 m

Amin =

Strain. The axial loading shown in Fig. 1.6 also produces an axial strain (¢), given by

Eq. (1.2).

&= —

(1.2)

where (8) is change in length of the bar and (L) is length of the bar.
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—t
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Prismatic bar

FIGURE 1.6  Axial loading.

Strain is a dimensionless quantity and does not have a unit if the change in length ¢ and
the length (L) are in the same units. However, if the change in length (§) is in inches or
millimeters, and the length (L) is in feet or meters, then the strain (&) will have a unit.

U.S. Customary

SI/Metric

Example 3. Calculate the strain (¢) for a
change in length (6) and a length (L), where

§ = 0.015in
L=5ft
solution
Step 1. Calculate the strain (&) from Eq. (1.2).
§ 0.015in
T LT St

0.003in/ft x 1ft/12in
= 0.00025in/in = 0.00025

Example 3. Calculate the strain (¢) for a
change in length (6) and a length (L), where

§ = 0.038 cm
L=19m

solution

Step 1. Calculate the strain (¢) from Eq. (1.2).
d 0.038cm

T LT 19m

= 0.02cm/m x 1 m/100 cm

= 0.0002 m/m = 0.0002

Stress-Strain Diagrams. If the stress (o) is plotted against the strain (¢) for an axially
loaded bar, the stress-strain diagram for a ductile material in Fig. 1.7 results, where A is
proportional limit, B elastic limit, C yield point, D ultimate strength, and F' fracture point.

(o2

B, C|-----

D

FIGURE 1.7  Stress-strain diagram (ductile material).

The stress-strain diagram is linear up to the proportional limit, and has a slope (E) called
the modulus of elasticity. In this region the equation of the straight line up to the proportional
limit is called Hooke’s law, and is given by Eq. (1.3).

oc=FE¢ (1.3)

The numerical value for the modulus of elasticity (E) is very large, so the stress-strain
diagram is almost vertical to point A, the proportional limit. However, for clarity the hori-
zontal placement of point A has been exaggerated on both Figs. 1.7 and 1.8.
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——————— A B CDF

€
FIGURE 1.8  Stress-strain diagram (brittle material).

The stress-strain diagram for a brittle material is shown in Fig. 1.8, where points A, B,
C, D, and F are all at the same point. This is because failure of a brittle material is virtually
instantaneous, giving very little if any warning.

Poisson’s Ratio. The law of conservation of mass requires that when an axially loaded
bar lengthens as a result of a tensile load, the cross-sectional area of the bar must reduce
accordingly. Conversely, if the bar shortens as a result of a compressive load, then the cross-
sectional area of the bar must increase accordingly. The amount by which the cross-sectional
area reduces or increases is given by a material property called Poisson’s ratio (v), and is
defined by Eq. (1.4).

lateral strain
v= (1.4)
axial strain

where the lateral strain is the change in any lateral dimension divided by that lateral dimen-
sion. For example, if the lateral dimension chosen is the diameter (D) of a circular rod, then
the lateral strain could be calculated using Eq. (1.5).

. AD
lateral strain = o (1.5)

The minus sign in the definition of Poisson’s ratio in Eq. (1.4) is needed because the
lateral and axial strains will always have opposite signs, meaning that a positive axial strain
produces a negative lateral strain, and a negative axial strain produces a positive lateral
strain. Strangely enough, Poisson’s ratio is bounded between a value of zero and a half.

0<v< (1.6)

N =

Again, this is a consequence of the law of conservation of mass that must not be violated
during deformation, meaning a change in shape. Values of both the modulus of elasticity (E)
and Poisson’s ratio (v) are determined by experiment and can be found in Marks’ Standard
Handbook for Mechanical Engineers.
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U.S. Customary

SI/Metric

Example 4. Calculate the change in diameter
(AD) of a circular steel rod axially loaded in
compression, where

D =2in
& = —0.00025
v = 0.28 (steel)

solution
Step 1.
Eq. (1.4).

Solve for the lateral strain from

lateral strain = —v (axial strain)

Step 2. Substitute Poisson’s ratio and the axial
strain (&) that is negative because the rod is in
compression.

lateral strain = —(0.28)(—0.00025)
= 0.0007

Step 3. Calculate the change in diameter (D)
from Eq. (1.5) using this value for the lateral
strain.

AD = D (lateral strain)
(2 in)(0.0007)
= 0.0014 in

Example 4. Calculate the change in diameter
(AD) of a circular steel rod axially loaded in
compression, where

D =5cm
& = —0.00025
v = 0.28 (steel)

solution
Step 1.
Eq. (1.4).

Solve for the lateral strain from

lateral strain = —v (axial strain)

Step 2. Substitute Poisson’s ratio and the ax-
ial strain that is negative because the rod is in
compression.

lateral strain = —(0.28)(—0.00025)
= 0.0007

Step 3. Calculate the change in diameter (D)
from Eq. (1.5) using this value for the lateral
strain.

AD = D (lateral strain)
(5 cm)(0.0007)

= 0.0035 cm

Notice that Poisson’s ratio, the axial strain (¢), and the calculated lateral strain are the
same for both the U.S. Customary and metric systems.

Deformation.

As a consequence of the axial loading shown in Fig. 1.9, there is a corre-

sponding lengthening of the bar (8), given by Eq. (1.7).

§=—
AE

PL
(1.7)

where 6 = change in length of bar (positive for tension, negative for compression)
P = axial force (positive for tension, negative for compression)

L = length of bar
A = cross-sectional area of bar

E = modulus of elasticity of bar material

e ——

—————————————— ——>

Prismatic bar

FIGURE 1.9 Axial loading.
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Note that Eq. (1.7) is valid only in the region up to the proportional limit as it derives
from Eq. (1.3) (Hooke’s law), where the axial stress (o) is substituted from Eq. (1.1) and
the axial strain (¢) is substituted from Eq. (1.2), then rearranged to give the elongation (§)
given in Eq. (1.7). This algebraic process is shown in Eq. (1.8).

A

8 PL
co=Fe—> —=E— —>§=—
L AE

(1.8)

As stated earlier, if the forces acting on the bar were in opposite direction, then the bar
would be loaded in compression, producing a compressive normal stress and a shortening

of the bar.

U.S. Customary

SI/Metric

Example 5. Calculate the change in length of
a circular steel rod of radius (r) and length (L)
loaded axially in tension by forces (P), where

P = 15 kip = 15,000 1b

r=15in

L =061t

E = 30 x 10° Ib/in? (steel)
solution
Step 1. Calculate the cross-sectional area (A)
of the rod.

A=nrl=gx (I.Sin)2 = 7in?

Step 2. Substitute the force (P), the length
(L), the area (A), and the modulus of elasticity
(E) in Eq. (1.7) to give the elongation (8) as
PL (15,0001b) (6 ft)

AE ~ (7in%) (30 x 106 Ib/in?)
_90,0001b - ft

~ 210 x 10 1b

4.3 x 107* ft x 12in/ft

§ =

= 0.005in

Example 6. Calculate the compressive axial
forces (P) required to shorten an aluminum
square bar with sides (a) and length (L) by an
amount (§), where

8 = 0.03 in = 0.0025 ft
a=3in
L=3ft
E = 11 x 10° Ib/in? (aluminum)

solution
Step 1. Calculate the cross-sectional area (A)
of the bar.

A =d*= 3in)? = 9in?

Example 5. Calculate the change in length of
a circular steel rod of radius (r) and length (L)
loaded axially in tension by forces (P), where

F = 67.5kN = 67,500 N

r=4cm=0.04m

L=2m

E =207 x 10° N/m? (steel)
solution

Step 1. Calculate the cross-sectional area (A)
of the rod.

A =nr? =7 (0.04m)? = 0.005 m?

Step 2. Substitute the force (P), the length
(L), the area (A), and the modulus of elasticity
(E) into Eq. (1.7) to give the elongation (8) as
PL (67,500N) (2m)

AE ~ (0.005m?2) (207 x 10° N/m2)

135,000N - m

T 1.035 x 10°N
1.3 x 107*m x 1,000 mm/m

§ =

= 0.13mm

Example 6. Calculate the compressive axial
forces (P) required to shorten an aluminum
square bar with sides (a) and length (L) by an
amount (§), where

§ = 0.7 mm = 0.0007 m
a=8cm=0.08m

L=1m

E =71 x10° N/m? (aluminum)

solution
Step 1. Calculate the cross-sectional area (A)
of the rod.

A =a® = (0.08m)? = 0.0064 m>
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U.S. Customary SI/Metric
Step 2. Solve for the force (P) in Eq. (1.7) to Step 2. Solve for the force (P) in Eq. (1.7) to
give give
SAE SAE
= — P =
L L
_(0.0025ft) (9in*)(11 x 10° Ib/in?) _(0.0007 m)(0.0064 m?)(71 x 10° N/m?)
- (31t) - (1m)
24 ft-1 318,000N -
= AT _ g 50010 = 20 318,000N
3ft Im
= 82.5kips = 318kN

_.|_ ............................ }_.

Prismatic bar

FIGURE 1.10  Thermal strain.
Thermal Strain. 1If the temperature of the prismatic bar shown in Fig. 1.10 increases, then
an axial strain (¢7) will be developed and given by Eq. (1.9),
er = a(AT) (1.9)
and the bar will lengthen by an amount (§7) given by Eq. (1.10).
dr =er L =a(AT)L (1.10)

where « = coefficient of thermal expansion
AT = change in temperature
L length of bar

For a temperature decrease, the thermal strain (¢7) will be negative as given by Eq. (1.9),
and consequently the bar will shorten by an amount (§7) as given by Eq. (1.10).

Thermal Stress. 1f during a temperature change the bar is not constrained, no thermal
stress will develop. However, if the bar is constrained from lengthening or shortening, a
thermal stress (o7) will develop as given by Eq. (1.11).

or = Eer = Ea(AT) (1.11)

Notice that Eq. (1.11) represents Hooke’s law, Eq. (1.3), where the thermal strain (e7)
given by Eq. (1.9) has been substituted for the axial strain (¢). Also notice that the cross-
sectional area (A) of the bar does not appear in Egs. (1.9) to (1.11).
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U.S. Customary

SI/Metric

Example 7. Calculate the change in length of
a steel bar that is heated to 250°F, where

o = 6.5 x 10~%n/in -°F (steel)
L =9ft

solution
Step 1. Calculate the change in length (87)
owing to temperature increase using Eq. (1.10)

dr = a(AT)L
= (6.5 x 1078 in/in -°F)(260°F) (9 ft)
= 0.015ft = 0.18in

Example 8. If the bar in Example 7 is con-
strained, then calculate the thermal stress (o)
developed, where

E = 30 x 10° Ib/in? (steel)

solution
Step 1. Calculate the thermal strain (e7) using
Eq. (1.9).

er = a (AT)
= (6.5 x 107% in/in -°F) (260°F)
= 0.00169

Step 2. Substitute this thermal strain in
Eq. (1.11) to give the thermal stress.

Eer = (30 x 10° 1b/in?) (0.00169)
50,700 1b/in®> = 50.7 ksi

or

Example 7. Calculate the change in length of
a steel bar that is heated to 125°C, where

a =12 x 107° cm/cm°C (steel)
L=3m

solution
Step 1. Calculate the change in length (87)
owing to temperature increase using Eq. (1.10).

ot = a (AT)L
= (12 x 10~® m/m -°C)(125°C)(3 m)
= 0.0045m = 0.45cm

Example 8. If the bar in Example 7 is con-
strained, then calculate the thermal stress (o)
developed, where

E = 207 x 10° N/m? (steel)

solution
Step 1. Calculate the thermal strain (e7) using
Eq. (1.9).

er = a (AT)
= (12 x 107° m/m -°C)(125°C)
= 0.0015

Step 2. Substitute this thermal strain in
Eq. (1.11) to give the thermal stress.

or = Eer = (207 x 10° N/m?) (0.0015)
310,500,000 N/m? = 310.5 MPa

1.3 DIRECT SHEAR

The overlapping bars in Fig. 1.11 are held together by a single rivet as shown.

P

P [

—>

+—

Riveted joint

FIGURE 1.11 Direct shear loading.

Stress. If the rivet is cut in half at the overlap to expose the cross-sectional area (A) of
the rivet, then Fig. 1.12 shows the resulting free-body-diagram.
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P
<+

4
\—
FIGURE 1.12  Free-body-diagram.

A shear force (V) acts over the cross section of the rivet and by static equilibrium equals
the magnitude of the force (P). As a consequence a shear stress (7) is developed in the
rivet as given by Eq. (1.12).

1% P
=— = 1.12
T= (1.12)

Arivet

The unit of shear stress (7) is the same as that for normal stress (o), that is, pound per
square inch (psi) in the U.S. Customary System and newton per square meter, or pascal
(Pa), in the metric system.

Suppose the overlapping joint is held together by two rivets as in Fig. 1.13.

: :

FIGURE 1.13  Two-rivet joint (top view).

If both the rivets are cut in half at the overlap to expose the cross-sectional areas A of the
rivets, then Fig. 1.14 shows the resulting free-body-diagram.

s
B

FIGURE 1.14 Free-body-diagram.

A shear force (V') acts over the cross section of each rivet and so by static equilibrium
these two shear forces together equal the magnitude of the force (P), which means each
is half the force (P). The shear stress (7) that is developed in each rivet is given by
Eq. (1.13).

v P2 P
T=—= = (1.13)
A Arivet 2Arivel

As the number of rivets increase, the shear stress in each rivet is reduced.
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U.S. Customary

SI/Metric

Example 1. Determine the shear stress () in
one of the four rivets of an overlapping joint,
where
P = 10 kip = 10,000 Ib
Driver = 0.25 in = 2 Friyet
solution

Step 1. Calculate the cross-sectional area (A)
of each rivet.

Ariver = 1% = 7(0.125in)? = 0.05in>

Step 2. As there are four rivets that must carry
the force (P), the shear force (V) for each rivet
is
P 10,0001b
4vV=P—>V=—= —1—
4 4

= 2,5001b
Step 3. Using Eq. (1.13) calculate the shear
stress (7).
vV 2,5001b
Asver  0.05in’
50,000 Ib/in® = 50 kpsi

T =

Example 1. Determine the shear stress (7) in
one of the four rivets of an overlapping joint,
where

P = 45 kN = 45,000 N
Diivet = 0.6 cm = 0.006 m = 2 ryjyet

solution
Step 1. Calculate the cross-sectional area (A)
of each rivet.

Ariver = 1% = 7(0.003m)? = 0.00003 m?

Step 2. As there are four rivets that must carry
the force (P), the shear force (V') for each rivet
is

P 45,000N

4W=P>V="
4 4

= 11,250N

Step 3. Using Eq. (1.13) calculate the shear
stress (7).

V. 11,250N
Afivet  0.00003 m?

375,000,000 N/m? = 375 MPa

T =

L/

7

FIGURE 1.15 Rectangular plate in shear.

Strain. The shear force (V) acting on the rectangular plate in Fig. 1.15 will, if one side
of the plate is held fixed, cause the plate to deform into a parallelogram as shown.

The change in the 90° angle, measured in radians, is called the shear strain (y). So the
shear strain is dimensionless. If the area of the fixed edge of the plate is labeled (Agy), then

the shear stress (7) is given by Eq. (1.14).

T

B Afix

(1.14)

Stress-Strain Diagrams. If shear stress (t) is plotted against shear strain (y), it gives
a shear stress-strain diagram as shown in Fig. 1.16, which gives the shear stress-strain
diagram for a ductile material where points A, B, C, D, and F are analogous to the normal
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FIGURE 1.16  Shear stress-strain diagram (ductile material).

stress-strain diagram, that is,

proportional limit
elastic limit

yield point
ultimate strength
fracture point

OO ® >

The shear stress-strain diagram is also linear up to the proportional limit; however,
the slope (G) is called the shear modulus of elasticity. In this region the equation of the
straight line up to the proportional limit is called Hooke’s Law for Shear, and is given by
Eq. (1.15).

t=Gy (1.15)

The shear modulus of elasticity (G) is of the same order of magnitude as the modulus of
elasticity (E), so the diagram is virtually straight up to point A.

Similarly, the shear stress-strain diagram for a brittle material is shown in Fig. 1.17 where
points A, B, C, D, and F are all at the same point. As stated earlier, this is because failure
of a brittle material is virtually instantaneous giving very little or no warning.

——————— A B CDF

Y
FIGURE 1.17  Shear stress-strain diagram (brittle material).
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Relationship among E, G, and v.

The modulus of elasticity (E), shear modulus of

elasticity (G), and Poisson’s ratio (v) are not independent but related by Eq. (1.16).

E
G=—
2(1 + v)

(1.16)

This is a remarkable relationship between material properties, and to the author’s knowl-
edge there is no other such relationship in engineering.

U.S. Customary

SI/Metric

Example 2. Given the modulus of elasticity
(E) and Poisson’s ratio (v), calculate the shear
modulus of elasticity (G), where

E = 30 x 10° Ib/in? (steel)
v = 0.28 (steel)

solution
Step 1. Substitute the modulus of elasticity
(E) and Poisson’s ratio (v) into Eq. (1.16).

E 30 x 10°Ib/in®
2(14+v) 2(140.28)

30 x 10° 1b/in®
2.56

11.7 x 10° 1b/in®

G =

Example 2. Given the modulus of elasticity
(E) and Poisson’s ratio (v), calculate the shear
modulus of elasticity (G), where

E = 207 x 10° N/m? (steel)
v = 0.28 (steel)

solution
Step 1. Substitute the modulus of elasticity
(E) and Poisson’s ratio (v) into Eq. (1.16).

E 207 x 10° N/m?
2(14+v)  2(1+0.28)
207 x 10° N/m?

N 2.56

80.8 x 10° N/m?

G =

Punching Holes. One of the practical applications of direct shear is the punching of holes

in sheet metal as depicted in Fig. 1.18.

The holes punched are usually round so the shear area (A) is the surface area of the inside
of the hole, or the surface area of the edge of the circular plug that is removed. Therefore,

the shear area (A) is given by Eq. (1.17).

A =2mrt (1.17)

where (r) is the radius of the hole and () is the thickness of the plate.
In order to punch a hole, the ultimate shear strength (Sy,) of the material that is half the
ultimate tensile strength (S,;) must be reached by the force (F') of the punch. Using the

definition of shear stress (t) in Eq. (1.18)

(1.18)

A4
|::| Punch

Plate :

-

FIGURE 1.18 Hole punching.
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and substituting the force (F) for the shear force (V), area (A) for a round hole from
Eq. (1.17), the ultimate shear strength (Ss,) can be expressed by Eq. (1.19).

) (1.19)
T 2wt ’
Solving for the required punching force (F') in Eq. (1.19) gives Eq. (1.20).
F = Sg,Q2mrt) (1.20)

U.S. Customary

SI/Metric

Example 3. Calculate the required punching
force (F) for round hole, where

Ssu = 35,000 psi (aluminum)

r =0.3751in
t =0.25in
solution

Step 1. Calculate the required punching force
(F) from Eq. (1.20).

F = Sg, Qmrt)

(35,000 psi)(27r (0.3751in) (0.25in))
= (35,000 psi) (0.589 in?)

= 20,6201b = 20.6 kip

Example 3. Calculate the required punching
force (F) for round hole, where

Ssu = 240 MPa (aluminum)
r=1cm=0.0l m
t = 0.65 cm = 0.0065 m

solution
Step 1. Calculate the required punching force
(F) from Eq. (1.20).

F = Sgu, Qmrt)

(240 MPa) (27 (0.01 m) (0.0065 m))
= (240 MPa) (0.00041 m?)

= 98,020N = 98.0kN

1.4 TORSION

Figure 1.19 shows a circular shaft acted upon by opposing torques (7'), causing the shaft
to be in torsion. This type of loading produces a shear stress in the shaft, thereby causing
one end of the shaft to twist about the axis relative to the other end.

FIGURE 1.19 Torsion.

Stress. The two opposing torques (T') produce a twisting load along the axis of the shaft,
resulting in a shear stress distribution (7) as given by Eq. (1.21),

_Tr
T

T

r<R (1.21)
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Tmax

FIGURE 1.20  Shear stress distribution.

where (r) is the distance from the center of the shaft and (R) is the outside radius. The
distribution given by Eq. (1.21) is linear, as shown in Fig. 1.20, with the maximum shear
stress (Tmax ) occurring at the surface of the shaft (r = R), with zero shear stress at the center
(r=0).

Note that Eq. (1.21) is valid only for circular cross sections. For other cross-sectional
geometries consult Marks’ Standard Handbook for Mechanical Engineers.

The quantity (J) in Eq. (1.21) is called the polar moment of inertia, and for a solid circular
shaft of radius (R) is given by Eq. (1.22).

L 4
J = EJTR (1.22)

Very little of the torsional load is carried by material near the center of the shaft, so hollow
shafts are more efficient. For a hollow circular shaft where the inside radius is (R;) and the

outside radius is (R,), the polar moment of inertia (J) is given by Eq. (1.23).

J= %n(Rj} - RY) (1.23)

U.S. Customary

SI/Metric

Example 1. Determine the maximum shear
stress (Tmax) for a solid circular shaft, where

T = 5,000 ft - Ib = 60,000 in - 1b

D =4in=2R
solution
Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).

1

1
J = —aR* = - n(2in)*
2 2

= 25.13in*
Step 2. Substitute this value for (J), the torque
(T), and the outside radius (R) in Eq. (1.21).
T 25.13 in*
= 4,7751b/in> = 4.8 kpsi

TR _ (60,000in - 1b) (2in)

Tmax =

Example 1. Determine the maximum shear
stress (Tmax) for a solid circular shaft, where

T =7500N-m
D =10cm=0.1 m=2R

solution
Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).

1

41 4
J = —aR” = —7(0.05m)
2 2

= 0.00000982 m*

Step 2. Substitute this value for (J), the torque
(T), and the outside radius (R) in Eq. (1.21).

TR _ (7,500N - m) (0.05 m)

J ~ 0.00000982 m*

Tmax

= 38,200,000 N/m? = 38.2 MPa
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U.S. Customary

SI/Metric

Example 2. Determine the shear stress (t;)
at the inside surface of a hollow circular shaft,
where

T = 8,000 ft - 1b = 96,000 in - Ib
D, =4in=2R,
D; =2in=2R;

solution
Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.23).

1 4 4
27 (RS- &)

%n((Z in)* — (1in)*)

J

= 23.56in*
Step 2. Substitute this value for (J), the torque
(T), and the inside radius (R;) into Eq. (1.21).
TR (96,000in - 1b) (1in)
7T 23560’
= 4,0741b/in> = 4.1 kpsi

T =

Example 2. Determine the shear stress (t;)
at the inside surface of a hollow circular shaft,
where

T =12,000N - m
D, =10cm=0.1 m = 2R,
D; =5cm=0.05m=2R;

solution
Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.23).

1
27 (R R)

1 7((0.05m)* — (0.025m)*)
> ) )

J

0.00000920 m*

Step 2. Substitute this value for (J), the torque
(T), and the inside radius (R;) in Eq. (1.21).
_TR; _ (12,000N - m) (0.025m)
g 0.00000920 m*

= 32,600,000 N/m”> = 32.6 MPa

Level of Torque Reduction. For the geometry of Example 2, the outside radius (R,)

is twice the inside radius (R;). It is interesting that reduction in torque carrying capa-
bility of the hollow shaft compared to the solid shaft is small. This is because the
material near the center of the shaft carries very little of the shear stress, or load, pro-
duced by the applied torque (7). It is instructive to determine the exact value of this
reduction.

Start with the fact that the maximum shear stress (tyax) Will be the same for both the
shafts, because they are made of the same material and the outside radius (R,) is the same.
This fact is shown mathematically in Eq. (1.21) to both the solid shaft and the hollow shaft.
This fact is shown mathematically in Eq. (1.24) as

Tsolid Ro_ Thollow Ro (1.24)
Jsolid Jhollow

The outside radius (R,) cancels on both sides, so Eq. (1.24) can be rearranged to give
the ratio of the torque carried by the hollow shaft (Tjoj10w) divided by the torque carried by
the solid shaft (7giq).

Thollow _ ]hollow (1 25)
Tsolid Jsolid




FUNDAMENTAL LOADINGS 19

Substituting for the respective polar moments of inertia from Eqs. (1.22) and (1.23), and
performing some simple algebra, gives

R,

Thotow _ 37 (Ro = R) _ (R —R}) _ (R) (R) _, (Ri)“
=1- (1.26)
Tsolid % T (Ré) (Ré) (R(‘)‘) (Rﬁ)
For Example 2, the ratio of the inside radius to the outside radius is one-half. So
Eq. (1.26) becomes

T; R \* I 1 15
Thollow _ (2} —j_(Z) =1—- — = =2 =09375=93.75% (1.27)
Tsolid R, 2 16 16

So what is remarkable is that removing such a large portion of the shaft only reduces
the torque carrying capacity by just a little over 6 percent. Note that Eq. (1.27) is a general
relationship and can be used for any ratio of inside and outside diameters.

Strain. As a consequence of the torsional loading on the circular shaft, there is a twisting
of the shaft along its geometric axis. This produces a shear strain () which is given in
Eq. (1.28), without providing the details,

re

y="0 0sr<g (128)

where (¢) is the angle of twist of the shaft, measured in radians.

Deformation. The angle of twist (¢) is given by Eq. (1.29).

TL

*=Gi

(1.29)

and shown graphically in Fig. 1.21.

Note that Eq. (1.29) is valid only in the region up to the proportional limit as it derives
from Hooke’s law for shear, Eq. (1.15). The shear stress (7) is substituted from Eq. (1.21)
and the shear strain () is substituted from Eq. (1.28), then rearranged to give the angle of
twist (¢) given in Eq. (1.29). This algebraic process is shown in Eq. (1.30).

Tr ro TL
T=Gy > —=6G——>9¢

= — 1.30
J L GJ (1.30)

0y

FIGURE 1.21  Angle of twist.
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U.S. Customary

SI/Metric

Example 3. Calculate the angle of twist (¢)
for a solid circular shaft, where

T = 6,000 ft - Ib = 72,000 in - 1b

D =3in=2R

L=6ft=72in

G = 11.7 x 10° Ib/in? (steel)
solution

Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).
1

1
J = -aR* = - 7(1.5in)*
2 2

= 7.95in*
Step 2. Substitute this value of the polar
moment of inertia (J), the torque (7'), the length

(L), and the shear modulus of elasticity (G) into
Eq. (1.29) to give the angle of twist (¢) as

TL
GJ

(72,0001n - 1b) (72 in)
= (117 x 108 1b/in®)(7.95 in*)
5,184,0001b - in?
93,015,0001b - in?
= 0.056rad

¢ =

Example 4. Determine the maximum torque
(Tmax) that can be applied to a solid circular
shaft if there is a maximum allowable shear
stress (Tmax) and a maximum allowable angle
of twist (¢), where

Tmax = 60 kpsi = 60,000 Ib/in?
Gmax = 1.5° = 0.026 rad

D =6in=2R

L =3ft=36in

G = 4.1 x 10° Ib/in? (aluminum)

solution
Step 1. For a maximum shear stress (Tmax),
solve for the maximum torque (Tmax) in
Eq. (1.21) to give
Tmax J

R

Step 2. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).

max —

1 1
J = -aR* == 7@3in?*
2 2

= 127.2in*

Example 3. Calculate the angle of twist (¢)
for a solid circular shaft, where

T =9,000N-m
D =8cm=0.08m=2R
L=2m

G = 80.8 x 10° N/m? (steel)

solution
Step 1. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).

1

1
—7R* = = 7(0.04 rn)4
2 2

= 0.00000402 m*

J

Step 2. Substitute this value of the polar
moment of inertia (J), the torque (7'), the length
(L), and the shear modulus of elasticity (G) into
Eq. (1.29) to give the angle of twist (¢) as
6= TL
T GJ
_ (9,000N - m) (2m)
" (80.8 x 102 N/m?2)(0.00000402 m*)

18,000N - m?
323,200N - m?

0.056 rad

Example 4. Determine the maximum torque
(Tmax) that can be applied to a solid circular
shaft if there is a maximum allowable shear
stress (Tmax) and a maximum allowable angle
of twist (¢), where

Tmax = 410 MPa = 410,000,000 N/m?
Omax = 1.5° = 0.026 rad
D=15cm=0.15m=2R
L=1m
G = 26.7 x 10° N/m? (aluminum)

solution
Step 1. For a maximum shear stress (Tmax),
solve for the maximum torque (7max) in
Eq. (1.21) to give
_ Tmax J

max — R
Step 2. Calculate the polar moment of inertia
(J) of the shaft using Eq. (1.22).

[V 4
J = =nR" = — 71(0.075m)
2 2

= 0.0000497 m*
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Step 3. Using this value for the polar moment
of inertia (J'), and the maximum allowable shear
stress (Tmax), substitute in the equation devel-
oped in Step 1.
tmax J
R
_ (60,0001b/in?)(127.2in*)
- (3in)
7,632,0001b - in?
3in
= 2,544,0001in - Ib
= 212ft- kip

Tmax -

Step 4. For a maximum angle of twist (¢max),
solve for the maximum torque (7Tmax) in Eq.
(1.29) to give

¢max GJ ¢max

L L

where the quantity (GJ) is called the torsional
stiffness.

x GJ

Thax =

Step 5. Using the polar moment of inertia (J)
calculated earlier and the shear modulus of elas-
ticity (G), calculate the torsional stiffness.

GJ = (4.1 x 10°Ib/in®)(127.2 in*)
=52x10%1b - in’

Step 6. Substitute the given maximum allow-
able angle of twist (¢max ), the torsional stiffness
(GJ) just calculated, and the length (L) in the
equation of Step 4 to give

¢max
L

x GJ

Tax =

_ (0.026rad)

5.2 x 10%1b - in®
Gom) 2% in)

1

(7.2 x 10*4,—> (5.2 x 10%1b - in?)
m

= 374,400in - Ib

= 31ft-kip

Step 7. As the maximum torque (7yax ) associ-
ated with the maximum angle of twist (Pmax) s
smaller than that for the maximum shear stress
(Tmax), angle of twist governs, so

Tax = 31 ft - kip

Step 3. Using this value for the polar moment
of inertia (J), and the maximum allowable shear
stress (Tmax ), substitute into the equation deter-
mined in Step 1.
Tmax J

R

Thax =

(4.1 x 108 N/m?)(4.97 x 107> m*)
(0.075m)

20,377N - m?
0.075m

= 271,693N-m
= 272kN-m

Step 4. For a maximum angle of twist ($max),
solve for the maximum torque (7max) in Eq.
(1.29) to give

¢max GJ ¢max

L L

where the quantity (GJ) is called the torsional
stiffness.

x GJ

Tinax =

Step 5. Using the polar moment of inertia (J)
calculated earlier and the shear modulus of elas-
ticity (G), calculate the torsional stiffness.

GJ = (26.7 x 10° N/m?)(4.97 x 107> m*)
=13 x 10°N-m?

Step 6. Substitute the given maximum allow-
able angle of twist (¢max ), the torsional stiffness
(GJ) just calculated, and the length (L) into the
equation of Step 4 to give

¢max
L

x GJ

Tax =

_ (0.026rad)
T (Im)

1
(2.6 x 1072 —) (1.3 x 10°N - m?)
m

(1.3 x 10N - m?)

= 33,800N - m
=34kN-m

Step 7. As the maximum torque (7max ) associ-
ated with the maximum angle of twist (Pmax) is
smaller than that for the maximum shear stress
(Tmax), angle of twist governs, so

Tomax = 34kN - m
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Thin-walled Tubes. For either a solid or hollow circular shaft, Eq. (1.21) gives the shear
stress (7) because of torsion. For thin-walled tubes of any shape Eq. (1.31) gives the shear
stress (7) in the wall of the tube owing to an applied torque (7).

T
T =
2Amt

(1.31)

where A,, is area enclosed by the median line of the tube cross section and 7 is thickness
of the tube wall.

Suprisingly, the angle of twist (¢) for thin-walled tubes is the same as presented in
Eq. (1.29), that is

TL

T

(1.32)

However, each thin-walled tube shape will have a different polar moment of
inertia (J).

Equations (1.31) and (1.32) are useful for all kinds of thin-walled shapes: elliptical,
triangular, and box shapes, to name just a few. For example, consider the thin-walled
rectangular box section shown in Fig. 1.22.

The rectangular tube in Fig. 1.22 has two different wall thicknesses, with the area enclosed
by the median line given as

Ay, = bh (1.33)
and the polar moment of inertia (J) given as

20 hnn

= 1.34
bti +hty ( )

There are two thicknesses, so use the smaller value in Eq. (1.31) to find shear
stress (7).

t
Ty

FIGURE 1.22 Thin-walled rectangular tube.
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Example 5. Calculate shear stress () and the
angle of twist (¢) for a thin-walled rectangular
tube, similar to that shown in Fig. 1.22, where

T = 4,000 ft - Ib = 48,000 in - 1b
b =4in

h =8in
t; = 0.25in
tp =0.51n

L =25ft=30in
G = 11.7 x 10° Ib/in? (steel)
solution

Step 1. Calculate the area (A,,) enclosed by
the median using Eq. (1.33).

A, = bh = (4in) (8in) = 32in>

Step 2. Substitute the torque (7), area (A,,),
and the thickness (¢) in Eq. (1.31) to give the
shear stress () as

T  48,000in-1b
2Ant1 2(32in2)(0.251in)
48,000in - Ib .
= IR 3,000 Ib/in?

(16in’)

3 kpsi

T =

Step 3. Calculate the polar moment of inertia
(J) for the rectangular tube using Eq. (1.34).

2 bz hz it

bt + ht)

2 (4in)? (8in)? (0.251n) (0.5in)
(41in) (0.251n) 4+ (8in) (0.51in)

256 in®

= 50 =51.2in*
mn

Step 4. Substitute the torque (7'), length (L),
shear modulus of elasticity (G), and the po-
lar moment of inertia (J) just calculated into
Eq. (1.32) to find the angle of twist (¢).
6= TL
TG
_ (48,0001n - Ib) (301in)
T (11.7 x 100 Ib/in?)(51.2in%)
864,0001b - in
599,000,0001b - in’

= 0.0024 rad

Example 5. Calculate shear stress () and the
angle of twist (¢) for a thin-walled rectangular
tube, similar to that shown in Fig. 1.22, where

T = 6,000N - m
b=10cm=0.1m
h=20cm=02m

t; = 0.6 cm = 0.006 m

th =1.2cm=0.012m

L =08m

G = 80.8 x 10° N/m? (steel)

solution
Step 1. Calculate the area (A,,) enclosed by
the median using Eq. (1.33).

Am =bh = (0.1m) (0.2m) = 0.02m>

Step 2. Substitute the torque (7'), area (A,,),
and the thickness (¢) in Eq. (1.31) to give the
shear stress () as

T 6,000N - m
T = =
2A. 0 2(0.02m2)(0.006m)
6,000N -
= 27PN 55 000,000 N/m?
(0.00024 m3)
— 25MPa

Step 3. Calculate the polar moment of inertia
(J) for the rectangular tube using Eq. (1.34).
_ 2b2 h2 nhit
b t1+hty
2(0.1m)2(0.2m)2(.006 m)(.012 m)
(0.1m) (.006m) + (0.2m) (.012m)
5.76 x 1078 m®

= 0GB = 1.92 x 107 m*

Step 4. Substitute the torque (7'), length (L),
shear modulus of elasticity (G), and the po-
lar moment of inertia (J) just calculated, in
Eq. (1.32) to find the angle of twist ¢.
= TL
T GJ
(6,000N - m) (0.8 m)
(80.8 x 109 N/m2)(1.92 x 10~5 m*)
_ 4,800N - m?
~ 1,551,360N - m?

= 0.0031 rad
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1.5 BENDING

Figure 1.23 shows a simply-supported beam with a concentrated force (F) located at its
midpoint. This force produces both a bending moment distribution and a shear force distri-
bution in the beam. At any location along the length (L) of the beam, the bending moment
produces a normal stress (o) and the shear force produces a shear stress (7).

L2 F

@

A! T |
# 7

AN

FIGURE 1.23 Bending.

It is assumed that the bending moment and shear force is known. If not, bending moment
and shear force distributions, as well as deflection equations, are provided in Chap. 2 for
a variety of beam configurations and loadings. Note that beam deflections represent the
deformation caused by bending. Also, there is no explicit expression for strain owing to
bending, because again, there are so many possible variations in beam configuration and
loading.

Stress Owing to Bending Moment. Once the bending moment (M) has been determined
at a particular point along a beam, then the normal stress distribution (o) can be determined
from Eq. (1.35) as

My
o=— (1.35)
1
where (y) is distance from the neutral axis (centroid) to the point of interest and (/) is area
moment of inertia about an axis passing through the neutral axis.
The distribution given by Eq. (1.35) is linear as shown in Fig. 1.24, with the maximum
normal stress (omax) occurring at the top of the beam, the minimum normal stress (Opmin)
occurring at the bottom of the beam, and zero at the neutral axis (y = 0).

Omax
N

»

’ Ty
M Y 0 M

h

<
Omin

FIGURE 1.24 Bending stress distribution.

For the directions of the bending moments (M) shown in Fig. 1.24, which by standard
convention are considered negative, (omax) is a positive tensile stress and (oin) 1S a negative
compressive stress. Also, the term neutral axis gets its name from the fact that the bending
stress is zero, or neutral, when the distance (y) is zero.

Some references place a minus sign (—) in front of the term on the right hand side
of Eq. (1.35) so that when the bending moment (M) is positive, a compressive stress
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I y
........ Neutral axis

FIGURE 1.25 Rectangular beam.

automatically results for positive values of the distance (y). This can be confusing, so this
minus sign is not used in this book. Besides, it is usually obvious in most problems, where
the bending stress is tensile and where it is compressive.

The most common beam cross section is rectangular, as shown in Fig. 1.25.

For the rectangular beam of Fig. 1.25, the maximum value of the distance (y) is half of
the height (). The moment of inertia (/) for this rectangular cross section about the neutral
axis that passes through the centroid of the area, is given by Eq. (1.36) as

1
I=—bh? (1.36)

12

U.S. Customary

SI/Metric

Example1l. Determine the maximum bending
stress (omax) in @ beam with a rectangular cross
section, where

M = 20,000 ft - Ib = 240,000 in - 1b
b=2in
h = 6in=2ymax
solution
Step 1. Calculate the moment of inertia (/) of
the rectangular cross section using Eq. (1.36).

1 1
I=5 bh® = o (2in) (6in)>
= 36in*

Step 2. Substitute the bending moment (M),
the maximum distance (ymax), and the moment
of inertia (/) just found, in Eq. (1.35) to deter-
mine the maximum bending stress (omax)-

M ymax _ M (h/2)

Omax = =

I I
(240,000in - Ib) (3 in)
36in*
= 20,0001b/in> = 20 kpsi

Example1l. Determine the maximum bending
stress (omax) in @ beam with a rectangular cross
section, where

M = 30,000 N - m
b=5cm=0.05m
h=15cm = 0.15m = 2ypax

solution

Step 1. Calculate the moment of inertia (/) of

the rectangular cross section using Eq. (1.36).
1

1
I =—bh’=—(00 0.15m)?
2 1 (0-05m) (0.15m)

= 0.000014 m*

Step 2. Substitute the bending moment (M),
the maximum distance (Ymax), and the moment
of inertia (/) just found, in Eq. (1.35) to deter-
mine the maximum bending stress (omax)-

M ymax _ M (h/2)

Omax = =

1 I

(30,000N - m) (0.075m)
0.000014 m*

= 160,000,000 N/m* = 160 MPa
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Ymax=C
hl === - - - Neutral axis
Ymin=°¢C

f——

b
FIGURE 1.26 Limiting values of the distance (y).

The most difficult fact about calculating the bending stress (o) using Eq. (1.35) is de-
termining the bending moment (M). This is why Chap. 2 is devoted entirely to finding the
bending moment and shear force distributions for the most common beam configurations
and loadings.

Before moving on to shear stress owing to bending, there is a quantity associated with the
limiting values of the distance (y) in Eq. (1.35). If the maximum value (ymax) is considered
positive upward from the neutral axis, then the minimum value (ypin) is considered negative
downward from the neutral axis. For the rectangular cross section of Fig. 1.25, these two
limiting values are equal in magnitude but opposite in sign. Figure 1.26 shows these limiting
values.

For other cross-sectional areas, these limiting values may be different. In either case, if the
distance (y) in Eq. (1.35) is moved from the numerator to the denominator, then a quantity
called the section modulus (S) is defined. This algebraic process is shown in Eq. (1.37).

M ymax M M M ymin M M
Omax = = = Of Opip = ——— = = (1.37)
1 1/ Ymax Smax 1 1/ Ymin Smin

As mentioned earlier, a rectangular cross section has equal maximum and minimum val-
ues of the distance (y), only their signs are opposite, and which are typically labeled (c).
The section modulus for a rectangular cross section becomes that given in Eq. (1.38). The

units of section modulus are length cubed, that is, in> or m?.

I I
S = = == (1.38)

Ymax Ymin 4

U.S. Customary

SI/Metric

Example 2. Calculate the section modulus
(S) for the beam with the rectangular cross sec-
tion in Example 1, where

I = 36 in* (from Example 1)
h=6in=2c

solution

Step 1. Substituting the moment of inertia (1)
and the maximum distance (c¢) into Eq. (1.38)
gives

1 1 1
S = = ==
Ymax Ymin c
36in*
=20 2

Example 2. Calculate the section modulus
(S) for the beam with the rectangular cross sec-
tion in Example 1, where

I = 0.000014 m* (from Example 1)
h=15cm=0.15m=2¢

solution

Step 1. Substituting the moment of inertia ()
and the maximum distance (c¢) into Eq. (1.38)
gives

1 1 1
S = = =-
Ymax Ymin c
0.000014 m* 0.00019 m’
= —— = U. m-
0.075m
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Shear Stress Owing to Bending. Once the shear force (V') has been determined at a partic-
ular point along a beam, the shear stress distribution (7) can be determined from Eq. (1.39) as
\4Y
T=— 1.39
T (1.39)
where Q = AYy, first moment of area (A)
A = area out beyond point of interest, specified by distance (y)
y = distance to centroid of area (A) defined above

I = area moment of inertia about an axis passing through neutral axis
b = width of beam at point of interest

The distribution given by Eq. (1.39) is quadratic (meaning second order) in the distance
(y) as shown in Fig. 1.27, with the maximum shear stress (Tmax) Occurring at neutral axis
(y = 0), and the minimum shear stress (Tyin), Which is zero, occurring at the top and bottom
of the beam.

Tmin
T y
4 0 v

Tmax

Tmin
FIGURE 1.27  Shear stress distribution.

The directions of the two shear forces (V) shown in Fig. 1.27 are positive, based on
accepted sign convention, even though the one on the left is upward and the one on the right
is downward. The direction of the shear stress () over the cross section is always in the
same direction as the shear force, that is up on the left and down on the right.

As stated earlier in this section, the most common beam cross section is rectangular, as
shown in Fig. 1.28.

Ty
h|-f-- =gk Neutral axis

FIGURE 1.28 Rectangular beam.

The moment of inertia (/) for this rectangular cross section about the neutral axis that
passes through the centroid of the area, is given by Eq. (1.40),

13
1= b (1.40)

and the width (b) of the beam is constant.
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294/

. — Amax = /2
Ymax= "y
y=0

FIGURE 1.29 Maximum first moment.

Based on the definition of the first moment (Q), the maximum value (Qmnax) for a

rectangle is given by Eq. (1.41) as

_ bh h 1
Omax = Amax Ymax = (7)(2) = gbhz

and shown in Fig. 1.29.

(1.41)

U.S. Customary
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Example 3. Determine the maximum shear
stress (Tmax) for the beam geometry of Exam-
ple 1, and where

V = 2,000 1b
b=2in
h = 61in = 2ymax

solution
Step 1. Calculate the maximum first moment
(Qmax) for the rectangular cross section using
Eq. (1.41).

1

1
Omax = bh* = g @i (6in)>

=9in’

Step 2. Use Eq. (1.40) to calculate the moment
of inertia (7).

;=1 bh? 1(2')(6')3
= — = — m m
12 12

= 36in*

Step 3. Substitute the shear force (V), the
maximum first moment (Qnax ) and the moment
of inertia (/) just calculated, and the width (b)
into Eq. (1.39) to determine the maximum shear
stress (Tmax)-

Example 3. Determine the maximum shear
stress (Tmax) for the beam geometry of Exam-
ple 1, and where

V =9,000 N
b=5cm=0.05m
h=15cm =0.15m = 2ypax

solution

Step 1. Calculate the maximum first moment
(Qmax) for the rectangular cross section using
Eq. (1.41).

1

8
= 0.00014 m?

1
Omax = 3 bh* = 3 (0.15m)>

Step 2. Use Eq. (1.40) to calculate the moment
of inertia (/).

I lbh‘ 1(005 ) (0.15m)?
= — == . m . m
12 12

0.000014 m*

Step 3. Substitute the shear force (V), the
maximum first moment (Qnax ) and the moment
of inertia (/) just calculated, and the width ()
into Eq. (1.39) to determine the maximum shear
stress (Tmax)-
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VOmax _ (2,0001b) 9in®)

Tmax =

b~ (36in*) (2in)
_18,0001b - in’
T 720’

2501b/in? = 250 psi

Example 4. Determine the shear stress (t) at
a distance (y = h/4) for the beam geometry of
Example 3, and where

V =2,0001b
b =2in
h =6in

I = 36 in* (previously calculated)

solution
Step 1. Calculate the first moment (Q) for the
rectangular cross section at a distance (y =
h/4) using Eq. (1.42).
0 = 2 b = Qi) (6in)?
= — = —(2in) (6in
32 32
= 6.75in°
Step 2. Substitute the shear force (V), first
moment (Q) from Step 1, moment of inertia (1),
and the width (b) into Eq. (1.39) to determine
the shear stress (7).
_ VO (2,0001b) (6.75 in%)
T Ib T 36inY) (2in)
13,5001b - in®
72in’
= 187.51b/in®> = 188 psi

VOmax  (9,000N) (0.00014 m?)

fmax = T T (0.000014 m?) (0.05 m)
1.26N - m?
= 0.00000007 m>
1,800,000 N/m? = 1.8 MPa

Example 4. Determine the shear stress (t) at
a distance (y = h/4) for the beam geometry of
Example 3, and where

V =9,000N

b=5cm=0.05m
h=15cm=0.15m

I = 0.000014 m* (previously calculated)

solution

Step 1. Calculate the first moment (Q) for the
rectangular cross section at a distance (y =
h/4) using Eq. (1.42).

0 3bh2 3 (0.05m) (0.15m)?
= — = — (0.05m) (0.15m
32 32

= 0.000105 m*

Step 2. Substitute the shear force (V), first
moment (Q) from Step 1, moment of inertia (1),
and the width (b) into Eq. (1.39) to determine
the shear stress (7).

_ VO (9,000N) (0.000105 m3)

T Ib ~ (0.000014 m*) (0.05m)
0.945N - m?
0.0000007 m5

= 1,350,000 N/m? = 1.35 MPa

Notice that the maximum normal stress (omax) found in Example 1 is 80 to 90 times
greater than the maximum shear stress (Tmax) found in Example 3. This is typically the
case when the values for the bending moment (M) and the shear force (V) are from the
middle of a beam. However, near a support the maximum shear stress will be greater than
the maximum normal stress, which may in fact be zero at a support.

As stated earlier, the maximum shear stress (Tmax) occurs at a distance (y = 0) that is
the neutral axis, and the shear stress is zero at the top and bottom of the beam that is at a
distance (y = h/2). Suppose the shear stress (7) at an intermediate position was desired,
say at a distance (y = h/4). The only difference is the first moment (Q) that can be found

using the information shown in Fig. 1.30.

Based on the definition of the first moment (Q), its value is given by Eq. (1. 42)

_ bh
QZA)’=<T

%) = 332 bh? (1.42)
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FIGURE 1.30 Intermediate first moment.

Direct Shear Versus Shear Owing to Bending. In Sec. 1.1.2 the rivet holding together
the two overlapping bars shown in Fig. 1.31 was said to be under direct shear loading.

P [
<+

>

— P

Riveted joint
FIGURE 1.31 Direct shear loading.

It was found that if the rivet is cut in half at the overlap to expose the cross-sectional area
(A) of the rivet, then Fig. 1.32 shows the resulting free-body-diagram.

P
<+—

"4
>

N
FIGURE 1.32  Free-body-diagram.

From equilibrium, the shear force (V) is equal to the applied force (P), and the shear
stress (7) is given by Eq. (1.43) as
Vv P
T =— =
A Arivet
Consider the overlapping joint shown in Fig. 1.33, where again the rivet is under direct
shear loading.

(1.43)

P £
D I
I — 2P
<+ HE] |
P ~— Riveted joint

FIGURE 1.33  Direct shear loading.

To expose the cross sections of the rivet, the top and bottom plates need to be removed
to form the free-body-diagram shown in Fig. 1.34.

—» 2P

< AA<

FIGURE 1.34 Direct shear loading.
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From equilibrium, the two shear forces (V) are equal to the applied force (2P), so a
single shear force (V') equals a single applied force (P) and the shear stress (7) is given by
Eq. (1.44) as

v P (1.44)
T=—= .
A

Ativet

[Note that the applied force (P) in Eq. (1.44) is twice the applied force (P) in Eq. (1.43).]

Consider a modification of the overlapping joint in Fig. 1.33, where now there are gaps
between the plates as shown in Fig. 1.35, and the rivet is no longer under direct shear
loading but shear owing to bending. This means the rivet is acting like a beam and so the
shear stress (7) is given by Eq. (1.45).

Vo
= — 1.45
=7 (1.45)
P N
«— =
[ =—_ —» 2P
P‘ <—>— ~Gaps

FIGURE 1.35 Shear owing to bending.

Rivets, as well as pins and bolts, have circular cross sections like that shown in Fig. 1.36.
Using the definition of the first moment, and the nomenclature of Fig. 1.35, the maximum
first moment (Qmax) for a circular cross section is given by Eq. (1.46).

_ 7R*\ (4R 2 4
Omax = Amax Ymax = > g = gR" (1.46)

The area moment of inertia (/) for a circular cross section about the neutral axis that
passes through the centroid of the area, is given by Eq. (1.47),

L 4
I= 7R (1.47)

and the maximum width (bnax) of a circular cross-section beam is the diameter, or (2R).

nR?2

2R
FIGURE 1.36 Maximum first moment.
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Substituting the maximum first moment (Qmax) from Eq. (1.46), the area moment of
inertia (/) from Eq. (1.47), and the maximum width (bmax) equal to (2R) into the expression
for shear stress (7) owing to bending in Eq. (1.45) gives

2 p3
VOmax V<§R) 4V

Tmax = = =
Ibmax (%JTR“) (2R) 3 nR?

(1.48)

W[ &
| <

The importance of Eq. (1.48) is that it shows the maximum shear stress owing to bending
is greater by one third (33 percent) of the maximum shear stress owing to direct shear
loading. This is a nontrivial difference and great care should be taken if a rivet, pin, or bolt
is in bending rather than in direct shear.



CHAPTER 2

BEAMS: REACTIONS, SHEAR
FORCE AND BENDING
MOMENT DISTRIBUTIONS,
AND DEFLECTIONS

2.1 INTRODUCTION

Virtually all machines, especially complex ones, have one or more elements acting as
beams. Unlike axial loading that is either tensile or compressive, or torsional loading that
is either clockwise or counterclockwise, there is what appears to be an infinite number of
possible loadings associated with beams. The number is obviously not infinite; but with
the possible types of loads that a beam can support (e.g., forces, couples, or distributed
loads), the possible types of beam supports (pin, roller, or cantilever), and the possible
combinations of these loads and supports, the number of unique beam configurations can
easily seem infinite.

The beam and loading configurations presented in this book cover the important ones
that mechanical engineers are likely to encounter. These configurations are divided into
two main categories: simply-supported and cantilevered, with simply-supported category
divided into three subcategories. In all, there are 15 beam and loading configurations. For
each beam configuration, there are, on average, five example calculations presented to
include finding support reactions, shear force and bending moments, and deflections. This
means there are over 75 such examples provided.

Before getting started with the first of these 15 configurations, there are three graphical
symbols used for the three types of beam supports: pin, roller, and cantilever. The beam in
Fig. 2.1, called a simply-supported beam, shows two of these symbols, a pin support at the
left end and a roller support at the right end.

7 VU

FIGURE 2.1 Simply-supported beam.

The beam in Fig. 2.2, called a cantilevered beam, shows the third symbol, a cantilever
support at the left end, with the right end free. These are merely symbols; graphical models
of real beams supports.
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2
A% 1 B

FIGURE 2.2 Cantilevered beam.

The first idealized symbol, the pin support shown at point A in Fig. 2.3(a), looks like a
knife edge, but it is not. It represents the ability of this type of support to restrict motion
left and right, as well as up and down. The graphical symbol shown in Fig. 2.3(b) shows
why this is called a pin support, in that for a real support of this type there is physically a
pin connecting the beam to some type of clevis structure attached to the foundation. For the
beams that will be presented, this level of detail is unnecessary. Foundations, depicted by a
straight line and hash marks, are always assumed to be rigid.

% A % A— ]
N
7; 7 Ay
(a) (b) c)

(

FIGURE 2.3  Pin support symbols and reactions.

Whenever there is a restriction in motion, there must be a force present to cause this
restriction. As a pin support restricts motion in two directions, there must be two forces
present, called reaction forces, shown as Ay and A, in Fig. 2.3(c). The magnitude and
direction of these two forces will depend on the loading configuration, so until they are
determined, these forces are usually shown in positive directions.

The second idealized symbol, the roller support shown at point B in Fig. 2.4(a), looks
like the beam is just resting on the roller, but it is not. It represents the ability of this type of
support to only restrict motion up and down, meaning perpendicular to the foundation. The
graphical symbol in Fig. 2.4(b) shows a more detailed drawing of a roller, similar to the one
shown in Fig. 2.3(b) for the pin support. In reality, a roller physically has a pin connecting
the beam to some clevis structure that in turn rests on the foundation. Again, for the beams
that will be presented, this level of detail is unnecessary.

B ; B
é// 7 B
(@) (b)

Y
()

FIGURE 2.4 Roller support symbols and reaction.

Because a roller support restricts motion in only one direction, perpendicular to the
foundation, there must be one reaction force present, shown as B, in Fig. 2.4(c). The
magnitude and direction of this force will depend on the loading configuration, so again,
until it is determined, this force is shown in the positive direction.

For the third idealized symbol, the cantilever support shown at point A in Fig. 2.5(a)
looks like the beam is just stuck to the side of the vertical wall, but it is not. It represents
the ability of this type of support, like a pin support, to restrict motion left and right, and up
and down, but also to restrict rotation, clockwise or counterclockwise, of the beam at the
support. The graphical symbol in Fig. 2.5(b) shows a more detailed drawing of a cantilever
support; however, as already stated, this level of detail is unnecessary for the beams that
will be presented.
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FIGURE 2.5 Cantilever support symbols and reactions.

Because a cantilever support restricts motion in two directions, as well as rotation at the
support, the reactions must include two forces and a couple. These are shown as forces A
and Ay, and couple Cj4, in Fig. 2.5(c). The magnitude and direction of these forces and
couple will depend on the loading configuration, so again, until determined, they are shown
in positive directions, where counterclockwise rotation is considered positive.

Remember, the symbols used by engineers to represent real supports are idealized, math-
ematical models, and were never intended to depict actual structures. However, the results
obtained from these models have proven to be very accurate representations of real situa-
tions, and in fact, tend to provide a built-in factor of safety to your design.

2.2 SIMPLY-SUPPORTED BEAMS

As stated earlier, simply-supported beams, like the end-supported beam shown in Fig. 2.6,
have a pin-type support at one end and a roller-type support at the other.

Al 1 B
7 Z
FIGURE 2.6 Simply-supported beam.

The pin at A restricts motion left and right, as well as up and down, whereas the roller
at B only restricts motion up and down. (Actually, for the orientation shown, the roller
can only produce a reaction force upward, so, if a particular loading requires a downward
reaction, the roller would need to be shown on the top side of the beam.)

There are two common variations on the simply-supported beam: the single overhanging
beam shown in Fig. 2.7, and the double overhanging beam shown in Fig. 2.8.

Al ]

7 7 B

FIGURE 2.7 Single overhanging beam.

AL %> B

FIGURE 2.8 Double overhanging beam.

Examples involving several different types of loadings will be presented for each of
these three simply-supported beams, to include concentrated forces, concentrated couples,
and distributed loads. Calculations for the reactions, shear force and bending moment
distributions, and deflections will be provided in both the U.S. Customary and SI or metric
units.
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2.2.1 Concentrated Force at Midpoint

The simply-supported beam in Fig. 2.9 has a concentrated force (F') acting vertically down-
ward at its midpoint. The distance between the supports is labeled (L), so the force (F) is
located half the distance (L/2) from each end support.

L/2 F

>
W

b
-\

L

FIGURE 2.9 Concentrated force at midpoint.

Reactions. The reactions at the end supports are shown in Fig. 2.10—the balanced free-
body-diagram. Notice that the force (F) is split evenly between the vertical reactions (A,
and By), and because the force (F') is acting straight down, the horizontal reaction (Ay) is
zero. If the force (F) had a horizontal component, either left or right, then the horizontal
reaction (A,) would be equal, but opposite in direction, to this horizontal component.

r

A=0
]
Iy T
Ay = F/2 By =F/2
FIGURE 2.10 Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated force (F') acting at its mid-
point, where

F = 12 kip = 12,000 1b
L=6ft

solution

Step 1. From Fig. 2.10, calculate the pin reac-

tions (A and Ay) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and as the force (F) is at the midpoint,

F 12,0001b
Ay=2= 2

= 6,0001b
2

Step 2. From Fig. 2.10, calculate the roller
reaction (By) at the right end of the beam.

As the force (F) is at the midpoint,
F12,0001b

By=—

=6,0001b
2 2

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated force (F') acting at its mid-
point, where

F = 55kN = 55,000 N
L=2m

solution

Step 1. From Fig. 2.10 calculate the pin reac-

tions (Ay and Ay) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and as the force (F) is at the midpoint,

F  55,000N
y=—=———=27500N
2 2
Step 2. From Fig. 2.10, calculate the roller
reaction (By) at the right end of the beam.
As the force (F) is at the midpoint,
F 55,000N

By = —

=27,500N
2 2
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FIGURE 2.11 Concentrated force at midpoint.

Shear Force and Bending Moment Distributions. For the simply-supported beam with a
concentrated force (F) at its midpoint, shown in Fig. 2.11 that has the balanced free-body-
diagram shown in Fig. 2.12, the shear force (V') distribution is shown in Fig. 2.13.

F
A=0 l

A

A, = Fi2 TB},= Fr2

FIGURE 2.12  Free-body-diagram.

Note that the shear force (V) is a positive (F/2) from the left end of the beam to the
midpoint, and a negative (F/2) from the midpoint to the right end of the beam. So there is
a discontinuity in the shear force at the midpoint of the beam, of magnitude (F'), where the
concentrated force is applied. The maximum shear force (Viax) is therefore

F
Vmax = 5 (21)
The bending moment distribution is given by Eq. (2.2a) for all values of the distance (x)
from the left end of the beam to the midpoint and Eq. (2.2b) from the midpoint to the right
end of the beam. (Always measure the distance (x) from the left end of any beam.)

F L

M= —x 0<x<— (2.261)
2 2
F L

The bending moment (M) distribution is shown in Fig. 2.14.

F/2

L2 L

B N i

FIGURE 2.13  Shear force diagram.
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L/2 L

FIGURE 2.14 Bending moment diagram.

Note that the bending moment (M) is zero at both ends, and increases linearly to a
maximum at the midpoint (L/2). From the midpoint, the bending moment decreases linearly
back to zero. The maximum bending moment (Mpax) occurs at the midpoint of the beam
and is given by Eq. (2.3).

FL
Mupax = T 2.3)

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V) and
bending moment (M) for a simply-supported
beam with a concentrated force (F) at its mid-
point a distance (L/4) from the right end of the
beam, where

F = 12 kip = 12,000 1b
L=6ft

solution
Step 1.  Establish the distance (x) from the left
end of the beam, where

L . . 3L
x =1L — 7 (distance from right end) = x

3
4 4

Step 2. Determine the shear force (V) from
Fig. 2.13 as

F 12,0001b
Vel =_ 2777

= —6,0001b
2 2

Step 3. Determine the bending moment (M)

from Eq. (2.2D).

12,0001b
2

(6,0001b) (1.5 ft) = 9,000 ft - b

F
M= (L-x)= (6t — 4.5f6)

Example 3. Calculate and locate the max-
imum shear force (Viax) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

F = 12 kip = 12,000 1b
L =61t

Example 2. Calculate the shear force (V) and
bending moment (M) for a simply-supported
beam with a concentrated force (F) at its mid-
point a distance (L /4) from the right end of the
beam, where

F = 55kN = 55,000 N
L=2m
solution

Step 1. Establish the distance (x) from the left
end of the beam, where

L . . 3L
x =1L — 7 (distance from right end) = x

3(2m) 6m
— = —=15m

4 4
Step 2. Determine the shear force (V) from
Fig. 2.13 as
F 55,000 N

V=c—_ =

= —27,500N
2 2

Step 3. Determine the bending moment (M)

from Eq. (2.2D).

55,000N
2

(27,500N) (0.5m) = 13,750N - m

F
M= (L-x)= (2m — 1.5m)

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

F = 55kN = 55,000 N
L=2m
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U.S. Customary

SI/Metric

solution
Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.1) as

F 12,000 1b
Vmax = E = T = 6,000 Ib
Step 2. As shown in Fig. 2.13, this maximum
shear force (Vinax) of 6,000 Ib does not have a

specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.3) as

FL  (12,0001b) (6 ft)
Mmax = T = f

2 ft-1
= 72.0001t - 1o = 18,000ft - Ib

Step 4. Figure 2.14 shows that this maximum
bending moment (M) of 18,000 ft-1b is
located at the midpoint of the beam.

solution
Step 1. Calculate the maximum shear force
(Vinax) from Eq. (2.1) as

F _ 55000N

- = =27,500N
2 2

Vinax =

Step 2. As shown in Fig. 2.13, this maximum
shear force (Viax) of 27,500 N does not have a
specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.3) as

FL  (55,000N) (2m)
R
_ 110,000N - m
=

Mmax =
=27,500N - m

Step 4. As shown in Fig. 2.14, this maximum
bending moment (Mpax) of 27,500 N - m is
located at the midpoint of the beam.

L/2

= [:»}~(—

__§>)f _

byl

FIGURE 2.15 Beam deflection diagram.

Deflection.

For this loading configuration, the deflection (A) along the beam is shown in

Fig. 2.15, and given by Eq. (2.4) for values of distance (x) from the left end of the beam,

Fx
A= ——
48 EI

where A = deflection of beam

F = applied force at midpoint of beam

x = distance from left end of beam
L = length of beam

(BL? — 4x?)

0<x <

2.4)

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

Note that the distance (x) in Eq. (2.4) must be between 0 and half the length of the
beam (L/2). As the deflection is symmetrical about the midpoint of the beam, values of the
distance (x) greater than the length (L/2) have no meaning in this equation.

The maximum deflection (Apax) caused by this loading configuration is given by

Eq. (2.5),
FL3

AII'IZIX

T 48El

L
at x = —
2

(2.5)
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located at the midpoint (L/2) of the beam directly under the concentrated force (F). As will
be shown in the following examples, the value for the deflection (A) at any location along
the beam for this loading configuration will be downward. However, although many loading
configurations produce deflections that are always downward, still others have deflections
that are always upward, and still others where the deflection is both upward and downward,
depending on the location along the length of the beam.

U.S. Customary

SI/Metric

Example 4. Calculate the deflection (A) of a
beam with a concentrated force (F') at its mid-
point a distance (L/4) from the left end of the
beam, where

F = 12 kip = 12,000 Ib
L=6ft

E = 30 x 10° 1b/in? (steel)
I =225in*

solution
Step 1. Determine the distance (x).
L 6ft

=== sq
TTYT

Step 2. Calculate the stiffness (ET).
EI = (30 x 10°Ib/in?)(2.25 in*)
= 6.75 x 107 1b - in? x 1{t¥/144 in’
= 4.69 x 10° b - ft?
Step 3. Determine the deflection (A) from
Eq. 2.4).
Fx 2 2
A= 3L —4
BED )
(12,0001b) (1.5 ft)
48 (4.69 x 105 1b - ft?)
x[3 (6f1)% — 4(1.5f1)?]
(18,0001b - ft)
(225 x 1071b - ft%)
x[(108 %) — (91t%)]

1
= (8.00 x 1074 E) x [99 ft?]
12in )
= 0.079ft x —— =095in |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam con-
figuration in Example 4, where

F = 12 kip = 12,000 Ib
L=6ft
El = 4.69 x 10° Ib - fi?

Example 4. Calculate the deflection (A) of a
beam with a concentrated force (F') at its mid-
point a distance (L/4) from the left end of the
beam, where

F =55kN = 55,000 N
L=2m

E = 207 x 10° N/m? (steel)
I = 88 cm?

solution
Step 1. Determine the distance (x).
L 2m

=—=—=05
X 7 2 m

Step 2. Calculate the stiffness (ET).
EI = (207 x 10° N/m?)(88 cm*)
x1m*(100 cm)*
= 1.82x 10°N - m?
Step 3. Determine the deflection (A) from
Eq. (2.4).
Fx 5 5
A= 3L —4
18D *)
(55,000 N) (0.5 m)
48 (1.82 x 105N - m?)
x[3(2m)* — 4 (0.5m)?]
(27,500N - m)
(8.74 x 106N - m?)
x[(12m?) — (1m?)]

1
= (3.15 x 1073 7) x [11 m?]
m

1
— 0.0346m x L20°m

=346cm |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

F = 55kN = 55,000 N
L=2m
El =1.82 x 10° N - m?
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U.S. Customary SI/Metric
solution solution
Step 1. Calculate the maximum deflection Step 1. Calculate the maximum deflection
from Eq. (2.5). from Eq. (2.5).
A FL? A FL?
max — 48 (EI) max — 48 (EI)
_ (12,0001b) (6 f)* _ (55,000N) (2m)?
T 48(4.69 x 105 1b - ft?) T 48(1.82 x 10°N - m?)
2.59 x 10°1b - ft? 440 x 10°N - m®
T 225x% 107 1b - ft2 ~ 874 x 106N - m?
i 100
— 0115t x 22 _ 1 38in | = 0.0504m x — = =5.04cm |

Notice that the maximum deflection (Amax) found at the midpoint of the beam (L/2) in
Example 5 is not twice the deflection (A) at a distance one quarter the length of the beam
(L/4) found in Example 4. This is because the shape of the deflection curve is parabolic,
not linear.

2.2.2 Concentrated Force at Intermediate
Point

The simply-supported beam in Fig. 2.16 has a concentrated force (F) acting vertically
downward at an intermediate point, meaning not at its midpoint. The distance between the
supports is labeled (L), so the force (F) is located at a distance (a) from the left end of the
beam and a distance (b) from the right end of the beam, where the sum of distances (a) and
(b) equal the length of the beam (L).

F
a b |

|
| ) |
Al 1B
Vs N
| ; |

FIGURE 2.16 Concentrated force at intermediate point.

Reactions. The reactions at the end supports are shown in Fig. 2.17, the balanced free-
body-diagram. Notice that the force (F') is unevenly divided between the vertical reactions
(Ay and By), and because the force (F) is acting straight down, the horizontal reaction

| a F b

=0 [~ l ~i
%

A, = FbiL B, = Fall

Ax

A

FIGURE 2.17 Free-body-diagram.
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(Ay) is zero. If the force (F) had a horizontal component, then the horizontal reaction (Ay)
would be equal, but opposite in direction, to this horizontal component.

U.S. Customary

SI/Metric

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated force (F) acting at an inter-
mediate point, where

F = 10 kip = 10,000 1b
L=8fta=6f1t,b=2ft

solution

Step 1. From Fig. 2.17, calculate the pin reac-
tions (A and Ay) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and the vertical reaction (Ay) is

a Fb _ (10,0001b) (2ft)
YTL T 8 ft
20,0001t - 1b

=2,5001b
8 ft

Step 2. From Fig. 2.17 calculate the roller re-
action (By) at the right end of the beam.

Fa _ (10,0001b) (6f0)

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated force (F) acting at an inter-
mediate point, where

F = 45kN =45,000 N
L=3ma=2m,b=1m

solution

Step 1. From Fig. 2.17, calculate the pin reac-

tions (Ay and Ay) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and the vertical reaction (Ay) is

Fb  (45,000N) (1 m)
i - 3m

45,000N - m
- 3m

A, =
= 15,000N
Step 2. From Fig. 2.17 calculate the roller re-

action (By) at the right end of the beam.
Fa _ (45,000N) (2m)

By = — By = —
YTL 8t L 3m
60,000t - Ib 90,000N - m
= ———— =75001b = = =30,000N
8t 3m
! a F b |
I ] !
A 1B

7

é%

FIGURE 2.18 Concentrated force at intermediate point.

Shear Force and Bending Moment Distributions. For the simply-supported beam with
a concentrated force (F) at an intermediate point, shown in Fig. 2.18, that has the balanced
free-body-diagram shown in Fig. 2.19, the shear force (V') distribution is shown in Fig. 2.20.

| a

)

A=0 |

h

A, = FbIL

FIGURE 2.19 Free-body-diagram.

B, = Fall
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Fb/L

Y

FIGURE 2.20  Shear force diagram.

Note that the shear force (V) is a positive (Fb/L) from the left end of the beam to where
the force acts, and a negative (Fa/L) from where the force acts to the right end of the beam.
So there is a discontinuity in the shear force where the force acts, of magnitude (F'). If the
distance (a) is greater than the distance (b), then the maximum shear force (Vipax) is

Fa
Vinax = T a>>b (2.6)

The bending moment distribution is given by Eq. (2.7a) for values of the distance (x)
from the left end of the beam to where the force acts, and Eq. (2.7b) from where the force
acts to the right end of the beam. (Always measure the distance (x) from the left end of any
beam.)

Fb

szx 0<x <a 2.7a)
Fa

MZI(L_X) a <x <L (2.7b)

The bending moment (M) distribution is shown in Fig. 2.21.

M
T

FIGURE 2.21 Bending moment diagram.

Note that the bending moment (M) is zero at both ends, and increases linearly to a
maximum where the force acts. From where the force acts, the bending moment decreases
linearly back to zero. The maximum bending moment (Mmax) is given by Eq. (2.8)

Fab
Mmax = T (28)
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U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a simply-supported
beam with a concentrated force (F) at an inter-
mediate point a distance (L/2), where

F = 10 kip = 10,000 1b
L=8fta=6ft,b=2ft
solution

Step 1. Establish the distance (x) from the left
end of the beam, where

_L_8f_ .
T2 T

Step 2. Determine the shear force (V) from
Fig. 2.20 as

v Fb _ (10,0001b) (2ft)
T L 8 ft

20,0001t - 1b

=2,5001b
8ft

Step 3. Determine the bending moment (M)
from Eq. (2.7a).

Fb (10,000 1b) (2 ft)
VI, St ettt nid
L 8 ft

20,0001t - 1b
- 8 ft

(2,5001b) (4 ft) = 10,0001t - Ib

M 41t

(41t)

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

F = 10 kip = 10,000 Ib
L=8ft,a=6ftb=2ft

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.6) as

Fa _ (10,0001b) (6ft)
L~ 8 ft
60,0001t - Ib
- 8 ft

Vinax =

=7,5001b

Step 2. As shown in Fig. 2.20 this maximum
shear force (Vinax) of 7,500 1b occurs in the re-
gion between where the force (F) acts and the
right end of the beam.

Example 2. Calculate the shear force (V) and
bending moment (M) for a simply-supported
beam with a concentrated force (F) at an inter-
mediate point a distance (L/2), where

F = 45kN = 45,000 N

L=3ma=2m,b=1m
solution
Step 1. Establish the distance (x) from the left
end of the beam, where

L 3m

=—=—=15
X ) 2 m

Step 2. Determine the shear force (V) from
Fig. 2.20 as

Fb  (45,000N) (1 m)
L~ 3m
_ 45,000N - m

=15,000N
3m

Step 3. Determine the bending moment (M)
from Eq. (2.7a).
Fb (45,000N) (1 m)
=
L 3m
45,000N - m
= ——(1.5m)

3m

(15,000N) (1.5m) =22,500N - m

M (1.5m)

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

F = 45kN =45,000 N
L=3ma=2mb=1m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.6) as

v _ Fa _ (45.000N) 2m)
max — L - 3m
_90,000N - m

= 30,000N
3m

Step 2. As shown in Fig. 2.20, this maximum
shear force (Vipax) of 30,000 N occurs in the
region between where the force (F) acts and
the right end of the beam.
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U.S. Customary

SI/Metric

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.8) as

Fab (10,000 1b) (6 ft) (2 ft)
L 8 ft

Mmax =

120,000t - 1b )
= —15,000ft-Ib
8 ft

Step 4. Figure 2.21, this maximum bending
moment (Mpax) of 15,000 ft - Ib occurs where
the force (F) acts.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.8) as

Fab  (45,000N) (2m) (1 m)
Muax = = = im

90,000 N - m?

= 2 30,000N - m

3m

Step 4. Figure 2.21, this maximum bending

moment (M,x) of 30,000 N - m occurs where
the force (F) acts.

F

| : —
P — —j-’— : —B
% 2 %

| |
| L |

FIGURE 2.22 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.22, and given by Eq. (2.9a) for values of the distance (x) from the left end of the
beam to where the force (F) acts, and given by Eq. (2.9b) for values of the distance (x)
from where the force (F') acts to the right end of the beam.

Fbx

A= L? — p% — 3?2 <x < 2.
6EIL( b x“) 0<x <a (2.9a)
Fa (L —x) 2 2
A= —Q2Lx — - <x <L 2.
S EIL Q2Lx —a x“) a <x < (2.9b)

where A = deflection of beam
F = applied force at an intermediate point
x = distance from left end of beam
L = length of beam
a = location of force (F) from left end of beam
b = location of force (F) from right end of beam
E = modulus of elasticity of beam material
I = area moment of inertia of the cross-sectional area about axis through centroid

Note that the deflection (A) is downward for all values of the distance (x), and that the
distance (x) in Eq. (2.9a) must be between 0 and the distance (@), and the distance (x) in
Eq. (2.9b) must be between the distance (a) and the length of the beam (L). The deflection
will not be symmetrical about the location of the force (F'), and as will be seen shortly, the
maximum deflection does not occur where the force acts.
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If the distance (a) is greater than the distance (b), then the maximum deflection (Apax)
caused by this loading configuration is given by Eq. (2.10),

at x =,/ a(L37+b) (2.10)

located at a point to the left of where the force (F') acts. It is clear that the distance (x) for
the maximum deflection is not the place where the force (F') acts.

If the distance (a) is less than the distance (b), then consider a mirror image of the beam
where the distances (a) and (b) swap values.

The deflection (A,) at the point where the force (F) acts, the distance (a), is given by
Eq. (2.11),

max

_ Fb (a(L+b)\?
" 3EIL 3

_ Fa?b?
T 3EIL

at x=ua (2.11)

a

where it is not entirely obvious that the deflection (A, ) is less than the maximum deflection

(Amax)-

U.S. Customary

SI/Metric

Example 4. Calculate the deflection (A) of
a simply-supported beam with a concentrated
force (F) at an intermediate point a distance
(x) of (3L/8), where

F = 10 kip = 10,000 1b
L=8fta=6f1t,b=2ft
E =30 x 10° Ib/in.? (steel)
I =4in*
solution
Step 1. Determine the distance (x).
3L 3(8ft)
X=—= =

= = 3ft
8 8

Step 2. Calculate the stiffness (ET).

EI = (30 x 10° Ib/in®) (4 in*)
1.2 x 1031b - in? x 1 ft?
- 144 in2
=833 x10°1b-ft?

Step 3. Determine the deflection (A) from
Eq. (2.9a).

PN LS JRE B
6(ED L
(10,0001b) (2 ft) (3 1)

6(8.33 x 1051b - ft?) (8 ft)
x [(81t)2 — (2ft)> — (31t)?]

Example 4. Calculate the deflection (A) of
a simply-supported beam with a concentrated
force (F) at an intermediate point a distance
(x) of (3L/8), where

F = 45kN = 45,000 N
L=3ma=2mb=1m
E =207 x 10° N/m? (steel)
[ =201 cm*

solution
Step 1. Determine the distance (x).

3L 3(3m)
X=— = —"

=1.125
8 8 m

Step 2. Calculate the stiffness (ET).

EI = (207 x 10° N/m?) (201 cm*)
I1m*
_-m
(100 cm)*
=4.16 x 10°N - m?

Step 3. Determine the deflection (A) from
Eq. (2.9a).

PN LS T B
6 (ED L
(45,000N) (1 m) (1.125 m)
6(4.16 x 10°N-m2) 3m)

x[3m)? — (1m)? — (1.125m)?]




BEAMS

47

U.S. Customary

SI/Metric

_ (60,0001b - ft%)
T (4.00 x 107 Ib - fi%)
x[(64ft%) — (4ft%) — (91t%)]
1

(1.5 x 1073 E) x [511%]

— 0.0765ft x 121

=0.92in |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

F = 10 kip = 10,000 Ib
L=8fta=6ft,b=2ft
EI =833 x 10°1b - ft

solution
Step 1. Calculate the maximum deflection
from Eq. (2.10).
Fb a(L+b)\"?
3(EDL ( 3 )
B (10,0001b) (2 ft)
T 3(8.33 x 1051b - fi?) (8 ft)
. ((6&) [(8ft) + (2&)])3/2
3
20,0001b - ft
2.00 x 107 1b - f63

((60 ftz))3/2
X
3

1
(1.00 x 1073 ﬁ_z> (89.4 6%

Amax =

A max

. 12in .
= 0.089 ft x = 1.07in |

Step 2. Calculate the location of the maximum
deflection from Eq. (2.10).

[a(L+b)
xAmax = 3
[(610) [(8F) + (210)]
- 3
[ (61t (10f0)
- 3

60 ft
= ( 3t) = 4471t

(50,625 N - m2)
(7.49 x 106 N - m3)

x[Om?) — (1m?) — (1.27m?)]
=(6.76 x 1073 — | x [6.73m?]
m

1
— 0.0455m x L00cm

=455cm |

Example 5. Calculate the maximum deflec-
tion (Apmax) and its location for the beam con-
figuration in Example 4, where

F = 45kN =45,000 N

L=3ma=2m,b=1m

El = 4.16 x 10° N - m?

solution
Step 1. Calculate the maximum deflection
from Eq. (2.10).

Fb (a(L+b)\>?
3EIL 3
(45,000N) (1 m)
3(4.16 x 105N - m2) (3m)
y ((2m) [(Bm) + <1m>]>3/2
3

45,000N - m
3.74 x 10°N - m3

3/2
« < (8m?) )
3

1
<1.2o x 1072 7) 4.35m%)
m

Amax =

Amax =

— 0.0523m x L00¢m

=523cm |

Step 2. Calculate the location of the maximum
deflection from Eq. (2.10)

[a(L+b)
XAmax = f

_ \/<2m) [Gm) + (A m)]
3

(2m) (4m)

3
2
= (8;“) = 1.63m
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U.S. Customary SI/Metric
Example 6. Calculate the deflection (A,) at Example 6. Calculate the deflection (A,) at
the location (a) where the force (F') acts, where the location (a) where the force (F) acts, where
F = 10 kip = 10,000 Ib F = 45kN =45,000 N
L=8fta=6f1t,b=2ft L=3ma=2m,b=1m
EI =833 x 10° b - ft El =416 x 10° N - m?
solution solution
Calculate the deflection (A,) where the force Calculate the deflection (A,) where the force
(F) acts from Eq. (2.11). (F) acts from Eq. (2.11).
Fa*b? Fa*b?
Aa = Aa =
3(EDL 3(EDL
_ (10,0001b) (6f0) (2£1)? _ (45,000N) 2m)? (1 m)*
3(8.33 x 103 1b - %) (8 ft) T 3(4.16 x 105N -m?2) (3m)
144 x10°1b - fit 180,000N - m*
7200 x 1071b - f? " 374 x 106N - m3
12i 100
— 0.072ft x T‘" —0.86in | — 0.0481m x — _481em |

Notice that the maximum deflection (Amax) found in Example S is greater than the
deflection (A, ) found in Example 6, which shows conclusively that the maximum deflection
does not occur where the force (F) acts.

2.2.3 Concentrated Couple

The simply-supported beam in Fig. 2.23 has a concentrated couple (C) acting counter-
clockwise at an intermediate point, not at its midpoint. The distance between the supports
is labeled (L), so the couple (C) is located at a distance (a) from the left end of the beam
and a distance (b) from the right end of the beam, where the sum of distances (a) and (b)
is equal to the length of the beam (L).

b |

A ] B

m Va

| |
! L |

|
| c
[

Nl

FIGURE 2.23  Concentrated couple at intermediate point.

Reactions. The reactions at the end supports are shown in Fig. 2.24—the balanced free-
body-diagram. Notice that as the couple (C) is counterclockwise, the pin support must be
located at the right end of the beam, with the roller support at the left. Notice that the vertical
reactions (Ay and By) are equal in magnitude but opposite in direction, and as there is no
force acting on the beam, the horizontal reaction (By) is zero.
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a | b |
|
c « B,=0
py —F—
A / l
Ay = C/L By:—C/L
FIGURE 2.24 Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated couple (C) acting at an
intermediate point, where

C = 15 ft - kip = 15,000 ft - Ib
L=12ft,a=4ft b=8ft

solution

Step 1. From Fig. 2.24 calculate the pin reac-
tions (By and By) at the right end of the beam.
As there are no forces acting on the beam,

By =0

and the vertical reaction (B)) is

C —15,000ft - 1b
By=——=—""—_" "
: L 121t

—1,2501b

Step 2. From Fig. 2.24 calculate the roller
reaction (Ay) at the left end of the beam.

s C _ 15,000ft-Ib
YT LT 12 ft

= 1,2501b

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a concentrated couple (C) acting at an
intermediate point, where

C =20kN - m = 20,000 N - m
L=4m,a=1%m,b=2%m
solution
Step 1. From Fig. 2.24 calculate the pin reac-
tions (B, and By) at the right end of the beam.
As there are no forces acting on the beam,

By =0

and the vertical reaction (B)) is

C  —20,000N-m

By=——=—"—"—"—""""
’ L 4m

—5,000N

Step 2. From Fig. 2.24 calculate the roller
reaction (Ay) at the left end of the beam.
C  20,000N-m
A). - = —
L 4m
= 5,000N

Shear Force and Bending Moment Distributions.

For the simply-supported beam with

a concentrated couple (C) at an intermediate point, shown in Fig. 2.25, which has the
balanced free-body-diagram shown in Fig. 2.26, the shear force (V') distribution is shown in

Fig. 2.27.

®

WA

|

| c
Al

w

N

L

FIGURE 2.25 Concentrated couple at intermediate point.
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a | b
I
Ce B,=0
1)
A /
A,=CIL ¥ B,=-CIlL
FIGURE 2.26 Free-body-diagram.
%4
ciL ;
+ L
0 ’ X

FIGURE 2.27  Shear force diagram.

Note that the shear force (V) is a constant (C/L) from the left end of the beam to the right
end of the beam. As the couple is not a force, its location does not affect the shear force distri-
bution, unlike a concentrated force that causes a discontinuity in the shear force distribution
where the force acts. Therefore, the maximum shear force (Vinax) is given by Eq. (2.12).

C

Vimax = Z (2 12)

The bending moment (M) distribution is given by Eq. (2.13a) for the values of the distance
(x) from the left end of the beam to where the couple acts and Eq. (2.13b) from where the
couple acts to the right end of the beam. (Always measure the distance (x) from the left
end of any beam.)

C
Mzzx 0<x<a (2.13a)
C
M:—Z(L—x) a<x<L (2.13b)
The bending moment (M) distribution is shown in Fig. 2.28.
M
Call [-----===mmmmmm
0 X
—Cb/L

FIGURE 2.28 Bending moment diagram.
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Note that the bending moment (M) is zero at both ends, and increases linearly to a
maximum positive value (Ca/L) where the couple acts. At the point where the couple
acts, that is at a distance (a), there is a discontinuity in the bending moment of magnitude
(C) downward. So from where the couple acts, the bending moment starts at a maxi-
mum negative value (—Cb/L) and increases linearly back to zero. Note that the slopes
of these two increasing values of bending moment are equal, and therefore the lines are
parallel.

If the distance (a) is less than the distance (b), then the maximum bending moment
(Mmax) 1s given by Eq. (2.14a). If the distance (a) is greater than the distance (b), then the
maximum bending moment (Mp,x) is given by Eq. (2.14b).

Cb

Mmax = T a<b (2.14a)
c

ﬂhmx:‘i? a>b (2.14b)

If the distance (a) is equal to the distance (b), which means are the couple (C) acts at
the midpoint of the beam, then (a) and () each is equal to half the length of the beam (L).
Therefore, the bending moment distribution will be symmetrical about the midpoint of the
beam, and the maximum bending moment (Mm,x) is given by Eq. (2.15)

C L
a=b=— 2.15)

Mmax = 5 )

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a simply-supported
beam with a concentrated couple (C) at a dis-
tance (L/6) from the left end of the beam, where

C = 15 ft- kip = 15,000 ft - Ib
L=12ft,a=41t,b=28ft

solution
Step 1. Establish the distance (x) from the left
end of the beam, where
L 12ft 2 ft

76T 6 T
Step 2. Determine the shear force (V) from
Fig. 2.27 as

V= C _ 15,000ft-1b
T L 12 ft
= 1,2501b

Step 3. Determine the bending moment (M)
from Eq. (2.13a).
C 15,0001t - 1b
M=—x=—————2ft
L 12 ft
(1,2501b) (2 ft) = 2,500 1t - b

Example 2. Calculate the shear force (V') and
bending moment (M) for a simply-supported
beam with a concentrated couple (C) at a dis-
tance (L/4) from the left end of the beam, where

F =20kN-m=20,000N - m
L:4m,a:1%m,b:2%m
solution

Step 1. Establish the distance (x) from the left
end of the beam, where

Step 2. Determine the shear force (V) from
Fig. 2.27 as
V= c _ 20,000N - m
L 4m
= 5,000N

Step 3. Determine the bending moment (M)
from Eq. (2.13a).
c 20,000N - m
M= —x="——(1m)
L 4m
(5,000N) (1m) =5,000N - m
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U.S. Customary
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Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

C = 15 ft - kip = 15,000 ft - 1b
L=12ftta=41tb=28ft

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.12) as
C  15,000ft-1Ib
Voax = — = ——=———

L~ 121t
= 1,2501b

Step 2. As shown in Fig. 2.27 the maximum
shear force (Vipax) of 1,250 Ib does not have a
specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.14a), as the dis-
tance (a), the location of the couple (C), is less
than the distance (b).

Cb (15,0001t - 1b) (8 f)

L~ 12 ft
_120,0001t* - 1b
B 12 ft

Mmax =

= 10,0001t - 1b

Step 4. Figure 2.28 shows that the maximum
bending moment (Mmax) of 10,000 ft - 1b occurs
where the couple (C) acts.

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

C =20kN-m = 20,000 N - m
L:4m,a:1%m,h:2%m

solution
Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.12) as

20,000N - m
4m

Vmax -

C j—
=
= 5,000N

Step 2. As shown in Fig. 2.27 the maximum
shear force (Vinax) of 5,000 N - Ib does not have
a specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.14a), as the dis-
tance (a), the location of the couple (C), is less
than the distance (b)

Cb _ (20,000N - m) (2.5m)
L~ 4m
_50,000N - m?
B 4m

Mmax =

=12,500N - m

Step 4. Figure 2.28 shows that the maximum
bending moment (Mpax) of 12,500 N - m occurs
where the couple (C) acts.

l—

f

, a
-,

A —— )1
7/% Ta

FIGURE 2.29 Beam deflection diagram.

Lyl

!
L

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.29, and given by Eq. (2.16a) for the values of the distance (x) from the left end of the
beam to where the couple (C) acts, and given by Eq. (2.16b) for the values of the distance
(x) from where the couple (C) acts to the right end of the beam.

Cx 2 2 2
= L—x%—3a% 2L <x< 2.1
GEIL [6a X 3a ] 0<x<a (2.16a)
c
— [3a’L +3Lx* —x(2L? +3a®) —x3] a<x<L (2.16b)

= GEIL
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where A = deflection of beam (positive downward)
C = applied couple at an intermediate point
x = distance from left end of beam
L = length of beam
a = location of couple (C) from left end of beam
b = location of couple (C) from right end of beam
E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

Note that the deflection (A) is downward for some values of the distance (x) and
upward for other values. Also, the distance (x) in Eq. (2.16a) must be between 0 and
(a), and the distance (x) in Eq. (2.16b) must be between (a) and the length of the beam
(L).

The deflection (A,) at the point where the couple (C) acts, which is the distance (a), as
given by Eq. (2.17),

Cab

A =
7 3EIL

2a—1L) at x=a 2.17)

If the distance (a) is less than half the length of the beam (L), then the deflection
(A,) will be above the axis of the beam. If the distance (a) is greater than half the
length of the beam, then the deflection (A,) will be below the axis of the beam. If the
distance (a) is equal to half the length of the beam, then the deflection (A,) will be
zero.

U.S. Customary SI/Metric
Example 4. Calculate the deflection (A) of Example 4. Calculate the deflection (A) of
a simply-supported beam with a concentrated a simply-supported beam with a concentrated
couple (C) a distance (x) of (L/6), where couple (C) a distance (x) of (L/4), where
C = 15 ft - kip = 15,000 ft - 1b C =20kN-m =20,000N - m
L=12ftta=4ft,b=81t L=4ma=1/pmb=21hpm
E = 10.3 x 10° Ib/in? (aluminum) E =71 x 10° N/m? (aluminum)
I =20in* I =781 cm*
solution solution
Step 1. Determine the distance (x). Step 1. Determine the distance (x).
L 12 ft L 4
=—=""=21t x==="T—im
6 6 4 4
Step 2. Calculate the stiffness (ET). Step 2. Calculate the stiffness (ET).
EI = (10.3 x 10° 1b/in?)(20 in*) EI = (71 x 10° N/m?)(781 cm*)
2.06 x 108 1b - in? x 1t . I m*
B 144 in? (100 cm)*
=143 x 10°Ib - ft =554 x 10°N - m?
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Step 3. Determine the deflection (A) from
Eq. (2.16a).
Cx

A=—[6aL —x*—-3a®>—-2L7%]
6(ED L

(15,000t - Ib) (2 1)
6(1.43 x 1061b - f2) (12 ft)

x[(6#)(12) — (2)* = 3(4)? —2(12)) f*]

(30,0001b - ft*)
(1.03 x 1081b - ft3)

x[(288 — 4 — 48 — 288) ft*]
1
= (2.9 x 1074 ﬁ> x [—521%]

12in .
= —0.015ft x e —0.18in |,

0.18in 1

Example 5. Calculate the deflection (A,) at
the location (a) where the couple (C) acts,
where

C = 15 ft - kip = 15,000 ft - b
L=12ft,a=4ft,b=_8ft
EI =143 x 10° b - ft

solution
Calculate the deflection (A,) where the force
(F) acts from Eq. (2.17).
A Cab @ L
= a —
¢ T 3((EDL
(15,000 ft - Ib) (4 ft) (8 ft)
3(1.43 x 100 1b - ft%) (12 ft)

x[2 (41t) — 121t]

48 x10°1b - £t
= [8ft— 12f(]
5.15 x 107 1b - ft

= (9.32 x 1073)[—41t]
12in

= —0.037ft x

=—045in |

0.45in 1

Step 3. Determine the deflection (A) from
Eq. (2.16a).
Cx

A= ——[6alL —x*—3a>—2L?
6(EI)L[a X a ]

(20,000N - m) (1 m)
6(5.54 x 10°N - m?) (4m)

x[6(1.5)@ — (D* =3 (1.5)* =2 @ ft*]

(20,000N - m?)
(1.33 x 107N - m3)

x[(36 — 1 — 6.75 — 32) ft*]

1
= (1.5 x 1073 E) x [=3.75f%]

= —0.0056m x

100
M _0.56cm |
m

0.56cm 1

Example 5. Calculate the deflection (A,) at
the location (a) where the couple (C) acts,
where

C =20kN-m=20,000N - m

L=4m,a=1/hmb=2/pm

EI = 5.54 x 10° N - m?
solution

Calculate the deflection (A,) where the force
(F) acts from Eq. (2.17).
Ay = =S a_py
3(EDL
(20,000N - m) (1.5m) (2.5m)
3(5.54 x 105N - m?2) (4m)

x[2(1.5m) — 4m]

7.5 x 10*N - m?
= ————[3m—4m]
6.65 x 106N - m3
= (1.13 x 107%)[—1m]
100
= 001136t x — ™ — _113cm |
= 1.13cm ¢

Notice that the deflection (A,) came out as a negative value, which means it is above the
axis of the beam where the couple (C) acts. As stated earlier, if the couple is located at the
midpoint of the beam, then the deflection at this point is zero.



BEAMS 55

2.2.4 Uniform Load

The simply-supported beam shown in Fig. 2.30 has a uniform distributed load (w) acting
vertically downward across the entire length of the beam (L). The units on this distributed
load (w) are force per length. Therefore, the total force acting on the beam is the uniform

load (w) times the length of the beam (L), that is, (wL).

w

e 2 T T T e

N

FIGURE 2.30 Uniform load.

Reactions. The reactions at the end supports are shown in Fig. 2.31, the balanced free-
body-diagram. Notice that the total downward force (wL) is split evenly between the vertical
reactions (A, and By), and because the uniform load (w) is acting straight down, the

horizontal reaction (A,) is zero.

w (force/length)

AoV Vv T R

A A
Ay = wL/2 B, = wL/2
FIGURE 2.31 Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a uniform load (w) acting across the entire
beam, where

w = 400 Ib/ft
L =151t
solution

Step 1. From Fig. 2.31 calculate the pin reac-
tions (A and Ay) at the left end of the beam.
As the uniform load (w) is vertical,

A, =0
and with the uniform load (w) acting across the
entire beam,
wL  (4001b/ft) (15 ft)

Ay = —
7 2 2

= % =3,0001b

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a uniform load (w) acting across the entire
beam, where

w = 6,000 N/m
L=5m
solution

Step 1. From Fig. 2.31 calculate the pin reac-
tions (A and Ay) at the left end of the beam.
As the uniform load (w) is vertical,

Ay =0

and as the uniform load (w) acting across the
entire beam,

wL (6,000 N/m) (5m)
A T

= w = 15,000N
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Step 2. From Fig. 2.31 calculate the roller Step 2. From Fig. 2.31 calculate the roller
reaction (By) as reaction (By) as

B — wL _ (4001b/ft) (15 ft) B — wL (6,000 N/m) (5m)
T2 T 2 T2 T 2
6,0001b 30,000N
=—F = 3,0001b = =15,000N
w

T T A

/ 2.
| - |

FIGURE 2.32 Concentrated force at midpoint.

Shear Force and Bending Moment Distributions. For the simply-supported beam with
a uniformly distributed load (w) acting across the entire beam, shown in Fig. 2.32, which
has the balanced free-body-diagram shown in Fig. 2.33, the shear force (V') distribution is
shown in Fig. 2.34.

w (force/length)

Ac=0
+¢$lllli¢iillll

A A

A= wL/2 B, =wL/2
FIGURE 2.33  Free-body-diagram.
Note that the shear force (V) starts at a positive (wL/2) at the left end of the beam and

decreases linearly to zero at the midpoint, continuing on to a negative (wL/2) at the right
end of the beam. The shear force (V) is given by Eq. (2.18).

L
V="" (2.18)
2
The maximum shear force (Vinax) is therefore given by Eq. (2.19).
wL
Vinax = - at x=0 and x=1L (2.19)
4
wL/2
+
0 X
-wL/2 |-- - --

FIGURE 2.34  Shear force diagram.
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The bending moment distribution is given by Eq. (2.20) for the values of the distance (x)
from the left end of the beam. (Always measure the distance (x) from the left end of any
beam, never from the right end.)

M= ?(L — ) (2.20)
The bending moment (M) distribution is shown in Fig. 2.35.
M
1

L/2 L
FIGURE 2.35 Bending moment diagram.
Note that the bending moment (M) is zero at both ends, and follows a parabolic curve to

a maximum at the midpoint (L/2). From the midpoint, the bending moment decreases back
to zero. The maximum bending moment (Mmax) is given by Eq. (2.21).

Mo = "2 L 2.21)
= at x = — .
max 8 2
U.S. Customary SI/Metric
Example 2. Calculate the shear force (V') and Example 2. Calculate the shear force (V') and
bending moment (M) at a distance (x) equal to bending moment (M) at a distance (x) equal to
(L/3) for a simply-supported beam of length (3L/10) for a simply-supported beam of length
(L) with a uniform load (w) across the entire (L) with a uniform load (w) across the entire
beam, where beam, where
w = 400 Ib/ft w = 6,000 N/m
L=15ft L=5m
solution solution
Step 1. Establish the distance (x) from the left Step 1. Establish the distance (x) from the left
end of the beam, where end of the beam, where
L 15ft
x=2 =0 =5f wooL _36m _Bm_ 5
3 3 10 10 10
Step 2. Determine the shear force (V) from Step 2. Determine the shear force (V) from
Eq. (2.18) as Fig. 2.18 as
V= wL V= wL
=5 W =5 —wx
b N
(400 ?t) (151ft) b <6,000 —> (5m) N
= 7 (400 =2) M) = W (6000 =) (1.5m)
2 ft 2 m
6,0001b 30,000N
= —— —2,0001b = —5 — —9000N
= 3,0001b — 2,000 1b = 15,000N — 9,000 N
= 1,0001b = 6,000N
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Step 3. Determine the bending moment (M)
from Eq. (2.20).

M = w7x (L —x)
b
(400 E) (51t
= f(ISft—Sft)

2,0001b
= 2 (101t)

= (1,0001b) (10ft) = 10,0001t - 1b

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

w = 400 Ib/ft
L =151t
solution

Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.19) as

wL (400 1b/ft)(15 ft)
Vo = =Ty

= w = 3,0001b

Step 2. From Fig. 2.34 this maximum shear
force (Vimax) of 3,000 Ib occurs at both the left
and right ends of the beam.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.21) as

wL? (400 1b/ft) (15 fr)?
8 8

ft-1b
= % = 11,2501t - Ib

Mmax =

Step 4. As shown in Fig. 2.35 this maximum
bending moment (Mpax) of 11,250 ft - 1b is lo-
cated at the midpoint of the beam.

Step 3. Determine the bending moment (M)
from Eq. (2.20).

M:?(L—x)

(6,000 E) (1.5m)

- —“; (5m — 1.5m)
9,000N
= —5—G5m)

= (4,500N) (3.5m) = 15,750N - m

Example 3. Calculate and locate the max-
imum shear force (Viax) and the maximum
bending moment (Mpyax) for the beam of
Examples 1 and 2, where

w = 6,000 N/m
L=5m
solution

Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.19) as

wL _ (6,000N/m)(5 m)
2 2
_30,000N

VleX -

=15,000N

Step 2. As shown in Fig. 2.34 this maximum
shear force (Viax) of 15,000 N occurs at both
the left and right ends of the beam.

Step 3. Calculate the maximum bending
moment (Mmpax) from Eq. (2.21) as

wL? (6,000 N/m) (5 m)?
8 8
150,000N - m

= ——— = 18,750N -
3 m

Mmax =

Step 4. As shown in Fig. 2.35 this maximum
bending moment (Mpyax) of 18,750 N - m is
located at the midpoint of the beam.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.36, and given by Eq. (2.22) for all values of the distance (x) from the left end of the

beam,
wx
A =
24 EI

(L3 =2Lx% +x%) (2.22)
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FIGURE 2.36 Beam deflection diagram.

where A = deflection of beam (positive downward)

w = applied uniform load

x = distance from left end of beam

L = length of beam

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) caused by this loading configuration is given by

Eq. (2.23),

_ 5wL?
T 384El

max

located at the midpoint (L/2).

|~

(2.23)
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Example 4. Calculate the deflection (A) at
a distance (x) equal to (2L/3) for a simply-
supported beam of length (L) with a uniform
load (w) across the entire beam, where

w = 400 Ib/ft
L =15ft

E =10.3 x 10° Ib/in? (aluminum)
I =12in*

solution

Step 1. Determine the distance (x).

2L 2(15f ft
L T
3 3 3

Step 2. Calculate the stiffness (EI).
EI = (10.3 x 10° Ib/in?)(12in*)

1t
144 in?

= 1.24 x 10%1b - in? x

8.58 x 10° Ib - ft?

Example 4. Calculate the deflection (A) at
a distance (x) equal to (3L/5) for a simply-
supported beam of length (L) with a uniform
load (w) across the entire beam, where

w = 6,000 N/m
L=5m
E =171 x 10° N/m? (aluminum)
I = 469 cm*
solution
Step 1. Determine the distance (x).

3L 3(5m) 15m
X=—=—"=—=3m
5 5 5

Step 2. Calculate the stiffness (EI).
EI = (71 x 10° N/m?) (469 cm*)

1 m*
0
(100 cm)#

=333 x10°N-m?
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Step 3. Determine the deflection (A) from
Egq. (2.22).
wx

A= ) (L* —2Lx* +x%)

(400 Ib/ft) (10 ft)
24(8.58 x 1051b - ft?)
x[(15ft)* — 2 (15 ft)(10 ft)> + (10 ft)>]

(4,000 1b)

(2.06 x 107 b - ft?)

x[(3,375) — (3.000) + (1,000) f*]

1
(1.94 x 1074 ﬁ_z) x [1,375 %]

12in
= 0.27 ft x

=3.2in |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam
configuration in Example 4, where

w = 400 Ib/ft
L=15ft
EI = 8.58 x 10° Ib - ft2

solution
Step 1. Calculate the maximum deflection
from Eq. (2.23).

5wL*
384 (EI)

_ 5(4001b/fr) (15 f0)*
"~ 384(8.58 x 1051b - ft2)
1.0125 x 1081b - 6

T 32047 x 108 1b - 2

Amax =

12in .
0.31ft x w = 3.7in |

The location of this maximum deflection is
at the midpoint of the beam, (L/2).

Step 3. Determine the deflection (A) from
Eq. (2.22).
wx
A= L3 —2Lx%* 453
7 (EI)( X7+ x7)
(6,000 N/m) (3 m)
24 (3.33 X 105N-m2)

x[(5m)* —2(3m)BGm)* + 3m)’]
(18,000 N)
(8.00 x 10 N - m2)

x[(125) — (90) + (27) ft*]
= (2.25 x 1073 é) x [62m?]

— 014m x 100 cm

=14.0cm |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam
configuration in Example 4, where

w = 6,000 N/m

L=5m

EI =333 x 10° N - m?
solution

Step 1. Calculate the maximum deflection
from Eq. (2.23).

5wL?
384 (EI)

_ 5(6,000N/m) (5m)*
T 384(3.33 x 105N - m2)

1.875 x 10N - m?
1.279 x 103N - m?

Amax =

100 cm
0.147 m x

=14.7cm |

The location of this maximum deflection is
at the midpoint of the beam, (L/2).

2.2.5 Triangular Load

The simply-supported beam shown in Fig. 2.37 has a triangular distributed load acting ver-
tically downward across the length of the beam (L), where the magnitude of the distributed
load is zero at the left pin support and increases linearly to a magnitude (w) at the right
roller support. The units on the distributed load (w) are force per length. Therefore, the total
force acting on the beam is the area under this triangle, which is the distributed load (w)
times the length of the beam (L) divided by two, that is (wL/2).
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FIGURE 2.37 Triangular load.

Reactions. The reactions at the end supports are shown in Fig. 2.38, the balanced free-
body-diagram. The total force (wL/2) is split unevenly between the vertical reactions (A,
and By), with the right reaction twice the left. As the triangular load (w) is acting straight

down, the horizontal reaction (A,) is zero.

A

A,=wL/6

FIGURE 2.38 Free-body-diagram.

B, = wL/3

U.S. Customary

SI/Metric

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a triangular load (w) acting across the
beam, where

w = 750 Ib/ft
solution

Step 1. From Fig. 2.38 calculate the pin reac-
tions (A and Ay) at the left end of the beam.
As the triangular load (w) is vertical,

Ay, =0
and with the triangular load (w) acting from left
to right across the beam,

_ wL _ (7501b/ft) (6 ft)
YT 6

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with a triangular load (w) acting across the
beam, where

w = 10,000 N/m
L=18m
solution

Step 1. From Fig. 2.38 calculate the pin reac-
tions (A and Ay) at the left end of the beam.
As the triangular load (w) is vertical,

A, =0

and with the triangular load (w) acting from left
to right across the beam,

wL (10,000 N/m) (1.8 m)

A, =
YT 6 6

= 718’06001\1 = 3,000N
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Step 2. From Fig. 2.38 calculate the roller Step 2. From Fig. 2.38 calculate the roller
reaction (By) as reaction (By) as
B — wL  (7501b/ft) (6 ft) B — wL (10,000 N/m) (1.8 m)
T3 T 3 T3 3
4,5001b 18,0001b
= ——— =1,5001b = ——— =6,000N
3 3
w
Aj B
# 7

|
I L 1

FIGURE 2.39 Concentrated force at midpoint.

Shear Force and Bending Moment Distributions. For the simply-supported beam with a
triangular distributed load (w) acting from left to right across the beam shown in Fig. 2.39,
which has the balanced free-body-diagram shown in Fig. 2.40, the shear force (V) distri-
bution is shown in Fig. 2.41.

A A

A,=wLl6 B,=wL/3

FIGURE 2.40 Free-body-diagram.

Vv
wL/6
\
0 X
0.577 L
—WL/3 frmmmmmmmmm o oo

FIGURE 2.41 Shear force diagram.

The shear force (V) starts at a positive (wL/6) at the left end of the beam and decreases to
zero at the point (0.577 L), continuing on to a negative (wL/3) at the right end of the beam.
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The shear force (V) is given by Eq. (2.24)

wL
V=—
6

63

)]

The maximum shear force (Vnax) is therefore given by Eq. (2.25)

wL

Vmax =

3

at x =1L (2.25)

The bending moment distribution is given by Eq. (2.26) for the values of the distance (x)

from the left end of the beam.

6 L

wlx X 2 L
M=— |:1 — (—) i| at x=—=0.577L (2.26)

V3

The bending moment (M) distribution is shown in Fig. 2.42.

M

0.06415 wL2 |------ - -

FIGURE 2.42 Bending moment diagram.

0.577 L L

The bending moment (M) is zero at both ends, and follows a parabolic curve to a
maximum at the point (0.577 L), then decreases back to zero. The maximum bending

moment (Mpayx) is given by Eq. (2.27)

wL?
Mmax = ——=
9

= = 0.06415wl? at x =0.577L (2.27)

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) at a distance (x) equal to
(L/3) for a simply-supported beam of length
(L) with a triangular load (w) across the beam,
where

w = 750 Ib/ft
L =06ft

Example 2. Calculate the shear force (V') and
bending moment (M) at a distance (x) equal to
(L/3) for a simply-supported beam of length
(L) with a triangular load (w) across the beam,
where

w = 10,000 N/m
L=18m



64 STRENGTH OF MACHINES

U.S. Customary

SI/Metric

solution
Step 1. Establish the distance (x) from the left
end of the beam, where
L 6ft
= — = — =21t
3 3

Step 2. Determine the shear force (V) from
Eq. (2.24) as

V_wL 1—3 )2
()
<750@>(6ft)

2
A | VA PR
6 ot

4,5001b
= [1—0.333]
6
= (7501b)(0.677)
= 5001b

Step 3. Determine the bending moment (M)
from Eq. (2.26).

w0

750 b 6 ft)(2 ft
( E)( TeXD

G

9,000 1t - 1b
= ——— [1 = 0.111]
6
= (1,500 ft - 1b) (0.889)
= 1,333ft-Ib

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

w = 750 Ib/ft
L=6ft
solution

Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.25) as
Voo = wL (750 1b/ft) (6 1t)
max — 3 - 3
4,5001b
= = 1,5001b
3

Step 2. Figure 2.41 shows that this maximum
shear force (Vnax) of 1,500 1b occurs at the right
end of the beam.

solution
Step 1. Establish the distance (x) from the left
end of the beam, where

L 1.8m 0.6
— = — =0.6m
3 3

Step 2. Determine the shear force (V) from
Eq. (2.24) as

Vo wL 13 x)z
T 6 | (Z
N
B (10,000 ;> (1.8 m) 173<0.6m>2
- 6 1.8m

18,000N
= T[l —0.333]

= (3,000N)(0.677)
= 2,000N

Step 3. Determine the bending moment (M)
from Eq. (2.26).

-]

N
(10,000 —)(1 .8m) (0.6 m)
m

- 6 [1 B ((:g_nmaﬂ

10,800N -

= 2Ny o
6

— (1,800N - m) (0.889)

= 1,600N-m

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

w = 10,000 N/m
L=18m
solution

Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.25) as

wL (10,000 N/m)(1.8 m)
3 3

18,000N

= ——— =6,000N
3

Step 2. Figure 2.41 shows that this maximum
shear force (Vinax) of 6,000 N occurs at the right
end of the beam.

Vinax =
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Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.27) as

wL? (750 1b/ft) (6 ft)?

M. = =
T 93 9.3
_ 27000ft-10 oo 1
15.59

Step 4. Figure 2.42 shows that this maximum
bending moment (Mpm,x) of 1,732 ft - 1b is
located at

L
x=—==0577L
V3

L
0.577 (6ft) = 3.46ft > 7

from the left end of the beam.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.27) as

wL? (10,000 N/m) (1.8 m)?

M. = =
W 9.3
32,400N -
= 22PN 5 078N m
15.59

Step 4. Figure 2.42 shows that this maximum
bending moment (Mp,x) of 2,078 N - m is
located at

L
— =0577L
V3

L
0.577 (1.8 m) = 1.04m > 7

X

from the left end of the beam.

A/%/i/l/

| =— ——

(A ——

FIGURE 2.43 Beam deflection diagram.

Deflection.

For this loading configuration, the deflection (A) along the beam is shown in

Fig. 2.43, and given by Eq. (2.28) for values of the distance (x) from the left end of the

beam,

wx

A =
360 EIL

(7L* — 10L%x2 + 3x%)

(2.28)

where A = deflection of beam (positive downward)

w = applied triangular load
x = distance from left end of beam
L = length of beam

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) caused by this loading configuration is given by

wL?
Amax = 0.00652E at x = (,/1 — ,/8/15>L ~ (0.52) L (2.29)

located at the point (approximately 0.52 L) from the left end of the beam.

Eq. (2.29),
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Example 4. Calculate the deflection (A) at
a distance (x) equal to (L/2) for a simply-
supported beam of length (L) with a triangu-
lar load (w) from left to right across the beam,
where

w = 750 Ib/ft
L=6ft
E = 30 x 10 Ib/in? (steel)
I =28 in*

solution

Step 1. Determine the distance (x).

_L_6ft_ .
T2 T T

Step 2. Calculate the stiffness (ET).

EI = (30 x 10°1b/in?) (28 in*)
8.40 x 1081b - in® x 1 ft?
144 in?

5.83 x 10%1b - ft?

Step 3. Determine the deflection (A) from

Eq. (2.28).

A= (7L~ 10L%7 +3x%)
360 (ED) L

B (750 1b/f6) (3 ft)
~ 360 (5.83 x 1051b - f12) (6 ft)

x [7(6ft)* — 10(6 f)> (3 ft)> + 3(3 ft)*]

(2,2501b)
(1.26 x 10191b - ft)

x[(9,072) — (3,240) + (243) ft*]

1
(1.79 x 1077 ﬁ—3) x [6,075 ft*]

12in .
= 0.001085 ft x - 0.0130in |

Example 5. Calculate the maximum deflec-
tion (Apmax) and its location for the beam con-
figuration in Example 4, where

w = 750 Ib/ft
L=6ft
EI =583 x 100 Ib - ft

Example 4. Calculate the deflection (A) at
a distance (x) equal to (L/2) for a simply-
supported beam of length (L) with a triangu-
lar load (w) from left to right across the beam,
where

w = 10,000 N/m
L=18m
E =207 x 10° N/m? (steel)
I = 1,098 cm*

solution

Step 1. Determine the distance (x).

1.8m 0.9
= —=—=09m
T2 2

Step 2. Calculate the stiffness (ET).

EI = (207 x 10° N/m?)(1,098 cm*)
Im*
—__m
(100 cm)*4
=227 x 10°N - m?
Step 3. Determine the deflection (A) from
Eq. (2.28).
A= 1t 10122 +3x%
360 (ED) L

(10,000 N/m) (0.9 m)
360 (2.27 x 106N - m2) (1.8m)

x[7(1.8 m)* — 10(1.8 m)?(0.9 m)>

+3(0.9m)*]

(9,000N)
(1.47 x 109N - m3)

x[(73.48) — (26.24) + (1.97) m*]

1
<6.11 x 1070 —3> x [49.21 m*]
m

!
— 0000301 m x 20¢em

=0.0301cm |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

w = 10,000 N/m
L=18m
EI =227 x 10° N - m?
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solution
Step 1. Calculate the maximum deflection
from Eq. (2.29).
wL*

Amax = 0.00652@

(750 Ib/ft) (6 ft)*
(5.83 x 1061b - ft?)
9.72 x 10° b - f¢*
5.83 x 106 1b - ft?
= (0.00652)(0.1667 ft)

= (0.00652)

= (0.00652)

12in .
= 0.00109 ft x - = 0.0131n |

The location of this maximum deflection
occurs just to the right of the midpoint of the
beam, approximately at (0.52 L).

Xapa = 0.52 L = (0.52)(6ft) = 3.12ft

solution
Step 1. Calculate the maximum deflection
from Eq. (2.29).

wLA
Amax = 0.00652E
(10,000 N/m)(1.8 m)*

(2.27 x 106N - m2)
1.05 x 10°N - m?
2.27 x 106N - m?
= (0.00652)(0.0462 m)
100 cm

= (0.00652)

= (0.00652)

= 0.0003m x =0.030cm |

The location of this maximum deflection
occurs just to the right of the midpoint of the
beam, approximately at (0.52 L).

Xapy = 0.52L = (0.52)(1.8m) = 0.94m

2.2.6 Twin Concentrated Forces

The simply-supported beam in Fig. 2.44 has twin concentrated forces, each of magnitude
(F), acting directly downward and located equidistant from each end of the beam. The
distance these two forces are from each support is labeled (a), and the distance between
the supports is labeled (L). Therefore, the distance between the two concentrated forces is
a distance (L — 2a).

F F
a a

|<—> fe————
AI A4 A4 |IB

v 7

| |
! L 1

FIGURE 2.44 Twin concentrated forces.

Reactions. The reactions at the end supports are shown in Fig. 2.45—the balanced free-
body-diagram. The vertical reactions (Ay and By) are equal, each with magnitude (F). As
both forces are acting directly downward, the horizontal reaction (A, ) is zero.

I g

A T
A=F B,=F

FIGURE 2.45 Free-body-diagram.
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Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with twin concentrated forces, both of magni-
tude (F) and located equidistant from the sup-
ports, where

F = 1,000 1b
L=5ftta=1ft

solution

Step 1. From Fig. 2.45 calculate the pin reac-
tions (Ay and Ay) at the left end of the beam.
As the forces are acting directly downward,

Ay =0
and the vertical reaction (Ay) is
Ay, = F =1,0001b

Step 2. From Fig. 2.45 calculate the roller
reaction (By) at the right end of the beam.

B, = F = 1,0001b

Example 1. Determine the reactions at the
ends of a simply-supported beam of length (L)
with twin concentrated forces, both of magni-
tude (F) and located equidistant from the sup-
ports, where

F =4500N
L=15ma=03m

solution

Step 1. From Fig. 2.45 calculate the pin reac-
tions (A, and Ay) at the left end of the beam.
As the forces are acting directly downward,

Ay =0
and the vertical reaction (Ay) is
Ay =F =4500N

Step 2. From Fig. 2.45 calculate the roller
reaction (By) at the right end of the beam.

B, = F = 4500N

a

A

A A

a

\

I B

v

. 7
I L |

FIGURE 2.46 Twin concentrated forces.

Shear Force and Bending Moment Distributions. For the simply-supported beam with
twin concentrated forces, each of magnitude (F'), and located equidistant from the supports,
shown in Fig. 2.46, which has the balanced free-body-diagram shown in Fig. 2.47, the shear
force (V) distribution is shown in Fig. 2.48.

| 1

+

4 A

A=F B,=F

FIGURE 2.47 Free-body-diagram.
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FIGURE 2.48 Shear force diagram.

Note that the shear force (V) is a positive (F') from the left end of the beam to the first of
the twin concentrated forces, zero between the forces, then a negative (F) from the second
twin force to the right end of the beam. Therefore, the maximum shear force (Viax) is given
by Eq. (2.30)

Vinax = F (2.30)

The bending moment (M) distribution is given by Eq. (2.31a) for all values of the distance
(x) from the left end of the beam to where the first of the twin forces acts, Eq. (2.31b) between
the forces, and Eq. (2.31¢) from the second twin force to the right end of the beam. (Always
measure the distance (x) from the left end of any beam.)

M = Fx 0<x<a 2.31a)
M = Fa a<x<L-a (2.31b)
M = F(L—x) L—a<x<L (2.31c¢)

The bending moment (M) distribution is shown in Fig. 2.49.
M

Fa |-------------

a L-a L

FIGURE 2.49 Bending moment diagram.

Note that the bending moment (M) increases linearly from zero at the left end of the
beam to a value (Fa) at the first of the twin forces, stays a constant (Fa) between the forces,
and then decreases linearly back to zero at the right end.

The maximum bending moment (Mpax) occurs between the twin forces and is given by
Eq. (2.32).

Muax = Fa (2.32)
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Example 2. Calculate the shear force (V)
and bending moment (M) for a simply-
supported beam of length (L) with twin con-
centrated forces, both of magnitude (F) and
located equidistant from the supports, at a
distance (x), where

F = 1,000 1b

L=5fta=1ft

x =2ft
solution

Step 1. Note that the distance (x) of 2 ft is
between the two forces.

a<x<L-—a or 1ft<2ft<4ft

Step 2. Determine the shear force (V') for the
distance (x) from Fig. 2.48 as

V=0

Step 3. Determine the bending moment (M)
for the distance (x) from Eq. (2.31b).

M = Fa = (1,0001b) (1 ft)
= 1,000ft - Ib

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,,) for the beam of
Examples 1 and 2, where

F =1,0001b
L=5ftta=1ft

solution
Step 1. Calculate the maximum shear force
(Vinax) from Eq. (2.30) as

Vmax = F = 1,0001b

Step 2. Fig. 2.48 shows that the maximum
shear force (Vimax) Occurs in two regions: one
from the left end of the beam to the first con-
centrated force, and the other from the second
concentrated force to the right end of the beam.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.32).

Mmax = Fa = (1,0001b) (1 ft)
= 1,000ft - Ib

Step 4. From Fig. 2.49 we see that the max-
imum bending moment (Myax) occurs in the
region between the two forces.

Example 2. Calculate the shear force (V)
and bending moment (M) for a simply-
supported beam of length (L) with twin con-
centrated forces, both of magnitude (F) and
located equidistant from the supports, at a
distance (x), where

F =4500N
L=15m,a=03m
x=05m

solution

Step 1. Note that the distance (x) of 0.5 m is
between the two forces.

a<x<L-—a or 03m<05m<12m

Step 2. Determine the shear force (V') for the
distance (x) from Fig. 2.48 as

V=0

Step 3. Determine the bending moment (M)
for the distance (x) from Eq. (2.31b).

M = Fa = (4,500N) (0.3 m)
= 1350N-m

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,.x) for the beam of
Examples 1 and 2, where

F =4500N
L=15ma=03m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.30) as

Vimax = F =4,500N

Step 2. As shown in Fig. 2.48 the maximum
shear force (Vmax) oOccurs in two regions, one
from the left end of the beam to the first con-
centrated force, and the other from the second
concentrated force to the right end of the beam.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.32).

Muyax = Fa = (4,500N) (0.3 m)
= 1,350N - m

Step 4. From Fig. 2.49 we see that the max-
imum bending moment (Mpax) occurs in the
region between the two forces.
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FIGURE 2.50 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.50, and given by Eq. (2.33a) for the values of the distance (x) from where the first of
the twin forces acts, and Eq. (2.33b) between the forces. Symmetry covers the deflection
from the second twin force to the right end of the beam.

A= BLa—3—x?] O0<x<a (2.33a)
~ 6EI -0 = ’
Fa 2 2
A = —[3Lx —a” —3x7] a<x<L-—a (2.33b)

6 El

where A = deflection of beam with positive downward
F = concentrated forces equidistant from ends of beam
x = distance from left end of beam
L = length of beam
a = location of forces (F) from ends of beam
E = modulus of elasticity of beam material

I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) occurs at the midpoint of the beam and is given by

Eq. (2.34)

Amax = 557

F
Y 312 —44%

L
t = — 2.34
at x =2 (2.34)
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Example 4. Calculate the deflection (A) of
a simply-supported beam of length (L) with
twin concentrated forces, both of magnitude (F')
and located equidistant from the supports, at a
distance (x), where

F = 1,000 1b
L=5fta=1ft
x =2ft
E =10.3 x 10° Ib/in? (aluminum)
I =63in*
solution
Step 1. Note that the distance (x) of 2 ft is

between the two forces.

a<x<L-—a or 1ft<2ft<4ft

Example 4. Calculate the deflection (A) of
a simply-supported beam of length (L) with
twin concentrated forces, both of magnitude (F')
and located equidistant from the supports, at a
distance (x), where

F =4500N
L=15ma=03m
x=05m
E =71 x 10° N/m? (aluminum)
I = 2,454 cm*
solution
Step 1. Note that the distance (x) of 0.5 m is

between the two forces.

a<x<L-a or 03m<05m=<12m
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Step 2. Calculate the stiffness (ET).

EI = (10.3 x 10° Ib/in?)(63 in*)
6.49 x 10%1b - in® x 1ft?
- 144 in
=451 x 10°1b - f?

Step 3. Determine the deflection (A) from
Eq. (2.33b).

_ Fa 2 2
A = 6EI[3Lx a 3x7]

(1,0001b) (1 ft)

6(4.51 x 1001b - ft?)

x[3(5)(2) — (D> =32 ]
(1,000t - Ib)

(271 x 1071b - ft?)

x[(30 — 1 — 12) ft?]

1
= <3.69 x 1077 E) x [17 ft*]

12in

= 0.00063 ft x
= 0.0075in |

Example 5. Calculate and locate the maxi-
mum deflection (Apax) for the beam configura-
tion of Example 4, where

F = 1,000 1b
L=5fta=1ft
EI = 451 x 10° b - ft?
solution

Calculate the maximum deflection (A pax ) from
Eq. (2.34).

Amax = % (BL? —4a?)
(1,0001b) (1 ft)

24 (4.51 x 1061b - ft?)

x[(3(5)* —4 (1)) ]
(1,000t - Ib)

(1.08 x 1081b - ft?)

x[(75 — 4) ]

1
= (9,24 x 1076&) [71 ]

12in
= 0.000656 ft x

= 0.0079in |

Step 2. Calculate the stiffness (ET).

EI = (71 x 10° N/m?) (2,454 cm®*)
Im*
_-m
(100 cm)*
= 1.74 x 10°N - m?

Step 3. Determine the deflection (A) from
Eq. (2.33D).

_ Fa 5 5
A= 6E1[3Lx a 3x7]

(4,500N) (0.3 m)

6(1.74 x 105N -m2)

x[(3(1.5)(0.5) — (0.3)> = 3 (0.5)*) m?]
(1,350N - m)

(1.04 x 107N - m2)

x[(2.25 — 0.09 — 0.75)m?]

1
(1.30 x 1074 —) x [1.41 m?]
m

100 cm
= 0.000182m x ———

= 0.0182cm |

Example 5. Calculate and locate the maxi-
mum deflection (Ap,x) for the beam configura-
tion of Example 4, where

F =4500N

L=15ma=03m

El = 1.74 x 10° N - m?
solution

Calculate the maximum deflection (A, ) from
Eq. (2.34).
Fa
Aman = S0 (BL? —44d%)

(4,500 N) (0.3 m)
24(1.74 x 106N - m?)
x[(3(1.5)% — 4 (0.3)%>) m?]

(1,350N - m)
(4.18 x 10’ N - m?2)
x[(6.75 — 0.36) m?]

1
(3, 23 x 107° —) [6.39m?]
m

1
— 0.000206m x ~00¢m

= 0.0206cm |
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2.2.7 Single Overhang: Concentrated Force
at Free End

The simply-supported beam in Fig. 2.51 has a single overhang on the right with a concen-
trated force (F') acting vertically downward at the free end, point C. The distance between
the supports is labeled (L), and the length of the overhang is labeled (a), so the total length
of the beam is (L + a).

F

A| A 4
C
7 75
| - -

FIGURE 2.51 Single overhang: concentrated force at free end.

Reactions. The reactions at the supports are shown in Fig. 2.52—the balanced free-body-
diagram. Notice that the vertical reaction (Ay) is downward, whereas the vertical reaction
(By) is upward, and has a magnitude greater than the concentrated force (F). The force
(F) is acting straight down, so the horizontal reaction (A,) is zero. If the force (F) had
a horizontal component, then the horizontal reaction (A,) would be equal but opposite in

direction to this horizontal component.

F

A 4

v Ay =—Fal/L

FIGURE 2.52 Free-body-diagram.

Tsy = FL+a)L
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Example 1. Determine the reactions for a sin-
gle overhanging beam of length (L) and over-
hang (a) with a concentrated force (F) acting
at the free end, where

F =4501b
L=3fta=1ft

solution

Step 1. From Fig. 2.52 calculate the pin reac-

tions (A, and A)) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and the vertical reaction (A)) is

Fa  (4501b) (1ft)
Ay = —— = —
’ L 3ft

4501t -1
_4501t-Tb = —1501b
3ft

Example 1. Determine the reactions for a sin-
gle overhanging beam of length (L) and over-
hang (a) with a concentrated force (F') acting
at the free end, where

F =2,000N
L=1ma=03m
solution
Step 1. From Fig. 2.52 calculate the pin reac-

tions (A, and A)) at the left end of the beam.
As the force (F) is vertical,

Ay =0
and the vertical reaction (Ay) is

Fa  (2,000N) (0.3m)
Ay = —— =
; L 1 m
600N - m

I m

= —600N
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Step 2. From Fig. 2.52 calculate the roller Step 2. From Fig. 2.52 calculate the roller
reaction (By) as reaction (By) as
B — F(L+a) (4501b) 3 ft+ 1ft) B — F(L+a) (2,000N) (1m+0.3m)
YL 3ft UL Im
1,800ft - 1b 2,600N - m
= ——— =600Ib = ——— =2,600N
3 ft Im
F
y
A c
! L I a

FIGURE 2.53  Single overhang: concentrated force at free end.

Shear Force and Bending Moment Distributions. For a single overhanging beam of
length (L) and overhang (a) with a concentrated force (F') acting at the free end, as shown
in Fig. 2.53, which has the balanced free-body-diagram as shown in Fig. 2.54, the shear
force (V) distribution is shown in Fig. 2.55.

F

A=0 4
7\

VA, =-Fall B, = F(L+a)L
FIGURE 2.54 Free-body-diagram.

Note that the shear force (V) is a negative (Fb/L) from the left end of the beam to the
roller support at point B, and a positive (F) from the roller to the free end. So there is a
discontinuity in the shear force at the roller of magnitude (F[L + al/L).

The maximum shear force (Viax) occurs in the region of the overhang and is given by
Eq. (2.35)

Viax = F (2.35)
Vv
F B B B B i
B

L i a
0 T X

— E L+a

—Fa/L

FIGURE 2.55 Shear force diagram.
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The bending moment distribution is given by Eq. (2.36a) for the values of the distance
(x) from the left end of the beam to the roller, and Eq. (2.36b) from the roller to the free
end. (Always measure the distance (x) from the left end of any beam.)

Fa
M = —fx 0<x<L (2.36a)
M=—-F(L+a—x) L<x<L+a (2.36b)

The bending moment (M) distribution is shown in Fig. 2.56.

M

L+a

—Fa - - -

FIGURE 2.56 Bending moment diagram.

Note that the bending moment (M) is zero at the left end, decreases linearly to a maximum
negative value at the roller, and then increases linearly back to zero. The maximum bending
moment (Mpax), the absolute value of this negative quantity, occurs at the roller and is

given by Eq. (2.37).

Mmax = Fa

(2.37)

U.S. Customary
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Example 2. Calculate the shear force (V') and
bending moment (M) for a single overhanging
beam of length (L) and overhang (a) with a
concentrated force (F) acting at the free end, at
a distance (x), where

F =4501b
L=3fta=1ft
x =2ft
solution
Step 1. Determine the shear force (V) from

Fig. (2.55) as
Fa _ (4501b) (11)

V=_"=
L 3ft

4501t - 1b
3ft

=—1501b

Example 2. Calculate the shear force (V') and
bending moment (M) for a single overhanging
beam of length (L) and overhang (a) with a
concentrated force (F) acting at the free end, at
a distance (x), where

F =2,000N
L=1ma=03m
x=06m
solution
Step 1. Determine the shear force (V) from
Fig. 2.55 as
V= Fa _ (2,000N) (0.3 m)
L Im
600N -
= 22 600N
I m
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Step 2. As the distance (x) is less than the
length (L), the bending moment (M) is deter-
mined from Eq. (2.36a).

F 450 1b) (1 ft
m=_fe,_ @0 .
L 31t
4501t - Ib
=20

s o

—(1501b) (2 ft) = —300ft - 1b

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Example 2, where

F =4501b
L=3fta=1ft

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.35) as

Vimax = F =4501b

Step 2. From Fig. 2.55 this maximum shear
force (Vimax) of 450 1b occurs in the region of
the overhang.

Step 3. Calculate the maximum bending mo-
ment (Mpax) from Eq. (2.37) as

Mmax = Fa = (4501b) (1 f)
= 4501t - 1b

Step 4. Figure 2.56 shows that this maximum
bending moment (Max) of 450 ft - 1b occurs at
the roller.

Step 2. As the distance (x) is less than the
length (L), the bending moment (M) is deter-
mined from Eq. (2.36a).

F 2,000N) (0.3
M= 10, 00N O3m 4o
L 1m
600N -
= 22N M h6m)
1m

—(600N) (0.6 m) = —360N - m

Example 3. Calculate and locate the max-
imum shear force (Viax) and the maximum
bending moment (Mpyax) for the beam of
Example 2, where

F =2,000N
L=1m,a=03m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.35) as

Vimax = F =2,000N

Step 2. Figure 2.55 shows that this maximum
shear force (Viax) of 2,000 N occurs in the re-
gion of the overhang.

Step 3. Calculate the maximum bending mo-
ment (Mpax) from Eq. (2.37) as

Mpax = Fa = (2,000N) (0.3 m)
= 600N - m

Step 4. Figure 2.56 shows that this maximum
bending moment (Mpax) of 600 N - m occurs at
the roller.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.57, and given by Eq. (2.38a) for the values of the distance (x) from the left end of
the beam to the roller at point B, and given by Eq. (2.38b) for values of the distance (x)
from the roller to the free end where the force (F) acts.

A

7

I
L

FIGURE 2.57 Beam deflection diagram.
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_ Fax _, 5
= ﬁ(l‘ x)1 0<x=<L (2.38a)
F(x—1L) )
Azﬁ[aﬁx—L)—(x—L)]i L<x=<L+a (2.38b)

where A = deflection of the beam
F = applied force at free end
x = distance from left end of beam
L = length between supports
a = length of overhang

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

Note that the deflection (A) is upward between the supports and downward for the
overhang. The distance (x) in Eq. (2.38a) must be between 0 and (L), and the distance (x)
in Eq. (2.38)) must be between (L) and the total length of the beam (L + a).

There is a maximum upward deflection between the supports, given by Eq. (2.39),

Fal?

A =
max 9 \/g EI

=L (2.39)
=% .

and a maximum downward deflection at the free end, where the force (F) acts, as given by

Eq. (2.40),

Fa?
Amax = 7 (L +a) \L

3EI

at x=L+a (2.40)

Note that the maximum upward deflection does not occur at the midpoint (L/2) between
the supports, but at a point closer to the roller at point B. The magnitude of the deflection
at the free end is usually greater than the magnitude of the deflection between the supports.

U.S. Customary

SI/Metric

Example 4. Calculate the deflection (A) of a
single overhanging beam of length (L) and over-
hang (a) with a concentrated force (F) acting
at the free end, at a distance (x), where

F =4501b
L=3ftta=1ft
x =2ft
E =30 x 10° Ib/in? (steel)
I =12in*

solution

Step 1. Calculate the stiffness (ET).

EI = (30 x 10® Ib/in?) (12in*)
3.6 x 1081b - in? x 1t
144 in?

2.5 x 10%1b - ft?

Example 4. Calculate the deflection (A) of a
single overhanging beam of length (L) and over-
hang (a) with a concentrated force (F') acting
at the free end, at a distance (x), where

F =2,000N
L=1ma=03m
x =0.6m
E = 207 x 10° N/m? (steel)
I =491 cm*

solution

Step 1. Calculate the stiffness (ET).

EI = (207 x 10° N/m?) (491 cm*)
Im*
-
(100 cm)*
= 1.02 x 10°N - m?
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Step 2. As the distance (x) is less than the
length (L), the deflection (A) is determined
from Eq. (2.384).

Fax 12 a2y4
— X
6 EIL

(4501b) (1 ft) (2ft)
6(2.5 x 101b - ft?) (3 ft)
x[(3ft)? — (22

~ (9001b - fi?)

(4.5 x 107 1b - ft})
x[(9ft?) — (41t%)]

A =

1
= <2.o x 1072 a) x [5 ]

12in
0.0001 ft x ——
ft

= 0.0012in 1

Example 5. Calculate the maximum down-
ward deflection (Amax) for the beam configu-
ration in Example 4, where

F =4501b
L=3ftta=1ft
EI =25 % 10°1b - ft2

solution
The maximum downward deflection occurs at
the free end where the force (F) acts, and is
determined from Eq. (2.40).

Fa*

A = — (L
max 3EI( +a)

4501b) (1 ft)%
- %(3ﬁ+lﬁ)
3(2.5 x 1001b - ft?)
_ 4501b-f?
T 75 % 1001b - fe?

(6.0 x 107%) (41t)

(41t)

12in
= 0.00024 ft x ——
ft
= 0.0029in |,

Example 6. Calculate and locate the maxi-
mum upward deflection (Apax) for the beam
configuration of Example 4, where

F =4501b
L=3fta=1ft
EI =25 x 10°1b - ft?

Step 2. As the distance (x) is less than the
length (L), the deflection (A) is determined
from Eq. (2.38a).

_ Fax , 2
=gt~
(2,000N) (0.3 m) (0.6 m)

6(1.02 x 106N - m?2) (1 m)

x [(1m)* = (0.6m)*]
(360N - m?)

6.12 x 105N - m3)

x[(1m?) — (0.36 m?)]

1
= (5.88 x 1073 —) x [0.64 m?]
m

100 cm
= 0.000038 m x

= 0.0038 cm 1

Example 5. Calculate the maximum down-
ward deflection (Amax) for the beam configu-
ration in Example 4, where

F =2,000N
L=1ma=03m
EI =1.02 x 10° N - m?

solution
The maximum downward deflection occurs at
the free end where the force (F') acts, and is
determined from Eq. (2.40).

Fa?

A = — (L
max 3E1( +a)

(2,000N) (0.3 m)?
=V 0.3
3102 x 106N - m2) (| M+ 03m)
180N - m?

= orm g
3.06 x 106N m2 0™

(5.88 x 107°) (1.3 m)
100 cm

= 0.000076 m x

= 0.0076cm |

Example 6. Calculate and locate the maxi-
mum upward deflection (Apax) for the beam
configuration of Example 4, where

F =2,000N
L=1ma=03m
EI = 1.02 x 10° N - m?
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solution
Step 1. Calculate the maximum upward
deflection (Amax) from Eq. (2.39).

Fal*
Amax =
93 EI
_ (4501b) (1 fo) (3f0)°
T 9/3(2.5 % 1001b - ft?)
4,0501b - ft3
3.9 x 107 Ib - fi?

12in
0.0001 ft x ——
ft

0.0012in 4

Step 2. From Eq. (2.39) the location of the
maximum upward deflection is

L 3ft

X = — = —

A =3T3
= 1.73ft

L 3ft
> —=— =15ft
2 2

solution
Step 1. Calculate the maximum upward
deflection (Amax) from Eq. (2.39).

Fal?
Amax =

93 EI
_ (2,000N) (0.3m) (1m)?
T 94/3(1.02 x 105N - m?)
_ 600N-m’
" 1.59 x 10’ N - m?

100 cm

0.000038 m x

0.0038 cm 1

Step 2. From Eq. (2.39) the location of the
maximum upward deflection is
L Im
Yo BT R
= 0.577m

L 1
_m —=05m

> — =
2 2

2.2.8 Single Overhang: Uniform Load

The simply-supported beam in Fig. 2.58 has a single overhang at the right with a uniform
distributed load (w) acting vertically downward across the entire length of the beam. The
distance between the supports is labeled (L), and the length of the overhang is labeled (a),
so the total length of the beam is (L + a).

w

c

praE I I A A A A A
“ e |

' L a

FIGURE 2.58 Single overhang: uniform load.

Reactions. The reactions at the supports are shown in Fig. 2.59—the balanced free-body-
diagram. Notice that the total load on the beam, (w [L + a]), is not split evenly between the

w

=0 I T

A

A, = w(L2 - a?)2L TE;y= w(L + a)2/2L

FIGURE 2.59 Free-body-diagram.



80 STRENGTH OF MACHINES

two vertical reactions (Ay and By). As the distributed load is acting directly downward, the

horizontal reaction (A,) is zero.

To provide a comparison between uniform loading on this beam and concentrated force
loading at the free end of the previous beam, the magnitude of the uniform load (w) has
been chosen to produce a total force equal to the concentrated force (F). Also, the beam
dimensions, material properties, and cross-sectional properties of this beam are the same

as the previous beam.

U.S. Customary

SI/Metric

Example 1. Determine the reactions for a sin-
gle overhanging beam of length (L) and over-
hang (a) with a uniformly distributed load (w),
where

w = 113 1b/ft

L=3fta=1ft

solution

Step 1. From Fig. 2.59 calculate the pin reac-

tions (A, and Ay) at the left end of the beam.
As the uniform load (w) is vertical,

A, =0
and the vertical reaction (Ay) is
w(L? —a?)
2L
1131/ [(3 )% — (1 ft)%]
2 (3 ft)
(113 1b/f0)[9 ft> — 1ft2]
(6ft)

(113 1b/f) [8 2]
- (6ft)

904 ft - Ib

= ——— =151
6 ft

Step 2. From Fig. 2.59 calculate the roller
reaction (By) as

Ay =

w (L% +a?)
2L
(113 Ib/tt) (3 ft + 1 ft)2
2(3ft)
(113 1b/ft) (4 ft)?
= (6f0)
(113 1b/ft) (16 ft3)
- (610
1,808 ft - Ib
T T e

By =

=3011b

Example 1. Determine the reactions for a sin-
gle overhanging beam of length (L) and over-
hang (a) with a uniformly distributed load (w),
where

w = 1,540 N/m

L=1m,a=03m

solution

Step 1. From Fig. 2.59 calculate the pin reac-

tions (A and Ay) at the left end of the beam.
As the uniform load (w) is vertical,

A =0
and the vertical reaction (Ay) is
w(L? = d?)
—
(1,540 N/m)[(1 m)? — (0.3 m)?]
2 (1 m)
(1,540 N/m)[1 m? — 0.09 m?]
(2m)
(1,540 N/m)[0.91 m?]
N @m)
1,402N - m

= — =701N
2m

Ay =

Step 2. From Fig. 2.59 calculate the roller
reaction (By) as
w(L? +a?)
2L
(1,540 N/m) (1 m + 0.3 m)?
2 (1 m)
(1,540 N/m) (1.3 m)?
(2m)
(1,540 N/m) (1.69 m?)
(2m)
2,602N - m

= ——— =1,30IN
2m

By =
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FIGURE 2.60 Concentrated force at intermediate point.

Shear Force and Bending Moment Distributions. For the single overhanging beam of
length (L) and overhang (a) with a uniform load (w), shown in Fig. 2.60, which has the
balanced free-body-diagram shown in Fig. 2.61, the shear force (V) distribution is shown
in Fig. 2.62.

w

A=0 R T T A A

A

Ay= w(l2 — a2)/2L TB}, =w(L + a)2/2L
FIGURE 2.61 Free-body-diagram.

The shear force (V') from the left pin support to the roller supportis found from Eq. (2.41a),
and from the roller support to the free end is found from Eq. (2.41b).

Ve @?—a®)—wx O<x<L (2.41a)
2L
V=w(lL+a—x) L<x<L+a (2.41b)

Both of these equations represent the same decreasing slope, that is, the value of the
uniform load (w). The shear force (V) is zero at the point between the supports shown that
is given by Eq. (2.42). This point is always less than half the distance between the supports.

L a?
Xy=0 = E 1— ﬁ (242)

The maximum shear force (Vnax) occurs at the roller and is given by Eq. (2.43).

Vinax = %(L2 +d®  at x=L (2.43)

v (L/2)[1 - a?/L2]

w(l2 - a?)/2L

L+a
W(L2 + @2)/2L |-=============mmmmmmmmmmmmme oo

FIGURE 2.62 Shear force diagram.
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The bending moment distribution is given by Eq. (2.44a) for the values of the distance
(x) from the left end of the beam to the roller, and Eq. (2.44b) from the roller to the free
end. (Always measure the distance (x) from the left end of any beam.)

M:%(Lz—az—Lx) 0<x<L (2.44q)

M:%(L+a—x)2 L<x<L+a (2.44b)

The bending moment (M) distribution is shown in Fig. 2.63.

M1 W - auez
Mmax """""""""
o + \ a X
L ! -i- L+a
L)[1 - a?/L2 i
wazlo (L1 - ]

FIGURE 2.63 Bending moment diagram.

The bending moment (M) curves described by Eqs. (2.44a) and (2.44b) are both parabolic,
starting at a value of zero at the left pin support, increasing to a maximum positive value,
then decreasing to a maximum negative value at the roller support. The maximum bending
moment (Mmax) is given by Eq. (2.45),

w
Mumax = TE (L +a)*(L —a)? (2.45)

located at a position given by Eq. (2.46).

_Lf_® (2.46)
AMupax = B 12 A

Note that the location of the maximum bending moment (M, ) is also the same location
where the shear force (V') was zero between the supports. This is because the slope of the
bending moment diagram (M) is directly related to the shear force (V), so if the shear force
is zero, the slope of the bending moment at that point is zero, meaning this is a location of
either a maximum or a minimum value in the bending moment.

U.S. Customary SI/Metric

Example 2. Calculate the shear force (V') and Example 2. Calculate the shear force (V') and
the bending moment (M) for a single overhang- bending moment (M) for a single overhanging
ing beam of length (L) and overhang (a) with beam of length (L) and overhang (a) with a
a uniformly distributed load (w), at a distance uniformly distributed load (w), at a distance (x),
(x), where where

w = 113 Ib/ft w = 1,540 N/m

L=3fta=1ft L=1m,a=03m

x =2ft x =0.6m
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SI/Metric

solution

Step 1. As the distance (x) is less than the
length (L), the shear force (V) is determined
from Eq. (2.41a) as

V= %(Lz—az)—wx

_ (1131b/ft) ) )
= 206m [Bft)” — (1f)7]
— (113 1b/ft) (2 1)
_ (1131b/ft)
T (61t
—(2261b)
(18.83 Ib/ft?)[8 %]
—(2261b)
(1511b) — (2261b)

= =751b

91 — 1%

Step 2. As the distance (x) is less than the
length (L), the bending moment (M) is deter-
mined from Eq. (2.44a) as

M="212 -2 Ly
2L

(113 1b/ft) (2 1t)

2(3f1)

x [(3ft)? — (11> — (3f) (11f0)]
_(@261b) o o s
= 6 [9f — 1> — 3]
= (37.671b/ft) [5 %]
= 188ft-Ib

Example 3. Calculate and locate the max-
imum shear force (Viyax) and the maximum
bending moment (Mpax) for the beam of
Example 2, where

w = 113 Ib/ft
L=3fta=1ft

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.43) as

w
Vinax = ﬁuz +d?)

13y, )
= 206 [BfY)” + (1f)7]

31/

= 9 + 1 ff
©f) [ + 1

B (18.83 Ib

ft?

max

)[10&2] =1881b

solution

Step 1. As the distance (x) is less than the
length (L), the shear force (V) is determined
from Eq. (2.41a) as

V= 212 —d?) —wx

2L
1,540 N/m

= (2(14@) [(1m)* — (0.3m)*]
— (1,540 N/m) (0.6 m)

= W[l m? — 0.09 m?]

(2m)

—(924N)

= (770N/m?)[0.91 m?]
—(924N)

= (701N) — (924N)

= —223N

Step 2. As the distance (x) is less than the
length (L), the bending moment (M) is deter-
mined from Eq. (2.44a) as

M= Ly
2L

(1,540 N/m) (0.6 m)

2 (1 m)
x[(1m)% — (0.3m)? — (1 m) (0.3m)]
= (?i‘:nl\;) [1m? —0.09m? — 0.3m?]
= (462 N/m)[0.61 m?]
=282N-m

Example 3. Calculate and locate the max-
imum shear force (Viax) and the maximum
bending moment (Mp,x) for the beam of
Example 2, where

w = 1,540 N/m
L=1m,a=03m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.43) as

w
Vinax = E(Lz + aZ)

1,540 N/
oz = ﬁ[(lm)2 +(03m)?]
= %[1 m? + 0.09 m?]
770 N 5
= =~ [1.09m"] = 839N
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SI/Metric

Step 2. From Fig. 2.62, this maximum shear
force (Vmax) occurs at the roller support.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.45) as

w
812
(113 1b/ft)

8 (3 ft)2
x(3ft+ 11023 ft — 1fr)?
(113 1b/ft)

_ Uiy 2 2
= 7 ftz) x (4ft)~(21t)

= <1'i;1b> (16) (4 1)

Minax = (L4 a)*(L — a)?

= 100ft-1b

Step 4. The maximum bending moment
(Mmax) occurs at the location shown in Fig. 2.63
and given by Eq. (2.46).

. L 1 a?
AMmax = 2 L2

_ 3o af?

) (31t)2

(1.5ft) 1—E —(15ft)(§)
' 9f2 | 9

= 1.33ft

Step 2. Figure 2.62 shows that this maximum
shear force (Vmax) occurs at the roller support.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.45) as

Muay = — (L + @)X (L — a)>

max — S L2 a)*( a)
(1,540 N/m)

8 (1m)2
x(1m+ 0.3m)*(1m — 0.3m)?
(1,540 N/m) , )
= W x (1.3 m)“(0.7m)

192.5N
m3

) (1.69 m?) (0.49 m?)

159N - m

Step 4. This maximum bending moment
(Mmax) occurs at the location shown in Fig. 2.63
and given by Eq. (2.46).

L 1 a?
AMmax = 2 L2

Im ( 0.3 m)2>
=— (1=
2 (1m)?
0.09 m?
(0.5m) (1 - W)

= (0.5m) (0.91) = 0.455m

AHHHHHlBLL_l,:

FIGURE 2.64 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.64, and given by Eq. (2.47a) for values of the distance (x) from the left end of the
beam to the roller at point B, and given by Eq. (2.47b) for values of the distance (x) from

the roller to the free end.

A= 24IZL(L4 2077 + Ly’ —2d’L* +2a°xH) 4 0<x <L (247a)
A= —;);I(%ZL L4 6a’x —dax? +x) 4 L<x<L+a (247b)

where A = deflection of beam
w = uniform distributed load
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x = distance from left end of beam

L = length between supports
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X1 = (x — L) = distance past roller support on overhang

a = length of overhang

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

Note that the distance (x) in Eq. (2.47a) must between 0 and (L), and the distance (x) in
Eq. (2.47b) must be between the distance (L) and the total length of the beam (L + a).

U.S. Customary

SI/Metric

Example 4. Calculate the deflection (A) of
a single overhanging beam of length (L) and
overhang (a) with a uniformly distributed load
(w), at a distance (x), where

w = 113 Ib/ft
L=3fta=1ft
x = 2ft
E = 30 x 10° Ib/in? (steel)
I =12in*

solution

Step 1. Calculate the stiffness (EI)
EI = (30 x 10°Ib/in%) (12in*)
11£t?

=3.6x10°1b-in* x ———
144 in

=25x10°Ib - ft?

Step 2. As the distance (x) is less than the
length (L), the deflection (A) is determined
from Eq. (2.47a).

wx

T 24EIL
—24%L* + 24% xz) 1

(113 1b/ft) (2 ft)
24 (2.5 x 1001b - ft?) (3 ft)
x[(3fty* — 2 (3ft)? (2 fr)?
+(3ft) 210 — 2 (1 1) (3 ft)?
+2 (1£t)? 2 £1)?]

(2261b)
(1.8 x 1081b - f£%)
x[81ft* — 72 ft* 4 24 fr*
—18ft* + 8ft*]

(L* —2L%x* + Lx?

1
(1.26 x 1070 §> x [23 ft*]

— 0.000029 ft x 211

= 0.00035in 1

Example 4. Calculate the deflection (A) of a
single overhanging beam of length (L) and over-
hang (a) with a concentrated force (F') acting
at the free end, at a distance (x), where

w = 1,540 N/m
L=1ma=03m
x =0.6m
E = 207 x 10° N/m? (steel)
I =491 cm*

solution

Step 1. Calculate the stiffness (ET).
EI = (207 x 10° N/m?) (491 cm*)
I1m*
—
(100 cm)*
=1.02 x 10°N - m?
Step 2. As the distance (x) is less than the
length (L), the deflection (A) is determined

from Eq. (2.47a).
wx

= m(ﬁ —2L%x2 4L X3

—24d*L? +24>x?) 1

(1,540 N/m) (0.6 m)
24(1.02 x 106N -m2) (1 m)
x[(1m)* = 2 (1 m)? (0.6 m)?
+(1'm) (0.6m)> — 2 (0.3m)? (1 m)?
+2 (0.3 m)? (0.6 m)?]
(924N)

(2.45 x 107N -m?)
x[1m* —0.72m* + 0.216 m*

—0.18m* 4 0.065 m*]

A =

1
= (3.77 x 1073 7) x [0.381 m*]
p

1
— 0.000014m x ~00¢m

= 0.0014cm 1
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Note that the deflection determined in the previous example was positive or upward. For
distances closer to the left support, the deflection will be negative or downward. The location
of the transition point, meaning the point of zero deflection, is not a simple expression, and
depends on the relative values of the length (L) between the supports and the length of the
overhang (a).

Unless the length of the overhang (a) is very short compared to the length (L) between
the supports, the maximum downward deflection occurs at the tip of the overhang, a distance
(x1) isequal to (a) from the roller support. Substituting (a) for the distance (x1) in Eq. (2.47b)

gives the tip deflection (ATjp) as

w

Atip = ——Ba* +4d°L —a L’ 1 (2.48)

T 24EI

U.S. Customary

SI/Metric

Example 5. Calculate the maximum down-
ward deflection (Arp) for the beam configu-
ration in Example 4, where

w = 113 Ib/ft
L=3fta=1ft
EI =25 % 10 1b - ft?

solution
The maximum downward deflection (Arjp) is
given by Eq. (2.48).

W
Ap = TEI(3a4+4a3L —aL’) ¢

(113 1b/ft)
24 (2.5 x 1001b - ft?)
x[3(1 f* + 41 ft)> (3 fr)
—(1fy@3 ]
113 1b/ft
6.0 x 107 Ib - ft
x[(3 + 12 = 27) ft*]

1
= (1.88 x 1070 F) (=12 ft%

12in
= —0.000023 ft x

T
0.00027in |

Example 5. Calculate the maximum down-
ward deflection (Arp) for the beam configu-
ration in Example 4, where

w = 1,540 N/m
L=1m,a=03m
EI =1.02 x 10N - m?
solution

The maximum downward deflection (Arp) is
given by Eq. (2.48).

Atp = ——Ba* +4d3L —al’) 1
P 24 El

(1,540 N/m)
24(1.02 x 106N - m?)
x[3(0.3m)* + 4(0.3m)>(1 m)
—(0.3m)(1 m)3]

1,540 N/m
2.45 x 107N - m?
x[(0.0243 +0.108 — 0.3) m*]

1
= (6.29 x 1073 7) (—0.1677 m*)
m

= —0.00001 m x

100 cm
T

= 0.00lcm |

2.2.9 Double Overhang: Concentrated
Forces at Free Ends

The simply-supported beam in Fig. 2.65 has double overhangs with concentrated forces,
each of magnitude (F), acting directly downward at the free ends: points A and D. The
distance between the supports is labeled (L), and the length of each overhang is labeled
(a). Therefore, the total length of the beam, measured from the left end, is (L + 2a).
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FIGURE 2.65 Double overhang: concentrated forces at free ends.

Reactions. The reactions at the supports are shown in Fig. 2.66—the balanced free-body-
diagram. The vertical reactions (By and Cy) are equal, each with magnitude (F'). As both
forces are acting directly downward, the horizontal reaction (By) is zero.

F
a a
4 h 4
+
B,=F C,=F

FIGURE 2.66 Free-body-diagram.

U.S. Customary

SI/Metric

Example 1. Determine the reactions for a
double overhanging beam with concentrated
forces at the free ends, both of magnitude (F),
with overhangs (a) and a length (L) between
the supports, where

F = 1,800 1b

L =4ft

a=15ft
solution

Step 1. From Fig. 2.66, calculate the pin
reactions (B, and By) at the left support. As
the forces are acting directly downward,

B, =0
and the vertical reaction (By) is
By = F =1.8001b

Step 2. From Fig. 2.66 calculate the roller
reaction (Cy) at the right support.

Cy = F =18001b

Example 1. Determine the reactions for a
double overhanging beam with concentrated
forces at the free ends, both of magnitude (F),
with overhangs (a) and a length (L) between
the supports, where

F =8,000N

L=12m

a=05m
solution

Step 1. From Fig. 2.66 calculate the pin
reactions (B, and By) at the left support. As
the forces are acting directly downward,

B, =0
and the vertical reaction (By) is
By = F =8,000N

Step 2. From Fig. 2.66 calculate the roller
reaction (Cy) at the right support.

Cy=F =28,000N
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FIGURE 2.67 Twin concentrated forces.

Shear Force and Bending Moment Distributions. For the double overhanging beam in
Fig. 2.67 with concentrated forces at the ends, each of magnitude (F'), and overhangs (a)
and a length (L) between the supports, which has the balanced free-body-diagram shown
in Fig. 2.68, the shear force (V') distribution is shown in Fig. 2.69.

F F
a a

\4 A 4

—F—

B,=F C,=F

FIGURE 2.68 Free-body-diagram.

Note that the shear force (V) is a negative (F) from the left end of the beam to the left
support, zero between the supports, then a positive (F') from the right support to the right
end of the beam.

The maximum shear force (Vpnax) is given by Eq. (2.49).

Vinax = F (2.49)

The bending moment (M) distribution is given by Eq. (2.50a) for the values of the distance
(x) from the left end of the beam to the left support, Eq. (2.50b) between the supports, and
Eq. (2.50c¢) from the right support to the right end of the beam.

(Always measure the distance (x) from the left end of any beam.)

M = —Fx 0<x=<a (2.50a)
M = —Fa a<x<L+a (2.50b)
M = —F(L+2a— x) L+a<x<L+2a (2.50¢)

The bending moment (M) distribution is shown in Fig. 2.70.

%4
Fr----- - -- e r
—
a |
0 T . X
i L a
—F :

FIGURE 2.69 Shear force diagram.
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L+2a

I\

et

—Fa |-——— 2

c-—--——--—-| +

FIGURE 2.70 Bending moment diagram.

Note that the bending moment (M) decreases linearly from zero at the left end of the
beam to a value (—Fa) at the left support, stays a constant (—Fa) between the supports, then

increases linearly back to zero at the right end.

The maximum bending moment (Mpax) that is always a positive quantity occurs between

the supports and is given by Eq. (2.51).

Mmax = Fa (2.51)

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a double overhanging
beam with concentrated forces at the free ends,
both of magnitude (F'), with overhangs (a) and
alength (L) between the supports, at a distance
(x), where

F =1,8001b
L=4ft,a=15ft
x =1ft

solution

Step 1. Note that the distance (x) of 1 ft is to
the left of the support at (B),

x<a or Ift<I1.5ft

Step 2. Determine the shear force (V') for the
distance (x) from Fig. 2.69 as

V=—-F=-18001Ib

Step 3. Determine the bending moment (M)
for the distance (x) from Eq. (2.50a).

M = —Fx = —(1,8001b) (1 ft)
= —1,800ft-1Ib

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mpyax) for the beam of
Examples 1 and 2, where

F = 1,800 Ib
L=4fta=15f1t

Example 2. Calculate the shear force (V') and
bending moment (M) for a double overhanging
beam with concentrated forces at the free ends,
both of magnitude (F), with overhangs (a) and
alength (L) between the supports, at a distance
(x), where

F = 8,000 N
L=12m,a=05m
x=03m

solution

Step 1. Note that the distance (x) of 1 ft is to
the left of the support at (B),

x<a or 03m=<0.5m

Step 2. Determine the shear force (V') for the
distance (x) from Fig. 2.69 as

V=—F=-8000N

Step 3. Determine the bending moment (M)
for the distance (x) from Eq. (2.50a).

M = —Fx = —(8,000N) (0.3m)
= —2400N-m

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp.) for the beam of
Examples 1 and 2, where

F = 8,000 N
L=12ma=05m
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solution
Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.49) as

Vmax = F = 1,8001b

Step 2. From Fig. 2.69, the maximum shear
force (Vmax) occurs in two regions, one from
the left end of the beam to the left support, and
the other from the right support to the right end
of the beam.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.51).

Mmax = Fa = (1,8001b) (1.5 ft)
= 2,700ft-1b

Step4. From Fig. 2.70, the maximum bending
moment (M) occurs in the region between

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.49) as

Vimax = F = 8,000N

Step 2. From Fig. 2.69, the maximum shear
force (Vmax) oOccurs in two regions, one from
the left end of the beam to the left support, and
the other from the right support to the right end
of the beam.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.51).

Mmax = Fa = (8,000 N) (0.5 m)
= 4,000N-m

Step 4. From Fig. 2.70, the maximum bending
moment (Mmpax) occurs in the region between

the two forces. the two forces.

F F
a a

J_A‘:—ﬂ _AJ:iAMid |<—>‘

W% P
T | i |

FIGURE 2.71

Beam deflection diagram.

Deflection. For this loading configuration, the deflection along the beam is shown in
Fig. 2.71, where the maximum downward deflection (ATjp) is given by Eq. (2.52a) and
occurs at the tip of either overhang. The maximum upward deflection (Apmiq) is given
by Eq. (2.52b) and occurs at the midpoint of the beam. Note that the deflection curve is
symmetrical about the centerline, or middle, of the beam.

A F“2(3L+2 )L (2.524)

N = — a . a

Te = 6kl

Ay = Ea (2.52b)
Mid = S Er '

where A = deflection of beam
F = concentrated force at each overhang
L = length between supports
a = length of each overhang
E = modulus of elasticity of beam material
1 = area moment of inertia of cross-sectional area about axis through centroid
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Unless the length (a) is less than about 22 percent of the length (L), the max-
imum downward deflection (Arjp) is greater than the maximum upward deflection

(Amid)-

U.S. Customary

SI/Metric

Example 4. Calculate the maximum down-
ward deflection (AT ) for adouble overhanging
beam, with concentrated forces (F) at the free
ends, where

F = 1,800 Ib

L=4ft,a=15ft

E = 27.6 x 10° 1b/in? (stainless steel)

I =7in*

solution
Step 1. Calculate the stiffness (EI).

EI = (27.6 x 10° Ib/in?) (7in%)

ft2
1.93 x 10%1b - in? x

144 in*
1.34 x 10°1b - fi?

Step 2. Determine the deflection (ATjp) from
Eq. (2.52a).

Fa?
Atp = @(3L+2a) |2

(1,8001b) (1.5 ft)?
6(1.34 x 1001b - ft?)
x[3 (4ft) +2 (1.5ft)]

4,0501b - ft?
— @050 o3y
(8.04 x 1061b - ft?)

= (5.04 x 107%) x [15ft]

12in
ft

= 0.0076 1t x

=0.09in |

Example 5. Calculate the maximum upward
deflection (Amig) for a double overhanging
beam, with concentrated forces (F) at the free
ends, where

F =1,8001b

L=4fta=15ft
El =134 x 10° b - fi2

Example 4. Calculate the maximum down-
ward deflection (AT ) for a double overhanging
beam, with concentrated forces (F) at the free
ends, where

F = 8,000 N

L=12ma=05m

E = 190 x 10° N/m?2 (stainless steel)
I =341 cm*

solution
Step 1. Calculate the stiffness (EI).

EI = (190 x 10° N/m?) (341 cm®)

I m*
—
(100 cm)*
= 6.48 x 10°N . m?
Step 2. Determine the deflection (Atjp) from
Eq. (2.52a).

Fa?
Atp = @(3L+2a) 2

(8,000N) (0.5 m)?
6(6.48 x 103 1b - ft?)
x [3(1.2m) 42 (0.5 m)]
_ (2,000N-m?)
" (3.89 x 10°N - m?)
(5.14 x 107%) x [4.6m]

[3.6m + 1 m]

1
— 0.0024 ft x 00¢cm

=0.24cm |

Example 5. Calculate the maximum upward
deflection (Amig) for a double overhanging
beam, with concentrated forces (F) at the free
ends, where

F = 8,000N
L=12ma=05m
El = 648 x10° N - m?
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solution
Calculate the maximum upward deflection
(Amiq) from Eq. (2.52b).
FL*a
8 EI !
_(1,8001b) (4 ft)% (1.5 ft)
T 8(1.34 x 1001b - fi?)
_ 43,2000b- £}
T (107 x 1071b - f?)
12in

Amid

0.004 ft x
= 0.05in 1

solution
Calculate the maximum upward deflection
(Amig) from Eq. (2.52D).
FL%a
8EI T
(8,000N) (1.2m)? (0.5m)
8(6.48 x 10°N - m?)
5,760N - m3
(5.18 x 106N - m?)
100 cm

Amid

0.001 1 m x
0.11cm 1

2.2.10 Double Overhang: Uniform Load

The simply-supported beam in Fig. 2.72 has double overhangs, each of length (a). The beam
has a uniform distributed load (w) acting vertically downward across the entire length of
the beam (L). The units on this distributed load (w) are force per length. Therefore, the total
force acting on the beam is the uniform load (w) times the length of the beam (L), or (wL).

FIGURE 2.72 Double overhang: uniform load.

Reactions. The reactions at the supports are shown in Fig. 2.73—the balanced free-body-
diagram. Notice that the total downward force (wL) is split evenly between the vertical
reactions (By and Cy), and as the uniform load (w) is acting straight down, the horizontal
reaction (By) is zero.

w (force/length)
BEENEEEEEEEE
e
= f
B,=wL/2 C,=wL/2
FIGURE 2.73  Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions for a
double overhanging beam of length (L) and
overhangs (@) with a uniform distributed load
(w), where

w = 15 Ib/ft
L =121t
a=2ft

Example 1. Determine the reactions for a
double overhanging beam of length (L) and
overhangs (a) with a uniform distributed load
(w), where

w = 225 N/m

L=4m

a=0.6m
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solution

Step 1. From Fig. 2.73 calculate the pin
reactions (B, and By) at the left support. As
the uniform load (w) is vertical,

B, =0
and the vertical reaction (By) is

wL  (151b/ft) (12f0)
2 2

By =

Step 2. From Fig. 2.73 calculate the roller
reaction (By) as

wL  (151b/ft) (12 f1)
2 2
1801b

= —— =90Ib
2

¢y =

solution

Step 1. From Fig. 2.73 calculate the pin
reactions (B, and By) at the left support. As
the uniform load (w) is vertical,

B, =0
and the vertical reaction (By) is

wL  (225N/m) (4m)
2 2

900N
= =450N

By =

Step 2. From Fig. 2.73 calculate the roller
reaction (By) as
_ wL _ (225N/m) (4 m)
YT o2 T 2
900N

= —— =450N
2

w

RENEENEEEEEE NN

B4y
|‘—’|a

2 C

]

FIGURE 2.74 Uniform load.

Shear Force and Bending Moment Distributions.

For the double overhanging beam of

length (L) and overhangs (a) with a uniform load (w) acting across the entire beam, shown
in Fig. 2.74, which has the balanced free-body-diagram as shown in Fig. 2.75, the shear

force (V) distribution is shown in Fig. 2.76.

w (force/length)

EEENEEREREN

1

B,=0 T
B, = wL/2

FIGURE 2.75  Free-body-diagram.

Note that the shear force (V) starts at zero at the left end of the beam, decreases linearly to
anegative (wa) at the left support, then jumps a magnitude (wL/2) to a value (w[L —2a]/2),
continues to decrease linearly between the supports, crossing zero at the midpoint of the
beam, to a negative (w[L — 2a]/2) at the right support. Again, the shear force (V) jumps
a magnitude (wL/2) to a positive (wa), then decreases linearly back to zero at the right end
of the beam. So there are discontinuities in the shear force distribution at the supports (B)

and (C).
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w(L-2a)/2

wa

—-wa

-w(L-2a)2 |

FIGURE 2.76  Shear force diagram.

Mathematically, the shear force distribution is given by Eq. (2.53a) for the values of the
distance (x) from the left end of the beam to the pin support at B, Eq. (2.53b) between
the supports, and Eq. (2.53¢) from the roller support at C to the right end of the beam.
(Always measure the distance (x) from the left end of any beam.)

V = —wx 0<x<a (2.53a)
V=%(L—2x) a<x<L-—a (2.53b)
V=w(L —x) L—a<x<L (2.53¢)

The maximum shear force (Vpax) occurs at the supports and is given by Eq. (2.54)
Vinax = % (L -2a) (2.54)

The bending moment distribution (M) is given by Eq. (2.55a) for the values of the
distance (x) from the left end of the beam to the pin support at B, Eq. (2.55b) for the values
between the supports, and Eq. (2.55¢) for the values from the roller support at C to the
right end of the beam.

2
M= —WT O<x<a (2.55a)
M:%[L(x—a)—xz] a<x<L-a (2.55b)
w 2
szz(L—x) L—a<x<L (2.55¢)

The bending moment (M) distribution is shown in Fig. 2.77.

Note that the bending moment (M) is zero at the left end of the beam, decreases quadrat-
ically (meaning a power of two) to a maximum negative value at the left support, then
increases quadratically to a maximum positive value at the midpoint of the beam, then back
to a maximum negative value at the right support, and finally the bending moment increases
quadratically back to zero at the right end of the beam.

The maximum negative bending moment (Mmax @supports) located at the supports is given
by Eq. (2.56),

2

wa

Mmax@supports = T (2.56)
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—(wa?)/2 |- W e

FIGURE 2.77 Bending moment diagram.

~

and the maximum positive bending moment (Mmax@midpoint) located at the midpoint of the

beam is given by Eq. (2.57),

Mmax@ midpoint =

Tl

(2.57)

Note that the bending moment at the midpoint of the beam will be zero if the overhang
(a) is one-fourth the length of the beam (L), thatis (a = L/4).

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
the bending moment (M) for adouble overhang-
ing beam of length (L) and overhangs (a) with
auniform distributed load (w), at a distance (x),
where

w = 15 Ib/ft
L=12ft,a=2ft
x =4ft

solution

Step 1. Note that the distance (x) of 4 ft is
between the supports,

a<x<L-—a or 2ft<4ft<10ft

Step 2. As the distance (x) is between the
supports, determine the shear force (V) from
Eq. (2.53D) as

v =1L -2x]
= —[L—-2x
2

15 1b/ft
= [12ft — 2 (41ft)]

(7.51b/ft) (12 ft — 81t)
= (7.51b/ft) (4ft)
= 301b

Example 2. Calculate the shear force (V') and
bending moment (M) for a double overhanging
beam of length (L) and overhangs (a) with a
uniform distributed load (w), at a distance (x),
where

F =225N/m
L=4m,a=0.6m
x=12m

solution

Step 1. Note that the distance (x) of 1.2 m is
between the supports,

a<x<L-—a or 06m<12m=<34m

Step 2. As the distance (x) is between the
supports, determine the shear force (V) from
Eq. (2.53b) as

v =21 -2x]
= —[L—-2x
2

225N/m
= = [“m-2(.2m)

(112.5N/m) (4m — 2.4 m)
(112.5N/m) (1.6 m)
180N
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U.S. Customary

SI/Metric

Step 3. As the distance (x) is between the
supports, determine the bending moment from
Eq. (2.55b) as

M

w (L 2
3 (x —a) —x7]
15 Ib/ft

2
—(@ft*]
(7.51b/ft) [(12)(2) — (16) ft?]
(7.5 1b/f) [(24 — 16) ft%]
(7.51b/ft) (8 ft?) = 60 ft - Ib

[(12ft) (4 ft — 2ft)

Example 3. Calculate and locate the max-
imum shear force (Vp.x) for the beam of
Example 2, where

w = 15 Ib/ft
L=12ft,a=2ft

solution
The maximum shear force (Vinax) occurs at the
supports, given by Eq. (2.54).

w
Vinax = E(L —2a)

= 1512b/ft [(121t) — 2 (211)]

(7.51b/ft) [(12 — 4) ft]
= (7.51b/ft) (8 ft) = 601b

Example 4. Calculate and locate the maxi-
mum bending moment (Mpax) for the beam of
Example 3, where

w = 15 Ib/ft
L=12ft,a=2ft

solution
The maximum bending moment (Mmax) occurs
either at the supports, given by Eq. (2.56),

wa?  (151b/ft) (2f1)?

Mmax @ ~ T 2
supports
_ (151b/ft) (41t%)
- 2
60ft - Ib
=— =30ft-1b

Step 3. As the distance (x) is between the
supports, determine the bending moment from
Eq. (2.55b) as

w 2
M = E[L(x—a)—x ]
225N/m
== [(4m) (1.2m — 0.6 m)
—(1.2m)?]

(112.5N/m) [(4)(0.6) — (1.44) m?]
(112.5N/m) [(2.4 — 1.44) m?]
(112.5N/m)(0.96m?) = 108N - m

Example 3. Calculate and locate the max-
imum shear force (Vpax) for the beam of
Example 2, where

w = 225 N/m
L=4m,a=0.6m

solution
The maximum shear force (Vinax) occurs at the
supports, given by Eq. (2.54).

w
Vinax = E(L —2a)

= 2252N/m [(4m) —2(0.6m)]

(112.5N/m) [(4 — 1.2)m]
= (112.5N/m) (2.8 m) = 315N

Example 4. Calculate and locate the maxi-
mum bending moment (Mp,yx) for the beam of
Example 3, where

w = 225 N/m
L=4m,a=0.6m

solution
The maximum bending moment (Mmax) occurs
either at the supports, given by Eq. (2.56),

wa®*  (225N/m) (0.6 m)?
M == 7
max @ 2 2
supports
(225 N/m) (0.36 m2)
2
8IN -m

= =40.5N-m
2
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or at the midpoint of the beam, given by or at the midpoint of the beam, given by
Eq. (2.57), Eq. (2.57).
wL? a wL? a
M @ :T[l—“(z)] max @ —[1—4<z)]
midpoint midpoint
_ (151b/f) (12 ) - 21t _ (225N/m) (4m)? - 0.6m
N 8 12ft - 8 4m
_ (151b/ft) (144 11%) Lo} _ (225N/m) (16m?) 4 3
N 8 - 8 20
_2,160ft-1b q 4 _ 3,600N-m I 3
8 6 B 8
1 2
= (2701t - Ib) [5] = (450N - m) |:§:|
= 90ft-Ib = 180N -m

Note that for these relative values of the overhang (@) and the length of the beam (L),
the bending moment at the supports is less than the bending moment at the midpoint of the
beam. As said earlier, if the overhang (a) is one-fourth the length of the beam (L), that is
(a = L/4), then the maximum deflection at the midpoint will be zero, and the maximum
bending moment at the supports will have a magnitude of (wL?/32).

Deflection. For this loading configuration, the deflection along the beam has the shape
shown in Fig. 2.78.

w

AR,

FIGURE 2.78 Beam deflection diagram.

However, formal equations for the deflection of either the overhangs or between the
supports are not available. Seems odd, but even Marks’ Standard Handbook for Mechanical
Engineers does not include deflection equations for this beam configuration. The author
would greatly appreciate any information regarding where these equations might be found.

This complete the first of the two sections focused on simply-supported beams. In the
next section we will present several important cantilevered beams with common loading
configurations.

2.3 CANTILEVERED BEAMS

As stated earlier, cantilevered beams like the one shown in Fig. 2.79, have a special type
of support at one end, as shown on the left at point A in the figure. The other end of the
beam can be free as shown in the right at point B, or can have a roller or pin type support
at the other end as shown in Figs. 2.80 and 2.81, respectively.
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FIGURE 2.79 Cantilevered beam: free end.

FIGURE 2.80 Cantilevered beam: roller support.

FIGURE 2.81 Cantilevered beam: pin support.

For the idealized symbol at point A, the cantilever support shown in Fig. 2.82a looks
like the beam is just stuck to the side of the vertical wall, but it is not. It represents the ability
of this type of support, like a pin support, to restrict motion left and right and up and down,
but also to restrict rotation, clockwise or counterclockwise.

| i

A

AN Ca

(a) (b)
FIGURE 2.82 Cantilever support symbol and reactions.

As a cantilever support restricts motion in two directions, as well as rotation at the support,
the reactions must include two forces and a couple. These are shown as forces Ay and A,
and couple Cy, in Fig. 2.82b. The magnitude and direction of these forces and couple
will depend on the loading configuration, so again, until determined, they are shown in
positive directions, where counterclockwise (ccw) rotation is considered positive. (Note:
The symbol C is used to indicate a couple to differentiate it from a moment of a force about
a point, usually designated by an M, even though both quantities have the same units.)

Examples involving several different types of loadings will be presented for each of these
three types of cantilevered beams, to include concentrated forces, concentrated couples, and
various distributed loads. Calculations for the reactions, shear force and bending moment
distributions, and deflections will be provided in both the U.S. Customary and SI/metric
units.

2.3.1 Concentrated Force at Free End

The cantilevered beam shown in Fig. 2.83 has a concentrated force (F) acting vertically
downward at its free end that is on the left at point A. The cantilever reaction is on the right
end of the beam, at point B. The length of the beam is labeled (L).
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N

FIGURE 2.83 Concentrated force at free end.

Reactions. The reactions at the support are shown in Fig. 2.84—the balanced free-body-
diagram. Notice that the vertical reaction (By) is equal to the force (F), and because the
force (F) is acting straight down, the horizontal reaction (By) is zero. If the force (F') had a
horizontal component, either left or right, then the horizontal reaction (B, ) would be equal,
but opposite in direction, to this horizontal component. The couple reaction (Cp) is in a
negative direction, meaning clockwise (cw), and equal to a negative of the force (F') times

the length of the beam (L).

F
B,=0
v X
A
CB = —F L <
By =F
FIGURE 2.84 Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions for a can-
tilevered beam of length (L) with a concentrated
force (F) acting at its free end, where

F=1501b
L =38ft
solution

From Fig. 2.84 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the force (F) is vertical,
B, =0
and
By = F =1501b
Step 2. The couple (Cp) is given by

Cp = —FL = —(1501b) (81t)
—1,200ft - 1b

Note that the minus sign means it is clockwise
(cw).

Example 1. Determine the reactions for acan-
tilevered beam of length (L) with a concentrated
force (F) acting at its free end, where

F =700N
L=25m
solution

From Fig. 2.84 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the force (F) is vertical,
B, =0
and
By = F =700N
Step 2. The couple (Cp) is given by

Cp = —FL = —(700N) (2.5m)
—1,750N - m

Note that the minus sign means itis clockwise
(cw).
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N

L |
FIGURE 2.85 Concentrated force at free end.
Shear Force and Bending Moment Distributions. For the cantilevered beam with a

concentrated force (F) at its free end, shown in Fig. 2.85, which has the balanced free-
body-diagram shown in Fig. 2.86, the shear force (V') distribution is shown in Fig. 2.87.

F

FIGURE 2.86 Free-body-diagram.

v

-F

FIGURE 2.87 Shear force diagram.

Note that the shear force (V) is a negative (F) from the left end of the beam across to
the right end of the beam. The maximum shear force (Vpnax) is therefore

‘max = F (2.58)

The bending moment distribution is given by Eq. (2.59) for the values of the distance (x)
equal to zero at the left end of the beam to a value (L) at the right end of the beam. (Always
measure the distance (x) from the left end of any beam.)

M =—Fx 0<x<L (2.59)

The bending moment (M) distribution is shown in Fig. 2.88.

Note that the bending moment (M) is zero at the left end of the beam, where the force
(F) acts, then decreases linearly to a maximum negative value (—FL) at the right end. The
maximum bending moment (Mp,x) occurs at the right end of the beam and is given by
Eq. (2.60).

Mmax = FL (2.60)
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FIGURE 2.88 Bending moment diagram.

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam of
length (L) with a concentrated force (F) acting
atits free end, at a distance (x) from the left end
of the beam, where

F =1501b

L =38ft

x =3ft
solution

Step 1. Determine the shear force (V) from
Fig. 2.87 as
V=—-F=-1501b

Step 2. Determine the bending moment (M)
from Eq. (2.59).
M = —Fx = —(1501b) (3 ft)

—450ft - 1b

Example 3. Calculate and locate the max-
imum shear force (Viyax) and the maximum
bending moment (Mpa) for the beam of
Examples 1 and 2, where

F =1501b
L =8ft

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.58) as

Vimax = F = 1501b

Step 2. Figure 2.87 shows that this maximum
shear force (Viax) of 150 Ib does not have a
specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.60) as

Mmax = FL = (1501b) (8 ft)
= 1,200ft - Ib

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam of
length (L) with a concentrated force (F') acting
at its free end, at a distance (x) from the left end
of the beam, where

F =700 N
L=25m
x=1m

solution
Step 1. Determine the shear force (V) from
Fig. 2.87 as

V=-F=-700N

Step 2. Determine the bending moment (M)
from Eq. (2.59).
M = —Fx = —(700N) (1 m)

—700N - m

Example 3. Calculate and locate the max-
imum shear force (Viax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

F =700N
L=25m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.58) as

Vmax = F =700N

Step 2. As shown in Fig. 2.87, this maximum
shear force (Vipax) of 700 N does not have a
specific location.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.60) as

Mmax FL = (700 N) (25 m)

1,750N - m
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U.S. Customary SI/Metric
Step 4. As shown in Fig. 2.88, this maximum Step 4. Figure 2.88 shows that this maximum
bending moment (Mpax) of 1,200 ft - 1b is lo- bending moment (Mpax) of 1,750 N - m is lo-
cated at the right end of the beam, meaning at cated at the right end of the beam, that is, at the
the wall support. wall support.
F
AY B

|

T L |
FIGURE 2.89 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.89, and given by Eq. (2.61) for values of the distance (x) from the left end of the
beam, as

A= a2 cixd) 0<x<L (2.61)
6El - '
where A = deflection of beam
F = applied force at the free end of beam
x = distance from left end of beam
L = length of beam
E = modulus of elasticity of beam material
1 = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) occurs at the free end, and is given by Eq. (2.62),

FL?
Amax = 3_E'[ at x =0 (262)
For most gravity driven loading configurations, the value for the deflection (A) at any
location along the beam is usually downward. However, many loading configurations pro-
duce deflections that are upward, and still others produce deflections that are both upward
and downward, depending on the location and nature of the loads along the length of the
beam.

U.S. Customary SI/Metric

Example 4. Calculate the deflection (A) for a Example 4. Calculate the deflection (A) for a
cantilevered beam of length (L) with a concen- cantilevered beam of length (L) with a concen-
trated force (F) acting at its free end, at a dis- trated force (F) acting at its free end, at a dis-
tance (x) from the left end of the beam, where tance (x) from the left end of the beam, where

F =1501b F =700N

L =38ft L=25m

x =3ft x=1m

E = 1.6 x 10° Ib/in? (Douglas fir) E =11 x 10° N/m? (Douglas fir)

I = 145 in* I = 6,035 cm®
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SI/Metric

solution

Step 1. Calculate the stiffness (EI).

EI = (1.6 x 10°Ib/in?) (145in*)
ft?

232 x 10%1b - in* x ———
144 in

1.61 x 10%1b - ft

Step 2. Determine the deflection (A) from
Eq. (2.61).

F
m(zﬁ —3L% +x°)

3 (1501b)

T 6(1.61 x 1001b - f12)

x[2 (81ft)® — 3 (8f))>(3 1) + (310)°]

A=

(1501b)
(9.66 x 1061b - ft?)

x[(1024 — 576 + 27) ft*]

A =

1
= <1.553 x 1073 7) x (4751%)
e
12i
— 0.0074 1t x Tm = 0.09in |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

F=1501b
L =8ft
EI = 1.61 x 10° Ib - ft

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.62).
FI?
3 (ED
_ (1501b) (811)°
"~ 3(1.61 x 10%1b - fi?)
7.68 x 10*1b - ft?
T 483 x 1051b - £

Amax =

12in .
0.0159 ft x - =0.19in |

solution

Step 1. Calculate the stiffness (EI).

EI = (11 x 10° N/m?) (6,035 cm*)
1 m*
o
(100 cm)*
= 6.64 x 10° N - m?
Step 2. Determine the deflection (A) from
Eq. (2.61).

F
—L? = 3L%x +x%)

A =
6 (ED
3 (700N) 2@2.5m)?
T 6664 x 1°N-m2) M
—32.5m)*(1m) + (1m)3]
A (700N)

~ (3.98 x 106N - m2)
x[(31.25 — 18.75 + ) m’]

1
= (1.76 x 1074 E) x (13.5m%)

100cm

= 0.0024 m x =0.24cm |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam con-
figuration in Example 4, where

F =700N
L=25m
EI = 6.64 x 10° N - m?

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.62).

FL3
3 (EI)

(700N) (2.5 m)?
3(6.64 x 105N - m2)
1.09 x 10*N - m?
1.99 x 106N - m?

100 cm

Amax =

0.0055m x =0.55cm |
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2.3.2 Concentrated Force at Intermediate
Point

The cantilevered beam shown in Fig. 2.90 has a concentrated force (F) acting vertically
downward at an intermediate point, a distance (a) from the left end of the beam. The
cantilever reaction is on the right end of the beam, at point B. The length of the beam is
labeled (L).

F

N

L 1

FIGURE 2.90 Concentrated force at intermediate point.

Reactions. The reactions at the support are shown in Fig. 2.91—the balanced free-body-
diagram. Notice that the vertical reaction (By) is equal to the force (F), and because the
force (F) is acting straight down, the horizontal reaction (By) is zero. If the force (F) had a
horizontal component, either left or right, then the horizontal reaction (B, ) would be equal,
but opposite in direction to this horizontal component. The couple reaction (Cp) is in a
negative direction, meaning clockwise (cw), and equal to a negative of the force (') times

the length (b) that is the distance from the force to the wall at B.

F

FIGURE 291 Free-body-diagram.

U.S. Customary

SI/Metric

Example1. Determine the reactions foracan-
tilevered beam of length (L) with a concentrated
force (F) acting at an intermediate point, where

F =1501b
L =8ft
a=3ft,h=5ft

solution
From Fig. 2.91 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the force (F) is vertical,
B, =0
and

By = F = 1501b

Example1l. Determine the reactions foracan-
tilevered beam of length (L) with a concentrated
force (F) acting at an intermediate point, where

F =700N
L=25m
a=1mb=15m

solution
From Fig. 2.91 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the force (F) is vertical,
B, =0
and

By = F = 700N
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SI/Metric

Step 2. The couple (Cp) is given by

Cp = —Fb = —(1501b) (5ft)

= —750ft-1b

Note that the minus sign means it is clockwise
(cw).

Step 2. The couple (Cp) is given by
Cp = —Fb = —(700N) (1.5m)
= —1,050N-m

Note that the minus sign means itis clockwise
(cw).

A

N

|
|
[
| .
I L |

FIGURE 2.92 Concentrated force at intermediate point.

Shear Force and Bending Moment Distributions. For the cantilevered beam with a
concentrated force (F') at an intermediate point, shown in Fig. 2.92, which has the balanced
free-body-diagram as shown in Fig. 2.93, the shear force (V) distribution is shown in

Fig. 2.94.
F
l B,=0

Cg=—Fb +—

FIGURE 2.93  Free-body-diagram.

Note that the shear force (V) is zero from the left end of the beam to the location of the
concentrated force (F'), at a distance (a). At this point the shear force drops to a constant
negative value (F) and continues at this value to the right end of the beam. The maximum
shear force (Vinax) is therefore

Vinax = F (2.63)

The bending moment (M) is also zero from the left end of the beam to the location of the
concentrated force (F). At this point the bending moment (M) starts to decrease linearly

%

—F|--===mmmmmmmeee -

FIGURE 2.94 Shear force diagram.
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according to Eq. (2.64) to a maximum negative value (—Fb) at the right end of the beam.
(Always measure the distance (x) from the left end of any beam.)

M=—-F(x—a)

a<x<L (2.64)

The bending moment (M) distribution is shown in Fig. 2.95.

M

FIGURE 2.95 Bending moment diagram.

The maximum bending moment (Mp,ax) occurs at the right end of the beam and is given

by Eq. (2.65).

Muax = Fb (2.65)

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam of
length (L) with a concentrated force (F') acting
at an intermediate point, at a distance (x) from
the left end of the beam, where

F =1501b

L = 8ft

a=3ft,b=5ft

x = 6ft
solution

Step 1. As the distance (x) is greater than the
distance () to the force (F), the shear force (V)
from Fig. 2.94 is

V=—-F=-1501b

Step 2. Again, because the distance (x) is
greater than (a), the bending moment (M) is
determined from Eq. (2.64).

M =—F((x—a)
= —(1501b) (6 ft — 3 ft)
= —(1501t) (3ft)
= —450ft-1b

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam of
length (L) with a concentrated force (F) acting
at an intermediate point, at a distance (x) from
the left end of the beam, where

F =700N
L=25m
a=1mb=15m
x=2m

solution

Step 1. As the distance (x) is greater than the
distance (a) to the force (F), the shear force (V)
from Fig. 2.94 is

V=—F=-700N

Step 2. Again, as the distance (x) is greater
than (a), the bending moment (M) is deter-
mined from Eq. (2.64).

M =—F(x—a)

= —(700N) 2m — 1 m)
—(700N) (1 m)

= —700N-m
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Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (M) for the beam of
Examples 1 and 2, where

F=1501b
L =8ft
a=31ft,b=>5f1t

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.63) as

Vimax = F = 1501b

Step 2. As shown in Fig. 2.94 this maximum
shear force (Vmax) of 1501b occurs in the region
to the right of the force (F).

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.65) as

Mmax = Fb = (1501b) (5ft)
= 750ft-1b

Step 4. As shown in Fig. 2.95 this maximum
bending moment (Mp,x) of 750 ft - 1b is located
at the right end of the beam, that is at the wall
support.

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,y) for the beam of
Examples 1 and 2, where

F =700N
L=25m
a=1mb=15m

solution
Step 1. Calculate the maximum shear force
(Vmax) from Eq. (2.63) as

Vimax = F =700N

Step 2. As shown in Fig. 2.94, this maximum
shear force (Vinax) of 150 1b occurs in the region
to the right of the force (F).

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.65) as

Mmax = Fb = (700N) (1.5 m)
= 1,050N-m

Step 4. As shown in Fig. 2.95, this maximum
bending moment (Mpax) of 1,050 N - m is
located at the right end of the beam, meaning
at the wall support.

b

A

1

|

|

| /$/’" //
|

|

FIGURE 2.96 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.96, and given by Eq. (2.66a) for the values of the distance (x) from the left end of
the beam to the location of the force (F'), at distance (a), and by Eq. (2.66b) for the values
of distance (x) from the force (F') to the right end of the beam.

N L GL—3x-b) O<x< (2.66a)
= — — 33X — X a . a
6El =x=
—F(L_x)2(3b L+x) <x<L (2.66b)
= CEl X a<x< .

where A = deflection of beam

F = applied force at intermediate point
x = distance from left end of beam
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L = length of beam

a = distance to force (F') from left end of beam

b = distance from force (F) to right end of beam

E = modulus of elasticity of beam material

I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Amnax) occurs at the free end, and is given by Eq. (2.67),

Fb?
Amax = 6—EI(3L —b) at x=0 (2.67)
and deflection (A,) at the location of the force (F) is given by Eq. (2.68),
A (2.68)
ey at x=a .
U.S. Customary SI/Metric

Example 4. Calculate the deflection (A) for a
cantilevered beam of length (L) with a concen-
trated force (F') acting at an intermediate point,
at a distance (x) from the left end of the beam,
where

F =1501b

L =8ft
a=3ft,hb=5ft
x =6ft

E = 1.6 x 10° Ib/in? (Douglas fir)
I = 145 in*

solution
Step 1. Calculate the stiffness (ET).

EI = (1.6 x 10°Ib/in?) (145 in*)
81y, 2 fi?
=232x10°1b-in" X ———
144 in

= 1.61 x 10°1b - ft®

Step 2. As the distance (x) is greater than the
distance (a), determine the deflection (A) from
Eq. (2.66b).
F(L — x)*
A= W(S b—L+x)
(1501b) (8 ft — 6 ft)>
T 6(1.61 x 10°1b - i)
x[3 (5ft) — (81t) + (6t)]
_ (6001b - ft*)
(966 x 1091b - %)
x[(15 — 8 4 6) ft]
= (6.21 x 107°) x (13ft)
— 0.00081 ft x 210

= 0.010in |

Example 4. Calculate the deflection (A) for a
cantilevered beam of length (L) with a concen-
trated force (F') acting at an intermediate point,
at a distance (x) from the left end of the beam,
where

F =700N
L=25m
a=1mb=15m
x=2m

E =11 x 10° N/m? (Douglas fir)
I = 6,035 cm*

solution
Step 1. Calculate the stiffness (ET).
EI = (11 x 10° N/m?) (6,035 cm™)
Im*
—
(100 cm)*4
= 6.64 x 10°N - m?
Step 2. As the distance (x) is greater than the
distance (a), determine the deflection (A) from
Eq. (2.66D).
F(L —x)?
A= ———@Bb-L
) ( +x)
_ (700N) (2.5m — 2m)?
T 6(6.64 x 103N - m?)
x[3(1.5m) — (2.5m) + 2m)]
(175N - m?)

(3.98 x 106N - m?2)
x[(4.5—=2.54+2)m]
(4.39 x 1073) x (4m)

100 cm

= 0.00018 m x

= 0.018cm |
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Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

F=1501b

L =8ft

a=3ft,b=51ft

EI = 1.61 x 10° b - ft?
solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.67).
Fb?
6 (ED)

(1501b) (5 ft)2
6(1.61 x 1061b - ft?)
x[3 (8 ft) — 51t)]

3.75 x 103 1b - ft?

9.66 x 1061b - ft>

x[(24 — 5) ft]

= (3.88 x 107%) x (19ft)
12in

(3L —-Db)

Amax =

= 0.00737 ft x

= 0.088in |

Example 6. Calculate the deflection (A,)
where the force (F) acts, where

F =1501b

L =38ft

a=3ft,b=51t

EI = 1.61 x 10° b - ft?
solution
Step 1. Calculate the deflection (A,) where
the force (F) acts from Eq. (2.68).

Fb’
3 (ED
_ (1501b) (511)°
T 3(1.61 x 1091b - ft?)
1.875 x 10*1b - ft3
483 x 1001b - f2
12in
ft

Ay =

= 0.0039 ft x
= 0.047in |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

F =700N

L=25m

a=1mb=15m

EI = 6.64 x 10° N - m?
solution

Step 1. Calculate the maximum deflection at
the free end from Eq. (2.67).

Fb?
6 (ED)
(700N) (1.5m)?
= 6(6.64 x 105N - m2)
x[3(2.5m) — 1.5m)]
1.575 x 10° N - m?
3.98 x 100N - m?
x[(7.5 — 1.5) m]
= (3.96 x 107*) x (6m)
100 cm

Amax = (3L - b)

= 0.00237m x

= 0.237cm |

Example 6. Calculate the deflection (A,)
where the force (F') acts, where

F =700N
L=25m
a=1mb=15m
EI = 6.64 x 10° N - m?
solution
Step 1. Calculate the deflection (A,) where
the force (F) acts from Eq. (2.68).

Fb?
3 (ED
(700N) (1.5m)3
T 3(6.64 x 10N - m2)
2.363 x 10°N-m?
~ .99 x 106N - m2
100 cm

Ay =

= 0.00119m x

=0.119cm |
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2.3.3 Concentrated Couple

The cantilevered beam shown in Fig. 2.97 has an applied couple (C) acting clockwise (cw)
at a distance (a) from the cantilevered support at point A. The distance from the couple
to the free end of the beam at point B is labeled (), and the total length of the beam is
labeled (L).

FIGURE 2.97 Concentrated couple.

Reactions. The reactions at the support are shown in Fig. 2.98—the balanced free-body-
diagram. As the only load on the beam is a couple, the horizontal and vertical reactions
(A and Ay) are equal to zero, and the couple reaction (C4) is equal to magnitude of the
applied couple (C), but opposite to its direction, meaning counterclockwise (ccw). (Recall
that counterclockwise is considered positive.)

The location of the applied couple (C) along the beam does not affect the reactions or
the shear force distribution, but only affects the bending moment distribution and the shape

of the deflection curve.

U.S. Customary

SI/Metric

Example 1. Determine the reactions for a can-
tilevered beam of length (L) with an applied
couple (C) acting at a distance (a) from the
support, where

C =1,500ft-1b
L =4ft
a=3ft,hb=1ft

solution
From Fig. 2.98 calculate the reactions (A, Ay,
and C4) at the left end of the beam.

Step 1. As the couple (C) is the only load
acting on the beam,

Ay =0
and
Ay =0
Step 2. Therefore the couple (Cy) is
Cp=C =1500ft-1b

Note that as (C4) is positive, this means it is
counterclockwise (ccw).

Example1. Determine the reactions fora can-
tilevered beam of length (L) with an applied
couple (C) acting at a distance (a) from the
support, where

C =2,000N-m
L=12m
a=09m,b=03m

solution
From Fig. 2.98 calculate the reactions (A, Ay,
and C4) at the left end of the beam.

Step 1. As the couple (C) is the only load
acting on the beam,

A, =0
and
Ay, =0
Step 2. Therefore, the couple (C4) is
Cp=C=2000N-m

Note that as (C4) is positive, this means it is
counterclockwise (ccw).
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FIGURE 2.98 Free-body-diagram.

Shear Force and Bending Moment Distributions. For the cantilevered beam, with an
applied couple (C) acting clockwise (cw) at a distance (a) from the support, shown in
Fig. 2.99, which has the balanced free-body-diagram shown in Fig. 2.100, the shear force
(V) distribution is shown in Fig. 2.101.

P C
A v B
]

L

FIGURE 2.99 Concentrated force at intermediate point.

C,=C
A,=0 A c
XATR
] [+ ]
-/ \
A,=0

FIGURE 2.100 Free-body-diagram.

Note that the shear force (V) is zero from the left end of the beam to the right end of the
beam. This is because the reactions (A and Ay) are zero, which is because the only load
on the beam is an applied couple.

The bending moment (M) starts at the left end of the beam with a negative value of the
couple (—C) and continues at this value for a distance (a). At this point where the applied
couple acts, the bending moment becomes zero, and continues at this value to the right end
of the beam.

The bending moment (M) distribution is shown in Fig. 2.102.

The maximum bending moment (Mpax) occurs in the region to the left of the applied
couple (C) and given by Eq. (2.69).

Muyax =C (2.69)

FIGURE 2.101  Shear force diagram.
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M
a b
0 * X
i L
- i
i
-C /
FIGURE 2.102 Bending moment diagram.
U.S. Customary SI/Metric

Example 2. Calculate the shear force (V) and
bending moment (M) at a distance (x) for a
cantilevered beam of length (L) with an applied
couple (C) acting at a distance (a), where

C = 1,500 ft - Ib
L=4fta=31ft,b=1ft
x =2ft

solution

Step 1. As the distance (x) is less than the dis-
tance (a) to the couple (C), the shear force (V)
from Fig. 2.101 is

V=0

Step 2. Again, as the distance (x) is less than
(a), the bending moment (M) is determined
from Fig. 2.102 as

M =—-C =-1,5001t-1b

Example 3. Calculate and locate the max-
imum shear force (Vp.x) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

C =1500ft-1b
L =4ft
a=3ft,b=1ft

solution

Step 1. As the shear force (V) is zero across
the entire beam, there is no maximum shear
force (Vinax)-

Step 2. Calculate the maximum bending
moment (Mpax) from Eq. (2.69) as

Mpax = C = 1,5001t - Ib

Step 3. Figure 2.102 shows that this maximum
bending moment (Mp,x) of 1,500 ft - Ib occurs
in the region to the left of the applied couple
(©O).

Example 2. Calculate the shear force (V) and
bending moment (M) at a distance (x) for a
cantilevered beam of length (L) with an applied
couple (C) acting at a distance (a), where

C =2,000N-m
L=12ma=09m,b=03m
x =0.6m

solution

Step 1. As the distance (x) is less than the dis-
tance (a) to the couple (C), the shear force (V)
from Fig. 2.101 is

V=0

Step 2. Again, as the distance (x) is less than
(a), the bending moment (M) is determined
from Fig. 2.102 as

M =—-C=-2000N-m

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

C =2,000N-m

L=12m

a=09m,b=03m
solution

Step 1. As the shear force (V) is zero across
the entire beam, there is no maximum shear
force (Vinax)-

Step 2. Calculate the maximum bending
moment (Mmax) from Eq. (2.69) as

Mupax = C =2,000N - m

Step 3. InFig.2.102 we see that this maximum
bending moment (Mp,x) of 2,000 N - m occurs
in the region to the left of the applied couple
©).




BEAMS 113

A/ J_,/:‘C B
—
a ' b ]
L

FIGURE 2.103 Beam deflection diagram.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig. 2.103, and given by Eq. (2.70a) for the values of the distance (x) from the left end of
the beam to the location of the applied couple (C), at a distance (a), and by Eq. (2.70b) for
the values of the distance (x) from the couple (C) to right end of the beam.

Cx?
Ca
= 2E] 2x —a) a<x<L (2.70b)

where A = deflection of beam
C = applied couple
x = distance from left end of beam
L = length of beam
a = distance to couple (C) from left end of beam
b = distance from couple (C) to right end of beam
E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) occurs at the free end, and is given by Eq. (2.67),

Ca
Amax = 2_E1(2L —a)

and deflection (A,) at the location of the couple (C) is given by Eq. (2.72),

at x=1 2.71)

Ca?

Ay = —
4T 2FI

at x=a (2.72)

U.S. Customary SI/Metric

Example 4. Calculate the deflection (A) at a
distance (x) for a cantilevered beam of length
(L) with an applied couple (C) acting at a
distance (a), where

Example 4. Calculate the deflection (A) at a
distance (x) for a cantilevered beam of length
(L) with an applied couple (C) acting at a
distance (a), where

C =1,500ft-Ib C =2,000N-m

L=4ft L=12m
a=3ft,b=1ft a=09m,b=03m

x =2ft x =0.6m

E =29 x 10° Ib/in? (steel) E = 207 x 10° N/m? (steel)
I =13in* I = 541 cm*
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solution
Step 1. Calculate the stiffness (ET).

EI = (29 x 10°Ib/in?) (13 in*)
ft?
=3.77x 10%1b-in* x ——
144 in
=2.62x 10%1b - ft

Step 2. As the distance (x) is less than the
distance (a), determine the deflection (A) from
Eq. (2.70a).
Cx?
2(ED
(1,500t - 1b) (2)?
T 2(2.62 x 10°1b - f2)
_(6,0001b - fi%)
T (5.24 x 1061b - fi?)

12in

A =

= 0.00115 ft x
= 0.014in |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

C = 1,500 ft - Ib

L =4ft
a=3f,b=1ft

EI =2.62 x 10° Ib - ft

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.71).

Ca
2(ED

(1,500 ft - Ib) (3 ft)
2(2.62 x 1061b - ft?)
x[2 (4ft) — 3ft)]
4.50 x 1031b - f?
5.24 x 106 1b - ft?
x[(8 — 3) ft]
(8.59 x 10™*) x (511)

12in

Q2L —a)

Amax =

= 0.0043 ft x

= 0.052in |

solution
Step 1. Calculate the stiffness (EI).

EI = (207 x 10° N/m?) (541 cm®*)
1m*
_m
(100 cm)*
=112 x 10°N - m?

Step 2. As the distance (x) is less than the
distance (a), determine the deflection (A) from
Eq. (2.70a).
Cx?

2(ED

(2,000N - m) (0.6 m)?
T 2(1.12x 105N - m?)

(720N - m?)
(2.24 x 106N - m?)

100cm

A =

0.00032m x

= 0.032cm |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam con-
figuration in Example 4, where

C =2,000N-m

L=12m

a=09m,b=03m

EI = 1.12 x 10° N - m?
solution

Step 1. Calculate the maximum deflection at
the free end from Eq. (2.71).

Ca
2 (El)
(2,000N - m) (0.9 m)
2(1.12 x 106N - m2)
x[2(1.2m) —0.9m)]
1.80 x 103N - m?
224 x 106N - m?
x[(2.4 — 0.9) m]

2L —a)

Amax =

= (8.04 x 107*) x (1.5m)

1
— 0.0012m x 120¢m

=0.12cm |
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Example 6. Calculate the deflection (A,)
where the couple (C) acts, where

C = 1,500 ft - Ib
L =4ft
a=3ft,h=1ft
EI = 2.62 x 10° Ib - ft?
solution
Calculate the deflection (A,) where the couple
(C) acts from Eq. (2.72).
Ca?
2 (ED
_ (1,500ft-1b) (3 ft)?
T 2(2.62x 1001b - ft2)
_ 135x 10*1b - £
T 524 x 1001b - fi
12in

Ay =

= 0.0026 ft x
= 0.031in |

Example 6. Calculate the deflection (A,)
where the couple (C) acts, where
C =2,000N-m
L=12m
a=09m,b=03m
EI = 1.12 x 10° N - m?
solution
Calculate the deflection (A,) where the couple
(C) acts from Eq. (2.72).
Ca?
2(ED
_ (2,000N - m) (0.9 m)*
T 2(1.12 x 106N - m?)
1.62 x 10°N - m?
2.24 x 106N - m?
100 cm

Amax =

= 0.00072 m x

= 0.072cm |

2.3.4 Uniform Load

The cantilevered beam shown in Fig. 2.104 has a uniform distributed load (w) acting
vertically downward across the entire length (L). The unit of this distributed load (w) is
force per length. Therefore, the total force acting on the beam is the uniform load (w) times
the length of the beam (L), or (wL), and for purposes of finding the reactions is considered

located at the midpoint (L/2) of the beam.

w

RENEEREEETEEEEEE »

N

FIGURE 2.104 Uniform load.

Reactions.

The reactions at the support are shown in Fig. 2.105—the balanced free-body-

diagram. Notice that the vertical reaction (By) is equal to the total load (wL), and because

w

FIGURE 2.105 Free-body-diagram.




116 STRENGTH OF MACHINES

the uniform load (w) is acting straight down, the horizontal reaction (B, ) is zero. The couple
reaction (Cp) is in a negative direction, meaning clockwise (cw), and equal to a negative
of the uniform load (wL) times the distance (L/2), or (—wL?%/2).

U.S. Customary

SI/Metric

Example 1. Determine the reactions fora can-
tilevered beam of length (L) with a uniform
distributed load (w), where

w = 50 Ib/ft
L=5ft
solution

From Fig. 2.105 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the uniform load (w) is acting
vertically downward,

B, =0
and
By = wL = (501b/ft) (5 ft)
= 2501b
Step 2. The couple (Cp) is given by
_wLr (50Ib/fo) (5 o)

Cp = =
B 2 2

1,250ft - 1b
2

Note that the minus sign on (Cp) means it is
clockwise (cw).

= —625ft-1b

Example 1. Determine the reactions fora can-
tilevered beam of length (L) with a uniform
distributed load (w), where

w = 800 N/m
L=15m
solution

From Fig. 2.105 calculate the reactions (By, By,
and Cp) at the right end of the beam.

Step 1. As the uniform load (w) is acting
vertically downward,

B, =0
and
By = wL = (800N/m) (1.5m)
= 1,200N
Step 2. The couple (Cp) is given by
wL? (800N/m) (1.5 m)>
Cp= =
2 2
1,800N - m
2

Note that the minus sign means it is clockwise
(cw).

= —900N - m

w

RENENENEENERENEE .

N

FIGURE 2.106 Uniform load.

Shear Force and Bending Moment Distributions. For the cantilevered beam with a
uniform distributed load (w) acting across the entire length of the beam (L), shown in
Fig. 2.106, which has the balanced free-body-diagram shown in Fig. 2.107, the shear force

(V) distribution is shown in Fig. 2.108.

w

NN EEEEEE Y

FIGURE 2.107 Free-body-diagram.

B, = wL
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FIGURE 2.108 Shear force diagram.

Note that the shear force (V) is zero at the left end of the beam and decreases linearly to
a negative value (—wL) at the right end of the beam. This shear force distribution is given
by Eq. (2.73).

V = —wx (2.73)
Therefore, the maximum shear force (Vinax) is given by Eq. (2.74).
Vinax = wlL (2.74)

The bending moment distribution is given by Eq. (2.75) for all values of the distance (x)
equal to zero at the left end of the beam to a value (L) at the right end of the beam. (Always
measure the distance (x) from the left end of any beam.)

M=—— 0<x<L (2.75)

The bending moment (M) distribution is shown in Fig. 2.109.

—wL2/2 |- -- -

FIGURE 2.109 Bending moment diagram.

The bending moment (M) is zero at the left end of the beam and then decreases quadrat-
ically to a maximum negative value (—wL?/2) at the right end. The maximum bending
moment (Mmax) occurs at the right end of the beam as given by Eq. (2.76).

wL?
Mnax = T (2.76)
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Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam
of length (L) with a uniform distributed load
(w) acting across its entire length, at a distance
(x) from the left end of the beam, where

w = 50 Ib/ft

L=5ft

x =4 ft
solution

Step 1. Determine the shear force (V) from
Eq. (2.73) as

V = —wx = —(501b/ft) (4 ft)
= —2001b
Step 2. Determine the bending moment (M)
from Eq. (2.75).

Y wx  (501b/ft) (411)?
-2 2
800ft - Ib

2
= —400ft-1b

Example 3. Calculate and locate the max-
imum shear force (Vpax) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

w = 50 Ib/ft
L=5ft
solution

Step 1. Calculate the maximum shear force
(Vinax) from Eq. (2.74) as

Vimax = wL = (501b/ft) (5 ft)
= 2501b

Step 2. As shown in Fig. 2.108, this maximum
shear force (Vimax) of 250 Ib occurs at the right
end of the beam.

Step 3. Calculate the maximum bending
moment (Mmax) from Eq. (2.76) as

wL?  (501b/ft) (5 ft)>

Mmax = ) )

1,250ft-1b
=— = 625ft-1b

Example 2. Calculate the shear force (V) and
bending moment (M) for a cantilevered beam
of length (L) with a uniform distributed load
(w) acting across its entire length, at a distance
(x) from the left end of the beam, where

w = 800 N/m

L=15m

x=12m
solution

Step 1. Determine the shear force (V) from
Eq. (2.73) as

V = —wx = —(800N/m) (1.2m)
—960N

Step 2. Determine the bending moment (M)
from Eq. (2.75).

yo— W _ (800N/m) (1.2m)?
2 2
LI52N-m

————

—576 N - m

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mp,x) for the beam of
Examples 1 and 2, where

w = 800 N/m
L=15m
solution

Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.74) as

Vimax = wL = (800 N/m) (1.5 m)
= 1, 200N

Step 2. As shown in Fig. 2.108, this maximum
shear force (Vimax) of 1,200 N occurs at the right
end of the beam.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.76) as

wL?  (800N/m) (1.5m)?

Mmax = 2 B

1,800N - m
= =900N - m
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Step 4. Asshownin Fig. 2.109, this maximum
bending moment (Mpax) of 625 ft - Ib occurs at
the right end of the beam, meaning at the wall
support.

Step4. Asshownin Fig. 2.109, this maximum
bending moment (Mpax) of 900 N - m occurs at
the right end of the beam, meaning at the wall
support.

FIGURE 2.110 Beam deflection diagram.

Deflection.

For this loading configuration, the deflection (A) along the beam is shown in

Fig. 2.110, and given by Eq. (2.77) for values of the distance (x) from the left end of the

beam, as
w

T 24El

where A = deflection of beam
w = uniform distributed load

x = distance from left end of beam

L = length of beam

(x* —4L3x +3L%

0<x<L 2.77)

E = modulus of elasticity of beam material
I = area moment of inertia of cross-sectional area about axis through centroid

The maximum deflection (Apax) occurs at the free end, and is given by Eq. (2.78),

wL?
8EI

Amax =

at x=0 (2.78)

U.S. Customary

SI/Metric

Example 4. Calculate the deflection (A) for
a cantilevered beam with a uniform distributed
load (w) acting across its entire length (L), at
a distance (x) from the left end of the beam,
where

w = 50 Ib/ft
L=5ft
x =4ft
E = 10 x 10° Ib/in? (aluminum)
I =36 in*
solution

Step 1. Calculate the stiffness (EI).

EI = (10 x 10°Ib/in%) (36in*)
1t

144 in?

=3.60 x 10%1b - in® x

=25x10°Ib-ft

Example 4. Calculate the deflection (A) for
a cantilevered beam with a uniform distributed
load (w) acting across its entire length (L), at
a distance (x) from the left end of the beam,
where

w = 800 N/m
L=15m
x=12m
E = 100 x10° N/m? (aluminum)
I = 1,500 cm*
solution

Step 1. Calculate the stiffness (EI).

EI = (100 x 10° N/m?) (1,500 cm*)
1m*
_-m
(100 cm)*
=1.5x%x 10°N - m?
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Step 2. Determine the deflection (A) from
Eq. (2.77).
w 4 3 4
A= —4L 3L
24 (ED) (x x+3L%)
(501Ib/ft)
24 (2.5 x 1081b - ft?)

x[(@f)* — 4 (5103 @ ft) +3 (5

_ (501b/f)
T (6 x1071b - f?)
x [(256 — 2,000 + 1,875) ft*]

1
<8.33 x 1077 f?) x (131 ft%)

— 000011 ft x 1211
it

= 0.0013in |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam
configuration in Example 4, where

w = 50 Ib/ft
L=5ft
EI =2.5x 10°1b - ft?

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.78).

wL*
8 (EI)

(501b/ft) (5 fr)*
8(2.5 x 1061b - ft?)
31,2501b - ft
2 x 107 Ib - ft?

121in

Apax =

= 0.0016ft x

= 0.019in |

Step 2. Determine the deflection (A) from
Eq. 2.77).
w

A= 4413 +3L4
24(ED (x x+3L%)
(800 N/m) .
- ORI g,
24(15 x 100N - m2) L2

—4(1.5m)>(1.2m) + 3(1.5m)*]

_ (800 N/m)
T (3.6 x 10’N-m?)
x[(2.0736 — 16.2 + 15.1875) m*]

1
(2.22 x 1073 7) x (1.0611 m*)
m

100 cm

= 0.0000235m x
= 0.0024cm |

Example 5. Calculate the maximum deflec-
tion (Amax) and its location for the beam
configuration in Example 4, where

w = 800 N/m
L=15m
El =15 x 10° N - m?

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.78).

wL*
8 (EI)
(800 N/m) (1.5 m)*
T 8(15x 105N - m2)
4,050N - m?
1.2 x 10’ N - m?
100 cm

Amax =

0.00034 m x

= 0.034cm |

2.3.5 Triangular Load

The cantilevered beam shown in Fig. 2.111 has a triangular distributed load (w) acting
vertically downward across the entire length (L). The unit of this distributed load (w) is
force per length. As the distribution is triangular, the total force acting on the beam is one
half (12) times the uniform load (w) times the length of the beam (L), or (wL/2). For finding
the reactions, this total load is considered to be located at a point one-third (1/3) the distance

from the right end of the beam, or (L/3).
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FIGURE 2.111 Triangular load.

Reactions. The reactions at the support are shown in Fig. 2.112—the balanced free-body-
diagram. Notice that the vertical reaction (By) is equal to the total load (wL/2), and as the
triangular load (w) is acting straight down, the horizontal reaction (B, ) is zero. The couple
reaction (Cp) is in a negative direction, meaning clockwise (cw), and equal to a negative
of the total load (wL/2) times the distance (L/3), or (—sz/ 6).

w
~
B,=0
[
A
Cg=-wL?/6 <+
B,=wL/2
FIGURE 2.112  Free-body-diagram.
U.S. Customary SI/Metric

Example 1. Determine the reactions for a can-
tilevered beam of length (L) with a triangular
load (w), where

w = 300 Ib/ft
L =6ft
solution

From Fig. 2.112 calculate the reactions (B,
By, and Cp) at the right end of the beam.

Step 1. As the triangular load (w) is acting
vertically downward,

B, =0

and

wL  (3001b/ft) (6 ft)
K T B

1,8001b — 9001b

Example 1. Determine the reactions for acan-
tilevered beam of length (L) with a triangular
load (w), where

w = 4,500 N/m
L=18m
solution

From Fig. 2.112, calculate the reactions (B,
By, and Cp) at the right end of the beam.

Step 1. As the triangular load (w) is acting
vertically downward,

B, =0
and
5. _ WL _ (4,500N/m) (1.8m)
T2 T 2
8,100N

= =4,050N
2
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Step 2. The couple (Cp) is given by Step 2. The couple (Cp) is given by
wL? (300 1b/ft) (6 ft)? wL? (4,500 N/m) (1.8 m)?
Cp= = 27 Cp=—-nr=— - P 0T
6 6 6 6
10,800 ft - b 14,580N -
——T:—I,SOOleb :—%:—2,430N~m
Note that the minus sign on (Cp) means it is Note that the minus sign on (Cp) means it is
clockwise (cw). clockwise (cw).
w
Aj B
Z
T I
L

FIGURE 2.113  Uniform load.

Shear Force and Bending Moment Distributions. For the cantilevered beam with a
triangular distributed load (w) acting across the entire length of the beam (L), shown in
Fig. 2.113, which has the balanced free-body-diagram shown in Fig. 2.114, the shear force
(V) distribution is shown in Fig. 2.115.

A
CB = —WL2/6 +

FIGURE 2.114  Free-body-diagram.

Note that the shear force (V) is zero at the left end of the beam and decreases quadratically

to a negative value (—wL/2) at the right end of the beam. This shear force distribution is
given by Eq. (2.79).

V=-— 2.7
7L (2.79)

—-wL/2

FIGURE 2.115  Shear force diagram.
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Therefore, the maximum shear force (Vipax) is given by Eq. (2.80).

wL

Vmax =

> (2.80)

The bending moment distribution is given by Eq. (2.81) for values of the distance (x)
equal to zero at the left end of the beam to a value (L) at the right end of the beam.

wx
6L

<x<L 2.81)

The bending moment (M) distribution is shown in Fig. 2.116.

M

-wL%6 |---- - =

FIGURE 2.116 Bending moment diagram.

The bending moment (M) is zero at the left end of the beam, then decreases cubically
to a maximum negative value (—wL?/6) at the right end. The maximum bending moment
(Mmax) occurs at the right end of the beam, given by Eq. (2.82).

wL?

Mmax = T (2.82)

U.S. Customary

SI/Metric

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam
of length (L) with a triangular distributed load
(w) acting across its entire length, at a distance
(x) from the left end of the beam, where

w = 300 Ib/ft

L =6ft

x =2ft
solution

Step 1. Determine the shear force (V) from
Eq. (2.79) as

wx? (300 Ib/ft) (2 ft)?

2L 2(6f1)

1,200 ft - 1b
121t

= —1001b

Example 2. Calculate the shear force (V') and
bending moment (M) for a cantilevered beam
of length (L) with a triangular distributed load
(w) acting across its entire length, at a distance
(x) from the left end of the beam, where

w = 4,500 N/m

L=18m

x =0.6m
solution

Step 1. Determine the shear force (V) from
Eq. (2.79) as

_wx® _ (4.500N/m) (0.6 m)>

2L 2(1.8m)

1,620N -
= 7N 450N
3.6m
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Step 2. Determine the bending moment (M)
from Eq. (2.81).
wx (3001b/ft) (2ft)*
TeL  6(6f)
2,400 ft - 1b
ET
= —67ft-1b

M =

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

w = 300 Ib/ft
L =6ft
solution

Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.80) as

wL  (3001b/ft) (6 ft)

2 2

= 71’8(;()% =9001b

Vinax =

Step 2. Figure 2.115 shows that this maximum
shear force (Viax) of 900 Ib occurs at the right
end of the beam.

Step 3. Calculate the maximum bending
moment (Mpax) from Eq. (2.82) as

wL?  (3001b/ft) (6 1)
6 6
10,800 ft - Ib

6
= 1,800ft-1b

Mmax =

Step4. Figure 2.116 shows that this maximum
bending moment (Mmax) of 1,800 ft - Ib occurs
at the right end of the beam, meaning at the wall
support.

Step 2. Determine the bending moment (M)
from Eq. (2.81).

wx® (4,500 N/m) (0.6 m)?
T6L - 6(1.8m)
972N -m

10.8 m
= —-90N-m

M =

Example 3. Calculate and locate the max-
imum shear force (Vi) and the maximum
bending moment (Mpax) for the beam of
Examples 1 and 2, where

w = 4,500 N/m
L=18m
solution

Step 1. Calculate the maximum shear force
(Vimax) from Eq. (2.80) as

wL (4,500 N/m) (1.8 m)

2 2

= % =4,050N

Vmax -

Step 2. Figure 2.115 shows that this maximum
shear force (Vinax) 0of 4,050 N occurs at the right
end of the beam.

Step 3. Calculate the maximum bending
moment (Mmpax) from Eq. (2.82) as

wL?  (4,500N/m) (1.8 m)?

Mmax = 6 6
 14,580N-m
B 6
= 2,430N-m

Step4. Figure 2.116 shows that this maximum
bending moment (Mpax) of 2,430 N - m occurs
at the right end of the beam, meaning at the wall
support.

Deflection. For this loading configuration, the deflection (A) along the beam is shown in
Fig.2.117, and given by Eq. (2.83) for all values of the distance (x) from the left end of the

beam, as
w
A= —
120 EIL

where A = deflection of beam
w = triangular distributed load

x = distance from left end of beam

(x> —=5L% +4L%)

0<x<L (2.83)
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E = modulus of elasticity of beam material
1 = area moment of inertia of cross-sectional area about axis through centroid

w
A ‘|' %B

|

FIGURE 2.117 Beam deflection diagram.

The maximum deflection (Apax) occurs at the free end, and is given by Eq. (2.84),

at x = (2.84)
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Example 4. Calculate the deflection (A) for a
cantilevered beam with a triangular distributed
load (w) acting across its entire length (L), at
a distance (x) from the left end of the beam,
where

w = 300 Ib/ft
L=6ft
x =2ft
E =29 x 10° Ib/in? (steel)
I = 16in*

solution

Step 1. Calculate the stiffness (ET).

EI = (29 x 10°1b/in?) (16 in*)
1£t?

= 4.64 x 10%1b - in® x
144 in?

=3.22x10%1b - fi?

Step 2. Determine the deflection (A) from
Eq. (2.83).
w
A= O EDL x> —5L% +4L%
(300 1b/ft)
120 (3.22 x 109 1b - ft2) (6 ft)
x[21)° — 5 (6f)* 2 ft) + 4 (61)°]
B (300 1b/ft)
T 232x 1001b- )

x[(32 — 12,960 + 31, 104) ft°]

Example 4. Calculate the deflection (A) for a
cantilevered beam with a triangular distributed
load (w) acting across its entire length (L), at
a distance (x) from the left end of the beam,
where

w = 4,500 N/m
L=18m
x =0.6m
E =207 x 10° N/m? (steel)
I = 666 cm*

solution

Step 1. Calculate the stiffness (ET).

EI = (207 x 10° N/m?) (666 cm*)
Im*
-
(100 cm)*
= 138 x 10°N - m?

Step 2. Determine the deflection (A) from
Eq. (2.83).
w
A= — (x>—5L* +4L°
20 EN L™ x +4L7)
B (4,500 N/m)
T 120(1.38 x 106N - m2) (1.8 m)
x[0.6m)° — 5(1.8 m)* (0.6 m)+4(1.8 m)°]
_ (4,500N/m)
T (2.98 x 103N - m?)

x[(0.078 — 31.493 4 75.583) m’]



126 STRENGTH OF MACHINES

U.S. Customary

SI/Metric

1
= (1.29 x 1077 ﬁ—4> x (18,176 ft°)

12in
= 0.00235ft x ——
ft
= 0.028in |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam
configuration in Example 4, where

w = 300 Ib/ft
L =6ft
EI =322 x 10° b - ft

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.84).
wL*
30 (ED)
_ (3001b/fy) (6 ft)*
T 30(3.22 x 1061b - fi2)
388,8001b - ft*
9.66 x 107 Ib - ft?

Amax =

. 12in
0.0040 ft x ——
ft
= 0.048in |

1
= (1.51 x 1077 —4> x (44.168 m>)
m

100 cm

= 0.00067 m x
= 0.067cm |

Example 5. Calculate the maximum deflec-
tion (Apax) and its location for the beam
configuration in Example 4, where

w = 4,500 N/m
L=18m
EI = 1.38 x 10° N - m?

solution
Step 1. Calculate the maximum deflection at
the free end from Eq. (2.84).
wL*
30 (ED)
(4,500 N/m) (1.8 m)*
T 30(1.38 x 10°N - m2)
47,239N - m?3

4.14 x 10’ N - m?

0.00114m x 20¢m

Amax =

=0.114cm |




CHAPTER 3
ADVANCED LOADINGS

3.1 INTRODUCTION

In this chapter three advanced topics are presented: pressure loading, contact loading, and
rotational loading. All three are very important to the machine designer.

Pressure Loading. Pressure loading occurs when a pressure above atmospheric which
is typically internal, acts on a machine element such as a thin-walled sphere or cylinder,
a thick-walled cylinder, or the pressure caused by press or shrink fits. External pressure
on thin-walled vessels causes buckling, a very advanced topic requiring application of the
theory of elasticity. Therefore, buckling of thin shells is not included here.

Contact Loading. Contact loading occurs when two machine elements are in contact
owing to a compressive loading, particularly over a very small contact area. The stresses over
the contact area between two spheres, as well as between two cylinders, will be presented.
Contact stresses between either a sphere or cylinder rolling on a flat surface will also be
presented.

Rotational Loading. Rotational loading occurs when a machine element, such as a grind-
ing wheel or compressor blade, is rotating at a relatively high speed. The tangential and
radial stresses produced are similar to those found for thick-walled cylinders; however, the
source of the loading is caused by inertial forces that can be related to the rotational speed,
material density, and Poisson’s ratio of the machine element.

3.2 PRESSURE LOADINGS

In the case of a pressure loading on a thin-walled vessel, either spherical or cylindrical,
the circumferential stresses produced do not vary radially over the thin cross section of
the vessel. However, for thick-walled cylinders, not only does the circumferential stress
vary in the radial direction, there is an additional stress in the radial direction that is not
constant over the cross section. The equations for thick-walled cylinders will be applied to
the problem of press or shrink fits, where the interface between the two machine elements
is of primary interest and the deformation of the two elements will be presented. As it turns
out, only normal stresses are produced by pressure loadings, meaning there are no shear
stresses developed.

127
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3.2.1 Thin-Walled Vessels

Thin-walled vessels are typically either spherical or cylindrical. Other geometries are pos-
sible, but their complexity precludes their inclusion in this book. Pressure vessels can be

considered thin if the diameter is greater than ten times the thickness of the wall.

Spheres. For the thin-walled spherical pressure vessel shown in Fig. 3.1, the normal stress
(osph) in the wall of the sphere is given by Eq. (3.1),

Ogph =

PiTm
2t

3.1

where p; = internal gage pressure (meaning above atmospheric pressure)
rm = mean radius (can be assumed to be the inside radius of the sphere)

t = wall thickness

FIGURE 3.1 Spherical pressure vessel.

Caution. External pressure on any thin-walled vessel causes buckling of the vessel wall
long before excessive stress is reached. The study of the buckling of thin-walled vessels is
very complex, and is beyond the scope of this book.

U.S. Customary

SI/Metric

Example 1. Determine the normal stress
(osph) in a thin-walled spherical vessel, where

pi = 200 psi
rm = 3ft=36in
t =0.25in
solution

Step 1. Using Eq. (3.1), calculate the normal

stress (Usph) as

pirtm  (2001b/in?) (36in)
2t 2(025in)

7,200 Ib/in

T 05in

14,400 Ib/in®> = 14.4 kpsi

Osph =

Example 1. Determine the normal stress
(0sph) in a thin-walled spherical vessel, where

pi = 1.4 MPa = 1,400,000 N/m?
rm = 1m
t = 0.6 cm = 0.006 m
solution
Step 1. Using Eq. (3.1), calculate the normal
stress (ogph) as
pirm (1,400,000 N/m?) (1 m)
Jsph = =
21 2 (0.006 m)
1,400,000 N/m
0.012m
1.167 x 108 N/m? = 116.7 MPa
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Example 2. Determine the maximum inter-
nal gage pressure (p;) for a spherical steel tank
where the maximum normal stress (ogph) is
18,000 psi, and where

rm =6ft=72in

t =0.5i1n
solution
Step 1. Solve for the internal pressure (p;)
using Eq. (3.1).
o. _ Pitm L ZtGSph
Sph - 2t T Fm

Step 2. Substitute for the thickness (¢), the
maximum normal stress (opp), and the mean
radius (r,,) to give

Example 2. Determine the maximum inter-
nal gage pressure (p;) for a spherical steel tank
where the maximum normal stress (osph) is
126 MPa, and where

rm=2m
t=13cm=0.013m

solution
Step 1. Solve for the internal pressure (p;)
using Eq. (3.1).

o _ Pitm = 2Iasph

sph = 2t T

Step 2. Substitute for the thickness (), the
maximum normal stress (opp), and the mean
radius (r,,) to give

pi = @ pi = Zﬂfisph
Fm m
2(0.5in) (18,000 Ib/in?) 2(0.013 m) (126,000,000 N/m?)
- 72in - 2m
18,000 1b/in 3,276,000 N/m
7 72in - 2m
= 2501b/in® = 250 psi = 1,638,000 N/m® = 1.64 MPa
Cylinders. For the thin-walled cylindrical pressure vessel shown in Fig. 3.2, the normal

axial stress (ouxia1) in the wall of the cylinder is given by Eq. (3.2),

Oaxial =

the normal hoop stress (ohoop) in the wall of the cylinder is given by Eq. (3.3),

Ohoop =

Front view

FIGURE 3.2  Cylindrical pressure vessel.

Pitm
3.2
2t (32
PiTm
3.3
; (3.3)
p, O-hoop
_____________ »,__.,_,._.__.,_ ———
Oaxial Oaxial
O-hoop
R 2
et o
Side view
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where p; = internal gage pressure (meaning above atmospheric pressure)
r,» = mean radius (can be assumed to be the inside radius of cylinder)
t = wall thickness

Notice that the hoop stress (ohoop) is twice the axial stress (0axial). This is why metal stress
rings, or hoops, are seen in cylindrical pressure vessels constructed of low-strength materials
such as fiberglass. Fiberglass is chosen because of the corrosive effects of certain liquids
and gases, and the metal hoops provide the strength not present in the fiberglass. Also notice
that the axial stress (0axial) in a thin-walled cylinder is the same as the stress (ospn) in a
thin-walled sphere. This means that there will be no discontinuity at the welded seams of a
cylindrical pressure vessel with spherical end caps.

U.S. Customary SI/Metric

Example 3. Calculate the axial stress (oaxial)
and hoop stress (0hoop) for a thin-walled cylin-
drical pressure vessel, where

pi = 300 psi
rm =2.5ft=301in
t =0.375in
solution

Step 1. Using Eq. (3.2), calculate the axial
stress (Oaxial) aS
pitm  (3001b/in?) (30in)
2t 2(0375in)

9,000 Ib/in
= T075in
= 12,0001b/in> = 12 kpsi

Oaxial

Step 2. Using Eq. (3.3), calculate the hoop
stress (Ohoop) as

_ pirm _ (3001b/in?) (30in)
t (0375
9,000 Ib/in
0.375

= 24,0001b/in> = 24 kpsi

Ohoop

Example 3. Calculate the axial stress (oaxial)
and hoop stress (0hoop) for a thin-walled cylin-
drical pressure vessel, where

pi = 2.1 MPa = 2,100,000 N/m?
rm = 0.8 m
t=1cm=0.0lm

solution

Step 1. Using Eq. (3.2), calculate the stress
(Oaxial) as

pirm (2,100,000 N/m?)(.8 m)
20 2(0.01 m)

1,680,000 N/m
T T 0.02m
= 8.4 x 10’ N/m* = 84 MPa

Oaxial

Step 2. Using Eq. (3.3), calculate the hoop
stress (Ohoop) as

pirm _ (2,100,000N/m?)(.8 m)
Tt (0.01'm)
1,680,000 N/m

T 00lm

= 1.68 x 108 N/m? = 168 MPa

Ohoop

3.2.2 Thick-Walled Cylinders

Thick-walled cylinders have application in all sorts of machine elements and will be the basis
for the presentation in Sec. 3.1.3 on shrink or press fits. Typically a cylinder is considered
thick if the diameter is less than ten times the wall thickness.

Geometry. The geometry of a thick-walled cylinder is shown in Fig. 3.3.

There is an internal pressure (p;) associated with the inside radius (r;), and an external
pressure (p,) associated with the outside radius (r,). Unlike thin-walled vessels, thick-
walled cylinders do not tend to buckle under excessive external pressure, but merely crush.
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(o

FIGURE 3.3 Geometry of a thick-walled cylinder.

The major difference between the stresses in a thin-walled cylinder and a thick-walled
cylinder is that the hoop stress, also called the tangential stress, for the thick-walled cylinder
varies in the radial direction, and there is a radial stress across the thickness of the cylinder
that also varies radially.

Tangential Stress. For the geometry and pressures shown in Fig. 3.3, the tangential (hoop)
stress (oy) is given by Eq. (3.4).

_ Pir,-z—]?ors-i-(lh' —Pu)(r,-z"g/”z)

2 _ .2
}"U i"i

34

(ef}

If the external pressure (p,) is zero gage, meaning atmospheric, then the tangential stress
(o1) becomes that given in Eq. (3.5)

2 2
o= 20 1+<r—”> (3.5)
rl—r; r

The tangential stress (o;) distribution using Eq. (3.5) is shown in Fig. 3.4.

FIGURE 3.4 Tangential stress with p, = 0.

Note that the tangential stress (oy) is maximum at the inside radius and a lower value at
the outside radius. Also, if the outside radius is twice the inside radius, by a few algebra
steps it can be shown that the tangential stress at the inside radius is two and a half times
greater than the tangential stress at the outside radius.

Radial Stress. For the geometry and pressures shown in Fig. 3.3, the radial stress (o;) is
given by Eq. (3.6).

pir} = pory — (pi = po) (P ra/r?)
2

2 _
ry ri

(3.6)

oy =
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If the external pressure (p,) is zero gage, meaning atmospheric, then the radial stress o,
becomes that given in Eq. (3.6), and is always compressive, that is, negative.

oy =

Dil;
T2
ry r

-]

The radial stress o, distribution using Eq. (3.7) is shown in Fig. 3.5.

FIGURE 3.5 Radial stress with p, = 0.

Note that the radial stress (o,) is a maximum at the inside radius and zero at the outside
radius. Also notice that there are no arrows on the lines displaying the distribution like there
were for the tangential stress distribution. This is because the radial stress is in the radial
direction, so the length of the plain lines on the distribution curve represent the magnitude
of the radial stress. (The arrows on the tangential stress distribution curve represented both

magnitude and direction.)

U.S. Customary

SI/Metric

Example 4. Calculate the maximum tangen-
tial stress (oy) and the maximum radial stress
(o) for a thick-walled cylinder, where

pi = 450 psi
Po = 0 psi (atmospheric)
ri = 2in
ro = 4in
solution

Step 1. Note that both the tangential stress (o)
and the radial stress (o, ) are a maximum at the
inside radius (r;). So substitute the inside radius
in Eq. (3.5) to obtain the tangential stress as

2 [ 2
__pir To
- 1+(7)]
0 i L B

and in Eq. (3.7) to obtain the radial stress as

2 I 2
Pt | _ (e
a’_rz_rz r:
o i L !

Example 4. Calculate the maximum tangen-
tial stress (oy) and the maximum radial stress
(o) for a thick-walled cylinder, where

pi = 3.15 MPa = 3,150,000 N/m?
Po = 0 psi (atmospheric)
ri=5cm=0.05m

ro =10cm =0.1 m

solution

Step 1. Note that both the tangential stress (o)
and the radial stress (o,) are a maximum at the
inside radius (r;). So substitute the inside radius
in Eq. (3.5) to obtain the tangential stress as

2 T 27
— piri 1+ r_g
U’_rz_rz e
0 i t

i

and in Eq. (3.7) to obtain the radial stress as

2 | 27
= b 1— To
a’_rz_rz r:
o L i i

i
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Step 2. Substitute the pressure (p;), the inside
radius (r;), and the outside radius (r,) into these
two expressions to obtain

2 2
_ o pin To
=55 [”(7,”
o 1

(4501b/in?) (2in)?
(4in)2 — (2in)?

[+ 2

= (1501b/in?)(5)
= 7501b/in® = 750 psi

2
_ pir,'z 1 Yo
Gr_rz—rz A\
0 i !

(4501b/in?) (2in)?
(4in)2 — (2in)?

|: (4in)2i|

x |1—|—
2in

B 1,8001b(1 "

T 12in?

= (1501b/in?)(—3)

= —4501b/in®> = —450 psi

and

= —pi

Step 2. Substitute the pressure (p;), the inside
radius (r; ), and the outside radius (r,) into these
two expressions to obtain

2 2
pir; To
o=—>—s|1+ (2
! rg—rl.2|: (r,-)i|

(3,150,000 N/m?) (0.05 m)2
(0.1m)2 — (0.05 m)2

- 0.1m \?2
x Rt
0.05m
7,875N
= ——(1+4
0.0075m2( +4
= (1,050,000 N/m?)(5)

= 5,250,000 N/m? = 5.25 MPa

and

2
R L P
r_rz—r.z ri
4 1

(3,150,000 N/m?) (0.05 m)?
(0.1 m)2 — (0.05m)?

0.1m \?2
X [1—=|—
0.05m
_ 1875N (1—4)
= 0.0075 m?
= (1,050,000 N/m?)(—3)

= —3,150,000 N/m?> = —3.15MPa

= —Ppi

The maximum radial stress (o,"%*) occurs at the inside radius, and is the negative of the
internal pressure (p;). The algebraic steps to show this fact are given in Eq. (3.8).

2 2 2

max pir; To pir;
Ur = 5 7 1—(— = 3

ré—r; ri ry—r

2 2 2 2 2

: —r0i| _Dir; |:—(r0—ri)i| —
2 -2 2_ 2 -
r; ri Ty —ri

1

Eq. (1.55) with r =r;

find common denominator ~ rearrange and cancel terms

(3.8)

Axial Stress. If the pressure (p;) is confined at the ends, an axial stress (o,) is also
developed. The geometry and stresses, including the tangential stress (o), are shown in

Fig. 3.6.
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Front view Side view

FIGURE 3.6 Geometry and stresses in a thick-walled cylinder.
Using the geometry of Fig. 3.6, the axial stress (o0,) is given by Eq. (3.9) as
3.9)

Itis interesting to note that Eq. (3.9) reduces to Eq. (3.2) for a thin-walled cylinder, where
the inside radius (r;) and the outside radius (r,) are approximately the mean radius (7,),
and their difference is the thickness (¢). The algebraic steps are shown in Eq. (3.10).

2 2
pir; piri piry, Piri Pil'm
Oa = — 5 = = = =
ry =T (ro +ri)(ro —ri) (rm +1m) (1) Q2rm) @) 21t
——
Eq. (1.57) expand denominator substitute for r,, & ¢ combine terms Eq.(1.50)
(3.10)

U.S. Customary

SI/Metric

Example 5. Calculate the axial stress (o, ) for
the thick-walled cylinder in Example 1.

solution
Step 1. Substitute the pressure (p;), the in-
side radius (r;), and the outside radius (r,) in
Eq. (3.9) to obtain
Pi r,~2
rg — rl.2
(4501b/in?) (2 in)?
(4in)2 — (2in)2
1,800 1b
12in?
= 1501b/in> = 150 psi

oy =

Example 5. Calculate the axial stress (o, ) for
the thick-walled cylinder in Example 1.

solution
Step 1. Substitute the pressure (p;), the in-
side radius (r;), and the outside radius (r,) in
Eq. (3.9) to obtain

pir, ,2
rg — ri2

(3,150,000 N/m?) (0.05 m)?
(0.1m)2 — (0.05m)?

_ 78I5N
~0.0075m?
1,050,000 N/m? = 1.05 MPa

oy =

3.2.3 Press or Shrink Fits

If two thick-walled cylinders are assembled by either a hot/cold shrinking or a mechanical
press-fit, a pressure is developed at the interface between the two cylinders. At the interface
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Assembly Collar Shaft
FIGURE 3.7 Geometry of a press or shrink fit collar and shaft.

between the two cylinders, at a radius (R), the outside cylinder, or collar, increases an
amount (8.) radially, and the inside cylinder, or shaft, decreases an amount (§y) radially.
The geometry of an outer collar on an inner shaft assembly is shown in Fig. 3.7.

The increase in the outside cylinder, or collar, radially (8.) is given by Eq. (3.11),

2 2
pR (r;+ R
8 = E_(, (rg 2 + v (3.11)

and the decrease in the inside cylinder, or shaft, radially (§;) is given by Eq. (3.12),

PR R? +ri2
8y = —— —v 3.12
S (R2 _rl2 s ( )

Eq

where (E.) and (v.) and (Ey) and (vs) are the modulus of elasticity’s and Poisson ratio’s
of the collar and shaft, respectively. The difference between the radial increase (3.) of the
collar, a positive number, and the radial decrease (J5) of the shaft, a negative number, is
called the radial interference (8) at the interface (R) and is given by Eq. (3.13).

2 2 2 2
_ _pR ry + R PR (R +r;
8—80+|5&‘|_E_L<r3_R2 + Ve +E R2_rl_2_vx (313)

When the radial interference () is determined from a particular fit specification, Eq. (3.13)
can be solved for the interference pressure (p). More about fit specifications is presented
later in this section.

If the collar and shaft are made of the same material, then the modulus of elasticity’s and
Poisson ratio’s are equal and so Eq. (3.13) can be rearranged to give an expression for the
interface pressure (p) given in Eq. (3.14).

2 _ p2\(R2 _ 2
p:E_é{m ®) (x r,q o1

R 2R2(r0—rl.2)
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If the inner shaft is solid, meaning the inside radius (r;) is zero, then Eq. (3.14) for the
interface pressure (p) simplifies to the expression in Eq. (3.15).

—E(S 1-— R’ 3.15
=5 (1) G

U.S. Customary SI/Metric
Example 6. Calculate the interface pressure Example 6. Calculate the interface pressure
(p) for a solid shaft and collar assembly, with (p) for a solid shaft and collar assembly, with
both parts steel, where both parts steel, where
§ = 0.0005 in 8§ = 0.001 cm = 0.00001 m
R=2in R=5cm=0.05m
ro = 3in ro = 8cm=0.08 m
E = 30 x 10° Ib/in? (steel) E =207 x 10° N/m? (steel)
solution solution
Step 1. Substitute the radial interface (), Step 1. Substitute the radial interface (§),
interface radius (R), outside radius (r,) of interface radius (R), outside radius (r,) of
the collar, and the modulus of elasticity (E) in the collar, and the modulus of elasticity (E) in
Eq. (3.15) to give Eq. (3.15) to give
_ B (RY _ B (RY
b= 2R To p= 2R o
(30 x 10°1b/in?)(0.0005 in) (207 x 10° N/m?)(0.00001 m)
- 2 (2in) - 2(0.05m)
2in\2 0.05m>
x |1—-|— X |1—=|—
3in 0.08 m
15,000 1b/i 2,070,000 N/i
= 22 .44 = 22T (- 0.39)
4in 0.1 m
= (3,7501b/in?)(0.56) = (20,700,000 N/m?)(0.61)
= 2,100 Ib/in® = 2.1 kpsi = 12,627,000 N/m? = 12.6 MPa

Fit Terminology. When the radial interference (§) and interface radius (R) is known, as
in Example 1, the interface pressure (p) can be calculated from either Eq. (3.13), (3.14),
or (3.15) depending on whether the collar and shaft are made of the same material, and
depending on whether the shaft is solid or hollow.

The radial interference (§) and the interface radius (R) are actually determined from
interference fits established by ANSI (American National Standards Institute) standards.
There are ANSI standards for both the U.S. customary and metric systems of units.

As the interference (§) is associated with the changes in the radial dimensions, it can be
expressed in terms of the outside diameter dgpaf; Of the shaft and the inside diameter Dpgle
of the collar given in Eq. (3.16).

1
8= E (dshaft — Dhole) = 8 + |5S| (316)

By convention, uppercase letters are used for the dimensions of the hole in the collar,
whereas lowercase letters are used for the dimensions of the shaft. Also, the radial increase
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dshaft
FIGURE 3.8 Geometry of the radial interference (§).

(8¢) is always positive and the radial decrease (Js) is always negative, which is why the
absolute value of (§,) is added to (é.). The geometry of the terms in Eq. (3.16) is shown in
Fig. 3.8.

Fit Standards. For either the U.S. customary or metric systems of units, Marks’ Standard
Handbook for Mechanical Engineers contains an exhaustive discussion of the standards for
press or shrink fits. To summarize, fits are separated into five categories:

1. Loose running and sliding fits
2. Locational clearance fits

3. Locational transition fits

4. Locational interference fits

5. Force or drive and shrink fits

Only for the fifth category, force or drive and shrink fits, does a significant interface
pressure (p) develop between the shaft and collar assembly, again given by either Eq. (3.13),
(3.14), or (3.15) depending on the materials of the shaft and collar, and whether the shaft
is hollow or solid. Note that if the interface pressure (p) exceeds the yield stress of either
the collar or the shaft, plastic deformation takes place and the stresses are different than the
interface pressure calculated.

When using specific fit standards, whether U.S. customary or metric, the radial interfer-
ence (8) given by Eq. (3.16) needs to be separated into two different calculations. There
needs to be a calculation of the maximum radial interference (§max) to be expected that is
given by Eq. (3.17)

1 .
S = 5 (4355~ D) (3.17)
where (dga%) is the maximum diameter of the shaft and (Dg‘oil'é) is the minimum diameter of

the hole in the collar. There should also be a calculation of the minimum radial interference
(8min) to be expected and given by Eq. (3.18),

1 .
Buin = 5 (5 — Dp) G.18)

where (d;ﬁg}t) is the minimum diameter of the shaft and (Dp}%) is the maximum diameter
of the hole in the collar. Many times the minimum radial interference (8min) is zero, so the

interface pressure (p) will also be zero.
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Example 7. Given a set of standard fit dimen-
sions, calculate the maximum and minimum
radial interferences, (Smax) and (8min), and the
associated interface pressures, (pmax) and
(Pmin), for a solid shaft and collar assembly,
with both parts aluminum, where

Hole: Dpax = 1.5010 in
Dinin = 1.5000 in
Shaft: dmax = 1.5016 in
dmin = 1.5010 in
R=15in
ro = 3in
E =11 x 10° Ib/in2 (aluminum)

solution
Step 1. Calculate the maximum radial inter-
ference (8max) from Eq. (3.17) as

1 .
e = 5 (d5k — Din)
1
= 5(1.5016in — 1.5000 in)

1
= 5(0.0016in)
0.0008 in

Step 2. Calculate the minimum radial interfer-
ence (8min) from Eq. (3.18) as

1 .
N min max
Smin = E ( shaft — Dhole)

1
5 (1:5010in — 1.5010in)

1
= = (0.00001n)
2
= 0in
Step 3. Using the maximum radial interface

(8max) found in Step 1, calculate the maximum
interface pressure (pmax) from Eq. (3.15) as

_ Ebmax || (RY
pmax - 2R To

(11 x 10°Ib/in?) (0.0008 in)
a 2(1.5in)

[ (1.5111)2}
x |1— -
3in
8,800 1b/in
=2 " (1-0.25
3in
= (2,933 1b/in%)(0.75)

= 2,2001b/in*> = 2.2 kpsi

Example 7. Given a set of standard fit dimen-
sions, calculate the maximum and minimum
radial interferences, (Smax) and (Smin), and the
associated interface pressures, (pmax) and
(Pmin), for a solid shaft and collar assembly,
with both parts aluminum, where

Hole: Dy = 4.0025 cm
Dpin = 4.0000 cm
Shaft: diax = 4.0042 cm
dmin = 4.0026 cm
R =40cm=0.04 m
ro = 8.0cm = 0.08 m
E = 77 x 10° N/m? (aluminum)

solution
Step 1. Calculate the maximum radial inter-
ference (Smax) from Eq. (3.17) as

1 .
e = 5 (a5 — Din)
1
= 2 (4.0042 cm — 4.0000 cm)

1
=3 (0.0042 cm)
0.0021 cm = 0.000021 m

Step 2. Calculate the maximum radial inter-
ference (8min) from Eq. (3.18) as

1 .
buin = 5 (i — Die)
1
=3 (4.0026 cm — 4.0025 cm)

1
=3 (0.0001 cm)
= 0.00005 cm = 0.0000005 m

Step 3. Using the maximum radial interface
(8max) found in Step 1, calculate the maximum
interface pressure (pmax) from Eq. (3.15) as

_ Edwa [ (RY]
pmax - 2R ro

(77 x 10° N/m?) (0.000021 m)
2(0.04m)

0.04m\? ]|
X |1 =] —
0.08m

_ 1,617,000N/m

0.08m
= (20,212,500 N/m?)(0.75)

= 15,160,000 N/m?> = 15.2 MPa

(1-0.25)
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Step4. Asthe minimum radial interface (Smin) Step4. Asthe minimum radial interface (Smin)
calculated from Step 2 is zero, the minimum calculated from Step 2 is very small, the mini-
interface pressure (pmin) is also zero. So, mum interface pressure (pmin) is
Pmin =0 Pmin =0

3.3 CONTACT LOADING

Contact loading occurs between machine elements such as rolling metal wheels, meshing
of gear teeth, and within the entire spectrum of bearings. The discussion on contact loading
will be divided into two main areas:

1. Spheres in contact
2. Cylinders in contact

In contact loading, an initial point (spheres) or line (cylinders) of contact develops into
an area of contact over which the load must be distributed. As these areas are typically very
small, the associated stresses can be quite large. The location of maximum stress can actually
occur below the surface of the machine element, causing catastrophic failure without prior
visible warning. For this reason, understanding the principles and stress equations that
follow are important to the machine designer.

3.3.1 Spheres in Contact

Two spheres of different diameters are shown in Fig. 3.9 being compressed by two forces
(F). The (x) and (y) axes define the plane of contact between the spheres, and the (z) axis
defines the distance to either sphere. The two different diameters are denoted (d;) and (d>).
For contact with a flat surface, set either diameter to infinity (co). For an internal surface
contact, enter the larger diameter as a negative quantity.

Contact area

F

FIGURE 3.9 Spheres in contact.
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If the two spheres are made of two different materials, then the radius (a) of the area of
contact is given by Eq. (3.19),

1—v? 1—?
o () (1)
Ky 1 1
8 ata
where (v) is Poisson’s ratio and (E) is the modulus of elasticity.
As stated earlier, if one of the spheres contacts a flat surface, then set one of the diameters
to infinity (0o). In addition, if the sphere and the flat surface are the same material, then the
radius (a) of the contact given in Eq. (3.19) becomes Eq. (3.20).

P 3F 231 —v2)d _3 3F(1 —v3)d
8 E 4E
The pressure distribution over the area of contact is elliptical with the maximum pressure

(pmax), Which is a negative stress, occurring at the center of the contact area and given by
Eq. (3.21),

(3.19)

(3.20)

3F

2ma?

where the radius (a) is found either from Eq. (3.19) or Eq. (3.20).
Without providing the details of the development, the largest values of the stresses within

the two spheres, which are all principal stresses, occur on three-dimensional stress elements

along the (z) axis where (x = 0) and (y = 0). Using the axes notation from Fig. 3.9: (x),

(y), and (z), instead of the standard notation for principal stresses: (1), (2), and (3), the

three principal stresses, two of which are equal, are given by the following equations.

(3.21)

Pmax =

z 1 1
0y =0y = —pmax | (14 ) (1 ~ tan! 7) | — (3.22)
a a 2(1 + 2—2)
o, = —Lmx (3.23)
1+ =
a

There are three things to notice about Eqgs. (3.22) and (3.23). First, Poisson’s ratio (v) in
Eq. (3.22) is for the sphere of interest, either (v1) or (v2). Second, the maximum pressure
(pmax) calculated from Eq. (3.21) is a positive number, so the minus sign in Egs. (3.22) and
(3.23) makes all three principal stresses negative, or compressive. Third, as the principal
stress (o) has the largest magnitude, but negative, and as the three principal stresses form
a triaxial stress element, the maximum shear stress (tTmax) s given by Eq. (3.24) as
oy —0; Oy —0;

22

To determine the maximum shear stress (Tmax) at the plane of contact between the two

spheres, subsitute z = 0 in Egs. (3.22) and (3.23) to give

(3.24)

Tmax =

Ox =0y =—p (1+v)(1—9tanll>_ -
x y max p g 5 (1 N %)
: | ‘ (3.25)
= —Pmax |:(1 +v)(1) — (m)] = — Pmax (E + V)
e (3.26)

1+ 2

a?
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Substitute either (oy) or (o) from Eq. (3.25) and (o) from Eq. (3.26) in Eq. (3.24) to
give the maximum shear stress (Tmax) at the plane of contact as

oy — 0; oy — 03 [_ Pmax (% + U)] — [~ Pmax]

Tmax = 3 = 3 5

_ [_Pmax (% + V)] + Pmax _ Pmax (1 - % - V) 3.27)

:M:pm(z_z>

4 2

\S)

B o) —

Even though the principal stresses are a maximum at the plane of contact (z = 0), it
turns out that the maximum value of the maximum shear stress (tmax) does not occur at
(z = 0) but at some small distance into the sphere. Typically this small distance is between
zero and half the radius of the contact area (a/2). This explains what is seen in practice
where a spherical ball bearing develops a crack internally, then as the crack propagates to
the surface of the ball it eventually allows lubricant in the bearing to enter the crack and
fracture the ball bearing catastrophically by hydrostatic pressure.

The relative distributions of the principal stresses, normalized to the maximum pressure
(pmax), are shown in Fig. 3.10, where a Poisson ratio (v = 0.3), which is close to that for
steel, has been used. Again, notice that the maximum value of the maximum shear stress
(Tmax) does not occur at the surface (z = 0), but is at a distance of about 0.4 times the radius
of the contact area (a), and has a value close to 0.3 times the maximum pressure (Pmax)-
Also, observe that the values of the principal stresses at the plane of contact (z = 0) agree
with the calculations in Egs. (3.25), (3.26), and (3.27) for a Poisson ratio (v = 0.3).

Remember that the curves for the three principal stresses shown in Fig. 3.10 are for
a Poisson ratio (v = 0.3). For other Poisson ratio’s, a different set of curves would need
to be drawn. Also, as the stress elements along the (z) axis are triaxial, the design is safe
if the maximum value of the maximum shear stress (Tmax) is less than the shear yield

0,7

1.0

o
o

0x 0y

\ c.
AL
Nl——

0 05a 1.0a 15a 20a 25a 3.0a
Distance from plane of contact

o
o

o
~

o
N

Stresses normalized to p .

FIGURE 3.10 Principal stress distributions (spheres).
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strength in compression that was found in the previous section to be half the yield stress
(Sy). Converting this statement into a factor-of-safety expression is given in Eq. (3.28) as

Tmax < Ssy =

1
Sy, max _ 2 (3.28)

Sy n

For the next example, consider a Mars rover with solid spherical titanium alloy wheels,
which during testing on Earth, is driven over flat granite rock to simulate the Mars landscape.
The rover has four wheels that carry the total load evenly.

U.S. Customary

SI/Metric

Example 1. Determine whether the design
of the titanium wheels for the rover described
above will be safe during the test on granite
rock, where

W =8,0001b=4F
dywheel = 3 ft =36 in, dyocx = 00O

Sy = 110 kpsi (titanium)

vy = 0.33 (titanium)

E; = 15 x 103 kpsi = 15 Mpsi (titanium)

vy = 0.3 (granite)

E> = 10 x 10% kpsi = 10 Mpsi (granite)

solution
Step 1. Using Eq. (3.19), calculate the radius
of the contact area (a) as

lful2 (l—v%)
[t
= 3 g 1 1
8 ata
1-0332 1-032
_ 3(2,0001b) 15 Mpsi 10 Mpsi
s 8 LS
36in o0

0.89 091
3) -3
\/(750)(36) (15 <105 T 10 x 106) m

= \3/(750)(36) (1.5 x 10-7) in?

= J(4.06 x 10-3)in’

= 0.161in

Step 2. Using Eq. (3.21) calculate the maxi-
mum pressure (Pmax)

_ 3F
Pmax = Yl

~3(2,0001b) _ 6,0001b
T 27(0.16in)2 ~ 0.16in?
= 37,302 Ib/in’

= 37.3kpsi

Example 1. Determine whether the design
of the titanium wheels for the rover described
above will be safe during the test on granite
rock, where

W =36,000N=4F
dyheel = 1 M, drock = 00

Sy = 770 MPa (titanium)

v; = 0.33 (titanium)

E| = 105 GPa (titanium)

vy = 0.3 (granite)

E, = 70 GPa (granite)

solution
Step 1. Using Eq. (3.19), calculate the radius
of the contact area (a) as

1—1)12 (lfv%)
[l
= 3 ¢ 1 1
8 ot
1-033% 1-0.3?%
_ 3(9,000N) "105GPa 70 GPa
8 1
3 N i
1m o]

0.89 0.91
33,375 3
\/(’ )<105><109+70><109)m

= J3375) (2,15 x 10-11) m3

= v(7.25 x 10-8) m3

= 0.0042m = 0.42cm

Step 2. Using Eq. (3.21) calculate the maxi-
mum pressure (Pmax)-

3F
Pmax = md?
_ 3(9,000N)  27,000N
~ 27(0.0042m)2 ~ 0.00011 m?

= 243,600,000 N/m>
= 243.6MPa
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Step 3. As Poisson’s ratio (v1) for the titanium
wheels is close to the 0.3 used to graph the
principal stress equations in Fig. 3.10, assume
the maximum shear stress occurs at 0.4a and is
0.3 pmax- Therefore, using the value for the max-
imum pressure found in Step 2, the maximum
shear stress (Tmax) 18

Tmax = 0.3 pmax = (0.3)(37.3 kpsi)
11.2kpsi

Step 4. Using Eq. (3.28), calculate the factor-
of-safety (n) for the design as

Tmas _ 1 _ H2kpsi _20112) _ o
Sy ~— n T110kpsi 110
2 2
1
= _— =5
0.2

Clearly the design is safe.

Step 3. As Poisson’s ratio (v1) for the titanium
wheels is close to the 0.3 used to graph the
principal stress equations in Fig. 3.10, assume
the maximum shear stress occurs at 0.4a and is
0.3 pmax. Therefore, using the value for the max-
imum pressure found in Step 2, the maximum
shear stress (Tmax) 18

Tmax = 0.3 pmax = (0.3)(243.6 MPa)
= 73.1MPa

Step 4. Using Eq. (3.28), calculate the factor-
of-safety (n) for the design as

Tnax _ 1 _ 73IMPa_2(73.0)
S, ~n " T0MPa = 770
2
1
n=-—=>5
0.2

Clearly the design is safe.

3.3.2 Cylinders in Contact

Two cylinders of different diameters are shown in Fig. 3.11 being compressed by two forces
(F). The (x) and (y) axes define the plane of contact between the cylinders, and the (z)
axis defines the distance to either cylinder. The two different diameters are denoted (d;)
and (d»). For contact with a flat surface, set either diameter to infinity (co). For an internal
surface contact, enter the larger diameter as a negative quantity.

The area of contact is a rectangle with the width equal to a small distance (2b) times the
length (L) of the cylinders. If the two cylinders are made of two different materials, then

F

2b Contact area

FIGURE 3.11 Cylinders in contact.
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the distance (b) is given by Eq. (3.29),

or e
1 1
Ltz

(-0) , (1-03)

b= (3.29)

where (v) is Poisson’s ratio and (E) is the modulus of elasticity.

As stated earlier, if one of the cylinders contacts a flat surface, then set one of the diameters
to infinity (co). In addition, if the cylinder and the flat surface are the same material, then
the distance (b) of the contact given in Eq. (3.29) becomes Eq. (3.30).

2 _ 2
b:\/z_an v)d _ [4F (1) 330

L E L E

The pressure distribution over the area of contact is elliptical with the maximum pressure
(pmax), Which is a negative stress, occurring at the center of the contact area and given by
Eq. (3.31),

2F
bl
where the distance (b) is found from either Eq. (3.29) or Eq. (3.30).

Without providing the details of the development, the largest values of the stresses within
the two cylinders, which are all principal stresses, occur on three-dimensional stress ele-
ments along the (z) axis where (x = 0) and (y = 0). Using the axes notation from Fig. 3.11:
(x), (y), and (z), instead of the standard notation for principal stresses: (1), (2), and (3), the
three principal stresses, all of which are different, are given by the following equations.

1 72 z
Ox = — Pmax 2 — 2 1+ i 2 b (3.32)

(3.31)

Pmax =

I+
22z
0y = —Pmax(2v) 1+ 25 (3.33)
o, = _— Pmax_ (3.34)
2
z
1+ b_2

There are three things to notice about Egs. (3.32), (3.33), and (3.34). First, Poisson’s
ratio (v) in Eq. (3.33) is for the cylinder of interest, either (v1) or (v2). Second, the maxi-
mum pressure (pmax) calculated from Eq. (3.31) is a positive number, so the minus sign in
Eqgs. (3.32), (3.33), and (3.34) makes all three principal stresses negative, or compressive.
Third, as the principal stress (o) has the largest magnitude, but negative, and as the three
principal stresses form a triaxial stress element, the maximum shear stress (Tmax) s given
by Eq. (3.35) as

oy — 0y oy —o0;

Tmax = 5 or — (3.35)

where the principal stresses (o) and (oy) flip flop as to which is larger as the distance (z)
varies into the cylinder of interest.
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To determine the maximum shear stress (tmax) at the plane of contact between the two
cylinders, subsitute (z = 0) in Egs. (3.32), (3.33), and (3.34) to give

1 02 0
Oy = —Pmax 2_—02 1+—2—2—
I+ b b
(3.36)
= —Pmax[(2 — l)‘/T — 0] = — pmax
02 0
0y = —Ppmax(2v) 1+ 2 b
= —Pinax V) (VT = 0) = — pmax (20) (3.37)
o, = —Pmax _ —Pmax = — Pmax (3.38)

R

As it is the largest, substitute (o) from Eq. (3.36) and (o) from Eq. (3.38) in Eq. (3.35)
to give the maximum shear stress (Tmax) at the plane of contact as

Ox — 0z [—Pmax] — [— Pmax]

2 2

Tmax =
(3.39)
_ TPt pmax 0
= 3 =5 =

Even though the principal stresses are a maximum at the plane of contact (z = 0), it turns
out that the maximum value of the maximum shear stress (tpmax) does not occur at (z = 0)
but at some small distance into the cylinder. Typically this small distance is between one-half
and one times the distance (b). This explains what is seen in practice where a cylindrical
roller bearing develops a crack internally, then as the crack propagates to the surface of the
roller it eventually allows lubricant in the bearing to enter the crack and fracture the roller
bearing catastrophically by hydrostatic pressure.

The relative distributions of the principal stresses, normalized to the maximum pressure
(Pmax), are shown in Fig. 3.12, where a Poisson ratio (v = 0.3), which is close to that for
steel, has been used.

Again, notice that the maximum value of the maximum shear stress (Tpmax) does not occur
at the surface (z = 0), but is at a distance of about 0.75 times the distance (b), and has a
value close to 0.3 times the maximum pressure (pmax). Also, observe that the values of the
principal stresses at the plane of contact (z = 0) agree with the calculations in Eqgs. (3.36),
(3.37), and (3.38) for a Poisson ratio (v = 0.3).

Remember that the curves for the three principal stresses shown in Fig. 3.12 are for a
Poisson ratio (v = 0.3). For other Poisson ratios, a different set of curves would need to be
drawn. Also, as the stress elements along the (z) axis are triaxial, the design is safe if the
maximum value of the maximum shear stress (Tmax) is less than the shear yield strength
in compression, that was found in the previous section to be half the yield stress (Sy).
Converting this statement into a factor-of-safety expression is given in Eq. (3.40) as

s, 1
T < Syy = 2 = Tmax - (3.40)

N5
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FIGURE 3.12  Principal stress distributions (cylinders).

For the next example, consider a railroad car with solid cylindrical steel wheels rolling
on flat steel track. The railroad car has eight wheels that carry the total load evenly.

U.S. Customary

SI/Metric

Example 2. Determine whether the design of
the steel wheels for the railroad car described
above will be safe during normal operations,
where
W = 130 ton = 260,000 1b = 8 F
dywheel = 3 ft =361n
drail = 00
L =4in
Sy = 60 kpsi (steel wheels)
v = 0.30 (steel)
E =30 x 10° Ib/in? (steel)

solution
Step 1. Using Eq. (3.30), calculate the distance
(b) as

. /4F (1—1v2)d
E

4(32,5001b) (1 — 0.32)(36in)
w(4in) 30 x 106 Ib/in®

\/(130 ,000) (32.76) .

(12.57) 30 x 30 x 106

= 4/(0.0113) in®

= 0.11in

Example 2. Determine whether the design of
the steel wheels for the railroad car described
above will be safe during normal operations,
where

W=118t=1,180kN=8F
dwheel =1lm
drail = 00
L=10cm=0.1m
Sy = 420 MPa (steel wheels)
v; = 0.30 (steel)
E; = 210 x 10° N/m? (steel)

solution
Step 1. Using Eq. (3.30), calculate the distance

(b) as
I4F [ vz)d

4(147,500N) (1 — 0.32)(1 m)
7(0.1m) 210 x 10° N/m?

\/(590 ,000)  (0.91) )

(0.31416) 210 x 210 x 10°

= /(8.14 x 10-%)m?

= 0.0028 m = 0.28 cm
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Step 2. Using Eq. (3.31) calculate the maxi-
mum pressure (Pmax)-

2F
Pmax = m

_2(32,5001b)  65,0001b
T 7(0.11in)(4in)  1.38in>

= 47,025 Ib/in®
= 47.0kpsi

Step 3. As Poisson’s ratio (v) for the steel
wheels is close to the 0.3 used to graph the
principal stress equations in Fig. 3.12, assume
the maximum shear stress occurs at 0.75b and
is 0.3 pmax. Therefore, using the value for the
maximum pressure found in Step 2, the maxi-
mum shear stress (Tpmax) 1S

Tmax = 0.3 pmax = (0.3)(47.0kpsi)

14.1 kpsi

Step 4. Using Eq. (3.40), calculate the factor-
of-safety (n) for the design as

Tmax 1
S, "
2
I lddikpsi 2(14.1)
P 60kpl:i =~ 0¥
2
=L o
0.47

The design is safe by a factor of 2.

Step 2. Using Eq. (3.31) calculate the maxi-
mum pressure (Pmax)-

2F
Pmax = JT_bL

_ 2(147500N)  295,000N

© 7(0.0028m)(0.1m) ~ 0.00088 m?

335,400, 000 N/m?
= 335.4MPa

Step 3. As Poisson’s ratio (v) for the steel
wheels is close to the 0.3 used to graph the
principal stress equations in Fig. 3.12, assume
the maximum shear stress occurs at 0.75b and
is 0.3 pmax. Therefore, using the value for the
maximum pressure found in Step 2, the maxi-
mum shear stress (Tmax) 1S

Tmax = 0.3 pmax = (0.3)(335.4 MPa)

100.6 MPa

Step 4. Using Eq. (3.40), calculate the factor-
of-safety (n) for the design as

Tmax 1
S T an
2
1 _ 100.6MPa _ 2(100.6) 048
n 420 MPa 420 '
2
v 2.09

The design is safe by a factor of 2.

3.4 ROTATIONAL LOADING

Rotational loading occurs when a machine element, such as a flywheel, sawblade, or turbine
is spinning about a stationary axis at very high speed. Depending on the complexity of the
machine element, the stresses developed must be analyzed to determine if the design is
safe. It is appropriate here in Chap. 3 to limit the discussion to the basic rotating machine
element: the thin solid disk. Other types of rotating machine elements, such as flywheels,

will be discussed in a later chapter.

The geometry of a thin rotating disk is shown in Fig. 3.13,
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Stress element

FIGURE 3.13  Thin rotating disk.

where r, = outside radius
r; = inside radius
t = thickness of disk

For the disk to be treated as thin, the outside radius (r,) should be at least 25 times greater
than the thickness (7). Also, it is assumed that the disk is a constant thickness () and the
inside radius (r;) is very small compared to the outside radius (r,).

The rotational loading develops both a tangential stress (o;) and a radial stress (o).
These two stresses form a biaxial stress element, shown in Fig. 3.14.

As this is a biaxial stress element, the shear stress (tyy) is zero; however, there will be
a maximum shear stress (Tmax) that is determined either mathematically or using Mohr’s
circle.

The tangential stress (o;) is given in Eq. (3.41),

3+v P 143vr2
=0, 1+ Lt 4L " 3.41
o= 00y ( +r3+r2 34v 2 G40

and the radial stress (o) is given in Eq. (3.42).

3 r? r? 2
P 1+%——E—r— (3.42)
}’U r

2
To

where (v) is Poisson’s ratio and using the quantity labeled (o, ), which has units of stress,
makes these two equations more compact and mathematically manageable, where

0o = pw’r2 (3.43)
Oyy Or
Ty 0
b Ty
GXX
«— + — + >
Oxx Ot Ot
Tyy ¥ )
= 0
Tyy
Oyy Or

FIGURE 3.14 Biaxial stress element.
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where (p) is the density of the disk in (slugs/ft3 ) or (kg/m3) and (w) is the angular velocity
of the disk in (rad/s).

Notice that the thickness (¢) is not in any of these equations, as no variation is allowed
perpendicular to the plane of rotation.

The tangential stress (oy) is a maximum at the inside radius (7;) of the disk, given in
Eq. (3.44) as

34+v 1—vr?
max _ 1 L 3.44
o %o ( +3+vr§) (3.44)

where the radial stress (o,) is zero.
The radial stress (o) is a maximum at a radius (,/7i7,), given in Eq. (3.45) as

3 1\
L “g” (1 + r—’) (3.45)

Yo

where the tangential stress (o;) is given by Eq. (3.46) as

8 34vr, r?

o

. 3 l—vr r?
oV g 2 (1 I S L ’) (3.46)

As these two stresses are both positive, and are the principal stresses (o1) and (07), and
as rotating disks are usually made of ductile materials, the distortion-energy theory will be
the most accurate predictor of whether the design is safe. Therefore, the factor-of-safety for
a rotating thin disk is given by Eq. (3.47) as

(07 + 0} — i)
Sy

1
= (3.47)
n

where (Sy) is the yield strength of the material.

However, for a stress element at the inside radius (r;), the principal stress (o1) will be
the maximum tangential stress (o,"**) and the principal stress (0») will the radial stress
(o) that is zero at the inside radius, making this a uniaxial stress element, and so any of
the theories for ductile materials would apply.

Consider the following example to conclude this section.

U.S. Customary SI/Metric
Example 1. Determine whether the design of Example 1. Determine whether the design of
a thin high-speed saw blade is safe, where a thin high-speed saw blade is safe, where
o = 1,000 rpm o = 1,000 rpm
ro =3ft=361in ro=1m
ri = 1lin ri =25cm=0.025m
t =0.25in t = 0.6 cm = 0.006 m
p = 15.2 slug/ft (steel) p = 7,850 kg/m? (steel)
Sy = 50 kpsi (steel) Sy = 350 MPa (steel)
v = 0.3 (steel) v = 0.3 (steel)
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solution
Step 1. Convert the units on the speed of
rotation (@) from rpm to (rad/s)

rev 27rad 1 min
1,000 — x
min

S
Il

X
rev 60s

(1,000)(2 ) rad
60 S

105 (rad/s)

Step 2. Using Eq. (3.43) calculate the quantity
(0,) as

2.2
0o = P,

150 Sl (o5 rad ’ (12
. ft3 SZ
24,27 Slug - ft ft
[(15.2)(105) 3) ] e

Ib L,
1,508,220 — = 9,975 Ib/in
fi

= 10.0kpsi

Step 3. Calculate the maximum tangential
stress (o0;) at the inside radius (r;), where the
radial (o} ) is zero, using Eq. (3.44).

34 1—vr?
max 1 i
i %0y ( +3+ur3)
3403
4

- 1-0.3 (1in)?
X
34 0.3 (36in)?
3.3
= (10kpsi) ==
(10kpsi) 1

y lJr0.7 1
3.3 1296

= (10kpsi)(0.825)

(10kpsi)

x (1 +0.00016)

= 8.25kpsi

solution
Step 1. Convert the units on the speed of
rotation () from rpm to (rad/s)

rev 2rrad 1 min
1,000 — x X
min rev 60s

S
Il

(1,000)(2 ) rad
60 S

105 (rad/s)

Step 2. Using Eq. (3.43) calculate the quantity
(0,) as

0, = pa’r?

kg rad \ 2 5
7,850 — ) | 105 —- ) (1m)
m’ s

_ [(7,850)(105)2(1)2] kgs'zm%

N
= 86,546,250 —

m
= 86.5MPa

Step 3. Calculate the maximum tangential
stress (o0;) at the inside radius (r;), where the
radial (o} ) is zero, using Eq. (3.44).

3+v 1—vr?
max P 1 i
i ¢ ( +3+vr3>

4
3403

(86.5 MPa)

1 —0.3 (0.025 m)?
x 1+ R
3403 (I1m)?

33
= (86.5MPa) e

0.7 0.000625
X1+ ———
33 1

= (86.5MPa) (0.825)
x (1 +0.00013)

= 71.4MPa
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Step 4. Calculate the maximum radial stress
(0,) and the tangential stress (o;) at the radius
(\/Tir0), using Eqgs. (3.45) and (3.46).

. 3 N
—
o

) lin \?
(10kpsi)3+803<1+ m)

36in
33 )
= (10kpsi) == (140.0278)

= (10kpsi)(0.4125)(1.0278)?

= 4.36kpsi
2
NG 3+ l—vr 1
= 142 4L
i % g (+ 3+vro+r3
3403
= (10kpsi) +
8
1-0.3 lin (1in)?
142
x ( t 2310336 | (36in)?

33
= (10kpsi) =

- 20.7 1 n 1
x oy
3336 1296
= (10kpsi) (0.4125)
x (14 0.012 + 0.00077)
= 4.18kpsi
Step 5. Using Eq. (3.47), calculate the factor-
of-safety (n) at the inside radius (r;) where the
principal stress (o) is the maximum tangential

stress found in Step 3 and the principal stress
(02) is zero.

1/2
(012 + 022 — 0102) 1

Sy n

((8.25)% + (0)2 — (8.25)(0)) /2 1

50 n
(82532 825 1
50 50 " n
50
=— =6.1
"T85

Clearly the design is safe.

Step 4. Calculate the maximum radial stress
(0,) and the tangential stress (o;) at the radius
(\/Tir0), using Eqgs. (3.45) and (3.46).

. 3 A\
o =02 (142

To

3403 0.025m)>
(86.5 MPa)~ (1+ m)

8 Im
3.3 2
= (86.5 MPa)?(l +0.025)

= (86.5MPa)(0.4125)(1.025)*

= 37.5MPa
2
JiTe 3+v l—vr 1
= 142 —+ %
G o 8 ( + 3+vr0+r3
3403
= (86.5MPa) +

142 1-0.30025m  (0.025m)y
3403 Im (1m)2

33
= (86.5 MPa)?

0.7 0.025  0.000625
x(14+2——7—+ ——
33 1 1

= (86.5MPa) (0.4125)
x (1 +40.0106 + 0.000625)
= 36.1 MPa
Step 5. Using Eq. (3.47), calculate the factor-
of-safety (n) at the inside radius (r;) where the
principal stress (o) is the maximum tangential

stress found in Step 3 and the principal stress
(02) is zero.

1/2
(012 + 022 — 0] 02) 1

Sy n
((71.4)2 + (02 — (71.4)(On'/2 1
50 T
((T1LHHY2 714 1
50 T30 n
n= @ =49
71.4

Clearly the design is safe.
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Step 6. Using Eq. (3.47), calculate the factor-
of-safety (n) at the radial distance (\/r;r,)
where the principal stress (o7) is the maximum
radial stress found in Step 4 and the princi-
pal stress (o2) is tangential stress also found
in Step 4.

1/2
(olz + 022 — O‘]O‘z) 1

Sy n
((4.36)% + (4.18)? — (4.36)(4.18))!/2 1
50 T n
(1826)'2 427 1
50 50 =n
50
n=-—=117
4.27

Clearly the design is very safe.

Step 6. Using Eq. (3.47), calculate the factor-
of-safety (n) at the radial distance (\/rir,)
where the principal stress (o7) is the maximum
radial stress found in Step 4 and the princi-
pal stress (o2) is tangential stress also found
in Step 4.

1/2
(alz + 022 — 0102) 1

Sy n
((37.5)* + (36.1)* — (37.5)(36.1))1/2 1
350 T
(1356)!1/2 368 1
350 350 n
350
=—=95
"~ 3638

Clearly the design is very safe.

Notice that the stress element at the inside radius (r;) has a lower factor-of-safety than
the one at the radial distance (,/7;7,). This means it is the most important stress element in

deciding whether the design is safe or not.



CHAPTER 4
COMBINED LOADINGS

4.1 INTRODUCTION

Combined loadings on machine elements are a combination of two or more of the fundamen-
tal and advanced loadings discussed in Chaps. 1 and 3. This includes axial loading, direct
shear loading, torsion, bending, pressure loading inside thin-walled vessels and thick-walled
cylinders, and press or shrink fits, contact loading between either spheres or cylinders, and
rotational loading on thin circular disks. In actual practice, it is difficult to have more than
two of these loadings acting at the same time. So in this chapter, only the most common
combinations will be presented.

Table 4.1 is a summary of the normal stress (o) and the shear stress (7) produced by
fundamental loadings presented in Chap. 1.

TABLE 4.1 Summary of the Fundamental Loadings

Loading Normal stress (o) Shear stress (7)
. P
Axial o= — —
A
Thermal or = Ea (AT) —
. \%4
Direct shear — T=—
A
. Tr
Torsion — T=—
J
M \%4
Bending o= et T = —Q
1 1b

Table 4.2 is a summary of the normal (o) stresses produced by pressure loadings and
presented in Chap. 3 on advanced loadings.

The equations from Sec. 3.1.3 on press or shrink fits are not included in Table 4.2 as what
is produced is an interface pressure (p), which becomes an internal pressure on the collar
and an external pressure on the shaft, and this type of loading on thick-walled cylinders is
covered in Sec. 3.1.2.

At this point, the concept of a plane stress element needs to be introduced, along with
the standard nomenclature and conventions for the two types of stress, normal (o) and
shear (7), summarized in Tables 4.1 and 4.2.

Plane Stress Element. The geometry of a differential plane stress element is shown in
Fig. 4.1, where the dimensions (Ax) and (Ay) are such that the stresses, whether normal
(o) or shear (), can be considered constant over the cross-sectional areas of the edges
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TABLE 4.2 Summary of the Pressure Loadings

Element Normal stress (o) Shear stress (1)
Thin-wall sphere Osph = P;;m —
Thin-wall cylinder:
Axial Oaxial = Pilm
2t
Hoop Ohoop = Pilm —

Thick-wall cylinder: (p, = 0)

i T ro\2
Tangential o = i [1 + (—D) ] —
r2—r? r
2
i 7o\ 2
Radial o= 2 [1 - (%) } —
r2—r r
2
.
Axial g = it —
r2 — ri2

of the element, meaning (AxAz) or (AyAz). The dimension (Az) is very much smaller
than either (Ax) or (Ay) so that it can be assumed that there is no variation in the stresses
perpendicular to the plane of the stress element, meaning in the z direction.

y y
A
X ly Z
—— AX —P Az

FIGURE 4.1 Geometry of a plane stress element.

The standard nomenclature and sign conventions for both normal stress (o) and shear
stress (7) for a plane stress element are shown in Fig. 4.2, where positive normal stress (o)
is directed outward from the element. Therefore, pressure (p;) is a negative stress.

vy
Ty
— " Tyx
I R
o-XX
TyX‘
Ty
Y Oy

FIGURE 4.2 Plane stress element.
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The first subscript on the stresses shown in Fig. 4.2 indicates the direction of the stress,
and the second subscript indicates the direction of the perpendicular to the surface area on
which the stress acts. For the shear stresses shown, (7yy) and (ty) are interchangeable, so
only (txy) will be used in the remainder of this book. As mentioned earlier, and as shown in
Fig. 4.2, the internal pressure (p;) acts perpendicular to the plane stress element; however,
it is directed toward the surface of the element and so it is considered a negative normal
stress. More about the effect of an internal pressure on the overall stress distribution on an
element is presented in Chap. 5.

Although Fig. 4.2 shows the worst case senario for a stress element, and as mentioned ear-
lier a very rare occurrence in actual engineering practice, there are three special plane stress
elements. These three elements are called uniaxial stress element, biaxial stress element,
and pure shear stress element. These three elements have special significance that will be
discussed in Chap. 5.

Uniaxial Stress Element. For the fundamental loadings of axial, thermal, and bending, a
uniaxial stress element is produced and shown in Fig. 4.3,

0
] 0
0
Oxx o
—+ —> - -« —+ —»G
O-XX
0
0 Uniaxial
0

FIGURE 4.3 Uniaxial stress element.

where there is only normal stress (o) along the axis of interest; and the other stresses, the
normal stress (07yy) and the four shear stresses (7yy), are zero.

Biaxial Stress Element. For the pressure loadings on thin-walled vessels, both spherical
and cylindrical, and thick-walled cylinders, a biaxial stress element is produced and shown
in Fig. 4.4,

ny Ohoop or o;
0
0
GXX
D + — - -« —+ —
Oxx Oaxial OF O Oaxial OF Oa
0
0 L
Biaxial
GY.V O-hoop or oy

FIGURE 4.4 Biaxial stress element.

where there are the normal stresses (0axial) Or (0,) in the x-direction, along the axis of
interest, and the normal stresses (Ghoop) OF (07) in the y-direction, perpendicular to the axis of
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interest. As with the uniaxial stress element, the four shear stresses (zyy) are zero. In the case
of a thin-walled spherical vessel under internal pressure, the normal stresses (osph) in both
directions are equal. However, for either thin-walled or thick-walled cylinders, the normal
stresses will be different, and in fact the hoop or tangential stress will be twice the axial stress.

The radial stress (o) in a thick-walled cylinder acts perpendicular to the plane stress
element, in the z-direction, similar to that for an internal pressure (p;), so it cannot be
depicted in Fig. 4.4.

Pure Shear Stress Element. For the fundamental loadings of direct shear, torsion, and
shear due to bending, a pure shear stress element is produced and shown in Fig. 4.5,

0
y :
A Ty A T
0
i + _B - aF
Txy Y TY
Ty T
‘ 0 Pure shear

FIGURE 4.5 Pure shear stress element.

where the normal stresses (oxyx) and (oyy) are zero and the four shear stresses (7yy) are
equal and denoted by (7). Recall that the directions of the shear stresses shown in Fig. 4.5
are such that a square stress element will deform to a parallelogram under load, where the
change in the right angle is the shear strain (), measured in radians.

Also, for bending, Table 4.1 shows a normal stress (o) and a shear stress (7). Normally, a
beam element will have both stresses, and therefore, yield a general plane stress element like
that shown in Fig. 4.2. However, usually what is of interest are maximum values, so when
the normal stress is maximum the shear stress is zero, and when the shear stress is maximum,
the normal stress is zero. Therefore, where the normal stress is maximum, uniaxial stress
element exists, and where the shear stress is maximum, pure shear stress element exists.

Let us now consider several combinations of loadings from Tables 4.1 and 4.2 that will
produce general stress elements.

4.2 AXIAL AND TORSION

The first combination of loadings to be considered is axial and torsion. This is a very common
loading for shafts carrying both a torque (7') and an end load (P), as shown in Fig. 4.6.

FIGURE 4.6 Axial and torsion loading.

Stress Element. The general stress element shown in Fig. 4.2 becomes the stress element
shown in Fig. 4.7, where the normal stress (oy,) is the axial stress, the normal stress (oyy)
is zero, and the shear stress (zyy) is the shear stress due to torsion.
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Oyy 0
T Xy Txy
> L
A Tyy YV 4 P
Oxx Oyxx Oyx = —
A
Oxx
Tr
Txy ¥ 4 Ty = —
Txy ‘ Txy
0
Oyy

FIGURE 4.7  Stress element for axial and torsion.

The shear stress due to torsion (tyy) is shown downward on the right edge of the stress
element because the torque (7') shown in Fig. 4.6 is counterclockwise looking in from the
right side to the left side.

Aside. The significance of this change in the direction of the shear stresses in Fig. 4.7
will become apparent in Chap. 5. Notice that the directions of the other three shear stresses
changed as well; again, as mentioned several times, a square element must deform to a
parallelogram. However, more importantly, there are also equilibrium considerations to
satisfy, both with respect to forces and moments. For example, if each of the four shear
stresses (7) on the pure shear stress element shown in Fig. 4.5 are multiplied by the area
(A) of the edge of the element over which each acts, a force with a magnitude (z x A)
will result along each edge in the same direction as the shear stresses. This stress element
actually becomes a free-body-diagram that is shown in Fig. 4.8.

TXA

A TX A

+

TXAY

TX A

Pure shear
FIGURE 4.8 Free-body of pure shear stress element.

Because of the directions shown, two of the forces balance in the x-direction, two of the
forces balance in the y-direction, and pairs of the forces balance clockwise and counter-
clockwise if moments are taken about the center of the element. So when the direction of
one of the four shear stresses is known, the other three shear stresses must be in such a
direction that this equilibrium condition is satisfied.

Location of Maximum Stress Elements. The plane stress element in Fig. 4.7 is valid for
any element in the shaft. The axial stress (o) is constant over the cross section; however,
the shear stress (tyy) varies with the radius (r) measured from the center of the shaft.
Usually, what is of greatest importance are the maximum values of the stresses; so for this
particular loading, elements on the surface of the shaft at a radius (R) are the elements of
greatest interest. For example, in Fig. 4.9 the darkened rectangle is just one of the infinite
number of plane stress elements that have the maximum values of stress acting on them.
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T‘/\

Stress element

FIGURE 4.9 Element for maximum stress.

Figure 4.9 is a view down the axis of the shaft, showing the torque (7') acting counter-
clockwise. The darkened rectangle is at a radius (R) and the dimension of the element in
the radial direction is assumed to be much smaller than the other two dimensions, which is
the primary requirement of plane stress analysis.

For many of the other load combinations, locating the plane stress element of greatest
interest will be more difficult, and in fact there may be several elements from which to
choose a worse case senario for your design.

Although it will be a review on the stress equations, consider the following example to

show how combinations of loadings will result in actual quantitative information.

U.S. Customary

SI/Metric

Example 1. Determine the maximum stresses
due to a combination of axial and torsion loads
on a solid shaft, where

P = 10 kip = 10,000 1bs
T = 5,000 ft - Ib = 60,000 in - 1b
D=40in=2R

solution
Step 1. Calculate the cross-sectional area (A)
of the shaft.

A=nR*=7m(2.0in)? = 12.57 in®

Step 2. Substitute this cross-sectional area and
the force (P) in the equation for axial stress to
give

P 10,000 Ib

o= —

A~ 1257 in?
796 1b/in> = 0.8 kpsi

Step 3. Calculate the polar moment of inertia
(J) for the shaft.

1 1

5 TR = 5720 in)*

25.13 in*

J

Example 1. Determine the maximum stresses
due to a combination of axial and torsion loads
on a solid shaft, where

P = 45kN =45,000 N
T =7500N-m
D=100cm=0.1m=2R

solution
Step 1. Calculate the cross-sectional area (A)
of the shaft.

A =7 R* =7 (0.05m)? = 0.008 m?

Step 2. Substitute this cross-sectional area and
the force (P) in the equation for axial stress to
give

P 45,000 N
o= — = —
A~ 0.008 m?

= 5,625,000 N/m? = 5.6 MPa

Step 3. Calculate the polar moment of inertia
(J) for the shaft.

1 1

5 TR = 5 T(0.05 m)*

0.0000098 m*

J
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U.S. Customary

SI/Metric

Step 4. Substitute this polar moment of
inertia (J), the radius (R), and the torque (7')
in the equation for maximum shear stress due
to torsion to give

TR (60,000 in - 1b) (2.0 in)

fmax = 7 25 13in*
= 4,7751b/in*> = 4.8 kpsi
Step 5. Display the answers for the axial stress

(o) and maximum shear stress (Tmax), in kpsi,
found in steps 2 and 4 on a plane stress element.

0

4.8 ¢

4

0.8 0.8

0

The above diagram will be a starting point
for the discussions in Chap. 5.

Step 4. Substitute this polar moment of
inertia (J), the radius (R), and the torque (7T")
in the equation for maximum shear stress due
to torsion to give

TR (7,500 N'- m) (0.05 m)

fmax = = T0.0000098 me
= 38,270,000 N/m? = 38.3 MPa
Step 5. Display the answers for the axial stress

(o) and maximum shear stress (Tmax ), in MPa,
found in steps 2 and 4 on a plane stress element.

0

38.3 ¢
4

5.6 5.6

The above diagram will be a starting point
for the discussions in Chap. 5.

Consider another combination of fundamental loads from those in Table 4.1, axial and

bending.

4.3 AXIAL AND BENDING

The second combination of loadings to be considered is axial and bending. This is a some-
what common loading for structural elements constrained axially. Shown in Fig. 4.10 is a
simply-supported beam with a concentrated force (F) at its midpoint, and a compressive
axial load (P).

FIGURE 4.10 Axial and bending loads.

In this section, the bending moment (M) and shear force (V) are assumed to be known
for whatever beam and loading is of interest. (See Chap. 2 on Beams.)
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Stress Element. The general stress element shown in Fig. 4.2 becomes the stress element
shown in Fig. 4.11, where the normal stress (o) is a combination of the axial stress and
bending stress, the normal stress (o7yy) is zero, and the shear stress (zyy) is the shear stress
due to bending.

A O-yy 0
%y pd
h Tyy Txy 4
P_ . M
Oxx Oxx Oxx = — A * Ty
-« + —> - —i + —>
Oxx
vQ
Txy Y — N L — 4 Tyy = E
T, Xy Txy
Yo, 0

FIGURE 4.11  Stress element for axial and bending loads.

As shown in Fig. 4.11, the normal stress (o) has two terms, one due to the compressive
axial load (P) that is constant across the cross section of the beam and is always negative,
and the other term is due to the bending moment (M) in the beam and will be positive on one
side of the neutral axis and negative on the other side. It will always be zero at the neutral
axis. For the particular loading shown in Fig. 4.10, the top of the beam is in compression
and the bottom is in tension.

The shear stress due to bending (tyy) is shown downward on the right edge of the stress
element because the shear force (V) will be downward at the right side of the cross section
of the beam. This shear stress due to bending will be maximum at the neutral axis and zero
at the top and bottom of the beam.

As a consequence of what has just been said about the normal and shear stresses, there
are actually two stress elements to consider. One is a stress element at the top or the bottom
of the beam where the bending stress is maximum and the shear stress zero; and the other
is a stress element at the neutral axis where the shear stress is maximum and the bending
stress zero. The axial stress will be the same on both these elements. Figure 4.12 shows an
element at the top of the beam and the element at the neutral axis.

0 0
0 Tmax
0 Tmax 4%
P My P
Oxx ==~ Ox O ="
+ —f o+
0 ¥ Tmax = YOrmax
] E— > b
0 Tmax
Top of beam 0 Neutral axis 0

FIGURE 4.12  Special elements for axial and bending loads.

Notice that the element at the top of the beam, as well as the one that would be at the
bottom, are uniaxial stress elements. The element at the neutral axis is a general stress
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element, but with the normal stress (oyy) equal to zero. Keep in mind that it is very rare to
have a completely general stress element in actual engineering practice.

Again, although it will be a review on the stress equations, consider the following exam-
ples to show how this combination of loadings result in quantitative information.

U.S. Customary

SI/Metric

Example 2. Determine the stresses at the top
of a rectangular beam, like the one in Fig. 4.10,
subjected to a combination of compressive axial
and bending loads, where

P = 4kip = 6,000 Ib

M = 8,000 ft - 1b = 96,000 in - 1b
V = 10,000 1b

h=12.0in
b =2.0in
solution

Step 1. Calculate the cross-sectional area (A)
of the beam.

A = bh = (2.0in) (12.0in) = 24.0in?

Step 2. Substitute this cross-sectional area and
the force (P) in the equation for compressive

axial stress to give
P 6,0001b
0= —— = —
A 24.0in%

= —2501b/in> = — 0.25kpsi

Step 3. Calculate the moment of inertia (/) for
the beam.

J i’ l(20‘)(120‘)3
= — = — Ui U1
12 12
= 288in*

Step 4. Substitute this moment of inertia (1),
the distance (y) to the top of the beam, and
the bending moment (M) in the equation for
maximum negative normal stress due to bending
to give
Moy
I

(96,000 in - Ib) (6.01in)
a 288 in*
= —2,0001b/in> = —2kpsi

Omax

Step 5. Combine the two compressive stresses
found in steps 2 and 4 to give a maximum normal
stress at the top (0op).

Example 2. Determine the stresses at the top
of a rectangular beam, like the one in Fig. 4.10,
subjected to a combination of compressive axial
and bending loads, where

P = 18kN = 18,000 N

M =12kN -m = 12,000 N - m
V = 45kN =45,000 N
h=300cm=03m
b=50cm=0.05m

solution
Step 1. Calculate the cross-sectional area (A)
of the beam.

A = bh = (0.05m) (0.3 m) = 0.015m>

Step 2. Substitute this cross-sectional area and
the force (P) in the equation for compressive
axial stress to give

P 18,000N
0o =——=

A~ 0015m?
= —1,200,000 N/m*> = — 1.2 MPa

Step 3. Calculate the moment of inertia (/) for
the beam.

1 1

I = — bh® = —(0. 3m)3

lzbh —(0.05m) (0.3 m)
= 0.0001125m*

Step 4. Substitute this moment of inertia (1),
the distance (y) to the top of the beam, and
the bending moment (M) in the equation for
maximum negative normal stress due to bending
to give
_ M ymax

1

(12,000N - m) (0.15m)
T 0.0001125 m?

= —16,000,000 N/m? = —16 MPa

Omax =

Step 5. Combine the two compressive stresses
found in steps 2 and 4 to give a maximum normal
stress at the top (oop)-
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U.S. Customary

SI/Metric

Otop = Oaxial T Omax
(—0.25kpsi) + (—2.0kpsi)
= —2.25kpsi

Step 6. Display the answer for the maximum
normal stress at the top (otop) found in step 5,
in kpsi, on a uniaxial stress element.

0

2.25 2.25

- [0

0

Negative signs are not used in the above di-
agram as the directions of the arrows indicate
compression. As stated at the end of Example
1, this diagram will be a starting point for the
discussions in Chap. 5.

Otop = Oaxial T Omax
= (—1.2MPa) + (—16.0 MPa)
= —17.2MPa

Step 6. Display the answer for the maximum
normal stress at the top (otop) found in step 5,
in MPa, on a uniaxial stress element.

0

- [0

0

Negative signs are not used in the above di-
agram as the directions of the arrows indicate
compression. As stated at the end of Example
1, this diagram will be a starting point for the
discussions in Chap. 5.

Location of Maximum Stress Elements. The plane stress elements in Fig. 4.12 are for
two special locations in the cross section of the beam. As already mentioned, one part of
the normal stress (o, ) is constant and the other part varies over the cross section. The shear
stress (Tyy) due to bending also varies over the cross section, but opposite to the normal stress
due to bending. Example 2 considered one of the two maximum stress elements, the element
at the top of the beam, whereas Example 3 will consider the element at the neutral axis. There
is actually a third stress element of interest, one at the bottom of the beam, where the normal
stress due to the axial load is still compressive but the normal stress due to bending is tensile.

In Fig. 4.13, the rectangular cross section of Example 1 is shown with the three darkened
rectangles locating these three special stress elements.

Top!

L
Stress elements — !

_.|._._-|- ————— -- Neutral axis

" Bottom

FIGURE 4.13 Elements for maximum stress.

Consider the following example concerning the stress element at the neutral axis.
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U.S. Customary

SI/Metric

Example 3. Determine the stresses on the ele-
ment at the neutral axis of the rectangular beam
of Example 2, where

P = 4 kip = 6,000 Ib
M = 8,000 ft - Ib = 96,000 in - Ib

V = 10,000 Ib

h =12.0in

b=2.0in
solution

Step 1. The cross-sectional area (A) of the
beam was found in Example 2 to be

A = bh = (2.0in) (12.0in) = 24.0in?

Step 2. Using this area (A) and the axial
force (P), the compressive stress was found in
Example 2 to be

P 6,0001b
0 =——=

A~ 240in?
—2501b/in®> = —0.25 kpsi

Step 3. The moment of inertia (/) for the beam

was found in Example 2 to be
1 1
= bh® = o (2.0in) (12.0in)>

288in*

Step 4. The maximum first moment (Qmax)
is needed, and is found for a rectangle using
Eq. (1.41) as

I .
Omax = g bh* = £(2.0in) (12.0in)

= 36in°

Step 5. Substitute the shear force (V), the
maximum first moment (Qnax ), the moment of
inertia (7), and the width (b) in Eq. (1.39) for
the shear stress due to bending to give
VQmax

1b
(10,0001b) (36 in%)

(288in%) (2in)
360,0001b - in’

576in5

= 2,5001b/in®> = 2.5kpsi

Tmax

Example 3. Determine the stresses on the ele-
ment at the neutral axis of the rectangular beam
of Example 2, where

P = 18 kN = 18,000 N

M =12kN-m=12,000N - m
V = 45kN = 45,000 N
h=300cm=03m
b=50cm=0.05m

solution
Step 1. The cross-sectional area (A) of the
beam was found in Example 2 to be

A = bh = (0.05m) (0.3 m) = 0.015 m?

Step 2. Using this area (A) and the axial
force (P), the compressive stress was found in

Example 2 to be
P 18,000N
o= —— =

A~ 0.015m?
—1,200,000 N/m? = —1.2 MPa

Step 3. The moment of inertia (/) for the beam
was found in Example 2 to be
1 1
I = —bh® = —(0.05m) (0.3m)°
o 12( m) (0.3 m)
0.0001125 m*

Step 4. The maximum first moment (Qmax)
is needed, and is found for a rectangle using
Eq. (1.41) as

1o, 1 5
Qmax = g bh” = g(o‘os m) (0.3 m)

= 0.0005625 m>

Step 5. Substitute the shear force (V), the
maximum first moment (Qpnax ), the moment of
inertia (7), and the width (b) in Eq. (1.39) for
the shear stress due to bending to give
VQmax
Ib
(45,000 N) (0.0005625 m?)
(0.0001125 m#) (0.05m)
_ 253125N-m?
~0.000005625 m®
4,500,000 N/m? = 4.5 MPa

Tmax =
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Step 6. Display the answers for the maximum
normal compressive stress (oy,) found in step
2 and the maximum shear stress (z,y) found in
step 5, in kpsi, on a general stress element as

0

25 «— |

25

0

Remember, the directions of the stresses
account for positive or negative signs. Also, as
with the final diagrams of Examples 1 and 2,
this diagram will be a starting point for the dis-
cussions in Chap. 5.

Step 6. Display the answers for the maximum
normal compressive stress (ox,) found in step
2 and the maximum shear stress (7,) found in
step 5, in kpsi, on a general stress element as

0

45—

1.2 1.2

~ 45

0

Remember, the directions of the stresses
account for positive or negative signs. Also, as
with the final diagrams of Examples 1 and 2,
this diagram will be a starting point for the dis-
cussions in Chap. 5.

4.4 AXIAL AND THERMAL

The third combination of loading to be considered is an axial load and a thermal load. This
type of loading can occur when a machine element is put under a tensile, or compressive,
preload during assembly in a factory environment, then subjected to an additional thermal
load either due to a temperature drop in the winter or a temperature rise in the summer.
Recall that if the machine element is not constrained, then under a temperature change the
element merely gets longer or shorter and no stress is developed.

Figure 4.14 shows a thin-walled pipe, or tube, with flanges constrained between two
fixed supports. (Note that typically pipe designations are based on inside diameter, whereas
tubing is based on outside diameter.) Suppose that the original length of the pipe was shorter
than the distance between the supports so that a tensile preload is developed in the pipe
when it is installed. Also, suppose that what is of interest is the additional load that will be
produced when the pipe is subjected to a temperature drop during the winter.

Axis

a
|
L

Z
N Lo >
Linstalled

FIGURE 4.14  Axial and thermal loading.

The axial stress due to the lengthening of the pipe during installation is given by Eq. (4.5)
where the axial strain (¢) is multiplied by the modulus of elasticity (E).

AL Linsts —L
Oaxial = E €axial = E (T) =E (%) (4~])
o



COMBINED LOADINGS 165

The thermal stress due to a temperature drop (AT) is given by Eq. (4.6) where the thermal
strain (e7) is multiplied by the modulus of elasticity (E)

Othermal = Ee¢r = Ea (AT) 4.2)

and () is the coefficient of thermal expansion of the pipe.
Combining these two normal stresses, both of which are constant over the cross section
of the pipe, gives the single stress (o) shown in Eq. (4.3),

AL
Oxx = Oaxial T Othermal = E€axial + E¢T = E |:T + OC(AT)] 4.3)
where
AL _ Linsaited = Lo @.4)
L L,
Stress Elements. The general stress element shown in Fig. 4.2 becomes the uniaxial stress

element shown in Fig. 4.15, where the normal stress (o) is given by Eq. (4.3) and both

the normal stress (oyy) and the shear stress (zxy) are zero.

T Oyy ‘0
T,
g 0
A Tyy
AL
Oyx Oxx Oxx = E|:T + OC(AT):|
“—dt + b 5 —d 4+ ft—
Oxx
Ty ¥
0
Ty ‘
Oyy 0
FIGURE 4.15  Stress element for axial and thermal loads.
U.S. Customary SI/Metric

Example 4. Determine the maximum stress
(oyx) due to a combination of axial and ther-
mal loads like those for the machine element in
Fig. 4.14, where

Example 4. Determine the maximum stress
(0xx) due to a combination of axial and ther-
mal loads like those for the machine element in
Fig. 4.14, where

L, = 3 ft (1/32 of an inch too short) L,=1m
Linstalled = 3.0026 ft Linslalled = 1.0008 m
AT = —80°F AT = —45°C

o = 6.5 x 10~%n/in -° F (steel)
E = 30 x 10° Ib/in2 (steel)

o = 12 x 10~%cm/cm -° C(steel)
E = 207 x 10° N/m? (steel)

solution solution
Step 1. Calculate the axial strain (gaxia1) Using Step 1. Calculate the axial strain (gaxia1) using
Eq. (4.8) as Eq. (4.8) as
P ﬁ _ Linslalled - Lo o — g _ Linstalled - Lu
axial = I = La axial = L = La
_ (3.0026 ft) — (3 1) _(1.0008 m) — (1 m)
(3 ft) (1 m)
0.0026 ft 0.0008
= 2~ 0.00087 = =220 60008
3ft Im
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Step 2. Calculate the axial stress (0yxial) using
Eq. (4.1) as
Oaxial = E€uxial
= (30 x 10° Ib/in®) (0.00087)
= 26,100 1b/in* = 26.1 kpsi

Step 3. Calculate the thermal stress (Othermal)
from Eq. (4.2) as

Othermal = Eer = Ea(AT)

= (30 x 10°Ib/in%)
x (6.5 x 107% in/in - °F)
x (80 °F)

= 15,600 Ib/in’

= 15.6kpsi

Step 4. Combine the axial stress (oaxia) from
step 2 and the thermal stress (Othermal) from
step 3 using Eq. (4.3) to give the maximum
stress (oyy) as

Oxx = Oaxial T Othermal
(26.1kpsi) + (15.6 kpsi)
= 41.7kpsi

Step 5. Display the answer for the maximum
stress (o) found in step 4, in kpsi, on a plane
stress element.

417 4.7

The above diagram will be a starting point
for the discussions in Chap. 5.

Step 2. Calculate the axial stress (oaxial) using
Eq. (4.1) as

Oaxial = Esaxia]
(207 x 10° N/m?) (0.0008)
165,600,000 N/m? = 165.6 MPa

Step 3. Calculate the thermal stress (Othermat)
from Eq. (4.2) as

Othermal = Eér = Ea(AT)

= (207 x 10° N/m?)
x(12 x 10~ cm/em - °C)
x(45°C)

= 111,800, 000 N/m?

= 111.8 MPa

Step 4. Combine the axial stress (0axia) from
step 2 and the thermal stress (Othermal) from
step 3 using Eq. (4.3) to give the maximum
stress (oyy) as

Oxx = Oaxial + Othermal

(165.6 MPa) + (111.8 MPa)
= 277.4MPa

Step 5. Display the answer for the maximum
stress (o) found in step 4, in MPa, on a plane
stress element.

277.4 277.4

The above diagram will be a starting point
for the discussions in Chap. 5.
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4.5 TORSION AND BENDING

The fourth combination of loadings to be considered is torsion and bending. This is a very
common loading for machine elements. Shown in Fig. 4.16 is a bent solid circular rod being
used as a crank arm. The downward force (P) produces both a torsion and a bending in the
shaft, with the resulting stresses maximized at the cantilevered wall support at point A.

Crank arm

" _
Crank axis

FIGURE 4.16 Torsion and bending loads.
The force (P) acting at point C on the crank arm produces a bending moment (Mp), or
a torque (74p), about the crank axis AB, and is given by Eq. (4.5).
Mp = Tap = P X Lpc 4.5)
The force (P) also produces a bending moment (M 4 ) at the wall and is given by Eq. (4.6).
My = P X Lap (4.6)

A shear force (V) is developed in the crank arm and is equal to the magnitude of the
applied force (P), that is,

V=P 4.7

Therefore, stress elements in the cross section of the crank arm at the wall are subjected
to a torque (T4p), a bending moment (My ), and a shear force (V).

Location of Maximum Stress Elements. There are four plane stress elements to consider
at the cross section of the crank arm at the wall. Two represent maximum stress values;
however, the other two elements are important. Figure 4.17 shows these four special plane
stress elements.

Stress elements Top

Left Right

Bottom

FIGURE 4.17  Special plane stress elements.
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Starting with the fop element, it is one of the two elements with maximum stresses, a
normal stress (0yx) due to the bending moment (M4) and a shear stress (tyy) due to the
torque (T4p). The normal stress (oyy) is zero.

The left element is the other element with maximum stresses, a shear stress (txy) due
to the torque (Tpp) and an additional shear stress (zyy) due to the shear force (V). Both
normal stressses (oxx) and (oyy) are zero, making this a pure shear element.

The bottom element is similar to the fop element, except that the normal stress (o) is
compressive instead of tensile. Compressive is usually considered a lesser stress state than
tensile, which is why this is not a maximum stress element.

The right element is similar to the left element, except that the two shear stresses (xy)
are opposite to each other, whereas they are in the same direction on the left element. This
keeps it from being a maximum stress element.

Stress Elements. For the fop element at the wall, the general stress element shown in
Fig. 4.2 becomes the stress element shown in Fig. 4.18, where the normal stress (o) is
the stress due to bending caused by the bending moment (M), the normal stress (oyy) is
zero, and the shear stress (zyy) is the shear stress due to the torque (T4p).

Oyy 0
Txy Txy
A Ty Txy 4
o Y o _ MAymax
XX XX XX~
e T e T T S S e
Oxx Axis
Txy Y 4 _ 7—ABr max
= — — ey
Txy Txy
¥ %y 0

FIGURE 4.18 Stress element at the fop side of the crank.

In Fig. 4.18, the view is downward on the top element, with the crank axis to the right
toward point B as shown. The normal stress (o) is maximum on the fop element, where
the maximum distances (ymax) and (rmax) for a circular cross section are the outside radius
(R). The shear stress due to torsion (Tyy) is shown downward in Fig. 4.18; however, it is
actually directed horizontally to the left when looking along the axis of the crank arm from
point B to point A.

If the crank arm has a solid circular cross section, the moment of inertia (/) is given by
Eq. (4.8),

=gt (4.8)
=—- .
4

and the polar moment of inertia (J) is twice the moment of inertia (1), given in Eq. (4.9).

14
J=2I=-nR 4.9)
2

Substituting for (ymax = R) and the moment of inertia (/) in Eq. (4.8), the normal stress
(0yx) becomes the relationship given in Eq. (4.10).

M4 Ymax _ MaR _ 4M 5
1 %7'[R4 7R3

(4.10)

Oxx =
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Substituting for (rmax = R) and the polar moment of inertia (J) in Eq. (4.9), the shear
stress (Tyy) becomes the relationship given in Eq. (4.11).

Taprmax _ Tap R 2Typ

S el @.11)

Txy =

For the left element at the wall, the general stress element shown in Fig. 4.2 becomes
the stress element shown in Fig. 4.19, where the normal stress (o) and the normal stress
(oyy) are zero, and the shear stress (zyy) is a combination of the shear stress due to the
torque (Txp) and the shear stress due to bending caused by the shear force (V).

Both of these shear stresses will be maximum for the left element, directed downward as
shown and forming a pure shear element.

Oyy 0
Txy Txy
A Txy Txy‘
> | + 5 0 n 0 Axis
Oxx
Ty ¥ ' = TaBlmax VQax
E = 1 LTy T
Ty l Ty
Oyy 0

FIGURE 4.19  Special element on the left side of the crank.

In Fig. 4.19, the view is from the left side, with the crank axis to the right toward point B
as shown. As mentioned earlier, the right element would look similar, except that the shear
stresses would be in opposite directions rather than in the same direction as is the case of
the left element.

For a solid circular cross section, the maximum first moment ( Qmax ) is given by Eq. (4.12),

203
Qmax = 5 R
and the width (b) is equal to the diameter (D), which is equal to twice the radius (2R).

Substituting for (rmax), (), and using the moment of inertia (/) in Eq. (4.8) and the polar
moment of inertia (J) in Eq. (4.9), the shear stress (7yy) acting on the left side element
becomes the relationship given in Eq. (4.13),

4.12)

TAB max VQmax

J 1b

2 p3

Ta R V) (3 R )
el — + (4.13)
3 7R (% nR4) (2R)
2Tap 4V

Ry
TR 3 R

Tyy =

Remember that the expressions for the maximum normal stress (o) and the maximum
shear stress (zxy) given in Egs. (4.10) and (4.11) for the top element and the expression
for the maximum shear stress (tyy) for the left element are based on a crank arm that has
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a solid circular cross section. If other cross sections are of interest, then these expressions

should be modified accordingly.

Also notice that the second term in the third line of Eq. (4.13) is four-thirds the direct
shear stress, which is the shear force (V') divided by the cross-sectional area (A).

U.S. Customary

SI/Metric

ExampleS. Determine the maximum stresses
on the top element of a solid circular crank arm,
like the one shown in Fig. 4.16, subjected to a
downward applied force (P), where

P =5001b
Lap =2ft=241in
Lgc =1ft=121in
R =10in
solution
Step 1. Using Eq. (4.6), calculate the bending
moment (My).

My = P x Lap = (5001b) (24.01in)
= 12,000in - Ib
Step 2. Using Eq. (4.5), calculate the torque
(Ta).
Tap = P x Lgc = (5001b) (12.01in)
= 6,000in - 1b
Step 3. Substitute the bending moment (M,4)

and the radius (R) in Eq. (4.10) to give the
normal stress (0yy).
4M 4 4(12,000in - Ib)
T T IR T T 2 (1.0i)3
48,000in - 1b
3.14in3

15,279 1b/in®
15.3 kpsi

Step 4. Substitute the torque (T4p) and the
radius (R) in Eq. (4.11) to give the shear stress
(Tay)-

2Tap  2(6,000in - 1b)

Tyy =

7R3>~ 7w (1.0in)3
~12,000in - Ib
3.14in2

= 3,820 1b/in?
= 3.8 kpsi

ExampleS. Determine the maximum stresses
on the top element of a solid circular crank arm,
like the one shown in Fig. 4.16, subjected to a
downward applied force (P), where

P =2250N
LAB =0.8m
Lpc =04m

R =25cm=0.025m

solution
Step 1. Using Eq. (4.6), calculate the bending
moment (My).
Mj = P x Lap = (2,250N) (0.80m)
= 1,800N - m

Step 2. Using Eq. (4.5), calculate the torque
(Ta)-

Tag = P x Lpc = (2,250N) (0.40 m)
= 900N - m
Step 3. Substitute the bending moment (M 4)

and the radius (R) in Eq. (4.10) to give the
normal stress (oyy).

4M,  4(1,800N -m)

7R 7 (0.025m)3
7,200N - m

= 0.0000491 m3

146,680,000 N/m>

= 146.7MPa

Oxx =

Step 4. Substitute the torque (T4p) and the
radius (R) in Eq. (4.11) to give the shear stress
(Tay).
2Tap 2 (900N - m)
T R T 7 (0.025m)’
1,800N - m
= 0.0000491 m?

= 36,670,000 N/m?
= 36.7MPa
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U.S. Customary

SI/Metric

Step 5. Display the answers for the normal
stress (oyy) found in step 3 and the shear stress
(txy) found in step 4, in kpsi, on the fop stress
element of Fig. 4.18.

0
38— |
15.3 15.3
I
3.8
0

Again, this stress element diagram will be a
starting point for the discussions in Chap. 5.

Example 6. Determine the maximum stresses
on the left element of a solid circular crank arm,
using Fig. 4.16 and the given information from
Example 5, where

P = 5001b
Lagp =2ft=241n
Lgc =1ft=121in
R=10in
solution
Step 1. In step 4 of Example 5, the shear stress
(Txy) due to the torque (T4 p) was found to be

Ty = 3,820 Ib/in® = 3.8 kpsi

Step 2. From Eq. (4.7), the shear force (V) is
equal to the applied force (P)

V=P =5001b

Step 3. Substitute the shear force (V') and the
radius (R) in the second term on the third line
of Eq. (4.13) to give
S EL _ 4(5001b)
7T 37R?2 T 37(1.0in)2
2,0001b
= 9.425in?

= 2121b/in® = 0.2 kpsi

Step 5. Display the answers for the normal
stress (oxy) found in step 3 and the shear stress
(Txy) found in step 4, in MPa, on the fop stress
element of Fig. 4.18.

0
367 «—-1
146.7 146.7
36.7
0

Again, this stress element diagram will be a
starting point for the discussions in Chap. 5.

Example 6. Determine the maximum stresses
on the left element of a solid circular crank arm,
using Fig. 4.16 and the given information from
Example 5, where

P =2250N
LAB =0.8m
LBC =04m

R =25cm=0.025m

solution
Step 1. In step 4 of Example 5, the shear stress
(Txy) due to the torque (T4 g) was found to be

Tyy = 36,670,000 N/m* = 36.7 MPa

Step 2. From Eq. (4.7), the shear force (V) is
equal to the applied force (P)

V=P=2250N

Step 3. Substitute the shear force (V') and the
radius (R) in the second term of the third line
of Eq. (4.13) to give
4V 4(2,250N)
Txyy = 3 ) = 20 NS N2
3 7R 37(0.025m)
_ 9,000N
~ 0.00589 m?

= 1,528,000 N/m? = 1.5MPa
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U.S. Customary

SI/Metric

Step 4. Combine the shear stress due to the
torque (T4p) from step 1 and the shear stress
due to bending from step 3 using the expression
in Eq. (4.13) to give

2Map 4V

7R3 37R?

= 3.8kpsi + 0.2kpsi = 4.0 kpsi

Txy =

Step 5. Display the answer for the maximum
shear stress (7 ) found in step 4, in kpsi, on the
left stress element in Fig. 4.19.

0

40—+

~ 4.0

0

As with the previous examples, this stress
element diagram will be a starting point for the
discussions in Chap. 5.

Step 4. Combine the shear stress due to the
torque (T4p) from step 1 and the shear stress
due to bending from step 3 using the expression
in Eq. (4.13) to give

2Map 4V

7R3 3 nR?

= 36.7MPa + 1.5 MPa = 38.2MPa

Ty =

Step 5. Display the answer for the maximum
shear stress (7,) found in step 4, in kpsi, on the
left stress element in Fig. 4.19.

0

382 «— 1

"~ 38.2

0

As with the previous examples, this stress
element diagram will be a starting point for the
discussions in Chap. 5.

4.6 AXIAL AND PRESSURE

The fifth combination of loading to be considered as an axial load and a pressure load. This
type of loading is quite common in piping systems where a compressive or tensile preload
is placed on a section of pipe during installation and is in conjunction with the load due to
the internal pressure in the pipe. Pipe dimensions are typically based on internal diameter
with a standard wall thickness for each strength designation. As wall thicknesses of pipes
are small compared to the diameter, pipes can be considered to be thin-walled cylinders.
Figure 4.20 shows a thin-walled pipe with flanges constrained between two fixed supports,
and under an internal pressue (p;). Like in Sec. 4.1.3 where an axial and thermal loading
was discussed, suppose that again the original length of the pipe was shorter than the

pi

B
-- Axis

N

FIGURE 4.20  Axial and pressure loading.
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distance between the supports so that a tensile preload is developed in the pipe when it is
installed. What is of interest is the maximum stress that the pipe will be subjected to by the
combination of the improper installation and the operational pressure.

As areview, the axial stress due to the lengthening of the pipe during installation is given
by Eq. (4.14), which is an application of Hooke’s law,

AL L; —L
Oaxial = E€axial = E (T) =E (%) (414)
o

where (E) is the modulus of elasticity of the pipe.
The internal pressure (p;) produces two normal stresses in the wall of the pipe, an axial
stress (Oaxial) and a hoop stress (ohoop) given in Egs. (4.15) and (4.16).

axial = L ;Z’" (4.15)
Ohoop = L (4.16)

t

where (r;,) is the mean radius (which can be assumed to be the inside radius) and (¢) is the
wall thickness of the pipe. Notice that the hoop stress is twice the axial stress.

Stress Elements. The general stress element shown in Fig. 4.2 becomes the biaxial stress
element shown in Fig. 4.21, where the normal stress (ox,) is a combination of the axial
stress due to improper installation given by Eq. (4.14) and the axial stress due to internal
pressure given by Eq. (4.15), the normal stress (oyy) is the hoop stress given by Eq. (4.16),
and the shear stress (7yy) is zero.

bif
I Oyy T W=
Txy
» . 0
A
ol AL\ Pifm
O T P BT Tar
- e L > S +
O-XX
Txy ¥
« = 0
Ty l
G,Vy v ny

FIGURE 4.21 Stress element for axial and pressure loads.

Let us look at an example to see how these stresses combine quantitatively.
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U.S. Customary

SI/Metric

Example 7. Determine the maximum biaxial
stresses (0xy) and (o) due to a combination of
axial and pressure loads like those for the piping
installation in Fig. 4.20, where

L, = 12 ft (1/16 of an inch too short)
Linstaied = 12.00521 ft
E =30 x 10° Ib/in? (steel)

pi = 200 psi
rm = 1.5in
t =03in
solution

Step 1. Calculate the axial strain (&axia) due
to improper installation using Eq. (4.14) as

ﬂ _ Linstalled — Lo

L L,
(12.00521 ft) — (12 o)

- (121

= M = 0.000434

12 ft

Step 2. Calculate the axial stress (oaxial)
because of improper installation, again using
Eq. (4.14) as

Eaxial =

Oaxial = Egaxial
= (30 x 10°Ib/in%) (0.000434)
13,021 Ib/in® = 13.0kpsi

Step 3. Calculate the axial stress (oaxja) due
to the internal pressure from Eq. (4.15) as
PiTm
2t
_ (2001b/in?)(1.5n)
- 2(0.3in)
300 1b/in
~ 06in

= 5001b/in> = 0.5 kpsi

Oaxial =

Step 4. Calculate the hoop stress (ohoop) due
to the internal pressure from Eq. (4.16) as

t
(200 1b/in?)(1.5 in)

(0.3in)

300 Ib/in

0.3in
= 1,0001b/in* = 1.0kpsi

Ohoop =

Example 7. Determine the maximum biaxial
stresses (0xx) and (oyy) due to a combination of
axial and pressure loads like those for the piping
installation in Fig. 4.20, where

L,=4m

Linstalied = 1.0016 m

E =207 x 10° N/m? (steel)

pi = 1.4 MPa = 1,400,000 N/m?

rm =4cm=0.04m

t = 0.8 cm = 0.008 m

solution
Step 1. Calculate the axial strain (€xia) due
to improper installation using Eq. (4.14) as

ﬂ _ Linstalled — Lo
L L,
(4.0016 m) — (4 m)
B (@m)
0.0016 m
T T 4m

Step 2. Calculate the axial stress (oaxia) due
to improper installation, again using Eq. (4.14)
as

Eaxial =

= 0.0004

Oaxial = Egaxial
= (207 x 10° N/m?) (0.0004)
= 82,800,000 N/m? = 82.8 MPa

Step 3. Calculate the axial stress (oaxia) due
to the internal pressure from Eq. (4.15) as
PiTm
2t
(1,400,000 N/m?)(0.04 m)
- 2(0.008 m)
56,000 N/m
0.016 m

= 3,500,000 N/m? = 3.5 MPa

Oaxial =

Step 4. Calculate the hoop stress (onhoop) due
to the internal pressure from Eq. (4.16) as
PiTm
T
(1,400,000 N/m2)(0.04 m)
- (0.008 m)
56,000 N/m
0.008 m

= 7,000,000 N/m? = 7.0 MPa

Ohoop
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Step 5. Combine the axial stress (0axial) from
step 2 and the axial stress (0gxial) from step 3 to
give the maximum stress (o) as

Oxx = Oaxial 1 Oaxial

(13.0kpsi) + (0.5 kpsi)
13.5kpsi

Step 6. Display the answers for the maximum
stress (oxy) found in step 5, and the hoop stress
found in step 4, in kpsi, on the biaxial stress
element of Fig. 4.21.

410

v1.0

The above diagram will be a starting point for
the discussions in Chap. 5.

Step 5. Combine the axial stress (0axia1) from
step 2 and the axial stress (0yxial) from step 3 to
give the maximum stress (o) as

= Oaxial + Oaxial

(82.8 MPa) + (3.5 MPa)
= 86.3MPa

Oxx

Step 6. Display the answers for the maximum
stress (oy,) found in step 5 and the hoop stress
found in step 4, in MPa, on the biaxial stress
element of Fig. 4.21.

470

86.3

v7.0

The above diagram will be a starting point for
the discussions in Chap. 5.

4.7 TORSION AND PRESSURE

The sixth combination of loadings to be considered is torsion and pressure. This type of
loading could occur when a spur gear is press fitted onto a shaft. The tangential and radial
stresses developed at the interface between the gear and shaft will be coupled with the shear
stress produced by the torque applied to the gear by a mating gear. A press fitted spur gear

and shaft assembly is shown in Fig. 4.22.

Assembly
FIGURE 4.22 Torsion and pressure loading.

Gear

Shaft
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As a review of Sec. 3.2.3 on press or shrink fits, at the interface between the spur
gear and the solid shaft, at the radius (R), the gear increases an amount (8¢) radially
and the inside shaft decreases an amount (§) radially. The difference between the radial
increase (g) of the gear, a positive number, and the radial decrease (85) of the shaft, a
negative number, is called the radial interference (§) at the interface (R) and is given by
Eq. (4.17),

PR (1] + R? PR Rz—f—r2
§=96 §s| = — — 4.17
g+|s| E, (0 R2+ +Ev R2 : Vs ( )

where (Eg) and (E;) are the moduli of elasticities, and (vg) and (vy) are the Poisson ratios
of the spur gear and shaft, respectively.

When the radial interference (§) is determined from a particular fit specification, and
this is discussed in detail in Sec. 3.2.3, then Eq. (4.17) can be solved for the interference
pressure (P). However, if the spur gear and shaft are made of the same material, then the
modulus of elasticity’s and Poisson’s ratio are equal and so Eq. (4.17) can be rearranged to
give an expression for the interface pressure (P) given in Eq. (4.18).

ES - R?) (R* - r?) “.18)
"Tx sz(,g 7?) ‘

If the inner shaft is solid, meaning the inside radius (r;) is zero, then Eq. (4.18) for the

interface pressure (P) simplifies to the expression in Eq. (4.19)

Es

P=35%

(o]

Again, just as a review, consider the following calculation for the interface pressure (P)
based on a given, or previously determined, radial interference (§).

U.S. Customary

SI/Metric

Example 8. Calculate the interface pressure
(P) for a solid shaft and spur gear assembly,
with both parts steel, where

8 = 0.0005 in
R =0.75in
ro =4in

E = 30 x 10° Ib/in? (steel)

solution

Step 1. Substitute the radial interface (§), in-
terface radius (R), outside radius (r,) of the
spur gear, and the modulus of elasticity (E) in
Eq. (4.19) to give

Example 8. Calculate the interface pressure
(P) for a solid shaft and spur gear assembly,
with both parts steel, where

8§ = 0.001cm = 0.00001 m
R=2cm=0.02m
ro =10cm=0.1 m
E =207 x 10° N/m? (steel)

solution

Step 1. Substitute the radial interface (§), in-
terface radius (R), outside radius (r,) of the
spur gear, and the modulus of elasticity (E) in
Eq. (4.19) to give
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U.S. Customary SI/Metric
_E [, (RY _Es | (RY
r= 2R ro p= 2R o
(30 x 10°Ib/in?) (0.0005 in) (207 x 10° N/m?) (0.00001 m)
- 2(0.75in) - 2(0.02m)
0.75in\> 0.02m)>
x| 1— - X |1=—
4in 0.1m
15,000 1b/in 2,070,000 N/m
= = 7 10 =2 (1-0.04
5 (7003 0.04m )
= (10,000 Ib/in?)(0.965) = (51,750,000 N/m?)(0.96)
= 9,650 Ib/in®> = 9.65 kpsi = 49,680,000 N/m? = 49.68 MPa

Location of the Maximum Stress Element. Figure 4.23 shows a press fitted gear (no teeth
shown) and solid shaft assembly with the relative dimensions of the assembly in Example 8.

Stress elements TA/\

Gear

Shaft
FIGURE 4.23 Element for maximum stress.

Two stress elements are identified in Fig. 4.23, and the determination of which one has
the maximum stress state is related to how the individual stresses due to the combination
of loads vary with respect to the radius (r) from the center of the assembly. Also, the two
elements shown are not specific to a particular angular location around the assembly. What
follows is a discussion of how the maximum stress element is chosen.

First, the counterclockwise torque (7') is caused by a mating spur gear not shown. This
torque produces a shear stress (7yy) in the body of the spur gear that is maximum at the
outside radius (r,), usually taken as the radius to the root of the teeth of the gear, and
minimum at the the inside radius of the gear that is, the interface radius (R). (The stresses
on the gear teeth themselves is a topic in itself, not covered in this book.)

The shear stress (zyy) due to the torque (T) is given by Eq. (4.20)

Tr
— 4.20
7 (4.20)

where the polar moment of inertia (J) for the gear is given by Eq. (4.21) as

Tyy =

J= %rr (r;‘ - k) @.21)
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At the outside radius (r,) of the gear, the shear stress (zyy) is maximum and from
Eq. (4.20) and the polar moment of inertia (/) in Eq. (4.21) becomes Eq. (4.22).

. _ & _ Tr, _ 2Tr, @22
T T IR A |

At the inside radius (R) of the gear, the shear stress (zyy) is minimum and from Eq. (4.20)
and the polar moment of inertia (J) in Eq. (4.21) becomes Eq. (4.23).

. _E_ TR _ 2TR 4.23)
mln_J_%Jt(r4—R4)_7T(r§_R4) .

o

Second, the interface pressure (P) between the gear and the shaft, like that determined
in Example 8, causes both a tangential stress (o;) given by Eq. (4.24),

o = PR [1 + (’—”)z] 4.24)

2 2
r;—R r

and a radial stress (o) given by Eq. (4.25).

oy = % [1 - (’7”)2} (4.25)

o

However, tangential and radial stresses are a maximum at the interface radius (R) where
the shear stress due to the torque would be minimum. Recall that in Sec. 3.2.2 it was shown
that the radial stress (o) at the inside radius of a thick-walled cylinder is the negative of the
internal pressure (p;), which here is the interface pressure (P). It was also shown that the
minimum radial stress (o;) was zero at the outside radius (r,).

Therefore, at the radial interface (R), the tangential stress (o;) givenin Eq. (4.24) becomes
a maximum value (o,"%), with the algebraic steps shown in Eq. (4.26),

o PR T <L0)2 i G 7 D R S
! r2 — R2 R r2—R2| R? r2 — R? ’

Eq.(1.90) withr =R find common denominator rearrange and cancel terms

and the radial stress (o) given in Eq. (1.91) becomes a maximum value (o,"%*) equal to the
negative of the interface pressure (P), with the algebraic steps shown in Eq. (4.27).

max pR2 1 (ro)Z pR2 R? — rg pR2 - (ro2 — R2)
O, = — | — — = — - = —
rT 2R R 2-R| R RZ | 2-R? P

o

Eq.(1.91) withr=R find common denominator ~ rearrange and cancel terms

(4.27)

Similarly, at the outside radius (r,), the tangential stress (o;) given in Eq. (4.24) becomes
a minimum value (o;™"), with the algebraic steps shown in Eq. (4.28),

2 2 2 2
min __ PR Yo . PR _ 2pR
o, = rg -y |:1 + (;) i| = }’02 -y [1+1] = o (4.28)
—_— ——

o

Eq.(1.90) with r = r, simplify bracket terms rearrange
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and the radial stress (o, ) given in Eq. (4.25) becomes a minimum value (armi“), and as stated
earlier is equal to zero, with the algebraic steps shown in Eq. (4.29).

2 2 2
i PR To PR
oMin— = |1 — (2) |= S—1-1]1=0 4.29
d r3—R2|: <r(,) :| rg—Rz[ ] ( )
N—— e
Eq. (1.91) with r=r, simplify bracket terms

Stress Elements. The general stress element shown in Fig. 4.2 becomes the stress element
shown in Fig. 4.24, where the normal stress (o) is the tangential stress (o;) given by
Eq. (4.24) due to the interface pressure (P), the normal stress (oyy) is zero, and the shear
stress (Tyy) is the shear stress due to the torque (T) given by Eq. (4.20).

A0y, 0
Txy Ty
> I
h Txy Xy 4
Oxx Oxx Oxx = Ot
«— —+ > > — —+ —
Oxx
Ty r Ty = —
Txy Txy
¥ Oy 0

FIGURE 4.24  Stress element for torsion and pressure.

The stress element in Fig. 4.25 is somewhat misleading in that it is not oriented according
to the arrangement of the elements in Fig. 4.23. Also, the radial stress (o) cannot be shown
in this diagram. A better diagram is given in Fig. 4.26, where both the edge and plan views
are provided, aligned along the axis of the assembly.

Ty
5 Txy 4 =
2
__PbR r. _
_o & I’f—RZ'[l:(-_ﬁ--l]—-- 0 + 0 Axis
Tr Tr
Txy= J_ — r Txy = _J
Ty
ot v Ot
Edge view Plan view

FIGURE 4.25 Edge and plan views of stress element.

For the stress element at the outside radius (r,), Fig. 4.25 becomes Fig. 4.26.
For the stress element at the radial interface (R), Fig. 4.25 becomes Fig. 4.27.
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: 2pR2 "
o= 27 o
rs-R
Tmax 4
A
min .
- 0 o "=0 0 + 0 Axis
2Tr,
Tmax = —_— 4
ﬁ(rg - R4) > Tmax

O.[min O_tmin

Edge view Plan view
FIGURE 4.26 Stress element at the outside radius.
2 2
omax = p| o R Ao
rf -R?
Tmin
A
oM =-p 0 + 0 Axis
2TR, I
ﬂ(l’g - R4) Tmin
max
v O

Edge view Plan view

FIGURE 4.27 Stress element at the radial interface.

The following quantitative calculations will provide the information needed to decide
which of the two stress elements shown in Figs. 4.26 and 4.27 have the maximum stresses.
Example 9 will look at the stresses on the element in Fig. 4.26, and Example 10 will look

at the stresses on the element in Fig. 4.27.

U.S. Customary

SI/Metric

Example 9. Determine the stresses on the el-
ement in Fig. 4.26 using the dimensions of the
spur gear and shaft assembly in Example 8, the
interface pressure (P) found, and a torque ap-
plied to the gear at the outside radius equal to

T = 6,000 ft - Ib = 72,000 in - Ib
R =0.75in

ro = 41in

p = 9,650 Ib/in?

Example 9. Determine the stresses on the el-
ement in Fig. 4.26 using the dimensions of the
spur gear and shaft assembly in Example 8, the
interface pressure p found, and a torque applied
to the gear at the outside radius equal to

T =9,000N-m
R=2cm=0.02m
ro =10cm=0.1 m
p = 48,680,000 N/m?
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solution
Step 1. Calculate the maximum shear stress
using Eq. (4.22).
2Tr,
Tmax = m
2(72,0001b - in) (4.0in)
T (@it — (0754
576,000 1b - in’
=T 803ind
= 717 Ib/in? = 0.72kpsi

Step 2. Calculate the minimum tangential
stress using Eq. (4.28).
min 2PR2
tT 2 R?
2 (9,650 1b/in?) (0.75 in)?
(4in)2 — (0.75in)?
_10,8561b
T 15.4375in?
= 703 Ib/in®> = 0.7 kpsi

Step 3. From Eq. (4.29), the minimum radial
stress is zero.

omin — O kpsi

Step 4. Display the stresses found in steps 1,
2, and 3, in kpsi, on the edge view of the stress
element shown in Fig. 4.26.

0.70

0.70

Edge view

solution
Step 1. Calculate the maximum shear stress
using Eq. (4.22).
_ 2Tr,
2(9,000N - m) (0.1 m)
7 ((0.1m)* — (0.02m)*)
1,800N - m?
= 0.000314m*
5,740,000 N/m* = 5.74 MPa

Step 2. Calculate the minimum tangential
stress using Eq. (4.28).
min 2PR2
tT 2 R?
2 (48,680,000 N/m?) (0.02 m)?
(0.1m)2 — (0.02m)?
_ 38,944N
~0.0096 m2
= 4,057,000 N/m? = 4.06 MPa

Step 3. From Eq. (4.29), the minimum radial
stress is zero.

oMt — ) MPa

Step 4. Display the stresses found in steps 1,
2, and 3, in MPa, on the edge view of the stress
element shown in Fig. 4.26.

4.06

4.06

Edge view
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Step 5. Display the stresses found in steps 1,
2, and 3, in kpsi, on the plan view of the stress
element shown in Fig. 4.26.

40.70

0.72 4

4
I > 0.72

¥0.70

Plan view

Example 10. Determine the stresses on the
element in Fig. 4.27 using the dimensions of
the spur gear and shaft assembly in Example 8,
the interface pressure (P) found, and a torque
applied to the gear at the outside radius equal
to

T = 6,000 ft - 1b = 72,000 in - Ib

R =0.75in

ro =4in

p = 9,650 Ib/in?
solution
Step 1. Calculate the minimum shear stress us-
ing Eq. (4.23).

2TR

7 (r} — RY)
2(72,000in - 1b) (0.75in)

7 ((4in)* — (0.75in)*)
108,0001b - in

803 in*

134.51b/in> = 0.13 kpsi

Tmin =

Step 5. Display the stresses found in steps 1,
2, and 3, in MPa, on the plan view of the stress
element shown in Fig. 4.26.

4 4.06

4
- | > 5.74

v 4.06

Plan view

Example 10. Determine the stresses on the
element in Fig. 4.27 using the dimensions of
the spur gear and shaft assembly in Example 8,
the interface pressure (P) found, and a torque
applied to the gear at the outside radius equal
to

T =9,000N-m

R=2cm=0.02m

ro =10cm=0.1 m

p = 48,680,000 N/m?

solution
Step 1. Calculate the maximum shear stress
using Eq. (4.23).
2R
2(9,000N - m) (0.02m)
T 7(0.1m)* — (0.02 m)*)
360N - m?
= 0.000314m*
= 1,146,500 N/m? = 1.15MPa
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Step 2. Calculate the maximum tangential
stress using Eq. (4.26).

O_mi\X — rg + Rz
! r2 — R?

= (9,650 1b/in%)

[ (4in)? + (0.75in)?

| (4in)2 — (0.75in)?
,6501b/in?)
[ (16 4 0.5625) in?
| (16 — 0.5625) in?
= (9,650 1b/in?)

[(16.5625) in?
| (15.4375) in2
(9,650 1b/in%)[1.073]
= 10,353 1b/in?> = 10.35 kpsi

X

\O

=(

X

X

Step 3. From Eq. (4.27) the maximum radial
stress is

max — = —9,6501b/in’
—9.65 kpsi

Q
I

Step 4. Display the stresses found in steps 1,
2, and 3, in kpsi, on the edge view of the stress
element shown in Fig. 4.27.

10.35

9.65 9.65

0.13

10.35

Edge view

Step 2. Calculate the maximum tangential
stress using Eq. (4.26).

O_max — p r(% + Rz
! r2 — R?
= (48,680,000 N/m?)

[(0.1m)? + (0.02 m)? ]
| (0.1m)2 — (0.02 m)?

= (48,680,000 N/m?)

[(0.01 + 0.0004) m*
| (0.01 — 0.0004) m?

= (48,680,000 N/m?)

[(0.0104) m? ]
| (0.0096) m2

= (48,680,000 N/m?>)[1.083]
= 52,737,000 N/m? = 52.74 MPa

X

X

X

Step 3. From Eq. (4.27) the maximum radial
stress is

oM = _p = —48,680,000 N/m>
—48.68 MPa

Step 4. Display the stresses found in steps 1,
2, and 3, in MPa, on the edge view of the stress
element shown in Fig. 4.27.

52.74

48.68 48.68

1.15

52.74

Edge view
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Step 5. Display the stresses found in steps 1, Step 5. Display the stresses found in steps 1,
2, and 3, in kpsi, on the plan view of the stress 2, and 3, in MPa, on the plan view of the stress
element shown in Fig. 4.27. element shown in Fig. 4.27.
410.35 A52.74
0.13 4 1.15 4
r r
0 0 0 0
4 4
l © 0.13 l ~1.15
10.35 52.74
Plan view Plan view

From the magnitudes of the stresses calculated in Examples 9 and 10, the stress element
at the interface radius (R) has the maximum stresses. Note that the stress element at the
interface radius is not a plane stress element due to the presence of the radial stress acting
perpendicular to the top and the bottom surfaces. More will be said about this kind of stress
element in the next chapter.

Also notice that even though a negative value was obtained for the radial stress, the
negative sign is accounted for in the direction shown on the stress element.

Consider one last combination of loadings from Tables 4.1 and 4.2, bending and pressure.

4.8 BENDING AND PRESSURE

The seventh and last combination of loadings to be considered is bending and pressure.
This type of loading occurs when a large pressurized tank is supported near its ends like the
cylindrical tank, with hemispherical endcaps, shown in Fig. 4.28.

( D Pressurized tank )

7 7
| |
! L 1

FIGURE 4.28 Bending and pressure loading.

Pressurized tanks are usually thin-walled vessels, as the wall thickness is much smaller
than the diameter (D). Therefore, the internal pressure (p;) produces an axial stress (Oaxial)
longitudinally along the tank and given by Eq. (4.30),

PiTm

> (4.30)

Oaxial =
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and a hoop stress (onoop) circumferentially around the tank and given by Eq. (4.31),

DiTm

Ohoop = = 2 Ouxial 431
which is twice the axial stress, and where (r,) is the mean radius and (¢) is the wall thickness
of the tank. The mean radius (r;;) can be taken to be the inside radius of the tank without
any loss of accuracy.

The tank in Fig. 4.28 can be modeled as the simply-supported beam with a constant
distributed load (w) and a length (L) shown in Fig. 4.29. As will be presented in Chap. 2 on
beams, this beam configuration and loading produces a bending moment (M) distribution
that is maximum at its midpoint and zero at the supports, and a shear force (V) distribution
that is zero at the midpoint but a maximum at the supports.

FIGURE 4.29  Simply-supported beam with constant distributed load.

The bending moment (M) will produce a bending stress (o) given by Eq. (4.32),

My
Oyy = —— 4.32)
1
and the shear force (V') will produce a shear stress (zyy) given by Eq. (4.33),
Vo
= = 4.33
W= Ty (4.33)
where (b) is the thickness (¢) and the moment of inertia (/) is given by Eq. (4.34).
I=nrt (4.34)

Location of the Maximum Stress Elements. Figure 4.30 shows the cross section of the
pressurized tank in Fig. 4.28 with two special stress elements identified, one at the top and
one at the bottom.

=

Stress elements Wall

N\

End view

FIGURE 4.30 Elements for maximum stress.

The elements in Fig. 4.30 are for maximum bending stress (omax) that occurs where the
bending moment (M) is maximum, which as stated earlier is at the midpoint between the
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supports of the tank. For the simply-supported beam with a constant distributed load (w)
in Fig. 4.29, the idealized model for the pressurized tank, the maximum bending moment
(Mmax) 1s given by Eq. (4.35).

Lo
Minas = < L (4.35)

For other beam configurations and loadings, the maximum bending moment and maxi-
mum shear force, and their locations along the beam, will be different. A complete discussion
of the most common beam configurations and loadings is presented in Chap. 2. Just to be
complete here, the maximum shear force (Vnax) occurs at the supports and is given in Eq.
(4.36).

1
Vinax = 5 WL (4.36)

For this beam configuration and loading, the minimum bending moment (M), which
is zero, occurs at the supports, and the minimum shear force (Vin), also zero, occurs at the
midpoint between the supports.

The maximum bending stress (omax) can be found from Eq. (4.32), where for a thin
circular ring the maximum distance (ymax) from the neutral axis is the mean radius (r,,)
and the moment of inertia (/) is given by Eq. (4.34). The expression for maximum bending
stress (omax) 1s developed in Eq. (4.37).

o, _ Mmameax _ Mmaxrm _ Mmax (4 37)
ma 1 Tt Trit ’

where the maximum bending moment (Mp,x) is given by Eq. (4.35).

Stress Element. The general stress element shown in Fig. 4.2 becomes the stress element
shown in Fig. 4.31, where the normal stress (o) is a combination of the axial stress given
by Eq. (4.30) and the bending stress given by Eq. (4.37), the normal stress (o) is the hoop
stress given by Eq. (4.31), and the shear stress (tyy) is zero. Because there is no shear stress,
this is a biaxial stress element.

< 0
v l l
Oy Ohoop

FIGURE 4.31 Stress element for bending and pressure.

The stress element shown in Fig. 4.31 is actually a view looking up at the bottom element
with the axis of the tank horizontal. A better view is the edge view as shown in Fig. 4.32.
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Pi

A 4

«—{ @

Ohoop Outside of tank

Pilm M
Oxx= +—
2t ﬂr?nt
Dir
Ohoop =%

FIGURE 4.32 Edge view of bottom stress element.

The normal stress (o) is shown as just a dot in Fig. 4.32 as it is directed outward and
perpendicular to the edge of the stress element. Also, as the internal pressure (p;) acts on
the inside surface of the element this is not a plane stress element.

U.S. Customary

SI/Metric

Example 11. Determine the stresses on the
bottom element shown in Fig. 4.31 for the pres-
surized tank in Fig. 4.28, modeled by the
simply-supported beam in Fig. 4.29, where

pi = 200 Ib/in® = 0.2 kpsi
D=6ft=72in=2ry,

t =05in

w = 1,800 Ib/ft

L =241t
solution

Step 1. Calculate the axial stress (0axial) due
to the internal pressure (p;) using Eq. (4.30).

Oaxial =

pirm  (2001b/in?) (36 in)
20 205m)

7,2001b/in

© lin

= 7,2001b/in* = 7.2 kpsi

Step 2. Calculate the hoop stress (Ghoop) due
to the internal pressure (p;) using Eq. (4.31),
or use the fact that the hoop stress is twice the
axial stress

Choop = 2 Oaxial
2 (7.2 kpsi)
14.4 kpsi

Step 3. Calculate the maximum bending mo-
ment from Eq. (4.35).

[
Mpax = 3 wL

1
3 (1,800 1b/ft) (24 ft)>

= 129,000 Ib - ft

Example 11. Determine the stresses on the
bottom element shown in Fig. 4.31 for the pres-
surized tank in Fig. 4.28, modeled by the
simply-supported beam in Fig. 4.29, where

pi = 1,400,000 N/m? = 1.4 MPa

D=2m=2r,

t=13cm=0.013m

w = 24,300 N/m

L=8m

solution
Step 1. Calculate the axial stress (0axia) due
to the internal pressure (p;) using Eq. (4.30).

pirm (1,400,000 N/m2) (1 m)
20 2(0.013m)
1,400,000 N/m
= T 0.026m
= 53,846,000 N/m? = 53.8 MPa

Oaxial =

Step 2. Calculate the hoop stress (ohoop) due
to the internal pressure (p;) using Eq. (4.31),
or use the fact that the hoop stress is twice the
axial stress.

Choop = 2 Oaxial
2 (53.8 MPa)
= 107.6 MPa

Step 3. Calculate the maximum bending mo-
ment from Eq. (4.35).

[
Mpax = 3 wL’

1
3 (24,300 N/m)(8 m)?

= 194,400N - m
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Step 4. Using the maximum bending moment
(Mmmax) found in step 3 calculate the maximum
bending stress (omax) from Eq. (4.37).

Mmax

Trit

_(129,0001b - fv) (12in/ft)

T 7 (36in)2(0.5 in)
_1,548,0001b - in

N 2036 in’

760 1b/in> = 0.8 kpsi

Omax =

Step 5. Combine the axial stress (0axia) found
in step 1 with the maximum bending stress
(0max) found in step 4 to give a maximum nor-
mal stress (o).

Oxx = Oaxial T Omax

(7.2kpsi) + (0.8 kpsi)
= 8.0kpsi

Step 6. Display the stresses found in steps 2
and 5, in kpsi, on the stress element shown in
Fig. 4.31.

4144

8.0 8.0

- [0

v14.4

Step 7. Display the stresses found in steps 2
and 5, in kpsi, on the stress element shown in
Fig. 4.32.

Outside of tank

Step 4. Using the maximum bending moment
(Mmax) found in step 3 calculate the maximum
bending stress (omax) from Eq. (4.37).
Mmax
Trit

(194,000N - m)
T T (Am)2(0.013 m)

194,000N - m

0.0408 m3

= 4,750,000 N/m? = 4.8 MPa

Omax =

Step 5. Combine the axial stress (0yxia1) found
in step 1 with the maximum bending stress
(0max) found in step 4 to give a maximum nor-
mal stress (oyy)

Oxx = Oaxial T Omax

(53.8 kpsi) + (4.8 kpsi)
= 58.6kpsi

Step 6. Display the stresses found in steps 2
and 5, in MPa, on the stress element shown in
Fig. 4.31.

4107.6

58.6 58.6

v107.6

Step 7. Display the stresses found in steps 2
and 5, in MPa, on the stress element shown in
Fig. 4.32.

1.4
58.6

107.6 107.6

Outside of tank




CHAPTER 5

PRINCIPAL STRESSES
AND MOHR'’S CIRCLE

5.1 INTRODUCTION

In Chap. 4, seven different combinations of loadings were discussed with each resulting in
a particular stress element based on a general plane stress element, like the one shown in
Fig. 4.2 and repeated here in Fig. 5.1.

The standard notation and sign conventions on both normal (o) and shear () stresses are
shown in Fig. 5.1, where the normal stresses (0xx) and (oyy) are positive directed outward
from the edges of the element. Therefore, the pressure (p;) acting at right angles toward
the plane of the element is a negative stress.

A0y o,
Txy Txy
A Tyx Tyx
Oxx
«— —+ — Oxx
Oyxx Pj
Tyx ¥ .
< —— »
Tyy
Y oy Oy

FIGURE 5.1 Plane stress element.

Each of the four shear stresses (tyy) are shown positive in Fig. 5.1; however, some
references have been shown in the opposite direction. Either is correct.

Some loading combinations, typically those involving pressure, such as the internal pres-
sure (p;) in Fig. 5.1, result in stresses that are not all in a plane. Although not true plane
stress elements, they will be handled easily by the process that follows.

Although it might not have been obvious at the time, all the elements in Chap. 4 were
aligned along the natural directions of the problem. However, the stresses that resulted are
not the absolute maximum stresses the material will be subjected to.

189
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5.2 PRINCIPAL STRESSES

Suppose the element in Fig. 5.1 that is assumed to be aligned along some natural direction
of a machine, such as the center of a shaft, or thick-walled cylinder, or along the axis of
a beam that is modeling the machine, is rotated counterclockwise an angle (6). A new set
of normal and shear stresses will act on the plane stress element. This rotated element is
shown in Fig. 5.2, where the new coordinate axes and stresses are denoted by primes and
labeled (o), (0yy'), and (Tyry/).

y y
A ny
Oyy Ty
T XY T,
Xy X X
| > Oy
h Txy
Oxx \ 0
- -+ —» \ X
O-XX O-X'X'
Txy ¥
l Ton’
Ty Xy
Xy’ Oy
Y o,
yy

FIGURE 5.2 Rotated plane stress element.

If the all the stresses in Fig. 5.2 are multiplied by the appropriate area over which each
acts, a set of forces acting on the rotated and unrotated elements will result. Furthermore,
if equilibrium is to be satisfied for both the rotated and unrotated elements, then a set of
relationships can be established between the rotated and unrotated stresses. Leaving out the
development with its bzillion algebra and trig steps, these relationships between the rotated
and unrotated stresses are given in the following three equations:

+ — oy .
Oyiy) = Tox > %y + Txx > Y cos 260 + Txy Sin 26 G.D
Oxx +0 Oxy — O
Oyy = XX 3 o Y 0520 — Tyy Sin 26 (5.2)
Oxx — Oyy
Tyy = —% sin 260 + 7,y cos 20 (5.3)

Consider the following manufacturing process to see how these relationships provide
important design information.

One of the ways thin-walled cylindrical pressure vessels are manufactured is by passing
steel plate through a set of compression rollers creating a circular piece of steel that can
then be welded along the resulting seams. Such a vessel is shown in Fig. 5.3.

Weld seams

/
7/7/8)
4 \/\Weld angle 7

FIGURE 5.3 Welded cylindrical pressure vessel.
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The angle (9) in Fig. 5.3 is the weld angle and it is the stresses relative to this angle
that are most important to the design engineer. However, it is the stresses relative to the
natural axis of the cylinder that are found first, using the equations presented in Sec. 3.1.1.
Then Egs. (5.1) to (5.3) are used to find the stresses along the direction defined by the
angle (0).

For the thin-walled cylindrical pressure vessel shown in Fig. 5.4,

Front view Side view

FIGURE 5.4 Cylindrical pressure vessel.

which was first presented in Sec. 3.1.1, the axial stress (oaxia1) in the wall of the cylinder is
given by Eq. (5.4),

Pitm
axial = 54
Oaxial 2 (5.4)
and the hoop stress (ohoop) in the wall of the cylinder is given by Eq. (5.5),
pir’
Ohoop = —— (5.5)

t

where p; = internal gage pressure (meaning above atmospheric pressure)
r,» = mean radius (can be assumed to be inside radius of cylinder)
t = wall thickness

Notice that the hoop stress (choop) is twice the axial stress (0axial). Also notice that the
stress element in Fig. 5.4 is a biaxial stress element, meaning there is no shear stress on the
element. However, remember that the pressure (p;) acts on the inside of the stress element,
S0 it is not a true plane stress element, but this is alright for the analysis.

U.S. Customary SI/Metric
Example 1. Determine the stresses on an Example 1. Determine the stresses on an
element of the cylinder oriented along the welds element of the cylinder oriented along the welds
of the cylindrical tank shown in Fig. 5.3, where of the cylindrical tank shown in Fig. 5.3, where
6 = 60 degrees 0 = 60 degrees
pi = 100 1b/in? = 0.1 kpsi pi = 700,000 N/m? = 0.7 MPa
D =4ft=48in=2r, D=14m=2r,
t =0.25in t = 0.65 cm = 0.0065 m
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solution
Step 1. Calculate the axial stress (0yxia1) due
to the internal pressure (p;) using Eq. (5.4).

pirm _ (100 Ib/in?) (24 in)
2t 2(0.25 in)

Oaxial

2,400 Ib/in
0.5 in

= 4,800 Ib/in> = 4.8 kpsi

Step 2. Calculate the hoop stress (ohoop) due
to the internal pressure (p;) using Eq. (5.5), or
use the fact that the hoop stress is twice the axial
stress.

Ohoop = 2 Oaxial
= 2 (4.8 kpsi)
= 9.6 kpsi
Step 3. Display the answers for the axial stress

(0axial) found in step 1 and the hoop stress
(Ohoop) found in step 2, in kpsi, on the element

of Fig. 5.4.
I 9.6
0

l 0
9.6

Step 4. Using Eq. (5.1), calculate the rotated
stress (oy/,/) where from step 3 the unrotated
stresses are

Oxx = Oaxial = 4.8 kpSi

Oyy = Ohoop = 9.6 kpsi

Ty =0

solution
Step 1. Calculate the axial stress (0yxia1) due
to the internal pressure (p;) using Eq. (5.4).

pirm _ (700,000N/m?) (0.7 m)
2t 2 (0.0065 m)

490,000 N/m
0.013m

Oaxial =

= 37,700,000 N/m* = 37.7 MPa

Step 2. Calculate the hoop stress (ohoop) due
to the internal pressure (p;) using Eq. (5.5), or
use the fact that the hoop stress is twice the axial
stress.

Ohoop = 2 Oaxial
= 2(37.7MPa)

= 75.4MPa

Step 3. Display the answers for the axial stress
(0axial) found in step 1 and the hoop stress
(0hoop) found in step 2, in kpsi, on the element

of Fig. 5.4.
T 75.4
0

37.7 37.7

l (0]
75.4

Step 4. Using Eq. (5.1), calculate the rotated
stress (oy/,/) where from step 3 the unrotated
stresses are

Oxx = Oaxial = 37.7 MPa
Oyy = Ohoop = 75.4 MPa

Ty =0
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Oyry! = Tox Oy | Txx Ty cos 20
2 2
+Tyy Sin 20
(4.849.6) kpsi
2
4.8 —9.6) kpsi
n ( ) kpsi
2
+(0 kpsi) sin2(60°)
(14.4 kpsi)
2
(—4.8 kpsi)
+ 2
+(0 kpsi) sin (120°)

(7.2 kpsi)

+(—2.4 kpsi) (—0.5)
=+(0 kpsi)

= (724 1.2+0) kpsi
= 8.4 kpsi

c0s 2(60°)

cos (120°)

Step 5. Similarly, using Eq. (5.2), calculate the
rotated stress (0yr,/) from the unrotated stresses
given in step 4.

oyy = Oxx + Oy _ Tz~ Oy cos 26
’ 2 2
— Tyy Sin26
(4.8 49.6) kpsi
O'y/)./ = f
4.8 —9.6) kpsi
_ % c0s 2(60°)
— (0 kpsi) sin2(60°)
_ (14.4 kpsi)
B 2
—4.8 kpsi
_ A8 kRS (1207
2
— (0 kpsi) sin (120°)
= (7.2 kpsi)
— (—2.4 kpsi) (—0.5)
— (0 kpsi)

= (7.2 - 1.2 —-0) kpsi
= 6.0 kpsi

Ox/x’

_ Txx F oy + Txx Z OV 6526
2 2
+Tyy Sin 20
(37.7 + 75.4) MPa
2
(37.7 —75.4) MPa
+
2
+(0MPa) sin2(60°)
_ (113.1MPa)
B 2
—37.7MP
" ( a)
2
+(0MPa) sin (120°)

(56.55 MPa)
+(—18.85MPa) (—0.5)
+(0MPa)

= (56.55 +9.43 + 0) MPa
= 66.0MPa

c0s 2(60°)

cos (120%)

Step 5. Similarly, using Eq. (5.2), calculate the
rotated stress (0yr,/) from the unrotated stresses
given in step 4.

O’y/y/

oy

1

= Oxx + Oy _Tx "% cos 26
2 2
— Tyy sin26
(37.7 + 75.4) MPa
2
(37.7 — 75.4) MPa
e
— (0MPa) sin2(60°)
(113.1 MPa)
2
(—37.7MPa)
B 2
— (0MPa) sin (120°)

= (56.55 MPa)
— (~18.85MPa) (~0.5)
— (0MPa)
= (56.55 — 9.43 — 0) MPa
= 47.1MPa

c0s 2(60°)

cos (120%)
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Step 6. Similarly, using Eq. (5.3), calculate the
rotated stress (7,/y/) from the unrotated stresses
given in step 4.

Oxx — Oyy .
Ty = ———— 2 §in20 + 7, cos 20
X'y 2 y

4.8 — 9.6) kpsi
= 7% 5in2(60°)
—+(0 kpsi) cos2(60°)

—4.8 kpsi
- —% sin (120°)

+(0 kpsi) cos (120°)

—(—2.4 kpsi) (0.866) + (0 kpsi)
(2.08 4 0) kpsi

= 2.1 kpsi

Step 7. Display the rotated stresses found in
steps 4, 5, and 6, in kpsi, on the rotated element
of Fig. 5.2.

2.1 8.4

6.0
60°

6.0
8.4 2.1

Step 6. Similarly, using Eq. (5.3), calculate the
rotated stress (7,/,/) from the unrotated stresses
given in step 4.
Oyy — O
Ty = W 5 2 §in 26 + T4y cos 20

37.7 — 75.4) MP:
= f% $in 2(60°)
— (O0MPa) cos2(60°)
(—37.7MPa)
2

— (0MPa) cos (120°)
= —(—18.85MPa) (0.866) — (0 MPa)
(16.32 — 0) MPa
= 16.3MPa

sin (120°)

Step 7. Display the rotated stresses found in
steps 4 to 6, in MPa, on the rotated element of
Fig. 5.2.

16.3 66.0

471
60°

471
66.0

As a check on the calculations involved in applying Egs. (5.1) to (5.3), like that in
Example 1, the following relationship given by Eq. (5.6) must always be satisfied between
two sets of stresses at different rotation angles ().

Ox/x' + Oyy' = Oxx —+ Uyy (56)

U.S. Customary

SI/Metric

Example 2. Verify that the values for the un-
rotated and rotated normal stresses of Example
1 satisfy Eq. (5.6), where
Ox/x’ + Oyly! = Oxx + Oyy
(8.4 + 6.0)kpsi = (4.8 + 9.6) kpsi
14.4 kpsi = 14.4 kpsi

Clearly the stresses check.

Example 2. Verify that the values for the un-
rotated and rotated normal stresses of Example
1 satisfy Eq. (5.6), where
Oy/x’ + Oyry = Oxx + Oyy
(66.0 4 47.1) MPa = (37.7 + 75.4) MPa
113.1 MPa = 113.1 MPa

Clearly the stresses check.




PRINCIPAL STRESSES AND MOHR’S CIRCLE 195

The rotated stresses found in Example 1, and verified in Example 2, can now be used to
design the weld joint itself. The rotated stress (oy/y) provides the normal stress requirement
along the weld, the rotated stress (oyy) provides the normal stress requirement perpendicular
to the weld, and the rotated stress (zyy’) provides the shear stress requirement for the weld.
Design of welds is not covered in this book, however Marks’ Standard Handbook for
Mechanical Engineers, as well as the Standard Handbook of Machine Design, are excellent
references for the required analysis.

Maximum Stress Elements. If only a set of rotated stresses are needed from a known set
of unrotated stresses for a specified angle (6), like in Example 1, then Egs. (5.1) to (5.3) are
sufficient to provide this information and this section would be complete. However, what
the machine designer really wants to know is what are the maximum stresses acting on the
element, and it is expected that these maximum stresses will not occur at an angle (6) equal
to zero. Again, the angle (9) represents rotation from a direction natural to the machine
element under investigation. In Example 1 it was the axis of the pressurized tank. For a
beam in bending it typically would be the neutral axis.

To find the maximum stresses, and the special angle of the stress element on which they
act, Egs. (5.1) to (5.3), which are only functions of the angle (6), are differentiated with
respect to the angle (), then these derivatives are set equal to zero to find the special angle,
denoted (¢p), that the unrotated element must be rotated to provide the element with the
maximum values of the stresses. This special angle is then substituted in Egs. (5.1) to (5.3)
to provide the relationships required. Remember, it is assumed that the unrotated stresses,
(0xx), (0yy), and (txy) are known.

Leaving out the details of the differentiations, and the bzillion algebra and trig steps, the
maximum normal stress, called the principal stress (1) is given by Eq. (5.7),

2
Oxx + Oyy Oxx — O
o) = “2”+/<”2yq-ug (5.7)
and the minimum normal stress, called the principal stress (o2) is given by Eq. (5.8),
Oxx + Oyy Oxx — Oyy 2 2
0y = 5 2 — 5 =] +15 (5.8)

where the special angle (¢,) for the rotated element on which the principal stresses (o)
and (02) act is given by Eq. (5.9).

tan 2¢pp, = ————— 5.9)

For the rotated element defined by the angle (¢,), the shear stresses are zero.
Without providing the proof, the maximum and minimum shear stresses are on an element
rotated 45 degrees from the angle (¢, ), denoted by (¢5), and given by Eq. (5.10).
Oxx — Oyy

tan 2¢S = —T (510)
xy

Again, without providing the proof, the relationship between the special angle (¢,) for the
principal stresses (o1) and (02) and the special angle (¢5) for the maximum and minimum
shear stresses is given by Eq. (5.11).

s = ¢p £45° 5.1D
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One value of (¢ ) gives the maximum shear stress (Tmax ), and the other value of (¢5) gives
(Tmin)- These two values of (¢;) are 90 degrees apart, like the directions for the principal
stresses, (o1) and (02), which are also 90 degrees apart.

Subsituting one of the values for the angle (¢5) defined by Eq. (5.10) in Eq. (5.3) gives
the maximum shear stress (Tmax), given by Eq. (5.12),

— . 2
Tmax = \/<6’”‘20”) +12, (5.12)

and substituting the other value for the angle (¢5) defined by Eq. (5.10) in Eq. (5.3) gives
the minimum shear stress (tmin), given by Eq. (5.13),

2
Oxx — Oyy
Tmin = _/(—” 5 z ) + 12, = —Tmax (5.13)

which is just the negative of the maximum shear stress (Tmax)-
On the rotated elements associated with the maximum and minimum shear stresses, the
normal stresses will be equal, and also equal to the average stress (oayg) given by Eq. (5.14).

Oxx + Oyy
2

Noting that the first terms in both Eqgs. (5.7) and (5.8) are the average stress (0avg) given
by Eq. (5.14), and that the magnitude of the second terms are the maximum shear stress
(Tmax), Egs. (5.7) and (5.8) for the principal stresses (07) and (02) can be rewritten in the
following forms.

(5.14)

Oavg =

01 = Oavg * Tmax (5.15)
02 = Oavg — Tmax (5.16)

Similar to the relationship in Eq. (5.6), the values found for the principal stresses from
Egs. (5.15) and (5.16) must satisfy the relationship in Eq. (5.17).

01 + 02 = oxx + Oyy (5.17)

Before going to the next topic where the principal stresses (o1) and (02), the maxium
and minimum shear stresses (Tmax) and (Tmin), and the associated angles (¢,,) and (¢s),
will be determined graphically using Mohr’s circle, consider the following examples, which
hopefully will provide an appreciation for the usefulness of the graphical approach called
Mohr’s circle.

U.S. Customary SI/Metric

Example 3. For the normal and shear stresses Example 3. For the normal and shear stresses
on the unrotated stress element of Example 1, on the unrotated stress element of Example 1,
find the principal stresses, maximum and mini- find the principal stresses, maximum and mini-
mum shear stresses, and the special angles (¢),) mum shear stresses, and the special angles (¢ )
and (¢s), and display these values on appropri- and (¢s), and display these values on appropri-
ate rotated plane stress elements, where ate rotated plane stress elements, where

Oxx = Oaxial = 4.8 kpSi Oxx = Oaxial = 37.7 MPa

Oyy = Ohoop = 9.6 kpsi Oyy = Ohoop = 75.4 MPa

Ty =0 Ty =0
displayed on the following element. displayed on the following element.
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496 4754
0——— 0 —
44,8_ 4.8 3477_ 37.7
— 0 L 0
v9.6 v

solution

Step 1. As the unrotated shear stress (t,y) is
zero, the unrotated stress element is actually the
principal stress element, except that the rotation
angle (¢,) is equal to (& 90°), and so

o1 = 0yy = 9.6 kpsi
0y = oy = 4.8 kpsi

Step 2. Obviously, the values for the principal
stresses satisfy Eq. (5.17).

01 + 02 = Oxx + Oyy
(9.4 4+ 4.8) kpsi = (4.8 4+ 9.6) kpsi
14.4 kpsi = 14.4 kpsi

Step 3. Using Eq. (5.11), the rotation angle
(¢ps) for maximum and minimum shear stress
becomes

¢s = ¢p +45°
= £90° £ 45°
= £135°%or £45°

where the values in the first and fourth quadrants
(£45°) are chosen.

Step 4. Using Eq. (5.12), the maximum shear
stress (Tmax) becomes

O 2
Tmax:\/(%> +ery
4.8 —9.6) kpsi\?
[

_ —4.8 kpsi 2
- 2
=/ (2.4 kpsi)> = 2.4 kpsi

solution

Step 1. As the unrotated shear stress (t,y) is
zero, the unrotated stress element is actually the
principal stress element, except that the rotation
angle (¢,) is equal to (= 90°), and so

01 = oyy = 75.4MPa
0y = 0y = 37.7MPa

Step 2. Obviously, the values for the principal
stresses satisfy Eq. (5.17).

01 + 02 = Oxx + Oyy
(75.4 + 37.7) MPa = (37.7 4+ 75.4) MPa
113.1MPa = 113.1 MPa

Step 3. Using Eq. (5.11), the rotation angle
(¢s) for maximum and minimum shear stress
becomes

¢A‘ = ¢p +45°
= £90° £45°
= £135°%or £45°

where the values in the first and fourth quadrants
(£45°) are chosen.

Step 4. Using Eq. (5.12), the maximum shear
stress (Tmax) becomes

2
Oxx — Oyy
Tmax = /(f) +Tfy

_ 2
:\/<37.7 725.4)MPa> o

| (=37.7MPa\?
B 2

=,/ (—18.85MPa)> = 18.85 MPa
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and so the minimum shear stress (Tpi,) from
Eq. (5.13) is

Tmin = —Tmax = —2.4 kpsi

Step 5. Using Eq. (5.14), calculate the average
normal stress (0ayg) as

Oex + 0y (48+9.6) kpsi
Gve = T T 2
14.4 kpsi
- Tps‘ — 7.2 kpsi

Step 6. Display the maximum and minimum
shear stresses found in step 4, the average stress
found in step 5, and the rotation angle (¢y)
chosen in step 3, on a rotated element.

7.2 2.4 7.2
45°
—45°

7.2 24 7.2

Step 7. As a final check on the calculations,
use Eq. (5.15) to find the maximum principal
stress (o7) as

01 = Oavg + Tmax = (7.2 4+ 2.4) kpsi

= 9.6 kpsi

and use Eq. (5.16) to find the minimum principal
stress (07) as

02 = Oavg — Tmax = (72 — 24) kpSi
= 4.8 kpsi

and so the minimum shear stress (Tpi,) from
Eq. (5.13)is

Tmin = —Tmax = —18.85 MPa

Step 5. Using Eq. (5.14), calculate the average
normal stress (0ayg) as

oxx + 0y (37.7+75.4)MPa

Oavg

2 2
113.1 MP.
- % — 56.55MPa

Step 6. Display the maximum and minimum
shear stresses found in step 4, the average stress
found in step 5, and the rotation angle (¢5)
chosen in step 3, on a rotated element.

56.55  18.85 56.55
45°

—45°
56.55 18.85 56.55

Step 7. As a final check on the calculations,
use Eq. (5.15) to find the maximum principal
stress (o) as

0] = Oavg + Tmax = (56.55 + 18.85) MPa
75.4MPa

and use Eq. (5.16) to find the minimum principal
stress (07) as

02 = Oavg — Tmax = (56.55 — 18.85) MPa
37.7MPa

In Chap. 4 on combined loadings, a statement was made at the end of most of the examples
that the stress element shown would be the starting point for discussions in Chap. 5. Consider
one of these elements, one which does not have the unrotated shear stress (zxy) equal to
zero, nor a pressure acting on either side of the element, as was the case for Example 3.
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Example4. For the normal and shear stresses
on the unrotated fop stress element of Example 5
in Sec. 4.4, find the principal stresses, maximum
and minimum shear stresses, and the special an-
gles (¢p) and (¢;), and display these values on
appropriate rotated plane stress elements, where

oxy = 15.3 kpsi
oy =0

Tyy = —3.8 kpsi
displayed in the following element:

0

38— ——

15.3 15.3

solution
Step 1. Calculate the average normal stress
(0avg) from Eq. (5.14) as

oer + 0y (1534 0) kpsi
Gwe = T T 2

= 7.65 kpsi

Step 2. Calculate the maximum shear stress
(Tmax) from Eq. (5.12) as

2
Oxx — Oyy
Tmax = \/<T> +T)?y

153 —0\? )
= (T) + (—3.8)2 kpsi

=4/ (7.65)% + (=3.8)2 kpsi
= /(58.52) + (14.44) kpsi
=/ (72.96) kpsi = 8.54 kpsi

Step 3. Using the average normal stress (0ayg)
found in step 1 and the maximum shear stress
(Tmax) found in step 2, calculate the maximum
principal stress (o7) from Eq. (5.15) as

01 = Oavg + Tmax = (7.65 + 8.54) kpsi
= 16.19 kpsi

Example 4. For the normal and shear stresses
on the unrotated fop stress element of Example 5
in Sec. 4.4, find the principal stresses, maximum
and minimum shear stresses, and the special an-
gles (¢p) and (¢;), and display these values on
appropriate rotated plane stress elements, where

oy = 146.7 MPa
oy =0
—36.7 MPa

Txy

displayed in the following element:

0
367 — 1
146.7 146.7
R
0
solution

Step 1. Calculate the average normal stress
(0avg) from Eq. (5.14) as

Oxx T Oyy (146.7 + 0) MPa
Gavg = 3 — = )

= 73.35MPa

Step 2. Calculate the maximum shear stress
(Tmax) from Eq. (5.12) as

2
Oxx — Oyy
Tmax = \/ (72 + 72,

146.7 — 0\
=/(—5 +(—36.7)2 MPa

=4/ (73.35)% + (=36.7)2 MPa

= /(5,380.2) + (1,346.9) MPa

= 4/ (6,727.1) MPa = 82.02 MPa

Step 3. Using the average normal stress (0ayg)
found in step 1 and the maximum shear stress
(Tmax) found in step 2, calculate the maximum
principal stress (o7) from Eq. (5.15) as

01 = Oavg + Tmax = (73.35 + 82.02) MPa
= 155.37MPa
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and use Eq. (5.16) to calculate the minimum
principal stress (02) as

02 = Oavg — Tmax = (7.65 — 8.54) kpsi
= —0.89 kpsi

Step 4. Before going further, check that the
values for the principal stresses (o) and (02)
satisfy Eq. (5.17).
01 + 02 = Oxx + Oyy
(16.19 — 0.89) kpsi = (15.3 4+ 0) kpsi
15.3 kpsi = 15.3 kpsi

and they do.

Step 5. Using Eq. (5.9), calculate the rotation
angle (¢,,) for maximum and minimum princi-
pal stresses as

tan2¢, = 2ty 2(—3.8 kpsi)
P o —ayy (153 —0) kpsi
—7.6 kpsi
tan2¢, = —— " — _0.497
20 = 15 3 kpsi
2¢, = —26.4°
¢p = —13.2°

Step 6. Without the benefit of the graphical
picture of Mohr’s circle, the only way to tell
which principal stress this value of the rotation
angle (¢,) is associated with, is to substitute
this angle in Eq. (5.1) and see which stress is
determined. Substituting gives

Oy = Oxx +0yy | Tux — Oyy cos 26
2

+ Tyy 5in 20

_ (15.3 + 0) kpsi

N 2

15.3 — 0) kpsi

+% c0s2(~13.2°)
+(—3.8 kpsi) sin2(—13.2°)

= (7.65 kpsi)

+(7.65 kpsi) cos (—26.4°)

+(—3.8 kpsi) sin (—26.4°)
= (7.65 kpsi)

+(7.65 kpsi) (0.896)

+(—3.8 kpsi) (—0.445)

and use Eq. (5.16) to calculate the minimum
principal stress (02) as

02 = Oavg — Tmax = (73.35 — 82.02) MPa
= —8.67MPa
Step 4. Before going further, check that the
values for the principal stresses (o7) and (02)
satisfy Eq. (5.17).
o1+ 0y = 0xx + Oyy
(155.37 — 8.67) MPa = (146.7 4+ 0) MPa
146.7 MPa = 146.7 MPa

and they do.

Step 5. Using Eq. (5.9), calculate the rotation
angle (¢),) for maximum and minimum princi-
pal stresses as

an2¢, — 214y _ 2 (—36.7MPa)
Oxx — Oyy (146.7 — 0) MPa
tan2¢, = w = —0.500
146.7 MPa
2¢, = —26.6°
¢p = —13.3°

Step 6. Without the benefit of the graphical
picture of Mohr’s circle, the only way to tell
which principal stress this value of the rotation
angle (¢,) is associated with is to substitute
this angle in Eq. (5.1) and see which stress is
determined. Substituting gives

Oxx + Oyy Oxx — Oyy

Oyry! = 2 2 — cos 20
+ Tyy sin 260
_ (146.7+ 0) MPa
- 2
146.7 — 0) MP:
+% cos 2(=13.3%)
+(—36.7MPa) sin2(—13.3%)
= (73.35MPa)

+(73.35MPa) cos (—26.6%)

+(—36.7MPa) sin (—26.6°)
= (73.35MPa)

+(73.35 MPa) (0.894)

+(—36.7 MPa) (—0.448)
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(7.65 + 6.85 + 1.69) kpsi
= 16.19 kpsi = o
So the rotation angle found in step 5 is for the

maximum principal stress (o7).

Step 7. Using Eq. (5.11), the rotation angle
(¢5) for the maximum shear stress becomes

by = ¢pp £ 45° = —13.2° +45°
=31.8° or —582°

where for reasons that will be presented in the
discussion on Mohr’s circle, the negative value
(—58.2°) will be chosen.

Step 8. Display the principal stresses (o) and
(02) found in step 3 at the rotation angle (¢))
foundinstep 5, and verified in step 6, in a rotated
element.

0.89
0
—~ 76.8°
16.19
/ v -13.2°
16.19
\
0
0.89

Step 9. Display the maximum and minimum
shear stresses found in step 2, the average stress
found in step 1 at the rotation angle (¢;) chosen
in step 7 in a rotated element.

7.65
7.65
8.54 31.8°
8.54
-58.2°
7.65
7.65

(73.35 + 65.58 + 16.44) MPa
= 155.37MPa

So the rotation angle found in step 5 is for the
maximum principal stress (o7).

Step 7. Using Eq. (5.11), the rotation angle
(¢s) for the maximum shear stress becomes

by = ¢p £ 45° = —13.3° £45°
=31.7° or -—58.3°

where for reasons that will be presented in the
discussion on Mohr’s circle, the negative value
(—58.3°) will be chosen.

Step 8. Display the principal stresses (o) and
(02) found in step 3 at the rotation angle (¢))
foundin step 5, and verified in step 6, in a rotated
element.

8.67

0

— 76.7°
155.37
/ v -13.3°
155.37
\
0
8.67

Step 9. Display the maximum and minimum
shear stresses found in step 2, the average stress
found in step 1 at the rotation angle (¢;) chosen
in step 7 in a rotated element.

73.35
73.35
82.02 31.7°
82.02
—58.3°
73.35

73.35
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As already mentioned, it is very difficult in actual practice to have a combination of
loadings that produce nonzero values of all three stresses (o), (0yy), and (7xy) on a plane
stress element. However, to provide another example using the equations presented in this
section, consider the following rather contrived set of unrotated stresses.

U.S. Customary

SI/Metric

Example 5. For the normal and shear stresses
given below, find the principal stresses (o) and
(07), maximum and minimum shear stresses
(Tmax) and (Tmin), and the special angles (¢))
and (¢s), and display these values in appropri-
ate rotated plane stress elements, where

oxx = 10 kpsi
oyy = —3 kpsi
Tyy = —4 kpsi

displayed in the following element:

3

10 10

solution
Step 1. Calculate the average normal stress
(0avg) from Eq. (5.14) as
oxx +oyy  [10+ (=3)] kpsi
2 2
= 3.5 kpsi

Oavg =

Step 2. Calculate the maximum shear stress
(Tmax) from Eq. (5.12) as

2
Oxx — Oyy
Tmax = \/<2 + r}y

2
() o v
2
=/ (6.5)% 4 (—4)2 kpsi

= /(42.25) + (16) kpsi
= /(58.25) kpsi

= 7.6 kpsi > 7.5 kpsi

Example 5. For the normal and shear stresses
given below, find the principal stresses (o) and
(07), maximum and minimum shear stresses
(Tmax) and (Tmin), and the special angles (¢))
and (¢s), and display these values on appropri-
ate rotated plane stress elements, where

oxy = 75 MPa
oyy = —25 MPa
Ty = —30 MPa

displayed in the following element:

25

25

solution
Step 1. Calculate the average normal stress
(0avg) from Eq. (5.14) as
oxx +oyy  [715+ (=25)]MPa
2 2
= 25MPa

Oavg =

Step 2. Calculate the maximum shear stress
(Tmax) from Eq. (5.12) as

2
Oxx — Oyy 5
Tmax = \/<2 + Ty

2
_ J <L§—25>) T 300 MPa

=1/ (50)% + (=30)2 MPa

=+ (2,500) + (900) MPa

=/ (3,400) MPa

= 58.3 MPa >~ 58 MPa
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and the minimum shear stress (Tpiy) iS

Tmin = —Tmax = —7.5 kpsi
Step 3. Using the average normal stress (Gayg)
found in step 1 and the maximum shear stress
(Tmax) found in step 2, calculate the maximum

principal stress (o7) from Eq. (5.15) as

0] = Oavg + Tmax = (35 + 75) kpSl

11 kpsi

and use Eq. (5.16) to calculate the minimum
principal stress (o2) as

02 = Oavg — Tmax = (3.5 —17.5) kpsi

—4 kpsi

Step 4. Before going further, check that the
values for the principal stresses (o1) and (02)
satisfy Eq. (5.17)

01 + 02 = Oxx + Oyy

[11 4+ (—4)] kpsi

[10 4 (=3)] kpsi
7 kpsi = 7 kpsi
and they do.

Step 5. Using Eq. (5.9), calculate the rotation
angle (¢,) for maximum and minimum princi-
pal stresses as

274y
a2y =
_ 2(—4 kpsi)
" [10 — (=3)] kpsi
—8 kpsi
tan2¢, = 13 kpsi = —0.615
2¢, = —31.6°
¢, = —15.8°

Step 6. Without the benefit of the graphical
picture of Mohr’s circle, the only way to tell
which principal stress this value of the rotation
angle (¢,) is associated with is to substitute
this angle in Eq. (5.1) and see which stress is

and the minimum shear stress (Tpip) 1S
Tmin = —Tmax = —58 kpsi

Step 3. Using the average normal stress (0ayg)
found in step 1 and the maximum shear stress
(Tmax) found in step 2, calculate the maximum
principal stress (o) from Eq. (5.15) as

0] = Oavg + Tmax = (25 + 58) MPa

83 MPa

and use Eq. (5.16) to calculate the minimum
principal stress (07) as

02 = Oavg — Tmax = (25 — 58) MPa

—33MPa

Step 4. Before going further, check that the
values for the principal stresses (o1) and (02)
satisfy Eq. (5.17)

01+ 02 = Oxx +0yy
[83 4+ (—33)]MPa = [75 + (—25)] MPa
50 MPa = 50 MPa

and they do.

Step 5. Using Eq. (5.9), calculate the rotation
angle (¢,) for maximum and minimum princi-
pal stresses as

tan2¢, = UMZE{};T”
_ 2 (=30 MPa)
[75 — (—25)] MPa
tan2¢, = % = —0.600
26, = —31.0°
¢p = —15.5°

Step 6. Without the benefit of the graphical
picture of Mohr’s circle, the only way to tell
which principal stress this value of the rotation
angle (¢,) is associated with is to substitute
this angle in Eq. (5.1) and see which stress is
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U.S. Customary

SI/Metric

determined. Substituting gives

Oyt = Tx ;Oyy + T OV 6520
+ Tyy sin 260
_ [10+ (=3)] kpsi
2
+w cos2(—15.8°)

+(—4 kpsi) sin2(—15.8°)
= (3.5 kpsi) + (6.5 kpsi) cos (—31.6°)
+(—4 kpsi) sin (—31.6°)
= (3.5 kpsi) + (6.5 kpsi) (0.852)
+(—4 kpsi) (—0.524)
(3.54+5.5+2) kpsi

= 11 kpsi = 01
So the rotation angle found in step 5 is for the

maximum principal stress (o7).

Step 7. Using Eq. (5.11), the rotation angle
(¢hs) for the maximum shear stress becomes

by = pp +45° = —15.8° £ 45°
=292° or —60.8°

where for reasons that will be presented in the
discussion on Mobhr’s circle, the negative value
(—60.8°) will be chosen.

Step 8. Display the principal stresses (o) and
(02) found in step 3 at the rotation angle (¢,)
foundinstep 5, and verified in step 6, in a rotated
element.

— 74.2°

/ —15.8°
11

determined. Substituting gives

Oxx + Oyy Oxx —
2 2
+ Txy sin 20
_ [75+4 (=25)]MPa
N 2
75 — (—25)] MP:
+[ (—25)] MPa
2
+(—30MPa) sin2(—15.5°)

o
XY cos 26

Oyly! =

cos2(—15.5°%)

= (25MPa) + (50 MPa) cos (—31.0°)
+(—30MPa) sin(—31.0°)

= (25MPa) + (50 MPa) (0.857)
+(—30MPa) (—0.515)

= (25+ 43+ 15)MPa

= 83MPa

So the rotation angle found in step 5 is for the
maximum principal stress (o7).

Step 7. Using Eq. (5.11), the rotation angle
(¢)s) for the maximum shear stress becomes

s = ¢p £45° = —15.5° £45°
=29.5° or —60.5°

where for reasons that will be presented in the
discussion on Mohr’s circle, the negative value
(—60.5°) will be chosen.

Step 8. Display the principal stresses (o) and
(02) found in step 3 at the rotation angle (¢,)
foundin step 5, and verified in step 6, in a rotated
element.

33

— 74.5°

/ —15.5°
83

33
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U.S. Customary SI/Metric
Step 9. Display the maximum and minimum Step 9. Display the maximum and minimum
shear stresses found in step 2, the average stress shear stresses found in step 2, the average stress
found in step 1 at the rotation angle (¢;) chosen found in step 1 at the rotation angle (¢;) chosen
in step 7 in a rotated element. in step 7 in a rotated element.
3.5 25
3.5 25
7.5 29.2° 58 29.5°
7.5 58
—60.8° —60.5°
3.5 25
3.5 25

While the previous examples show the extent of the calculations needed to transform
unrotated stresses to rotated stresses, particularly to find the principal stresses and maximum
and minimum shear stresses, there exists a graphical approach that can visually provide the
necessary transformations called Mohr’s circle. Unfortunately, Mohr’s circle is presented
in school and in many references in such a complicated manner, typically using only one
very detailed diagram, that too many practicing engineers avoid even the thought of using
Mohr’s circle in an analysis. What follows is a very deliberate step-by-step presentation,
with numerous examples, that is hoped will change this negative view of using Mohr’s circle
to determine extremely important design information.

5.3 MOHR'S CIRCLE

As presented in Sec. 5.1, if the unrotated plane stress element on the left in Fig. 5.5, shown
below, is rotated an angle (0) to give the element on the right in Fig. 5.5, then a set of three
equations can be developed relating the unrotated stresses (oxx), (0yy), and (zyy), which
are usually known, to the rotated stresses (0x/x'), (0yy), and (Tyryr).

’

y y
o,
vy
P
T Yy Tx'y’ o,
xy X'y X
. Oy
A fxy
O-XX 9
Oxx Oy
Txy ¥
Tyy l Wy *
Xy Oy
vy
Oy

FIGURE 5.5 Rotated plane stress element.
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These three transformation equations between the unrotated stresses and the rotated
stresses were presented in Sec. 5.1 as follows:

Oxx + Oyy Oxx — Oyy
Oy = % 5 AT 5 2 c0s20 + 1Tyy5in26 (5.1
Oxx + Oyy Oxx — Oyy
Oy = —= 5 = 5 2 08260 — 1y 5in 26 (52)
[og — Oy
Ty = _% sin20 + 7y, cos26 (53)

Furthermore, it was shown that there is a special angle of rotation (¢,), determined by
the following equation,

21yy

tan2¢, = (5.9

Oxx — Oyy

that if this special angle of rotation is substituted in Egs. (5.1) to (5.3), then a maximum
principal stress (o1 ) and a minimum principal stress (o2 ) would result, given by the following
equations,

01 = Oavg + Tmax (515)
02 = Oavg — Tmax (5.16)

and where the shear stress on the element showing (o7) and (07) would be zero.
The first term on the right-hand side of Egs. (5.15) and (5.16) is the average stress (0ayg)
determined by the following equation,

Oavg = w (5.14)

and the second terms (Tmax) and (Tyin) are determined from the following equations:

— R 2
Tmax = J(%) + T)%y (512)

Tmin = —Tmax (5.13)

To provide a check on these calculations, the following relationship must always be
satisfied between the principal stresses and the unrotated stresses:

01 + 02 = oxx + Oyy (5.17)

It was also shown in Sec. 5.1 that the maximum and minimum shear stresses occur in
an element rotated 45 degrees from the angle (¢),), denoted (¢), and determined from the
following equation:

Oxx — O
tan2¢y = — — ¥ (5.10)
21yy

However, it was also shown that if the angle (¢,) for the principal stresses is already
known, then the angle (¢;) can be found from the relationship:

¢s = ¢p £45° (5.11)

It was stated in Sec. 5.1 without proof that if the angle (¢,) for the maximum principal
stress (07) were known, then the angle (¢;) for the maximum shear stress (Tmax) could be
found from the following equation:

¢s = ¢p —45° (5.18)
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Mohr’s Circle. The proof of Eq. (5.18), and other relationships and design information,
can be discovered using Mohr’s circle. The origin and development of Mohr’s circle is very
interesting and is contained in any number of excellent references. For the purposes of this
book focusing on calculations, the origin and development will be omitted.

One important usefulness of Mohr’s circle is to display the maximum and minimum
principal stresses, the maximum and minimum shear stresses, and the average stress once
they are determined. Such a Mohr’s circle is shown in Fig. 5.6.

Tmin

Tmax

T(26ccw)

FIGURE 5.6 Mohr’s circle.

Notice that the average stress (oavg) locates the center of Mohr’s circle and the maximum
shear stress (Tmax) is the radius (R). The horizontal axis is the normal stress (o) and the
vertical axis is the shear stress (r), where positive (t) is downward so that the rotation
angle (26) on Mohr’s circle is in the same counterclockwise (ccw) direction as the rotation
angle (6) on the plane stress element.

The proof of Eq. (5.18) is now clear that to go from the point on the circle of maximum
principal stress (o7) to the point on the circle for maximum shear stress (Tmax) the angle of
rotation (26) is clockwise, or a minus 90°, so the angle (9) would be half this value, or a
minus 45° clockwise.

Also notice that Mohr’s circle verifies Eqs. (5.15) and (5.16), where the maximum prin-
cipal stress (07) is the average stress (0ayg) plus the maximum shear stress (Tmax), and
the minimum principal stress (07) is the average stress (0avg) minus the maximum shear
stress (Tmax). As the maximum and minimum shear stresses (Tmax) and (Tmin) are opposites,
Fig. 5.6 shows them at opposite points on the circle.

The circle does not always end up on the right side of the vertical (t) axis. It can straddle
the axis as in Fig. 5.7, or be completely on the left side of the vertical (7) axis like that
shown in Fig. 5.8.

Tmin

Op

Tmax ==

7 (26 ccw)

FIGURE 5.7 Mohr’s circle.
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Trmin

X 290
)

-26

B Tmax

7(26ccw)
FIGURE 5.8 Mohr’s circle.

Graphical Process. If this was all there was to Mohr’s circle, merely a way to display
values already found analytically from various equations, then it would not have been worth
mentioning. However, Mohr’s circle can be used to graphically determine the maximum
and minimum principal stresses (o1) and (02), the maximum and minimum shear stresses
(Tmax) and (Tmin), the rotation angles (¢,) and (¢;), all from the given unrotated stresses
(0xx), (oyy), and (Txy).

In most references, the steps of this process are discussed using a single figure that is one
of the most complex diagrams in engineering. To hopefully make this process as simple as
possible, a series of Mohr’s circle figures for each step will be used to slowly lead up to the
final diagram. Remember that positive shear stress (7) is plotted downward. Furthermore,
for the following process devolopment assume all the unrotated stresses are positive and
that (o) is greater than (oyy).

The first step in the process is to plot two points: one point having the coordi-
nates (oxx,Txy) and the other point having the coordinates (oyy,—Txy), as shown in
Fig. 5.9.

( Oy~ Txy)
—TX}/ e ’
| Oxx
1
: : o
Oy i
2 L P S '
(Gxxr Txy)
T (26 ccw)

FIGURE 5.9  Plot points (0yy, ty) and (Oyy, —Zyy).

A line connecting these two points crosses the (o) axis at the average stress (0ayg) as
shown in Fig. 5.10.
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(O'y ) "Txy)

Oavg

(G Txy)

T (26 ccw)

FIGURE 5.10  Connect points to find average stress (Oayg)-

Use distance from the average stress to either point as a radius and draw a circle as shown
in Fig. 5.11.

Radius

T(20ccw)

FIGURE 5.11 Draw circle.

Where this circle crosses the (o) axis on the right locates the maximum principal stress
(01), and where it crosses on the left is the minimum principal stress (o). The radius of the
circle (R) is the maximum shear stress (Tmax) as shown in Fig. 5.12.

(G0 T)

T(26ccw)

FIGURE 5.12  Principal stresses and radius of circle.
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Figure 5.13 shows that at 90° to the principal stresses are the maximum and minimum
shear stresses.

Tnin -

Tmax -

T(26ccw)

FIGURE 5.13 Maximum and minimum shear stresses.

This completes the determination, graphically, of the principal stresses, maximum and
minimum shear stresses, and the average stress. Although modern personal calculators make
using the various equations rather simple, finding these stresses graphically gives a feeling
and an understanding of the relationship between the unrotated stresses and the rotated
stresses not possible with just a calculator.

The angle between the line connecting the points (0 x,Txy) and (oyy,—Txy) and the (o)
axis is the principal stress angle (2¢),). Notice that to move from the point (o ,Txy) to the
(o) axis, the rotation angle (2¢) is counterclockwise (5.14).

Trmin -

Tmax °

FIGURE 5.14  Principal stresses angle (¢),).

The angle between the line connecting the points (0xy,Txy) and (oxx,—Txy) and the
positive (7) axis is the maximum stress angle (2¢;). Notice that to move from the point
(0xx,Txy) to the (7) axis, the rotation angle (2¢y) is clockwise.

Again, the proof of Eq. (5.18) is clear from Fig. 5.15 with the relationship:

25 =2¢, —90°

by = ¢y — 45° G189
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Tnin -

Tmax -F---------==

T(26ccw)

FIGURE 5.15 Maximum shear stress angle (¢y).

Due to the graphical nature of the process, the following example will be presented first
in the U.S. Customary system of units and then in the SI/metric system.

U.S. Customary

Example 1. Using the stresses below from Example 5, determine the principal stresses,
maximum and minimum shear stresses, and rotation angles by the Mohr’s circle process.

oxx = 10kpsi oyy = —3kpsi Tyy = —4kpsi

The first step in the process is to plot two points; one point having the coordinates
(0xx,Txy) and the other point having the coordinates (oyy,—Tyy), that is (10,—4) and
(—3, 4) as shown in Fig. 5.16.

—-10 +
(10,-4)
—4 == o
1
-3 i
f L : } c
-10 : 10 15
o4
(=8,4)
1071 Scale: 1 kpsi x 1 kpsi

7 (26 ccw)

FIGURE 5.16  Plot points (0x, fxy) and (0yx, —txy).

Figure 5.17 shows that a line connecting these two points crosses the (o) axis at the
average stress (3.5).
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10+
(10,4)
-10 3.5 15
(-3,4)
10T
7(26 ccw)

FIGURE 5.17  Connect points to find average stress (qyg ).

Use distance from the average stress to either point as aradius and draw a circle (Fig. 5.18).

10+

Radius

~10
(_314)

FIGURE 5.18 Draw circle.

(29ccw) Scale: 1 kpsi x 1 kpsi

Graphically from Fig. 5.19, the maximum principal stress is (11), and the minimum
principal stress is (—4). The radius of the circle is the maximum shear stress, and scales to
(7.5). These are the same values found in Example 5 in Sec. 5.2.

10+

FIGURE 5.19

-

(2 6 ccw)

Scale: 1 kpsix1 kpsi

Principal stresses and radius of circle.
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Figure 5.19 also verifies graphically Egs. (5.15) and (5.16) for the maximum principal
stress (o1) and a minimum principal stress (07),

Oavg + Tmax = (3.5 + 7.5) kpsi = 11kpsi

o1

02 = Oayg — Tmax = (3.5 — 7.5) kpsi = —4 kpsi

and since the principal stresses are on the (o) axis, the shear stress is zero at these
points.

At 90° to the principal stresses are the maximum and minimum shear stresses, (7.5) and
(—17.5), with the normal stress at these points equal to the average stress (3.5) as shown in
Fig. 5.20.

-101
—7.5 1—9
(10,—4)
] —4 11 : p=
-10 3. 15
(=3.,4) 75
7.5 P—gq
101 Scale: 1 kpsi x 1 kpsi
7(26 ccw) ==L i

FIGURE 5.20 Maximum and minimum shear stresses.

The angle between the line connecting points (10,—4) and (—3,4) and the (o) axis is
the principal stress angle (2¢,). From Fig. 5.21, this will be a clockwise, or negative,

rotation.

—10 Tt
(10,-4)\ 29p
R 1 v
=10 3.5 15
(_3:4) 75
7.5 1—¢
10 T T - _
7(26 ccw) Scale: 1 kpsi x 1 kpsi

FIGURE 5.21

Principal stresses angle (¢),).
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Enlarging the section containing the principal stress angle (2¢,) gives:

Applying the definition of the tangent function to the right triangle containing the principal
stress angle (2¢),), and using the dimensions shown, gives

ite  4kpsi
tan2¢, = PP _ TP _ 615

adjacent  6.5kpsi

However, as the rotation is clockwise the principal stress angle (¢,) will be negative.
Changing the sign on (tan 2¢),,) and solving for the angle (¢,) gives the same value as was
found in Example 5 in Sec. 5.1, that is (—15.8°).

tan2¢, = —0.615
2¢, = —31.6°
¢p = —15.8°

Similarly, the angle between the line connecting points (10,—4) and (—3,4) and the
positive () axis is the maximum shear stress angle (2¢5). From Fig. 5.22, this will be a
clockwise, or negative, rotation, and be 90° more than the principal stress angle (2¢)).

10+
—7.5 1-—
(10,%-4)
—4 11
} } o
-10 3.5 15
(_314) 7.5
7.5 P—g 205
101 Scale: 1 kpsi x 1 kpsi
7 (26 ccw)

FIGURE 5.22 Maximum shear stress angle (¢;).

From Fig. 5.22, and (2¢,) found above, the shear stress angle (¢5) becomes
2¢s =2¢p, —90° = (=31.6°) — 90° = —121.6°
¢s = —60.8°

Again, this is the same value of (¢;) found in Example 5 in Sec. 5.1, that is (—60.8°). So
the design information found mathematically has been found graphically.
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SI/Metric

Example 1. Using the stresses below from Example 5, determine the principal stresses,
maximum and minimum shear stresses, and rotation angles by the Mohr’s circle process.

oxx = 75 MPa oyy = —25MPa Tyy = —30MPa
The first step in the process is to plot two points, one point having the coordinates

(0xx,Txy) and the other having the coordinates (oyy,—Txy), that is, (75,—30) and (—25,30)
as in Fig. 5.23.

=751
(75,-30)

=309 14

—25 i

: : ' —o
=75 ! 75 120
o130
(=25,30)
75 77 (26 cow) Scale: 7.5 MPa x 7.5 MPa

FIGURE 5.23  Plot points (0, t,y) and (0, —tyy)-

Figure 5.24 shows that a line connecting these two points crosses the (o) axis at the
average stress (26).

—75 +
(75,-30)
t g t o
75 (_0530) 26 120
514 20 cow) Scale: 7.5 MPa x 7.5 MPa

FIGURE 5.24  Connect points to find average stress (0ayg ).

Use distance from the average stress to either point as a radius and draw a circle
(Fig. 5.25).
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754
Radius
(75,-30)
: | —o
75 326 120
(~25,30)
5T | Scale: 7.5 MPa x 7.5 MPa
7 (26 ccw) T :

FIGURE 5.25 Draw circle.

Graphically from Fig. 5.26, the maximum principal stress is (82.5), and the minimum
principal stress is (—30.5). The radius of the circle is the maximum shear stress, and scales
to (56.5). These are very close to the values found in Example 5.

_75 +
(75,-30)
305 825
75 26 120
(~25,30) 56.5
[EhE | Scale: 7.5 MPa x 7.5 MPa
7 (26 ccw) T :

FIGURE 5.26  Principal stresses and radius of circle.

Figure 5.26 also verifies graphically Eqs. (5.15) and (5.16) for the maximum principal
stress (o1) and a minimum principal stress (02),

01 = Oavg + Tmax = (26 + 56.5) MPa = 82.5 MPa

02 = Oavg — Tmax = (26 — 56.5) MPa = —30.5 MPa

and as the principal stresses are on the (o) axis, the shear stress is zero at these
points.

At 90° to the principal stresses are the maximum and minimum shear stresses, (56.5) and
(—56.5), with the normal stress at these points equal to the average stress (Fig. 27).
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75T

—56.5 1 =——4

(75,~30)
. -305 825
-75 26 120
(~25,30) 56.5
56.5 =~
T | Scale: 7.5 MPa x 7.5 MPa

7 (26 ccw)

FIGURE 5.27 Maximum and minimum shear stresses.

The angle between the line connecting points (75,—30) and (—25,30) and the (o) axis
is the principal stress angle (2¢,). From Fig. 5.28, this will be a clockwise, or negative,
rotation.

o

o

o
)

75T -
7(26 ccw) Scale: 7.5 MPa x 7.5 MPa

FIGURE 5.28  Principal stresses angle (¢),).
Enlarging the section containing the principal stress angle (2¢,) gives:

(75,-30)

82.5

26 49

Applying the definition of the tangent function to the right triangle containing the principal
stress angle (2¢,), and using the dimensions shown, gives

opposite 30 MPa

d = =0.612
adjacent 49 MPa

tan2¢, =
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However, as the rotation is clockwise the principal stress angle (¢,) will be negative.
Changing the sign on (tan 2¢) and solving for angle (¢,) gives a value that is very close
to the value found in Example 5 in Sec. 5.2, that is (—15.7°).

tan2¢, = —0.612
2¢, = —31.4°
¢p = —15.7°
Similarly, the angle between the line connecting points (75,—30) and (—25,30) and the

positive () axis is the maximum shear stress angle (2¢;). From Fig. 5.29, this is clockwise
or negative rotation, and is 90° more than the principal stress angle (2¢),).

_75 +
-56.5 1 -——¢
(75,-30)
-30.5 82\.5 {
-75 26 120
(—25,30) 56.5
20
56.5 T=—4
nr Scale: 7.5 MPa x 7.5 MPa
7 (26 ccw)

FIGURE 5.29 Maximum shear stress angle (¢;).

From Fig. 5.29, and (2¢) found above, the shear stress angle (¢;) becomes

2y =2¢, —90° = (=31.4°) —90° = —121.4°
b5 = —60.7°

Again, this is the same value of (¢,) found in Example 5 in Sec. 5.2, that is (—60.7°). So
the design information found mathematically has been found graphically.

The scale and grid paper used in this graphical process greatly affects the accuracy of
the information obtained. For Example 1 in the U.S. Customary system, the data points
fell on the grid lines so that the values determined graphically were exactly those found
mathematically in Example 5. In contrast, for Example 1 in the SI/metric system, the data
points fell between grid lines and with the smaller scale, the values determined were not
exact, but certainly within engineering accuracy.

The graphical use of Mohr’s circle might seem obsolete in this age of powerful handheld
calculators and computers; however, its elegance is timeless and provides an insight not
available any other way.

Uniaxial, Biaxial, and Pure Shear Elements. In Chap. 4, three special elements were
discussed: wuniaxial, biaxial, and pure shear. A uniaxial element has only one nonzero
normal stress, (0xx) or (0yy), with the shear stress (tyy) equal to zero. A uniaxial stress
element is shown in Fig. 5.30.
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0
0
0
o,
c
XX + _(; N | + —>O-
XX
0
0 Uniaxial
0

FIGURE 5.30 Uniaxial stress element.

A biaxial element has two nonzero normal stresses (oxx) and (oyy); however, the shear
stress (Tyy) is zero. A biaxial stress element is shown in Fig. 5.31. Typically, biaxial stress
elements occur from pressure loadings.

4 Oyy Ghoop or o
0
0
O-XX
«— + > «— e S
Oxx Oaxial OF O Oaxial OF Oa
0
0 L
Biaxial
Oyy Ohoop OF Ot

FIGURE 5.31 Biaxial stress element.

A pure shear element has both normal stresses (o) and (oyy) zero, with a nonzero shear
stress (Txy). A pure shear element is shown in Fig. 5.32.

0
4 R
A Tyy AT
0
— + T - e
Txy ¥ TY
Tyy T
0 Pure shear

FIGURE 5.32  Pure shear stress element.
Consider the Mohr’s circle graphical process for each of these special elements.

Uniaxial Element. For a uniaxial stress element, 0y = 0, 0yy = 0, and 7y, = 0, where
(o) is some known stress caused by either a single or combined loading.
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The first step in the process is to plot two points; one point having the coordinates
(0xx,Txy) and the other having the coordinates (oyy,—Tyy), where for a uniaxial stress
element these two points are (¢,0) and (0,0) as in Fig. 5.33.

(0,0) (0,0)

7 (26 ccw)
FIGURE 5.33  Plot points (0yy, tyy) and (0yx, —fyy).
A line connecting these two points would cross the (o) axis at the average stress (oavg);

however, for a uniaxial element both points are on the (o) axis, so the average stress is
halfway between, or half the given stress, that is (0/2) as shown in Fig. 5.34.

0.0 ! (.0
(G/IZ)

7 (26 ccw)

FIGURE 5.34  Connect points to find average stress (0ayg)-

The radius of Mohr’s circle will also be half the given stress, that is (¢/2). Note that the
circle in Fig. 5.35 touches the vertical () axis at the origin of the coordinate system.

Radius
(0,0) - (0,0
(0/2)
7 (20 ccw)

FIGURE 5.35 Draw circle.
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Where the circle crosses the (o) axis on the right, locates the maximum principal stress
(01), and where it crosses on the left, is the minimum principal stress (o2). For the uniaxial
element, the maximum principal stress (o) is the given stress (o) and the minimum principal
stress (02) is zero. This means the uniaxial element is actually the principal stress element.
Also, the radius of the circle (R) in Fig. 5.36 is the maximum shear stress (Tmax), wWhich
here is the same as the average stress (o/2).

(0,0) (0/2)  \(c,0)
O

¥
(0/2) L

7 (26 ccw)

FIGURE 5.36  Principal stresses and radius of circle.

At 90° to the principal stresses are the maximum and minimum shear stresses. For a
uniaxial element these shear stresses are equal to the average stress, that is, (6/2) and a
minus (0/2), respectively, as shown in Fig. 5.37.

(072) 1

(0,0
02

(0/2) -

7 (26 ccw)

FIGURE 5.37 Maximum and minimum shear stresses.

The angle between the line connecting the points (oxx,Txy) and (oxx,—Txy) and the (o)
axis is the principal stress angle (2¢),,). Here, as the uniaxial element is the principal stress
element, the principal stress angle (2¢) is zero.

The angle between the line connecting the points (oyyx,Txy) and (oxx,—Tyy) and the
positive () axis is the maximum stress angle (2¢;). Here, for a uniaxial element, this
would be a clockwise, or negative, rotation from the positive (o) axis and equal to 90°
(Fig. 5.38).
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(0,0)

(0/2)
(0’0) (0'/2)
2 (0/2)
(0/2)
7 (26 ccw)

01

2= -90°

FIGURE 5.38 Maximum shear stress angle (¢;).

From Fig. 5.38, and with (2¢,) equal to zero, the shear stress angle (¢) is
2¢s =2¢, —90° = (0°) —90° = —90°

¢y = —45°

Consider the following example where the single normal stress is caused by a loading
that produces a uniaxial stress element such as an axial tensile force on a bar.

U.S. Customary

SI/Metric

Example 2. For a normal stress (o) acting
on a uniaxial stress element, find the principal
stresses (o1) and (07), the maximum and min-
imum shear stresses (Tmax) and (Tmin), and the
special angles (¢,) and (¢;), using the graph-
ical Mohr’s circle process shown in Fig. 5.33
through 5.38, where

o = 12 kpsi

solution
Step 1. Plot points (0,0) and (12,0) as in
Fig. 5.33, and locate the center of Mohr’s circle,
which is the average stress, like that shown in
Fig. 5.34.

o 12 kpsi

Gave = 5 2

= 6 kpsi

Step 2. Draw Mohr’s circle like that shown

in Fig. 5.35 using a radius of (6 kpsi), so that

where the circle crosses the (o) axis it gives the

principal stresses like that shown in Fig. 5.36.
0] = Oavg + Tmax = (6 + 6) kpsi

12 kpsi

02 = Oayg — Tmax = (6 — 6) kpsi

= 0 kpsi

Example 2. For a normal stress (o) acting
on a uniaxial stress element, find the principal
stresses (o1) and (07), the maximum and min-
imum shear stresses (Tmax) and (Tmin), and the
special angles (¢,) and (¢;), using the graph-
ical Mohr’s circle process shown in Fig. 1.32
through 1.38, where

o = 84 MPa

solution

Step 1. Plot points (0,0) and (84,0) as in
Fig. 5.33, and locate the center of Mohr’s circle,
which is the average stress, like that shown in
Fig. 5.34.

o 84 MPa

Oavg = 7= = 42 MPa

Step 2. Draw Mohr’s circle like that shown in

Fig. 5.35 using a radius of (42 MPa), so that

where the circle crosses the (o) axis it gives the

principal stresses like that shown in Fig. 5.36.
01 = Ouavg + Tmax = (42 + 42) MPa

84 MPa

Oavg — Tmax = (42 — 42) MPa

= 0MPa

02
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Step 3. FromFig.5.37, the maximum and min-
imum shear stresses are shown 90° to the prin-
cipal stresses, and equal to the average stress.

o 12 kpsi .
Tmax = Oavg = E = 3 = 6 kpsi
Tmin = —Tmax = —6 kp@l

Step 4. As the uniaxial stress element is
actually the principal stress element, the rota-
tion angle (2¢,), and therefore the angle (¢)),
is zero.

2¢, =00r ¢, =0

Step 5. Using Fig. 5.38, the rotation angle
(2¢p5) for the maximum shear stress is 90° clock-
wise, or negative, meaning

2¢s = 2¢, —90° =0 — 90° = —90°
¢y = —45°

Step3. FromFig.5.37, the maximum and min-

imum shear stresses are shown 90° to the prin-

cipal stresses, and equal to the average stress.
o 84 MPa

Tmax = Oavg = 7 = ) = 42 MPa

Tmin = —Tmax = —42 MPa

Step 4. As the uniaxial stress element is
actually the principal stress element, the rota-
tion angle (2¢,), and therefore the angle (¢)),
is zero.

2¢p, =0o0r ¢, =0

Step 5. Using Fig. 5.38, the rotation angle
(2¢p5) for the maximum shear stress is 90° clock-
wise, or negative, meaning

2¢s = 2¢, —90° =0 — 90° = —90°
¢y = —45°

The important result from this example is that the given stress element is the principal
stress element, and that the maximum shear stress in (o/2) acting at 45°.

Biaxial Element. For a biaxial stress element, suppose oxx = 0,0y, = 20, and 7,y =0,
where (o) and (20) are the axial and hoop stresses in a thin-walled cylinder under an internal

pressure.

The first step in the process is to plot two points; one point having the coordinates
(0xx,Txy) and the other having the coordinates (oyy,—Tyy), where for a biaxial stress element
these two points are (¢,0) and (20,0). This is shown in Fig. 5.39.

(20,0)

7 (26 ccw)

FIGURE 5.39  Plot points (0, t,y) and (0, —tyy)-

A line connecting these two points would cross the (o) axis at the average stress (oavg);
however, for a biaxial element both points are on the (o) axis, so the average stress is

halfway between, that is, (30/2) as in Fig. 5.40.
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(c0) . (o0
(3072) t

7 (20 ccw)

FIGURE 5.40  Connect points to find average stress (Gayg).
In Fig. 5.41 the radius of Mohr’s circle will be half the axial stress, that is (0/2).
Radius

(o',O) ! (20',0) =

(30/2)

7 (26 ccw)
FIGURE 5.41 Draw circle.

Where the circle crosses the (o) axis on the right, locates the maximum principal stress
(01), and where it crosses on the left, is the minimum principal stress (07). For the biaxial
element, the maximum principal stress is (20') and the minimum principal stress is (o).
This means the biaxial element, like the uniaxial element, is actually the principal stress
element. Also, the radius of the circle (R) is the maximum shear stress (Tmax) as shown in
Fig. 5.42.

(012)
(0,0) (20,0
02 ! 01 id
(30/2)

7(26 ccw)

FIGURE 5.42  Principal stresses and radius of circle.
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At 90° to the principal stresses are the maximum and minimum shear stresses. For a
biaxial element these shear stresses are equal to (o/2) and a minus (0/2), respectively, as
shown in Fig. 5.43.

(072) -

(0/2) -

FIGURE 543 Maximum and minimum shear stresses.

The angle between the line connecting the points (0xx,Txy) and (oxx,—Txy) and the (o)
axis is the principal stress angle (2¢),). Here, as the biaxial element is the principal stress
element, the principal stress angle (2¢),) is zero.

The angle between the line connecting the points (0yyx,Txy) and (0xx,—Txy) and the
positive (t) axis is the maximum stress angle (2¢;). Here, as in Fig. 5.44 for a biaxial
element, this would be a clockwise, or negative, rotation from the positive (o) axis and
equal to 90°.

(072)
(072)
(0,0) (20,0)
o) o4 154
(07/2) === 2¢s=-90°
7 (26 ccw)

FIGURE 5.44 Maximum shear stress angle (¢;).

From Fig. 5.44, and with (2¢) equal to zero, the shear stress angle (¢s) is
265 = 2¢, —90° = (0°) — 90° = —90°
by = —45°

Consider the following example where the two normal stresses are the axial and hoop
stresses for a thin-walled cylinder under an internal pressure.
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Example 3. For normal stresses (o) and (20)
acting on a biaxial stress element, find the
principal stresses (o1) and (02), the maximum
and minimum shear stresses (Tmax) and (Tpmin),
and the special angles (¢,) and (¢5), using
the graphical Mohr’s circle process shown in
Fig. 5.39 through 5.44, where

o = 8kpsi and 20 = 16 kpsi

solution

Step 1. Plot points (8,0) and (16,0) as in
Fig. 5.39, and locate the center of Mohr’s circle,
which is the average stress, like that shown in
Fig. 5.40.

o +20 (84 16) kpsi

Oavg =

2 2
24 kpsi
- Zp“ — 12 kpsi

Step 2. Draw Mohr’s circle like that shown
in Fig. 5.41 using a radius of (4 kpsi), so that
where the circle crosses the (o) axis it gives the
principal stresses like that shown in Fig. 5.42.

01 = Oavg + Tmax = (12 +4) kpsi
= 16 kpsi
02 = Oavg — Tmax = (12 —4) kpsi
= 8 kpsi
Step 3. FromFig.5.43, the maximum and min-

imum shear stresses are shown 90° to the prin-
cipal stresses, and equal to the following value.

o 8 kpsi

Tmax = > 0 = 4 kpsi

Tmin = —Tmax = —4 kpsi

Step4. Asthe biaxial stress element is actually
the principal stress element, the rotation angle
(2¢), and therefore the angle (¢)), is zero.

2¢, =0 or ¢,=0

Step 5. Using Fig. 5.44, the rotation angle
(2¢ ) for the maximum shear stress is 90° clock-
wise, or negative, meaning

2¢5 = 2¢, —90° =0 —90° = —90°
¢y = —45°

Example 3. For normal stresses (o) and (20)
acting on a biaxial stress element, find the
principal stresses (o1) and (02), the maximum
and minimum shear stresses (Tmax) and (Tmin),
and the special angles (¢,) and (¢5), using
the graphical Mohr’s circle process shown in
Fig. 5.39 through 5.44, where

o = 56 MPa and 20 = 112 MPa

solution
Step 1. Plot points (56,0) and (112,0) as in
Fig. 5.39, and locate the center of Mohr’s circle,
which is the average stress, like that shown in
Fig. 5.40.
o+20 (56 + 112) MPa

2 2

_ 168MPa

Oavg =

= 84 MPa

Step 2. Draw Mohr’s circle like that shown
in Fig. 5.41 using a radius of (28 MPa), so that
where the circle crosses the (o) axis it gives the
principal stresses like that shown in Fig. 5.42.

01 = Ouvg + Tmax = (84 + 28) MPa
112 MPa
02 = Oavg — Tmax = (84 — 28) MPa

= 56 MPa

Step 3. FromFig.5.43, the maximum and min-
imum shear stresses are shown 90° to the prin-
cipal stresses, and equal to the following value.

o 56MPa

Tmax = 2 2

= 28 MPa

Tmin = —Tmax = —28 MPa

Step4. Asthebiaxial stress element is actually
the principal stress element, the rotation angle
(2¢), and therefore the angle (¢)), is zero.

2¢, =0 or ¢,=0

Step 5. Using Fig. 5.44, the rotation angle
(2¢p5) for the maximum shear stress is 90° clock-
wise, or negative, meaning

2¢s = 2¢p — 90° =0 — 90° = —90°
¢y = —45°
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The important result from this example is that the given stress element is the principal
stress element, and that the maximum shear stress is (o/2) acting at 45°.
Consider now the last of the three special elements, the pure shear element.

Pure Shear Element. For a pure shear stress element, suppose oy = 0, o, = 0, and
Tyy = T, wWhere (7) is a known stress caused by either a single loading or a combination of
loadings.

The first step in the process is to plot two points; one point having the coordinates (o,
Txy) and the other having the coordinates (oyy,—Txy), Where for a pure shear stress element
these two points are (0,7) and (0,—7) as shown in Fig. 5.45.

(0,—7) ¢

0.7

7 (26 ccw)

FIGURE 5.45  Plot points (0, t,y) and (0, —tyy).

A line connecting these two points would cross the (o) axis at the average stress (oavg);
however, for a pure shear element both points are on the (t) axis, so the average stress is
halfway between, that is (0) as shown in Fig. 5.46.

0,—7) @

()

0,7

T(26 ccw)

FIGURE 5.46  Connect points to find average stress (Oyyg)-

The radius of Mohr’s circle will be the shear stress, that is () as shown in Fig. 5.47.
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(0,—7)
Radius
(=7,0) (7,0) H
@) /
(0,7)

7 (26 ccw)
FIGURE 547 Draw circle.

Where the circle crosses the (o) axis on the right locates the maximum principal stress
(01), and where it crosses on the left is the minimum principal stress (o2). For the pure
shear element, the maximum principal stress is (r) and the minimum principal stress is
(—1). This means the pure element, unlike the uniaxial and biaxial elements, is actually
the maximum shear stress element as in Fig. 5.48, where the radius is the maximum shear
stress (Tmax)-

(OI_T)
()
(-7,0) (7,0)
2 © =2 id
(0,7)
7 (26 ccw)

FIGURE 5.48 Principal stresses and radius of circle.

At 90° to the principal stresses are the maximum and minimum shear stresses. For a pure
shear element these shear stresses are equal to (7) and a minus (—7), respectively, as shown
in Fig. 5.49.

(02| (Fmin)
(1)
(~7,0) (7,0)
A ©) o 7

(0,9] (Tmax)
7 (26 ccw)

FIGURE 549 Maximum and minimum shear stresses.



PRINCIPAL STRESSES AND MOHR’S CIRCLE 229

The angle between the line connecting the points (0xx,Txy) and (0xx,—Txy) and the
() axis is the maximum shear stress angle (2¢;). Here, as the pure shear element is the
maximum shear stress element, the maximum shear stress angle (2¢y) is zero.

The angle between the line connecting the points (0yy,Txy) and (oxyx,—Tyy) and the
positive (o) axis is the principal stress angle (2¢,). Here, for a pure shear element,
this would be a counterclockwise, or positive, rotation from the () axis and equal to

90° (Fig. 5.50).

(0,7 | (Tmin)
(7
(~7,0) (7,0)
02 (©)] o1 i
0,7) (Tmax) 2¢p: ab

7(26 ccw)

FIGURE 5.50 Maximum principal stress angle (¢),).

From Fig. 5.50, with (2¢y) equal to zero, the principal stress angle (¢) is

2, = 90°

- ¢, =45°

Consider the following example where the shear stress (7) is caused by either torsion or
shear due to bending, or both, but where no normal stresses are present.

U.S. Customary

SI/Metric

Example 4. For the shear stress (t) acting on
a pure shear stress element, find the principal
stresses (01) and (07), maximum and minimum
shear stresses (Tmax) and (Tmin), and the special
angles (¢, ) and (¢ ), using the graphical Mohr’s
circle process shown in Fig. 5.45 through 5.45,
where

7 = 10 kpsi

solution

Step 1. Plot points (0,10) and (0,—10) as in
Fig. 5.45, and locate the center of Mohr’s circle,
which is the average stress, like that shown in

Fig. 5.46.
Oxx + Oyy (04 0) kpsi
Oavg = =

2 2

=0 kpsi

Example 4. For the shear stress (t) acting on
a pure shear stress element, find the principal
stresses (o7) and (07), maximum and minimum
shear stresses (Tmax) and (Tmin), and the special
angles (¢, ) and (¢;), using the graphical Mohr’s
circle process shown in Figs. 5.44 through 5.45,
where

T = 70 MPa

solution

Step 1. Plot points (0,70) and (0,—70) as in
Fig. 5.45, and locate the center of Mohr’s circle,
which is the average stress, like that shown in
Fig. 5.46.

Oxx +0yy (0 4+ 0) MPa
2 - 2

= 0MPa

Oavg =
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Step 2. Draw Mohr’s circle like that shown in
Fig. 5.47 using a radius of (10 kpsi), so that
where the circle crosses the (o) axis it gives the
principal stresses like that shown in Fig. 5.48.

0] = Oayg + Tmax = (0 + 10) kpsi
10 kpsi

02 = Oavg — Tmax = (0 —10) kpsi
= —10 kpsi
Step 3. From Fig. 5.49, the maximum and
minimum shear stresses are shown 90° to

the principal stresses, and equal to the shear
stress (7).

Tmax = T = 10 kpsi
Tmin = —Tmax = —10 kpsi

Step 4. As the pure shear stress element is
actually the maximum shear stress element, the
rotation angle (2¢;) and therefore the angle
(¢s), is zero.

20 =0 — ¢y=0

Step 5. Using Fig. 5.50, the rotation angle
(2¢) for the principal stress element is 90°
counterclockwise, or positive, meaning

26, =90° — ¢, =45

Step 2. Draw Mohr'’s circle like that shown in
Fig. 5.47 using a radius of (70 MPa), so that
where the circle crosses the (o) axis it gives the
principal stresses like that shown in Fig. 5.48.
0] = Oavg + Tmax = (0 +70) MPa
= 70 MPa
02 = Oayg — Tmax = (0 — 70) MPa
= —70MPa
Step 3. From Fig.5.49, the maximum and
minimum shear stresses are shown 90° to

the principal stresses, and equal to the shear
stress (7).

Tmax = T = 70 MPa
Tmin = —Tmax = —/0MPa

Step 4. As the pure shear stress element is
actually the maximum shear stress element, the
rotation angle (2¢,) and therefore the angle
(¢s), is zero.

20, =0 — ¢y=0

Step 5. Using Fig. 5.50, the rotation angle
(2¢) for the principal stress element is 90°
counterclockwise, or positive, meaning

26, =90° — ¢, =45°

The important result from this example is that the given element is the maximum shear
stress element, and that the principal stresses are () and (—7) acting at 45°.

Triaxial Stress. For a plane stress element, the maximum shear stress (tmax ) can be related
to the principal stresses (o1) and (07) by the relationship in Eq. (5.19).

o —
Tnax = 22 (5.19)

2
Equation (5.19) simply says that the distance between the principal stresses divided by
two is the radius of Mohr’s circle that is the maximum shear stress. However, there is a
third principal stress (03) acting perpendicular, or normal, to the plane stress element, so

that Eq. (5.19) must be modified to become Eq. (5.20), where
01 — 03

Tmax = ——— (5.20)

2
Even if this third principal stress is zero, Eq. (5.20) will yield a larger maximum shear
stress than Eq. (5.19), unless the minimum principal stress (02) is negative, in which case
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Eq. (5.19) would still yield the maximum value for the maximum shear stress. In any case,
this stress element is called a triaxial stress element.

The situation where Eq. (5.20) must be applied is when the third principal stress (03) is
less than the minimum principal stress (02). For example, if the third principal stress is a
negative value, such as an internal pressure (p;) on the inside of a thin-walled vessel, the
principal stresses (o1) and (o2) are both positive, and as already seen earlier form a biaxial
stress element, then Eq. (5.20) will yield a much larger value for the maximum shear stress
than Eq. (5.19).

This can be seen graphically using the Mohr’s circle process, where the third principal
stress (03) is added as a point on the (o) axis. As can be seen in Fig. 5.51, if (03) is less
than (07), and particularly if it is negative, then the radius of Mohr’s circle represented by
Eq. (5.20) is much larger than the radius represented by Eq. (5.19).

\\ Tmax
A

7 (26 ccw)

FIGURE 5.51 Mohr’s circle for a triaxial stress element.

Notice that there is a circle represented by the difference between the principal stresses
(01) and (o), a circle represented by the difference between the principal stresses (07) and
(03), but the biggest circle is represented by the difference between the principal stresses (o)
and (o3) that is the maximum shear stress (Tmax). The importance of finding the maximum
shear stress, especially for ductile materials, will be discussed shortly. For now, it is just
necessary to keep in mind what might be taking place normal to a plane stress element,
even if this third stress is zero.

Let us look at a previous example to see how Eq. (5.20) comes into play.

Consider the following example where the two normal stresses are the axial and hoop
stresses for a thin-walled cylinder under an internal pressure (p;).
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Example 5. For the biaxial stresses (o) and
(20) given in Example 3 that are the principal
stresses (o) and (07), find the maximum shear
stress (Tmax) if the element is actually a triaxial
stress element using Eq. (5.20), where

20 = 16 kpsi = o0
o = 8kpsi =0
pi = —4kpsi=o03
solution.
Step 1. Using Eq. (5.20), the maximum shear
stress becomes

o] — 03 [16 — (—4)] kpsi
Tmax = P = B

20 kpsi
T2

= 10 kpsi

Step 2. Compare this value for the maximum
shear stress with that found in Example 8, where

Example 5. For the biaxial stresses (o) and
(20) given in Example 3 that are the principal
stresses (o) and (07), find the maximum shear
stress (Tmax) if the element is actually a triaxial
stress element using Eq. (5.20), where

20 = 112 MPa = g
o =56 MPa = 0,
pi = — 28 MPa =03

solution.
Step 1. Using Eq. (5.20), the maximum shear
stress becomes

_o1—o3 _ [112— (-28)]MPa
Tmax = ) = )
140 MPa
=—5 — =70MPa

Step 2. Compare this value for the maximum
shear stress with that found in Example 8, where

o 8kpsi

o 56 MPa
Tmax = — =
max 2 2

= 4 kpsi Tmax = —

= 28 MP;
2 a

Notice that the maximum shear stress found using Eq. (5.20) is two and a half times
the maximum shear stress found in Example 8 where the stress element was treated as a
biaxial stress element. This is obviously a nontrial difference and cannot be ignored in a
design.

Without providing the proof, the maximum shear stress found using Eq. (5.20) acts on a
plane rotated 45° about the maximum principal axis (o1). This means the material tears at
a 45° angle in the cross section rather than straight across the cross section. This is seen in
actual failures and is a telltale sign that the vessel failed due to excessive pressure.

Three Dimensional Stress. While it is difficult to imagine a combination of loadings
that would produce a set of stresses, three normal (oyx,0yy,0;;) and three shear stresses
(Txy,Txz»Tyz) acting on the six sides of an element, the three associated principal stresses
(01,02,03) could be found by solving the following cubic equation. (A trial-and-error
approach works well.)

3 2 2 2 2
07 —(Oxx + 0yy +077) 07 + (OxxOyy + Oxx0zz + Oyy0zz — Ty = Txz — ryz) o
— (OxxOyyOz7 + 2TxyTyz Ty — O 12 — oyt — 0o 12)—0
xx0yyOzz xyTxzlyz xxTyz yylxz zzlyxy) =

If these three principal stresses are ordered such that (o7 > o2 > 03), then the maximum
shear stress is given by Eq. (5.20), repeated here.
o] —03
Tmax = — 5 (5.20)
2
Again, it is very unusual to be faced with having to analyze an element with this level
of complexity, but it is comforting to know that the methods, both analytical and graphical,
presented in this section, could be used if necessary.



CHAPTER 6

STATIC DESIGN AND
COLUMN BUCKLING

6.1 STATIC DESIGN

The question now arises as to whether the values of the principal stresses (o1) and (07) and
the maximum and minimum shear stresses (Tmax) and (Tmin) found for a machine element
in Chap. 5, either mathematically or using the Mohr’s circle graphical process, represent a
safe operating condition. Depending on whether the material used for the machine element
can be considered ductile or brittle, the most commonly accepted criteria, or theories,
predicting that a design is safe under static conditions will be presented. The most common
ways to define a factor-of-safety () for a machine element will also be presented, again
based on whether the material being used is ductile or brittle.

Static Design Coordinate System. For the static design theories that follow, all the theories
can be represented by mathematical expressions; however, as was the case with Mohr’s
circle, a graphical picture of these expressions provides a significant insight into what the
theory really means in terms of predicting that a design is safe under static conditions.
Figure 6.1 shows the coordinate system that will be used, where the horizontal axis is the
maximum principal stress (o) and the vertical axis is the minimum principal stress (02).

For ductile materials, the yield strength (S)) in tension and in compression are relatively
equal in magnitude, whereas for brittle materials the ultimate compressive strength (S,.)
is significantly greater in magnitude than the ultimate tensile strength (S,,). Figure 6.1
reflects the difference between the yield and ultimate strengths, and the difference between
the magnitudes of the ultimate tensile and compressive strengths.

(Note that capital S is used for the term strength of a material, whereas the Greek letter o
is used for the calculated normal stresses and the principal stresses and 7 for the calculated
shear stresses and the maximum and minimum shear stresses.)

The four quadrants of this coordinate system, labeled I, II, III, and IV as shown, represent
the possible combinations of the principal stresses (o1, 02). As it is usually assumed that
the maximum principal stress (o) is always greater than or at least equal to the minimum
principal stress (02), combinations in the second (II) quadrant where (o1) would be negative
and (02) would be positive, are not possible. However, the graphical representations of the
analytical expressions will include the second quadrant just from a mathematical standpoint.
Primarily, the most common combinations are in the first (I) quadrant where (o1) and (07)
are both positive and in the fourth (IV) quadrant where (o) is positive and (o7) is negative.
Combinations can occur in the third (III) quadrant where (o7) is negative, however (07)
must be equally or more negative.

233
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02

Sute «—— Brittle

Ductile \
5,4
e |
° P * g (]
_suc —Sy Sy Sul
v \

I -S,e Y
Ductile

Brittle ————— M —» ¢

_Suc

FIGURE 6.1 Static design coordinate system.

6.1.1 Static Design for Ductile Materials

A material is considered ductile if it exhibits a true strain at fracture that is greater than
5 percent. Failure of a machine element made of a ductile material is usually associated
with the element changing shape, meaning it has visible yielding. Therefore, the important
strength for determining if the design of the machine element under static conditions is safe
is the yield strength (Sy). As mentioned earlier, the yield strength in tension and compression
for a ductile material are relatively the same, so the compressive yield strength is (—Sy).
For ductile materials, there are three static design theories that fit the available experi-
mental data on whether the combinations of (o}, 0») for a machine element are safe:

Maximum-normal-stress theory
Maximum-shear-stress theory
Distortion-energy theory

Each of these three theories will be discussed separately, followed by the appropriate
recommendations as to which theory is best for every possible combination of the principal
stresses (01,02). Remember, combinations in the second (II) quadrant are impossible if it is
assumed that the maximum principal stress (o7) is always greater than or at least equal to
the minimum principal stress (07), even though the mathematical expressions and graphical
representations that will be shown allow this combination.

Maximum-Normal-Stress Theory. The square in Fig. 6.2 represented by the tensile and
compressive yield strengths (Sy) and (—S)) shown in Fig. 6.1 is the graphical representation
of the maximum-normal-stress theory. Any combination of the principal stresses (o7, 02)
that falls inside this square represents a safe design, and any combination that falls outside
the square is unsafe.
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02

04

i v

FIGURE 6.2 Maximum-normal-stress theory (ductile).

The mathematical expressions representing a safe design according to the maximum-
normal-stress theory are given in Eq. (6.1).

op <8y or o3>-38§, 6.1)

where the first expression in Eq. (6.1) results in a boundary at the vertical line, (01 = S)),
and the second expression results in a boundary at the horizontal line at (o2 = —S§)).
The boundaries at the vertical line, (0 = —Sy), and the horizontal line, (62 = §)), are
permissible by mathematics but are not relevant to the possible combinations of (o1, 02).

The factor-of-safety (n) for this theory is given in Eq. (6.2) that replaces the inequality
signs in Eq. (6.1) with equals signs and are then rearranged to give

o1 1 o 1
—=—- o — =- (6.2)
Sy n =Sy n

The factor-of-safety (n) in either expression of Eq. (6.2) represents how close the com-
bination of the principal stresses (o1, 02) is to the boundary defined by the theory. A factor-
of-safety much greater than 1 means that the (o1, 02) combination is not only inside the
boundary of the theory but far from it. A factor-of-safety equal to (1) means that the com-
bination is on the boundary. Any factor-of-safety that is less than 1 is outside the boundary
and represents an unsafe static loading condition.

Maximum-Shear-Stress Theory. It was shown in a previous section that the maximum
shear stress (Tmax) is related to the principal stresses (o1) and (02) by the expression given
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in Eq. (6.3).

0|1 — O
Tmax = 12 2 (6.3)

From the tensile test that determines the yield strength (), the maximum principal stress
(01) is equal to the yield strength and the minimum principal stress (o7) is zero. So the
maximum shear stress in Eq. (6.3) becomes

o] — 0y Sy—=0 8§,
Tmax = 5 = > = 7 =
where (S;y) is the yield strength in shear of the material.

Eq. (6.4) can be used to establish the boundary of the maximum-shear-stress theory, given
mathematically in the second expression of Eq. (6.5) as

Sy (6.4)

o] — 0 Sy
<«
2 2

where the straight lines at 45°, one in the fourth (IV) quadrant and one only allowed
mathematically in the second (II) quadrant, represents this theory graphically.

As the maximum-shear-stress theory by itself would allow combinations of the principal
stresses (01,02) to be outside a reasonable boundary, the horizontal and vertical lines
in both the first (I) and third (II) quadrants of Fig. 6.3, which represent the maximum-
normal-stress theory, create a closed region defining the safe combinations of the principal
stresses (01, 02). Remember, combinations in the second (II) quadrant are impossible if it
is assumed that the maximum principal stress (o7) is greater than or at least equal to the

— o01—02<S, (6.5)

Maximum-normal-stress
theory

Maximum-shear-stress S /
theory 4

(o7}

04

Maximum-shear-stress

/ -5, theory

Maximum-normal-stress
theory

FIGURE 6.3 Maximum-shear-stress theory (ductile).
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minimum principal stress (07). Also, combinations in the third (III) quadrant require that
the minimum principal stress (02) be at least equal to or more negative than the maximum
principal stress (o7).

The factor-of-safety (n) for this theory is given in Eq. (6.6), which replaces the inequality
sign in Eq. (6.5) with an equal to sign, then rearranged to give

— 1
oo 1 (6.6)
Sy n

An alternate expression commonly used in place of Eq. (6.6) for the factor-of-safety (n)
for the maximum-shear-stress theory can be defined using the maximum shear stress (Tmax)
and the yield strength in shear (Ssy) from Eq. (6.4) as

Tmax l 6.7)
Ssy T n '

Distortion-Energy Theory. Without presenting the many steps in its development that
can be found in any number of references, the expression given in Eq. (6.8) represents the
combinations of the principal stresses (o7, 02) for a safe design according to the distortion-
energy theory.

or]2 + 022 — o010 < Sg (6.8)

The expression in Eq. (6.8) represents the equation of an ellipse inclined at 45° as shown
in Fig. 6.4. Surprisingly, this ellipse passes through the six corners of the enclosed shape

Maximum-normal-stress
theory

. S,
Maximum-shear-stress )
theory

Il
g, ‘\
01
Sy

i Distortion-energy
theory

Maximum-shear-stress
theory

Maximum-normal-stress
theory

FIGURE 6.4 Distortion-energy theory (ductile).
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shown in Fig. 6.3, which is a combination of the maximum-normal-stress theory in quadrants
(D and (IIT) and the maximum-shear-stress theory in quadrants (II) and (IV).

The factor-of-safety (n) for this theory is given in Eq. (6.9), which replaces the inequality
sign in Eq. (6.8) with an equal to sign and is then rearranged to give

2 2 1/2
(of +o3 —onon) 1 6.9)
Sy n

Comparison to Experimental Data. These three theories would not be very useful in
determining whether a design under static conditions is safe if they did not fit closely with
the available experimental data. In Fig. 6.5, the available experimental data for known
machine element failures under static conditions is shown by + symbols (see J. Marin,
1952).

o, Maximum-normal-stress

theory
Sy
|
Il
01
_Sy Sy
\%
I Distortion-energy
theory
_Sy
Maximum-shear-stress

theory

FIGURE 6.5 Comparison with experimental data (ductile).

Note that there is no experimental data in the second (II) and third (III) quadrants. This is
not unexpected as combinations in the second (II) quadrant are impossible if the maximum
principal stress (o) is greater than or at least equal to the minimum principal stress (02).
Also, combinations in the third (III) quadrant require that the principal stress (o2) be at least
equally or more negative than the principal stress (o7).

Recommendations for Ductile Materials. Based on the closeness of the fit of the exper-
imental data shown in Fig. 6.5, the following are the recommendations as to which theory
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best predicts whether a design is safe or not, specifically in the first (I) and fourth (IV)
quadrants.

First (I): Distortion-energy theory is the most accurate. Maximum-normal-stress theory
is okay, but conservative. Maximum-shear-stress theory does not apply.

Fourth (IV): Distortion-energy theory is the most accurate. Maximum-shear-stress
theory is okay, but conservative. Maximum-normal-stress theory does not apply.

Graphically, these recommendations are shown in Fig. 6.6.

Maximum-normal-stress
theory

Boundary of allowable
combinations

Distortion-energy
theory

Maximum-shear-stress
theory

Maximum-normal-stress
theory

FIGURE 6.6 Summary of recommendations (ductile).

The line at 45° passing through the origin of the coordinate system in Fig. 6.6 establishes
the left boundary of the possible combinations of the principal stresses (o1, 02). The vertical
line in the first (I) quadrant represents the maximum-normal-stress theory, the line at 45°
in the fourth (IV) quadrant represents the maximum-shear-stress theory, and the ellipse in
both the first (I) and fourth (IV) quadrants represents the distortion-energy theory. Notice
that the ellipse passes through the three corner points (Sy,Sy), (Sy,0), and (0,—Sy). Observe
that the distortion-energy theory is the more accurate predictor for both quadrants, and is
less conservative than the other two theories.

To conclude the discussion for ductile materials, Fig. 6.7 shows the load lines for uniaxial,
biaxial, and pure shear combinations of the principal stresses (o1, 02).
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Biaxial where
01=0,>0

01=20,>0

Uniaxial where
0y>0,0,=0

Pure shear where
01>0,0,=-0y

FIGURE 6.7 Load lines for uniaxial, biaxial, and pure shear combinations.

Consider the following example in both the U.S. Customary and SI/metric systems.

Example 1. Plot the combinations given in the table below of the principal stresses (o1, 02)
from several selected examples presented earlier in Chap. 5, on a static design coordinate
system for ductile materials. Show the boundaries of the recommended theories for deter-
mining if the combinations are safe, along with the four special load lines shown in Fig.
6.7. Also, determine the factor-of-safety for each combination. Use a yield strength (S) of

U.S. Customary

12 kpsi that is at the low end for magnesium alloys.

Summary of the principal stresses from selected examples (in kpsi)

Example Principal stress (o) Principal stress (02)
5(85.2) 11 —4
2 (85.3) 12 0
3(85.3) 16 8
4(85.3) 10 —10

solution

Step 1. Plot the combinations of principal stresses from the given table.

This is shown in Fig. 6.8. Notice that the combination of principal stresses for Example 5
(Sec. 5.2) falls outside the boundary in the fourth (IV) quadrant, the combination for
Example 2 (Sec. 5.3) falls on the uniaxial load line directly on the boundary, the combination
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(02} L
Boundary of allowable S— B'ai('al whoere
combinations  ~~_| 01=02>
12

7
7 3
o
)//
\ Biaxial where

0y =20,>0

Uniaxial where
0;1>0,0,=0

Pure shear where
0y>0, 0, =—0y

Scale: 1 kpsi x 1 kpsi

FIGURE 6.8 Principal stress combinations in Example 1 (U.S. Customary).

for Example 3 (Sec. 5.3) falls on the (0] = 20, > 0) biaxial load line outside the boundary,
and the combination for Example 3 (Sec. 5.3) falls on the pure shear load line outside the
boundary.

Step 2. Identify which theory is appropriate for each combination.

For all the examples the distortion-energy theory gives the most accurate information.
However, for Example 5 (Sec. 5.2) and Example 4 (Sec. 5.3) the maximum-shear-stress
theory would be okay, but would be more conservative. For Example 3 (Sec. 5.3), the
maximum-normal-stress theory would be okay, but would be more conservative. For
Example 2 (Sec. 5.3), all three theories are appropriate as they intersect at a point on
the (o7) axis.

Step 3. Calculate the factor-of-safety for each combination, using the appropriate static
design theory.

As stated in step 2, the distortion-energy theory gives the most accurate information, so
use Eq. (6.9) to make the following calculations for each combination.

Example 5 (Sec. 5.2):

(0 +0f—0102)” 1 (D2 + (=42 - (1) (=42
Sy n 12

I_(20+16+442 a8yl 1345

no 12 o2 12

1
— =0. fi
WD 0.89 (unsafe)
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Example 2 (Sec. 5.3):
(F+o3—c02)” 1 122+ ©7 - (12)0)"”

Sy n 12
1 (14440+0)2 1492 12 — 1o
no 12 o120 12
1
n = To= 1.0 (okay, but marginal)

1
Example 3 (Sec. 5.3):
(407 —0102)” 1 _ (167 +®)2 - 163"

Sy n 12
I_(@256+64-128)% (1922 1386 _ .
no 12 o122

1
n = —— = 0.87 (unsafe)
115

Example 4 (Sec. 5.3):
(0f +03—m0)” 1 (102 + (=102 = (10)(~10))"2

Sy n 12
I _ (100+100+100)2 _ @300)"2 1732
no 12 S22 12

1
n= a1 = 0.69 (unsafe)

Step 4. Compare the factors-of-safety found in step 3 with the maximum-normal-stress
theory for Example 3 (Sec. 5.3) and the maximum-shear-stress theory for Examples 5
(Sec. 5.2) and 4 (Sec. 5.3).

As stated earlier, the combination for Example 2 (Sec. 5.3) falls directly on the boundary
and where all three theories coincide. As both the principal stresses in Example 3 (Sec. 5.3)
are positive, use the first expression in Eq. (6.2) to give

Example 3 (Sec. 5.3):

o 1 _ 16_133

Sy n 127

1

T = 0.75 (unsafe)

where the factor-of-safety is smaller than obtained with the distortion-energy theory.
For Examples 5 (Sec. 5.2) and 4 (Sec. 5.3), use the expression in Eq. (6.6) to give

Example 5 (Sec. 5.2):

ol-oy _1_ (4 _15_
Sy n 12 2

1
= — = . f
n 125 0.80 (unsafe)
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Example 4 (Sec. 5.3):

oi—oy _1_10-(-100 _20 _
Sy 12 2

N

3
I

1
—— = 0.60 (unsafe)
1.67
where again the factors-of-safety are smaller than obtained with the distortion-energy theory.
This is what is meant by being more conservative, or more restrictive.

SI/Metric

Example 1. Plot the combinations given in the table below of the principal stresses (o7,02)
from several selected examples presented earlier in Chap. 5, on a static design coordinate
system for ductile materials. Show the boundaries of the recommended theories for deter-
mining if the combinations are safe, along with the four special load lines shown in Fig. 6.7.
Also, determine the factor-of-safety for each combination. Use a yield strength (Sy) of
84 MPa that is at the low end for magnesium alloys.

Summary of the principal stresses from selected examples (in MPa)

Example Principal stress (o7) Principal stress (02)
5(85.2) 83 -33
2 (85.3) 84 0
3(85.3) 112 56
4(85.3) 70 =70

solution
Step 1. Plot the combinations of principal stresses from the given table.

This is shown in Fig. 6.9. Notice that the combination of principal stresses for Example 5
(Sec. 5.2) falls outside the boundary in the fourth (IV) quadrant, the combination for
Example 2 (Sec. 5.3) falls on the uniaxial load line directly on the boundary, the combination
for Example 3 (Sec. 5.3) falls on the (o7 = 202 > 0) biaxial load line outside the boundary,
and the combination for Example 4 (Sec. 5.3) falls on the pure shear load line outside the
boundary.

Step 2. Identify which theory is appropriate for each combination.

For all the examples the distortion-energy theory gives the most accurate information.
However, for Examples 5 and 4 the maximum-shear-stress theory would be okay, but would
be more conservative. For Example 3, the maximum-normal-stress theory would be okay,
but would be more conservative. For Example 2, all three theories are appropriate as they
intersect at a point on the (o1) axis.

Step 3. Calculate the factor-of-safety for each combination, using the appropriate static
design theory.

As stated in step 2, the distortion-energy theory gives the most accurate information, so
use Eq. (6.9) to make the following calculations for each combination.
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Al ] Biaxial where
0y=0,>0

s
7 3
T
}//
\ Biaxial where

07=20,>0

______ 61
\ Uniaxial where

0y>0,0,=0

Pure shear where
01>0, 0, =—0y

Scale: 7 MPa x 7 MPa

FIGURE 6.9 Principal stress combinations in Example 1 (SI/metric).

Example 5 (Sec. 5.2):

(07 + 0} —o100)? _

Sy

1 (6:889+1,0894+2739)"2 (10717)"2  103.52

1 ((83)% +(=33)* — (83)(=33)?
n_ 84

=123

n 84

n =

1.23

Example 2 (Sec. 5.3):

(0 +0f —c102)” _

84 84

1
—— = 0.81 (unsafe)

I (897 + (0 — 8H(O)?

Sy

1 (7056 +0+0)"* (7.056)2 84

n 84

=1.0

n 84

n =

1
1.0

84 T84

= 1.0 (okay, but marginal)
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Example 3 (Sec. 5.3):

(0} +07 —on)"” 1 (112 4 (56) — (112)(56)) 2

Sy n 84

I _ (1254443136 627912 _ (94082 _ 9699 _
no 84 o84 84

1
n = —— = 0.87 (unsafe)
1.15
Example 4 (Sec. 5.3):

(0 +0f =) 1 (@02 + (=702 = (70)(=70))'

Sy n 84
1 (4,900 + 4,900 + 490002 (1470002 12124 |14
no 84 84 84
1
n = —— = 0.69 (unsafe)
1.44

Step 4. Compare the factors-of-safety found in step 3 with the maximum-normal-stress
theory for Example 3 and the maximum-shear-stress theory for Examples 5 and 4.

As stated earlier, the combination for Example 2 falls directly on the boundary and where
all three theories coincide. As both of the principal stresses in Example 3 are positive, use
the first expression in Eq. (6.2) to give

Example 3 (Sec. 5.3):

1 112
-t o133
Sy n 84
1
n = —— = 0.75 (unsafe)
1.33

where the factor-of-safety is smaller than obtained with the distortion-energy theory.
For Examples 5 and 4, use the expression in Eq. (6.6) to give

Example 5 (Sec. 5.2):
o] — o2 1 _ 83 — (—33) _ 116

=—-=—"=—=1.38
Sy n 84 84
1
= —— = 0.72 (unsaf
n 138 0.72 (unsafe)
Example 4 (Sec. 5.3):
- 1 — (= 14
oo 1 _70-(70_ 140 _ o

84 84

N

Sy

= 0.60 (unsafe)

n =

1
1.67
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where again the factors-of-safety are smaller than that obtained with the distortion-energy
theory. This is what is meant by being more conservative, or more restrictive.

The fact that three of the four combinations in Example 1 resulted in unsafe designs,
and the fourth was literally borderline, indicates that a stronger material should be used for
these machine elements. For example, the yield stress (Sy) could be doubled by choosing
cast iron, or tripled by choosing a structural steel like ASTM-A36.

Comparison of Maximum-Shear-Stress Theory and Distortion-Energy Theory. In
Eq. (6.4), repeated here, the maximum shear stress (Tmax) associated with the maximum-
shear-stress theory was found to be related to the yield stress (S)) as

o1 — 03 Sy =0 8§,
fmx =" =Ty Ty T

Ssy 6.4)
or in decimal form
Tmax = 0.5 S (6.10)
For special cases of torsion, which is a pure shear condition where the maximum principal
stress (o1) is the shear stress () and the minimum principal stress (02) is the negative of
the shear stress (—1), the distortion-energy theory from Eq. (6.8), repeated here, gives
012 + 022 — 0103 = S§ (6.8)

where the inequality sign has been replaced by an equal to sign. Substituting the shear stress
(1), which would actually be the maximum shear stress (Tmax ), and (—7) gives

@+ () - @) =+ P+ P =312 =]

52

P ?‘ 6.11)
Sy 0.577 S

T=—=0U. )
V3 !

Summarizing Eqgs. (6.10) and (6.11) gives

0.5,  maximum-shear-stress theory
Tmax = (6.12)

0.577S8, distortion-energy theory

It is common to see the distortion-energy theory rounded to (0.60 Sy ) instead of the three
decimal place result given in Eq. (6.12).

6.1.2 Static Design for Brittle Materials

In contrast to ductile materials, brittle materials exhibit a true strain at fracture of less than
5 percent. Failure of a machine element made of a brittle material is usually associated
with the element suddenly fracturing. Therefore, the important strength for determining if
the design of the machine element under static conditions is safe, is the ultimate strength
(S4). As mentioned earlier, brittle materials have an ultimate strength in compression,
designated (S,.), significantly greater than its ultimate strength in tension, designated (S, ).
(In Figs. 6.10 through 6.17 that follow, S, = 3S,;.)
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For brittle materials, there are three static design theories that fit the available experimental
data on whether the combinations of (o7,02) for a machine element are safe:

Maximum-normal-stress theory
Coulomb-Mohr theory
Modified Coulomb-Mohr theory

Each of these three theories will be discussed separately, followed by the appropriate
recommendations as to which theory is best for every possible combination of the principal
stresses (01,02). Remember, combinations in the second (II) quadrant are impossible if it is
assumed that the maximum principal stress (o) is always greater than or at least equal to
the minimum principal stress (02), even though the mathematical expressions and graphical
representations that will be shown allow this combination.

Maximum-Normal-Stress Theory. The square in Fig. 6.10 represented by the respective
values of the tensile and compressive strengths shown in Fig. 6.1 is the graphical representa-
tion of the maximum-normal-stress theory of static failure. Any combination of the principal
stresses (01) and (o2) that are inside the square is a safe design and any combination outside
the square is unsafe. Remember, the strengths (S,;)and (S,.) are positive values.

Op

O1

v

_Suc

FIGURE 6.10 Maximum-normal-stress theory (brittle).

The mathematical expressions representing a safe design according to the maximum-
normal-stress theory are given in Eq. (6.13),

o1 < Sy or op>—Su (6.13)

where the first expression in Eq. (6.13) results in a boundary at the vertical line, (o1 = Sy;),
and the second expression results in a boundary at the horizontal line at, (62 = —Syc).
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The boundaries at the vertical line, (o7 = —S),¢), and the horizontal line, (65 = S,;), are
permissible by mathematics but are not allowable combinations of (o1,02).

The factor-of-safety (n) for this theory is given in Eq. (6.14), which replaces the inequality
signs in Eq. (6.13) with equal to signs and are then rearranged to give

1 1
ot _ 1o %2 _ (6.14)
Sut n —Suc n

The factor-of-safety (n) in either expression of Eq. (6.14) represents how close the com-
bination of the principal stresses (o1,02) is to the boundary defined by the theory. A factor-
of-safety much greater than 1 means the (01,02) combination is not only inside the boundary
of the theory but far from it. A factor-of-safety equal to (1) means the combination is on
the boundary. Any factor-of-safety less than 1 is outside the boundary and represents an
unsafe static loading condition.

Coulomb-Mohr Theory. The lines connecting the ultimate strength in tension (S,,;) with
the ultimate strength in compression (—S,.), one in the second (II) quadrant and one
in the fourth (IV) quadrant, as shown in Fig. 6.11, represent graphically the Coulomb-Mohr
theory of static failure. To provide a closed boundary, the vertical and horizontal lines of
the maximum-normal-stress theory in the first (I) and third (III) quadrants are used with
the Coulomb-Mohr theory. Any combination of the principal stresses (o1) and (o2) that
are inside this enclosed area is a safe design and any combination outside this area is
unsafe.

Op

Maximum-normal-stress

Coulomb-Mohr theory
theory
Sut
Il |
S S il
¥ m v i

Coulomb-Mohr
theory

/' =S,

Maximum-normal-stress
theory

FIGURE 6.11 Coulomb-Mohr theory (brittle).
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The mathematical expressions representing a safe design according to the Coulomb-Mohr
theory are given in Eq. (6.15),
o1 02 02 o1

— —— <1 or ——— <1 (6.15)
Sut Suc Sut Suc

where the first expression in Eq. (6.15) specifies the line in the fourth (IV) quadrant and the
second expression specifies the line, only mathematically, in the second (II) quadrant.

The factor-of-safety (n) for this theory is given in Eq. (6.16), which replaces the inequality
signs in Eq. (6.15) with equal to signs to give

1 1
o _ % _ 1 , %2_oa _2 (6.16)
Sut Suc n Sut Suc n

Modified Coulomb-Mohr Theory. The maximum-normal-stress theory can be expanded
into the fourth (IV) quadrant if the vertical line at (o1 = S,;) in the first (I) quadrant is ex-
tended downward until it reaches the point (S,,—Sy;). If a line is then drawn that connects
the point (0,—S),¢) with the point (S,;,—Sy;), then this new line represents the modified
Coulomb-Mohr theory. These two new lines are shown dashed in Fig. 6.12. Although al-
lowed mathematically, there are two lines in the second (II) quadrant, one connecting the
points (0,S,;) and (—S,;,S,;) representing an extension of the maximum-normal-stress the-
ory and the other connecting the points (—S,;,S,;) and (—S),¢,0) representing the modified
Coulomb-Mohr theory, but as stated many times already, no combinations of (o1, 07) are
possible in the second (II) quadrant if the principal stress (o1) is always noted as the greater
of the two principal stresses.

O
Modified Coulomb-Mohr ~ ~

theory Maximum-normal-stress
theory
Coulomb-Mohr /
theory 5
/:__A/ i
~. i
P> | |
S St s A
k4 RS RN BN Y r‘ i

I\

Modified Coulomb-Mohr
7 =Suc theory

Maximum-normal-stress
theory

Coulomb-Mohr
theory

FIGURE 6.12 Modified Coulomb-Mobhr theory (brittle).
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The mathematical expressions representing a safe design according to the modified
Coulomb-Mohr theory are given in Eq. (6.17),

S S
ﬂ<1_ﬂ)_2<] or 2(1_£>_2<1 6.17)
SM[ S uc SL( c SL( t SM c S uc
where the first expression in Eq. (6.17) specifies the line in the fourth (IV) quadrant con-
necting the points (0,—S,,) and (S,;,—Su/), and the second expression specifies the line in
the second (II) quadrant connecting the points (—S,,¢,0) and (—Sys,Sus)-

The factor-of-safety (n) for this theory is given in Eq. (6.18), which replaces the inequality
signs in Eq. (6.17) with equal to signs to give

2(1—i>—2=1 or 2(1—i>—ﬂ=l (6.18)
Sut Suc Suc n Sut Suc Suc n
Comparison to Experimental Data. As was said about the theories associated with ductile
materials, these three theories would not be very useful in determining whether a design
under static conditions is safe if they did not fit closely with the available experimental data.
In Fig. 6.13, the available experimental data for known machine element failures under
static conditions is shown by 4 symbols (see C. Walton, 1971).

Note that the data shown are primarily in the first (I) and fourth (IV) quadrants; none
in the second (II) and third (III) quadrants. This is not unexpected as combinations in the
second (II) quadrant are impossible if the principal stress (o) is noted as the greater of
the two principal stresses. Also, combinations in the third (III) quadrant require that the
principal stress (o2) be at least equally or more negative than the principal stress (o7).

Modified Coulomb-Mohr 2

theory Maximum-normal-stress
theory

Coulomb-Mohr
theory

01
_suc _su

Coulomb-Mohr
theory

AN

Modified Coulomb-Mohr
=Suc theory

Maximum-normal-stress
theory

FIGURE 6.13 Comparison with experimental data (brittle).
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Remember that for brittle materials, the ultimate strength in compression is significantly
greater than the ultimate strength in tension.

Recommendations for Brittle Materials. Based on the closeness of the fit of the experi-
mental data shown in Fig. 6.13, the following are the recommendations as to which theory
best predicts whether a design is safe or not, specifically in the first (I) and fourth (IV)
quadrants.

First I): (o1 > 0and op > 0)

Maximum-normal-stress theory is the most accurate. Coulomb-Mohr theory does not
apply. Modified Coulomb-Mohr theory does not apply.

Fourth IV): (o1 >0and 0 > 0o > —Sy¢)

Maximum-normal-stress theory is the most accurate. Coulomb-Mohr theory is okay,
but conservative. Modified Coulomb-Mohr theory does not apply.

Fourth (IV): (o1 > 0and —S,; > 03 > —Sy¢)

Modified Coulomb-Mohr theory is the most accurate. Coulomb-Mohr theory is okay, but
conservative. Maximum-normal-stress theory does not apply.

Graphically, these recommendations are shown in Fig. 6.14.

The line at 45° passing through the origin of the coordinate system in Fig. 6.14 establishes
the left boundary of the possible combinations of the principal stresses (o1, 02). The vertical
line in the first (I) quadrant that extends downward to (— S,,;) in the fourth (IV) quadrant, and

02
Boundary of allowable
combinations

Maximum-normal-stress
theory

° o4

L 4

¥/ ——— Coulomb-Mohr

5 >

i /

i 7/ / theory
i /7

i 1

-7 4

Z Modified Coulomb-Mohr
-Suc theory

Maximum-normal-stress
theory

FIGURE 6.14 Summary of recommendations (brittle).
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Biaxial where
01=0,>0
(0] .
7
\ :
4
7
Boundary of allowable an
combinations §% Ll
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Su, // Ptd /\
1T /| -7 11,
= 2l RpEd Biaxial where
,/// S 01=20,>0
1 /- ut 5
. 1
_Suc : TN

! 7N
I / N\
: s )[
! 7 =Su . Uniaxial where
1
E B / ! 01>0,0,=0
) ’ / .
i s
ARRDLE /
1
i 7 / Pure shear where
1

01>0, 0p=—0y

FIGURE 6.15 Load lines for uniaxial, biaxial, and pure shear combinations.

the horizontal line in the third (III) quadrant, represents the maximum-normal-stress theory.
The solid line that connects the point (0,—S,,.) to the point (S,;,0) represents the Coulomb-
Mohr theory. The dotted line from point (0,—S,,.) to the point (S,;,—S,;) represents the
modified Coulomb-Mohr theory.

To conclude the discussion for brittle materials, Fig. 6.15 shows the load lines for uniaxial,
biaxial, and pure shear combinations of the principal stresses (o1, 02).

Consider the following example in both the U.S. Customary and SI/metric systems.

U.S. Customary

Example 2. Plot the combinations given in the table below of the principal stresses (o7, 02)
on a static design coordinate system for brittle materials. Show the boundaries of the recom-
mended theories for determining if the combinations are safe, along with the four special
load lines shown in Fig. 6.15. Also, determine the factor-of-safety for each combination.
Use an ultimate strength in tension (S,,;) of 30 kpsi and an ultimate strength in compression
(Suc) of 90 kpsi that are the typical values for cast iron.

Principal stresses (in kpsi)

Point  Principal stress (o1)  Principal stress (02)

1 40 —15
2 30 0
3 20 20
4 25 =25
5 15 =55
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() .
/
/
/
Boundary of allowable // ]
11 2 —
combinations 3 ) PR
30 4 BEJN
AN -/ -
& P Biaxial where
/// = 2 07=20,>0

)

] 0y
=90 : / AN 30

: // \\ L S 1

! /

! 7/ -30-F---- --i\ Uniaxial where

! 1 / \\ 4 0y>0,0,=0

! e » N

1

! / ~—s N

! // / \‘

H{r i/ /

Y/

a Pure shear where

=90 0y>0,0,=-0y

| Scale: 5 kpsi x 5 kpsi

FIGURE 6.16 Principal stress combinations in Example 2 (U.S. Customary).

solution
Step 1. Plot the combinations of principal stresses from the given table.

This is shown in Fig. 6.16. Notice that the combination of principal stresses for point
1 falls outside the boundary in the fourth (IV) quadrant, the combination for point 2 falls
on the uniaxial load line directly on the boundary, the combination for point 3 falls on the
(01 = 02 > 0) biaxial load line inside the boundary, the combination for point 4 falls on
the pure shear load line outside the boundary defined by the Coulomb-Mohr theory, but
inside the boundary defined by the maximum-normal-stress theory, and the combination
for point 5 falls outside the boundary defined by the Coulomb-Mohr theory, but inside the
boundary defined by the modified Coulomb-Mohr theory.

Step 2. Identify which theory is appropriate for each combination.

For points 1, 2, 3, and 4, the maximum-normal-stress theory gives the most accurate
information, and for point 5 the modified Coulomb-Mohr theory gives the most accurate
information. However, for points 4 and 5 the Coulomb-Mohr theory would be okay, but
would be more conservative. For point 2, either the maximum-normal-stress theory or the
Coulomb-Mohr theory are appropriate as they intersect at a point on the (o) axis.

Step 3. Calculate the factor-of-safety for each combination, using the appropriate static
design theory.
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As stated in step 2, the maximum-normal-stress theory gives the most accurate informa-
tion for points 1, 2, 3, and 4, so use Eq. (6.14) to make the following calculations for these

combinations.

Point 1:
1 40
a3
SLII n 30
1
n = —— = 0.75 (unsafe)
1.33
Point 2:
o _L_0_,
Sut n 30
1
n= o= 1.0 (okay, but marginal)
Point 3:
1 20
=2 =067
Su[ n 30
—l 1.5 (safe)
= = 1.5 (safe
"= 067
Point 4:
1 25
2083
Su[ n 30
! 1.2 (safe)
n=——=1.
0.83

Also stated in step 2, the modified Coulomb-Mohr theory gives the most accurate infor-
mation for point 5, so use the first expression in Eq. (6.18) to make the following calculation

for this combination.

Point 5:

o (, Sut oo 1 15 . 30 —-55
Sut Suc Swe n 30 90 90

115 30\ -55 1,60\ 55 30 55 85
== (1) =" = o (2 )+ = =4 = =094
90 90) 90 ~ 90 90 ~ 90

n 30 90 2

1
n—= 0oa = 1.06 (safe, but just barely)

Step 4. Compare the factors-of-safety found in step 3 for Points 4 and 5 with the Coulomb-
Mohr theory given in the first expression of Eq. (6.16).
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Point 4:
o1 o2 125 =25
Sut Sue n 30 90
1 25 =25 25 25 75 25 100
= = 2 = = =111
n 30 90 30 90 90 90 90
1
n = —— = 0.90 (unsafe)
1.11
Point 5:
o1 o 1 _ 15 =55
Su Sue n 30 90
1 15 =55 15 55 45 55 100
n 30 9 30 90 90 90 90

1
n = —— = 0.90 (unsafe
1.11 ( )
where the factors-of-safety found are less than one and indicates an unsafe static condition.
This is why the Coulomb-Mohr theory is more conservative, or more restrictive, in this
region of the diagram.

SI/Metric

Example 2. Plot the combinations given in the table below of the principal stresses (o1, 02)
on a static design coordinate system for brittle materials. Show the boundaries of the recom-
mended theories for determining if the combinations are safe, along with the four special
load lines shown in Fig. 6.15. Also, determine the factor-of-safety for each combination. Use
an ultimate strength in tension (S,;) of 210 MPa and an ultimate strength in compression
(Syc) of 630 MPa that are typical values for cast iron.

Principal stresses (in MPa)

Point  Principal stress (o7)  Principal stress (o2)

1 280 —105
2 210 0
3 140 140
4 175 —175
5 105 —385

solution
Step 1. Plot the combinations of principal stresses from the given table.

This is shown in Fig. 6.17. Notice that the combination of principal stresses for point 1
falls outside the boundary in the fourth (IV) quadrant, the combination for point 2 falls
on the uniaxial load line directly on the boundary, the combination for point 3 falls on the
(01 = 02 > 0) biaxial load line inside the boundary, the combination for point 4 falls on
the pure shear load line outside the boundary defined by the Coulomb-Mohr theory, but
inside the boundary defined by the maximum-normal-stress theory, and the combination
for point 5 falls outside the boundary defined by the Coulomb-Mohr theory, but inside the
boundary defined by the modified Coulomb-Mohr theory.
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FIGURE 6.17 Principal stress combinations in Example 2 (SI/metric).

Step 2. Identify which theory is appropriate for each combination.

For points 1, 2, 3, and 4, the maximum-normal-stress theory gives the most accurate
information, and for point 5 the modified Coulomb-Mohr theory gives the most accurate
information. However, for points 4 and 5 the Coulomb-Mohr theory would be okay, but
would be more conservative. For point 2, either the maximum-normal-stress theory or the
Coulomb-Mohr theory are appropriate as they intersect at a point on the (o) axis.

Step 3. Calculate the factor-of-safety for each combination, using the appropriate static
design theory.

As stated in step 2, the maximum-normal-stress theory gives the most accurate informa-
tion for points 1, 2, 3, and 4, so use Eq. (6.14) to make the following calculations for these
combinations.

Point 1:
o] 1 280
— =—-=—=1.33
Sur n 210
1
n = —— = 0.75 (unsafe)

1.33
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Point 2:
1 21
o _1_210_ 4
S n 210
1
n = 0 = 1.0 (okay, but marginal)
Point 3:
1 140
Sut n 210
n= m =15 (safe)
Point 4:
1 175
Syt n 210
1
n = —— = 1.2 (safe)
0.83

Also stated in step 2, the modified Coulomb-Mohr theory gives the most accurate infor-
mation for point 5, so use the first expression in Eq. (6.18) to make the following calculation

for this combination.

Point 5:

o (, Syt oo 1 105 . 210 —385
Sut Suc Swe n 210 630 630
1 105 210 —385 1 /420 385 210 385 595
= 1 =3 = + = = =094

630 630/ 630 ~ 630 ' 630 630

630

n 210

1
n= 004 = 1.06 (safe, but just barely)

Step 4. Compare the factors-of-safety found in step 3 for Points 4 and 5 with the Coulomb-
Mohr theory given in the first expression of Eq. (6.16).

Point 4:
o1 o) 1 _ 175 —175

Sut  Sue n 210 630
1175 —175 175 175 _ 525 175 700

X 210 630 210 7630 — 630 1630 — 630

1
n=—— =0.90 (unsafe)
1.11

Point 5:
o1 o) 1 _ 105 —385

Sut  Sue n 210 630
1 105 —385 105 385 _ 315 385 _ 700 _

7T 210 630 _ 210 1630 _ 630 1630 630

1
n = —— = 0.90 (unsafe)

BERE
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where the factors-of-safety found are less than 1 and indicates an unsafe static condition.
This is why the Coulomb-Mohr theory is more conservative or more restrictive in this region
of the diagram.

6.1.3 Stress-Concentration Factors

The normal (o) and shear () stress formulas presented in Chap. 1 for fundamental loadings
and Chap. 3 for advanced loadings, and that were summarized in Tables 4.1 and 4.2 in
Chap. 4 on combined loadings, were developed for machine elements having uniform
geometric features. Adding such things as a hole or notches to a bar in tension or bending,
or changing the diameter of a shaft in torsion or bending, produce what are called stress
concentrations in the machine element at the change in geometry. Manufacturing processes
can also create stress concentrations, such as shoulder fillets at the transition between two
different diameters of a shaft. Even the welding process can produce significant stress
concentrations.

As it turns out, stress concentrations are not a problem for machine elements made of
ductile materials as the material will deform appropriately to adjust to these stress concen-
trations. However, machine elements made of brittle materials are very susceptible to stress
concentrations, and therefore, stress-concentration factors should always be incorporated
in the stress calculations.

As an example of a change in the geometry of a machine element, the rectangular bar
with a transverse hole shown in Fig. 6.18 is loaded axially in tension by the two forces (P).

-« w O:{d —>

FIGURE 6.18 Bar with transverse hole in tension.

The cross-sectional area (A) for calculating the axial stress (0axial) is the width (w) times
the thickness (7). The axial stress is therefore given by Eq. (6.19) as

P P
Oaxial = Z = E (6.19)
However, the cross-sectional area of the bar at the hole (A,) is smaller than the area (A)
and equal to the width (w — d) times the thickness (¢), which means the stress in the bar at
the hole (o,) is greater than the axial stress (oaxia) and given by Eq. (6.20).

P P

A, w—d)) (620

0y =

In addition to a reduced area, the axial stress at the hole (0,) must be multiplied by
a stress-concentration factor (K;) to provide the design normal stress (o) from which
principal stresses (07) and (02) and the maximum shear stress (tyax) can be determined.
The design normal stress (o) is given in Eq. (6.21) as

oxx = K0, (6.21)

Stress concentrations can also occur in machine elements under loadings that produce
shear stresses. By analogy to Eq. (6.21), the design shear stress (7, ) is given by Eq. (6.22) as

Ty = KisTo (6.22)
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where (K;y) is a stress-concentration factor in shear, and (z,) is the shear stress at a change

in the geometry of the machine element.

For many common changes in geometry, stress-concentration factors, both (K;) and
(Ks), have been developed (see Marks or Peterson, 1974). Stress-concentration factors are
dependent on the geometry of the machine element, not on the material used. However, some
materials are more sensitive to stress concentrations, or notches, so the stress-concentration
factors will be modified according to their notch sensitivity.

U.S. Customary

SI/Metric

Example 1. For the rectangular bar with a
transverse hole in Fig. 6.18 loaded in tension,
calculate the axial stress (0,xiq7), the stress at
the hole (0,), and the design normal stress (o)
using Eqgs. (6.19), (6.20), and (6.21), where

P =1,2001b
w = 3in
t =0.25in
d=1in
K; =235
solution

Step 1. Using Eq. (6.19) calculate the axial
stress (Oaxial) as

P P 1,2001b
Oxxigf = — = — = ————
adial = T 7 T 3in) (0.251n)
1,2001b )
= — = 1,6001b/in’
0.75in
= 1.6 kpsi

Step 2. Using Eq. (6.20) calculate the stress at
the hole (0,) as

P P
A, (w—d)(1)
1,2001b
(I3 — 11in) (0.251n)
_ L2006 _ 2,400 1b/in®
0.5in?
2.4 kpsi

Oy =

Step 3. Using Eq. (6.21) calculate the design
normal stress (o) as

Oxx

K; 0, = (2.35) (2.4kpsi)

= 5.6kpsi

Example 1. For the rectangular bar with a
transverse hole in Fig. 6.18 loaded in tension,
calculate the axial stress (0,yiq1), the stress at
the hole (0, ), and the design normal stress (o)
using Egs. (6.19), (6.20), and (6.21), where

P =5400N
w=75cm=0.075m
t = 0.6 cm =0.006 m
d=25=0.025m
K: =235
solution

Step 1. Using Eq. (6.19) calculate the axial
stress (Oaxial) as

P P 5400N
Opxjag] = —=—= —————————————
axial = = 7 T (0.075m) (0.006 m)
5.400N
= " — 12,000,000 N/m?
0.00045 m? m
= 12.0MPa

Step 2. Using Eq. (6.20) calculate the stress at
the hole (o,) as

P P
A, w—d) (1)
5,400N
(0.05m) (0.006 m)
5,400N
= 500032 = 18,000,000 N/m?
18.0MPa

Oaxial =

Step 3. Using Eq. (6.21) calculate the design
normal stress (o) as

K, 0, = (2.35) (18.0 MPa)

Oxx

= 42.3MPa
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Notice that the stress at the hole (o,) is 50 percent greater than the axial stress (Gaxial)»
and that the design normal stress (o) is almost three and a half times greater than the axial
stress. It should be clear that stress concentrations cannot be ignored.

Notch Sensitivity. As mentioned earlier, some brittle materials are not as sensitive to stress
concentrations as others, so a reduced value of the stress-concentration factor (K;), denoted
(Ky), is defined in Eq. (6.23),

Kf=1+q(K —1) (6.23)

where (q) is the notch sensitivity. The subscript f on this reduced value of the stress-
concentration factor stands for fatigue, which will be discussed shortly in Chap. 7. However,
notch sensitivity is important to static loading conditions, just as it is to dynamic or fatigue
loading conditions.

Notch sensitivity (g), which ranges from O to 1, is a function not only of the material but
the notch radius as well. The smaller the notch radius, the smaller the value of the notch
sensitivity, and therefore, the smaller the reduced value of the stress-concentration factor
(K y). Based on Eq. (6.23), a notch sensitivity of zero gives a reduced stress-concentration
factor (K #) equal to 1, meaning the material is not sensitive to notches. For anotch sensitivity
of 1, the reduced stress-concentration factor (K y) equals the geometric stress-concentration
factor (K;), meaning the material is fully sensitive to notches. Values of the notch sensitivity
(g) are available in various references; however, if a value of the notch sensitivity is not
known, use a value of 1 to be safe.

6.2 COLUMN BUCKLING

Column buckling occurs when a compressive axial load acting on a machine element being
modeled as a column exceeds a predetermined value. This machine element typically does
not fail exactly at this value; however, the design is unsafe if this value is exceeded. The
discussion on column buckling will be divided into four areas.

1. Euler formula for long slender columns

2. Parabolic formula for intermediate length columns
3. Secant formula for eccentric loading

4. Compression of short columns

These four areas are primarily differentiated relative to a slenderness ratio (L/k), where
(L) is the length of the column and (k) is the radius of gyration of the cross-sectional area
of the column. If the cross-sectional area has a weak and a strong axis, then the radius of
gyration used in the slenderness ratio should be for the weak axis. The radius of gyration
(k) is found from the relationship in Eq. (6.24),

I=AR or k=L (6.24)
A
where (/) is the area moment of inertia and (A) is the cross-sectional area of the column.
For example, suppose the cross section of a column is rectangular as shown in Fig. 6.19.
As the height (h) is larger than the width (b), the x-axis is the strong axis and the y-axis is the
weak axis. Therefore, the area moment of inertia for the weak axis is given in Eq. (6.25) as

1
Ieak = 7 hb? (6.25)
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y
[— Weak axis

h 6 ,\x

Strong axis

b
FIGURE 6.19 Rectangular cross section.

The area (A) of this rectangular cross section is (bh), so the radius of gyration (k) for the
weak axis is given in Eq. (6.26) as

1
— hb’
[ Iweak 12 /1 b b
weak A bh 12 ,—12 2«/§ ( )

If the area moment of inertia for the strong axis were used in Eq. (6.26), then the radius
of gyration (Ksgrong) Would be too large by a factor of (h/b), where

o _h o _h b h
strong—bweak—bzﬁ—zﬁ

6.2.1 Euler Formula

For long slender columns where the slenderness ratio (L/k) is greater than a certain value,
for example, 130 for A36 steel or 70 for 6061-T6 aluminum, buckling of the column is
predicted if the calculated axial stress (oaxial) is greater than the critical stress (o) given
in Eq. (6.27), called the Euler Buckling formula,

Per Cends n’E

=— = — 6.27
Ocr A <L)2 ( )
k
where
P
Oaxial = X (6.28)
and

P = applied compressive axial force
A = cross-sectional area of column
P, = critical compressive axial force on column
Cengs = coefficient for type of connection at each end of column
E = modulus of elasticity of column material

There are two important points to make from Eq. (6.27). First, the only material property
in this equation is the modulus of elasticity (E), so the critical stress is the same for low-
strength steel as for high-strength steel. Second, as the length (L) of the column increases,
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the critical stress is reduced by the inverse square, meaning that if the length is doubled the

critical stress is reduced by a factor of 4.

There are four typical end-type pairs for columns: (1) pin—pin, (2) fixed—pin, (3) fixed—
fixed, and (4) fixed—free, and are shown in Fig. 6.20.

Z Z

7 7
Pin—pin Fixed—pin

Z

7 7
Fixed—fixed Fixed—free

FIGURE 6.20 Column end type pairs.

The corresponding values of the coefficient (Cepgs) are:

Cends
(1) pin—pin 1
(2) fixed—pin 2
(3) fixed—fixed 4
(4) fixed—free 1y

In practice, it is difficult to actually achieve a truly fixed end condition, so to be safe use
a coefficient (Cepgs) equal to 1, or at the most 1.2 to 1.5 for the fixed—pin or fixed—fixed
conditions. Remember too that when a structure is being assembled, especially truss-like
structures, all the joints start out loose, so if a higher coefficient has been used in the
design phase, the structure may collapse before it can be tightened. This has happened
more frequently than expected. For a fixed—free condition, it is certainly prudent to use a

coefficient (Cepgs) equal to one-quarter, as specified already.

U.S. Customary

SI/Metric

Example 1. Determine whether the following
rectangular (b x h) column of length (L) with
pin—pin ends is safe under a compressive axial
force (P), where

P = 24,000 1b
L=6ft=72in
b=1in

h =3in

E = 30 x 10° Ib/in? (steel)
Cends = 1 (Pin_pin)
solution
Step 1. Using Eq. (6.26), calculate the radius
of gyration (k) as
b lin

k= ——=——=0.29in
2J3 2J3

Example 1. Determine whether the following
rectangular (b x h) column of length (L) with
pin—pin ends is safe under a compressive axial
force (P), where

P = 108,000 N
L=2m
b=25cm=0.025m
h=75cm=0.075m
E = 207 x 10° N/m? (steel)
Cends = 1 (Pin—pin)

solution

Step 1. Using Eq. (6.26), calculate the radius

of gyration (k) as
b= b 0.025m

T 2/3 0 23

=0.0072m
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U.S. Customary

SI/Metric

Step 2. Calculate the slenderness ratio (L/k)

L 72in

&k 029in

so the Euler’s Buckling formula applies.

Step 3. Using Eq. (6.27), calculate the critical
stress (o) as

Cends an
L 2
(%)
_ ()m2(30 x 10° Ib/in?)
- (248)2

Ocr =

296 x 10° Ib/in?
61,504

= 4,813 1b/in®> = 4.8kpsi

Step 4. Using Eq. (6.28), calculate the axial
stress (Oaxial) as
P 24,0001b

A~ (imGin)

Oaxial =

= 8,0001b/in®> = 8.0kpsi

Step 5. Comparing the critical stress found in
step 3 with the axial stress found in step 4, it is
clear the design is unsafe as

Oaxial > Ocr

Step 2. Calculate the slenderness ratio (L/k)

L 2m
—=——— =278
k  0.0072m

so the Euler’s Buckling formula applies.

Step 3. Using Eq. (6.27), calculate the critical
stress (o) as

Cends ﬂzE
L 2
(%)
_ ()2(207 x 10° N/m?)
- (278)2

Ocr =

2,043 x 10° N/m?
77,284

26,435,000 N/m? = 26.4 MPa

Step 4. Using Eq. (6.28), calculate the axial
stress (Oaxial) as

P 108,000 N

A (0.025m)(0.075 m)

Oaxial =

= 57,600,000 N/m* = 57.6 MPa

Step 5. Comparing the critical stress found in
step 3 with the axial stress found in step 4, it is
clear the design is unsafe as

Oaxial > Ocr

6.2.2 Parabolic Formula

For columns where the slenderness ratio (L/k) is less than a certain value, the Euler formula
does not accurately predict column buckling. As mentioned earlier, the Euler formula given
in Eq. (6.27) states that the critical stress (o, ) is inversely proportional to the square of the
slenderness ratio (L/k). This inverse relationship is presented graphically in Fig. 6.21 as the
curve from point A to point B.

The lower limit of the slenderness ratio for which the Euler formula is appropriate is
indicated by point D, denoted (L/k)p, where the critical stress is set equal to the yield
stress divided by two (S)/2). The value of the slenderness ratio at this point is given in

Eq. (6.29).
L 272CE 2
(zlﬁ( 5 ) o

Also shown in Fig. 6.21 is point C, also on the Euler curve, that defines a slenderness
ratio, denoted (L/k)c, where the critical stress has been set equal to the yield stress (Sy).
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Ocr A
* Parabolic formula
S 4 c
= R —— N
© =~
g N\
3 D
S,/2+ Euler formula
N
AN
B

(LK) (L/K)p
Slenderness ratio (L/k)

FIGURE 6.21 Euler and parabolic formulas.

The value of the slenderness ratio at this point is given in Eq. (6.30).

1/2
L 72CE
(5, -(2)

If a parabola is now constructed between point D and the yield stress (Sy) on the critical
stress (o) axis, then the following parabolic formula given in Eq. (6.31) will be obtained.

P., 1 (S, L\?
=L s - (2 6.31
G =T T CE<271k ©31)

Note that the values of the slenderness ratio (L/k) used in the parabolic formula given in
Eq. (6.31) must be less than the value at point D, meaning the value denoted (L/k)p and
given in Eq. (6.29).

The triangular-like region shown shaded in Fig. 6.21 is bounded by the following three
points: the yield stress (Sy) point on the critical stress axis, point C on the Euler curve,
and point D on both the Euler and parabolic curves. This is the region where the Euler
formula might appear to be appropriate, but in practice is not. The reason for this is that
columns with slenderness ratios in this region tend to be influenced more by the fact that
the critical stress (o) is greater than the yield stress (Sy) rather than by the Euler formula
buckling criteria.

There are two important points to make from Eq. (6.31). First, unlike the Euler formula,
the yield stress (Sy) is important so the critical stress (o,,) for high-strength steel is greater
than that for low-strength steel, even though the modulus of elasticity (E) is the same.
Second, like the Euler formula, as the length (L) of the column increases, the critical stress
is reduced, again as the square of the slenderness ratio.

For the following example, the cross-sectional area will be circular, so the radius of
gyration (k) will be different than for a rectangular cross section given in Eq. (6.26). The area
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moment of inertia for a circle is given by Eq. (6.32) as

1
Leircle = —r (6.32)

The area (A) of this circular cross section is (7rr2), so the radius of gyration (k) for a

circle is given in Eq. (6.33) as

 —
Lcircle Fr 1 r
[ S e AR e Y 6.33
circle Acircle r2 4 B ( )
U.S. Customary SI/Metric

Example 2. Determine whether the following
circular column with diameter (d) and of length
(L) with fixed—fixed ends is safe under a com-
pressive axial force (P), where

P = 12,000 1b

L =3ft=36in

d=2in

E =10 x 10° kpsi (aluminum)
Sy = 40 kpsi

Cends = 1.5 (fixed—fixed) adjusted

solution
Step 1. Using Eq. (6.33), calculate the radius
of gyration (k) as

x r lin 0.5i
=—-=—=05in
2 2

Step 2. Calculate the slenderness ratio (L/k).

L 36in

ST =7
k ~ 05in

Step 3. Calculate the minimum slenderness ra-
tio (L/k) p for the Euler formula from Eq. (6.29).

L\ _ (2x*cE\"
k D_ Sy

B (2712(1.5)(10 x 10 psi))l/z

40,000 psi

(296 x 100 psi\ 2
~ \ 40,000 psi

= (740)2 = 86

Example 2. Determine whether the follow-
ing circular column, with diameter (d), and of
length (L) with fixed—fixed ends is safe under a
compressive axial force (P), where

P =54,000 N
L=1m
d=5cm=0.05m
E =170 x 10> MPa (aluminum)
Sy = 270 MPa
Cends = 1.5 (fixed—fixed) adjusted

solution
Step 1. Using Eq. (6.33), calculate the radius
of gyration (k) as

r0.025m

k==
2 2

Step 2. Calculate the slenderness ratio (L/k).

=0.0125m

L_ Im — 80
k'~ 0.0125m

Step 3. Calculate the minimum slenderness ra-
tio (L/k) p for the Euler formula from Eq. (6.29).

L\ _ (2m*CE\"
k D_ Sy

3 <2n2(1.5)(70 x 10 MPa))l/z

270 MPa

(2073 x 10*MPa
a 270 MPa

= (7.676)" = 88



266 STRENGTH OF MACHINES

U.S. Customary

SI/Metric

As the slenderness ratio calculated in step 2
is less than the minimum value found in step
3 for the Euler formula, the parabolic formula
applies.

Step 4. Using Eq. (6.31), calculate the critical
stress (o¢,) as

oL (5L 2
O = ——= ==
“ Y CE\27 k

1
= (40kpsi) —

(1.5)(10 x 103 kpsi)

. 2
» (402kp51 a 2))

4

1
(15 x 107 kpsi)
x (458 kpsi)?

21 x 10* kpsi?

15 x 103 kpsi

= (40kpsi) — (14 kpsi)

= 26kpsi

= (40kpsi) —

= (40kpsi) —

Step 5. Using Eq. (6.28), calculate the axial
stress (Oaxial) as
_12,0001b

T x(lin)?

= 3,8201b/in*> = 3.8 kpsi

P
A

Oaxial =

Step 6. Comparing the critical stress found in
step 4 with the axial stress found in step 5, the
design is safe as

Oaxial < Ocr

As the slenderness ratio calculated in step 2
is less than the minimum value found in step
3 for the Euler formula, the parabolic formula
applies.

Step 4. Using Eq. (6.31), calculate the critical
stress (o) as

1 (S L\
Cr =5 cE\am k

1
= (270 MPa) —

(1.5)(70 x 103 MPa)
(270MPa )2
x [ =——=(80)
2
1

(105 x 103 MPa)
x (3,438 MPa)?
11,820 x 103 MPa?

105 x 103 MPa
(270 MPa) — (113 MPa)

157 MPa

= (270 MPa) —

= (270 MPa) —

Step 5. Using Eq. (6.28), calculate the axial
stress (Taxial) as
P 54,000N

A~ 7(0.025m)2
= 27,500,000 N/m? = 27.5 MPa

Oaxial =

Step 6. Comparing the critical stress found in
step 4 with the axial stress found in step 5, the
design is safe as

Oaxial < Ocr

6.2.3 Secant Formula

The Euler and parabolic formulas are based on a column that is perfectly straight and is
loaded directly along the axis of the column. However, if the column has eccentricities,
either produced during manufacture or assembly, or an eccentricity in the application of the
compressive load, the column can fail at a critical stress (o) value lower than predicted

by either the Euler or parabolic formulas.

Without providing the details of its development, the appropriate formula for columns
with an eccentricity, called the secant formula, is given in Eq. (6.34) as

PCV

Sy

Ocr = —— =

A
1+<

)5 (5)(%]

(6.34)



STATIC DESIGN AND COLUMN BUCKLING 267

where e = eccentricity

¢ = maximum distance from the neutral axis to farthest point in cross section

ec .. .
— = eccentricity ratio

k2

The other terms in Eq. (6.34) are as already defined. Note the secant function in the
denominator; that is where its name is derived from. (The secant function is the inverse of the
cosine function, so at zero the secant is 1, and then becomes very large as it approaches [ /2].)

The secant formula in Eq. (6.34) cannot be solved explicitly for the critical stress (o¢,).
Either a trial-and-error method or numerical methods are suggested in most references.
Actually, the trial-and-error method is easy to employ, at least to an accuracy needed in the
design of a machine element, so there is no need to be intimidated by the prospects of doing
numerical methods.

The mathematical nature of the secant formula means that if a particular material is
regularly used for a class of columns, then to avoid repetitive trial-and-error solutions a
set of design curves for various values of the eccentricity ratio ec/k? is recommended, like
those shown in Fig. 6.22.

Ocr A

Eccentricity ratios

Critical stress

Euler formula

Slenderness ratio (L/k)

FIGURE 6.22 Euler and secant formulas.

Notice that as the slenderness ratio (L/k) increases, the series of secant formula curves
for various eccentricity ratios approach the Euler formula curve asymtotically. For large
values of the slenderness ratio, the Euler formula becomes the appropriate criteria for
buckling.

There are two important points to make from Eq. (6.34). First, like the parabolic formula,
the yield stress (Sy) is important so the critical stress (o,,) for high-strength steel is greater
than that for low-strength steel, even though the modulus of elasticity (E) is the same.
Second, as the length (L) increases the effect of the eccentricity (e) increases. This is
because the column is not only subjected to an axial loading, but to a bending moment load
as a result of deformation of the column before buckling.

U.S. Customary

Example 3. Determine the critical stress (o,,) using the secant formula for the column in
Example 2 if there is an eccentricity (e¢) of 0.25 in, and where it was found that the radius
of gyration (k) was (0.5 in) and the slenderness ratio (L/k) was (72). The yield stress (Sy)
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was given as (40 kpsi) and the modulus of elasticity (E) was (10 x 103 kpsi). The distance
(c) for a circle is the radius (r), which in Example 2 is (1 in).

solution

Step 1. Calculate the eccentricity ratio Ii—g as
ec  (0.25in)(1in)
o T
k2 (0.5in)2

Step 2. Substitute the eccentricity ratio found in step 1 and the known values of the other
terms in Eq. (6.10) to give Eq. (6.8) as

Sy
T @B EE]
k2 2 \k E
_ 40 kpsi (6.35)
1+(1)s[1(72) L — ]
2 10 x 103 kpsi
_ 40 kpsi
(72)
_ 40 kpsi
~ 1+5[(0.36) Joer |

where the units (kpsi) have been dropped for the modulus of elasticity (E) in the square
root term because the critical stress (o) will also have units of (kpsi). This is compatible
with the fact that the secant can only be evaluated for a nondimensional quantity.

As the critical stress (o) is on both sides of Eq. (6.8), it must be solved by trial-and-
error or some other numerical method. To show how quickly the trial-and-error method can
obtain a reasonably accurate value for the critical stress, start with an educated guess for
the critical stress, then modify this guess in successive iterations until the guess equals the
right hand side of Eq. (6.35). Stop when an appropriate level of accuracy is reached.

An excellent educated guess would be the yield stress divided by two, which would be
20 kpsi. Substitute the value 20 in the right hand side of Eq. (6.35) to give

40 kpsi
% T TH51036) Jor ]

20 — 40 kpsi _ 40 kpsi _ 40 kpsi _ 40 kpsi

1+s[(0.36)v/20] 1+s[1.61] 14 (=25.5) —24.5
=-1.6
As the right hand side came out negative, try a new guess of 10.
40 kpsi
7 = T ¥51(0.36) Jog |
10 = 40 kpsi 40kpsi ~ 40kpsi ~ 40kpsi

1+ s[(0.36)v/10] T 14s1.14 1+Q24 34
11.8
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As the right hand side came out just slightly greater than the guess, try 11.

_ 40 kpsi
O = 1 ¥ s1(0.36) Jour]
1= 40 kpsi _ 40kpsi ~ 40kpsi  40kpsi
1 45s[(036)/11]  1+s[1.194]  1+4+(2.72) 372
= 10.8
To get one decimal place accuracy, try as a last guess, 10.9.
40 kpsi
Ocr = T A T —
1+ s[(0.36)/0cr]
40 kpsi 40 kpsi 40kpsi 40kpsi
10.9 = = = =
1 +5s[(0.36)+/10.9] 1+s[1.188] 1+ (2.68) 3.68
=109
= O‘cr

Notice that it required only four iterations to get one decimal place accuracy for the
critical stress. Also, this value of the critical stress would still predict a safe design.

SI/Metric

Example 3. Determine the critical stress (o.,) using the secant formula for the column in
Example 2 if there is an eccentricity (e) of 0.01 m, and where it was found that the radius
of gyration (k) was (0.0125 m) and the slenderness ratio (L/k) was (80). The yield stress
(Sy) was given as (270 MPa) and the modulus of elasticity (E) was (70 x 103 MPa). The
distance (c) for a circle is the radius (r), which in Example 2 is (0.025 m).

solution ec

Step 1. Calculate the eccentricity ratio 2 as
ec  (0.01m)(0.025m)
= T 7 16
k2 (0.0125 m)?

Step 2. Substitute the eccentricity ratio found in step 1 and the known values of the other
terms in Eq. (6.34) to give Eq. (6.36) as

Sy

ec 1 /L Ocr
1+(k—2)5[5 (z) F]
270 MP
- a (6.36)

14 (1.6)s |+ (80) Ter
. S| — e —
2 V70 x 10° MPa

270 MPa
(80)
2(264.6)

B 270 MPa

~ 1+ (1.6)s[(0.15)/ocr |

Ocr =

1+(1.6)s[ @]
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where the units (MPa) have been dropped for the modulus of elasticity (E) in the square
root term as the critical stress (o) will also have units of (MPa). This is compatible with
the fact that the secant can only be evaluated for a nondimensional quantity.

As the critical stress (o.,) is on both sides of Eq. (6.36) it must be solved by trial and
error or some other numerical method. To show how quickly the trial-and-error method can
obtain a reasonably accurate value for the critical stress, start with an educated guess for
the critical stress, then modify this guess in successive iterations until the guess equals the
right hand side of Eq. (6.36). Stop when an appropriate level of accuracy is reached.

An excellent educated guess would be the yield stress divided by two, which would be
135 MPa. Substitute this value into the right hand side of Eq. (6.36) to give

270 MPa
Ocr =

1+ (1.6)s[(0.15)/ocr |

270 MPa 270 MPa 270 MPa
1+ (1.6)s[(0.15)4/135] 14+ (1.6)s[1.74] 1+(=9.3)
2
_ 20MPa .,
—8.3

As the right hand side came out negative, try a new guess of 70.

270 MPa
Ocr =
1+ (1.6)s[(0.15) /o |
20— 270 MPa _ 270MPa _ 270MPa
14 (1.6)s[(0.154/70] 1+ (1.6)s[1.25] 1+ (5.15)
270 MP
= q 439

Split the difference between 70 and 43.9 and try 57.

270 MPa
Ocr =
1+ (1.6)s[(0.15) /o |
5 270 MPa _ 270MPa _ 270MPa
1+(1.6)S|:(0.15)«/§:| 14 (1.6)s[1.13] 14+ (3.77)
270 MPa
= W =56.6 = Ocr

Notice that it required only three iterations, compared to four iterations for the U.S.
Customary calculation, to get one decimal place accuracy for the critical stress. Also, this
value of the critical stress would still predict a safe design.

6.2.4 Short Columns

The big question is how short is short? The machine element could be so short that it can
be considered as a pure compression member, where failure is a shortening of the column
at the yield stress (Sy).

For columns having slenderness ratios between for pure compression and for one
which would mean that the secant formula would apply, the critical stress (o)
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is given by Eq. (6.37) as

P S
O = —8 = — 2~ (6.37)

ec
ro ()
Notice that Eq. (6.37) does not contain the length (L) or the slenderness ratio (L/k),
so an artificial value of a transition slenderness ratio must be established. If the amount
of lateral deflection owing to bending from the axis of the compressive loading is to be
some percentage of the eccentricity (e), then if this percentage is 1 percent, the transition
slenderness ratio is given by Eq. (6.38) as

L E
(—) = 0.282 (—) (6.38)
k transition Ocr

If the slenderness ratio is less than this transition value, then the column is short. How-
ever, if the slenderness ratio is greater than this transition value, then the secant formula

applies.

U.S. Customary

SI/Metric

Example4. Determine whether the column in
Example 2 is short, where

eccentricity ratio = 1
Sy = 40 kpsi
E = 10 x 103 kpsi
solution

Step 1. Using Eq. (6.37), calculate the critical
stress as

Pcr S)’
Ocr = =V ec~
A ec
-+ ()
40kpsi  40kpsi
_ 0 kpsi _ 0 kpsi — 20kpsi
1+ () 2

Step 2. Using the critical stress found in step 1
calculate the transition slenderness ratio using
Eq. (6.38).

L E
<7> — 0282 <7)
k transition Ocr

10 x 10% kpsi
20 kpsi
= 0.282(50) = 14

= 0.282 <

Step 3. As the transition slenderness ratio is
less than the slenderness ratio from Example 2,
the column is not short.

Example4. Determine whether the column in
Example 2 is short, where

eccentricity ratio = 1.6
Sy =270 MPa
E =70 x10° MPa

solution
Step 1. Using Eq. (6.37), calculate the critical
stress as

O = — = —— o=
S (R
270MPa 270 MPa
1+(1.6 26

Step 2. Using the critical stress found in step 1

calculate the transition slenderness ratio using
Eq. (6.38).

L E
(7) — 0282 <7)
k transition Ocr

70 x 10° MPa
104 MPa
=0.282 (673) = 190

= 104 MPa

=0.282 (

Step 3. As the transition slenderness ratio is
greater than the slenderness ratio from Example
2, the column is short.







CHAPTER 7

FATIGUE AND DYNAMIC
DESIGN

7.1 INTRODUCTION

A machine element may have been designed to be safe under static conditions, only to
fail under repeated dynamic loading, called a fatigue failure. This repeated loading could
be a complete reversal of the load, be a fluctuating load, or be due to a combination of
loadings. The loading may produce either normal stresses or shear stresses, or the loading
can produce a combination of both normal and shear stresses so that either by Mohr’s circle
or by the appropriate equations the principal stresses are found. All of these types of loading
conditions will be discussed in this section.

If the design of a machine element becomes unsafe under dynamic conditions, it usually
fails suddenly and below the static strengths of the material, either the yield strength (Sy) for
ductile materials or the ultimate tensile strength (S,,;) for brittle materials. It is interesting,
although not unexpected, that a brittle material would fail suddenly under either static or
dynamic conditions. Ductile materials fail as if they were brittle from excessive repeated
loading at a stress level below the yield strength (Sy). The most accepted method of deter-
mining this critical stress level will be presented shortly.

The mode of failure under dynamic conditions appears to be a result of a very small
crack, too small to see with the naked eye, developing at a point where the geometry of
the machine element changes, usually on the surface. A crack can even develop at a part
identification stamp, or at a surface scratch accidentally put on the part during assembly or
repair. Under repeated loading, this crack grows due to stress concentrations until the area
over which the load must be carried is reduced rapidly, causing the stress to increase just as
rapidly. Sudden failure, without any warning, occurs when the stress level exceeds a critical
value for a specified number of cycles. Therefore, a fatigue failure can be differentiated
visually from a static failure by the appearance of two regions on the failed part. The first
region is due to the propagation of the crack, and the second region is due to the sudden
fracture, not unlike what would be seen in the static failure of a brittle material, such as
cast iron. This is in contrast to what would be seen in the static failure of a ductile material,
where considerable yielding would be visible.

Some materials, like steel, have a critical stress value, which if never exceeded, ensure
the machine element has an infinite life. For other materials, like aluminum, there is no such
value at any number of cycles so the machine element will fail at some point no matter how
low the stress level is kept.

The study of fatigue is relatively recent and commenced only post-World War II. However,
some machines designed even in the middle-to-late nineteenth century have been operating
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over very long periods of time. Unknowingly, the designers of these machines used such
large factors-of-safety that the stress levels were kept below a value that allowed an infinite
life of the machine. This was clearly the source of the first law of machine design: “When
in doubt, make it stout!”

7.2 REVERSED LOADING

The first type of dynamic loading to be presented is called reversed loading, where the load
on the machine element varies from some positive value to the same value but negative, and
back. The cycle repeats itself some number of times, or cycles, denoted (V). Three square
wave cycles of this type of loading are shown in Fig. 7.1, where the mean stress (o, ) is zero
and the amplitude stress (o,) is the magnitude of the stress (o) produced by the reversed
loading.

Square wave

/

Oy —----—

Stress (o)
9
o

cycles

-0y |---—-t—

FIGURE 7.1 Reversed loading (square wave).

The reversed loading could also be represented by a saw tooth wave form like that
shown in Fig. 7.2, or as the sinusoidal wave form shown in Fig. 7.3, which is the most
common form, and is the basis for determining the critical level of stress for a safe design
under dynamic conditions. However, whatever wave form the reversed loading represents,

Saw tooth wave

O

@

£ 3 N
@ cycles

FIGURE 7.2 Reversed loading (saw tooth wave).
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Sinusoidal wave

Stress (o)

FIGURE 7.3 Reversed loading (sinusoidal wave).

the analysis that follows requires that the loading be periodic, with a constant period over
the entire range of the number of cycles.

S-N Diagram. To determine the critical level of stress under repeated reversed loading,
an experimental testing device called the R. R. Moore rotating-beam machine is used. The
principle of its design is that bending of a test specimen with a symmetrical cross-sectional
area produces a positive normal stress on one side, an equal negative normal stress on
the other side, and zero stress at the neutral axis. If this test specimen under bending is
then rotated about its neutral axis, it will experience repeated reversed loading. A typical
test specimen for the R. R. Moore rotating-beam machine, of which many are needed to
determine the critical level of stress, is shown in Fig. 7.4.

3 %o

FIGURE 7.4 Test specimen for R. R. Moore rotating-beam machine.

To obtain the necessary data to determine the critical level of stress for repeated reversed
loading, the testing begins with a bending load on the first test specimen that produces failure
in the first revolution, or cycle, meaning (N =1). The corresponding stress at failure, called
the fatigue strength (S¢), is recorded. This fatigue strength for (N = 1) is actually the
ultimate tensile strength (S,;).

The bending load is then reduced for the second test specimen, and the number of cycles
(N) and corresponding stress at failure, meaning the fatigue strength, is recorded. This
process continues until a sufficient number of data points are available, which are then
plotted in an S-N diagram, where the § stands for strength and N for the number of cycles.
It turns out that plotting these points on a log-log grid, as shown in Fig. 7.5, is best. The
three straight lines shown connect data points (not shown) for a particular type of steel.
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S; Finite life . Infinite life
Low cycle | High cycle |
T
Sut ~
_‘g» T~
c
o
‘(;)’ N
2 ~
2
©
[N N
SeT T - - -\
0

10° 10" 10> 10% 10* 10° 108 107 108 N
Number of cycles
FIGURE 7.5 S-N diagram (steel).

Notice that there are two types of regions identified in an S-N diagram. One region
separates low cycle loading from high cycle loading at (N =103) cycles, whereas the
other region separates finite life from infinite life somewhere between (N = 10%) cycles and
(N =107) cycles. The exact points of separation for these two regions are dependent on the
specific material being tested.

The most important thing to observe in an S-N diagram, if the material being tested is
ferrous like steel, is that the straight line at the lower right of the diagram becomes horizontal
somewhere between (N = 10°) cycles and (N = 107) cycles and stays horizontal thereafter.
This means there is a stress level, called the endurance limit (S, ), that if the stress in the
test specimen is reduced to below this value the specimen never fails. This means it has an
infinite life. Unfortunately, for nonferrous materials like aluminum there is no endurance
limit, meaning the test specimen will eventually fail at some number of cycles, usually
near (N = 108) cycles, no matter how much the stress level is reduced. This is why critical
aluminum parts, especially those in aircraft where the number of reversed loadings can
become very high in a short period of time, must be inspected regularly and replaced prior
to reaching an unsafe number of cycles.

Endurance Limit. A sufficient number of ferrous materials (carbon steels, alloy steels,
and wrought irons) have been tested using the R. R. Moore rotating-beam machine so that
the following relationship between the ultimate tensile strength (S,;) and the endurance
limit (S)) that would have been obtained from a fatigue test can be assumed to give an
accurate value even if the material has not been tested. This relationship is given in Eq. (7.1)
for both the U.S. Customary and SI/metric system of units.

0.504 §, Sur < 200 kpsi
U.S. Customary : S, = { " "= P

100 kpsi Sur > 200 kpsi
(7.1)
0.504 S,; Su: < 1400 MPa

SI/metric : S, =
/metric : &, {700 MPa Sy > 1400 MPa
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Note that the prime on the endurance limit (S,) in Eq. (7.1) differentiates the endurance
limit obtained from a fatigue test and the actual endurance limit (S,) for a machine element
that usually differs in surface finish, size, loading, temperature, and other miscellaneous
effects from the test specimen. These factors, which modify the value of the endurance limit
(87) obtained from Eq. (7.1), will be discussed shortly.

To get a feel of the difference between (N = 10%) cycles and (N = 109) cycles, consider

the following example.

U.S. Customary

SI/Metric

Example 1. How far must a car be driven at
30 mph at an engine speed of 2,500 rpm for the
crankshaft to rotate 10° cycles? How far for 103
cycles? How long will each take?

solution
Step 1. Convert mph to mi/rev.
mi 1h 1 min 1 mi

30 — x — X = —
h 60 min 2,500 rev 5,000 rev

Step 2. Multiply the mi/rev found in step 1
by 10° cycles or revolutions to find the distance
traveled as

. 1 mi 5 .
distjg6 = ————— x 10” rev = 200 mi
5,000 rev
Step 3. Multiply the mi/rev found in step 1 by
103 cycles or revolutions to find the distance
traveled as
1 mi

dist;3 = —— — x 10% rev = 0.2 mi
18t 3 5.000 rev X rev mi

= 1,056 ft

Step 4. Divide the distance found in step 2 by
30 mph to find the time for 10° cycles

i 200 mi Th

meg = ————— = 6.

10 = 30 mi/h

Step 5. Divide the distance found in step 3 by
30 mph to find the time10? cycles

. 0.2 mi
time3 = — =0.0067 h
30mi/h
= 0.4 min=24s

Example 1. How far must a car be driven at
50 kph at an engine speed of 2,500 rpm for the
crankshaft to rotate 10° cycles? How far for 103
cycles? How long will each take?

solution

Step 1. Convert kph to km/rev.

km 1h 1 min 1 km
— X X = -
h 60 min 2,500 rev 3,000 rev

50

Step 2. Multiply the km/rev found in step 1
by 10° cycles or revolutions to find the distance
traveled as

km

= x 10%rev = 333km

i
disty o6 = ——
18110° = 37500 rev

Step 3. Multiply the mi/r found in step 1 by
103 cycles or revolutions to find the distance
traveled as

1 km

dist;3 = —— — x 10° rev = 0.333 k
18t 3 3.000 rev X rev m

=333m

Step 4. Divide the distance found in step 2 by
50 kph to find the time for 10° cycles

333 km

——— =6.7h
50km/h

time 6 =

Step 5. Divide the distance found in step 3 by
50 kph to find the time103 cycles

. 0.333 km
time; ;3 = ———— = 0.0067 h
50km/h
= 0.4 min=24s

The distances and the times found in Example 1 show strikingly how different 103 cycles

and 10° cycles can be.

Finite Life. For cycles less than (N = 10°) the test specimen has a finite life. For most
materials the fatigue strength data falls on two straight lines, one from (N =1) to (N = 10%)
cycles, and one from (N = 103) cycles to (N =10°) cycles.
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The equation of the straight line from (N = 1) where the fatigue strength (Sy) is the
ultimate tensile strength (S,,;) to the knee at (N = 10%) cycles has the form

Sy = Su N™OO2 (1.2)

where the fatigue strength (S¢) has the value (0.9 S,,;) at (N = 10%) cycles.
The equation of the straight line from the knee at (N = 10%) cycles where the fatigue
strength (S¢) is (0.9 Sy, ) to the knee at (N = 10%) cycles where the fatigue strength (S7) is

(Se) has the form in Eq. (7.3)

Sy =aNn® (7.3)

where the coefficient (a) has units of stress and is given by Eq. (7.4)

0.9 Sur)?
g = 02 5u) (7.4)
Se
and the exponent (b) is dimensionless and given by Eq. (7.5)
0.9,

b=—=1 7.5
3 log —¢ (1.5)

If the amplitude stress (o,) is known, then substitute this value in Eq. (7.5) and solve for
the number of cycles (), which is given in Eq. (7.6) as

v (

)l/b (7.6)

Consider the following example using the above equations for finite life.

U.S. Customary

SI/Metric

Example 2. Estimate the following design
information for a machine element made of a
particular steel:

a. Rotating-beam endurance limit (S))
b. Fatigue strength (Sy) at 103 cycles
c. Expected life for a stress level of 60 kpsi

where Sy, is 90 kpsi and S), is 70 kpsi.
solution
Step 1. Using the guidelines in Eq. (7.1) where
the ultimate tensile strength (S,;) is less than
100 kpsi, the rotating-beam endurance limit
(S))is

S, = 0.504 S,; = 0.504 (90 kpsi)

= 45.4 kpsi

Step 2. Using Eq. (7.4), calculate the coeffi-
cient (a) as
0.98,)% _ (0.9(90 kpsi))?
S.  45.4kpsi
6,561 kpsi’

= ———— = 144.5kpsi
45.4 kpsi

Example 2. Estimate the following design
information for a machine element made of a
particular steel:

a. Rotating-beam endurance limit (S))
b. Fatigue strength (Sy) at 103 cycles
c. Expected life for a stress level of 420 MPa

where Sy, is 630 MPa and S|, is 490 MPa.

solution

Step 1. Using the guidelinesin Eq. (7.1) where
the ultimate tensile strength (S,;) is less than
1400 MPa, the rotating-beam endurance limit
(S))is

S, = 0.504 S,; = 0.504 (630 MPa)
= 317.5 MPa

Step 2. Using Eq. (7.4), calculate the coeffi-
cient (a) as

0.95,)% (0.9 (630 MPa))?

S,  317.5MPa
321,489 MPa®
=77 " " —1,013MPa
317.5 MPa
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Step 3. Using Eq. (7.5), calculate the exponent
(b) as
b= 1 log 0.9 S,
3 Se
1 og 0.9 (90 kpsi)
3 45.4 kpsi

1
=3 log (1.784) = —0.084

Step 4. Using Eq. (7.3), calculate the fatigue
strength (Sy) as

S = aN® = (144.5 kpsi) (10)®(0-089
= (144.5 kpsi) (0.38)
= 54.9 kpsi

which is greater than the rotating-beam
endurance limit (S,) but less than the yield
strength (Sy).

Sf < Sy
549 < 170

<
e =
<

45.4

Step 5. Using Eq. (7.6), calculate the expected
life (N) for the given amplitude stress (o,) of
60 kpsi as

N_<‘L“)'/b_ 60 kpsi 1/-0.084
“\a ~ \ 144.5 kpsi

= (0.4152)"'1 = 35,014 cycles

Step 3. Using Eq. (7.5), calculate the exponent
(b) as

1 095§
b=—= log =
3 Se

1. 0.9(630 MPa)

73 ° 73175 MPa

= —% log (1.786) = —0.084
Step 4. Using Eq. (7.3), calculate the fatigue
strength (Sy) as
S = aN® = (1,013 MPa) (10)D(-008
(1,013 MPa) (0.38)
= 384.9 MPa

which is greater than the rotating-beam

endurance limit (S,) but less than the yield
strength (Sy).

Se

317.5

<Sv

Sf =< S
384.9 < 490

=
=

Step 5. Using Eq. (7.6), calculate the expected
life (N) for the given amplitude stress (o,) of
420 MPa as

N_(Jl)l/b_ 420 MPa 1/-0.084
“\4a ~ 1,013 MPa

= (0.4146)~'19 = 35,637 cycles

7.3 MARIN EQUATION

The endurance limit (S,) determined using the guidelines in Eq. (7.1) that were established
from fatigue tests on a standard test speciment must be modified for factors that will usually
be different for an actual machine element. These factors account for differences in surface
finish, size, load type, temperature, and other miscellaneous effects that may differ from

those for the test specimen.

The mathematical model commonly used to apply these factors is credited to Joseph

Marin (1962) and is given in Eq. (7.7) as

Se = kakpkekgke S, (1.7)

where S, = endurance limit for machine element under investigation
S, = endurance limit obtained from guidelines in Eq. (7.1)

k, = surface finish factor

kp = size factor

k. = load type factor

kq = temperature factor

k. = miscellaneous effects factor
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Each of these five factors will be discussed separately, then an example will be presented
to pull them together to provide an estimate of the endurance limit (S,) for a particular
machine element design.

The first factor to discuss is the surface finish factor (k,), probably the most important
of the five factors.

Surface Finish Factor. The surface finish of the R. R. Moore rotating-beam machine
test specimen is highly polished, particularly to remove any circumferential scratches or
marks that would cause premature failure and thereby corrupt the data. The actual machine
element under investigation may have a relatively rough surface finish, thereby providing a
place for a crack to develop, eventually leading to a fatigue failure.
The surface finish factor (k, ), therefore, depends on the level of smoothness of the surface
and the ultimate tensile strength (S,;) and is given in Eq. (7.8) as
ky = as?

ut

(7.8)

where the coefficient (a) has units of stress and the exponent (b), which is negative and
dimensionless, are found in Table 7.1.

TABLE 7.1 Surface Finish Factors

Factor (a)

Surface finish kpsi Mpa Exponent (b)

Ground 1.34 1.58 —0.085
Machined 2.70 4.51 —0.265
Cold-drawn 2.70 4.51 —0.265
Hot-rolled 14.4 57.7 —0.718
As forged 39.9 272 —0.995

Notice that as the finish becomes less polished, the coefficient (a) and exponent (b)
increase accordingly. It is interesting to compare the surface finish factor for two very
different finishes and two different ultimate tensile strengths as shown in the following
summary.

Ultimate Tensile Strength (S,,)

Surface finish kpsi Mpa Surface factor (k,)

Machined 65 455 0.89
As forged 65 455 0.63
Machined 125 875 0.75
As forged 125 875 0.33

Notice that for the lower ultimate tensile strength (S,;) and a machined surface, the
reduction is just over 10 percent. However, for the higher ultimate tensile stress and an as
forged surface, the reduction is over 65 percent. This is why surface finish is so important.

Size Factor. As seen in Fig. 7.4, the R. R. Moore rotating-beam machine test specimen
is somewhat small compared to most machine elements. Therefore, the size factor (kp)
accounts for the difference between the machine element and the test specimen.

For axial loading, the size factor (kp) is not an issue, so use the following value:

kp =1 (7.9)
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For bending or torsion, use the following relationships for the range of sizes indicated in

Eq. (7.10).

0.3
kp =

7.62

4\ 01133
( ) 0.11in <d <2in

4\ 01133
( ) 2.79mm < d <51 mm

(7.10)

For bending and torsion of larger sizes, the size factor (k) varies between 0.60 and 0.75.

For machine elements that are round but not rotating, or shapes that are not round, an
effective diameter, denoted (d,), must be used in Eq. (7.10). For a nonrotating round or
hollow cross section, the effective diameter (d,) is given in Eq. (7.11) as

d, =0.370 D (7.11)

where the diameter (D) is the outside diameter of either the solid or hollow cross section.
For a rectangular cross section (b x h), the effective diameter (d,) is given in

Eq. (7.12) as

d, = 0.808 (bh)'/? (7.12)

Consider the following example using the above size factor (k;) equations.

U.S. Customary

SI/Metric

Example 1. Compare the size factor (k) for
a 2-in diameter solid shaft in torsion to a 2-in
diameter but hollow nonrotating shaft.

solution
Step 1. Using Eq. (7.10) calculate the size
factor (kp) as

d —0.1133 2 —0.1133
ky = | — (=
0.3 0.3

= (6.67)701133 = 0.81

Step 2. Using Eq. (7.11), calculate the effec-
tive diameter (d,) as

d, = 0.370 D = 0.370 (2 in)
= 0.74in

Step 3. Using the effective diameter (d,) from
step 2 in Eq. (7.10) gives the size factor (k) for
the hollow cross section as

d —0.1133 0.74 —0.1133
Ky = [ — ===
0.3 0.3

= (2.47)70113 = 0.90

Notice that there is almost a 10 percent dif-
ference between these two size factors.

Example 1. Compare the size factor (k) for
a 51-mm diameter solid shaft in torsion to a
51-mm diameter but hollow nonrotating shaft.

solution
Step 1. Using Eq. (7.10) calculate the size
factor (kp) as

d —0.1133 51 —0.1133
ky = ( — =2
7.62 7.62

= (6.69)71133 = 0.81

Step 2. Using Eq. (7.11), calculate the effec-
tive diameter (d.) as
d, = 0.370 D = 0.370 (51 mm)

18.87 mm

Step 3. Using the effective diameter (d,) from
step 2 in Eq. (7.10) gives the size factor (k) for
the hollow cross section as

d —0.1133 18.87 —0.1133
k= (= _ (2o
0.3 7.62

= (2.48)701133 = 0.90

Notice that there is almost a 10 percent dif-
ference between these two size factors.
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Load Type Factor. The load type factor (k.) for axial loading is given in Eq. (7.13) as

0.923 Sur < 220 kpsi
U.S. Customary: k. =

1 Sur > 220 kpsi
(7.13)
SL/metric: k. — 0.923 Sur < 1,540 MPa
mete =10 Sut > 1,540 MPa
For bending, torsion, or shear, the load type factor (k.) is given in Eq. (7.14) as
k 1 bending (7.14)
“7 00577 torsion and shear '

where the value for torsion and shear is related to the distortion-energy theory for deter-
mining whether a design is safe under static loading conditions.

Temperature Factor. For temperatures very much lower than room temperature materials
like ductile steel become brittle. Materials like aluminum seem to be unaffected by similar
low temperatures.

The temperature factor (ky) is given in Eq. (7.15) as

s
kg = =T (7.15)

 Sgr
where (S7) is the ultimate tensile strength at some specific temperature (7)) and (Sgr) is

the ultimate tensile strength at room temperature (RT'). Values of the ratio (S7/Sgr), which
is actually the temperature factor (k;), are given in Table 7.2.

TABLE 7.2 Temperature Factors

°F ka °C ka
70 1.000 20 1.000
100 1.008 50 1.010
200 1.020 100 1.020
300 1.024 150 1.025
400 1.018 200 1.020
500 0.995 250 1.000
600 0.963 300 0.975
700 0.927 350 0.927
800 0.872 400 0.922
900 0.797 450 0.840
1000 0.698 500 0.766
1100 0.567 550 0.670

Notice that the temperature factor (ky) initially increases as the temperature increases,
then begins to decrease as the temperature continues to increase. The temperature of most
materials can reach values that induce creep and yielding becomes more important than
fatigue.

Miscellaneous Effects Factor. All the following effects are important in the dynamic
loading of machine elements, however, only one can be quantified. These effects are residual
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stresses, corrosion, electrolytic plating, metal spraying, cyclic frequency, frettage corrosion,
and stress concentration.

Residual stresses can improve the endurance limit if they increase the compressive
stresses, especially at the surface through such processes as shot peening and most cold
working. However, residual stresses that increase the tensile stresses, again especially at the
surface, tend to reduce the endurance limit.

Corrosion tends to reduce the endurance limit as it produces imperfections at the surface
of the machine element where the small cracks associated with fatigue failure can develop.

Electrolytic plating such as chromium or cadmium plating can reduce the endurance limit
by as much as 50 percent.

Like corrosion, metal spraying produces imperfections at the surface so it tends to reduce
the endurance limit.

Cyclic frequency is usually not important, unless the temperature is relatively high and
there is the presence of corrosion. The lower the frequency of the repeated reversed loading
and the higher the temperature, the faster the propagation of cracks once they develop, and
therefore, the shorter the fatigue life of the machine element.

Frettage is a type of corrosion where very tightly fitted parts (bolted and riveted joints,
press or fits between gears, pulleys, and shafts, and bearing races in close tolerance seats)
move ever so slightly producing pitting and discoloration similar to normal corrosion. The
result is a reduced fatigue life because small cracks can develop in these microscopic
areas. Depending on the material, frettage corrosion can reduce the fatigue life from 10 to
80 percent, so it is an important issue to consider.

Stress concentration is the only miscellaneous effect that can be accurately quantified. In
Chap. 6, Sec. 6.1.3, a reduced stress concentration factor (Ky) needed to be applied to the
design of brittle materials. As fatigue failure is similar to brittle failure, stress concentrations
need to be considered for both ductile and brittle materials under repeated loadings, whether
they are completely reversed or fluctuating. The reduced stress concentration factor (Ky)
was determined from Eq. (6.23), repeated here.

Kf=1+¢q(K;—1) (6.23)

where the geometric stress concentration factor (K;) is modified or reduced due to any notch
sensitivity (¢) of the material. Values for the stress concentration factor (K;) for various
types of geometric discontinuities are given in any number of references (Marks). Charts
for the notch sensitivity (g) are also given in these references.

The miscellaneous effects factor for stress concentration (k) is therefore the reciprocal
of the reduced stress concentration factor (Kr) and given in Eq. (7.16) as

1
ke =— 7.16
e (7.16)

where as (Ky) is usually greater than one, the miscellaneous effects factor (k.) will be less
than 1 and thereby reduce the test specimen endurance limit (S,) accordingly.

Note that the miscellaneous effects factor (k.) for stress concentration applies to the
endurance limit (S)) at (N = 10°) and greater. However, below (N = 10%) cycles it has
no effect, meaning (K¢ = 1) or (k, = 1). Similar to the process for finite life, between
(N =10%) and (N =10°) cycles define a modified stress concentration factor (K Ji) where

K; = aN® (7.17)
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and the coefficients (a) and (b), both dimensionless, are given in Eq. (7.18) as

a=— and

1 1

b=—=log — (7.18)

3 Ky

where the reduced stress concentration factor (Ky) is found from Eq. (6.23).
Consider the following example that brings together all the modifying factors in the
Marin equation for a particular machine element.

U.S. Customary

SI/Metric

Example 2. Determine the endurance limit
(S,) using the Marin equation for a 1.0-in di-
ameter machined shaft with a transverse hole
under reversed bending at room temperature,
where

Syt = 120 kpsi

Sy = 80 kpsi

K, = 2.15 (0.125-in transverse hole)

g = 0.8 (notch sensitivity)

solution

Step 1. Using Eq. (7.8) and values for the
coefficient (a) and exponent (b) from Table 7.1,
calculate the surface finish factor (k,) as

ke = aSt,
= (2.70 kpsi) (120 kpsi)~%-263
= (2.70) (0.2812)

=0.76

Step 2. Using Eq. (7.10) calculate the size
factor (kp) as

d —0.1133 1 —0.1133
ky = (— (=
0.3 0.3

= (3.33)70113 = 0.87

Step 3. As the shaft is bending, the load type
factor (k.) from Eq. (7.14) is

ke =1

Step 4. As the shaft is operating at room
temperature, the temperature factor (k;) from
Eq. (7.15) and Table 7.2 is

kg =1

Example 2. Determine the endurance limit
(Se) using the Marin equation for a 25-mm di-
ameter machined shaft with a transverse hole
under reversed bending at room temperature,
where

Su: = 840 MPa

Sy = 560 MPa

K; = 2.15 (3.2-mm transverse hole)
g = 0.8 (notch sensitivity)

solution

Step 1. Using Eq. (7.8) and values for the
coefficient (@) and exponent (b) from Table 7.1,
calculate the surface finish factor (k,) as

ks = aSt,
= (4.51 MPa) (840 MPa) 0263
= (4.51) (0.1679)
=0.76

Step 2. Using Eq. (7.10) calculate the size
factor (kp) as

4\ 013 25 \ 01133
ky = [ — ==
7.62 7.62

= (3.28)01133 _ 87

Step 3. As the shaft is bending, the load type
factor (k.) from Eq. (7.14) is

ke =1

Step 4. As the shaft is operating at room
temperature, the temperature factor (kz) from
Eq. (7.15) and Table 7.2 is

kg =1
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Step 5. Using Eq. (6.23), along with the given
values for the geometric stress concentration
factor (K;) and notch sensitivity (q), calculate
the reduced stress concentration factor (Ky) as

K =14qgK, —1)=1+(0.8)(2.15—1)
=14+092=19

Step 6. Using the reduced stress concentration
factor (Kr) found in step 5, calculate the mis-
cellaneous effects factor (k.) using Eq. (7.16)
as

1 1

ko= — = —— =052
K~ 192

Step 7. Using the given ultimate tensile stress
(Sur) and Eq. (7.1), calculate the test specimen
endurance limit (S)) as

S, = 0.504 S, = (0.504) (120 kpsi)
= 60.5 kpsi

Step 8. Using the test specimen endurance
limit (S,,) found in step 7 and the modifying
factors found in steps 1 through 6, calculate the
endurance limit (S,) for the machine element
using the Marin equation in Eq. (7.7) as
Se = kakpkekake S,
= (0.76)(0.87)(1)(1)(0.52) (60.5 kpsi)

= (0.344)(60.5 kpsi) = 20.8 kpsi

Step 5. Using Eq. (6.23), along with the given
values for the geometric stress concentration
factor (K;) and notch sensitivity (q), calculate
the reduced stress concentration factor (Ky) as

Kr=1+q(K —1)=1+(0.8)(2.15—-1)
=1+092=192

Step 6. Using the reduced stress concentration
factor (Kr) found in step 5, calculate the mis-
cellaneous effects factor (k.) using Eq. (7.16)
as

1 1

ke=— = —— =052
K~ 192

Step 7. Using the given ultimate tensile stress
(Sur) and Eq. (7.1), calculate the test specimen
endurance limit (S),) as

S, = 0.504 S, = (0.504) (840 MPa)
= 423.4 MPa

Step 8. Using the test specimen endurance
limit (S,,) found in step 7 and the modifying
factors found in steps 1 through 6, calculate the
endurance limit (S,) for the machine element
using the Marin equation in Eq. (7.7) as
Se = kakpkekake S,
= (0.76)(0.87)(1)(1)(0.52) (423.4 MPa)

= (0.344)(423.4 MPa) = 145.6 MPa

Notice that the biggest reduction, almost 50 percent, in the endurance limit (S.) for the
machine element came from the stress concentration caused by the transverse hole in the
shaft. Accounting for all five factors reduced the endurance limit (S,) to one-third the test
specimen endurance limit (S),) found from the R. R. Moore rotating-beam machine. This
translates into a minimum factor-of-safety (n =3) to have a safe design under repeated
reversed loading. Again, this is why the first law of machine design is “When in doubt,
make it stout!”

Consider now the possibility that the dynamic loading is fluctuating rather than being
completely reversed as has been the assumption so far.

7.4 FLUCTUATING LOADING

The second type of dynamic loading to be presented is called fluctuating loading, where
the load on the machine element varies about some mean stress (o), which can be
positive or negative, by an amount called the alternating stress (o,). Note that if the
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mean stress is zero, then the loading is completely reversed as presented in the previous

section.

Although fluctuating loading, like reversed loading, can be represented by a square wave,
saw tooth wave, sinusoidal wave, or some other wave form as long as it has a constant period,
the remainder of the discussion in this section assumes a sinusoidal wave form like that

shown in Fig. 7.6.

Stress (o)

0 Time

FIGURE 7.6 Fluctuating loading (positive stresses).

In Fig. 7.6, the mean stress (o;,) has been shown positive and the alternating stress
(0,) has a magnitude such that the maximum stress (omax) and the minimum stress (opmin)
are also positive. However, a second possibility is for the mean stress (o) to be pos-
itive and the alternating stress (o,) having a magnitude such that the maximum stress
(omax) 1s still positive; whereas the minimum stress (opin) becomes negative as shown in

Fig. 7.7.

. Omax -

S

7]

3

= Gm -

&? 0
Omin

FIGURE 7.7 Fluctuating loading (positive and negative stresses).

The third possibility is that the mean stress (oy,) is negative and the alternating stress
(04) has a magnitude such that the maximum stress (0 max) and the minimum stress (omin)
are also negative, as shown in Fig. 7.8.
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FIGURE 7.8 Fluctuating loading (negative stresses).

For any of the these three possibilities, the mean stress (o,,) and the alternating stress
(04) can be related to the maximum stress (0max) and the minimum stress (opin) by the
following relationships:

o = Omax ‘2|‘ Omin (7.19)
04 = M (7.20)

Design Criteria. Data from fatigue tests with fluctuating loading can be plotted in a
diagram where the horizontal axis is the ratio of the mean strength (S,,) to either the
ultimate tensile strength (S,;) or the ultimate compressive strength (S,.) and the vertical
axis is the ratio of the alternating strength (S,) to the endurance limit (S,). Such a diagram
is shown in Fig. 7.9, where the test data (not shown) fall close to the horizontal line in the
compressive region and close to the 45° line in the tensile region.

1.2

-
o

o
e

Amplitude ratio S,/S,
o o
iN e}

o
o

91.2 -1.0 -08 -06 -04 -02 O 02 04 06 08 1.0

Compression S,,/S,,. Tension S,,/S;

Ratio of the mean

FIGURE 7.9 Plot of test data for fluctuating loading.
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It is clear that if the mean stress (o;,) is compressive, then the design is safe if the
alternating stress (o) is less than the endurance limit (S, ), as long as the maximum stress
(0max) is less than the compressive yield strength (Sy). These two conditions can be seen
graphically to the left of the vertical axis in Fig. 7.10, where the horizontal line represents
the first condition, (o, < S,) and the 45° line represents the second (0max < Syc)-

Alternating
stress (o,)

Yield line
Fatigue failure line S
- Y .
RARN Goodman line
4 N

Yield failure line

Modified
goodman line

t
Sut S, 0 S, Sut
Mean stress (o,,)

FIGURE 7.10 Goodman theory and modified Goodman theory.

The line connecting the endurance limit (S,) with the ultimate tensile strength (S,;) in
Fig. 7.10 represents the Goodman theory, suggested by the line at 45° on the tensile side
of Fig. 7.9. The modified Goodman theory moves the boundary on the tensile side for safe
designs so as not to exceed the yield strength (Sy). In fact, in many references the two lines
on the left side of the vertical axis in Fig. 7.10, the one that is horizontal and the one at a
45° angle, are also included in the modified Goodman theory because both are suggested
by the data summarized in Fig. 7.9 and both represent boundaries for both fatigue and yield
stress failures. The remaining discussion on the design criteria for fluctuating loading need
only consider a positive mean stress (o).

There are three theories that are commonly used to predict whether a design is safe under
fluctuating loading: (1) the Goodman theory, (2) the Soderberg theory, and (3) the Gerber
theory. All three can be expressed mathematically; however a graphical representation is
considered very useful. The Goodman theory is probably the most used by designers;
however, the other two are important enough to be discussed as well.

These three theories are shown as lines in the diagram in Fig. 7.11, where the horizontal
axis is the mean stress (o,) and the vertical axis is the alternating stress (o).

Note that the endurance limit (S,) plotted on the vertical axis is assumed to have already
been modified according to the Marin equation. Also, the yield strength (S,) has been
plotted on both the horizontal and vertical axes and a yield line drawn to make sure this
design limitation is not omitted.

From Fig. 7.11, several important points can be made. First, the Soderberg theory is the
most conservative of the three shown, and is the only one that is completely below the
yield line. Secondly, the Gerber line fits the available test data the best of the three theories;
however, it is the most difficult to draw accurately.



FATIGUE AND DYNAMIC DESIGN 289

Yield line
g S, +
) N .
§ T Soderberg line
% S, - .
> e Gerber line
T .
QE, Goodman line
<
0 T T
0 s, Sy

Mean stress (o)

FIGURE 7.11 Goodman, Soderberg, and Gerber lines.

The mathematical expression for the Soderberg theory is given in Eq. (7.21),

S, S
| (7.21)
Se Sy

the mathematical expression for the Goodman theory is given in Eq. (7.22),

S, S,
4t (7.22)
SE Sttt

and the mathematical expression for the Gerber theory is given in Eq. (7.23),

SL{ (SITL )2
2a L (2m) = (7.23)
Sﬂ Sllt

where (S),) is the mean strength and (S,) is the alternating strength.

Factors-of-safety (n) can be established for each of these three theories by substituting
the actual mean stress (o,;) for the mean strength (S,,), substituting the actual alternating
stress (o,,) for the alternating strength (S, ), and substituting (1/n) for 1.

For the Soderberg theory the factor-of-safety (n) is found from Eq. (7.24),

Oqs  Om 1
—+ — == 7.24
Se * Sy n (724

for the Goodman theory the factor-of-safety (n) is found from Eq. (7.25),

Oq Om 1
—+t—=- (7.25)
Se Sut n

and for the Gerber theory the factor-of-safety is found from Eq. (7.26),

2
nog non,
+ =1 (7.26)
Se ( Sut )

As the Goodman theory is the most commonly used, it is shown by itself in Fig. 7.12
where the mean stress (0,,) and alternating stress (o) are plotted.
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g
? Se 7
<4
5 Calculated stresses
2 Goodman line
g G |
2 i
< 0 } }
0 Om Sut

Mean stress (o,,,)

FIGURE 7.12  Graphical approach using the Goodman theory.

The point with coordinates (0,,,0,) is shown inside the Goodman line, therefore the
perpendicular distance (d) from this point to the Goodman line represents graphically the
factor-of-safety (n) of the design. If this point had been outside the Goodman line, then the
design is not safe.

Sometimes the factor-of-safety (n) is desired where either the mean stress (o,;) or the
alternating stress (o) is held constant. For the case where the mean stress (o) is held con-
stant, the factor-of-safety (n,,) is represented by a vertical distance from the point (oy,,0,)
to the Goodman line. This is shown as the distance (d,) in Fig. 7.13. The corresponding
alternating stress is denoted by (oy |5, ) forming aright triangle with the endurance limit (S, ).

Right triangle—-mean stress constant

————————— Calculated stresses
Goodman line

Alternating stress (o)
Q
qQ

0 Gm Sut

Mean stress (o,,,)

FIGURE 7.13  Factor-of-safety (n,,) holding the mean stress constant.

The factor-of-safety (n,,) is therefore the ratio

_ aloy 1.27)

Ny =
Oa

whereby in similar triangles, the alternating stress (04|, ) can be found from Eq. (7.28) as

(-5
Oalo, =Se |1 — (7.28)
Sut

The alternating stress (o4|s,,) can also be found graphically if all the information is
plotted to scale in a diagram similar to Fig. 7.13, as will be done shortly in an example.

For the case where the alternating stress (o, ) is held constant, the factor-of-safety (n,) is
represented by a horizontal line from the point (o,,,0,) to the Goodman line. This is shown
as the distance (d,;) in Fig. 7.14. The corresponding mean stress is denoted as (o |s,)
forming a right triangle with the ultimate tensile strength (Sy;).
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Goodman line

Calculated stresses

Right triangle
—alternating stress constant

Alternating stress (o)

Mean stress (o)

FIGURE 7.14  Factor-of-safety (n,) holding the alternating stress constant.

The factor-of-safety (n,) is therefore the ratio

— 1 (7.29)

Om

whereby in similar triangles, the mean stress (0,,|s,) can be found from Eq. (7.30) as

Oq
Um|al, = Sur <1 - ?) (7.30)
e

The mean stress (0y,|s,) can also be found graphically if all the information is plotted to
scale in a diagram similar to Fig. 7.14, as will be done shortly in an example.

There is a third possibility where the line connecting the origin of the coordinate system
to the point (0,,,0,4) is extended to the Goodman line. This means that the ratio of the
alternating stress (o,) to the mean stress (o) is held constant. This line may or may not
intersect the Goodman line at a right angle. The factor-of-safety (n.) is represented by the
distance (d.) in Fig. 7.15. The corresponding mean stress (o, ), alternating stress(oy|c),
and endurance limit (S,) form a right triangle as shown.

Right triangle
—stress ratio constant

Calculated stresses

Goodman line

Alternating stress (o)
s
o

I
]
]
]
]
|
]
|
]
]

»

0 Om Oplc

Mean stress (o)

ut

FIGURE 7.15 Factor-of-safety (n.) holding the alternating stress constant.

The factor-of-safety (n.) is either of the two ratios in Eq. (7.31); however, the first is
preferred.

Omle _ Oale (7.31)

ne = =
Om Oq
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By similar triangles, the mean stress (o, |.) can be found from Eq. (7.32) as
Se

R (7.32)
Se oy
S T o

Omle =

The mean stress (o, |c), or the alternating stress (o,|c), can also be found graphically
if all the information is plotted to scale in a diagram similar to Fig. 7.15, as will be done
shortly in an example.

Remember, the factor-of-safety (n) associated with the perpendicular distance (d) from
the point (o,,, 0,) to the Goodman line is given by Eq. (7.25), or it too can be found
graphically by plotting all the information in a diagram similar to Fig. 7.12.

The following examples, in both the U.S. Customary and SI/metric system of units, will
use both the mathematical expressions presented on the previous pages, as well as a graph-
ical approach, to determine the various factors-of-safety for a particular design.

U.S. Customary

Example 1. For the cantilevered beam shown in Fig. 7.16, which is acted upon by a
fluctuating tip force (F) of between 2.4 1b and 5.6 1b, determine

The factor-of-safety (n) using the Goodman theory

The factor-of-safety (n,,) where the mean stress (o;,) is held constant

The factor-of-safety (n,) where the alternating stress (o,) is held constant

The factor-of-safety (n.) where the ratio of the alternating stress (o,) to the mean stress
(o) is held constant

& &R

P JLF _f%e
% | —
2)4

FIGURE 7.16 Cantilevered beam for Example 1 (U.S. Customary).

The beam is made of cold-drawn steel, ground to the dimensions shown, then welded
to the vertical support at its left end. The beam operates at room temperature. Also, Sy; is
85 kpsi and K is 1.2 (due to welds at left end of beam).
solution
Step 1. Using Eq. (7.8) and values for the coefficient (@) and exponent (b) from Table 7.1,
calculate the surface finish factor (k) as

ka = aSh, = (1.34 kpsi) (85 kpsi) """ = (1.34)(0.6855) = 0.92

Step 2. Using Eq. (7.12) calculate the effective diameter (d,) as

1 1
d, = 0.808 (bh)'/* = 0.808 (E in) (5 in) = (0.808)4/ (0.03125 in?)

= (0.808) (0.1768 in) = 0.143in
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Step 3. Using Eq. (7.10) calculate the size factor (k) as
d, \ 01133 0.143 ~0-1133
ky = == === = (0.477)"01133 = 1 09 = 1
0.3 0.3

Step 4. As the beam is bending, the load type factor (k.) from Eq. (7.14) is
ke =1

Step 5. As the beam is operating at room temperature, the temperature factor (k;) from
Eq. (7.15) and Table 7.2 is

kg=1

Step 6. Using the given reduced stress concentration factor (Ky), calculate the miscella-
neous effect factor (k.) using Eq. (7.16) as

1 1
ke = — =— =0.83
Ky 1.2

Step 7. Using the given ultimate tensile stress (S,,;) and the guidelines in Eq. (7.1), calculate
the test specimen endurance limit (S)) as

S, =0.504 S,; = (0.504) (85 kpsi) = 42.8 kpsi

Step 8. Using the test specimen endurance limit (S,) found in step 7 and the modifying
factors found in steps 1 through 6, calculate the endurance limit (S,) for the cantilevered
beam using the Marin equation in Eq. (7.7) as

Se = kakpkckakeS, = (0.92)(1)(1)(1)(0.83) (42.8 kpsi)
= (0.764)(42.8 kpsi) = 32.7 kpsi

Step 9. Calculate the mean force (F},) and the alternating force (F,) as

F, = Fax —2|— Fin _ (5.6 1b) —;— (2.4 1b) _ % 4

Frmax — Fmin _ (5.61b) —(2.41b)  321b
2 a 2 -

F, = =161b

Step 10. Calculate the mean bending moment (M,,) and the alternating bending moment
(My) as

M, =F,L=41b)25in)=10in-1b
M, =F,L=(1.61b)(2.5in)=4in-1b
Step 11. Calculate the area moment of inertia (/) for the rectangular cross section as

1 1
1= Ebh3 = 5(0'5 in)(0.0625 in)® = 1.02 x 1077 in*
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Step 12. Calculate the mean bending stress (o,,) and the alternating bending stress (o)
as

Myc (10 in - 16)(0.03125 in)
I 1.02 x 105 in*

Oy =

= 30.6 kpsi

Mc (4 in-16)(0.03125 in)
I~ 1.02x10-5 in?

= 12.3 kpsi

Oq =

Step 13.  Plotthe mean bending stress (oy, ) and alternating bending stress (o, ) from step 12,
the given ultimate tensile strength (S,;), and the endurance limit (S,) calculated in step 8
in a Goodman diagram like that shown in Fig. 7.17.

Scale: 2 kpsi x 2 kpsi

Calculated stresses

20 + Goodman line
O,
12,3 H=-rsa-kie -
10 +
Syt
0 } } 4 } } }

0 10 20 30 40 50 60 70 808590 (Om)

FIGURE 7.17 Goodman diagram for Example 1 (U.S. Customary).

Step 14. To answer question (a), calculate the factor-of-safety (n) using Eq. (7.25), which
represents the distance (d) in Fig. 7.12.

1 123 kpsi 30.6 kpsi
ST O pst P (0.376) + (0.360) = 0.736
n Se  Sur 32.7 kpsi 85 kpsi
1
n=-—— =136
0.736

Step 15. To answer question (b), calculate the factor-of-safety (n,,) using Eq. (7.27), which
represents the distance (d,,) in Fig. 7.13.

s (1 Om (32.7 kpsi) ( 1 30.6 kpsi
- — . S1 -
_ Oals, € Su) P 85 kpsi ) _ (32.7 kpsi) (0.640)
" e Ou B 12.3 kpsi B 12.3 kpsi
2093 kpsi
12.3 kpsi

where the alternating stress (0¢|s,,) Was substituted from Eq. (7.28).
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Step 16. To answer question (c), calculate the factor-of-safety (n,) using Eq. (7.29), which
represents the distance (d,) in Fig. 7.14.

s (1292 85 kpsiy (1 - 123 ks
_ % N
omlo, M S, P 327 kpsi) (85 kpsi) (0.624)

M e, T o - 30.6 kpsi = 7 30.6 kpsi
53.04 kpsi
= 203
30.6 kpsi

where the alternating stress (o, |, ) Was substituted from Eq. (7.30).

Step 17. To answer question (d), calculate the factor-of-safety () using Eq. (7.31), which
represents the distance (d.) in Fig. 7.15.

Se
Se oq
. = omle . Sut [ Se
c om om O (SS_I T g_)
_ 32.7 kpsi 32.7 kpsi

32.7kpsi 12.3 kpsi\| _ (30.6 kpsi)(0. .
(30.6 kpsi) ( psi p51) (30.6 kpsi)(0.385 + 0.402)

85 kpsi 30.6 kpsi
32.7 kpsi 32.7 kpsi

= (30.6 kpsi)(0.787) _ 24.08 kpsi

where the alternating stress (0, |.) was substituted from Eq. (7.32).

Notice that the factors-of-safety for parts (a) and (d) are the same, and the factors-of-safety
for parts (b) and (c) are very close. This is not unexpected. Also, the factors-of-safety for all
four parts could have been found graphically by scaling the appropriate distances in Fig. 7.17.

SI/Metric

Example 1. For the cantilevered beam shown in Fig. 7.18, which is acted upon by a
fluctuating tip force (F) of between (10.8 N) and (25.2 N), determine

a. The factor-of-safety (n) using the Goodman theory
b. The factor-of-safety (n,,) where the mean stress (o,) is held constant
c. The factor-of-safety (n,) where the alternating stress (o,) is held constant
d. The factor-of-safety (n.) where the ratio of the alternating stress (o,) to the mean stress
(oy,) 1s held constant
F 0.16 cm
3 | I
[ ]
! ! 1.25 cm T

6 cm
FIGURE 7.18 Cantilevered beam for Example 1 (SI/metric).
The beam is made of cold-drawn steel, ground to the dimensions shown, then welded

to the vertical support at its left end. The beam operates at room temperature. Also, S, is
595 MPa and Ky is 1.2 (due to welds at left end of beam).
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solution
Step 1. Using Eq. (7.8) and values for the coefficient () and exponent (b) from Table 7.1,
calculate the surface finish factor (k) as

kq = aSh, = (1.58 MPa) (595 MPa) %95 — (1.58) (0.5810) = 0.92

Step 2. Using Eq. (7.12) calculate the effective diameter (d,) as

d, = 0.808 (bh)'/? = 0.808 \/(0.16 cm) (1.25 cm) = (0.808)+/(0.20 cm?)
= (0.808) (0.4472 cm) = 0.361 cm = 3.61 mm

Step 3. Using Eq. (7.10) calculate the size factor (kp) as

d —0.1133 3.61 —0.1133
ky = ( e ) = ( ) = (0.474)70113 = 109 = 1

7.62 7.62
Step 4. As the beam is in bending the load type factor (k.) from Eq. (7.14) is
ke =1

Step 5. As the beam is operating at room temperature, the temperature factor (k;) from
Eq. (7.15) and Table 7.2 is

kg =1

Step 6. Using the given reduced stress concentration factor (Ky), calculate the miscella-
neous effect factor (k.) using Eq. (7.16) as

Step 7. Using the given ultimate tensile stress (S,,;) and the guidelines in Eq. (7.1), calculate
the test specimen endurance limit (S)) as

S, =0.504 Sy, = (0.504)(595 MPa) = 300 MPa

Step 8. Using the test specimen endurance limit (S,) found in Step 7 and the modifying
factors found in Steps 1 through 6, calculate the endurance limit (S,) for the cantilevered
beam using the Marin equation in Eq. (7.7) as

Se = ka kpkckake S, = (0.92)(1)(1)(1)(0.83) (300 MPa)

= (0.764)(300 MPa) = 229.1 MPa

Step 9. Calculate the mean force (F;,) and the alternating force (F,) as

Fax + Fmin _ (252 N)+ (108 N) 36N
2 - 2 T2

Fmax — Fmin _ (252 N)— (108 N) 144N
2 - 2 -

Fp = = 18N

F, = =72N

Step 10. Calculate the mean bending moment (M,,) and the alternating bending moment
(Mg) as

My = Fp L= (18 N) (6 cm) = 108 N-cm = 1.08 N - m
My = F;L = (72N)(6cm) =432 N-cm =043 N-m
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Step 11. Calculate the area moment of inertia (/) for the rectangular cross section as

1 1
I= Ebh3 = E(1.25 cm)(0.16 cm)® =427 x 1074 ecm* =427 x 1072 m*

Step 12. Calculate the mean bending stress (o,,) and the alternating bending stress (o) as

Mpuc  (1.08 N - m)(0.0008 m)

_ _ =202.3 MP
om =7 427 x 10-12 m? a
M 0.43 N - m) (0.0008
oy = Mac _ ( m) ( ™) _ 80.6 MPa
1 427 x 10~12 m#4

Step 13. Plot the mean bending stress (o;,, ) and alternating bending stress (o) from step 12,
the given ultimate tensile strength (S,;), and the endurance limit (S,) calculated in step 8
in a Goodman diagram like that shown in Fig. 7.19.

()
Scale: 15 MPa x 15 MPa|

Calculated stresses

150 Goodman line
80.6 Om
(7 TESTEI T e RO ;
{94 Sut
0 } } — } } } } 4 } (©,)
0 150 202.3 30 450 600 m

FIGURE 7.19  Goodman diagram for Example 1 (SI/metric).

Step 14. To answer question (a), calculate the factor-of-safety (n) using Eq. (7.25), which
represents the distance (d) in Fig. 7.12.

Cu  Om 80.6 MPa  202.3 MPa
=—4+ —= = (0.352 0.340) = 0.692
Se + Syt 229.1 MPa * 595 MPa ( )+ )

1
n=——=145
0.692

1
n

Step 15. To answer question (b), calculate the factor-of-safety (n,,) using Eq. (7.27), which
represents the distance (d,,) in Fig. 7.13.

s.(1-9m) (2201 mpa) (1 - 2023 MPa
_om 1 MPa) (1 —
_ Oalo, ¢ Su) 595MPa ] (229.1 MPa) (0.660)
"7 e, o4 - 80.6 MPa - 80.6 MPa
151.2 MP
=2t g
80.6 MPa

where the alternating stress (0y|s,,) Was substituted from Eq. (7.28).
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Step 16. To answer question (c), calculate the factor-of-safety (n,) using Eq. (7.29), which
represents the distance (d,;) in Fig. 7.14.

s (1_ 0 (595 MPa (1 30:6 MPa
_Ta 2 (1
_omle, " S.) 229.1 MPa) (595 MPa) (0.648)
T oom Om N 202.3 MPa ©202.3 MPa
385.6 MP.
= 220V _ g
202.3 MPa

where the alternating stress (o, |5, ) was substituted from Eq. (7.30).

Step 17. To answer question (d), calculate the factor-of-safety (n.) using Eq. (7.31), which
represents the distance (d,) in Fig. 7.15.

Se
Se Oa
e = Omle _ S_m a _ Se
o Om o (S_ . &)
Sut Om
229.1 MPa 229.1 MPa

229.1 MPa N 80.6 MPa ) ~ (202.3 MPa)(0.385 + 0.398)
595 MPa = 202.3 MPa

B 229.1 MPa _ 229.1 MPa

© (202.3 MPa)(0.783) ~ 158.4 MPa

(202.3 MPa) (

where the alternating stress (o,,|.) was substituted from Eq. (7.32).

Notice that the factors-of-safety for parts (a) and (d) are the same, and the factors-of-
safety for parts (b) and (c) are very close. This is not unexpected. Also, the factors-of-safety
for all four parts could have been found graphically by scaling the appropriate distances in
Fig. 7.19.

Consider another example where a fluctuating axial load is acting together with a constant
axial load.

U.S. Customary

Example 2. For the stepped rod shown in Fig. 7.20, which is acted upon by both a fluc-
tuating axial force (F1) of between — 200 1b and 800 1b and a constant axial force (£7) of
500 Ib, determine

a. The factor-of-safety (n) using the Goodman theory
b. The maximum range of values for the fluctuating axial force (F}) if the mean force (F,,)
is held constant

d1=3/1e“ b=
e

= —

F, F»

FIGURE 7.20  Stepped rod for Example 2 (U.S. Customary).

The stepped rod is made of high-strength steel, ground to the dimensions shown. The
stepped rod operates at room temperature. Also, the test specimen endurance limit (S)) is
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given, rather than obtained from the guidelines in Eq. (7.1).
Sy = 105 kpsi
S, = 65 kpsi
K¢ = 1.15 (due to change in diameter)

solution
Step 1. Using Eq. (7.8) and values for the coefficient (@) and exponent (b) from Table 7.1,
calculate the surface finish factor (k;) as

kq = aSh, = (1.34 kpsi) (105 kpsi) “% = (1.34) (0.6733) = 0.90

Step 2. Only the larger diameter region of the stepped rod experiences the fluctuating axial
force (F1), so use diameter (d;) in Eq. (7.10) to calculate the size factor (k) as

d —0.1133 0.1875 —0.1133
kp = <ﬁ> = ( 03 ) = (0625701133 — 105 = |

Step 3. The stepped rod is axially loaded, so the load type factor (k.) from the guidelines
in Eq. (7.13) is

ke =0.923

Step 4. As the stepped rod is operating at room temperature, the temperature factor (ky)
from Eq. (7.15) and Table 7.2 is

kg =1

Step 5. Using the given reduced stress concentration factor (Ky), calculate the miscella-
neous effect factor (k.) using Eq. (7.16) as

Step 6. Using the given test specimen endurance limit (S,) and the modifying factors
found in steps 1 through 5, calculate the endurance limit (S,) for the stepped rod using the
Marin equation in Eq. (7.7) as

Se = kakp ke kq ke S, = (0.90)(1)(0.923)(1)(0.87) (65 kpsi)
= (0.723)(65 kpsi) = 47.0 kpsi
Step 7. Calculate the maximum axial force (Fpax) and minimum axial force (Fiip) as
Fmax = FI"™ 4+ F, = (800 1b) + (500 1b) = 1300 Ib
Fmin = F]mirl + F> = (=200 1b) + (500 1b) = 300 1b
Step 8. Calculate the mean axial force (F},) and the alternating axial force (F,) as

Fiax + Fmin _ (1,300 1b) 4+ (300 1b) 1,600 Ib
2 - 2 -

Frax — Fmin _ (1,300 1b) — (300 1b) 1,000 Ib
2 - 2 -

F, = =800 Ib

F, = =500 Ib




300 STRENGTH OF MACHINES
Step 9. Calculate the area (A) of the larger diameter (d}) for the stepped rod as

3 2
Aa=p=r (— in) = 0.0276 in2

T
4717 4 \16
Step 10. Calculate the mean axial stress (o,,) and the alternating axial stress (o) as

Fy 800 1b

oy =M= 290 kpsi
"TA T 0.0276 in? P
F, 500 1b
“T A 7T 0.0276 in? P

Step 11. Plot the mean axial stress (o,) and alternating axial stress (o,) from step 10, the
given ultimate tensile strength (S,,), and the endurance limit (S,) calculated in step 6 in a
Goodman diagram like that shown in Fig. 7.21.

47.0
40 -+ Se

Scale: 2.5 kpsi x 2.5 kpsi

Calculated stresses

Goodman line

i
:
|
%
|
T

0 10 20 30 40 50 60 70 80 90 100 110
29.0 105

(om)

FIGURE 7.21 Goodman diagram for Example 2 (U.S. Customary).

Step 12. To answer question (a), calculate the factor-of-safety (n) using Eq. (7.25), which
represents the distance (d) in Fig. 7.12.

Oy Opm 18.1 kpsi = 29.0 kpsi
—+—= = (0.385 0.276) = 0.661
Se + Sur 47.0 kpsi + 105 kpsi ( )+ ( )

1
— =151
0.661 :

1 —_—
- =

Step 13. To answer question (b), calculate the factor-of-safety (n,,) using Eq. (7.27), which
represents the distance (d,,) in Fig. 7.13.

s (1 Om @7.0 kpsi) ( 1 29.0 kpsi
- — .0 kpsi -
ale, € Sut P 105 kpsi ) (47.0 kpsi) (0.724)

o Ou 18.1 kpsi 18.1 kpsi
34.03 kpsi

18.1 kpsi

where the alternating stress (04|, ) Was substituted from Eq. (7.28).
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Step 14. Multiply the factor-of-safety (n,,) found in step 13 times the alternating axial
force (F,) to give a maximum alternating axial force (F"**) as

F"™ = n,y Fy = (1.88) (500 1b) = 940 1b

Step 15. Use the maximum alternating axial force (F;"®*) found in step 14 to determine
the limiting values of the maximum axial force (Fpax) and the minimum axial force (Fin).

Fim — F, 4+ FM — (800 Ib) 4 (940 1b) = 1,740 Ib
Flim — g, — FMX — (800 Ib) — (940 Ib) = —140 Ib

Step 16. Subtract the constant axial force (F>) from the limiting values in step 15 to give
the limiting range of the fluctuating axial force (F7) forcing the factor-of-safety to be 1.

F'®& = Frgg; — F> = (1,740 1b) — (500 1b) = 1,240 1b
Flin — plim _ g — (~140 1b) — (500 1b) = —640 Ib
This means the limiting range on the fluctuating force (1) is —640 Ib to 1,240 Ib.
Sl/metric

Example 2. For the stepped rod shown in Fig. 7.22, which is acted upon by both a fluctu-
ating axial force (F1) of between — 900 N and 3,600 N and a constant axial force (/) of
2,250 N, determine

a. The factor-of-safety (n) using the Goodman theory
b. The maximum range of values for the fluctuating axial force (F1) if the mean force (F;,)
is held constant

/ d; =0.48 cm / dr=0.32cm
= =
F, Fa

FIGURE 7.22  Stepped rod for Example 2 (SI/metric).

The stepped rod is made of high-strength steel, ground to the dimensions shown. The
stepped rod operates at room temperature. Also, the test specimen endurance limit (S)) is
given, rather than obtained from the guidelines in Eq. (7.1).

Su = 735 MPa
S/ = 455 MPa

Ky = 1.15 (due to change in diameter)

solution

Step 1. Using Eq. (7.8) and values for the coefficient (a) and exponent (b) from Table 7.1,
calculate the surface finish factor (k;) as

kq = aSt, = (1.58 MPa)(735 MPa) "% = (1.58) (0.5706) = 0.90
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Step 2. Only the larger diameter region of the stepped rod experiences the fluctuating axial
force (F1), so use diameter (d;) in Eq. (7.10) to calculate the size factor (k) as

d —0.1133 4.8 —0.1133
ky = [ — === =(0.630)" %118 = 10521
7.62 7.62

Step 3. The stepped rod is axially loaded, so the load type factor (k.) from the guidelines
in Eq. (7.13) is

ke =0.923

Step 4. As the stepped rod is operating at room temperature, the temperature factor (k)
from Eq. (7.15) and Table 7.2 is

kg =1

Step 5. Using the given reduced stress concentration factor (Ky), calculate the miscella-
neous effect factor (k) using Eq. (7.16) as

1 1
ke=—=—=0.87

Step 6. Using the given test specimen endurance limit (S,) and the modifying factors
found in steps 1 through 5, calculate the endurance limit (S,) for the stepped rod using the
Marin equation in Eq. (7.7) as

Se = kakpkckakeS, = (0.90)(1)(0.923)(1)(0.87)(455 MPa)
= (0.723)(455 MPa) = 329.0 MPa
Step 7. Calculate the maximum axial force (Fpax) and minimum axial force (Fpiy) as
Finax = F"™ + F» = (3,600 N) + (2,250 N) = 5,850 N
Fin = Flmin + F> = (=900 N) + (2,250 N) = 1,350 N
Step 8. Calculate the mean axial force (F,,) and the alternating axial force (F,) as

Fmax + Fmin _ (5850 N) + (1,350 N) 7,200 b

F, = =3,600 N
2 2
Fax — Fmi 5,850 N) — (1,350 N 4,500 Ib
Fa — max min — ( ’ ) ( ’ ) — > — 2’250 N
2 2 2
Step 9. Calculate the area (A) of the larger diameter (d;) for stepped rod as
T T 2 2 -5 2
A:Zdl :Z(0.48 cm)” =0.181 cm” = 1.81 x 107° m

Step 10. Calculate the mean axial stress (o,,) and the alternating axial stress (o,) as

F N
Fw _ _ 3600N 198.9 MPa
A~ 1.81 x 105 m2

F

2,250 N
oy = - —124.3 MPa
A 1.81 x 10~5 m2

Oy =
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(o) s
329.0 ¢ Scale: 17.5 MPa x 17.5 MPa
280 +
Calculated stresses
210 +
Goodman line
140 T _ __Gm__ T
1243777 TTTT0C !
70 T : O,
1 ¥a
i Sut
0 } } H } } } } } } ==~ )
0 140 198.9 280 420 560 700 770 Om

735
FIGURE 7.23 Goodman diagram for Example 2 (SI/metric).

Step 11. Plot the mean axial stress (05,;) and alternating axial stress (o,) from step 10, the
given ultimate tensile strength (S,,), and the endurance limit (S,) calculated in step 6 in a
Goodman diagram like that shown in Fig. 7.23.

Step 12. To answer question (a), calculate the factor-of-safety (n) using Eq. (7.25), which
represents the distance (d) in Fig. 7.12.

1 Ca  Om 124.3 MPa  198.9 MPa
-—=—4—= = (0.378 0.271) = 0.649
n Se * Syt 329.0 MPa * 735 MPa ( )+ )
1
= ——=154
0.649

Step 13.  To answer question (b), calculate the factor-of-safety (n,,) using Eq. (7.27), which
represents the distance (d,) in Fig. 7.13.

o (1 om (329.0MPa) (1 198.9 MPa
_9m OMPa) (1 —
_ Oalo, ¢ Su) 735MPa ) (329.0MPa)(0.729)
" e Ou - 124.3 MPa - 124.3 MPa
239.84 MPa
== " —-1093
124.3 MPa

where the alternating stress (0|, ) Was substituted from Eq. (7.28).

Step 14. Multiply the factor-of-safety (n,,) found in step 13 with the alternating axial force
(Fy) to give a maximum alternating axial force (F;"**) as

FM™ = n,, Fy = (1.93)(2,250 N) = 4,343 N

Step 15. Use the maximum alternating axial force (F}"*) found in step 14 to deter-
mine the limiting values of the maximum axial force (Fpax) and the minimum axial force
(F min)-

Fim — £, + F™X = (3,600 N) + (4,343 N) = 7,943 N

Flim — F, — FMX — (3,600 N) — (4,343 N) = —743 N

min
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Step 16. Subtract the constant axial force (F>) from the limiting values in step 15 to give
the limiting range of the fluctuating axial force (F) forcing the factor-of-safety to be 1.

Flim _ p) — (7,943 N) — (2,250 N) = 5,693 N

max
F 1 max

Fin — plim g — (—743 N) — (2,250 N) = —2,993 N

min
This means the limiting range on the fluctuating force (F7) is —2,993 to 5,693 N.

Alternative Method to Account for Stress Concentrations. The factor-of-safety (n)
according to the Goodman theory was by Eq. (7.25), repeated here

o 1o 1
Ly - (7.25)
Se Sut n

In the determination of the endurance limit (S, ) in the denominator of the first term, one
of the modifying factors in the Marin equation was the miscellaneous effect factor (k.),
where if there were stress concentrations, this factor was given by Eq. (7.16), also repeated
here

1

k, = — 7.16
‘=% (7.16)
where the reduced stress concentration factor (Ky) was found from Eq. (6.23) as
Kf=1+4q(K;—1) (6.23)

with (K;) being the geometric stress concentration factor and (g) being the notch sensitivity.
If the miscellaneous effect factor (k.) is separated from the endurance limit (S,) in the
Goodman theory equation, then Eq. (7.25) can be rearranged as follows:

og + Om oy n Om Ky o4 Om
Se(ke) Sut Ry ( 1 ) Sut Se Sut n
— e\ —_—
separate out k, Ky move K; to numerator

substitute for K

where now the reduced stress concentration factor (Ky) is multiplied by the alternating
stress (0,). This is a very important point, that any stress concentrations affect only the
alternating stress (o), not the mean stress (o,,). However, extreme care must be taken
to make sure the reduced stress concentration factor (Ky) is not left out, or included
twice.

Fluctuations in Torsional Loading. If the fluctuating loading on a machine element is
torsional, then there will be a mean shear stress (t;;) and an alternating shear stress (7).
The test specimen endurance limit (S,) is still determined from the guidelines in Eq. (7.1);
however, there will be an ultimate shear strength (S,s) defined as

Sus = (0.67)Sy; (7.33)

where the factor 0.67 is due to the work by Robert E. Joerres [Chap. 6, Springs, in Shigley,
Mischke, & Brown, 2004] at Associated Spring—Barnes Group.

Also, when calculating the endurance limit (S,) from the Marin equation, Eq. (7.7), use
a loading factor (k.) of 0.577. The other modifying factors are the same.
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The Goodman theory can be used to determine if a design is safe under fluctuating
torsional loading; however, use the ultimate shear strength (S,s) instead of the ultimate
tensile strength (S,;). This changes the equation for the factor-of-safety (n) according to

the Goodman theory to be

Ta Tm 1
-+ == (7.34)
Se Sus n

and plotted as the straight line in Fig. 7.24.

Calculated stresses

Goodman line

Alternating shear
stress (1)

0 Tm Sus
Mean shear stress (7,

FIGURE 7.24 Goodman theory for fluctuating torsional loading.

Consider the following example of a solid circular shaft under fluctuating torsional load-
ing, in both the U.S. Customary and SI/metric system of units.

U.S. Customary

Example 3. For the solid shaft shown in Fig. 7.25, which is acted upon by a fluctuating
torque (7') of between (1,800 ft - Ib) and (2,200 ft - 1b), determine the factor-of-safety (n)

using the Goodman theory.
% d =1 1/2
. / T
N ().
Vi \\/

A\
FIGURE 7.25  Shaft for Example 3 (U.S. Customary).

The solid shaft is as forged steel at the diameter shown, and has a (1/8 in) wide hemi-
spherical groove (not shown) around the circumference of the shaft. The shaft operates at

room temperature. Also,

Sur = 90 kpsi
K;s = 1.65 (due to circumferential groove)
g = 0.9 (notch sensitivity)
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solution
Step 1. Using Eq. (7.8) and the values for the coefficient (a) and exponent (b) from
Table 7.1, calculate the surface finish factor (k,) as

ka = aSh, = (39.9 kpsi) (90 kpsi) "% = (39.9) (0.0114) = 0.45

Step 2. Using Eq. (7.10) and the given diameter, calculate the size factor (kp) as

d —0.1133 1.5 —0.1133
ky = — == =578 =083
0.3 0.3

Step 3. The shaft is in torsion so the load type factor (k.) from Eq. (7.14) is
ke = 0.577

Step 4. As the shaft is operating at room temperature, the temperature factor (k) from
Eq. (7.15) and Table 7.2 is

kg=1

Step 5. Using the given geometric shear stress concentration factor (K;5) and the notch
sensitivity (¢), calculate the reduced concentration factor (Ky) from Eq. (6.23) as

Kf=1+4+q(K;s—1)=1+0.9)(1.65—-1) =1+0.585 = 1.585

Step 6. Using the reduced stress concentration factor (K¢) found in step 5, calculate the
miscellaneous effect factor (k.) using Eq. (7.16) as

1 1
Ky~ 1.85

Step 7. Using the given ultimate tensile stress (S,,;) and the guidelines in Eq. (7.1), calculate
the test specimen endurance limit (S)) as

S/ =0.504 S, = (0.504)(90 kpsi) = 45.4 kpsi

Step 8. Using the test specimen endurance limit (S,,) found in step 7, and the modifying
factors found in steps 1 through 6, calculate the endurance limit (S,) for the solid shaft
using the Marin equation in Eq. (7.7) as

Se = kakp ke kqke S, = (0.45)(0.83)(0.577)(1)(0.63) (45.4 kpsi)
= (0.136)(45.4 kpsi) = 6.2 kpsi
Step 9. Calculate the mean torque (7;,) and the alternating torque (7;) as
_ Tmax + Tmin (2,200 ft - 1b) + (1,800 ft - Ib)

T, -
" 2 2
4,000 ft - b )
= = 2,000 ft - 1b = 24,000 in - b
7 _ Tmox = Tnin _ (2,200 ft - Ib) — (1,800 ft - Ib)
= -
2 2

400 ft-1b

> =200 ft-1b =2,400 in - 1b
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Step 10. Calculate the polar moment of inertia (J) of the circular cross section as
1 1
J=om R* = 57075 in)* = 0.497 in*

Step 11. Calculate the mean shear stress (7;,) and the alternating shear stress (t,) as

TmR (24,000 in - 1b) (0.75 in)

Ty = = 36.2 kpsi
" J 0.497 in* P
T.R (2,400 in - 1b) (0.75 in) .
T, = = — = 3.6 kpsi
J 0.497 in

Step 12.  Using the given ultimate tensile stress (S,;) and Eq. (7.33), calculate the ultimate
shear strength (S,;) as

Sus = 0.67 S,y = (0.67)(90 kpsi) = 60.3 kpsi

Step 13. Calculate the factor-of-safety (n) using Eq. (7.34), which represents the dis-
tance (d) in Fig. 7.24, as

1 . 3.6kpsi 36.2 kpsi
Dol Tm _ODEPSL P (0.581) + (0.600) = 1.181
n Se  Sus  62kpsi  60.3 kpsi

1
1181 = 0.85 (unsafe!)

which means the design is unsafe because the factor-of-safety # is less than 1.

Step 14. Plot the mean shear stress (7,,) and alternating shear stress (t,) from step 11, the
ultimate shear strength (S,s) found from step 12, and the endurance limit (S,) calculated
in step 8 in a Goodman diagram like that shown in Fig. 7.26.

Notice the point (T, T;) representing the calculated shear stresses falls outside the
Goodman line, which confirms that the design is unsafe as determined mathematically
in step 13. The main reason the design is unsafe is the fact that in step 8 the test specimen
endurance limit (S,) was reduced by over 85 percent, primarily due to the surface finish
factor (k,) that was calculated in step 1 to be 0.45, which is a 55 percent reduction by itself.

(o2) Scale: 2 kpsi x 1 kpsi

15 +

Goodman line

Calculated stresses

4 Sus Sut
0 ! T T ! T T T ! ! ! (O' )
m
0 10 20 30 40 50 60 70 80 90
36.2 60.3

FIGURE 7.26 Goodman diagram for Example 3 (U.S. Customary).
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Just for curiosity, what if the endurance limit were doubled, from 6.2 kpsi to 12.4 kpsi, how
would this change the factor-of-safety (n)? Substituting this new value for the endurance
limit (S,) into the Goodman theory, previously calculated in step 13 above, gives a safe
value.

1 Ty Tn 3.6 kpsi ~ 36.2 kpsi

=4 "= = (0.290 0.600) = 0.89
n Se + Sus 12.4 kpsi + 60.3 kpsi ( )+ ( )

1
—— = 1.12 (safe!)
0.89

Sl/metric
Example 3. For the solid shaft shown in Fig. 7.27, which is acted upon by a fluctuating

torque (7") of between 2,700 N - m and 3,300 N - m, determine the factor-of-safety (n)
using the Goodman theory.

d=3.8cm

N\
/ T

| )

FIGURE 7.27  Shaft for Example 3 (SI/metric).

The solid shaft is as forged steel at the diameter shown, and has a (3 mm) wide hemi-
spherical groove (not shown) around the circumference of the shaft. The shaft operates at
room temperature. Also,

Sur = 630 MPa
K;s = 1.65 (due to circumferential groove)
q = 0.9 (notch sensitivity)

solution
Step 1. Using Eq. (7.8) and values for the coefficient () and exponent (b) from Table 7.1,
calculate the surface finish factor (k) as

kq = aSt, = (272 MPa) (630 MPa) %% = (272) (0.00164) = 0.45

Step 2. Using Eq. (7.10) and the given diameter, calculate the size factor (kp) as

d —0.1133 38 —0.1133
o — (4 _ (38 — (5)-01133 _ (g3
b (7.62) (7.62) )

Step 3. The shaft is in torsion so the load type factor (k.) from Eq. (7.14) is
ke = 0.577

Step 4. As the shaft is operating at room temperature, the temperature factor (k) from
Eq. (7.15) and Table 7.2 is

kg =1
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Step 5. Using the given geometric shear stress concentration factor (Ks) and the notch
sensitivity (¢), calculate the reduced concentration factor (Kr) from Eq. (6.23) as

Kr=1+4q(K;y—1)=1+(0.9)(1.65—1) =1+ 0.585 = 1.585

Step 6. Using the reduced stress concentration factor (Ky) found in step 5, calculate the
miscellaneous effect factor (k.) using Eq. (7.16) as

1 1
——— =0.63

k:—:
‘T Kr 1585

Step 7. Using the given ultimate tensile stress (S,;) and the guidelines in Eq. (7.1),
calculate the test specimen endurance limit (S) as

S/ =0.504 S,; = (0.504) (630 MPa) = 317.5 MPa

Step 8. Using the test specimen endurance limit (S,,) found in step 7, and the modifying
factors found in steps 1 through 6, calculate the endurance limit (S,) for the solid shaft
using the Marin equation in Eq. (7.7) as

Se = kakpkckgkeS, = (0.45)(0.83)(0.577)(1)(0.63)(317.5 MPa)
= (0.136)(317.5 MPa) = 43.2 MPa

Step 9. Calculate the mean torque (7;,) and the alternating torque (7;) as

Timax + Tiin _ (3,300 N - m) + (2,700 N - m)

T, =
" 2 2
6,000 N -
=22 3000 N-m
2
Toax — Toin (3,300 N-m) — (2700 N - m)
TCI = =
2 2
600 N -
= % =300N-m

Step 10. Calculate the polar moment of inertia (J) of the circular cross section as

1 1
J=3 7R = ok (1.9 cm)* = 20.47 cm* =2.05 x 107" m*

Step 11. Calculate the mean shear stress (7;,) and the alternating shear stress (t,) as

_ T.R _ (3,000 N-m)(0.019 m)

_ _ —278.0 MP.
= 2.05 x 107 m* a
T,R (300 N-m) (0.019
7y = LR _( m Q019 M) _ 7 ¢ Mpa
J 2.05 x 107 m#

Step 12.  Using the given ultimate tensile stress (S,;) and Eq. (7.33), calculate the ultimate
shear strength (S,;) as

Sus = 0.67 Sy = (0.67) (630 MPa) = 422.1 MPa
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Step 13. Calculate the factor-of-safety (n) using Eq. (7.34), which represents the distance
(d) in Fig. 7.24, as

1 T, Tm 27.8 MPa  278.0 MPa
-—=—+4+—= = (0.644 0.659) = 1.303
n Se + Sus  43.2 MPa + 422.1 MPa ( )+ ( )
1
n = —— = 0.77 (unsafe!)
1.303

which means the design is unsafe, because the factor-of-safety n is less than 1.

The main reason the design is unsafe is the fact that in step 8 the test specimen en-
durance limit (S)) was reduced by over 85 percent, primarily due to the surface finish
factor (k,) that was calculated in step 1 to be 0.45, which is a 55 percent reduction by
itself.

Just for curiosity, what if the endurance limit were doubled, from 43.2 MPa to 86.4 MPa,
how would this change the factor-of-safety (n)? Substituting this new value for the endurance
limit (S,) into the Goodman theory, previously calculated in step 13 above, gives a safe
value.

1 T, Tn 27.8 MPa  278.0 MPa

n Se + Sus  86.4 MPa + 422.1 MPa

1
= —— = 1.02 (not by much, but safe!)
0.981

= (0.322) + (0.659) = 0.981

3
I

Step 14. Plot the mean shear stress (t;;) and alternating shear stress (t;) from step 11, the
ultimate shear strength (S,;) found from step 12, and the endurance limit (S,) calculated
in step 8 in a Goodman diagram like that shown in Fig. 7.28.

(%) Scale: 15 MPa x 7.5 MPa
120 +

90 - Goodman line

Calculated stresses

432
273 g TIPS
1
’ ] Sus Sut
0 T T T T I T T L I I I I I ( )
0 120 240 360 422.1 480 600 660 "
278.0 630

FIGURE 7.28 Goodman diagram for Example 3 (SI/metric).

Notice the point (t,,,7,) representing the calculated shear stresses falls outside the
Goodman line, which confirms that the design is unsafe as determined mathematically
in step 13.
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7.5 COMBINED LOADING

The third type of dynamic loading to be presented is combined loading, where the total
load on the machine element is a combination of both normal (o) and shear (t) stresses,
whether constant, reversed, or fluctuating. The steps of the analysis to determine whether
the design is safe are as follows:

1.

Calculate the endurance limit (S, ), except use aload type factor (k. = 1) for bending, and
do not apply the miscellaneous effects factor (k.) due to the reduced stress concentration
factors (Ky) as given in Eq. (7.35).

Se = kakp(1) kg S, (7.35)

. Determine the normal (o) and shear (7) stresses, whether constant, reversed, or fluctu-

ating, and display on a plane stress element.

. Determine the maximum and minimum normal and shear stresses, that is, (Gmax ), (Omin)»

(Tmax)» and (Tmin)-

. Determine the mean and alternating normal and shear stresses, that is, (0,,), (04), (Tim),

and (7).

. Apply any reduced stress concentration factors to the alternating stresses only, meaning

multiply (Ky) times the appropriate (o) or ().

. Multiply any alternating axial stress by (1.083 = 1/0.923) to account for the load

type factor (k. = 0.923), because the endurance limit (S,) determined in step 1 above
assumes a load type factor for bending.

. Use Mohr’s circle, or the applicable equations, to determine two sets of principal stresses

(01) and (07); one set for the mean stresses, (o;,;) and (), and the other set for the
alternating stresses, (o,) and (7).

2
oM, ot = “7’" + (%’”) +12 (7.36)
ol 08 = 0—2“ + (0—2") + 12 (7.37)

. Use the distortion-energy theory, normally used for the static design of ductile materials,

to calculate both an effective mean stress (a;’ff) and an effective alternating stress (agff).

ot = (o) + (o) = (o) (o) 13%)
oet = (ot + (0£)* = (o7)(0%) (7.39)

. Use the Goodman theory, either the mathematical equation or by plotting graphically

the appropriate stresses to determine if the design is safe. The mathematical equation
for the Goodman theory would therefore be

2+ =- (7.40)

where the factor-of-safety (n) represents the distance (d) in Fig. 7.29.
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[
=
o _ S+
2%, Calculated stresses
°© b
o i
£ 8 Goodman line
T 0
c 5 ooff+-————-—-
5 ? %a i
= |
< i

0 i .

0 ()';er:f Sut

Mean effective stress (o2

FIGURE 7.29  Goodman theory for combined loading.

Consider the following example that is a combination of both constant and varying loads,
which produce both normal and shear stresses, and is presented in both the U.S. Customary
and SI/metric system of units.

U.S. Customary

Example 1. A circular shaft is acted upon by a combination of loadings: an applied torque
that produces a constant shear stress of 8 kpsi, an axial force that produces a constant normal
stress of 10 kpsi, and a bending moment that produces a completely reversed normal stress
of £20 kpsi. Determine the factor-of-safety (n) using the Goodman theory for combined

loading.
The shaft is machined to a diameter of 1 in and has a keyway that results in a reduced

stress concentration factor (Kr) equal to (1.15). The shaft operates at 200°F. Also, the
ultimate tensile strength (S,,;) is 75 kpsi.

solution
Step 1A. Using Eq. (7.8) and values for the coefficient (a) and exponent (b) from Table 7.1,

calculate the surface finish factor (k,) as
ka = aS?, = (2.70 kpsi) (75 kpsi) "% = (2.70) (0.3185) = 0.86

Step 1B. Using Eq. (7.10) and the given diameter, calculate the size factor (kp) as

d —0.1133 1 —0.1133
ko = — =(= =333 %5 =0.87
0.3 03

Step 1C. As required by the process, use the load type factor (k.) for bending from
Eq. (7.14) to be

ke =1
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Step 1D. The shaft is operating at 200°F so the temperature factor (k;) from Eq. (7.15)
and Table 7.2 is

kg = 1.020

Step 1E. Using the given ultimate tensile stress (S,;) and the guidelines in Eq. (7.1),
calculate the test specimen endurance limit (S)) as

S, =0.504 S, = (0.504) (75 kpsi) = 37.8 kpsi
Step IF.  Using the test specimen endurance limit (S,) found in step 1E, and the modifying
factors found in steps 1A through 1D, calculate the endurance limit (S,) for the solid shaft
using the Marin equation for combined loading in Eq. (7.35) as
Se = kakp(Dkg S, = (0.86)(0.87)(1)(1.020) (37.8 kpsi)
= (0.763)(37.8 kpsi) = 28.8 kpsi

Step 2. The normal and shear stresses are given, and displayed in Fig. 7.30.

0
— 1 > 7=8kpsi
Oaxial Oaxial = 10 Kpsi
-~ —— )
Obending Opending = + 20 kpsi
T
0

FIGURE 7.30 Plane stress element for Example 1 (U.S. Customary).

Step 3. Calculate the maximum normal stress (0max) and the minimum normal stress
(Omin) as

Omax = Oaxial + Obending = (10 kpsi) + (20 kpsi) = 30 kpsi

Omin = Oaxial — Obending = (10 kpsi) — (20 kpsi) = —10 kpsi
Step 4A. Calculate the mean normal stress (o) and the alternating normal stress (o,) as

Omax + omin _ (30 kpsi) + (—10 kpsi) 20 kpsi

om = > 5 5 = 10 kpsi
Omax —Omin (30 kpsi) — (—10 kpsi) 40 kpsi .
04 = 2 = 2 =— = 20 kpsi

Step 4B.  As the shear stress due to the torque is constant, the mean shear stress (z,,) and
alternating shear stress (t,) are

Tn = 8 kpsi
7, = 0 kpsi
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Step 5. Multiply the alternating normal stress (o,) by the reduced stress concentration
factor (Ky) to give

o4 = (1.15) (20 kpsi) = 23 kpsi

Step 6. There are no alternating axial stresses, so proceed to step 7.

Step 7. Calculate the two sets of principal stresses using Egs. (7.36) and (7.37); one set
for the mean normal and shear stresses and one set for the alternating normal and shear
stresses.

m m
O'l ,0'2

o O \2 (10 kpsi) 10 kpsi ) 2 )
Tmi (7’”) t = i\/( 5 ) + (8 kpsi)?

(5 kpsi) & /(25 + 64) kpsi® = (5 kpsi) & 1/ (89) kpsi2

(5 kpsi) = (9.4 kpsi) = 14.4 kpsi, —4.4 kpsi

2 23 kpsi 23 kpsi \ 2
ofof = 2+ [(Z) +r§=ﬂi\/< ps') + (0 kpsi)?

2 2 2 2
= (11.5 kpsi) &,/ (11.5 kpsi)2 = (11.5 kpsi) % (11.5 kpsi)
= 23 kpsi, 0 kpsi

Step 8. Using Eqgs. (7.38) and (7.39) calculate the effective mean stress and the effective
alternating stress.

o = \/ (01")* + (027)* = (o1) (o) = \/ (14.4)% + (—4.4)> — (14.4) (—4.4) kpsi?

\/ (207.36) + (19.36) + (63.36) kpsiZ = \/ (290.08) kpsi?
17 kpsi

o = (o) + (05)" = (o) (%) = {232 + (02 — 23O kpsi®
= 23 kpsi
Step 9A. Using Eq. (7.40) calculate the factor-of-safety (n) as

ff eff 3 i
oy fops 1 23 kpsi 17 kpsi
== = (0.799 0.227) = 1.026
Se + Sur n  28.8 kpsi + 75 kpsi ( )+ )

1
= =0. fe!
n T0%6 0.975 (unsafe!)

which as the factor-of-safety (n) is less than 1 means the design is unsafe.

Step 9B. Plot the mean effective stress (a,‘;ff) and alternating effective stress (afff) from
step 8, the given ultimate shear strength (S,;), and the endurance limit (S,) calculated in
step 1F in a Goodman diagram like that shown in Fig. 7.31.

Notice that the point (U,fff, agff) is just outside the Goodman line, confirming the calcu-
lation in step 9A that the design is unsafe.
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40 T GEff
(o5 | Scale: 2 kpsi x 2 kpsi
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i BESZEES
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FIGURE 7.31 Goodman diagram for Example 1 (U.S. Customary).

Sl/metric

Example 1. A circular shaft is acted upon by a combination of loadings: an applied torque
that produces a constant shear stress of 56 MPa, an axial force that produces a constant
normal stress of 70 MPa, and a bending moment that produces a completely reversed
normal stress of 140 MPa. Determine the factor-of-safety (n) using the Goodman theory
for combined loading.

The shaft is machined to a diameter of (2.5 cm) and has a keyway that results in a reduced
stress concentration factor (Ky) equal to (1.15). The shaft operates at 100 °C. Also, the
ultimate tensile strength (S,;) is 525 MPa.

solution
Step 1A.  Using Eq. (7.8) and values for the coefficient (a) and exponent (b) from Table 7.1,
calculate the surface finish factor (k) as

kqy = aSt, = (4.51 MPa) (525 MPa) %265 = (4.51) (0.1902) = 0.86

Step I1B. Using Eq. (7.10) and the given diameter, calculate the size factor (kp) as

d —0.1133 25 —0.1133 0.1133
Ky = (== - (= = (3.28)701133 — .87
b (7.62) (7.62) (3:28)

Step 1C. As required by the process, use the load type factor (k.) for bending from
Eq. (7.14) to be

ke =1

Step 1D. The shaft is operating at 100°C, so the temperature factor (k;) from Eq. (7.15)
and Table 7.2 is

kg = 1.020

Step 1E. Using the given ultimate tensile stress (S,;) and the guidelines in Eq. (7.1),
calculate the test specimen endurance limit (S) as

S, =0.504 S,; = (0.504) (525 MPa) = 264.6 MPa
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Step IF.  Using the test specimen endurance limit (S) found in step 1E, and the modifying
factors found in steps 1A through 1D, calculate the endurance limit (S, ) for the solid shaft
using the Marin equation for combined loading in Eq. (7.35) as

Se = kakp(1)kg S, = (0.86)(0.87)(1)(1.020) (264.6 MPa)
= (0.763)(264.6 MPa) = 202 MPa

Step 2. The normal and shear stresses are given and displayed in Fig. 7.32.

0
—+ > 7=56 MPa
Gf& _)oaxiw =70 MPa
Obending Obending = £ 140 MPa
T
0

FIGURE 7.32 Plane stress element for Example 4 (SI/metric).
Step 3. Calculate the maximum normal stress (0max) and the minimum normal stress
(Omin) as
Omax = Oaxial + Obending = (70 MPa) + (140 MPa) = 210 MPa
Omin = Oaxial — Obending = (70 MPa) — (140 MPa) = —70 MPa
Step 4A. Calculate the mean normal stress (o,,) and the alternating normal stress (o,,) as

Omax + Omin _ (210 MPa) + (=70 MPa) _ 140 MPa

o = ! 0 = 5 =70 MPa
o — Omax ; Omin _ (210 MPa) —2 (=70 MPa) _ 2802MPa — 140 MPa

Step 4B.  As the shear stress due to the torque is constant, the mean shear stress (t,;) and
alternating shear stress (t,) are

T, = 56 MPa
7, = 0 MPa

Step 5. Multiply the alternating normal stress (o,) by the reduced stress concentration
factor (Ky) to give

04 = (1.15) (140 MPa) = 161 MPa

Step 6. There are no alternating axial stresses, so proceed to Step 7.
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Step 7. Calculate the two sets of principal stresses using Eqgs. (7.36) and (7.37); one set
for the mean normal and shear stresses and one set for the alternating normal and shear
stresses.

2 70 MP 70 MPa\ 2
o{",ag’—%’"i (%’") +t,%:%:t\/< . a) + (56 MPa)?

(25 MPa) + \/ (1,225 + 3,136) MPa2 = (35 MPa) £/ (4,361) MPa?

(35 MPa) + (66 MPa) = 101 MPa, —31 MPa

o oa\2 , , (161 MPa) 161 MPa\\ 2 5
5 * (7) tii= % (5 ) +OMP

a a
01,0,

= (80.5 MPa) %+ v/(80.5 MPa)2 = (80.5 MPa) = (80.5 MPa)

= 161 MPa, 0 MPa

Step 8. Using Eqgs. (7.38) and (7.39) calculate the effective mean stress and the effective
alternating stress.

oS = (o) + (04) = (o7") (o) = /(1012 + (=31)2 — (101)(=31) MP&2

- \/(10,201) + (961) + (3,131) MPa? = \/(14,293) MPa?

120 MPa

oS = /(08 + (6£)° = (07) (%) = y (1612 + (02 — (161)(0) MPa2

= 161 MPa

Step 9A. Using Eq. (7.40) calculate the factor-of-safety (n) as

oft ot 1 161 MPa N 120 MPa 0.797) + (0.229) — 1.026
Se Si n 202MPa 525 MPa : -

1
= =0. fe!
n T0%6 0.975 (unsafe!)

which means the design is unsafe as the factor-of-safety » is less than 1.

Step 9B. Plot the mean effective stress (a,flff) and alternating effective stress (afff) from
step 8, the given ultimate shear strength (S,;), and the endurance limit (S,) calculated in
step 1F on a Goodman diagram like that shown in Fig. 7.33.

Notice that the point (cr,fff, cr{fff) is just outside the Goodman line, confirming the calcu-
lation in step 9A that the design is unsafe.
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FIGURE 7.33 Goodman diagram for Example 1 (SI/metric).

This concludes Part I, Strength of Machines. Part II, Application to Machines, covers the
most common types of machine elements, divided into three chapters. These three chapters
represent the main themes of machine design:

1. Assembly
2. Energy
3. Motion
The principles and analysis methods, both mathematical and graphical, presented in the
seven chapters of Part I will be used to determine the critical design parameters for these

machine elements in Part II. These parameters will then be used to establish whether the
design is safe under static or dynamic operating conditions.
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CHAPTER 8
MACHINE ASSEMBLY

8.1 INTRODUCTION

In this chapter two important ways of connecting individual machine elements into an
assembly will be discussed: bolted connections and welded connections. Both ways can be
subjected to either static or dynamic conditions; therefore the safe design of both is important
to the designer. Each type of connection will be discussed in detail with examples in both
the U.S. Customary and SI/metric system of units.

Bolted connections are typically used when the assembly must allow for future access
during service or repair, or when welded connections are not appropriate for the materials
being assembled. Bolted connections are also used in permanent structural installations,
where high-strength bolts are actually yielded during assembly to provide the maximum
compressive joint, and therefore must be discarded if ever disassembled. Many bolted
connections function in groups, where redundancy in the system is important.

In contrast, welded connections are appropriate when disassembly is not required, or when
a weldment is more economical than a casting. For example, the advantages of a weldment
design for use as a composite flywheel will be discussed in Chap. 9. In this chapter, welded
connections under both static and dynamic loading conditions will be presented. Principles
presented in many of the chapters of Part 1 will be applied extensively to weld joints carrying
a variety of load types: axial, direct, torsion, bending, and combinations of these types.

8.2 BOLTED CONNECTIONS

As the overall theme of this book is to uncover the mystery of the formulas used in machine
design for the practicing engineer, it will be assumed that the details of the nomenclature
of cap screws, bolts, nuts, and washers, and the standard sizes and dimensions in both the
U.S. Customary and SI/metric systems of units, is unnecessary. Therefore, the discussion
will proceed directly to the first important topic, the fastener assembly itself, whether cap
screw or bolt.

8.2.1 The Fastener Assembly

The fastener can either be a component of a bolt, two washers, and a nut assembly, or a com-
ponentin acap screw, single washer, and threaded hole assembly. In either case, the cap screw
or bolt are under tension and the members being held together by the assembly, including
the washers, are under compression. These two types of connections are shown in Fig. 8.1.

321
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Cap screw

M=

Threaded hole

Washers

FIGURE 8.1 Bolt and cap screw connections.

One of the important design considerations is the stiffness, or spring rate, of the assembly,
where insufficient stiffness will allow the joint to separate under load. Essentially, the cap
screw or bolt acts as a linear spring, where the force (P) on the assembly is related to
the change in length (§) of the cap screw or bolt by the familiar spring force—deflection
relationship given in Eq. 8.1.

P=ks 8.1)
where (k) is the stiffness, or spring rate, and has units of force per unit length. Solving for

the stiffness (k) in Eq. (8.1) gives

j2
k= (8.2)

In the discussion on axial loading in Chap. 1, the change in length (§) of a prismatic bar
under a force (P) was given by Eq. (1.7), and repeated here

8= PL 1.7
~AE '
Where P = axial load on bar
L = length of bar
A = cross-sectional area of bar
E = modulus of elasticity of bar material
Solving for (P/§) in Eq. (1.7) gives
P AE 83)
§ L '
Comparing Egs. (8.2) and (8.3) gives the stiffness of a prismatic bar as
k="E (8:4)
=7 .

For the cap screw, almost its entire length is threaded; therefore its stiffness is a single
term given by Eq. (8.5) as
_ArE
cap T, T

screw

(8.5)
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where (Ar) is the cross-sectional area of the threaded portion of the cap screw, which is
also known as the tensile-stress area, and (L7) is the length of the threaded portion that is
equal to the thickness of the top member plus the thickness of the washer.

As for the bolt, part of its length is threaded and part of it is unthreaded. Therefore, its
stiffness is the series combination of two separate stiffnesses; one for the threaded portion
and one for the unthreaded portion, given by the following two relationships:

ArE

k= (8.6)
AyrE

kyr = % (8.7)

where (A1) and (L) are the threaded cross-sectional area and threaded length, respectively;
and (Ayr) and (Lyr) are the unthreaded cross-sectional area and unthreaded length, re-
spectively, of the bolt. The two lengths (L7) and (Ly7) must add up to the thickness of the
members plus the thickness of the washers, not the total length of the bolt. The unthreaded
cross-sectional area (Ay7) is found using the major diameter of the bolt. If a cap screw has
a significant unthreaded length, then treat its stiffness like a bolt.

The two stiffnesses given in Egs. (8.6) and (8.7) actin series; therefore the overall stiffness
of the bolt is given by Eq. (8.8) as

1 1 1
=— 4+ — (8.8)
koot  kr  kur

which can be rearranged as

krkyr
kpolt = ——— 8.9
bolt = 7 - (3.9)

Note that if one of the stiffnesses is very different from the other, it will dominate the overall
stiffness. Also, use Eq. (8.9) for a cap screw with an unthreaded length.

As mentioned above, the threaded and unthreaded lengths, (L7) and (Ly7), do not add
up to the total length (Lga1) of the threaded and unthreaded portions of a cap screw or bolt.
They add up to what is called the grip, which is the thickness of the unthreaded members
plus the thickness of the washers. This relationship is given in Eq. (8.10) as

Lgrip =L + Lwashers = Lyt + LT (8.10)

unthreaded
members

For a cap screw assembly, one member is threaded. For a nut and bolt assembly, none
of the members is threaded. Also, washers are recommended to avoid stress concentrations
on the cap screw, bolt, or nut from the sharp edges of machined holes; however, they must
be hardened so as not to compromise the stiffness of the joint, which will be disussed in
the next section. Washers should be installed with the rounded stamped side facing the cap
screw or bolt head, or the washer face of the nut.

The total length (Lota1) of a cap screw can therefore be separated into three lengths as
given by Eq. (8.11).

Liotal = Lgrip + Lhote + Lextra (8.11)

where the grip length (Lgrip) may only be the threaded length (L7), and where (Lhole) i8
the length of the cap screw in the threaded hole, and (Lexra) is the extra length of the cap
screw past the threaded hole, if any. Cap screws may have a short unthreaded length.
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Similarly, the total length (L)) of a nut and bolt assembly can be separated into three
lengths as given by Eq. (8.12).

Liotal = Lgrip + Lnut + Lextra (8.12)

where the grip length (Lgrip) is the sum of two lengths, (L7) and (Lyr), as given in
Eq. (8.10), and where (Lypy) is the full length of the nut, and (Lexira) is the extra length of
the bolt past the nut that typically should be one to two threads after tightening.

However, the actual threaded length of the bolt (Lhreaded) is also the sum of three lengths,
given by Eq. (8.13) as

Linreaded = LT + Lnut + Lextra (8.13)

or solving for the threaded length (L) needed to determine the stiffness of the threaded
length(k7) from Eq. (8.6) gives

L1 = Linreaded — (Lnut + Lextra) (8.14)
Using Eq. (8.12), the sum (Lpyt) plus (Lexira) in Eq. (8.14) can be replaced with
Lnut + Lextra = Liotal — Lgrip (8.15)
so that the threaded length (L7) becomes

L7 = Lihreaded — (Ltotal — Lgrip)
(8.16)
= Lihreaded — Ltotal + Lgrip

Therefore, solving for the unthreaded length of the bolt (Lyr) in Eq. (8.10), needed to
determine the stiffness of the unthreaded length (kyy7) from Eq. (8.7), gives

Lyt = Lgip — Lt (8.17)

where the grip length (Lgrip) will be known from the design drawings, and the total length
(Ltota1) and threaded length (Linreaded) Of the bolt can be found from standard references
such as Marks’ Standard Handbook for Mechanical Engineers.

Also, the threaded cross-sectional area (A7), which is the tensile-stress area, would be
found in these same standard references, such as Marks’, whereas the unthreaded cross-
sectional area (Ay 1) would be simply calculated using the nominal bolt diameter.

Consider the following example for a bolted connection like that shown in Fig. 8.1, except
that no washers are used.

U.S. Customary SI/Metric
Example 1. Determine the stiffness of a high- Example 1. Determine the stiffness of a high-
strength diameter steel bolt and nut assembly, strength diameter steel bolt and nut assembly,
with no installed washers, where with no installed washers, where
dpoir = 0.5 in (nominal) dpolt = 12 mm = 0.012 m (nominal)
Liotal = 2.51n Liota1 = 60 mm = 0.06 m
Lthreaded =1.25in Lthreaded =30mm =0.03m
Lgiip = 1.75in Lgrip = 45 mm = 0.045 m
Ar = 0.142in?> = 1.42 x 107" in? Ar = 843 mm? = 8.43 x 107> m?
E = 30 x 10° Ib/in? E = 207 GPa = 207 x 10° N/m?
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U.S. Customary

SI/Metric

solution
Step 1. Using Eq. (8.16), calculate the
threaded length (L7) as
L7 = Lihreaded — Ltotal + Lgrip
= (1.25 in) — (2.5 in) 4 (1.75 in)
=0.5in
Step 2. Using Eq. (8.17), calculate the un-
threaded length (Ly7) as
Lyr = Lgrip —Lr
(1.75 in) — (0.5 in)
= 1.25 in

Step 3. Using the nominal bolt diameter,
calculate the unthreaded cross-sectional area

(Ayr) as

4
(0.5 in)?
==
=1.96 x 107" in?

Ayr =

Step 4. Using the threaded length (L7) found
in step 1, the given threaded cross-sectional area
(AT), and the modulus of elasticity (E), calcu-
late the threaded stiffness (k7) using Eq. (8.6)
as

ATE
Lt

kr

(1.42 x 107! in?)(30 x 10° Ib/in?)
(0.5 in)

= 8.52 x 10° Ib/in

Step 5. Using the unthreaded length (Ly7)
found in step 2, the unthreaded cross-sectional
area (Ayr) found in step 3, and the modulus of
elasticity (E), calculate the unthreaded stiffness
(kyr) using Eq. (8.7) as

AyrE
Lyr

(1.96 x 10~'in?)(30 x 10° Ib/in?)
(1.25 in)

kut

4.70 x 10° Ib/in

solution
Step 1. Using Eq. (8.16), calculate the
threaded length (L7) as

L1 = Lhreaded — Litotal + Lgrip

= (0.03 m) — (0.06 m) + (0.045 m)
=0.015m

Step 2. Using Eq. (8.17), calculate the un-
threaded length (Ly7) as

Lyr = Lgrip —Lr
= (0.045 m) — (0.015 m)
= 0.03m

Step 3. Using the nominal bolt diameter,
calculate the unthreaded cross-sectional area

(Ayr) as

4
7(0.012 m)?
=
=1.13 x 107* m?

Ayr =

Step 4. Using the threaded length (L7) found
in step 1, the given threaded cross-sectional area
(Ar), and the modulus of elasticity (E), calcu-
late the threaded stiffness (k7) using Eq. (8.6)
as

ATE
Lt

kr =

(8.43 x 1075 m?)(207 x 10° N/m?)
(0.015 m)

= 1.16 x 10° N/m

Step 5. Using the unthreaded length (Ly7)
found in step 2, the unthreaded cross-sectional
area (Ayr) found in step 3, and the modulus of
elasticity (E), calculate the unthreaded stiffness
(kyr) using Eq. (8.7) as

AyrTE
Lyr

(1.13 x 10~*m?)(207 x 10° N/m?)
(0.03 m)

kyr =

7.80 x 108 N/m
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U.S. Customary SI/Metric
Step 6. Using the threaded stiffness (k7 ) found Step 6. Using the threaded stiffness (k7 ) found
in step 4 and the unthreaded stiffness (ky7) in step 4 and the unthreaded stiffness (kyr)
found in step 5, calculate the bolt stiffness (kpolt) foundin step 5, calculate the bolt stiffness (kbolt)
using Eq. (8.9) as using Eq. (8.9) as
- kr kur o kr kur
T kr +kur T kr + kot

_(8.52x 10%)(4.70 x 10°) 1b*/in? (116 x 10%)(7.80 x 10%) N?/m?

T (8.52 x 10%) + (4.70 x 106) Ib/in T (1.16 x 10%) + (7.80 x 103) N/m

_4.00 x 10" 1b%/in? _9.05 x 10'7 N*/m?

T 1.32x 107 Ib/in " 1.94 x 10° N/m

= 3.03 x 10% Ib/in = 4.66 x 10® N/m

= 3,030 kip/in = 466 MN/m

8.2.2 The Members

As stated earlier, the members in a bolted connection, including any washers, are under
compression, and they too act as linear springs. Therefore, the expression for the series
combination of the threaded and unthreaded stiffnesses given in Eq. (8.8) can be extended
to allow for more than two member stiffnessses as given in Eq. (8.18) as

! ! + ! + ! +-+ ! (8.18)
kmembers ky ka k3 kn ’
where (N) is the number of members in the joint.

If one of the members within the joint is a gasket, which usually has a significantly lower
stiffness than the other members, then it will dominate the overall stiffness of the joint in a
negative way. For this reason gaskets should never be used in a structural joint, one that is
primarily carrying high loads. This is in contrast to joints that are merely sealing off a gas
or a liquid in a tank or pipeline. However, if both strength and sealing are important, such
as in pressure vessel applications, then special designs are needed to provide the necessary
sealing without compromising the stiffness of the joint.

The stiffness of a member in compression is not as straightforward as was the case for
a cap screw or bolt in tension. Much research has been conducted and is continuing. The
most accepted of the theories currently in practice proposes that the distribution of pressure
in the members spreads out from under the washer face of the bolt and the washer face of
the nut in a volume resembling the frustum of a hollow cone. The geometry and notation
for this theory is shown in Fig. 8.2.

Note that the hollow frustum from the washer face of the bolt and the hollow frustum
from the washer face of the nut meet at the midpoint of the grip. As the thicknesses of the
two members (¢1) and (#2) shown in Fig. 8.2 are not equal, there is a third thickness in the
middle, denoted by (#midale), and given by Eq. (8.19) as

L o
Imiddle = 12 — <%) — Iwasher (8.19)

Therefore, there are actually five hollow frusta that act as linear springs; one for each

washer, two in the member with the greater thickness, and one in the other member.
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Cone angle o

t i | | fmiddie

Lgripf2

grip

FIGURE 8.2 Pressure distribution as frusta of hollow cones.

Without presenting the details of its development, which includes the integration of a
very complex integral, the stiffness of a frustum of a hollow cone (kfrysyym) 1S given by
Eq. (8.20) as

K _ (wtana) Ed
frustum = 1o [ Qitana + D —d)(D +d)
n
2ttana + D +d)(D —d)

(8.20)

where («) is the cone angle of the frustum, (E) is the modulus of elasticity of the member,
(d) is the nominal diameter of the bolt, or cap screw, and (D) is the diameter of the washer
face. As stated earlier, if the members have different thicknesses, there will be a third
thickness (¢middie ), for which the diameter (D) will be the smaller of the two diameters of
the frustum. This special diameter (D*) for the third thickness (#middic) can be found from
Eq. (8.21) as

D* =D+ (Lgrip — 2 tmiddle) tan & (8.21)

Current practice sets the cone angle («) equal to 30°, and the standard washer face
diameter (D) for both the bolt and nut is equal to one and a half times the nominal diameter
of the bolt, that is (D = 1.5d).

Therefore, the frustum stiffness (kfrustum) given in Eq. (8.20) becomes the expression
given in Eq. (8.22)

. 3 (7 tan 30°) Ed
frustum = : 2t tan30° +0.5d
o | g2t tanst +9.54
2¢ tan30° 4+ 2.5d

(8.22)

where again (d) is the nominal diameter of the bolt, or cap screw, and (z) is the thickness
of the frustum. Also, the special diameter (D*) given in Eq. (8.21) becomes

D*=15d+ (Lgrip — 2 Imiddle) tan 30° (8.23)

Once calculated, the stiffness of each frustum is then used in Eq. (8.18) to determine the
overall stiffness of the members (kpembers)-

In Example 1, the length of the grip (Lgip) was given, but not the individual thicknesses of
the two members. Example 2 determines the overall stiffnesses of members in an assembly
when there is a third thickness (#yigdle) resulting in three hollow cone frusta.
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U.S. Customary

SI/Metric

Example 2. Determine the stiffness of the
members in a bolted assembly, with no installed
washers, where

dpoit = 0.5 in (nominal)

D = 1.5 dpo); (washer face)

o = 30° (cone angle)
Lgip = 1.751n

t; = 0.75 in (steel)

t = 1 in (cast iron)

E1 = 30 x 10° Ib/in?

E» = 16 x 10° Ib/in?

solution

Step 1. As the thicknesses (71) and (#2) are not
equal, a third thickness (fmiggle) is found from
Eq. (8.19) as

Lo
grip
Imiddle = T2 — < 2 ) — Iwasher

. 1.75 in .
(1 1n)—< ) >—(01n)

= 0.125 in

Step 2. Using the third thickness (fmiddle)
found in step 1 in Eq. (8.23), calculate the spe-
cial diameter (D*) as

D* =1.5d+ (Lgrip — 2 tmiddle) tan 30°

(1.5)(0.5 in)
+(1.75 in — 2 (0.125 in)(0.577)

= (0.75 in) + (1.5 in)(0.577)
1.62 in

Step 3. Substitute the special diameter (D*)
found in step 2, the third thickness (fmiddic)
found in step 1, and the given cone angle («)
and modulus of elasticity (E»), in Eq. (8.20) to
find the stiffness (kpiddle) as

. _ (7 tan) Ed
middle = Qttana + D —d)(D +d)
QRttana + D +d)(D — d)

(r tan 30°) E» dpoit

In [%}

Example 2. Determine the stiffness of the
members in a bolted assembly, with no installed
washers, where

dpoit = 12 mm = 0.012 m (nominal)
D = 1.5 dyo; (washer face)
o = 30° (cone angle)
Lgiip = 45 mm = 0.045 m
t; = 20 mm = 0.02 m (steel)
1 = 25 mm = 0.025 m (cast iron)
Ej = 207 GPa = 207 x 10° N/m?
E; = 110 GPa = 110 x 10° N/m?

solution

Step 1. As the thicknesses (71) and (#;) are not
equal, a third thickness (fmiddle) is found from
Eq. (8.19) as

Lgri
fmiddle = 12 — ( g2P — twasher

0.045

(0.025 m) — <—> — (0 m)
2m

= 0.0025 m

Step 2. Using the third thickness (fmiddie)
found in step 1 in Eq. (8.23), calculate the spe-
cial diameter (D*) as

D*

1.5d + (Lgrip -2 tmiddle) tan 30°

(1.5)(0.012 m)
+(0.045 m — 2 (0.0025 m)(0.577)

= (0.018 m) + (0.040 m)(0.577)
= 0.041 m

Step 3. Substitute the special diameter (D*)
found in step 2, the third thickness (fmiddic)
found in step 1, and the given cone angle (o)
and modulus of elasticity (E>), in Eq. (8.20) to
find the stiffness (kmiddie) as

. _ (7 tan) Ed
middle = 1 [@rane+ D —d)(D +d)
QRttana + D +d)(D — d)

(7 tan 30°) E; dypot

In [%]
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U.S. Customary

SI/Metric

where

Ci = Qttana+ D —d)(D +d)

= (2 tmiddie tan 30° 4+ D* — dipoir)
X (D* + dpolt)
_ ((2) (0.12_5 in)(0.57_7) )
+(1.62 in) — (0.5 in)

x((1.62 in) 4 (0.5 in))

= (1.26 in)(2.12 in)

= 2.68 in’

and

Cr, = Qttana+ D +d)(D —d)
= (2 tmigdie tan 30° + D* 4 diol)
X (D™ — dyolt)
_( (2)(0.125 in)(0.577)
~ \ +(1.62 in) + (0.5 in)
x((1.62 in) — (0.5 in))

= (2.26 in)(1.12 in)

= 2.54 in
Therefore,
o b _
(1.814) [ 16 x 10 — (0.5 in)
kmiddle = .1n2
2.68 in
In
2.54 in?

1.45 x 107 1b/in
0.054
2.69 x 10® Ib/in

Step 4. The remaining thickness of the cast
iron member is the thickness (¢;) minus the third
thickness (#middie ), which from Eq. (8.19) is half
the grip length (L gip/2). Substitute this remain-
ing thickness (Lgip/2), the given bolt diameter
(dboit), and the modulus of elasticity (E7) in
Eq. (8.22) to find the stiffness (k) as

(7 tan 30°) Ed

ko = [ 2[tan300+0.5d:|
In

2ttan30° 4+ 2.5d
(7 tan 30°) Ey dpot

In [5%}

where
C, = Qttana+ D —d)(D + d)
= (2 fmiddie tan 30° 4+ D* — dholr)
x(D* + dpoi)

_((2)(0.0025 m)(0.577)
~ \ +(0.041 m) — (0.012 m)

x((0.041 m) + (0.012 m))
= (0.032 m)(0.053 m)
= 0.00170 m?

and

Cr, = Qttana+ D +d)(D —d)
= (2 tmiadie tan 30° + D* + diol)
X(D* — dholr)

_( (2)(0.0025 m)(0.577)
— \ +(0.041 m) + (0.012 m)

% ((0.041 m) — (0.012 m))
= (0.056 m)(0.029 m)
= 0.00162 m?

Therefore,

(1.814) (1.1 x 10" 1\12> (.012 m)

m

kmiddle =

| 0.00170 m?
0.00162 m?

239 x 10° N/m
- 0.048
= 4.98 x 10'° N/m

Step 4. The remaining thickness of the cast
iron member is the thickness (#;) minus the third
thickness (#middie ), which from Eq. (8.19) is half
the grip length (L ip/2). Substitute this remain-
ing thickness (Lgip/2), the given bolt diameter
(dbolr), and the modulus of elasticity (E2) in
Eq. (8.22) to find the stiffness (k) as

(r tan 30°) Ed

ko = 1 [ 2ttan300+0.5di|
n

21tan30° +2.5d
(7 tan 30°) E; dpoie

In [55—;}
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U.S. Customary

SI/Metric

where

Ci = 2ttan30° +0.5d

= 2 (Lgrip/2) tan 30° + 0.5 o
2(1.75 in/2) tan 30° + 0.5 (0.5 in)
1.26 in

and

C, = 2ttan30° +2.5d
= 2 (Lygrip/2) tan 30° + 2.5 doy
= 2(1.75 in/2) tan 30° + 2.5 (0.5 in)
= 2.26 in

Therefore,
¢ Ib )
(1.814) (16 x 10°— | (0.5 in)
m
1.26 in
In |5 -

2.26 in

1.45 x 107 Ib/in

1.025
1.42 x 107 Ib/in

ky =

Step 5. Substitute the thickness (#1), the bolt
diameter (dpolt), and the modulus of elasticity
(E1) in Eq. (8.22) to find the stiffness (k1) as

(w tan30°) Ed
2ttan30° 4+ 0.5d
2ttan30° 4+2.5d

(7t tan 30°) E | dpoit

In [Sg—;}

ky =

where

C; = 2rtan30° +0.5d

= 21 tan30° + 0.5 dpont
2(0.75 in) tan 30° 4 0.5 (0.5 in)
1.17 in

and
Cy = 2ttan30° +2.5d
= 21 tan30° + 2.5 dpoit
= 2(0.75 in) tan 30° 4 2.5 (0.5 in)
=217 in

where

Ci = 2rtan30° +0.5d
= 2 (Lgrip/2) tan 30° + 0.5 o
= 2(0.045 m/2) tan30° 4 0.5 (.012 m)
=0.032m

and

Cp, = 2ttan30° +0.5d
= 2 (Lgrip/2) tan 30° + 2.5 dhoic
= 2(0.045 m/2) tan 30° + 2.5 (.012 m)
= 0.056 m

Therefore,
N

(1.814) <1.1 x 101 7) (.012 m)
m

0.032 m
In |5
0.056 m

2.39 x 10° N/m
1.05
2.28 x 10° N/m

ky =

Step 5. Substitute the thickness (#1), the bolt
diameter (dpolt), and the modulus of elasticity
(E1) in Eq. (8.22) to find the stiffness (k) as
(7 tan30°) Ed
2ttan30° 4+ 0.5d
2ttan30° +2.5d
(r tan 30°) E | dpoit

In [5%]

ky =

where

C; = 2rtan30° +0.54
= 21 tan30° + 0.5 dpolt
= 2(0.02 m) tan30° + 0.5 (.012 m)
= 0.029 m

and

Cy = 2ttan30° +2.54d
= 211 tan30° + 2.5 dpoit
= 2(0.02 m) tan 30° 4+ 2.5 (.012 m)
= 0.053 m
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Therefore,
< 1b 4
(1.814) { 30 x 10 — (0.5 in)
m
1.17 in
In [5———
[ 2.17 1n]
2.72 x 107 Ib/in

0.992
2.74 x 107 1b/in

k=

Step 6. Substitute the middle stiffness (kmiddie)
found in step 3, the stiffness (k2) found in
step 4, and the stiffness (k;) found in step 5 in
Eq. (8.18) to determine the overall stiffness of
the members (kmembers) as

Therefore,
11 N
(1.814) ( 2.07 x 10" — ) (.012 m)
m
0.029 m
In|5——
0.053 m
4.51 x 10° N/m
1.006
= 4.48 x 10° N/m

k=

Step 6. Substitute the middle stiffness (kmiddie)
found in step 3, the stiffness (k2) found in
step 4, and the stiffness (k1) found in step 5 in
Eq. (8.18) to determine the overall stiffness of
the members (kmembers) as

111 1 1 1
kmembers B k_l * E * kmiddle kmembers B E * E * kmiddle
1 1
2.74 x 107 Ibfin 4.48 x 10° N/m
1 1
+ 1.42 x 107 Ibfin +2.28 x 109 N/m
1 1
+2.69 x 108 Ib/in +4.98 x 1010 N/m

3.65 x 1078 2.23 x 10710
= +7.04 x 1078 m = +4.39 x 10710
+3.72 x 107 +2.01 x 10~H1
= 1.106 x 1077 in/lb = 6.821 x 10710 nyN
Therefore, Therefore,
k = ! k = !
members = 37906 x 10~ in/lb members = 7621 x 1010 m/N
= 9.04 x 10° Ib/in = 1.47 x 10° N/m
= 9,040 kip/in = 1,470 MN/m

Note that the stiffness of the members found in Example 2 is about three times the stiffness
of the bolt found in Example 1. Also, the stiffness (kmiqgle) could have been neglected as it
was over ten times the stiffness (k1) and over 20 times the stiffness (k). Remember, in a
series combination of stiffnesses, the lowest stiffness governs, not the highest.

8.2.3 Bolt Strength and Preload
The bolt strength, denoted by (Sproof), is the proof load, denoted by (Fproof), divided by the
tensile-stress area (A7) and given in Eq. (8.24) as

F proof
At

Sproof = (8.24)
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or rearranging gives
Fproot = SproofAT (8.25)

The proof strength (Sproof) is the maximum allowable stress in the bolt before a permanent
set is developed. This occurs at approximately 90 percent of the yield strength (Sy) of the
bolt material. Values for the quantities in Egs. (8.24) and (8.25) are available in references,
such as Marks’ Standard Handbook for Mechanical Engineers. If the proof strength is not
available, then use a value of 85 percent of the yield strength of the material.

The stress-strain diagram for a typical high-strength bolt, or cap screw, which is consid-
ered to be a brittle material, is shown in Fig. 8.3.

o(stress)

€ (strain)

FIGURE 8.3  Stress-strain diagram for a high-strength bolt or cap screw.

Depending on whether the bolted joint will be permanent or whether it may be disassem-
bled from time to time, the preload on the bolt should follow the guidelines in Eq. (8.26).

0.90 Fproof permanent joint

8.26
0.75 Fproof disassemblable ( )

F, preload = {

The preload on a bolt can be verified by three techniques:

1. Measure elongation after bolt is tight
2. Use a torque wrench with dial indicator
3. Use the turn-of-the-nut method
Measuring the elongation is the most accurate, but the most difficult to measure; using a
torque wrench with a dial indicator is the most common but can be improperly calibrated;

and the turn-of-the-nut method, 180° beyond snug-tight, is hard to define.
None of these three methods is foolproof.

8.2.4 The External Load

The external load (P) shown in Fig. 8.4 is not carried entirely by the bolt as the members
have finite stiffness as calculated in Example 2.

Therefore, the total load (P) is divided between the bolt and the members, by the
relationship given in Eq. (8.27) as

P = Pyolt + Pmembers (8-27)
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P P

P P
FIGURE 8.4 External load on bolted joint.

where (Ppolt) is the portion of the total load carried by the bolt and ( Ppembers) 1S the portion
of the total load carried by the members.

As the deflection (8) of the bolt in tension must equal the deflection (8) of the members in
compression, Eq. (8.1) can be rearranged to give another relationship between the portion
of the load carried by the bolt (Pyo)¢) and the portion carried by the members (Ppembers) as

5= Poolt _ Prembers

— — (8.28)
kbolt kmembers
Solve for the portion of the load carried by the bolt (Pyo¢) in Eq. (8.28) to give
kbol
Poort = % ot Prembers (829)
members

or solve for the portion of the load carried by the members ( Pmembers) in Eq. (8.28) to give

k
members Poolt (8 3 0)
kbolt

Prmembers =

Substitute (Ppo)¢) from Eq. (8.29) in Eq. (8.27) to give

kbolt
P = Poolt + Pmembers = k b Prembers + Pmembers
. ‘members . . (8.31)
bol bolt + bers
= (70t + l) Pryembers = (w>l)members
kmembers kmembers
then solve for (Pmembers) to give
P bers = ( kmembers ) P (8 32)
fembers kbolt + kmcmbcrs

Substitute (Pmembers) from Eq. (8.30) in Eq. (8.27) to give

kmembers
——— Poolt
bolt

k ; ki k S
_ <1 + rr;:mbers ) Poolt = ( bolt + members)PbOh (8.33)
bolt kbolt

P = Poolt + Pmembers = Poolt +
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then solve for (Pyo)r) to give

kbolt
Puo = <7)P (834
ot kbolt + kmembers
If a joint constant (C) is defined as
kbolt
= — (8.35)
kbolt + kmembers
then (1 — C) is therefore
k k
l—C=1-— bolt members (836)

kbolt + Kmembers kbolt + Kmembers

Using the definition of the joint constant (C), the portion of the load carried by the bolt
(Poorr) given in Eq. (8.34) becomes simply

Pyoic = CP (8.37)

and using the definition of (1 — C), the portion of the load carried by the members ( Pmembers)
given in Eq. (8.32) becomes simply

Prembers = (1 = C)P (8.38)

Therefore, the total load on the bolt (Fye1c) is the portion of the load (P) carried by the
bolt (Pyoit) plus the preload (Fpreload) and given by Eq. (8.39) as

Foolt = Poolt + Fpreload =CP+ Fpreload (8.39)

Similarly, the total load on the members (Fipempers) 1S the portion of the load (P) carried
by the members (Pmembers) minus the preload (Fpreload)and given by Eq. (8.40) as

Fiembers = Pmembers — Fpreload =(1-C)P - Fpreload (8.40)

where the total force on the members (Fembers) Must remain negative to make sure the
joint does not separate, that is,

Fiembers < 0 (8.41)

Experimental results indicate that the members can carry as much as 80 percent of the
external load (P), and therefore the bolt only carries 20 percent of the load.

Consider the following example using the stiffnesses of the bolt and members found in
Examples 1 and 2.

U.S. Customary SI/Metric

Example 3. Using the stiffness of the bolt
(kboit) found in Example 1 and the stiffness of
the members (kmembers) found in Example 2,
determine the joint constant (C), where

kporr = 3.03 x 10° Ib/in
kmembers = 9.04 x 10° Ib/in

Example 3. Using the stiffness of the bolt
(kpolr) found in Example 1 and the stiffness of
the members (kmembers) found in Example 2,
determine the joint constant (C), where

kport = 4.66 x 108 N/m
kmembers = 1.47 x 10° N/m
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solution solution
Step 1. Using the given stiffness of the bolt Step 1. Using the given stiffness of the bolt
and members, calculate the joint constant (C) and members, calculate the joint constant (C)
from Eq. (8.35) as from Eq. (8.35) as
C— Kbolt C— kbolt
kbolt + kmembers kbo]t + kmembers

_ 3.03 x 10° Ib/in _ 4.66 x 108 N/m

~(3.03 x 106 4 9.04 x 10) Ib/in T (4.66 x 108 + 1.47 x 109) N/m

3.0 x 10° Ib/in 466 x 10° N/m

~12.07 x 10° Ibfin ~19.36 x 108 N/m

=0.25 =0.24

8.2.5 Static Loading

If the total load on the bolt (Fpol¢) given by Eq. (8.39) is divided by the tensile-stress area
(A7) then the following expression is obtained.

Fholt CcpP F preload

= 8.42
At Ar * At (8.42)

The maximum value of the left-hand side of Eq. (8.42) is the proof strength (Sproof). If a
load factor (n10aq) is used, which will act like a factor-of-safety for the bolt, then Eq. (8.42)
becomes

Nload CP Fhpreload

Sproof = Ar Ar (8.43)

Solve for the load factor (n1059) in Eq. (8.43) to give

Sproof Ar — Fpreload
= 8.44
Nload CP ( )
Using Eq. (8.25), Eq. (8.44) can be written as
F, — F

Rload = proof preload (8.45)

CcpP

In Eq. (8.41) it was stated that the total force in the members (/' members) must always
be negative, or compressive, to ensure that the joint will not separate, thereby placing the
entire load (P) on the bolt. Therefore, a factor-of-safety against separation (7separation) can
be defined for when the total force in the members goes to zero. Setting (Fpembers) €qual
to zero in Eq. (8.40) gives

Frembers = 0= (1 —C)P, — Fpreload (8.46)

where (P,) is the value of the external load for separation of the joint. Solving for (P,) in
Eq. (8.46) gives

_ Fpreload
S (1-0)

(8.47)

o
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If a factor-of-safety against separation (#separation) i defined as

Ngseparation =

Substitute (P,)from Eq. (8.47) in Eq. (8.48) to give

Ngseparation =

P()
— 8.48
P (8.48)
Fpreload
preloa
_— 8.49
P(1—C) (8.49)

U.S. Customary

SI/Metric

Example 4. Using the joint constant (C)
found in Example 3, determine the load
factor (n10aq) and the factor-of-safety against
separation (Mseparation) for a bolted connection
that allows periodic disassembly, where

C =025
P =25001b
Sproof = 86 kpsi = 86 x 10 Ib/in?
A7 = 0.142in? = 1.42 x 107! in?
solution
Step 1. Use the given proof strength (Sproof)

and tensile-stress area (Ar) in Eq. (8.25) to
determine the proof load (Fproof)

Fproof = SpruofAT
= (86 x 10° Ib/in?)(1.42 x 107! in?)
= 12,200 Ib
Step 2. Use the guidelines in Eq. (8.26) to
determine the bolt preload (Fpreload) as
K preload = 0.75 F, proof
= (0.75)(12,200 1b)
= 9,150 Ib
Step 3. Substitute the proofload (Fproof) found
in step 1, the bolt preload (Fpreload) found in
step 2, and the given joint constant (C) and

external load (P) in Eq. (8.45) to determine the
load factor (n1oaq) as

F proof — K preload
CP
_ (12,200 1b) — (9,150 1b)
- (0.25)(2,500 1b)
3,050 Ib
=495
625 1b

Noad

Example 4. Using the joint constant (C)
found in Example 3, determine the load
factor (n10ad) and the factor-of-safety against
separation (Meparation) for a bolted connection
that allows periodic disassembly, where

C =024
P =11,000N

Sproof = 600 MPa = 600 x 10 N/m?

A7 = 83.4mm? = 8.43 x 107° m?

solution

Step 1. Use the given proof strength (Sproof)
and tensile-stress area (Ar) in Eq. (8.25) to
determine the proof load (Fproof)

Fproof = SproofAT
= (600 x 10° N/m?)(8.43 x 107> m?)
= 50,600 N
Step 2. Use the guidelines in Eq. (8.26) to
determine the bolt preload (Fpyreload) s
Fpreload =0.75 Fpr(mf
= (0.75)(50,600 N)
= 37,950 N
Step 3. Substitute the proofload (Fproof) found
in step 1, the bolt preload (Fpreload) found in
step 2, and the given joint constant (C) and

external load (P) in Eq. (8.45) to determine the
load factor (n1oaq) as

K proof — F preload
CpP
_ (50,600 N) — (37,950 N)
(0.24)(11,000 N)
12,650 N

= ——— =485
2,640 N

Noad
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Step 4. Substitute the bolt preload (Fpreload)
found in step 2, and the given joint constant
(C) and external load (P) in Eq. (8.49) to
determine the factor-of-safety against separa-
tion (Mseparation) as
H preload
P(1-0)
9,150 Ib
= (2,500 1b)(1 — 0.25)
9,150 1b
T 18751

Ngeparation =

~

Step 4. Substitute the bolt preload (Fpreload)
found in step 2, and the given joint constant
(C) and external load (P) in Eq. (8.49) to
determine the factor-of-safety against separa-
tion (Mseparation) s

F preload
P(1-0C)
_ 37,950 N
T (11,000 N)(1 — 0.24)

37,950 N
=45

Ngseparation =

" 8,360 N

Notice that the load factor (n10aq) and the factor-of-safety against separation (7eparation)
are very similar. This is not unexpected.

Examples 1 through 4 summarize the steps to determine if a design is safe under static
loading conditions. In list form, they are:

Example 1: Determine the stiffness of the bolt (kpo¢), Or cap screw.

Example 2: Determine the stiffness of the members (kmembers)-

Example 3: Determine the joint constant (C).

Example 4: Determine the load factor (n1054) and factor-of-safety against separation
(nseparation)-

The development of the formulas needed to determine these design parameters might
have seemed at times to be excessive. However, it is important for the design engineer to
feel comfortable with the formulas in a design analysis, and if only a few basic principles
and simple algebra are required to show how these formulas are obtained, it is believed
these developments were worthwhile.

8.2.6 Fatigue Loading

The following discussion on fatigue loading applies only to the bolt or cap screw in a
connection, not the members. As the bolt or cap screw will always have a bolt preload
(Fpreload), the bolt or cap screw will experience fluctuating loading, as was discussed in
Chap. 7. The maximum load on the bolt is the total bolt load (Fpo)t) given by Eq. (8.39)
and the minimum load is the bolt preload (Fpreload) given by the guidelines of Eq. (8.26).
Therefore, the mean force on the bolt (F},) is given by Eq. (8.50) as

F F
F, = bolt +2 preload (8.50)

Substitute the total bolt load (Fyelr) from Eq. (8.39) in Eq. (8.50) to give

CP + F + F, CP+2F CcP
F, = ( prelo;d) preload _ : preload _ 7 + Fpreload (8.51)

Similarly, the alternating force on the bolt () is given by Eq. (8.52) as

_ Foolr — Fpreload

F, >

(8.52)
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Substitute the total bolt load (Fp)c) from Eq. (8.39) in Eq. (8.52) to give
F, = (CP+ Fpreload) - Fpreload _ g (8.53)
2 2
Dividing the mean force on the bolt (F,) given in Eq. (8.51) by the tensile-stress area
(AT) gives the mean stress on the bolt (o,,) as

O = F_m _ cp + Fpreload
Ar  2A7T AT
Similarly, dividing the alternating force on the bolt (F,) given in Eq. (8.53) by the
tensile-stress area (Ar) gives the alternating stress on the bolt (o,) as
_F, _CP
- ATt - 2AT
Comparing Egs. (8.54) and (8.55), the mean stress on the bolt (o;,) can be expressed as
the sum of two terms

(8.54)

(8.55)

Oa

F
+ preload (8.56)
Ar
where the first term (o,) varies with the external load (P) and the second term is constant.
If the Goodman theory is used to determine if the design is safe, then a fatigue factor-of-
safety (fatigue) can be defined as

Oy = Og

Sa
Nfatigue = ~——
Oq

(8.57)

where (S, ) is the alternating strength of the bolt.
An expression for the mean strength of the bolt (S,,) can be found from Eq. (8.56) as

F
Sy = Sa + preload (8.58)
At

Asdiscussedin Chap. 7 on fluctuating loading, a graphical approach to using the Goodman
theory is useful. A Goodman diagram, similar to Fig. 7.12, is shown in Fig. 8.5.

=]
L S R
e

& Calculated stresses 44— Load line
(2] ’
)] 7
£ L’
=
g g X ‘ Goodman line

a
L ;1
< Oa .

0 ¢ .

0 Foreload 6., S, S, Mean stress (o)

FIGURE 8.5 Graphical approach using the Goodman theory.
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There are several things to notice in Fig. 8.5. First, the load line is at a 45° angle;
however, it starts at the constant value of the bolt preload divided by the tensile-stress area
(Fpreload/AT). Second, the distance (d) represents the fatigue factor-of-safety (nfatigue).
where the vertical distance (S, — 0,) is equal to the horizontal distance (S, — oy,). Third,
the endurance limit (S,) and ultimate tensile strength (S,,;) are found as usual.

Again from Chap. 7, the Goodman theory was presented mathematically in Eq. (7.22),
and repeated here as

S, S,
2o (7.22)
Se  Sur
As an expression is needed for the alternating strength of the bolt (S, ) to use in Eq. (8.57)
to determine the fatigue factor-of-safety (7fatigue), substitute the mean strength of the bolt
(Sy) from Eq. (8.58) into the Goodman theory formula in Eq. (7.22) to give

¢ S, + Fp:load

a T

Sa o Ar (8.59)
Se Sut

Leaving out the numerous algebra steps, Eq. (8.59) can be rearranged to give the alter-
nating strength of the bolt (S,) as

St — K p:load
Sg= —— L (8.60)
1+ %
Se
Remember, the stress-concentration factor (Ky) for the bolt, which is due to the short-
radius fillet under the head of the bolt and the imperfections at the start of the threads from
the nominal diameter of the bolt, must be incorporated in the endurance limit (S,) through
the miscellaneous effects factor (k.) of the Marin equation. Otherwise, the load line will
not be at 45°. Stress-concentration factors (Ky) can be found in references such as Marks’
Standard Handbook for Mechanical Engineers.
Before declaring the bolted assembly design safe, it is a good practice to determine the
factor-of-safety against yielding (nyie1d), where
Sy Sy
Nyield = = — .61
yield Omax Om + 0q ®.61)

Examples 1 through 4 considered a bolt and nut assembly, but without washers. Example 5
will consider a cap screw assembly with a single washer. The geometry and notation for a
cap screw assembly is shown in Fig. 8.6.

The length of the grip (Lgrip) is the sum of three terms as given in Eq.

Lgrip = fwasher T 11 +h (8.62)

where (%) is the effective depth of the threads of the cap screw into the thickness (#7) of the
threaded member and determined by the guidelines given in Eq. (8.63) as

h<d
(8.63)

SISV ST
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Cone angle o

[ Imiddle

grip

FIGURE 8.6 Cap screw connection.

As was the case with the bolt and nut assembly, the hollow frustum from under the
washer face diameter of the cap screw, and the hollow frustum from the depth (%) at the
same washer face diameter, meet at the midpoint of the grip (L gip/2) as shown in Fig. 8.6.
And certainly if the thicknesses of the two members (#1) and (2) are not equal but even if
they are equal because of the depth (), there is a third thickness in the middle, denoted by
(tmiddle), and given by Eq. (8.64) as

L .
Imiddle = ( inp> —h (8.64)

Therefore, there are four hollow frusta that act as linear springs; one in the washer, two
in the member with greater thickness, and one in the other member. To find the individual
stiffness, use Eq. (8.20) for the middle thickness (fmiddaie) and Eq. (8.22) for the other three
thicknesses. For the middle thickness (#middie), use a corresponding special diameter (D*)
given in Eq. (8.65) as

D* =D +2htana (8.65)

If the cone angle («) is equal to 30°, and the standard washer face diameter (D) for both
the bolt and the nut is equal to one and a half times the nominal diameter of the bolt, that
is (D = 1.5d), then the special diameter (D*) given in Eq. (8.66) becomes

* = 1.5d +2htan30° (8.66)

Once calculated, the stiffness of each frustum is then used in Eq. (8.18) to determine the
overall stiffness of the members (kmembers)-

The effective threaded length of a cap screw (L) is equal to the thickness of the washer
(twasher) plus the thickness of the top member (#1) plus the effective depth (%), which is the
grip length (Lgip) and given as

L7 = twasher +11 +h = Lgrip (8.67)

and used in Eq. (8.5) along with the tensile-stress area (A7) and the modulus of elasticity
of the cap screw (E) to determine the stiffness of the cap screw (k7).

Consider now an example where a cap screw is used in a bolted assembly (see Fig. 8.6)
under dynamic conditions. This will be a combination of steps in Examples 1 through 4,
plus fatigue loading calculations; therefore this will be a long presentation.
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Example 5. Determine the load factor (1110a4),
factor-of-safety against separation (nseparation)-
fatigue factor-of-safety (7 faigue ), and the factor-
of-safety against yielding (nyielq) for a per-
manent high-strength cap screw and washer
assembly like that shown in Fig. 8.6, where

deapscrew = 0.625 in (nominal)
Ap =0.226in?> =226 x 107! in?
Sproof = 85 kpsi = 85 x 10° Ib/in?
S, = 18.6 kpsi = 18.6 x 103 Ib/in?
Sy = 120 kpsi = 120 x 103 1b/in?
Sy = 92 kpsi = 92 x 103 Ib/in?
D = 1.5 dpo); (Washer face)
o = 30° (cone angle)
fwasher = 0.125 in (steel)
t; = 0.625 in (steel)
t; = 0.75 in (cast iron)
Egeel = 30 x 10° 1b/in®
Ecastiton = 16 x 106 lb/in2
P =4,0001b

solution

Step 1. As the thickness (#;) is greater than
the nominal diameter (d), the guidelines in
Eq. (8.63) give the effective depth (%) as

d _0.625in

h=—
2

=0.3125in

Step 2. Substitute the effective depth (/1) found
in step 1, the given thicknesses (fwasher) and (1)
in Eq. (8.62) to determine the length of the grip
(Lgrip) as
Lgrip = fwasher +11 + 1

= (0.125 in) + (0.625 in)

+(0.3125 in)
= 1.0625 in

Step 3. Using Eq. (8.67), the effective threaded
length of the cap screw (L) is equal to the grip
length (Lgip), therefore

L7 = Lggip = 1.0625 in

Step 4. Using the threaded length (L7) found
in step 3, the given tensile-stress area (A7), and
the modulus of elasticity (Escl), calculate the
cap screw stiffness (kr) using Eq. (8.5) as

Example 5. Determine the load factor (1110ad),
factor-of-safety against separation (nseparation)-
fatigue factor-of-safety (naiigue ), and the factor-
of-safety against yielding (nyjelq) for a per-
manent high-strength cap screw and washer
assembly like that shown in Fig. 8.6, where

dpoyy = 16 mm = 0.016 m (nominal)
Ar = 157 mm? = 1.57 x 107% m?
Sproof = 600 MPa = 600 x 10® N/m?
Se = 129 MPa = 129 x 10° N/m?
S, = 830 MPa = 830 x 10° N/m?
Sy = 660 MPa = 660 x 10° N/m?
D = 1.5 dpo); (washer face)
a = 30° (cone angle)
twasher = 3 mm = 0.003 m (steel)
t; = 16 mm = 0.016 m (steel)
t» = 20 mm = 0.02 m (cast iron)
Egeel = 207 GPa = 207 x 10° N/m?
Ecastiron = 110 GPa = 110 x 10° N/m?
P =18,000N

solution

Step 1. As the thickness (#) is greater than
the nominal diameter (d), the guidelines in
Eq. (8.63) give the effective depth (&) as

d 0016 m
h=2=
2

=0.008 m

Step 2. Substitute the effective depth (/) found
in step 1, the given thicknesses (fwagher) and (1)
in Eq. (8.62) to determine the length of the grip
(Lgrip) as
Lgrip = twasher + 11 + 1
= (0.003 m) + (0.016 m)
+ (0.008 m)

= 0.027 m

Step 3. Using Eq. (8.67), the effective threaded
length of the cap screw (L) is equal to the grip
length (Lgip), therefore

LT = Lgrip =0.019 m

Step 4. Using the threaded length (L7) found
in step 1, the given tensile-stress area (A7), and
the modulus of elasticity (Escl), calculate the
cap screw stiffness (kr) using Eq. (8.5) as
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ATEstccl Ar Egeel
kr = kp = — st
’ Lt ’ Lt
_ (226 x 107" in?)(30 x 10° Ib/in?) (157 x 107* m*)(207 x 10° N/m?)
B (1.0625 in) N (0.027 m)

= 6.38 x 10° Ib/in

Step 5. As the thicknesses (71) and (#;) are not
equal, a third thickness (fmigale) is found from
Eq. (8.64) as

L .
Imiddle = ( gznp) —h

(10625 in
- 2
=0.219 in

) — (0.3125 in)

Step 6. Using the third thickness (fmiddie)
found in step 5 in Eq. (8.66), calculate the
special diameter (D*) as

D* = 1.5d +2htan30°

= (1.5)(0.625 in)
+(2)(0.3125 in)(0.577)
(0.9375 in) + (0.625 in) (0.577)
= 1.30 in

Step 7. Substitute the special diameter (D*)
found in step 6, the third thickness (fmiddie)
found in step 5, and the given cone angle («)
and modulus of elasticity (Esieel), in Eq. (8.20)
to find the stiffness (kmigqle) as
(7 tanw) Ed

kmiddie =

QRttana+ D — d)(D + d)

Qttana + D +d)(D —d)

_ (7w tan 30°) Esteel dvolt

= o
In [C_z]

= Qttana + D —d)(D +d)

where

c

= (2 Imiadie tan 30° + D* — dyor)
X (D + dyolt)

_( (2)(0.219 in)(0.577)
— \ +(1.30 in) — (0.625 in)

x ((1.30 in) + (0.625 in))
(0.928 in) (1.925 in)
1.79 in?

= 1.20 x 10° N/m

Step 5. As the thicknesses (71) and (#;) are not
equal, a third thickness (¢middle) is found from
Eq. (8.64) as

L .
Tmiddle = < gznp> —h

(0027 m
o 2

) — (0.008 m)
= 0.0055 m

Step 6. Using the third thickness (fmiddie)
found in step 5 in Eq. (8.66), calculate the
special diameter (D*) as
D* = 1.5d + 2 htan30°
= (1.5)(0.016 m)
+ (2)(0.008 m)(0.577)

= (0.024 m) + (0.016 m) (0.577)

= 0.033 m
Step 7. Substitute the special diameter (D*)
found in step 6, the third thickness (fmiddie)
found in step 5, and the given cone angle ()

and modulus of elasticity (Esteel), in Eq. (8.20)
to find the stiffness (kmiqqie) as

R ( tanw) Ed
middle = Qttana+ D —d)(D +d)
QQttana + D +d)(D — d)

= c
In [C—2]

C, = Qttana+ D —d)(D +4d)
= (2 tmigdie tan 30° + D* — dpo1)
X (D* + dpolt)

_{ (2)(0.0055 m)(0.577)
~ \ +(0.033 m) — (0.016 m)

x ((0.033 m) + (0.016 m))
= (0.023 m) (0.049 m)
= 0.00113 m?

where
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and

Cr, = Qttana+ D +d)(D —d)
= (2 tmiddie tan 30° + D* + dpoi)
X(D* = dpolt)

(2) (0.219 in)(0.577)
+(1.30 in) + (0.625 in)

x ((1.30 in) — (0.625 in))
(2.18 in) (0.675 in)
= 147 in®

Therefore,

1b
(1.814) <3o x 100 2) (0.625 in)

in2
kmiddie = 79 i
In . m
1.47 in?
3.40 x 107 Ib/in

0.197
1.73 x 108 Ib/in

kmiddle =

Step 8. The remaining thickness of the steel
member plus the thickness of the steel washer
is half the grip length (Lgip/2). Substitute this
thickness (Lgrip/2), the given bolt diameter
(dbolr), and the modulus of elasticity (Egieel) in
Eq. (8.22) to find the stiffness (k1) as

(7 tan30°) Ed

k= [ 2ttan300+0.5di|
n

2t tan30° +2.5d

In [5%]

where
C; = 2ttan30° +0.5d
=2 <%> tan 30° + 0.5 dpolt
= 2(1.0625 in/2) tan 30°
+0.5(0.625 in)
= 0.93 in
and

Cy, = 2ttan30° +2.5d

L .
=2 <%) tan 30° + 2.5 dpoit

and

Cr, = Qttana+ D +d)(D —d)
= (2 tmiddie tan 30° + D* + dpoi)
X(D* = dpolt)

_( (2)(0.0055 m)(0.577)
~ \ +(0.033 m) + (0.016 m)

x ((0.033 m) — (0.016 m))
= (0.055 m) (0.017 m)
= 0.00094 m?

Therefore,

N
(1.814) <2.o7 x 101! 7) (.016 m)
mr

Kmidde = [0.00113 m2i|
n

0.00094 m?

6.00 x 10° N/m
0.184

= 3.26 x 10'° N/m

kmiddle =

Step 8. The remaining thickness of the steel
member plus the thickness of the steel washer
is half the grip length (Lgip/2). Substitute
this thickness (Lgip/2), the given bolt diame-
ter (dpolt), and the modulus of elasticity (Egteel)
in Eq. (8.22) to find the stiffness (k) as

(r tan30°) Ed

k= [ 2ttan30°+0.5di|
n

2ttan30° +2.5d

In [5%]

where
C; = 2ttan30° +0.5d
=2 (%) tan 30° + 0.5 dpol
= 2(0.027 m/2) tan 30°

+0.5(.016 m)
= 0.024 m

and

Cy, = 2ttan30° +2.5d

L .
=2 (%) tan 30° + 2.5 dioit
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C> = 2(1.0625 in/2) tan 30°
+2.5(0.625 in)
=218 in

Therefore,

Ib
(1.814) (30 x 10° 2) (0.625 in)

in2
0.93 i
In |5 o %n
2.18 in
3.40 x 107 Ib/in

0.758
4.49 x 107 Ib/in

ky =

Step 9. Substitute the effective depth (), the
bolt diameter (dpo);) and the modulus of elastic-
ity (Ecastiron) in Eq. (8.22) to find the stiffness
(k2) as

(wtan30°) Ed

2ttan30° +0.5d
[ 2 t tan 30° +2.5d]

(7 tan 300) Ecastiron dvolt
Ci

C; = 2¢tan30° +0.5d
= 2htan30° + 0.5 dyo
= 2(0.3125 in) tan 30°
+0.5 (0.625 in)

ky =

where

= 0.67 in
and
Cy = 2ttan30° +2.5d
= 2htan30° + 2.5 dpoyt
= 2(0.3125 in) tan 30°
+2.5(0.625 in)
= 1.92 in
Therefore,
¢ Ib .
(1.814) { 16 x 10° — | (0.625 in)
ky = in

0.67 i
In |52t 10
1.92 in
1.81 x 107 Ib/in

0.557
3.26 x 107 Ib/in

Cy = 2(0.027 m/2) tan 30°
+2.5(.016 m)
= 0.056 m

Therefore,
N

(1.814) (2.07 x 101 7) (.016 m)
m

0.024 m
In |5
0.056 m

6.01 x 10° N/m
0.762
= 7.88 x 10° N/m

ki =

Step 9. Substitute the effective depth (%), the
bolt diameter (d);), and the modulus of elastic-
ity (Ecastiron) in Eq. (8.22) to find the stiffness
(k2) as

(tan 30°) Ed
2ttan30° +0.5d
2ttan30° 4+2.5d

(7 tan 30°) Ecastiron dbolt
Ci

Cy =2rtan30° +0.5d
= 2htan30° + 0.5 dpolc
= 2(0.008 m) tan 30°
+0.5(.016 m)
= 0.017 m

ky =

where

and
C, =2ttan30° +2.5d
= 2htan30° + 2.5 dpoit
= 2(0.008 m) tan 30°
+2.5(.016 m)
= 0.049 m

Therefore,

11 N
(1.814) (1.1 x 10" — | (.016 m)
m
n 50.017m
0.049 m
3.19 x 10° N/m
0.551

5.80 x 10° N/m

ky =
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Step 10. Substitute the middle stiffness
(kmiddie) found in step 7, the stiffness (k1) found
in step 8, and the stiffness (kz) found in step 9
in Eq. (8.18) to determine the overall stiffness
of the members (kmembers) as
1 1 1 1
kmembers - H * E * kmiddle
1
4.49 x 107 1b/in
1
+ 3.26 x 107 Ibfin
1
+ 1.73 x 108 1b/in

223 %1078 in
= | +3.07x 1078 m
+5.78 x 107
=5.873 x 1078 in/Ib
kmembers
Therefore,
1
kmembers =

5.873 x 10-8 in/lb
1.70 x 107 Ib/in

17,000 kips/in

Step 11. Substitute the stiffness of the cap
screw (k7) from step 2 and the stiffness of
the members (kmembers) found in step 10 in
Eq. (8.35) to determine the joint constant (C) as

kcap screw
C= —————
kcap screw T kmembers

6.38 x 10° Ib/in
= (6.38 x 105 + 17.00 x 105) Ib/in
6.38 x 10° Ib/in
~ 23.38 x 106 Ib/in
=027

Step 12. Use the given proof strength (Sproof)
and tensile-stress area (A7) in Eq. (8.25) to
determine the proof load (Fproof)

H proof = SproofAT

= (85 x 10° 1b/in?)(2.26 x 107! in?)
= 19,200 b

Step 10. Substitute the middle stiffness
(kmiddie) found in step 7, the stiffness (k1) found
in step 8, and the stiffness (kz) found in step 9
in Eq. (8.18) to determine the overall stiffness
of the members (kmembers) as
1 1 1 1
kmembers B E * E * kmiddle
1

7.88 x 109 N/m

1
+ 5.80 x 109 N/m

1
+ 3.26 x 1019 N/m

1.27 x 10710 m
= +1.72 x 10710 N
+3.07 x 10711
=3.300 x 1071 m/N
kmembers
Therefore,
1
kmemhers =

3.300 x 10~10 m/N
3.03 x 10° N/m

= 3,030 MN/m

Step 11. Substitute the stiftness of the cap
screw (k7) from step 2 and the stiffness of
the members (kmembers) found in step 10 in
Eq. (8.35) to determine the joint constant (C) as

kcap screw
C= —————
kcap screw T kmembers

1.20 x 10° N/m
(1.20 x 10% +3.03 x 10%) N/m
1.20 x 10° N/m
4.23 x 109 N/m
=0.28

Step 12. Use the given proof strength (Sproof)
and tensile-stress area (A7) in Eq. (8.25) to
determine the proof load (Fproof)
F proof = SproofAT
= (600 x 10° N/m?)(1.57 x 10~*m?)
= 94,200 N
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Step 13. Use the guidelines in Eq. (8.26) to
determine the bolt preload (Fpreload) as

Fpreload = 0.90 Fpmof
(0.90)(19,200 1b)
= 17,280 Ib

Step 14. Substitute the proof load (Fproof)
found in step 12, the bolt preload (Fpreload)
found in step 13, the joint constant (C) found
in step 11, and the given external load (P) in
Eq. (8.45) to determine the load factor (n10ad)
as

Fproof - Fpreload
CcpP
(19,200 1b) — (17,280 Ib)
(0.27)(4,000 1b)
1,920 1b

= =178<2
1,080 1b

Njoad =

Step 15. Substitute the bolt preload (Fpreload)
found in step 13, the joint constant (C) found
in step 11, and the given external load (P)
in Eq. (8.49) to determine the factor-of-safety
against separation (Mseparation) S

Fprcload
P(1—C)
17,280 1b
- (4,000 Ib)(1 — 0.27)
17,280 1b

== 2596
2,920 Ib

Nseparation =

Step 16. Substitute the joint constant (C)
found in step 11, and the given external load
(P) and tensile-stress area (Ar) in Eq. (8.55) to
determine the alternating stress on the bolt (o)
as

_CP_ (0.27)(4,000 Ib)
% T A T (226 x 101 in?)
. 10801b
T 452 % 107! in?

= 2.39 x 10° 1b/in?
= 2.39 kpsi

Step 13. Use the guidelines in Eq. (8.26) to
determine the bolt preload (Fpreload) s

Fpreload = 0.90 Fpr(mf
= (0.90)(94,200 N)
= 84,780 N

Step 14. Substitute the proof load (Fproof)
found in step 12, the bolt preload (Fpreload)
found in step 13, the joint constant (C) found
in step 11, and the given external load (P) in
Eq. (8.45) to determine the load factor (n10ad)
as

F proof — F preload
CP
(94,200 N) — (84,780 N)
(0.28)(18,000 N)
9,420 N

= =187<2
5,040 N

Moad =

Step 15. Substitute the bolt preload (Fpreload)
found in step 13, the joint constant (C) found
in step 11, and the given external load (P)
in Eq. (8.49) to determine the factor-of-safety
against separation (Mgeparation) S

Fprc]oad
P(1-0)
84,780 N
~ (18,000 N)(1 — 0.28)
84,780 N

T 12,960N

Nseparation =

6.5

Step 16. Substitute the joint constant (C)
found in step 11, and the given external load
(P) and tensile-stress area (Ar) in Eq. (8.55) to
determine the alternating stress on the bolt (o)
as

cp (0.28)(18,000 N)

T 2Ar T @057 x 104 m2)
5040 N

3.14 x 10~4 m2

1.61 x 107 N/m?
16.1 MPa
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Step 17.  Substitute the bolt preload (Fpreload)
from step 13, and the given tensile-stress
area (A7), ultimate tensile strength (S,;), and
endurance limit (S,) in Eq. (8.60) to determine
the alternating strength of the bolt (S,) as

K preload

S . —
ut AT

Sa

e
17,280 1b
2.26 x 10~! in?
120 kpsi
18.6 kpsi
(120 kpsi) — (76.5 kpsi)
1+6.45
43.5 kpsi
= PS5 o4 kpsi
7.45
Step 18.  Substitute the alternating stress on the
bolt (o,) found in step 16 and the alternating
strength of the bolt (S,) found in step 17 in
Eq. (8.57) to determine the fatigue factor-of-
safety (nfaligue) as

Sa  5.84 kpsi

oa 239 kpsi

Step 19. Substitute the alternating stress on
the bolt (o,) found in step 16, the bolt preload
(Fpreload) found in step 13, and the given tensile-
stress area (Ar) in Eq. (8.56) to determine the
mean stress on the bolt (o,,) as

(120 kpsi) —

Nfatigue =

K preload
At

Op = Oq

17,280 1b
2.26 x 10~! in?
= (2.39 kpsi) + (76.46 kpsi)

= 78.85 kpsi

(2.39 kpsi) +

Step 20.  Substitute the alternating stress on the
bolt (o,) found in step 16, the mean stress on
the bolt (o,,) found in step 19, and the given
yield strength (Sy) in Eq. (8.61) to determine
the factor-of-safety against yielding (nyiela) as
Sy
O + 0q4
92 kpsi

(78.85 kpsi) + (2.39 kpsi)

92 kpsi

= ——=1.13
81.24 kpsi

Nyield =

Step 17.  Substitute the bolt preload (Fpreload)
from step 13, and the given tensile-stress
area (Ar), ultimate tensile strength (S,;), and
endurance limit (S,) in Eq. (8.60) to determine
the alternating strength of the bolt (S,) as

F preload
Ar

e

Sut -
Sa

84,780 N

1.57 x 104 m?
830 MPa
129 MPa
_ (830 MPa) — (540 MPa)
- 1+6.43
290 MPa

= = o MP
e 39.0 MPa

(830 MPa) —

1+

Step 18.  Substitute the alternating stress on the
bolt (0,) found in step 16 and the alternating
strength of the bolt (S,) found in step 17 in
Eq. (8.57) to determine the fatigue factor-of-
safety (”faligue) as

S 39.0 MPa _

o, 16.1 MPa
Step 19. Substitute the alternating stress on
the bolt (o,) found in step 16, the bolt preload
(Fpreload) found in step 13, and the given tensile-
stress area (A7) in Eq. (8.56) to determine the
mean stress on the bolt (o,,) as

2.4

Nfatigue =

F preload
Ar

Om = Oq

84,780 N
1.57 x 10~4 m?
= (16.1 MPa) + (540.0 MPa)

= 556.1 MPa

(16.1 MPa) +

Step 20.  Substitute the alternating stress on the
bolt (o,) found in step 16, the mean stress on
the bolt (o,,) found in step 19, and the given
yield strength (Sy) in Eq. (8.61) to determine
the factor-of-safety against yielding (nyiela) as

Sy
Om + 0q4

660 MPa

(556.1 MPa) + (16.1 MPa)
660 MPa
5722 MPa

Nyield =

1.15
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Summarizing, Summarizing,
Noad = 1.78 <2 Nioad = 1.87 <2
Ngeparation = 59=6 Ngeparation = 6.5
Rfatigue = 2.4 Nfatigue = 2.4
Nyield = 1.13 Nyield = 1.15
Only the factor-of-safety against yielding Only the factor-of-safety against yielding
(nyiela) should be of concern. (nyiela) should be of concern.

8.3 WELDED CONNECTIONS

Again, as the overall theme of this book is to uncover the mystery of the formulas used
in machine design for the practicing engineer, it will be assumed that the details of the
nomenclature of welds and the standards of the American Welding Society (AWS) are
unnecessary. Therefore the discussion will proceed directly to the first important topic for
the designer, welded joints in axial and transverse loading.

8.3.1 Axial and Transverse Loading

Welds are typically of two types, butt (also called groove) and fillet. In a butt weld the two
parts to be joined are literally butted together as shown in Fig. 8.7, where (P) is a tensile
force and (V) is a shear force, (H) is the throat depth of the weld and (L) is the length, or
width, of the weld. The butt weld fills the V-groove created by the slanted cuts made into
the two parts before welding and extends in an arch on both sides of the parts called the
reinforcement. Note that the throat depth (H) does not include any of the reinforcements.
There are stress concentrations at the four transition lines between the reinforcement and
the parts, and therefore, if the joint is subject to dynamic loading, the reinforcement should
be ground smooth to avoid a fatigue failure.

Reinforcement

Reinforcement

FIGURE 8.7 Typical butt weld.

The tensile force (P) and the shear force (V) may or may not act simultaneously. In any
case, the normal stress (o) produced by the tensile force (P) in the butt weld is given by
Eq. (8.68) as

P P

- - (8.68)
Aputt HL

Obutt =
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and the shear stress (tpy) produced by the shear force (V) is given by Eq. (8.69) as

Toutt =

Abutt - E

14
(8.69)

If both are acting simultaneously, then there is combined loading on the weld and the
methods of Chap. 5 are used to determine the principal stresses and the maximum and
minimum shear stresses, either mathematically or graphically from Mohr’s circle.

U.S. Customary

SI/Metric

Example 1. A butt weld like that shown in
Fig. 8.7 is subjected to both tensile force (P)
and shear force (V). Determine the principal
stress (o7) and the maximum shear stress (Tmax)
using the mathematical formulas for combined
loading, where

P =12001b

V =900 1b

L =3in

H =0.25in
solution

Step 1. Using Eq. (8.68), calculate the normal
stress in the butt weld (opy) as

P P 1,200 1b
Obutt = Bl e
Apur HL  (0.25in)(3 in)
= 1,600 Ib/in® = 1.6 kpsi
= Oxx
oyy =0

Step 2. Using Eq. (8.69), calculate the shear
stress in the butt weld (tpyuy) as

V. V. 900Ib
Apat  HL — (0.25 in)(3 in)
= 1,200 Ib/in®> = 1.2 kpsi

Thutt =

= Txy

Step 3. Substitute the normal stresses (Opui =
oxx) and (oyy = 0) from step 1 in Eq. (5.14) to
determine the average stress (Oavg) as
Oxx + Oyy (1.6 kpsi) + (0)
Oavg = =

2 2
0.8 kpsi

Step 4. Substitute the normal stresses (opy =
0yx) and (oyy, = 0) from step 1 and the shear
stress (Tout = Txy) from step 2 in Eq. (5.14) to

Example 1. A butt weld like that shown in
Fig. 8.7 is subjected to both a tensile force (P)
and a shear force (V). Determine the principal
stress (o) and the maximum shear stress (Tmax)
using the mathematical formulas for combined
loading, where

P =5400N

V =4,050N

L =8cm=0.08m

H = 0.6 cm = 0.006 m

solution
Step 1. Using Eq. (8.68), calculate the normal
stress in the butt weld (opyg) as

P P 5,400 N
Obutt = = ———
Abue  HL  (0.006 m)(0.08 m)
= 11,250,000 N/m?> = 11.25 MPa
= Oxx
oy =0

Step 2. Using Eq. (8.69), calculate the shear
stress in the butt weld (tpyy) as

v v 4,050 N
Apwe HL ~ (0.006 m)(0.08 m)
= 8,437,500 N/m® = 8.44 MPa

Toutt =

= Tyy

Step 3. Substitute the normal stresses (Opuy =
oxx) and (oyy = 0) from step 1 in Eq. (5.14) to
determine the average stress (Oavg) as

Oxx +0yy (1 1.25 MPa) + (0)
Uavg = 2 — = 2
= 5.63 MPa

Step 4. Substitute the normal stresses (opu =
oyx) and (o, = 0) from step 1 and the shear
stress (Tout = Txy) from step 2 in Eq. (5.14) to
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determine the maximum shear stress (Tmax) as

2
Oxx — Oyy )
Tmax = (#) + Txy

2
(B0OY s 2

=/ (0.64) + (1.44) kpsi

= ~/2.08 kpsi = 1.44 kpsi

Step 5. Substitute the average stress (Oavg)
from step 3 and the maximum shear stress
(Tmax) from step 4 in Eq. (5.15) to determine
the principal stress (o7) as

01 = Oavg + Tmax

(0.8 kpsi) + (1.44 kpsi)
= 2.24 kpsi

determine the maximum shear stress (Tmax) as

2
Oxx — Oyy 2
Tmax = <f + Ty

2
= \/<(”'25; — (O)> + (8.44)2 MPa

= /(31.64) + (71.23) MPa
= +/102.87 kpsi = 10.14 MPa

Step 5. Substitute the average stress (Oavg)
from step 3 and the maximum shear stress
(Tmax) from step 4 in Eq. (5.15) to determine
the principal stress (o7) as

0] = Oavg + Tmax
(5.63 MPa) + (10.14 MPa)
= 15.77 MPa

Fillet Welds. For fillet welds, the two parts to be joined together are placed such that
right-angle corners are created as shown in Fig. 8.8, where (¢) is the weld size and (H) is
the weld throat. Not shown is the weld length (L), which is a dimension perpendicular to

the page.

FIGURE 8.8 Fillet welds for a lap joint.

The tensile force (P) is balanced by a shear stress (zqjier) acting over the effective areas
of both fillet welds, where each effective area is given by Eq. (8.70) as

Afillet = HL = (t cos45°) L = 0.707¢L (8.70)

Using the effective area of one weld given in Eq. (8.70), the shear stress (zgjet) for the
lap joint shown in Fig. 8.8 is given by Eq. (8.71) as

p p

P P

Tfillet =

2 Amnee  2(HL)  2(07071)(L) _ 1.4147L

8.71)

If there had been only one weld, then the shear stress (zget) Would be twice the value

calculated from Eq. (8.71).

Consider the fillet welds in Fig. 8.9 where the transverse load (P) is balanced by a shear
stress (Tgiler) over the two weld strips of length (L) having a weld size ().
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t 4

o .,
P

Edge view Side view

FIGURE 8.9 Fillet welds in a transverse joint.

As was the case with the lap joint in Fig. 8.8, the tensile force (P) is balanced by a
shear stress (Tgjet) acting over the effective areas of both fillet welds, where each effective
area is again given by Eq. (8.70). Therefore, using the effective area of one weld given in
Eq. (8.70), the shear stress (tfje) for the transverse joint shown in Fig. 8.9 is also given by
Eq. (8.71). Again, if there had been only one weld, then the shear stress (tger) would be
twice the value calculated from Eq. (8.71).

Another common fillet weld configuration, the tee joint, is shown in Fig. 8.10 where the
vertical load (P) acting on the joint is balanced by a shear stress (zgjer) over two weld strips
of length (L), a dimension perpendicular to the page, having a weld size (¢).

P

T

e

FIGURE 8.10 Fillet welds in a tee joint.

As was the case with the lap joint in Fig. 8.8 and the transverse joint in Fig. 8.9, the
tensile force (P) acting on the tee joint is balanced by a shear stress (zqjiet) acting over the
effective areas of both fillet welds, where each effective area is again given by Eq. (8.70).
Therefore, using the effective area of one weld given in Eq. (8.70), the shear stress (tgjiet)
for the transverse joint shown in Fig. 8.9 is also given by Eq. (8.71).

While unlikely, if there had been only one weld, then the shear stress (zgjer) would be
twice the value calculated from Eq. (8.71).

Based on these three fillet weld configurations, it is hoped that a pattern has been observed
in that the load (P) must be carried by a shear stress (tsjier), given by Eq. (8.71) acting over
a weld area equal to the weld throat (H) times the weld length (L), where the weld throat
is the weld size (¢) times cos 45° (= 0.707), and is given in Eq. (8.70).
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Consider the following example.

APPLICATION TO MACHINES

Suppose the horizontal fillet welds for the transverse joint shown in Fig. 8.9 were placed
vertically, one nearside and one farside, as shown in Fig. 8.11, where (¢) is the weld size,
(H) is the weld throat, and (L) is the weld length.

>
rrf —

Top view

{1

Side view

FIGURE 8.11

Vertical fillet welds in a transverse joint.

U.S. Customary

SI/Metric

Example 2. For the two fillet welds shown
in Fig. 8.11, determine the shear stress (Tjiet),
where

P = 2,000 Ib

t =0.375in

L =2in
solution
Step 1. Substitute the given information in
Eq. (8.71) to determine the (zqyer) as

P 2,000 Ib
2 A 1.414(0.375 in)(2 in)
1,856 Ib/in®> = 1.86 kpsi

Tfillet =

Txy

Example 2. For the two fillet welds shown
in Fig. 8.11, determine the shear stress (Tgilet),
where

P =9,000N

t=10cm=0.0l m

L=5cm=0.05m

solution
Step 1. Substitute the given information in
Eq. (8.71) to determine the (zqyier) as
P 9,000 N
2 Agiler 1.414(0.01 m)(0.05 m)

12,730,000 N/m? = 12.73 MPa

Tfillet =

Txy

8.3.2 Torsional Loading

Suppose the applied force (P) shown in Fig. 8.9 is rotated so that it is perpendicular to the
arm as shown in Fig. 8.12, where (¢) is the weld size, (H) is the weld throat, and (L) is the

weld length.

The applied load (P) must be balanced by a shear force (V) upward and a torque (7")
counterclockwise and that produce shear stresses, (Tshear) and (Tiorsion)» respectively, in the
two welds. Using the dimensions shown in Fig. 8.12, the shear stress (Tghear) due to the
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FIGURE 8.12 Fillet welds in shear and torsion.

shear force (V), which is equal to the applied load (P), is given by Eq. (8.72),

v P P P
2 At 2(HL) ~— 2(0.707¢)(L) ~ 1.414¢L

Tshear = (8.72)
which is the same expression for the shear stress (zger) developed for the fillet weld
configurations in Figs. 8.8 to 8.11 and given by Eq. (8.71).

Using the dimensions shown in Fig. 8.13, the shear stress (tiorsion) due to the torque (7°)
is given by Eq. (8.73),

Tro  (PLo)r,

(8.73)

T < = —
torsion ]gmup ngup
where (L,) is the perpendicular distance from the centroid of the weld group, point O, to
the applied load (P), (r,) is the radial distance from the centroid of the weld group to the
farthest point on any of the welds, and (Jgroup) is the polar moment of inertia of the two
weld areas (each H x L) about the centroid of the weld group.
Using the dimensions shown in Fig. 8.13, the radial distance (r,,) can be determined from
the Pythagorean theorem as

L 2
o = (5> +a (8.74)
P
LO
B A
_+"""" _______ 7 N A\ 4
d, To T Ttorsion
to
d,

Ht C+"' """""" +b

FIGURE 8.13 Fillet weld geometry for torsion.
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and the polar moment of inertia (Jgroup) can be determined from the expression

LH3 HL )
Jgroup - 2 T + F + LHd() (8.75)

where the factor 2 reflects the fact that there are two welds and the terms in brackets represent
the application of the parallel axis theorem to the rectangular weld shapes.

Notice that the shear stress (Tgpear) acts downward at any point on either of the two welds;
however, the shear stress (Tiorsion) acts perpendicular to the radial distance (r,). There are
four points, labeled (A), (B), (C), and (D) in Fig. 8.13, where the shear stress (Tiorsion) 1S
maximum. The maximum shear stress (Tmax) is therefore the geometric sum of these two
separate shear stresses and is found using the law of cosines in the scalene triangle formed
by these three stresses and shown in Fig. 8.14.

I L
‘ L/2

o
FIGURE 8.14 Maximum shear stress diagram.

The angle (@) is calculated as

L

-1 2
=t = 8.76
o an a4, ( )

where (L) is the length of the weld and (d,) is the distance from the centroid of the weld
group to the centerline of the weld. The angle (B) is the supplement of the angle («) and as
shown in Fig. 8.14 is given by

B=180° —« (8.77)

Therefore, using the law of cosines on the resulting scalene triangle, the maximum shear
stress (Tmax) 1S determined from Eq. (8.78) as

‘[I%lax = Tszhear + Tt%)rsion — 2 (Tshear) (Ttorsion) €Os B (8.78)
U.S. Customary SI/Metric

Example 3. For the fillet weld and loading Example 3. For the fillet weld and loading
configuration shown in Figs. 8.12 and 8.13, configuration shown in Figs. 8.12 and 8.13,
determine the maximum shear stress (Tmax), determine the maximum shear stress (Tmax),
where where

P =3,0001b P = 13,500 N

H = 0.619 in (0.875 in x cos 45°) H =14cm=0.014m (2 cm X cos 45°)

L=4in L=10cm=0.1m

d, =15in d, =4cm=0.04m

L,=1ft=121in L, =30cm=03m
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U.S. Customary

SI/Metric

solution
Step 1. Substitute the given information in
Eq. (8.72) to determine (Tghear) as

P
2(HL)

3,000 Ib
2(0.619 in)(4 in)

606 Ib/in®> = 0.61 kpsi

Tshear =

Step 2. Substitute the given information in
Eq. (8.74) to determine the radial distance (r,)
as

(4 in>2 .
= + (1.5 in)

=/ (4 +2.25) in?

=+6.25in> =2.51in

]

Step 3. Substitute the given information in
Eq. (8.75) to determine the polar moment of
inertia (Jgroup) as

(4 in) (0.619 in)?
12
=2 N 0.619 11112) (4 in)3
+(4 in)(0.619 in)(1.5 in)?

_, (9% 1072 43.301
- +5.571) in*

= 8.95 in*

Step 4. Substitute the radial distance (r,)
found in step 2, the polar moment of inertia
(Jgroup) found in step 3, and the given infor-
mation in Eq. (8.73) to determine (Tiorsion) as

PL,r,

Ttorsion =
J,
group

(3,000 Ib)(12 in)(2.5 in)
- 8.95 in*

solution
Step 1. Substitute the given information in
Eq. (8.72) to determine (Tshear) as

_r
" 2(HL)
13,500 N

= 2(0.014 m)(0.1 m)
— 4,821,000 N/m? = 4.82 MPa

Tshear

Step 2. Substitute the given information in
Eq. (8.74) to determine the radial distance (r,)

as
2
L
ro = <§> + d?

2
- \/<012m> + (0.04 m)?

= v/ (0.0025 + 0.0016) m?
=+/0.0041 m? = 0.064 m

Step 3. Substitute the given information in
Eq. (8.75) to determine the polar moment of
inertia (Jgroup) as

LH®  HL? )
Jgroup = 2 7 + F + LHd,
(0.1 m) (0.014 m)3
12
=2 (0.014 m) (0.1 m)3
+ 12

+(0.1 m)(0.014 m)(0.04 m)?

_ 5 ((229x 1078 4 1.167 x 107°
o +2.24 x 107%) m*

=343 x107° m*

Step 4. Substitute the radial distance (r,)
found in step 2, the polar moment of inertia
(Jgroup) found in step 3, and the given infor-
mation in Eq. (8.73) to determine (Tiorsion) as

PL,r,

Ttorsion =
J,
group

(13,500 N)(0.3 m)(0.064 m)
o 3.43 x 1076 m*
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U.S. Customary SI/Metric
90,000 Ib - in” _ 2592N-m?
= 10,056 Ib/in® = 75,570,000 N/m*
= 10.06 kpsi = 75.57 MPa

Step 5. Substitute the given information in
Eq. (8.76) to determine the angle («) as

a5 Gin2
d, 1.5 in
= tan~1(1.333) = 53°

o = tan

Step 6. Substitute the angle («) found in step 5
in Eq. (8.77) to determine the angle (8) as

p =180° — o = 180° — 53° = 127°

Step 7. Substitute the shear stress (Tshear)
found in step 1, the shear stress (Tiorsion) found
in step 4, and the angle (8) found in step 6
in Eq. (8.78) to determine the maximum shear
stress (Tmax) as

2 _ .2 2
max = Tshear T Trorsion

—2 (Tshear) (Ttorsion) COS B

(0.61)% + (10.06)?
= —2(0.61)(10.06) | kpsi®
X (cos 127°)

(0.37) + (101.20) .
( —(12.27)(— 0.602) ) Kpsi

T,

~
|

2 = (0.37 4 101.20 + 7.39) kpsi

= 108.96 kpsi?
Tmax = 10.44 kpsi

Step 5. Substitute the given information in
Eq. (8.76) to determine the angle («) as

L
1 7 1 (0.1 m)/2
= tan~' 2 — tan—!
= T 004 m

tan~1(1.25) = 51°

Step 6. Substitute the angle (o) found in step 5
in Eq. (8.77) to determine the angle (8) as

B =180° —a = 180° — 51° = 129°

Step 7. Substitute the shear stress (Tghear)
found in step 1, the shear stress (Tiorsion) found
in step 4, and the angle () found in step 6
in Eq. (8.78) to determine the maximum shear
stress (Tmax) as

2 _ .2 2
Tmax = Tshear T Ttorsion

—2 (Tshear) (Ttorsion) COS B

(4.82) 4 (75.57)?
=| —24.82)(75.57) | MPa®
X (cos 129°)

_( @3)+ (5.711) 2
= (—(728)(— 0.629)) MPa

T2 = (23 45,711 + 458) MPa’
= 6,192 MPa’
Tmax = 78.69 MPa

8.3.3 Bending Loading

Consider the welded joint in Fig. 8.15 where two fillet welds support the cantilevered bar
at the top and bottom and carry a downward applied load (P), and where as usual, (¢) is the
weld size, (H) is the weld throat, and (L) is the weld length.

The applied load (P) must be balanced by a shear force (V) upward and a bending
moment (M) counterclockwise. The shear force (V') produces a shear stress (Tspear) and the
bending moment produces a normal stress (Obending) in the two welds. Using the dimensions
shown in Fig. 8.15, the shear stress (Tghear) due to the shear force (V'), which is equal to the

applied load (P), is given by Eq. (8.79),
% P

P P

Tshear =

2 Amee  2(HL)  2(07071)(L) _ 1.4141L

(8.79)
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FIGURE 8.15 Fillet welds in bending.

which is the same expression for the shear stress (taper) given by Eq. (8.71) developed for
the fillet weld configurations in Figs. 8.8, 8.9, 8.10, 8.11, and 8.13.

Using the dimensions shown in Figs. 8.15 and 8.16, the normal stress (Obending) due to
the bending moment (M) is given by Eq. (8.80),
Md, _ (PLy)d,

I, group 1 group

Tbending = (8.80)
where (L,) is the perpendicular distance from the centroid of the weld group, point O, to
the applied load (P), (d,) is the vertical distance from the centroid of the weld group to
the centerline of the weld, and (/group) is the moment of inertia of the weld areas about the
centroid of the weld group.

P
9,
df o

S -

FIGURE 8.16 Fillet weld geometry for bending.

Therefore, using the dimensions shown in Fig. 8.16, the moment of inertia (/group) for
the fillet welds can be determined from the expression

LH3 )
logowp = 2 | =5~ + LH; (8.81)

where the factor 2 reflects the fact that there are two welds and the terms in brackets represent
the application of the parallel axis theorem to the rectangular weld shapes.

For the weld joint arrangement in Fig. 8.17, which is a variation of the weld joint arrange-
ment shown in Fig. 8.15, the moment of inertia (/group) Would be given by Eq. (8.82) as

HL3
Toroup = 2 | — (8.82)
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FIGURE 8.17  Vertical fillet welds in bending.

where the factor 2 represents that there are two areas over which the normal stress acts, and
the single term in brackets represents the moment of inertia of the welds about their own
centroidal axes.

Note that the shear stress (Tshear) for the weld configuration in Fig. 8.17 would still be
the same as for the weld configuration in Fig. 8.16 and given by Eq. (8.79).

Once the shear stress (Tshear) and normal stress (Obending) have been determined, then the
principal stress (o) and maximum shear stress (Tmax) can be found using the methods of

Chap. 5.

Consider the following example of a welded joint in bending.

U.S. Customary

SI/Metric

Example 4. For the fillet weld and loading
configuration shown in Figs. 8.15 and 8.16,
determine the principal stress (o7) and maxi-
mum shear stress (Tmax ), Where

P =38001b

H = 0.265 in (0.375 in x cos 45°)

L =25in

d, = 0.75 in

L, =15ft=18in
solution
Step 1. Substitute the given information in
Eq. (8.79) to determine (Tshear) as

P
2 (HL)

800 Ib

2(0.265 in)(2.5 in)

604 1b/in*> = 0.6 kpsi

Tshear =

Tyy

Example 4. For the fillet weld and loading
configuration shown in Figs. 8.15 and 8.16,
determine the principal stress (o1) and maxi-
mum shear stress (Tmax ), Where

P = 3,600 N
H =0.7cm =0.007 m (1 cm x cos 45°)
L =6cm=0.06m
d, =2cm=0.02m
L,=45cm=045m
solution
Step 1. Substitute the given information in
Eq. (8.72) to determine (Tshear) as
P
2 (HL)
3,600 N
2(0.007 m)(0.06 m)

4,286,000 N/m? = 4.3 MPa

Tshear =

Tyy
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U.S. Customary

SI/Metric

Step 2. Substitute the given information in
Eq. (8.81) to determine the moment of inertia
(1, group) as

LH? N
Igroup = 2 F +LHd0

(2.5 in) (0.265 in)3
12
+(2.5 in)(0.265 in)(0.75 in)?

2((3.88 x 1072 +3.727 x 107!) in*)
7.53 x 107! in*

Il
)

Step 3. Substitute the moment of inertia
({group) found in step 2 and the given informa-
tion in Eq. (8.80) to determine (Gbending) as

PL,d,
Obending = I—
group
(800 1b)(18 in)(0.75 in)
T 753 % 107! in?
10,800 Ib - in?
T 753 x 1071 in*
= 14,343 Ib/in?
= 14.3 kpsi
= Oxx
oy =0

Step 4. Substitute the normal stresses
(Obending = Oxx) and (o, = 0) from step 3
in Eq. (5.14) to determine the average stress
(Uavg) as

Oxx + Oyy (14.3 kpsi) + (0)
G = Ty T 2
= 7.15 kpsi

Step 5. Substitute the normal stresses
(Obending = Oxx) and (0, = 0) from step 3
and the shear stress (Tshear = Txy) from step 1
in Eq. (5.14) to determine the maximum shear
stress (Tmax) as

2
Oxx — Oyy
Tmax = (f + T)g)'

2
= /(M) + (0.6)? kpsi

=/ (51.12) + (0.36) kpsi

= +/51.48 kpsi = 7.18 kpsi

Step 2. Substitute the given information in
Eq. (8.81) to determine the moment of inertia
(1, grcup) as

LH? )

Igroup = 2 F +LHdD
(0.06 m) (0.007 m)?3

=2 12

+(0.06 m)(0.007 m)(0.02 m)?
=2((1.7x 1077 +1.68 x 1077) m*)
=3.39%x 1077 m*

Step 3. Substitute the moment of inertia
(Igroup) found in step 2 and the given informa-
tion in Eq. (8.80) to determine (Gpending) as
PL,d,
Obending = -
I group
_ (3,600 N)(0.45 m)(0.02 m)
339 x 1077 m*

32.4 N - m?
339 x 1077 m*
95,580,000 N/m?

95.6 MPa

= Oxx

oy =0

Step 4. Substitute the normal stresses
(Obending = 0xx) and (oyy, = 0) from step 3
in Eq. (5.14) to determine the average stress
(Uavg) as

Oxx + Oyy (956 MPa) —+ (0)
Oavg = 5 = 5
= 47.8 MPa

Step 5. Substitute the normal stresses
(Obending = Oxx) and (0}, = 0) from step 3
and the shear stress (Tshear = Txy) from step 1
in Eq. (5.14) to determine the maximum shear
stress (Tmax) as

2
Oxx — Oyy
Tmax = <f) +T§y

2
= /(M) 1 (4.3)2 MPa

=/ (2,284.8) 4 (18.5) MPa
= +/2,303.3 kpsi = 48.0 MPa
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U.S. Customary SI/Metric
Step 6. Substitute the average stress (oayg) Step 6. Substitute the average stress (Gayg)
from step 4 and the maximum shear stress from step 4 and the maximum shear stress
(Tmax) from step 5 in Eq. (5.15) to determine (Tmax) from step 5 in Eq. (5.15) to determine
the principal stress (o7) as the principal stress (o7) as
01 = Oavg + Tmax 01 = Oavg + Tmax
= (7.15 kpsi) + (7.18 kpsi) = (47.8 MPa) + (48.0 MPa)
= 14.32 kpsi = 95.8 MPa

Note that the contribution from the shear stress (Tghear) in the calculations for the principal
stress (071) and the maximum shear stress (tmax) Was almost negligible compared to the
normal stress (Opending)- This is typical of these kinds of weld joint configurations and
loadings.

8.3.4 Fillet Welds Treated as Lines

In Examples 1 through 4, the weld throat (H) was specified as part of the given information,
determined from a weld size (¢). However, in practice the weld size may be the primary
unknown. Therefore, it is convenient to set the weld throat (H) equal to unity (1) in the
expressions for the weld area, (Apuw) Or (Afiet), the polar moment of inertia (Jgroup), and
the moment of inertia (Igroup) s0 that in the calculations for the stresses the units are stress
times a unit width, that is, (kpsi-in) or (MPa-m). Once an appropriate weld strength (Sweld)
is specified, dividing this strength into the calculated stress will give a value for the size of
weld throat (H), from which a weld size (¢) can be found.

There are sets of tabulated formulas for the weld areas and moments of inertia of various
weld configurations in any number of references, such as Marks’ Standard Handbook for
Mechanical Engineers. However, to show how setting the weld throat (H) to unity (1)
allows the designer to determine the required weld size (¢), consider the following variation
on the weld configuration in Fig. 8.12 and shown in Fig. 8.18.

P Ly P
H
<

L,

Edge view Side view

FIGURE 8.18 Fillet welds in shear and torsion.

Note that as the weld throat (H) is equal to the weld size () times cos 45°, once a value
for (H) is found, divide it by cos 45° (= 0.707) to obtain the weld size ().

Treating the fillet welds shown in Fig. 8.18 as lines, the geometry of the joint is shown
in Fig. 8.19.
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Ttorsion

L/2

FIGURE 8.19 Geometry of fillet welds as lines in torsion.

As was presented in a previous section, the applied load (P) must be balanced by a
shear force (V) upward and a torque (7') counterclockwise and that produce shear stresses,
(Tshear) and (Tiorsion ), respectively, in the welds. Using the dimensions shown in Fig. 8.19,
the shear stress (Tgpear) due to the shear force (V'), which is equal to the applied load (P),
is given by Eq. (8.83),

v P
Atotal 2L+ Ly
where the weld throat (H) has been set equal to unity (1) and the number (0.707) will be
divided into the value calculated for (H) to obtain the required weld size (¢).

Using the dimensions shown in Fig. 8.19, the shear stress (tiorsion) due to the torque (7°)
is still given by Eq. (8.73), and repeated here

Tro . (PLy) ro (8.73)

J, group J, group

(8.83)

Tshear =

Ttorsion =

where (L,) is the perpendicular distance from the centroid of the weld group, point O, to
the applied load (P), (r,) is the radial distance from the centroid of the weld group to the
farthest point on any of the welds, and (Jgroup) is the polar moment of inertia of the weld
areas about the centroid of the weld group.

Using the dimensions shown in Fig. 8.19, the distance (D,) can be determined from the
expression

2
2L+ Ly

the radial distance (r,) can be determined from the Pythagorean theorem as

Lo 2 2
To = <7> + (L1 — Dy) (8.85)

and the polar moment of inertia (Jgroup) can be determined from the expression

(8.84)

o

g _@Li+ L)’ L3 (Ly + Ly)?
group = 12 2L+ L,

(8.86)

where again the weld throat (H) has been set equal to unity (1).
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Tiorsion

ﬁ: 180°- o Tmax

FIGURE 8.20 Maximum shear stress diagram.

The shear stress (Tghear) acts downward on all the welds; however, the shear stress (Tiorsion)
acts perpendicular to the radial distance (r,), an angle («) from horizontal.
Using the dimensions in Fig. 8.20, the angle («) is calculated as

Li—D
«=tan ' L2 (8.87)
Ly
2
and the angle (8), which is the supplement of the angle («), is given by
B =180° —« (8.88)

Therefore, using the law of cosines on the resulting scalene triangle formed by the three
shear stresses in Fig. 8.20, the maximum shear stress (tpax) is determined from Eq. (8.78).
To find the required weld throat (H), divide the maximum shear stress (Tmax), Which will
have units of (stress—width), by the weld strength (Swelq), which will have units of (stress),
that is,

(weld throat) H — Tmax (stress — width)

= = (width 8.89
Sweld (stress) (width) ( )

The required weld size (¢) is then determined from the weld throat (H) as

(weldsize) t = (8.90)

cos45°

The weld strength in shear is specified by the particular code governing the design of the
machine element. For the AWS code, the weld strength in shear is taken as 30 percent of
the ultimate tensile strength (S,,;) of the electrode material, that is

Sweld = (0.30) Sy, (8.91)

For example, E60xx electrode material has an ultimate tensile stress of 60 kpsi or
420 MPa; therefore the weld strength (Syelg) in shear would be

Sus = (0.30) S, = (0.30) (60 kpsi) = 18.0 kpsi (8.92)
weld = A2 = (0.30) (420 MPa) = 126.0 MPa '
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Other welding electrodes have higher ultimate tensile strengths, and therefore higher

allowable weld strengths.

Consider the following example where the steps are basically the same as those for
Example 3, except that the weld size (¢) will be determined using Eq. (8.90).

U.S. Customary

SI/Metric

Example 5. For the fillet weld and loading
configuration shown in Figs. 8.18 to 8.20 deter-
mine the required weld size (¢), where

P = 18,000 1b
L, =101in
Ll =5in
Ly, =10in
Sweld = 18.0 kpsi (E60xx electrode)

solution
Step 1. Substitute the given information in
Eq. (8.83) to determine (Tghear) as
P
2L+ Ly
18,000 1b

T 2G i)+ (10 m)
18,000 Ib  in

20in i
= 900 (Ib/in?) - in
= 0.9 kpsi - in

Tshear =

Step 2. Substitute the given information in
Eq. (8.85) to determine the distance (D,) as

D L (5 in)?
T 2L1+Ly  2(5in)+ (10 in)
25 in?
=2 42500
20 in

Step 3. Substitute the distance (D,) from
step 2 and the given information in Eq. (8.85)
to determine the radial distance (r,) as

2
o = \/<LZZ> + (L1 7Da)2

10 in\2
=\/< 2"‘) 4 (5in— 125 in)?
=/ (25 + 14.06) in?

= +/39.06 in* = 6.25 in

Example 5. For the fillet weld and loading
configuration shown in Figs. 8.18 to 8.20 deter-
mine the required weld size (7), where
P = 81,000 N

L, =26cm=0.26 m

L =13cm=0.13m

Ly, =26cm=0.26 m

Sweld = 126.0 MPa (E60xx electrode)

solution
Step 1. Substitute the given information in
Eq. (8.83) to determine (Tghear) as

P
2Ly + Lo
81,000 N
= 2(0.13m) + (026 m)
81,000N m

Tshear =

= — X

0.52 m m
156,000 (N/m?) - m
= 0.16 MPa- m

Step 2. Substitute the given information in
Eq. (8.85) to determine the distance (D,) as

L2 (0.13 m)?
D, = =
2L+ Ly 2(0.13 m) + (0.26 m)
0.0169 m? 0.0325 |
= ——— = 0U. m
0.52 m

Step 3. Substitute the distance (D,) from
step 2 and the given information in Eq. (8.85)
to determine the radial distance (r,) as

L 2
ro = \/(22) + (L — Dy)?
0.26 m\? )
= ( 5 ) +(0.13 — 0.0325 m)

= v/ (0.0169 + 0.0095) m2

= v 0.0264 m? =0.1625 m
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U.S. Customary
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Step 4. Substitute the given information in
Eq. (8.86) to determine the polar moment of
inertia (Jgroup) as
Q@Li+1L2)* Li(Li+Ly)?
12 2L+ Ly
(2(5 in) + (10 in))3
12
(5 in)2(5 in + 10 in)?
2(5 in) + 10 in
(20 in)* (25 in?)(15 in)?

J, group =

12 20 in
_ 8,000in* 5,625 in*

12 20 in
= (666.67 — 281.25) in°
= 385.4 in®

Step 5. Substitute the radial distance (r,)
found in step 3, the polar moment of inertia
(Jgroup) found in step 4, and the given infor-
mation in Eq. (8.73) to determine (Tiorsion) as
PL,r,
Tiorsi = —
torsion Jgroup
(18,000 1b)(10 in)(6.25 in)
385.4 in3
1,125,000 Ib - in®>  in
= X —
385.4 in’ in
= 2,919 (Ib/in?) - in

= 2.9 kpsi - in

Step 6. Substitute the distance (D,) from
step 2 and the given information in Eq. (8.87)
to determine the angle («) as

o = tan”! LIL;ZDD
2
_; (5in) — (1.25 in)
= tan W
2
_1375in 1
= tan - =tan " (0.75)
= 37°

Step 7. Substitute the angle («) found in step 6
in Eq. (8.88) to determine the angle (8) as

B =180° —a = 180° — 37° = 143°

Step 4. Substitute the given information in
Eq. (8.86) to determine the polar moment of
inertia (Jgroup) as
B QL +Ly)*  Li(Li+Lo)
group = 12 2L1+ L
(2(0.13 m) + (0.26 m))*
12
(0.13 m)?(0.13 m + 0.26 m)?
2(0.13 m) +0.26 m

(0.52 m)? ~ (0.0169 m?)(0.39 m)?

12 0.52 m

_ 0.1406 m*  0.00257 m*
12 0.52 m

= (0.01172 — 0.00494) m?

= 0.00678 m®

Step 5. Substitute the radial distance (r,)
found in step 3, the polar moment of inertia
(Jgroup) found in step 4, and the given infor-
mation in Eq. (8.73) to determine (Tiorsion) as
PL,r,

Ttorsion =
J,
group

(81,000 N)(0.26 m)(0.1625 m)
0.00678 m3
342N-m?> m
= 0.00678 m> m
504,800 (N/m?) - m

= 0.50 MPa- m

Step 6. Substitute the distance (D,) from
step 2 and the given information in Eq. (8.87)
to determine the angle («) as

o = tan~! LIL;ZDD
2
— tan-! (0.13 m) — (0.0325 m)
(0.26 m)
2
_1 0.0975 m _1

= tan B m =tan (0.75)
= 37°

Step 7. Substitute the angle («) found in step 6
in Eq. (8.88) to determine the angle (8) as

B =180° —a = 180° — 37° = 143°
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Step 8. Substitute the shear stress (Tpear)
found in step 1, the shear stress (Tiorsion) found
in step 5, and the angle (B) found in step 7
in Eq. (8.78) to determine the maximum shear
stress (Tmax) as

2 _ .2 2
Tmax = Tshear + Tiorsion

-2 (Tshear) (Ttnrsinn) cos ﬂ

0.9)2 + (2.9)2
—2(0.9) (2.9)
X (cos 143°)

(081 + 841 o
= <—(5.22)(— o.799)) (kpsi -in)

(kpsi - in )2

(0.81 + 8.41 + 4.17) (kpsi - in )?

13.39 (kpsi - in)?

Tmax = 3.7 kpsi - in

Step 9. Substitute the maximum shear stress
(Tmax) found in step 8 and the given weld
strength (Sweid) in Eq. (8.89) to determine the
weld throat (H) as

Tmax 3.7 kpsi - in
Sweld  18.0 kpsi

0.206 in

(weld throat) H

Step 10. Substitute the weld throat (H) found
in step 9 in Eq. (8.90) to determine the weld
size (t) as

H  0.206 in
cos45°  cos45°

(weldsize) t =

= 0.2907 in < i
16 in

Note that the next larger fillet weld size was
chosen.

Step 8. Substitute the shear stress (Tshear)
found in step 1, the shear stress (Tiorsion) found
in step 5, and the angle (8) found in step 7
in Eq. (8.78) to determine the maximum shear
stress (Tmax) as

2 _ .2 2
Tmax = Tshear + Ttorsion

-2 (Tshear) (Ttorsion) Cos :B

(0.16)% + (0.50)2
—2(0.16) (0.50)
X (cos 143°)

(MPa~m)2

(0.0256) + (0.25) ,
<—(0.16)(— o.799)> (MPa - m)

= (0.0256 + 0.25 + 0.1278) (MPa - m )?
= 0.4034 (MPa - m)?
Tmax = 0.64 MPa - m

Step 9. Substitute the maximum shear stress
(Tmax) found in step 8 and the given weld
strength (Sweld) in Eq. (8.89) to determine the
weld throat (H) as

Tmax 0.64 MPa - m
Sweld  126.0 MPa

= 0.005 m

(weld throat) H

Step 10. Substitute the weld throat (H) found
in step 9 in Eq. (8.90) to determine the weld
size (t) as

H  0.005m
cos45°  cos45°

(weldsize) t =

0.007 m < 1 mm

Note that the next larger fillet weld size was
chosen.

8.3.5 Fatigue Loading

Designing a weld for dynamic loading is similar to that presented in Chap. 7 for fluctuating
shear loading. The appropriate design theory is the Goodman theory, stated mathematically

in Eq. (7.34), and repeated here as

L4+ 2= (7.34)
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3
o S
G Calculated stresses
o
(=) .
=3 Goodman line
cE
8P Ta '
< !

0 } {

0 tm Sus

Mean shear stress (7,,)

FIGURE 7.24 Goodman theory for fluctuating torsional loading.

The mean shear stress (7,,,) and the alternating shear stress (7,) are determined from the
given loading and calculated as shown in Examples 1 through 5 in this section. Apply any
stress concentration factors, which will be there if the welds are not ground smooth, to the
alternating shear stress (7,) only, not to the mean shear stress (z,,).

The endurance limit is determined using the Marin formula, where unless the weld is
ground very smooth use a surface finish factor for as forged, and the size factor is determined
for a rectangle, meaning an effective diameter will need to be calculated. The loading type
factor is set to (0.577) for torsion, and the temperature factor is handled as usual. Apply
the stress concentration factor (Ky), which should be corrected for notch sensitivity, only
to the alternating shear stress (z,).

The utimate shear strength (S,,5) is determined from Eq. (7.33), repeated here as

Sus = 0.67 Sy (7.33)

where the ultimate tensile strength (S,;) is for the welding electrode.

Substitute these four quantities, (), (74), (Se), and (Sys), in Eq. (7.34) to determine the
factor-of-safety (n) for the design, or use the graphical approach to the Goodman theory
for fluctuating shear loading shown in Fig. 7.24, repeated above.



CHAPTER 9
MACHINE ENERGY

9.1 INTRODUCTION

In this chapter two types of machine elements will be discussed: helical springs and fly-
wheels. Both of these machine elements either absorb or store energy, or do both, many
times in repetitive cycles. Both are very important to the machine designer. Each will be
discussed with examples in both the U.S. Customary and SI/metric system of units.

Helical springs are used in a variety of machines, from high-performance engines to
vegetable choppers. Helical springs can be large or small. Helical springs can be expen-
sive one-of-a-kind, or inexpensive mass produced. All helical springs are critical to their
specific application, therefore, their design must be appropriate for the expected operating
conditions. The discussion on helical springs will cover: (1) terminology and geometry,
(2) loads and stresses, (3) deflection, (4) spring rate, stiffness, compliance, and flexibility,
(5) work and energy, (6) series and parallel arrangements, (6) extension springs, (7) com-
pression springs, (8) stability, (9) critical frequency, and (10) fatigue loading. Along with
the discussion, which includes several algebraic developments considered important for the
understanding of the underlying principles, there are ten examples to provide the necessary
practice in using the applicable design formulas.

Flywheels have long been used as energy storage devices for rotational motion, whether
attached to the crankshaft of an automobile engine, or part of the drive system for an
industrial punch press. Just the right amount of inertia must be used in the design; too little
inertia and the system loses momentum each cycle, too much inertia and the system is
slugish. This design parameter, and others critical to a safe design, will be presented.

9.2 HELICAL SPRINGS

Springs absorb, store, and release energy, sometimes only infrequently, or over continuous
cycles. In their design, both the level of stress and the amount of deflection is important,
usually at the same time. There are many types of springs, almost too many to cover
thoroughly. However, the principles presented here are applicable to all springs.

9.2.1 Loads, Stresses, and Deflection

Helical springs are what usually comes to mind when the word springs is used. Typically,
they have circular cross sections, although other cross sections are possible, and their coils

367
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are cylindrical, though other shapes are also possible. The geometry of a cylindrical helical
spring with a circular cross section is shown in Fig. 9.1,

ﬁ;? Iy
@T
oc——=°
3

D

FIGURE 9.1 Geometry of a helical spring.

where (F') is the force on the spring, (D) is the mean spring diameter, and (d) is the wire
diameter. While it appears that the spring is merely under a compressive axial load due to
the two forces (F'), the coils of the wire are actually under a combination loading of direct
shear and torsion. This can be seen if a cut is made through one of the coils, resulting in the
free-body-diagram (FBD) in Fig. 9.2.

&l

D |
FIGURE 9.2 FBD of a cylindrical helical spring.

For equilibrium, the shear force (V) must be equal to the force (F), and the torque (7")
must be equal to the force (F) times (D/2), the mean spring diameter (D) divided by 2.
These two conditions are summarized in Egs. (9.1) and (9.2) as

V=F O.1)

F b 9.2)
X — .
2

T

The shear force (V') and the torque (7') each produce a shear stress over the circular cross
section of the wire. From the discussion in Chap. 5, the combination of these two shear
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stresses into a single shear stress, with no normal stresses present, is actually the maximum
shear stress (Tmax) and given by the two terms in Eq. (9.3) as

Tmax = T girect =+ Ttorsion 9.3)
shear

From Eq. (1.12) in Chap. 1, and using Eq. (9.1), the shear stress due to direct shear is
given by Eq. (9.4) as

| <

F
Tdirect = A = K (9'4)
shear

where (A) is the cross-sectional area of the wire.
From Eq. (1.21) in Chap. 1, and using Eq. (9.2), the shear stress due to torsion is given
by Eq. (9.5) as

F D
Tr *2)"  Fpr
Ttorsion = 7 = 7 = 57 9.5)
where (r) is the outside radius and (J) is the polar moment of inertia of the wire.
For a circular cross section with a diameter (d), the area (A), the outside radius (r), and
the polar moment of inertia (J) are given by the following equations

T

A="4d? 9.6
1 (9.6)
d

= — 9.7

r=z 9.7
1 1 /d\*

J=-mrt=-n(%) = Za 9.8)
2 2" \2 32

Substituting these expressions for the area (A), the outside radius (), and the polar
moment of inertia (J) in Egs. (9.4) and (9.5) gives
F F 4F
=== 99

T direct A T oo wd?
shear Z d

d
FDr D <§> __8FD

Ttorsion = 2 T Ea b (9.10)
2 32d

Substituting the expression for the shear stress due to direct shear from Eq. (9.9) and the
expression for the shear stress due to torsion from Eq. (9.10) in Eq. (9.3) gives Eq. (9.11).

4F 8FD d 8FD
Tmax = T gjo T Ttorsion = w2 75 " \ap 1 2 9.11)
shear
If a spring index (C) is defined as
D
C=— where 6 <C <12 9.12)

d
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then using this spring index (C) in the expression for the maximum shear stress (tpax) in

Eq. (9.11) gives

Tmax = K

where (Kj) is called the shear-stress correction factor given by Eq. (9.14).

1
K

T 2c

8FD 013
wd3 '
1+2C
1= + 9.14)
2C

When springs are subjected to fatigue loading, high localized stresses occur on the inside
surface of the coils. Therefore, the factor (K;) given in Eq. (9.14) is replaced by either of

the following factors:

P
V=4 4
4C +2
Kp = *
4C -3

0.615
+ ———  Wahl factor (9.15)

Bergstrasser factor (9.16)

However, as these two factors differ by less than 1 percent, the Bergstrisser factor in
Eq. (9.16) is preferred merely on the grounds of mathematical simplicity.
To separate out the curvature effect from the effect of direct shear, a factor (K,) is used

in the standard fatigue equation, where

K
Ko=-2=

2C)(4C +2)
Ky~ (14+2C)(4C - 3)

(9.17)

therefore the reduced stress-concentration factor (Ky) becomes

= — (9.18)

Consider the following example associated with the helical spring of a flyball governor
used to control the speed of stationary engines. Such a spring is under repeated reversed
dynamic loading, so designing against a fatigue failure is necessary.

U.S. Customary

SI/Metric

Example 1. Determine the wire diameter (d)
and mean diameter (D) for a helical spring using
the Bergstrisser factor (Kp), where

F =130 b
c=8
Tmax = 50 kpsi = 5 x 10* Ib/in?

solution

Step 1. As there is dynamic loading, calculate

the Bergstrisser factor (Kp) using Eq. (9.16).
_4C+2 48 +2 34

= = = =1172
4C-3 4® -3 29

B

Example 1. Determine the wire diameter (d)
and mean diameter (D) for ahelical spring using
the Bergstrisser factor (Kp), where

F =585N
c=8
Tmax = 350 MPa = 3.5 x 108 N/m?

solution

Step 1. As there is dynamic loading, calculate

the Bergstrisser factor (Kp) using Eq. (9.16).
_4C+2  4A®)+2 34

= = = =1172
4C-3 4® -3 29

B
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U.S. Customary

SI/Metric

Step 2. Substitute the Bergstrisser factor (Kp)

found in step 1 and the other given information

in Eq. (9.13).

8CF

wd?

(8)(8)(1301b)
wd?

Step 3. Solve for the wire diameter (d) from

step 2.

Tmax = BB

5 x 10* Ib/in® = (1.172)

2o (1.172)(8)(8)(130 1b)
77(50,000 Ib/in%)
= 0.0621 in’
d =0.25in

Step 4. Using the definition of the spring
index (C) from Eq. (9.12) and the wire diameter
(d) found in step 3, calculate the mean spring

Step 2. Substitute the Bergstrisser factor (Kp)
found in step 1 and the other given information
in Eq. (9.13).
8CF

Tmax = KBW

(®)(3)(585 N)
wd?

Step 3. Solve for the wire diameter (d) from
step 2.

3.5 x 108 N/m? = (1.172)

(1.172)(8)(8)(585 N)
(3.5 x 108 N/m?)

= 0.00004 m?
d = 0.00632 m = 6.32 mm

d> =

Step 4. Using the definition of the spring
index (C) from Eq. (9.12) and the wire diameter
(d) found in step 3, calculate the mean spring

diameter (D) diameter (D).

D D
C = — C = —
d d
8 = b 8 = b
T 0.251n ~ 6.32mm
D = (8)(0.25 in) D = (8)(6.32 mm)
= 2.0in = 50.6 mm = 5.06 cm

Deflection. Without providing the details of its development, the deflection (y) of a
cylindrical helical spring can be determined using strain energy theory to give the expression
in Eq. (9.19)

_ 8FD’N,
RRYE
where (V,) is the number of active coils and (G) is the shear modulus of elasticity.

If the deflection (y) is given, then Eq. (9.19) can be rearranged to give the number of
active coils (N,) as

9.19)

_ yd*G
~ 8FD?

The total number of coils (V) will be the number of active coils (N, ) plus any additional
coils that are needed, depending on the type of ends, particularly if either end of the spring

has one of the many common hook designs. The topic of ends and hooks will be discussed
shortly.

(9.20)

a

9.2.2 Spring Rate

The relationship between the force (Fs) produced by a spring, whether it is extended or
compressed, and the displacement (x), meaning change in length, can be linear or nonlinear.
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For a linear spring, this relationship is given in Eq. (9.21) as
Fy = —kx 9.21)

where (k) is called the spring rate of the spring.

The minus sign (—) is needed in Eq. (9.21) because the spring force (Fj) is a restoring
force, meaning it is always in the opposite direction from the displacement (x). That is, if
the spring is compressed, which is a negative displacement (x), then the spring force (Fy)
is positive. Conversely, if the spring is extended, which is a positive displacement (x), then
the spring force (F;) will be negative.

Based on the linear relationship given in Eq. (9.21), the units of the spring rate (k) are
force per length. If the relationship were not linear, then the units of (k) would be such that
when multiplied by the displacement (x), the units for (F) would still be force.

The relationship between the spring force (F;) and the displacement (x), without the
minus sign (—), given in Eq. (9.21) is shown graphically in Fig. 9.3.

Fs
Fg= kx

0

FIGURE 9.3  Spring force versus displacement.

The spring rate (k) is therefore the slope of the straight line representing the linear
relationship between the spring force and the displacement. Note that the zero (0) point on
the horizontal displacement (x) axis does not represent a zero length of the spring. Rather,
it represents the unstretched length of the spring.

Solving for the spring rate (k) in Eq. (9.21), and dropping the minus sign (—), gives

F
k=— 9.22)
X
where any combination of spring force (Fy) and the displacement (x) can be used.
The spring rate (k) given in Eq. (9.22) can be generalized for any spring type, whether
helical, leaf, torsion, or any other type, as
spring force
spring rate (k) = L (9.23)
displacement

For cylindrical helical springs, the spring force is the force (') and the displacement is
the deflection (y) from Eq. (9.19) so that the generalization in Eq. (9.23) gives the spring
rate (k) as

spring f F d*G
_spamgloree 7 4 9.24)
displacement y  8D3N,

If the spring rate (k) is known, then Eq. (9.24) can be rearranged to give an expression
for the number of active coils (N,) as

d*G

= — 9.25
8D3k 0:25)

a
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Terminology. The spring rate (k) is also called the stiffness, and the reciprocal of the
stiffness is called the compliance or the flexibility (), which has units of length per unit
force. Typically, the compliance is used in place of stiffness when electrical circuit theory
is used to simulate the dynamic response of mechanical systems, such as in automatic

feedback controls.

Consider the following example where the mean diameter (D), the force (F), and the
maximum shear stress (Tmax) are given and the wire diameter (d) is to be determined.

U.S. Customary

SI/Metric

Example 2. Determine the wire diameter (d)
for a cylindrical helical spring under static
conditions, where

D=1 in
F=501b
Tmax = 100 kpsi=1 x 10° Ib/in*

solution
Step 1. As the loading is static, substitute the
given information in Eq. (9.11) to give

d 8FD
oo =\ap ) 7a

1 x 10° Ib/in® = (

d +1
2(1 in)
(8)(50 1b)(1 in)
NP A A s
wd3
Step 2. Solve for the cube of the wire diameter
(d%) in the expression in step 1.
Ib)(11i
D= (i " ]> (8)(50 Ib)( lng
2 (1 x 103 1b/in*)

() ()

Step 3. Multiply the expression in step 2
throughout by (2 x 785) and move all terms
to the left hand side to give the cubic equation
(without units) as

(1,570)d®> —d —=2 =0

Step 4. Solve the cubic equation in step 3 by
trial and error. Start with a guess of (0.25) to
determine the wire diameter () to engineering
accuracy.

(1,570)d> —d —2=0
(1,570)(0.25)° — (0.25) — 2=0
(24.53) — (0.25) —2=0

22.28 > 0 (guess too high)

Example 2. Determine the wire diameter (d)
for a cylindrical helical spring under static
conditions, where

D =25 cm=0.025m
F =225N
Tmax = 700 MPa = 7 x 108 N/m?2

solution
Step 1. As the loading is static, substitute the
given information in Eq. (9.11) to give

d 8FD
o = \ap ) 7

7x 108 Nm? = [ —— +1
x m (2(0.025m)+)

(8)(225 N)(0.025 m)
o 20NeL) VL2 )
nd3

Step 2. Solve for the cube of the wire diameter
(d?) in the expression in step 1.

& = (L N ]) ®@25 N)(©.025 m)
— \0.05 7(7 x 108 N/m?)

= d+1 ! m’
—\2 4.9 x 107

Step 3. Multiply the expression in step 2
throughout by (2 x 4.9 x 107) and move all
terms to the left hand side to give the cubic
equation (without units) as

98x10M)d*—d-2=0

Step 4. Solve the cubic equation in step 3 by
trial and error. Start with a guess of (0.006) to
determine the wire diameter (d) to engineering
accuracy.

(9.8 x107)d* —d —-2=0
(9.8 x 107)(0.006)% — (0.006) — 2=0
(21.168) — (0.006) — 20
19.162 > 0 (guess too high)
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U.S. Customary

SI/Metric

Try a guess of (0.125)
(1,570)d*—d —2 =0
(1,570)(0.125)* — (0.125) — 2 <0
(3.066) — (0.125) — 220
0.941 > 0 (guess slightly too high)
Try a guess of (0.125 — 0.005 = 0.12)
(1,570)d*—d —2=0
(1,570)(0.12)3 — (0.12) — 220
2.713) — (0.12) =220
0.593 > 0 (guess still too high)
Try a guess of (0.12 — 0.01 = 0.11)
(1,570)d*—d -2 =0
(1,570)(0.11)% — (0.11) — 220
(2.09) — (0.11) =220
—0.02 = 0 (close enough)
So the required wire diameter (d) is
d=0.111in

Step 5. Though not required, calculate the
spring index (C) using Eq. (9.12).

D 1in
~d " 0l1lin
which is in the range 6 < C < 12.

=9.09

Try a guess of (0.003)
(98 x10)d*>—d—-2=0
(9.8 x 107)(0.003)% — (0.003) — 2 =0
(2.646) — (0.003) — 220
0.643 > 0 (guess slightly too high)
Try a guess of (0.003 — 0.0001 = 0.0029)
98 x10)d*—d-2=0
(9.8 x 107)(0.0029)* — (0.0029) — 2 =0
(2.3901) — (0.0029) — 2 =0
0.3872 > 0 (guess still too high)
Try a guess of (0.0029 — 0.0002 = 0.0027)
9.8x10)d*—d-2=0
(9.8 x 107)(0.0027)® — (0.0027) — 220
(1.9289) — (0.0027) — 2=0
—0.074 = 0 (close enough)
So the required wire diameter (d) is
d =0.0027 m = 2.7 mm

Step 5. Though not required, calculate the
spring index (C) using Eq. (9.12).
C— D 0.025m 926
T d T 00027m -

which is in the range 6 < C < 12.

Consider an extension of Example 2, where the deflection (y) and the shear modulus of
elasticity (G) are also given and the number of active coils (N,) is required.

U.S. Customary

SI/Metric

Example 3. Suppose that the force (F) given
in Example 2 causes a deflection (). Determine
the number of active coils (N, ) required, where

y=125in

G = 11.5 x 10° 1b/in?

F = 501b (given in Example 2)

D =1 in (given in Example 2)

d = 0.11 in (determined in Example 2)

Example 3. Suppose that the force (F) given
in Example 2 causes a deflection (y). Determine
the number of active coils (N, ) required, where

y=3cm=0.03m

G = 80 GPa = 80 x 10° N/m?

F = 225 N (given in Example 2)

D = 0.025 m (given in Example 2)

d = 0.0027 m (determined in Example 2)
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solution
Step 1. Using Eq. (9.22), determine the spring
rate (k) as

F,_ 501b

= — =40 1b/in
y 1.251in

Step 2. Substitute the spring rate (k) found
in step 1 and the other given information in
Eq. (9.25) to determine the number of active
coils (N,) as

N, - 40
7 8Dk
N - (0.11 in)*(11.5 x 10° Ib/in?)
“ (8)(1 in)3 (40 1b/in)
= 1,634 =5.26 — 6 coils
320

solution
Step 1. Using Eq. (9.22), determine the spring
rate (k) as

F, 225N

= = 7500 N/
y 0.03 m m

Step 2. Substitute the spring rate (k) found
in step 1 and the other given information in
Eq. (9.25) to determine the number of active
coils (N,) as

N, - 40
7 8Dk
N - (0.0027 m)*(80 x 10° N/m?)
7 (8)(0.025 m)3(7500 N/m)
= ﬁ =4.53 — 5 coils
0.9375

9.2.3 Work and Energy

Figure 9.3 can be used to provide an expression for the work done on or by a spring, or the
energy absorbed or released by a spring. If a linear spring is compressed or lengthened by
a displacement (x1), then the area under the shaded triangle in Fig. 9.4 gives the work done
on or by the spring, or the energy stored or released by the spring.

Fs

kX1 B ittt

0

0

FIGURE 9.4 Work done or energy stored by a spring.

The area of the shaded triangle, denoted as (VlVor2k), is given in Eq. (9.26) as
e

1

Work = —(base)(height) = %(xl)(kxl) =

1—-2 2

1

kalz (9.26)

where the displacement (x) is the difference between the final length and the unstretched
length. Units on (Work) are (ft - Ib) in the U.S. Customary and (N - m) in the SI/metric.

1—-2
The underscript (1—2) on Work in Eq. (9.26) represents the fact that work is done on
the spring from one position to another, meaning it is path dependent. In contrast, energy
is related to a specific position, regardless of the path to get to this position.
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In the absence of friction, the energy stored in or released from a spring is conservative,
meaning no energy is lost if the spring is repeatedly loaded and unloaded. When energy is
conservative it is called potential energy (PE), and is equal to the work (Work) done on the
spring given in Eq. (9.26). 1=2

1
2

Expanding these principles to a spring that is compressed from one displacement (x1) to
another displacement (x), or released from these same displacements, the work done on

the spring to compress it, or the energy given up by the spring when released, is shown in
Fig. 9.5 as the shaded trapezoidal area.

PEspring = kx12 (9.27)

Fs Fs=kx
T e
ko
kx2 N ittty T ] kX1
0 : ' X
0 X2 X1

FIGURE 9.5 Work done or energy stored by a
spring (two displacements).

The area of the trapezoid in Fig. 9.5 is the difference between the areas of two triangles
as given in Eq. (9.28) as

1 1 1
VlVgrzk =3 kx12 -3 kx% =3 k<x12 — x%) (9.28)
—— ~——

xjtriangle  xptriangle

where the displacements are the differences between the final and unstretched lengths.

If the unstretched length of the spring is denoted (L,) and the initial and final lengths are
denoted (L;) and (Ly), respectively, then the displacements (x;) and (x2) are given by the
following two relationships:

x1=L;i—L,

9.29
xp =Lf— L, ( )

where (x1) or (xp) are either both positive or both negative. Negative values are not a
problem, as the displacements are squared in Eq. (9.28).

Also, if the work done comes out positive, then the spring is doing work on the system,
and if it comes out negative, then work is being done by the system on the spring.

As mentioned earlier, in the absence of friction, the cyclic loading and unloading of
the spring is conservative, meaning no energy is lost, therefore, the work done given in
Eq. (9.28) is equal to the stored potential energy and given as

1
PEspring = 5 k(x7 —x3) (9.30)
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Example 4. Calculate the work done to com-
press a helical spring that is already compressed,
where

L, =20 in
L; =1.75 in
Ly =125 in
k = 100 Ib/in
solution

Step 1. Using Eq. (9.29), calculate the dis-
placements (x1) and (x7) as

x1 = Lj — L, =(1.75in) — (2.0 in)
= —0.25in

xy = Ly — L, = (1.25in) — (2.0 in)
= —0.751in

Step 2. Substitute the displacements (x;) and
(x2) found in step 1 in Eq. (9.28) to give the
work done as

1
Work = — k(xl2 - x%)
12 2

1
= —(100 Ib/in)
2
x((=0.25 in)? — (=0.75 in)?)
1
= —(100 Ib/in)
2
% ((0.0625 — 0.5625) in?)
1
= 5 (100 Ib/in)(=0.5 in%)
= —25in-1b

The negative sign on the work done means
work was done on the spring.

Example 4. Calculate the work done to com-
press a helical spring that is already compressed,
where

L, =50cm=0.05m

L; =45cm=0.045m

Ly =3.5cm=0.035m
k = 18,000 N/m

solution
Step 1. Using Eq. (9.29), calculate the dis-
placements (x1) and (x7) as

x; = L; — L, = (0.045 m) — (0.05 m)
= —0.005 m

xy = Ly — L, = (0.035 m) — (0.05 m)
= —0.015m

Step 2. Substitute the displacements (x;) and
(x2) found in step 1 in Eq. (9.28) to give the
work done as

1
Work = — k(x,2 - x%)
152 2

= %(18,000 N/m)

% ((—=0.005 m)? — (—=0.015 m)?)
= %(18,000 N/m)

% ((0.000025 — 0.000225) m?)
= %(18,000 N/m)(—0.0002 m?)
=—1.8N-m=—-180N-cm

The negative sign on the work done means
work was done on the spring.

9.2.4 Series and Parallel Arrangements

When more than one spring is being used in a design, they are either in series, meaning
one after another, or in parallel, meaning side by side, or a combination of both. These
two arrangements are shown for three springs in Fig. 9.6, combined in series in (a) and

combined in parallel in (b).

Using the spring rate (k) of each spring, an equivalent spring rate (keq) can be determined
depending on whether the springs are in series or parallel. For the three springs in series in
Fig. 9.6(a), the equivalent spring rate (keq) is given by Eq. (9.31) as

keg =177

h el

1

(9.31)
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(b)

FIGURE 9.6 Series and parallel springs.

For the three springs in parallel in Fig. 9.6(b), the equivalent spring rate (keq) is given by

Eq. (9.32) as

keq = k1 +ka + k3 (9.32)

Notice that springs combine completely opposite to resistors in electric circuits.
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Example 5. Two helical springs are used in
series as shown in Fig. 9.6(a). Calculate the
equivalent spring rate (keq), where

ki = 30 Ib/in
ko, = 60 1b/in
solution

Step 1. Using Eq. (9.31), determine the equiv-
alent spring rate (keq) as

1
1+1
ki k2

keq =

1
1 1
— + -
301b/in = 60 1b/in
1
(0.033 4-0.017) in/Ib
1
(0.05) in/lb
= 20 Ib/in

Notice that the equivalent spring rate (keq)
is less than either of the two individual spring
rates. This is because the weaker spring domi-
nates the system.

Example 5. Two helical springs are used in
series as shown in Fig. 9.6(a). Calculate the
equivalent spring rate (keq), where

k1 = 5,400 N/m
ko = 10,800 N/m

solution
Step 1. Using Eq. (9.31), determine the equiv-
alent spring rate (keq) as

keg = 1 1
Wk
_ 1
1 1
5,400 N/m * 10,800 N/m

1
(0.0001851 + 0.0000925) m/N
1
= (0.0002776) m/N
= 3,600 N/m

Notice that the equivalent spring rate (keq)
is less than either of the two individual spring
rates. This is because the weaker spring domi-
nates the system.
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Example 6. Suppose the two helical springs
in Example 5 are used in parallel as shown in
Fig. 9.6(b). Calculate the equivalent spring rate
(keq), where

k1 = 30 Ib/in
ko = 60 Ib/in
solution

Step 1. Using Eq. (9.32), determine the equiv-
alent spring rate (keq) as

keq = ki + k2
= (30 Ib/in) + (60 Ib/in)
= 90 Ib/in

The equivalent spring rate (keq) is greater than
either of the two individual spring rates. This is
because both springs are working together in
the system.

Note that these two springs will change
lengths at different rates, therefore the system
may rotate to accommodate this difference.

Example 6. Two helical springs are used in
series as shown in Fig. 9.6(a). Calculate the
equivalent spring rate (keq), Where

ki = 5,400 N/m
ky = 10,800 N/m

solution
Step 1. Using Eq. (9.32), determine the equiv-
alent spring rate (keq) as

keq = k1 + k2
(5,400 N/m) + (10,800 N/m)
= 16,200 N/m

The equivalent spring rate (keq) is greater than
either of the two individual spring rates. This is
because both springs are working together in
the system.

Note that these two springs will change
lengths at different rates, therefore the system
may rotate to accommodate this difference.

9.2.5 Extension Springs

Extensions springs are helical springs loaded in tension. To provide a way to connect these
springs into a mechanical system, a hook is usually fashioned from additional coils at each
end. The stress concentrations these hooks produce must be considered in the design.
Hooks come in many designs, however all hooks follow the pattern in Fig. 9.7, where the
ratio of the mean radius (r,,) to the inside radius (;) of the hook is the stress-concentration

factor (K) given in Eq. (9.33) as

L d
ri - d
—2 -1+ = (9.33)

2r;

where as the wire diameter (d) increases, or the inside radius (r;) decreases, or both, the

stress-concentration factor (K) increases.

Hook end

FIGURE 9.7 Extension spring hook geometry.
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The free, or unstretched, length (L,) of an extension spring is the body length (Lp) plus
two times the hook distance (Lpook), given in Eq. (9.34) as

L, = Lp + 2Lnook (934)

where the body length (LB) is given by Eq. (9.35) as

Lg = (N, + Dd 9.35)

The presence of the stress-concentration factor (K') given in Eq. (9.33) prevents the hooks
from being designed as strong as the main coils of the spring.

U.S. Customary

SI/Metric

Example7. Suppose circular hooks are added
to the ends of the cylindrical helical spring
designed in Example 2. Determine the stress-
concentration factor (K) for the design, where

D = 1in (given in Example 2)
d = 0.11 in (determined in Example 2)
ri = (D —d)/2 =0.445 in

solution
Step 1. Using Eq. (9.33), determine the stress-
concentration factor (K) as

K14 d s 0.11 in
- 2 2(0.445 in)

=1+(0.124) = 1.12
This means the stress at the hook ends are a

little over 12 percent greater than the stress in
main coils.

Example7. Suppose circular hooks are added
to the ends of the cylindrical helical spring
designed in Example 2. Determine the stress-
concentration factor (K) for the design, where

D = 0.025 m (given in Example 2)
d = 0.0027 m (determined in Example 2)
ri=(D—d)/2=0.01115m

solution
Step 1. Using Eq. (9.33), determine the stress-
concentration factor (K) as

K14 d s 0.0027 m
- 2 2(0.01115 m)

=1+ (0.121) = 1.12
This means the stress at the hook ends are a

little over 12 percent greater than the stress in
main coils.

9.2.6 Compression Springs

As the name implies, compression springs are helical springs loaded in compression. There
are four main types of ends for compression springs: (1) plain, (2) squared, (3) plain and
ground, and (4) squared and ground. A spring with plain ends has an uninterrupted helix
angle at its ends, whereas a spring with squared ends has the helix angle flattened to zero at
its ends. For both plain and squared types, ends that are ground flush improve load transfer,
particularly with squared and ground ends.

Additional coils must be added to the design of a helical spring if the ends are not plain.
Table 9.1 gives a summary of the additional coils needed for each type. In Table 9.1, a term
appears denoted (p) for pitch. For a cylindrical helical spring with plain ends, the pitch (p)
is defined as

L,—d
Ng

p= (9.36)

where the units of pitch are length per number of active coils. The pitch (p) of a helical
spring is used to determine its free length.
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TABLE 9.1 Summary of Additional Coils for Compression Springs

Total Solid Free
Type coils length Pitch (p) length (L,)
Plain N, (N, + 1)d (Lo — d)/Ng pN, +d
Squared Ny +2 (Ng +3)d (Lo —3d)/N, pN,+3d
Plain & Ground N, +1 (N, + Dd L,/(Ng+ 1) p(Ng+ 1)
Squared & Ground Ny +2 (Ng +2)d (Lo —2d)/N, pN,+2d

Source: Design Handbook, Associated Spring—Barnes Group, Bristol, Conn., 1981.

Stability. In Chap. 6 column buckling was discussed where if the compressive stress
(0axial) became greater than a critical stress (o), depending on the slenderness ratio of the
column, the design would be unsafe. Similarly, as the length of a cylindrical helical spring
increases, buckling can occur at a critical deflection (ycr) given by Eq. (9.37) as

52 1/2
Yoo = LoC1| 1= (1 - CLf) 9.37)

where (Xefr) is the effective slenderness ratio and given by Eq. (9.38) as

al,
D

Aeff = (9.38)

and («) is an end-condition constant.
Values for four typical end conditions for helical springs are given in Table 9.2. Notice
the similarity with the coefficient (Cepgs) for slender columns given in Chap. 6.

TABLE 9.2 Summary of the End-Condition Constant (c)

o End condition

0.5 Both ends supported on flat parallel surfaces

0.7 One end supported on flat surface, other end hinged
1 Both ends hinged

2 One end support on flat surface, other end free

The constants (C1) and (C3) in Eq. (9.37) are called elastic constants and are given by
the following relationships:

=L (9.39)
'T2E-06) '
_ 272(E — G)
©="GrE (0-40)

To avoid taking the square root of a negative number in Eq. (9.37), the ratio (Agﬁ/ C2)
must be less than or equal to 1. This means the free length (L, ) must be less than or equal
to the quantity on the right-hand side of Eq. (9.41).

L, < (9.41)

D [2(E — G)]'?
7 aer e ]

2G+E
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For springs made of steel, this value of the free length (L,) is given by Eq. (9.42), which
is dependent only on the mean diameter (D) and the end-constant («).

D
L, <2.63— (9.42)
o

U.S. Customary

SI/Metric

Example 8. Determine the critical deflection
(yer) for a steel compression helical spring
positioned between two flat parallel surfaces,
where

L, =3in

D =1in

E =30 x 10° 1b/in? (steel)

G = 11.5 x 10° 1b/in? (steel)

solution

Step 1. Using the guidelines in Table 9.2,
choose the end-condition («) as

a=05

Step 2. Using the end-condition () from
step 1 and the given information, calculate
the effective slenderness ratio (A.f) using
Eq. (9.38) as

al, (0.5@3in) L5
D~ (i)

Aeff =

Step 3. Using the given moduli of elasticities
(E) and (G), calculate the elastic constants (C)
and (C») as

o E
'"T2E-06)
B 30 x 10° Ib/in?
"~ 2(30 — 11.5) x 106 1b/in?
30 x 10° Ib/in®
- 20X I 81
37 x 106 1b/in?
2n%(E — G)
Cy="—"
2G+E

272(30 — 11.5) x 10° 1b/in?
[2(11.5) + 30] x 10° Ib/in?
365 x 10° 1b/in?

T 53 x 100 Ibfin?

Step 4. Using the effective slenderness ratio
(Xefr) found in step 2, the elastic constants (Cp)
and (C;) found in step 3, and the free length
(L,) in Eq. (9.37) to determine the critical

Example 8. Determine the critical deflection
(yer) for a steel compression helical spring
positioned between two flat parallel surfaces,
where

L, =7.5cm

D =25cm

E =210 GPa = 210 x 10° N/m? (steel)
G = 80.5 GPa = 80.5 x 10° N/m? (steel)

solution
Step 1. Using the guidelines in Table 9.2,
choose the end-condition («) as

a=05

Step 2. Using the end-condition («) from
step 1 and the given information, calculate
the effective slenderness ratio (Aefr) using
Eq. (9.38) as

aLl, (0.5(7.5cm) L5
D~ (25em)

Aeff =

Step 3. Using the given moduli of elasticities
(E) and (G), calculate the elastic constants (C)
and (C») as
E

2(E—-G)
B 210 x 10° N/m?
~ 2(210 — 80.5) x 10% N/m?
_ 210 10° N/m? sl
259 x 10° N/m?
21%(E — G)
"2G+E
272(210 — 80.5) x 10° N/m?
[2(80.5) + 210] x 10° N/m?

2,556 x 10° N/m?
= 371 x 10° N/m?

C =

Cy =

=69

Step 4. Using the effective slenderness ratio
(Xefr) found in step 2, the elastic constants (C1)
and (C;) found in step 3, and the free length
(L,) in Eq. (9.37) to determine the critical
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deflection (ycr) as

12
)"gff
Yer = LoCy |:1 - (1 - C_z) i|
s 12
(31in)(0.81) |:l — <1 — (1659) ) j|

= (243 in)[1 — (1 — 0.326)'/?]

= (2.431in) [1 — (0.821)]
= (2.43in)(0.179) = 0.44 in

Note that this critical deflection (ycr) repre-
sents almost a 15 percent reduction in length
before the design is unsafe.

deflection (ycr) as

172
)»2
L,Cy|1—{1- 2t
o]|: ( Cz

o\ 1/2
(7.5 cm)(0.81) [1— <1 - (16.59) ) }

= (7.5cm)[1 — (1 — 0.326)'/%]

<

9

=
Il

= (7.5cm) [1 — (0.821)]
= (7.5cm)(0.179) = 1.3 cm

Note that this critical deflection (yc) repre-
sents just over a 17 percent reduction in length
before the design is unsafe.

9.2.7 Critical Frequency

Helical springs, such as those used in the valve trains of internal combustion engines, can fail
if the frequency of loading coincides with the natural, or critical, frequency of the spring,
called resonance. Different end-conditions, like those summarized in Table 9.2, produce
different critical frequencies. To avoid problems, it is usually recommended that the spring
design be such that its critical frequency is 15 to 20 times the frequency of the applied cyclic
loading frequency.

For a helical spring positioned between flat parallel surfaces, where one of the surfaces is
driven by a sinusoidal forcing function, the critical frequency ( fir) in cycles per second (Hz)
is given by Eq. (9.43) as

1 [k
fcr= E - (943)

m

where (m) is the mass of the active part of the spring.

The mass (m) can be found by multiplying the density (p) of the spring material times
its volume. The development of an expression for the mass of the active part of a spring is
given by Eq. (9.44) as

m = density x volume = pA¢

7d?
(o) e (rDNg) 9.44)
—_——

—— l
A

pr2d?DN,
4
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Substituting the expression for the the number of active coils (N,) from Eq. (9.25) in
Eq. (9.44) for the mass (m) of the spring gives

pn2d®DN,  prd*D d*G  pn?d°G
m = = =

= 9.45
4 4 8D% 32D%k ©43)

Substitute the expression for the mass (m) from Eq. (9.45) into the expression for the
critical frequency (fcr) in Eq. (9.43) to give

f_l/k_l k1 |32D%2
T2V m T 2 | pr2dSG 2\ pn2dSG

32D2%k
(9.46)

Dk | 8

mpG

As stated earlier, multiply the critical frequency by 15 to 20 to avoid resonance with the
frequency of the cyclic loading on the spring.
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Example9. Determine the limiting frequency
(fiimiting) of the cyclic loading on a helical
spring, where

D=15in
d =0.125in
k =50 Ib/in

p = 152 slug/ft’ = 8.8 x 1073 slug/in®
G = 11.5 x 10° Ib/in? (steel)

solution
Step 1. As the units are somewhat awkward,
first calculate the term (pG) as

3 Ib
oG = (8.8 x 1073 ﬁ) (11.5 x 106 7)
m m

slug - 1b
1.012 x 10° —=—
in’

2\
s (Ib- s¥/ft) - b
10° ——=—

1.012 x
in

s2 b2 1ft
X
ft-in°> ~ 12in

1.012 x 10°

b2 - §2

=843 x10° ———
m

Example9. Determine the limiting frequency
(flimiting) of the cyclic loading on a helical
spring, where

D=4cm=0.04m

d =0.3cm=0.003 m

k = 9,000 N/m

p = 7,850 kg/m3

G = 80.5 GPa = 80.5 x 10° N/m? (steel)

solution
Step 1. As the units are somewhat awkward,
first calculate the term (pG) as

kg 9 N
pG = 7850 — ] |80.5x 10" —
m m

ko -
—632x 10 &N
m
2
_ 14 (N-s9/m)-N
= 632 x 101
s2 - N?

mo

= 6.32 x 10

2.2

N
= 6.32 x 10" -
m
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Step 2. Substitute the term (pG) found in
step 1 and the other given information in
Eq. (9.46) to give the critical frequency ( f¢r) as

Dk [ 8  (1.5in)(50 Ib/in)

fo = 2B\ 26 = 20125 m)

8
8.43 x 109 1022
in®

75 Ib in®
= P2 949 x 104 1 _
0.006 in® b? - s2

2.3
12.500 22} (3.08 x 10-2
in? Ib-s

1
—3852°° _ 3851y
S

Step 3. Divide the critical frequency (fir)
found in step 2 by 20 to obtain the limiting
frequency of the cyclic loading.

Step 2. Substitute the term (pG) found in
step 1 and the other given information in
Eq. (9.46) to give the critical frequency ( f.) as

Dk |8  (0.04 m)(9,000 N/m)

Jo = TV 26 = 20003 m)
8
X N
6.32 x 1014 N
360N L3y g0t M
= — /1.3 x
8.5 x 1078 m? N2 . §2
N 3
- <4.2 x 10° —3> <1.1 x 1077 i)
m N-s
cycle

= 462—— =462 Hz
s

Step 3. Divide the critical frequency (fir)
found in step 2 by 20 to obtain the limiting
frequency of the cyclic loading.

fCl’ _ 385 Hz fcr 462 Hz

— = 19Hz flimiting = % = 20 =23 Hz

flimiting )

Cyclic loading frequencies greater than this
value are unsafe.

Cyclic loading frequencies greater than this
value are unsafe.

9.2.8 Fatigue Loading

Rarely are helical springs not subjected to fatigue loading. The number of cycles may only
be in hundreds or thousands, but usually they must be designed for millions and millions
of cycles such that an infinite life is desired.

Helical springs may be subjected to completely reversed loading, where the mean shear
stress (T,,) is zero; however, as this type of spring is installed with a preload, the spring
is usually subjected to fluctuating loading. The fluctuating loading may be compressive or
tensile, but never both.

If the maximum force on the spring is denoted as (Fyax) and the minimum force is
denoted as (Fnin), Whether they are compressive or tensile, then the mean force (£,,,) and
alternating force (F,) are given by the relationships in Egs. (9.47) and (9.48) as

F Fi

Fm — max _2{_ min (947)
Frmax — Fmi

F, = w (9.48)

In Chap. 7 it was shown that any stress-concentration factors are applied only to the
alternating stresses. Therefore, using Eq. (9.13) the mean shear stress (7,,) is given by
Eq. (9.49) as

8FuD
¥ d3
where the shear-stress correction factor (Kj) is given by Eq. (9.14).

T =K (9.49)
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Using the Bergstrisser factor (Kp) given by Eq. (9.16) in place of the shear-stress
correction factor (K ), the alternating shear stress (t,) is given by Eq. (9.50) as
8F,D
wd3
Also from Chap. 7, the Goodman theory for fluctuating torsional loading is applicable

where the factor of safety (n) for a safe design was given by Eq. (7.34) and repeated here
as

7. = K (9.50)

T, Tm 1

—+ — == 7.34

Se + Sus n ( )
where the endurance limit (S, ) is calculated as usual using the Marin formula in Eq. (7.7)
with the load type factor (k.) equal to (0.577), and the ultimate shear stress (S,s) found
from the relationship in Eq. (7.33), repeated here.

Sus = (0.67)Sy; (7.33)

The Goodman theory given in Eq. (7.34) can be represented graphically and was shown
in Fig. 7.24, repeated here.

Calculated stresses

Goodman line

Alternating shear
stress (7,)

0 Tm Sus
Mean shear stress (z,,)

FIGURE 7.24 Goodman theory for fluctuating torsional loading.

The perpendicular distance (d) to the Goodman line in Fig. 7.24 represents how close
the factor-of-safety (n) is to the value of 1.

Once the mean shear stress (7,,), the alternating shear stress (), the endurance limit
(Se), and the ultimate shear strength (S,5) are known, the factor-of-safety (n) for the design
can be determined either mathematically using Eq. (7.34) or graphically using Fig. 7.24.

U.S. Customary SI/Metric
Example 10. Determine the factor-of-safety Example 10. Determine the factor-of-safety
(n) against fatigue for a helical spring under (n) against fatigue for a helical spring under
fluctuating loads, where fluctuating loads, where
Fmin =10 1b Fnin = 45N
Finax =40 1b Fnax = 175N
D =09in D =22cm=0.022m
d=0.1in d = 0.2cm = 0.002 m
S, = 60 kpsi Se = 420 MPa
Sus = 140 kpsi Sus = 980 MPa
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solution
Step 1. Using Eq. (9.12), calculate the spring
index (C) as

D 09in
=TT 0am
Step 2. Using Eq. (9.14), calculate the shear-
stress correction factor (K) as

Ki=—+1=—+1
= (0.056) 4+ 1 = 1.056

Step 3. Using Eq. (9.16), calculate the
Bergstrisser factor (Kp) as

_ 4C 42 _ 409 +2 _ 38 —1152

4C-3 49 -3 33
Step 4. Use Eqgs. (9.47) and (9.48) to find the
mean and alternating spring forces.

_ Fmax + Fmin _ (40 lb) + (10 lb)

B

F, =
50 1b
= —=25b
2
F = Fmax — Fin _ (401b)*(101b)
a = =
2 2
301b
= —=15b

2

Step 5. Use the shear-stress correction factor
(Ks) found in step 2 in Eq. (9.49) to find the
mean shear stress (7).
8F,D
wd3
(8)(251b)(0.9 in)

(0.1 in)3

180 1b
= 00 314 in?
= (1.056)(57.3 kpsi)

= 60.5 kpsi

Step 6. Use the Bergstrasser factor (Kp) found
in step 3 in Eq. (9.50) to find the alternating
shear stress (7).
8F,D
nd?
(8)(151b)(0.9 in)

(0.1 in)3

108 Ib
0.00314 in’
= (1.152)(34.4 kpsi)

= 39.6 kpsi

Tm = K

(1.056)

= Kp

= (1.152)

= (1.152)

solution
Step 1. Using Eq. (9.12), calculate the spring
index (C) as

D 0.022m

T d T 0002m
Step 2. Using Eq. (9.14), calculate the shear-
stress correction factor (K) as

1 1
Ky=—+1=-—+1

= (0.045) +1 =1.045

Step 3. Using Eq. (9.16), calculate the
Bergstrisser factor (Kp) as

:4C+2 :M:ﬁzmzz
4C -3 411 -3 41

Step 4. Use Eqgs. (9.47) and (9.48) to find the

maximum and minimum spring forces.

Fmax + Fmin _ (175 N) + (45 N)

B

F, =
" 2 2
220N
= ——=110N
2
F = Fmax*Fmin_(175N)7(45N)
“T 2 - 2
130N
=5 =65N

Step 5. Use the shear-stress correction factor

(K) found in step 2 in Eq. (9.49) to find the

mean shear stress (7).

8F,, D

Y ond3

(8)(110 N)(0.022 m)
7(0.002 m)3
19.36 N

0.000000025 m?2

= (1.045)(770.3 MPa)

= 805 MPa

Step 6. Use the Bergstrasser factor (Kp) found
in step 3 in Eq. (9.50) to find the alternating
shear stress (7).
8F,D
nd3
(8)(65 N)(0.022 m)
7(0.002 m)3
11.44 N
0.000000025 m?
= (1.122)(455.2 MPa)

= 511 MPa

Tm =

= (1.045)

= (1.045)

= Kp

(1.122)

= (1.122)
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Step 7. Substitute the mean shear stress ()
from step 5 and the alternating shear stress (t,)
from step 6, and the given endurance limit (S,)
and ultimate shear stress (S,5) in the Goodman
theory given in Eq. (7.34) as

T, Tn 1
Se  Sus  m
39.6kpsi ~ 60.5kpsi 1
60 kpsi 140kpsi ~ n
1
(0.660) + (0.432) = —
n
1
1.092 = —
n
1
n=—— = 0.92 (unsafe)
1.092

The fact that the factor-of-safety (n) is
less than 1, means the spring must be re-
designed.

Step 7. Substitute the mean shear stress (t,;)
from step 5 and the alternating shear stress ()
from step 6, and the given endurance limit (S,)
and ultimate shear stress (S,) in the Goodman
theory given in Eq. (7.34) as

T, T 1
Se  Sus  n
511 MPa 805MPa 1
420MPa T 980MPa _
(1.217) + (0.821) = %
2.038 = !
n
n= ; = 0.49 (very unsafe)
2.038

The fact that the factor-of-safety (n) is much
less than 1, means the spring must be re-
designed.

9.3 FLYWHEELS

Flywheels store and release the energy of rotation, called inertial energy. The primary
purpose of a flywheel is to regulate the speed of a machine. It does this through the amount
of inertia contained in the flywheel, specifically the mass moment of inertia. Flywheels are
typically mounted onto one of the axes of the machine, integral with one of the rotating
shafts. Therefore, it is the mass moment of inertia about this axis that is the most important
design parameter. As stated in the introduction to this chapter, too much inertia in the
flywheel design and the system will be sluggish and unresponsive, too little inertia and
the system will lose momentum over time. The inertia has to be just right! Determining
the right amount of inertia is the main purpose of the disussion that follows.

9.3.1 Inertial Energy of a Flywheel

Shown in Fig. 9.8 is a solid disk flywheel integral to a rotating shaft supported by appropriate
bearings at each end. The applied torque (7") produces an angular acceleration, denoted («),
which in turn produces an angular velocity, denoted by (w).

t — |

/ Flywheel ~

FIGURE 9.8 Solid disk flywheel on a rotating shaft.
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The torque (7') can vary over time; therefore, the angular acceleration («) and angular
velocity (w) must also vary over time.

The relationship between the torque (7)) and the angular acceleration («) for a flywheel
and shaft assembly rotating about a fixed axis is given by Eq. (9.51) as

T = It @ = (Iﬂywheel + Ishaft) @ 9.51)

where (Iiora1) is the fotal mass moment of inertia, which is the sum of the mass moment of
inertia of the flywheel (/fiywheel) and the mass moment of inertia of the shaft (Ishaft), both
calculated about the axis of rotation.

For a solid disk flywheel with an outside radius (r,) and inside radius (r;) mounted on a
shaft with an outside radius equal to the inside radius of the flywheel, the mass moments
of inertia (/fiywheel) and (Ishaft) are given by the following two formulas as

1 2
Iﬂywheel = 5,07“‘ ("3 _riZ) 9.52)
1
Lipait = 5 p7Lr (9.53)

where (1) is the thickness of the flywheel and (L) is the length of the shaft, and where the

density (p) of the flywheel and shaft are assumed to be the same.

U.S. Customary

SI/Metric

Example 1. Calculate the angular accelera-
tion (o) produced by a torque (7') on a steel
solid disk flywheel and shaft assembly, where

T =20ft-1b
p = 15.2 slug/ft3 (steel)
ro =18in=1.5ft
ri = 1.5in=0.125ft
t =3in=0.25ft
L =4ft
solution
Step 1. Calculate the mass moment of iner-

tia (Jnywhee!) for a solid disk flywheel using
Eq. (9.52).

1 2\2
Tfiywheel = Epﬂt (r —r; )

slug
3 152 —= ) 7(0.25 ft)

ft 3
x[(1.5 ft)? — (0.125 ft)*]?

slug
(s 222)
x[(2.25 — 0.0156) ft*]*

slug 4
(5 97 f_z) [4.99 ft7]

= 29.80 slug - f?

Example 1. Calculate the angular accelera-
tion (o) produced by a torque (7') on a steel
solid disk flywheel and shaft assembly, where

T=30N-m

p = 7,850 kg/m? (steel)

ro =45cm=045m

ri =4cm=0.04m
t=8cm=0.08m
L=135m

solution

Step 1. Calculate the mass moment of iner-
tia (Jfywheet) for a solid disk flywheel using
Eq. (9.52).

1 2\?2
Tfiywheel = Epﬂt <r —r; )

=3 (7 850 k—) 7(0.08 m)
x[(0.45 m)% — (0.04 m)?]?

<986 5 ke )

x[(0.2025 — 0.0016) m?]?

(986 5 k—) [0.0404 m*]

= 39.85 kg - m?
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Step 2. Calculate the mass moment of inertia
(Ishatt) for the solid circular shaft using
Eq. (9.53).

1 4
Tshate = EPHLF,-

1 ol
- (15.2 %) (4 o)

2 ft3
x[(0.125 fo)*]
1
- <95.5 Sf%f) [0.000244 ft*]

= 0.02 slug - ft?

Step 3. Combine the mass moment of inertia
of the flywheel (Ifywheel) foundin step 1 with the
mass moment of inertia of the shaft (/gywheel)
found in step 2 to give the total mass moment
of inertia (Iiota1) as

Trotal = 1ﬂywhcc1 + Ishatt
[(29.80) + (0.02) slug - ft*]
= 29.82 slug - ft?

Notice that the contribution to the total mass
moment of inertia from the shaft is almost neg-
ligible. This is because mass farther away from
the axis counts more, in fact a function of the
distance squared.

Step 4. Substitute the total mass moment of
inertia (fiora1) found in step 3 and the given
torque (7') in Eq. (9.51).
T = I @
20 ft-1b = (29.82 slug - f*)

Step 5. Solve for the angular acceleration («)
from step 4.

20 ft- Ib Ib
o = =
29.82 slug - ft? slug - ft
_ 0.6y Sue-fusec? o o rad
slug - ft s2

Step 2. Calculate the mass moment of inertia
(Ishatt) for the solid circular shaft using
Eq. (9.53).

1 4
Ishate = EPTFLr,-

L (7,850 X&) 7135
5 < , E) 7T( . m)
x[(0.04 m)*]

k
- <16,650 %) [0.0000025 m*]
m

= 0.04 kg - m?

Step 3. Combine the mass moment of inertia
of the flywheel (/gywhee1) found in step 1 with
the mass moment of inertia of the shaft (Ighaf)
found in step 2 to give the total mass moment
of inertia (/iota1) as

Total = Iﬂywhcc] + Lshaft
[(39.85) + (0.04) kg - m?]
= 39.89 kg - m?

Notice that the contribution to the total mass
moment of inertia from the shaft is almost neg-
ligible. This is because, mass farther away from
the axis counts more, in fact a function of the
distance squared.

Step 4. Substitute the total mass moment of
inertia (liora1) found in step 3, and the given
torque (7'), in Eq. (9.51).
T = I @
30N-m = (39.89 kg - m?)

Step 5. Solve for the angular acceleration (o)
from step 4.

30N -m N
o = 5 = 75
39.89 kg - m kg-m
kg - m/s? d
— 075 & MST 47 %
g-m S

The inertial energy (Eipertial) Of the flywheel and shaft assembly is given by the relation-

ship in Eq. (9.54) as

1
Einertal = 5 hota w? (9.54)
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If the flywheel and shaft assembly is accelerated from one angular velocity (w1 ) to another
angular velocity (w), either speeding up or slowing down, the change in inertial energy
levels is the work done on or by the system, denoted (VlVorzk), and is given by the relationship

—

in Eq. (9.55) as

1-2

1
Work = ) Ttotal

(03— o) (9.55)

If the system is speeding up, the work done(VlVorzk) is positive. Conversely, if the system
—

is slowing down, the work done (Worzk) is negative.
1—

U.S. Customary

SI/Metric

Example 2. For the flywheel and shaft
assembly of Example 1, calculate the work done
(VlVorzk) to increase its speed, where

w; = 1,000 rpm
wy = 1,500 rpm
Liotal = 29.82 slug - ft* (from Example 1)

solution
Step 1. Convert the given angular velocities
from (rpm) to (rad/s).
1,oooﬂx2” rad 1 min
min rev 60 s
105 rad/s
w2=1,500ﬂx2ﬂradx 1 min
min rev 60 s
= 157 rad/s

]

Step 2. Substitute the angular velocities from
step 1 and the total mass moment of inertia for
the system from Example 1 in Eq. (9.55) to give
the work done as

‘Work l Tiotal (a)2 — a)z)
1-2 2 2 !

1 2
5 (2982 slug - %)

d\? d\?
x {(157 3) - (105 5) }
S S
1 2
5 (2982 slug - )
rad
x [13,624 —2}
S

2
5 slug - ft

2.03 x

=2.03 x 10°ft - Ib
= 203 ft - kip

As the work done is positive, work was done
on the system.

Example 2. For the flywheel and shaft
assembly of Example 1, calculate the work done
(VlVorzk) to increase its speed, where

w1 = 1,000 rpm
wy = 1,500 rpm
Liotal = 39.89 kg - m? (from Example 1)

solution
Step 1. Convert the given angular velocities
from (rpm) to (rad/s)
I,OOOEXZTF rad 1 min
min rev 60 s
= 105 rad/s
w2=1,500re—_v><2”rad>< 1 min
min rev 60 s
= 157 rad/s

]

Step 2. Substitute the angular velocities from
step 1 and the total mass moment of inertia for
the system from Example 1 in Eq. (9.55) to give
the work done as

Work = l Tiotal (wz — wz)
1-2 2 2 !

1 2
3 (39.89 kg - m?)

)= ()]

1
5 (3989 ke m?)

rad
x| 13,624 —
S

kg - m?
272 % 10°
S
=272%x10°N-m
—272kN-m

As the work done is positive, work was done
on the system.
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The torque (7') flywheels are designed to smooth out and vary in two primary ways:

1. Varies with the rotation angle (9)—internal combustion engine
2. Varies with the angular velocity (w)—electric motor driven punch press

The design of flywheels for each of these variations will now be presented.

9.3.2 Internal Combustion Engine
Flywheels

The torque (7") delivered by an internal combustion engine is a function of the rotation
angle (0). In fact, for a four-stroke engine, power is delivered during only one of the four
180° cycles. For the other three cycles, the inertia and thermodynamic processes of the
system are slowing the engine down. If the engine has only one cylinder, the variation in
torque, and therefore, the power, is greater than if the engine has multiple cylinders, say
six or eight, each delivering power at different rotation angles. However, the design of the
flywheel for this type of engine, whatever the number of cylinders, is the same.

A graph of the torque (T') versus rotation angle (9) for one cycle of a four-stroke, single-
cylinder, internal combustion engine is shown in Fig. 9.9.

T Work

1—2

Dnmin Omax
Tom-- /

_______ 7[_-\ Y N ¢f0urstroke
0 U 0
0° M 360° 540° k—720°

FIGURE 9.9 Torque as a function of rotation angle (9).

There are several important quantities to note in Fig. 9.9. First, the mean torque (7,)
is the average torque over the total angle of rotation, balancing the areas under the curve
above and below the zero torque line. For a four-stroke engine the total angle of rotation
(¢) is 2 revolutions, or 720°, or 4 rad, whereas for a two-stroke engine the total angle of
rotation (¢) is 1 revolution, or 360°, or 27 rad.

Second, the minimum angular velocity (wmin) occurs at the start of the power cycle and
the maximum angular velocity (wmax) occurs at the end of the power cycle. The engine
slows down from the angle of rotation for maximum angular velocity to the angle of rotation
that starts the next power cycle. Also, whenever the torque curve passes through the mean
torque line, the system has zero angular acceleration, which means it has the mean angular
velocity (w,).

Third, the work done on the system to increase its speed from the minimum angular
velocity to the maximum angular velocity is the area of the shaded region shown. It is deter-
mined once the mean torque (73, ) has been found, usually graphically, from the relationship
in Eq. (9.56) as

V1Vor2k =Tno (9.56)

where (¢) is the total angle of rotation for one cycle of the engine.
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The work done can be related to the angular velocities and the inertia of the system by
modifying Eq. (9.55) as

1 2 2
Work = = Iy (@ — @Pin) (9.57)

1-2

The difference in the squares of the angular velocities in Eq. (9.57) can be expressed
algebraically as the product of two terms as shown in Eq. (9.58).

1
Work = 2 Isys (a)rznax —w? )

12 min

= E Isys (®max + @min) (@max — @min)
(9.58)
(wmax + Omin
e (T

= Isys @o (Wmax — @min)

) (Wmax — @min)

where (w,) is not the mean or average angular velocity (w,,) as the torque curve is not
symmetrical about the horizontal axis.
If a coefficient of speed fluctuation (Cy) is defined as

Wmax — @Wmin

Cp = —max _ Tmin (9.59)

Wm

then the expression for the work done (VlVorzk) given in Eq. (9.58) becomes
—

Work = Lsys wo (®max — ®min)
-2

(9.60)
= Isys wo(Cf W)

Most designs call for a small coefficient of fluctuation (Cy), which means the angular
velocity (w,) will be approximately equal to the mean angular velocity (wy,). Therefore,
Eq. (9.60) becomes

Work = Isys @, (Cr wm)
1—2

5 (9.61)
= Isys Cr wy,

Solving for the mass moment of inertia of the system (/sys) in Eq. (9.61), and substituting
for the work done in terms of the mean torque (7},,) and the total angle of rotation (¢) from
Eq. (9.56), gives

Work

1—2 Tn &
ISyS == C—2 == C B (962)
f ©m f @Om

Note that while it is desired to keep the coefficient of fluctuation (Cy) as small as possible,
it would take an infinite mass moment of inertia in the system to make it zero. Therefore,
the system will always have some variation in angualar velocity.

The mean torque (7)) and mean angular velocity (w,,) are related to the power (P)
delivered by the engine. The power (P), measured experimentally, is usually given at a
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specific angular velocity in revolutions per minute (rpm). The relationship between power,
mean torque, and mean angular velocity is given in Eq. (9.63) as

P=T,wn (9.63)

Solving for the mean torque (7;,,) gives

— (9.64)

Once the mean torque (73;,) is found from Eq. (9.64), rather than graphically, over a total
angle of rotation (¢) for one cycle, and using the given mean angular velocity (w,,) and the
desired coefficient of fluctuation (Cy), the required mass moment of the system (/sys) can

be determined from Eq. (9.62).

Consider the following example where a four-stroke, single cyliner, internal combustion
engine is to deliver continuously a specified amount of power at a specified angular speed
to a centrifugal pump, and for a given coefficient of fluctuation.

(Note, the coefficient of fluctuation (Cy) will usually be given as a percentage, as it is
the ratio of the difference between the maximum and minimum angular velocities and the

mean angular velocity.)

U.S. Customary

SI/Metric

Example3. For the engine and pump arrange-
ment presented above, determine the required
mass moment of inertia for the system, where

P = 10 HP
wy, = 1,800 rpm
¢ = 4 rad (four-stroke engine)
Cr =5% =0.05
solution

Step 1. Convert the given power (P) from
horsepower (HP) to (ft - 1b/s).

ft-1b

550 ft - Ib

P=10HP x ——3% — =5500 —
HP S

Step 2. Convert the given mean angular veloc-
ity (wy,;) from (rpm) to (rad/s).

o = I,SOOﬂ » 27 rad y 1 min
min rev 60 s

188.5 rad/s

Step 3. Substitute the power (P) from step 1

and the angular velocity (w,) from step 2 in
Eq. (9.64) to give the mean torque (7},) as

ft-1b

P 5,500 —

T, = — = S
Ton g5
S

=292 ft-1b

Example 3. For the engine and pump arrange-
ment presented above, determine the required
mass moment of inertia for the system, where

P =85kW
oy, = 1,800 rpm
¢ = 4r rad (four-stroke engine)
Cr = 5% =0.05
solution

Step 1. Convert the given power (P) from
kilowatts (kW) to (N - m/s).

N-m
1,000 5 N.m
—>— =8,500

P =8.5kW x
kW S

Step 2. Convert the given mean angular veloc-
ity (wy;) from (rpm) to (rad/s).
rev. 2mrad 1 min

wy = 1,800 — x X
min rev 60 s

188.5 rad/s

Step 3. Substitute the power (P) from step 1
and the angular velocity (w,,) from step 2 in
Eq. (9.64) to give the mean torque (7},) as

N-m
p 8500
Tm=—=7r§d =451 N-m
@m 1885 -
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Step 4. Substitute the mean torque (7;,,) from
step 3, the angular velocity (w,,) from step 2,
and the given angle of rotation (¢) for one
cycle and the coefficient of fluctuation (Cy) in
Eq. (9.62) to give the required mass moment of
inertia for the system (/sys) as

T,¢ _ (292 ft- Ib)(4x rad)
Crwd d\?
4 (0.05) (188.5 3)

S

367 ft- Ib
=— =021 (ft-1b-s?)
1777
S

Jug - fi
021 <ft~ = t-s2>

I sys

S
= 0.21 slug - f®
If the engine had been a two-stroke instead of

a four-stroke, then the amount of inertia needed
would be half the value calculated in step 4.

Step 4. Substitute the mean torque (7},) from
step 3, the angular velocity (w,,) from step 2,
and the given angle of rotation (¢) for one
cycle and the coefficient of fluctuation (Cy) in
Eq. (9.62) to give the required mass moment of
inertia for the system (/sys) as

T (45.1 N - m)(4r rad)
Lys = -

Cr w2 d 2
T 0.05) <188.5 3)
S

- m —032N-m-s?)
1777 5

- 032 <kg§72m -m.s2>

= 0.32 kg - m?

If the engine had been two-stroke instead of
four-stroke, then the amount of inertia needed
would be half the value calculated in step 4.

9.3.3 Punch Press Flywheels

The torque (T') delivered by an electric motor is a function of the angular velocity (w).
A graph of the torque (T') versus angular velocity (w) for a typical induction electric motor

is shown in Fig. 9.10.
T

Linear region

Drated Dsyn

FIGURE 9.10 Torque as a function of angular velocity (w).

There are several important features to note in Fig. 9.10. First, the synchronous angular
velocity (wsyn) is for a zero, or no load, torque. This angular velocity would be given (in
rpm) on the identification plate on the motor.

Second, the motor would have a rated power ( Praeq) delivered at a rated angular velocity
(wrated), again both given on the identification plate of the motor. By analogy with Eq. (9.64),
the rated torque (Traeeq) can be found from the following relationship:

Prated

Wrated

Trated = (9-65)
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Third, this type of motor works best, mechanically and economically, in the linear region
of the curve noted in the figure. The information found on the identification plate can be
used to determine an equation of this straight line portion of the curve. Leaving out the
algebra steps, the equation of this straight line can be found to be of the form

Wsyn — @

T = Trated (9'66)

Wgyn — Wrated
Therefore, for a torque (7') there is corresponding angular velocity (w), and vice versa.
However, usually the torque (7') will be known from the requirements of the system to
which the electric motor is connected. A typical application is a punch press.

Punch Press. Without getting into too much detail, basically a punch press operates
cyclically to stamp out parts, or punch holes, or shapes, or both in parts. The inertial energy
of the system, most of which is contained in an appropriately designed flywheel, does the
actual punching. The electric motor that is connected to the punch press is then used to
return the flywheel to its initial punching speed before the next punching cycle begins. An
electric motor is chosen because of the properties already presented.

The cyclic punching process is shown in Fig. 9.11,

T
Tpunch
Punch Punch
One cycle
Recover
0 t
0 y b b

FIGURE 9.11 Punch press cycle—torque versus time.

where the time (#1) is length of the actual punching process and time (#,) is the start of the
next cycle. During the time interval (z; — 1), the system must recover.

From the electric motor’s perspective, the motor has an angular velocity (1) at time (¢1),
the end of the punching process, and must increase its speed to an angular velocity (w>) at
time (#2), the start of the punching process. There are corresponding torques (77) and (72)
for these two angular velocities, as shown on Fig. 9.12.

T

Linear region

T
T -
0 ; 0]
0 /NN
(o} Wy Wsyn

FIGURE 9.12 Torques and angular velocities for punch press.
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The torque (77) and angular velocity (w1) are usually taken to be the rated torque (7iateq)
and rated angular velocity (wraeq). Therefore, the torque (7>) and angular velocity (w2)
must be found using information associated with the punching process and the available
time for recovery.

Again, the electric motor does not do the actual punching; the inertial energy in the
system, mostly in the flywheel, does the punching. The system loses energy, and therefore
speed, during the punching process and must return to its design speed before the next cycle
begins. As might be expected, the inertia in the system must be just the right amount for
the punch press system to work properly.

During the punching process, the torque required (7punch) draws energy from the system
and slows it down to an angular velocity (w2). Leaving out the details, the corresponding
torque (7>) can be found from Eq (9.67) as

Q _ (TPunch -1 )T (9.67)
T Tpunch -1 ’

where the exponent () is the ratio of the recovery time to the punching time, meaning

=27 h (9.68)
|

Unfortunately, the torque (72) must be determined from Eq. (9.67) by trial-and-error;
however, this is not a burden. Once the punching torque (Tpunch) is known, the rated torque
(T1) is found from Eq. (9.65) where the rated power (Prated) and the rated angular velocity
(wrateq) are obtained from the motor identification plate.

During recovery, the rated torque (77 ) adds energy to the system as it increases its angular
velocity from (w1) to (w2) in time for the next punching interval. The system resists this
increase in speed through its mass moment of inertia (/gys). Leaving out the details, the
mass moment of inertia of the system (/sys) can be found from Eq (9.69) as

_a(n—t) 9.69)

Isys =
T-
In (—2)
T

where (a) is the slope of the motor torque curve in the linear region, given in Eq. (9.70) as

T
a=—"1 (9.70)

W] — Wsyn

The slope (a) will be negative; however, the denominator of Eq. (9.69) will also be
negative, so the mass moment of inertia of the system (/sys) will come out positive.
For electric motors, a coefficient of fluctuation (Cy) can be defined as

Cf _ ®Wmax — @min _ ®Wmax — @Wmin 9.71)

®max + @min (o

2

where the maximum angular velocity is (w;) and the minimum is (w;). Also, as the coeffi-
cient of fluctuation is usually very small, the mean angular velocity (w,,) can be assumed
to be (w1 ). Therefore, the coefficient of fluctuation (Cr) becomes

Cr = @2 — w1 (9.72)

]
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By analogy with the discussion for internal combustion engines where the torque varies
with the angle of rotation, the change in the inertial energy levels of the punch press system
is equal to the work done on or by the system. Therefore, Eq. (9.57) is applicable here where
the torque varies with angular velocity. Expanding the difference in angular velocities in
Eq. (9.57) as it was done in Eq. (9.58), the work done becomes

1 2 2 1 > 9
VIVgrzk = 2 Isys (a)max - wmin) = 5 lsys (wZ - wl)
w) + wq

2

1
= E Isys (02 + o) (2 —wy) = Isys <

) (w2 — wy) (9.73)

= Lyys o (02 — 1) = Isys 01 (Cr 1)
= Isys Cy w%
Solving for the mass moment of inertia of the system (Igys) in Eq. (9.73) gives

Work
Tooe = LOZ 9.74)
T |

which is very similar to Eq. (9.62) for internal combustion engines. However, the mass
moment of inertia of a punch press system (/gys) is actually determined using Eq. (9.69),

once the torque (73) has been found by trial and error using Eq. (9.67).

U.S. Customary

SI/Metric

Example 4. A punch press requires a certain
punching torque during only 4 percent of the
punching cycle, which is (1 s). Determine the
required mass moment of inertia of the system
(Isys) and the coefficient of fluctuation (Cy),
where

Tpunch = 150 ft - 1b
nh=1s
Prated = 5 hp
Wrated = 1,725 rpm
wsyn = 1,800 rpm

solution
Step 1. Convert the rated power (Praeq) from
horsepower (HP) to (ft - 1b/s).
ft-1b
550

Praed = 5 HP x TPS

ft-1b
= 2750 —
S

Step 2. Convert the rated angular velocity
(wrated) from (rpm) to (rad/s).
2 d 1mi
Oraed = 1,725 ﬂ X T ra X fun
min rev 60 s
180.6 rad/s

Example 4. A punch press requires a certain
punching torque during only 4 percent of the
punching cycle, which is (1 s). Determine the
required mass moment of inertia of the system
(Isys) and the coefficient of fluctuation (Cy),
where

Tpunch = 225N - m
h=1s
Prated =4kW
Wrated = 1,725 rpm
wsyn = 1,800 rppm

solution
Step 1. Convert the rated power (Praeq) from
kilowatts (kW) to (N - m/s).
N-m
1,000

Prated = 4 KW x TS

N-m
= 4,000 —
S

Step 2. Convert the rated angular velocity
(wratea) from (rpm) to (rad/s).
2 d 1 mi
Orea = 1,725 = x ZE0C o 0
min rev 60 s
180.6 rad/s
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SI/Metric

Step 3. Substitute the rated power (Prated)
from step 1 and the rated angular velocity
(wrated) from step 2 in Eq. (9.65) to give the
rated torque (Trated) as
ft-1b
2,750 —
s
Oaed g0 6 1
s

Prated _

Trated

=152f1t-1b

Step 4. For a punch press system, the rated
torque (Trareq) is the torque (77) and the rated
angular velocity (wraeed) is the angular velocity
(w1). Therefore,

T, = 152 ft-1b
and
w1 = 1,725 rpm

Step 5. If the punching interval is 4 percent of
the total cycle time, then

1 =0.041,

Step 6. Using the relationship in step 5,
calculate the recovery time to punching time

ratio () using Eq. (9.68).
nh—t H-04n 1-004 096
n 004, 004 004

=24
Step 7. Substitute the given punching torque

(Tpunch), the torque (77) from step 4, and the
exponent () in Eq. (9.67).

2 _ <Tpunch -1 )‘[
T Tpunch )

T <150 — 15.2>24

15.2 150 — T
134.8 \*
=152 ——"—
150 — 1

Step 8. Solve for the torque (73) in the ex-
pression from step 7 by trial and error. Try a
first guess of 5 ft - 1b.

134.8 \**
15.2
150 — 5

15.2 (0.930)%*

-2

5

II-=

5
52 15.2(0.174) = 2.64
(too high)

Step 3. Substitute the rated power (Prared)
from step 1 and the rated angular velocity
(wrated) from step 2 in Eq. (9.65) to give the
rated torque (Traeq) as
N-m
Prated 4,000 T

Trated = —— = ———>—
e Wrated 180.6 E
N

=221 N-m

Step 4. For a punch press system, the rated
torque (Trated) is the torque (77) and the rated
angular velocity (wraeq) is the angular velocity
(w1). Therefore,

Ty =221 N-m
and
w1 = 1,725 rpm

Step 5. If the punching interval is 4 percent of
the total cycle time, then

11 =0.041,

Step 6. Using the relationship in step 5,
calculate the recovery time to punching time
ratio () using Eq. (9.68).
h—ti  hHh—04n 1-004 096
no o 004 004 004
=24

Step 7. Substitute the given punching torque
(Tpunch), the torque (T7) from step 4, and the
exponent (7) in Eq. (9.67).

E _ (Tpunch - Tl)r

T B Tpunch -1
T, (225-220\*
21 \225—-1
2029 \*
T=221(—"
25-T

Step 8. Solve for the torque (72) in the ex-
pression from step 7 by trial and error. Try a
first guess of 9 N - m.

7 202.9 \*
9<% 2.1
225-9
9 £ 22.1(0.939)%

9 £ 22.1(0.223) = 4.92
(too high)
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U.S. Customary SI/Metric
Try 2.5ft-1b Try45N - m
24 24
252 150228 45200 (2020
150 — 2.5 225 —-4.5
25 £ 15.2(0.914)% 45 < 22.1(0.920)%
2.5 < 15.2(0.115) = 1.75 4.5 < 22.1(0.136) = 3.00
(too high) (too high)
Try 1.5 ft- Ib Try 225N -m
? 1348 \** ? 2029 \*
1.5=152( ———— 225 =221 | ———
150—-1.5 225 —2.25

1.5 = 15.2 (0.908)%*

1.5 = 15.2(0.098) = 1.49

(9]

(close enough)
Therefore, the torque (73) is
T, =15ft-1b

Step 9. Substitute the torque (7>) found in
step 8, the rated torque (7raea) = (71), the rated
angular velocity (@raed) = (1), and the given
synchronous speed (wsyn) in Eq. (9.66) to find
the corresponding angular velocity (w3).

=T Wgyn — W2
Wsyn — W]
1.5 ft-1b = (15.2 ft-Ib)

y (1,800 rpm) — w»
(1,800 — 1,725) rpm
L.5ft-1b (1,800 rpm) — w;
15.2 ft- b 75 rpm
(0.099)(75 rpm) = (1,800 rpm) — w;

7.4 rpm = (1,800 rpm) — w>
wy = 1,793 rpm
Step 10. Substitute the angular velocity (w;)
found in step 9 and the angular velocity (w;) in

Eq. (9.72) to find the coefficient of fluctuation
(Cr) as

@ — o _ (1,793 — 1,725) rpm
o 1,725 rpm

Cr =

= _68 rpm —=0.039
1,725 rpm

225 = 22.1(0.911)%*

-2

2.25 = 22.1(0.106) = 2.35

(close enough)
Therefore, the torque (75) is
T, =225N-m

Step 9. Substitute the torque (7>) found in
step 8, the rated torque (7raeq) = (71), the rated
angular velocity (wraed) = (w1), and the given
synchronous speed (wsyn) in Eq. (9.66) to find
the corresponding angular velocity (w3).

T, =T Wsyn — W2
Wsyn — W]
225N-m = (22.1 N-m)

o« (1,800 rpm) — wy
(1,800 — 1,725) rpm
225N-m (1,800 rpm) — w»
22.1 ft-1b 75 rpm
(0.102)(75 rpm) = (1,800 rpm) — w;

7.6 rpm = (1,800 rpm) — w>
wy = 1,792 rpm

Step 10. Substitute the angular velocity (w2)
found in step 9 and the angular velocity (1) in
Eq. (9.72) to find the coefficient of fluctuation
(Cr) as

w) — W] _ (1,792 — 1,725) pm

Cr =

o 1,725 rpm
67
= 2P 6039
1,725 rpm
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Step 11. Calculate the slope (a) of the motor
curve in the linear region using Eq. (9.70) as

T 15.2 ft-1b
a= =
o] — wsyn (1,725 — 1,800) rpm
15.2 ft-1b ft-1b
= — — =-0.203 —
—75 rpm rpm

Step 12.  Using the slope (a) found in step 11,
the times (¢1) and (¢2), and the torques (77) and
(T>) in Eq. (9.69), calculate the mass moment
of inertia of the system (/gys) as

_am—n)

[sys =
T
In (—2>
T

ft-1b
—0.203 —— ) (1 —0.04)s
rpm

In (1.5 ft-1b/15.2 ft - Ib)
ft-lb-s

(—0.203)(0.96)

In (0.099)
—0.195 ft-1b - s
—2.316 rpm
ft-1b-s 1 rpm
X
27 rad
60 s

0.084

= (0.084)@(& 1b-s%)
2w

slug - ft
=038 (ft- S -s2>
S

= 0.8 slug - ft?

Remember that the mass moment of inertia
(Isys) found in step 12 is for the entire system
that includes the flywheel.

Step 11. Calculate the slope (a) of the motor
curve in the linear region using Eq. (9.70) as

T 22.1 N-m
a= =
w1 —wsyn (1,725 = 1,800) rpm
22.1 N-m N-m
= — —— =-0295 —
—75 rpm rpm

Step 12.  Using the slope (a) found in step 11,
the times (¢1) and (#2), and the torques (77) and
(T>) in Eq. (9.69), calculate the mass moment
of inertia of the system (/gys) as

a (tp —1n)

[sys =
T
In (—2 >
T

N-m
<—0.295 —> (1-0.04)s
rpm

In (225 N-m/22.1 N - m)

N-m-s
(—0.295)(0.96)

In (0.102)
—0283 N-m-s
—2.285 rpm
N-m-s 1 rpm
X —
o 27 ad
60 s

0.124

(0.124)@(N-m )
2w

ko -
— 12 (ﬁm)
S

=12kg -m?

Remember that the mass moment of inertia
(Isys) found in step 12 is for the entire system
that includes the flywheel.

9.3.4 Composite Flywheels

The flywheel shown in Fig. 9.8 is the simplest of designs, that is, a solid circular disk. This
is probably the easiest and the most economical design to produce; however, it is not the
most efficient use of material, and therefore, weight. This has been known for quite some
time, as the design of more efficient flywheels became almost an art in the nineteenth
century, carrying on to the twentieth century and now to the new millennium.

Better designs are achieved by moving material from near the axis of rotation and placing
it as far as practical from the axis. (Remember, mass moment of inertia is a measure of the
distribution of mass, and mass farther away from the axis counts more than the same amount
of mass near the axis.) The traditional theme of more efficient flywheels is shown in Fig. 9.13,
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Composite

flywheel \

_____5;”; _____ _

FIGURE 9.13 Composite flywheel.
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where there are three main elements: (1) an inner hub, (2) an outer rim, and (3) spokes to
connect the hub and rim. This type of flywheel is called a composite flywheel, because it is
constructed of composite elements, elements for which individual mass moments of inertia
are already known.

The number of spokes varies widely. Only four spokes are shown in Fig. 9.13; however,
eight or even more are not uncommon. Also, the cross-sectional shape of the spokes varies
widely. If the flywheel is cast as one piece, then the cross sections are usually elliptical or
a variation of elliptical. If the flywheel is a built-up weldment, then the spokes are usually
solid, circular rods.

Using the dimensional nomenclature shown in Fig. 9.14, which is an enlargement of the
composite flywheel shown in Fig. 9.13, the total mass moment of inertia can be determined
as the sum of three mass moments of inertia, one for each of the three main elements: hub,
rim, and spokes.

t* _’I I‘_Wrim
T,
< dspoke d, i i spoke
13 L
D, | ==X Ca===rn=S=mmte

J

FIGURE 9.14 Composite flywheel dimensions.

For the hub, the mass moment of inertia is given by Eq. (9.75)

Ihub = %mhub (rf — rlz) = émhub (dg — d,z) 9.75)
where the mass of the hub (mpyp) is given by Eq. (9.76).
iy = o (12 = 1) = pomwnn (42— &) 9.76)
For the rim, the mass moment of inertia is given by Eq. (9.77)
Lim = Myim 72 = 3—1 Myim d2 (9.77)

where the mass of the rim (myy,) is given by Eq. (9.78).

Myim = 20T ot Wiim = PTdp! Wrim (9.78)
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For each spoke, the mass moment of inertia is given by Eq. (9.79)

1
Ispoke = Mispoke (E proke + ng> 9.79)
where the mass of each spoke (mgpoke) is given by Eq. (9.80).
2 1 2
Mgpoke = PﬂLspokerspoke = ZP”Lspokedspoke (9.80)

Therefore, the total mass moment of inertia of the flywheel (Ifywheel) is

Iﬂywhee] = Ihb + Lim + Nspokes [spoke (9.81)

where (Nspokes) is the number of spokes.

Consider the following design option. In Example 1, the mass moment of inertia was
calculated for a thin solid circular disk. To improve the efficiency of this flywheel, a com-
posite design is considered. If the overall outside diameter remains the same, and using four
circular rods as spokes, compare the weight of a composite flywheel similar to Fig. 9.14

with the weight of a solid disk flywheel of equal mass moment of inertia.

U.S. Customary

SI/Metric

Example 5. Compare the weight of a com-
posite flywheel design as shown in Fig. 9.14
with the thin, solid disk flywheel of Example 1,
where

Inywheel = 29.80 slug - ft2 (Example 1)
p = 15.2 slug/ft> (steel)
D, = 3 ft (Example 1)
d, = 6in = 0.5 ft (hub)
d; = 3in = 0.25 ft (hub)
Whab = 3 in = 0.25 ft
t = 3in = 0.25 ft (rim)
Lspoke =12in=1ft
dspoke = 1.51n = 0.125 ft
Leg =9in=0.75ft
Wrim 18 the only unknown dimension
solution

Step 1. Calculate the weight of the thin solid
disk flywheel in Example 1.

Wiolid disk = Msolid disk &

where the mass of the solid disk is found by
multiplying density times its volume.

meonaai = p 7t (42 — 2
soliddisk = P 47” 0 i
[N ——)

volume

lug\ 1
152258 21 0.25 o)
ft3 ) 4

x((3 )2 — (0.25 ft)%)

Example 5. Compare the weight of a com-
posite flywheel design like shown in Fig. 9.14
with the thin solid disk flywheel of Example 1,
where

Iywheel = 39.85 kg - m? (Example 1)
p = 7,850 kg/m? (steel)
D, =90 cm = 0.9 m (Example 1)
d, = 16 cm = 0.16 m (hub)
d; = 8 cm = 0.08 m (hub)
Whup = 8 cm = 0.08 m
t =7 cm = 0.07 m (rim)
Lspoke = 30cm = 0.3 m
dspoke = 4 cm = 0.04 m
Leg =23cm=0.23m
Wrim 18 the only unknown dimension

solution
Step 1. Calculate the weight of the thin solid
disk flywheel in Example 1.

Wiolid disk = Msolid disk &

where the mass of the solid disk is found by
multiplying density times its volume.

meonaas = p (42— d?
soliddisk = 0 47” 0 i
—_—

volume

kg\ 1
7,850 — ) 57 (0.08 m)
m 4

x((0.9 m)Z — (0.08 m)?)
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slu
Msolid disk = (2.98 ?2g> x (8.94 ft?)

= 26.7 slug
Therefore, the weight of the flywheels is
Wioliddisk = Msolid disk &
ft
= (26.7 slug) ( 32.2 -
s

= 860 Ib

Step 2. Calculate the weight of the hub of the
composite flywheel.

Whub = mhub &
where the mass of the hub is found from
Eq. (9.76) as
1
Mhub = 7 AT Whub (doz - d,2>

1 slug
=- (152 — 0.25 ft
4 < o ) 702510

x((0.5 ft)2 — (0.25 f1)?)
slug 5
= (2,98 ft_2> x (0.1875 ft%)
= 0.56 slug
Therefore, the weight of the hub is
Whub = mnub &

ft
(0.56 slug) (32.2 5—2)

=181b

Step 3. Calculate the mass moment of inertial
of the hub using Eq. (9.75).

1 2
Iy = 3 "hub (d(, - d,-)

1
3 (0.56 slug)
x((0.5 ft)2 = (0.25 ft)%)
1
= g (0.56 slug) x (0.1875 ft?)

= 0.013 slug - ft®

k
Msolid disk = <493.2 m—%) x (0.8036 m?)
= 396.4 kg
Therefore, the weight of the flywheels is

Weoliddisk = Misoliddisk &

m
(396.4 kg) (9.8 s—z)
= 3,884 N

Step 2. Calculate the weight of the hub of the
composite flywheel.

Whub = mnub 8
where the mass of the hub is found from
Eq. (9.76) as
1
Mhub = 7 AT Whub (d3 —diz)

1 k
- <7,850 —g) 7 (0.08 m)
4 m3

x((0.16 m)? — (0.08 m)?)
kg 2
= (4932 — ) x (0.0192 m")
m
= 9.47 kg
Therefore, the weight of the hub is

Whub = mhub g

— (9.47 kg) (9.8 E)
82

— 93N

Step 3. Calculate the mass moment of inertia
of the hub using Eq. (9.75).

1 2
Iy = 3 Mhub (do - d,-)

1
5 047 k)

x((0.16 m)? — (0.08 m)?)
= % (9.47 kg) x (0.0192 m?)

= 0.023 kg - m?
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Step4. Calculate the weight of the four spokes
of the composite flywheel.

Wspokes = 4msp0ke 8

where the mass of the one spoke is found from
Eq. (9.80) as

1
2
Mgpoke = Z PﬂLspoke dspoke

— L2 g
=i\t )T

% (0.125 ft)?
1
= (11.94 28 x (0.0156 f%)
ft2
= 0.19 slug

Therefore, the weight of the four spokes is

Wspr)kes = 4mspnke 8

ft
= 4(0.19 slug) (32.2 —2)
s
=4(61b)=241b
Step 5. Calculate the mass moment of inertia
of one spoke using Eq. (9.79).
[ 2
Ispoke = Mgpoke E Lspnke + ch
= (0.19 slug)
1 2 2
x | —= (1 ft)= + (0.75 ft)
12
= (0.19 slug) x (0.646 ft%)
= 0.123 slug - f?

Step 6. Using Eq. (9.81) and the mass
moment of inertia from Example 1 and the mass
moments of inertia for the hub and one spoke
found in steps 3 and 5, respectively, determine
the mass moment of inertia needed from the rim.

Iﬂywheel = I + him + Nspokes Ispoke
29.80 slug - > = (0.013 slug - ftz) + lim
+(4)(0.123 slug - ft%)

Solving for (Irim) gives
Lim = (29.80 — 0.013 — 0.492) slug - ft?
=293 slug - f®

Step4. Calculate the weight of the four spokes
of the composite flywheel.

Wspokes =4 Mspoke &

where the mass of the one spoke is found from
Eq. (9.80) is

1
2
Mgpoke = ZP”Lspoke dspoke

1

kg
= - (7850
4 (

7) 7 (0.3 m)
m-
x(0.04 m)?
k
= (1,850 %) x (0.0016 m?)
m
= 2.96 kg
Therefore, the weight of the four spokes is
Wspnkes = 4msp0ke 8
m
— 4(2.96 kg) (9.8 ;2)
=429N)=116 N

Step 5. Calculate the mass moment of inertia
of one spoke using Eq. (9.79).

Ispoke = Mipoke iL2 ke +L%,
Sp Sp! 12 spoke cg

= (2.96 kg)
x (i(os m)? + (0.23 m)z)
12

= (2.96 kg) x (0.0604 m?)
=0.179 kg - m?

Step 6. Using Eq. (9.81) and the mass
moment of inertia from Example 1 and the mass
moments of inertia for the hub and one spoke
found in steps 3 and 5, respectively, determine
the mass moment of inertia needed from the rim.

Inywheel = Thub + Trim + Nspokes Ispoke
39.85 kg - m? = (0.023 kg - m?) + Fin
+(4)(0.179 kg - m?)
Solving for (Irim) gives
Lim = (39.85 — 0.023 — 0.716) kg - m?
=39.1 kg - m?
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Note that the mass moments of inertia of the
hub and spokes are very small.

Step 7. Using the mass moment of inertia
needed from the rim of the composite flywheel
found in step 6 and Eq. (9.77), determine the
required mass of the rim (#1my) as

2
Lim = Z Mrim dg

29.3 slug - ft

Z Mrim d3

Solve for (myim)

4(29.3 slug - ft?)
dg

4(29.3 slug - ft%)

(3 f1)2

_ 1172 slug - ft?

B 9 fi2

= 13 slug

Mrim =

Step 8. Using the mass of the rim found in
step 7, determine the required width of the rim
from Eq. (9.78) as

Miim = PTdotWrim
slug
13 slug = <15.2 ﬁ_3> (3 ft)
x (0.25 ft) wiim

slu,

= <35.8 Tg> Wrim

13 sl
SUE  _0.363 ft = 4.36 in

Wrim = slug
<35.8 —)
ft

Step 9. Using the mass of the rim found in
step 7, determine the weight of the rim as

Wiim = Myim 8

ft
= (13 slug) ( 32.2 %)
=419 1b

Step 10. Calculate the total weight of the com-
posite flywheel using the weights of the hub,
spokes, and rim found in steps 2, 4, and 9,
respectively.

Wcomposite = Whuw + Wspokes + Wiim
flywheel

(18) + (24) + (419) 1b
=4611b

Note that the mass moments of inertia of the
hub and spokes are very small.

Step 7. Using the mass moment of inertia
needed from the rim of the composite flywheel
found in step 6 and Eq. (9.77), determine the
required mass of the rim (7ymy) as

1

2
Lim = Z Myim dg

1

2
Z Myim do

39.1 kg - m?

Solve for (myim)

4(39.1 kg - m?)
dg
4(39.1 kg - m?)
(0.9 m)?2
_ 1564 kg-m?

T 08l m?
= 193 kg

Myim =

Step 8. Using the mass of the rim found in
step 7, determine the required width of the rim
from Eq. (9.78) as

Miim = PTdptWiim

kg
193 kg = [ 7,850 - (0.9 m)
% (0.07 m) weim

k
= (1,554 §> Wrim
m

193 k
£ _0.124m=124cm

Wl‘im = -0 <
K

(1,554 —g>
m

Step 9. Using the mass of the rim found in
step 7, determine the weight of the rim as

Wiim = Myim &
m
(193 kg) (9.8 ?2)

= 1891 N

Step 10.  Calculate the total weight of the com-
posite flywheel using the weights of the hub,
spokes, and rim found in steps 2, 4, and 9,
respectively.

Wcomposite = Whuw + Wspokes + Wiim
flywheel

(93) + (116) + (1,891) N
=2,100N
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Step 11. Compare the total weight of the com-
posite flywheel found in step 10 with the weight
of the solid disk flywheel found in step 1.

Wsolid disk _ 860 1b _

composite
flywheel

Step 11. Compare the total weight of the com-
posite flywheel found in step 10 with the weight
of the solid disk flywheel found in step 1.

Wertiq 4ic 3,884 N
solid disk — =1.85
. 2,100 N
composite
flywheel

This example shows that a composite flywheel can be designed that has the same mass
moment of inertia as a solid disk flywheel; however, it only weighs a little over half as
much. Also, the width of the rim was the only dimension that was unknown, and it came
out to be only 50 percent wider than the thickness of the solid disk flywheel.

This concludes the discussion on the two most important design elements associated
with machine energy: helical springs and flywheels. The next chapter discusses machine
motion, which includes all the design information on the three most famous mechanisms:
slider-crank, four-bar, and quick-return mechanisms. Also included are discussions on both
spur and planetary gear systems, and the motion of pulleys and wheels.
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CHAPTER 10
MACHINE MOTION

10.1 INTRODUCTION

In this chapter, the motion of three major groups of machine elements will be discussed:
linkages, gear trains, and wheels and pulleys. Virtually every machine has one or more
elements from one of these groups as part of its critical design requirements. All three
groups are very important to the machine designer; therefore, each group will be discussed
with examples in both the U.S. Customary and SI/metric system of units.

Linkages comprise almost an endless variety of ingenious devices used in countless
ways by machine designers to achieve specific desired motions. Virtually all these linkages
were discovered or invented rather than being formally created from an analytic analysis.
Therefore, there is usually great mystery concerning how these linkages actually achieve
the motions they produce. The purpose of this book is to uncover the mystery of machine
design formulas; therefore, this will be the purpose of this chapter. While the motion of
every conceivable linkage cannot be discussed here, there are fundamental principles and
formulas that allow machine designers to uncover for themselves the mystery of a particular
linkage of interest. These fundamental principles and formulas, which relate the relative
motions between elements of a linkage, will be discussed in detail and then will be applied
to the most classic of the linkages, the slider-crank mechanism.

Gear trains fall into two main categories: spur and planetary. There are certainly other
types of gear arrangements: bevel, hypoid bevel, and worm; however, these gear sets do
not tend to be combined in multiple configurations, and therefore, their motion is rather
straightforward. In contrast, spur-type gears, including helical and double helical gears,
are usually arranged so that more than one gear is on each shaft and more than two shafts
comprise the overall assembly. Determining the ratio of the input motion to the output
motion can be daunting for the machine designer. Even more complex motion is present in
aplanetary gear train, where spur-type gears rotate about their own axis while rotating about
another axis in a planetary motion and that is where the name derives from. Determining
the ratio of the input motion to the output motion can be very intimidating to the machine
designer.

Wheels and pulleys are two of the truly fundamental machine elements, along with the
lever and fulcrum and the inclined plane. It is almost trivial to say that the motion of the
rolling wheel is important to the machine designer; however, it is, and therefore its complete
motion along a variety of paths will be presented in detail. Pulleys can either rotate simply
about a fixed axis or be combined in complex arrangements where some pulleys will rotate
about their own axis while rolling up or down a cable or belt like a rolling wheel. The usual
purpose of pulley systems is to provide a mechanical advantage, that is, provide a large
output force from a small input force; however, this typically means that the speed of the
motion is greatly reduced. These and other design considerations will be discussed.
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10.2 LINKAGES

Linkages, also called mechanisms, transfer motion from one machine element to another.
They also transfer loads; however, it is the motion that is usually the mystery and once that
is understood the rest of the required design calculations become clear.

In Marks’ Standard Handbook for Mechanical Engineers the term mechanism is defined
as “that part of a machine which contains two or more pieces so arranged that the motion
of one compels the motion of the others, all in a fashion prescribed by the nature of the
combination.” This is a great definition. The keys words are compels, prescribed, and nature.
All the three of these key words describe not only the complexity of a mechanism, but also
its beauty and uniqueness.

There are three classic designs on which many variations are built: the four-bar linkage,
the quick-return linkage, and the slider-crank linkage. The combination of pieces in each of
these linkages is compelled to move in prescribed motions by the nature of the combination
as a consequence of the relative motion relationships that must exist between the pieces.
These relative motion relationships will be applied to the motion of the slider-crank linkage
presented later in this section.

10.2.1 Classic Designs

The first of three classic designs is the four-bar linkge, shown in Fig. 10.1, where bar (1)
is called the crank, bar (2) is called the link, bar (3) is called the lever, and bar (4) is the
ground. Depending on the relative lengths of the three moving bars, (1), (2), and (3), and
the distance between points A and D, which acts as the fourth bar (4), there will be a
precise relationship between the motion of the crank and the lever.

Ground
FIGURE 10.1 Four-bar linkage.

Because of the precise relationship that can be achieved between the crank and the lever
in this linkage, it has been used in mechanical computers in both military and industrial
applications. It is also used in many automotive applications.

The second classic design is the quick-return linkage, shown in two variations, (a) and
(b), in Fig. 10.2, where (1) is called the crank and (2) is called the arm.

For the quick-return linkage design in Fig. 10.2(a), the pin at point C is connected to a
sliding block that rides in the slot of the arm. For the design in Fig. 10.2(b), the pin at point
C is connected to a collar that slides on the outside of the arm.

Depending on the relative length of the crank (1) and the distance between points A
and B, the arm (2) will pivot about point B slower as the crank rotates above point A
than it will as the crank rotates below point A, meaning it will have a quick return during
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FIGURE 10.2  Quick-return linkages.

each complete rotation of the crank. Quick-return linkages are commonly used in automated
machining operations, where the slower motion occurs during the actual material removal
step and the faster motion returns the cutting tool to its initial position for the next pass.

The third classic design is the slider-crank linkge, shown in Fig. 10.3, where (1) is called
the crank, (2) is called the connecting rod, and (3) is called the slider; hence the name
slider-crank.

FIGURE 10.3  Slider-crank linkage.

Unlike the quick-return linkage where the crank always drives the arm, the slider-crank
linkage can have either the crank driving the slider or the slider driving the crank. For
example, in a reciprocating air compressor, a motor drives the crank that in turn drives the
piston to compress the air. In contrast, the pistons in an internal combustion engine drive
the crank, specifically the crankshaft, which in turn can drive the wheels of a car through the
transmission and differential. This is probably one of the most versatile linkages available to
the designer.

Note that points A and C in Fig. 10.3 lie along the same horizontal axis. However, the
surface on which the slider rides can be located such that point C is either above or below
point A. Also, the orientation of the slider-crank linkage in Fig. 10.3 is horizontal. This
linkage can easily be oriented vertically, or at any angle in between.

Before beginning the discussion on the detailed motion of the slider-crank linkage, which
is based on the relative lengths of the crank (1) and the rod (2), the relative motion relation-
ships between mechanical elements connected to a linkage will be presented.
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10.2.2 Relative Motion

Consider the motion of the slider-crank linkage shown in Fig. 10.3, and assume the crank
(1) drives the slider (3). Therefore, the motion of the crank will be known completely, and
because it is in pure rotation about point A, this means only its angular velocity (wcrank)
and angular acceleration (ocrank) must be specified. Pure rotation means that every point
on this element of the linkage moves in a circle about the point A.

On the other hand, the motion of the slider (3) is constrained to move in pure translation
along the horizontal surface; however, the magnitude and direction (left or right) of its
velocity (vgliger) and acceleration (agliger) Will vary. Pure translation means every point on
this element of the linkage moves in a straight line.

Connecting the crank and slider is the connecting rod (2) which moves in general plane
motion, which is a combination of pure rotation and pure translation. Therefore, its angular
velocity (wroq) and angular acceleration (aoq) Will vary, depending on the relative lengths
of the crank (1) and connecting rod (2) and the given magnitude and direction (clockwise
or counterclockwise) of the angular velocity (wcrank) and angular acceleration (c¢crank) of
the crank.

Therefore, there are two unknowns associated with velocity: the velocity of the slider
(vslider) and the angular velocity of the rod (wroq). Similarly, there are two unknowns associ-
ated with acceleration: the acceleration of the slider (agjiger) and the angular acceleration of
the rod (otroq). To determine two unknowns, two equations are needed, one set for velocity
and the other set for acceleration. These equations are provided from the relative motion
relationships that must exist between the elements of the linkage.

Velocity Analysis. As the motion of even the simplest linkage is complex, the velocity
analysis begins by separating the linkage into its individual elements. This might be called
the “golden rule” of linkage analysis, that is, always separate the linkage into its individual
elements, each with its own unique motion.

In Fig. 10.4, the slider-crank linkage shown in Fig. 10.3 has been separated into its three
elements: the crank, the connecting rod, and the slider.

B

Wrod

Rod

Vslider

Slider

Vslider

FIGURE 10.4  Slider-crank linkage separated.

Notice that the velocity of point B on the crank is of the same magnitude and direction as
point B on the left end of the connecting rod, and that the velocity of point C on the right end
of the connecting rod is of the same magnitude and direction as the velocity of the slider.

There is a relationship between these velocities at each end of the connecting rod, given
by the vector equation

Vo= Ve+ Vo (10.1)
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—
V

where V¢ = absolute velocity of point C, meaning relative to ground
T'p = absolute velocity of point B, meaning relative to ground
Vesp = velocity of point C relative to point B, as if point B is fixed

These three velocity vectors are shown graphically in Fig. 10.5,

B

Drod

Ve = Vslider

ivoe

Z:]

FIGURE 10.5 Vector velocities on the connecting rod.

where the vector triangle at point C represents the relationship given by Eq. (10.1).
Based on the definition of the velocity (7C/B), the velocity of point C relative to point B
as if point B is fixed, has a magnitude given by Eq. (10.2) as

veB = Lpc wrod (10.2)

and its direction is perpendicular to the line connecting points B and C of length (Lgc). The
direction of the angular velocity (wpog) Will either be clockwise (CW) or counterclockwise
(CCW), determined from the vector equation defined by Eq. (10.1).

If an xy coordinate system is added, along with angles (¢) and (8) defining the directions
of (vp) and (v¢sp), respectively, then Fig. 10.5 becomes Fig. 10.6.

y

Veis
c Ve = Vslider

ivos

VB

FIGURE 10.6  Vector velocities on the connecting rod.

Using Fig. 10.6, the vector equation in Eq. (10.1) can be separated into two scalar
equations. One equation will represent the relationship between the velocity components in
the x-direction, and the other equation will represent the relationship between the velocity
components in the y-direction, respectively, as

X: vc=vpcos¢ + vcpsinp (10.3)
y: 0 = —vpsing + v cos B (10.4)

where the velocity (v¢) has a horizontal component, but its vertical component is zero.
Setting the velocity (v¢) equal to the velocity of the slider (vgjiger) and substituting for
(veyp) from Eq. (10.2) in Egs. (10.3) and (10.4) gives

X:  Vslider = VB €0S @ + (LpC wrod) Sin B (10.5)
y: 0 = —vpsing + (Lpc wrod) cos B (10.6)
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Solving for the angular velocity (wroq) in Eq. (10.6) gives

vp sin ¢
= " 10.7
Wrod Lac cos B ( )

Substituting the angular velocity (wroq) from Eq. (10.7) in Eq. (10.5) and simplifying
gives the velocity of the slider (vgliger) as

vp sin ¢ .
Vslider = VB €08 ¢ + Lpc | ————— | sin B
Lpccosp
= vpcos ¢ + vp sin¢ tan B

vg(cos ¢ + sin ¢ tan )

(10.8)

Similar to the expression for the velocity (vpc) given by Eq. (10.2), the velocity (vp) is
given by Eq. (10.9) as

vB = LAB Wcrank (10.9)

Substituting for the velocity (vp) from Eq. (10.9) in Eq. (10.7) gives

vp sin ¢ (LAB ®crank) Sin ¢
Wrod = =
Lpc cos B Lpc cos B
(10.10)
LAB sin ([)
=|—)— o
Lac cos ,3 crank
and substituting for the velocity (vp) from Eq. (10.9) in Eq. (10.8) gives
Vslider = VB (COS o+ sin ¢ tan ﬂ)
(10.11)

(LAB®erank) (€08 ¢ + sin ¢ tan B)

The angular velocity of the crank (wcrank ), the lengths (L4 p) and (Lpc), and the angle (¢)
are part of the given information. Therefore, only the angle (8) is left to be determined.

The geometry of a particular orientation of the crank, connecting rod, and slider is shown
in Fig. 10.7.

FIGURE 10.7 Geometry of the slider-crank linkage.



MACHINE MOTION 415

As the angle (¢) of the crank and the lengths (L4 p) and (Lpc) are known, the angle (8)
can be determined from Fig. 10.7 using the law of sines as

siﬂ sin (90° — ¢)

Lap

sin 8

<L
Lpc

(10.12)

) sin (90° — ¢)

Using the given information and the angle () found from Eq. (10.12), the angular velocity
of the connecting rod (wroq) can now be calculated from Eq. (10.10) and the velocity of the
slider (vgliger) can be calculated from Eq. (10.11).

As the angle (8) must be found using an equation based on applying the law of sines to
a scalene triangle that continually changes shape, there is no closed-form solution for the
angular velocity of the connecting rod and the velocity of the slider. Therefore, the analysis
must be done for multiple positions of the angle (¢).

U.S. Customary

SI/Metric

Example 1. Determine the angular velocity
(wroa) and velocity (vgliger) for a slider-crank
linkage, where

Werank = 2,000 rppm

¢ = 50°

LA B = 3in

LBC = 8in
solution

Step 1. Convert the angular velocity (@crank)
from (rpm) to (rad/s) as
rev.  2mrad 1 min

8 = 2,000 —
Werank min % 1 rev x 60 s

= 209 rad/s

Step 2. Substitute the given angle (¢), and
the lengths (Lap) and (Lpc), in Eq. (10.11) to
determine the angle (B) as

Lap

sinf = (E) sin (90° — ¢)

N
=< %n>sin(9007500)
8 in

= (0.375) sin40°

0.241

sin~1(0.241) = 14°

=
Il

Example 1. Determine the angular velocity
(wrod) and velocity (vgliger) for a slider-crank
linkage, where

Werank = 2,000 rpm

¢ = 50°
LAB =17.5cm
LBC =20cm
solution

Step 1. Convert the angular velocity (@crank)
from (rpm) to (rad/s) as
rev 2rrad 1 min

. = 2,000 —
Werank min % 1 rev x 60 s

= 209 rad/s

Step 2. Substitute the given angle (¢), and
the lengths (Lap) and (Lpc), in Eq. (10.11) to
determine the angle (8) as

Lap

sinf = <E) sin (90° — ¢)

7.5 cm\ . B o
= <20 Cm)sm(90 —50°)

= (0.375) sin40°
=0.241
B = sin~1(0.241) = 14°
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U.S. Customary

SI/Metric

Step 3. Using the angular velocity (@crank)
foundin step 1, the angle (8) found in step 2, and
the given lengths (Lsp) and (Lpc), calculate
the angular velocity (wroq) using Eq. (10.10) as

LA B sin ¢
w; = —_— o
rod Lsc cos B Wecrank
_ Sﬂ sin 50 209 @
8 in / \ cos 14° S

= (0.375)(0.7895)(209 ?)

rad 1 rev 60 s
=62 — x X -
S 27 rad 1 min

= 592 rpm

Step 4. Using the angular velocity (@crank)
found in step 1, the angle (B) found in step 2,
and the given length (L4 p), calculate the slider
velocity (vgiider) using Eq. (10.11) as

Vslider = (LAB @crank)(cos ¢ + sin ¢ tan B)
= (3 in)(209 rad/s)
x (cos 50° + sin 50° tan 14°)
= (627 in/s)(0.834)
= 523 in/s = 43.6 ft/s

Step 3. Using the angular velocity (@crank)
foundin step 1, the angle (8) found in step 2, and
the given lengths (Lap) and (Lpc), calculate
the angular velocity (wroq) using Eq. (10.10) as

LA B sin ¢
[ = —_— e
rod LBC COSﬂ crank
7. i °©
_ 5 cm') / sin 50 209 @
20 cm cos 14° S

= (0.375)(0.7895) <209 ?)

rad 1 rev 60 s
=62 — x X -
S 2rrad 1 min

= 592 rpm

Step 4. Using the angular velocity (@crank)
found in step 1, the angle (8) found in step 2,
and the given length (L4 p), calculate the slider
velocity (Vglider) using Eq. (10.11) as

Vslider = (LAB @erank)(cOS ¢ + sin ¢ tan B)
= (7.5 cm)(209 rad/s)
x (cos 50° + sin 50° tan 14°)
= (1,567.5 cm/s)(0.834)
= 1,307 cm/s = 13.1 m/s

As the values for both the angular velocity (wroq) and the velocity of the slider (vgjider)
are positive, their directions are as shown in Fig. 10.6. If either had turned out negative,
then their direction would be opposite to that shown in Fig. 10.6.

Acceleration Analysis. As was the case for the velocity analysis, the acceleration analysis
is based on the linkage being separated into its individual elements. In Fig. 10.8 the accel-
erations are shown in the same way the velocities were shown in Fig. 10.4 for the velocity

analysis.

B

ap

Orod

Rod

®

Aslider

FIGURE 10.8 Slider-crank linkage separated.
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As was the case for the velocity analysis, the acceleration of point B on the crank is
the same as that for point B on the left end of the connecting rod, and the acceleration
of point C on the right end of the connecting rod is the same as the acceleration of the
slider. However, the acceleration of point B on the crank has two components, one in the
same direction as the velocity (vp) and the other is directed toward point A as shown in
Fig. 10.9.

2
ABDGrank
LABacrank

LagO%rank
Olgrank
Wcrank

FIGURE 10.9 Components of the acceleration at point B.

The acceleration in the direction of the velocity (vp) is called the tangential acceleration
(ajg) and its magnitude is given by Eq. (10.13) as

a;g = LAB®crank (10.13)

and the acceleration toward point A is called the normal acceleration (a%) and its magnitude
is given by Eq. (10.14) as
ah = Lapalx (10.14)
The magnitude of the total acceleration (ap) is therefore given by the Pythagorean
theorem as

an =/ (@) + (@) = Lapteran)® + (Lapoy)’ (10.15)

Note that even if the angular acceleration (ccrank) is zero, there is still an acceleration
(ap) equal to the normal acceleration (a’é) and given by Eq. (10.14).

Also, note that the acceleration of the slider (agjiger) shown in Fig. 10.8 is opposite to
the direction of its velocity (vglider), meaning the slider is slowing down. This is consistent
with the orientation of the slider-crank linkage defined by the angle (¢).

Similar to Eq. (10.1), there is a relationship between the accelerations at each end of the
connecting rod in Fig. 10.8, given by the vector equation.

Wc="dp+ do (10.16)

where @¢ = absolute acceleration of point C, meaning relative to ground
@' = absolute acceleration of point B, meaning relative to ground
@ ¢/ = acceleration of point C relative to point B, as if point B is fixed
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These three acceleration vectors are shown graphically in Fig. 10.10, where the vector
triangle at point C represents the relationship given by Eq. (10.16).

B Wrod

Orod Rod

®

acsp

ac= Asjider
ap

FIGURE 10.10  Vector accelerations on the connecting rod.

Similar to the acceleration of point B, the acceleration of point C on the connecting
rod has two components, one in the same direction as the velocity (vc/p) and the other is
directed toward point B as shown in Fig. 10.11.

Lpct2og

Lpcttog

Lgcwdy 'C

FIGURE 10.11 Components of the acceleration at point C.

The acceleration in the direction of the velocity (v¢/p) is the tangential acceleration (a’C/B)
and its magnitude is given by Eq. (10.17) as

agyp = Lpcorod (10.17)

and the acceleration toward point B is the normal acceleration (a,3) and its magnitude is
given by Eq. (10.18) as

alp = Lpcw? (10.18)

The magnitude of the total acceleration (ac/g) is therefore given by the Pythagorean
theorem as

ac/p = \/(atC/B)Z + (03/3)2 = \/(LBC arod)? + (Lpc ‘*’focl)2 (10.19)

Note that even if the angular acceleration (oroq) is zero, there is still an acceleration
(ac/p) equal to the normal acceleration (agz) and given by Eq. (10.18).

If an xy-coordinate system is added, along with angles (¢) and (8) defining the directions
of (ap) and (acyp), respectively, then Fig. 10.12 can be used to separate the vector equation
in Eq. (10.16) into two scalar equations.
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FIGURE 10.12  Vector accelerations on the connecting rod.

One equation will represent the relationship between the acceleration components in the
x-direction, and the other equation will represent the relationship between the acceleration
components in the y-direction, respectively, as

X: —ac = _LABw(Z:rank sin ¢ + LA pOcrank COS ¢ — LBcwrz(,d cos B + Lpctog Sin B
(10.20)

y: 0 =—Lap wfrank coS¢ — LA Cerank SIn + Lpc wrzod sin 8 4+ Lpc ood cOs B
(10.21)

where the acceleration (ac) is the acceleration of the slider (agiger) and has a horizontal
component in the negative direction; however, its vertical component is zero.

As complex as they seem, there are only two unknowns in Egs. (10.20) and (10.21),
the acceleration of the slider (ac) and the angular acceleration (oyoq). The angular
velocity (werank) and angular acceleration (acrank ) of the crank, the angle (¢) along with the
lengths (L4 p) and (Lpc) would be known, and the angle (8), the angular velocity (wyoq),
and the velocity of the slider (vgiger) Would have already been found from the velocity
analysis.

Solving for the angular acceleration (ctroq) in Eq. (10.21) gives

Lap [ @2ank €05 @ + derank 5in ¢
Orod = 7
Lgc cos

) — % tan B (10.22)

Substituting the angular acceleration (¢o4) from Eq. (10.22) to Eq. (10.20) and simpli-
fying (algebra steps omitted) gives the acceleration of the slider (agjiger) as

aslider = LAB [03ryny (SN ¢ — OS¢ tan ) — cerank (c0s ¢ + sin ¢ tan )]
(10.23)

+ Lpc a)fod(cos B + tan B sin B)

Consider the following example as a continuation of Example 1, where the angle (8) has
been found from Eq. (10.12), the angular velocity of the connecting rod (wyoq) found from
Eq. (10.10), and the velocity of the slider (vgliger) found from Eq. (10.11).
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U.S. Customary

SI/Metric

Example 2. Using the angle (8), the angular
velocity (wrod), and the velocity (vgjiger) found
in Example 1, determine the angular acceler-
ation (oroq) and the acceleration of the slider
(@slider), Where

Wcrank = 2,000 rpm = 209 rad/s
Acrank = 0 (@crank = constant)

¢ = 50°

LAB =3in

Lpc =8in
and determined from Example 1:

B =14°

Wrod = 592 rpm = 62 rad/s
Vslider = 523 in/s = 43.6 ft/s

solution

Step 1. Using the given angular velocity
(werank ), angular acceleration (ccrank ), the angle
(¢), thelengths (Lap) and (Lpc), the angle (B),
and angular velocity (wrod), calculate the angu-
lar acceleration (ooq) from Eq. (10.22) as

Orod =

Lpc cos B

2 .
Lap (wcrank COS ¢ + Ocrank Sin ¢)

—wrzod tan 8
3in
=(— ) x
8 in

rad | .
209 — | cos50° + (0) sin 50°
S

cos 14°

d 2
—(62 3) tan 14°
S

28,078 rad/sz)

= (0.375) ( 0.9703

d
- (3,844 %)(0.249)
S
= <10,851 g) - (958 g)
S S
rad 1rev 60s
X

= 9,893 —
2~ 2zrad 1 min

= 94,471 P2
S

Example 2. Using the angle (8), the angular
velocity (wrod), and the velocity (vgliger) found
in Example 1, determine the angular acceler-
ation (oroq) and the acceleration of the slider
(@slider), Where

@erank = 2,000 rpm = 209 rad/s
Acrank = 0 (@crank = constant)

¢ = 50°
LAB =7.5cm
Lgc =20 cm
and determined from Example 1:
B =14°

Wrod = 592 rpm = 62 rad/s
Vslider = 1,307 cm/s = 13.1 m/s

solution

Step 1. Using the given angular velocity
(Werank ), angular acceleration (¢crank ), the angle
(¢), the lengths (Lap) and (Lpc), the angle (8),
and angular velocity (wrod), calculate the angu-
lar acceleration (ooq) from Eq. (10.22) as

Orod =

2 .
Lap [ @5,k €OS ¢ + Qcrank Sin @
Lgc cos 8

—w2y tan B
7.5cm
= X
20cm

rad )2 .
209 — | cos50° + (0) sin 50°
S

cos 14°

d 2
- (62 3) tan 14°
S

28,078 rad/s2>

= (0.375) ( 0.9703

- <3,844 @) (0.249)
s

= (10,851 @) — (958 %1)
s s
rad 1rev 60s

= 9,893 —
2~ 2mrad 1 min

= 94,471 P2
S
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U.S. Customary

SI/Metric

Step 2. Using the given angular velocity
(werank ), angular acceleration (¢crank ), the angle
(¢), the lengths (Lap) and (Lpc), the angle (8),
and angular velocity (wroq), calculate the slider
acceleration (dgliger) using Eq. (10.23) as

2 .
w? . (sin¢g — cos ¢ tan B)
. =L crank R
Gslider AB [ —Qlerank (COS @ + sin ¢ tan B)
+Lpc @ 4(cos B + tan B sin B)

=L w(zzrank(Sin ¢ — cos ¢ tan )
e —crank (COS @ + sin ¢ tan )

+Lgc wfod (cos B + tan B sin B)
= (3in)

2
(209 @>
S

X | x(sin50° — cos 50° tan 14°)
)]
X (cos 50° + sin 50° tan 14°)

d 2
+ (8 in) (62 3)
S
x (cos 14° + tan 14° sin 14°)
d
— 3in) (43,681 %)(0.606)
S

d
+(8 in) (3,844 %)(1.031)
S

= <79,383 %) + <31,693 %)
S S

in ft
111,076 — =9,256 —
S s

287 g's

Step 2. Using the given angular velocity
(wcrank)» angular acceleration (tcrank ), the angle
(¢), thelengths (Lap) and (Lpc), the angle (B8),
and angular velocity (wroq), calculate the slider
acceleration (aglider) using Eq. (10.23) as

wgrank(sin ¢ —cos¢ptanf)
—crank (COS @ + sin ¢ tan )
+Lpc wly(cos B + tan B sin B)

=L wgrank(sm ¢> — COS ¢ tan ﬂ)
T B erank (COS ¢ + sin ¢ tan B)

aslider = LaB |:

+Lgc a)rzod (cos B + tan B sin B)
= (7.5cm)

2
(209 @)
S

X | x(sin50° — cos 50° tan 14°)
—(0)
X (cos 50° + sin 50° tan 14°)

d 2
+(20cm) (62 3)
S
% (cos 14° 4 tan 14° sin 14°)
d
= (7.5 cm) <43,681 %)(0.606)
S

d
+(20 cm) (3,844 %)(1.031)
S

= (198,458 %) n (79,234 %)
S S

cm m
=277.692 — =2.777
S S

=283¢g’s

Note the very high g force on the slider. Also, like for Example 1, as the values for both
the angular acceleration (aroq) and the acceleration of the slider (asliger) are positive, their
directions are as shown in Fig. 10.8. If either had turned out negative, then their direction

would be opposite to that shown in Fig. 10.8.

10.2.3 Cyclic Motion

In the previous discussion and calculations, a particular orientation of the slider-crank
linkage was considered. As mentioned, the unknown velocities and accelerations could
only be determined when a particular crank angle (¢) was specified, along with the other
typical given information. However, it is important to the machine designer to understand
the motion of a linkage as it moves through a complete cycle.
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For the slider-crank linkage shown in Fig. 10.13, the crank angle (¢) is zero.

FIGURE 10.13  Slider-crank linkage at ¢ = 0°.

From Eq. (10.12) the angle (8) becomes

L L
sinfly_go = <LA—B> sin (90° — 0°) = (LA—B> sin90°

BC BC (10.24)
_ Las
Lpc
and from Eq. (10.10) the angular velocity of the connecting rod (wroq) becomes
LA B sin 0°
a)rod|¢:0° = (E) <m Werank = 0 (10.25)
and from Eq. (10.11) the velocity of the slider (vjiger) becomes
Vslider|¢=0" = (LAB @crank)(cos 0° 4 sin 0° tan B)
(10.26)

= LAB Wcrank

and from Eq. (10.22) the angular acceleration of the connecting rod (o;0q) becomes

2 .
Lap [ @5 ank €080° + otcrank sin0°
arod|¢:0° =

2
) — a)md|¢:oa tan B8

Lpc cos 8
L 2

= ZAB [ Zornk ) )2 tan g (10.27)
Lpc \ cosp

2
_ LaB [ Wgrank
Lpc \ cosp

and from Eq. (10.23) the acceleration of the slider (agjiger) becomes
aslider|p—0° = LaB [wfrank(sin 0° — cos 0° tan B) — aerank (€08 0° + sin 0° tan B) ]
+ Lycwly |¢:0° (cos B + tan B sin B)
= Lag[~@2qn tan B — derank] (10.28)
+ Lgc (0)(cos B + tan S sin 8)

= —Lag[@Zany tan B + derank]
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Therefore, for crank angle (¢) equal to 0° the angular velocity of the connecting rod
(wroq) 1s also zero, the velocity of the slider (vgiger) is @ maximum to the right, the angular
acceleration of the connecting rod (croq) is @ maximum counterclockwise (CCW), and the
acceleration of the slider (agiger) 1S @ maximum to the right.

For the slider-crank linkage shown in Fig. 10.14, the crank angle (¢) is 90°.

p ‘\¢= 90° 5

—— == N Y
7 Lag Lge

FIGURE 10.14  Slider-crank linkage at ¢ = 90°.

It is obvious from the geometry in Fig. 10.14 that the angle (8) is zero.
From Eq. (10.10) the angular velocity of the connecting rod (wr,q) becomes

Lap sin 90°
a)rod|¢:90° = E m Wcrank

L
= B erank (10.29)
Lpc

and from Eq. (10.11) the velocity of the slider (vgjiger) becomes
Vslider|p=00° = (LAB Wcrank)(COS 90° + sin90° tan0°) = 0 (10.30)

and from Eq. (10.22) the angular acceleration of the connecting rod (ayoq) becomes

2 .

Qrod| . _ Lap [ @erank €08 90° + acrank sin 90°
rod|p= = -
=0 cos 0

2 o
— o . tan 0
LBC ) r0d|¢=90

Lap
= ——Ocrank (10.31)
Lpc

and from Eq. (10.23) the acceleration of the slider (asliger) becomes

agtider| §—00" = LAB[@franc(5in90° — 08 90° tan 0°) — cerank (c0s 90° + sin 90° tan 0°) ]

+ LBerzod|¢:9o” (cos 0° + tan 0° sin 0°)

L
2 ‘AB
Lap wgran + LBC ( E wcrank)

Lap
= Lap (U(2:rank (1 + LBC) (10.32)

Therefore, for a crank angle (¢) equal to 90°, the angular velocity of the connecting rod
(wrod) 1s @ maximum, the velocity of the slider (vgliger) i zero, the angular acceleration of
the connecting rod (aoq) is a positive value counterclockwise (CCW), and the acceleration
of the slider (asliger) is @ maximum to the left. Note that if the angular velocity of the crank
is constant, meaning the angular acceleration is zero, then for this crank angle the angular
acceleration of the connecting rod will also be zero.
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FIGURE 10.15  Slider-crank linkage at ¢ = 180°.

By analogy with the orientation in Fig. 10.13, if the crank angle is 180° as shown in
Fig. 10.15, then the angular velocity of the connecting rod (wroq) Will be zero, the velocity
of the slider (vgjiger) Will be maximum, but to the left, the angular acceleration of the
connecting rod (arog) will be maximum, but clockwise (CW), and the acceleration of the
slider (agliger) Will be maximum, but to the left.

Similarly, by analogy with the orientation in Fig. 10.14, if the crank angle is 270° as
shown in Fig. 10.16, then the angular velocity of the connecting rod (wroq) is maximum, the
velocity of the slider (vgjiger) 1S zero, the angular acceleration of the connecting rod (otrod)
is negative, so it is clockwise (CW), and the acceleration of the slider (agliger) iS maximum,
except to the right. Again, if the angular velocity of the crank is constant, meaning the angular
acceleration is zero, then for this crank angle the angular acceleration of the connecting rod
will also be zero.

FIGURE 10.16  Slider-crank linkage at ¢ = 270°.

This completes the discussion on the motion of the slider-crank linkage. Most of the other
linkages can be understood through the same process, though it is tedious. However, there
is a great feeling of accomplishment when the motion of a linkage of interest is understood
to this level of detail.

10.3 GEAR TRAINS

The term gear train is usually associated with multiple gears on multiple shafts, though a
single gear on one shaft that is in contact with another single gear on another shaft would
qualify as a gear train. The gears in gear trains are typically spur gears, meaning straight
teeth, though the discussion that follows would be just as applicable to helical and double
helical (herringbone) gears.
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There are two main categories of gear trains: spur gear trains and planetary gear trains.
Here, the term spur refers to the fact that all the shafts in the assembly are assumed to be
fixed, whereas planetary refers to the fact that some of the gears rotate about their own axis
while rotating about another axis in a planetary motion.

One of the primary principles of gear train analysis is that the radius, or diameter, of a
gear is directly related to the number of teeth. Therefore, the formulas that will be presented
that relate an input angular velocity to an output angular velocity will depend only on the
number of teeth of the gears in the gear train assembly.

10.3.1 Spur Gears

The most basic of spur gear trains is shown in Fig. 10.17 where a single spur gear (A) on
one fixed shaft drives a single spur gear (B) on another fixed shaft.

C (contact point)

FIGURE 10.17 Basic spur gear train.

If the angular velocity (wy4) is considered the input, then the output is the angular velocity
(wp). Note that if the angular velocity (w4) is clockwise, then the angular velocity (wpg)
will be counterclockwise. This is due to the fundamental principle that the velocity of
point C, the point of contact between the two gears, must have the same magnitude and
direction whether determined from gear (A) or gear (B). This means that the relationship
in Eq. (10.33) must govern the motion of the two gears.

VC =TrAWA =TFBWB (10.33)

Solving for the output angular velocity (wp) gives

wp = Los (10.34)
rp

As stated earlier, the number of teeth (V) on a spur gear is directly related to its radius,
or diameter; therefore, the ratio of the radius (r4) to (rp) in Eq. (10.34) must be the same
as the ratio of the number of teeth (N4) on gear (A) to the number of teeth (Np) on gear
(B). Therefore, Eq. (10.34) can be rewritten as

WB = ——WA (10.35)

Based on the relative sizes of gears (A) and (B) shown in Fig. 10.17, the number of teeth
on gear (A) is less than the number of teeth on gear (B). Therefore, the output angular
velocity (wp) will be less than the input angular velocity (w4 ).
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U.S. Customary

SI/Metric

Example 1. Determine the output angular
velocity for a basic spur gear train as that shown
in Fig. 10.17, where

w4 = 600 rpm (input)

Nj = 15 teeth
Np = 45 teeth
solution

Step 1. Substitute the given input angular
velocity (w4) and the number of teeth on each
gear in Eq. (10.35) to determine the output
angular velocity (wp) as

Na _(as teeth)

@B = Ng YT (45 teeth)

(600 rpm)
1
=3 (600 rpm) = 200 rpm

Remember, the direction of gear (B) will be
opposite to the direction of gear (A).

Example 1. Determine the output angular
velocity for a basic spur gear train as that shown
in Fig. 10.17, where

w4 = 600 rpm (input)

N4 = 15 teeth
Np = 45 teeth
solution

Step 1. Substitute the given input angular
velocity (w4) and the number of teeth on each
gear in Eq. (10.35) to determine the output
angular velocity (wp) as

Na (15 teeth)

@B = Np YT 45 teeth)

(600 rpm)
1
=3 (600 rpm) = 200 rpm

Remember, the direction of gear (B) will be
opposite to the direction of gear (A).

If a third spur gear (D) and fixed shaft is added to the spur gear train in Fig. 10.17, the
triple spur gear train shown in Fig. 10.18 results.

W

C (contact point)  E (contact point)

FIGURE 10.18 Triple spur gear train.

If the angular velocity (w4) is considered to be the input, then the output is the angular
velocity (wp). Note that the angular velocity (w4 ) is clockwise, causing the angular velocity
(wp) to be counterclockwise; however, the angular velocity (wp) will be back to clockwise.
For this reason, gear (B) is sometimes called the idler gear, as it causes the output direction
to be the same as the input direction. Also, in this arrangement the size of gear (B) does not
affect the relationship between the input angular velocity and the output angular velocity,
as will be seen shortly.

As before, the velocity of point C, the point of contact between gears (A) and (B), must
have the same magnitude and direction whether determined from gear (A) or gear (B).
This means that the relationship in Eq. (10.33), which was rewritten as Eq. (10.35), still
governs the motion of these two gears.

Similarly, the velocity of point E, the point of contact between gears (B) and (D), must
also have the same magnitude and direction whether determined from gear (B) or gear (D).
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This means that the relationship in Eq. (10.36) will govern the motion of these two gears.

VE =rpwp =rpwp

Solving for the angular velocity (wp) gives

wp

(10.36)

L g (10.37)

As stated earlier, the number of teeth (V) on a spur gear is directly related to its radius, or
diameter; therefore, the ratio of the radius (rp) to (rp) in Eq. (10.37) must be the same as
the ratio of the number of teeth (Np) on gear (B) to the number of teeth (Np) on gear (D).

Therefore, Eq. (10.37) can be rewritten as

-2 10.38
©p = @B ( )
Substituting the angular velocity (wp) from Eq. (10.35) in Eq. (10.38) gives
Np Np Ny Ny
= op=-——"Lp =2 10.39
S A Y ( )

where the number of teeth (Np) on gear (B) cancels. This is why gear (B) is called an idler
gear, as its only purpose is to keep the output angular velocity in the same direction as the

input angular velocity.

Based on the relative sizes of gears (A), (B), and (D) shown in Fig. 10.18, the number of
teeth on gear (A) is less than the number of teeth on gear (D). Therefore, the output angular
velocity (wp) will be less than the input angular velocity (w4) and in the same direction.

U.S. Customary

SI/Metric

Example 2. Determine the output angular
velocity for the triple spur gear train as that
shown in Fig. 10.18, where

w4 = 600 rpm (input)

Na = 15 teeth

Np = 45 teeth

Np = 30 teeth
solution

Step 1. Substitute the given input angular
velocity (w4) and the number of teeth on gears
(A) and (D) in Eq. (10.39) to calculate the out-
put angular velocity (wp) as

Na (15 teeth)
wp = — WA =

Np 4= (30 tee) 00 P

1
= (600 rpm) =300 rpm

Note that the direction of gear (D) will be the
same as the direction of gear (A).

Example 2. Determine the output angular
velocity for the triple spur gear train as that
shown in Fig. 10.18, where

wa = 600 rpm

Na = 15 teeth

Np = 45 teeth

Np = 30 teeth
solution

Step 1. Substitute the given input angular
velocity (w4) and the number of teeth on gears
(A) and (D) in Eq. (10.39) to calculate the out-
put angular velocity (wp) as

Na (15 teeth)
wp = — wp =

= 22 600
Np (30 teeth) 000 Pm)

1
= 5(600 rpm) = 300 rpm

Note that the direction of gear (D) will be the
same as the direction of gear (A).
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Any number of spur-type gears on any number of fixed parallel shafts can be approached
using this fundamental principle that the velocity of the contact points between any two
gears must be the same from each gear’s perspective.

10.3.2 Planetary Gears

The most basic of planetary gear trains is shown in Fig. 10.19 where the axis of the single
planet gear (A) is fixed to one end of the rotating arm (B) and is in contact with a fixed
internal ring gear (D).

FIGURE 10.19 Basic planetary gear train.

As arm (B) rotates about its own fixed axis, the planet gear (A) must roll along the inside
of the fixed ring gear (D). This means the planet gear (A) not only rotates about its own axis
at the end of arm (B) but also rotates about the fixed axis of arm (B) at the center of the gear
train, meaning gear (A) moves in a planetary motion for which this type gear train is named.

If the angular velocity (wpg) of the arm is considered the input, then the output is the
angular velocity of the planet gear (wy4). If the angular velocity (wpg) of the arm is clockwise,
then the angular velocity (w4) of the planet gear will be counterclockwise. This is due to
the fundamental principle that the velocity of point C, the axis of the planet gear (A), must
have the same magnitude and direction whether determined from the fixed axis of arm (B)
or the fixed ring gear (D). This means that the relationship in Eq. (10.40) must govern the
motion of the arm (B) and the planet gear (A).

ve =rawpa = Lpwp (10.40)
where (L p) is the length of arm (B).
Solving for the output angular velocity (w4) gives
Lp
wpA = —op (10.41)
ra
From the geometry in Fig. 10.19, the length (L) of arm (B) can be expressed in terms
of the radius of the planet gear (A) and the radius of the fixed ring gear (D) as

Lg=rp—rs (10.42)
Substitute for (L g) from Eq. (10.42) in Eq. (10.41) to give

Wy = A <r—D - 1) wg (10.43)
ra ra
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As stated earlier, the number of teeth (N) on a spur gear is directly related to its radius,
or diameter; therefore, the ratio of the radius (rp) to (r4) in Eq. (10.43) must be the same
as the ratio of the number of teeth (Np) on the fixed ring gear (D) to the number of teeth
(N4) on the planet gear (A). Therefore, Eq. (10.43) can be rewritten as

N
o) = <_D _ 1) s (10.44)
Na

Based on the relative sizes of the planet gear (A) and the ring gear (D) shown in Fig. 10.19,
the number of teeth on gear (A) is less than the number of teeth on gear (D). Therefore,
the output angular velocity (w4) could be greater than the input angular velocity (wp) of
the arm; however, it is always in the opposite direction.

U.S. Customary SI/Metric
Example 3. Determine the output angular Example 3: Determine the output angular
velocity for the planetary gear train as that velocity for the planetary gear train as that
shown in Fig. 10.19, where shown in Fig. 10.19, where
wp = 1,800 rpm (input) wp = 1,800 rpm (input)
Ny = 64 teeth N4 = 64 teeth
Np = 192 teeth Np = 192 teeth
solution solution
Step 1. Substitute the given input angular Step 1. Substitute the given input angular
velocity (wp) and the number of teeth on gears velocity (wp) and the number of teeth on gears
(A) and (D) in Eq. (10.44) to calculate the out- (A) and (D) in Eq. (10.44) to calculate the out-
put angular velocity (w4) as put angular velocity (w4) as
Np | Np |
wpg=—-1)o wp=—-1)o
A Na B A Na B
192 teeth 1) (1.800 ) 192 teeth 1) (1.800 )
=— — m =|—— m
64 teeth SR IP 64 teeth SRR
= (3 — 1)(1,800 rpm) = (3 — 1)(1,800 rpm)
= (2)(1,800 rpm) = 3,600 rpm = (2)(1,800 rpm) = 3,600 rpm
There is a 2:1 increase in the angular speed, There is a 2:1 increase in the angular speed,
with the direction of gear (A) opposite to the with the direction of gear (A) opposite to the
direction of arm (B). direction of arm (B).

Suppose another gear is added to the axis of the planet gear (A) and moves with the
same angular velocity (w4 ) forming what is called a compound gear set. Also, suppose this
additional gear is in contact with another gear, called a sun gear, mounted on the fixed axis of
the rotating arm (B); however, it is free to rotate at its own angular velocity. This new more
complex arrangement is shown in Fig. 10.20, where (E) is the additional gear on the axis
of the planet gear (A) forming the compound gear set, and (F) is the sun gear. Point G is
the point of contact between gears (£) and (F), and must have a velocity that has the same
magnitude and direction whether related to gear (E) or gear (F). This is a similar condition
already placed on point C, the axis of the compound gear set on the rotating arm (B).

For this configuration, the angular velocity (wp) of arm (B) is still the input; however,
now the output is the angular velocity (wr) of the sun gear (F). Notice that the direction
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E (compound gear
( P gear) C (axis of compound gear)

F (sun gear)

G (contact point)

D (fixed ring gear)
FIGURE 10.20 Complex planetary gear train.

of rotation of the sun gear (F) is the same as the direction of rotation of the arm (B). This
is similar to what an idler gear does for a fixed axis spur gear train; however, a planetary
gear train is more compact, and that is one of its most important advantages.

As before, arm (B) rotates about its own fixed axis so that the planet gear (A) must roll
along the inside of the fixed ring gear (D). As gear (E) moves with gear (A), it must have
the same angular velocity (w4), given by Eq. (10.44), and have the same direction that is
opposite to the direction of the arm (B).

As stated earlier, at the contact point G between compound gear (E) and the sun gear
(F), the velocity of point G must be the same velocity whether expressed from gear (E) or
gear (F'). Therefore, the motion of these two gears must be governed by the expression in
Eq. (10.45) as

vG = (ra +rg)wg = rrofF (10.45)

where the compound gear (E) appears to be rolling on the inside of the ring gear (D) with
a single radius equal to the sum of the radius of gear (A) plus the radius of gear (E).
Solving for the output angular velocity (wr) gives

ra+rg
Y
T
where from Fig. 10.20 the directions of (wg) and (wF) are opposite to each other.

As the number of teeth (N) on a spur gear is directly related to its radius, or diameter,
Eq. (10.46) can be rewritten as

oF = (10.46)

Nso+ Ng
= ——owf
Nr

Also, the angular velocities (wa) and (wg) of the compound gear set are the same,
meaning

oF (10.47)

WE = WA (10.48)
Replacing (wg) with (wg4), and substituting for (w4) from Eq. (10.44), Eq. (10.47)
becomes
Na + Ng Na + Ng
wE = WA
NE Nr

_ Na+ Ng @_1 ©
Nr Ny B

wF =
(10.49)
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U.S. Customary

SI/Metric

Example 4. Determine the output angular
velocity for the planetary gear train as that
shown in Fig. 10.20, where

wp = 1,800 rpm (input)

N4 = 64 teeth

Np = 192 teeth

N = 80 teeth

Np = 48 teeth
solution

Step 1. Substitute the given input angular
velocity (wp) and the number of teeth on gears
(A), (D), (E), and (F) in Eq. (10.49) to calcu-
late the output angular velocity (wF) as

Nas+ Ng ( Np
wp = —————— N—A—l wp

Np
(64 + 80) teeth (192 teeth
T 48 teeth 64 teeth
% (1,800 rpm)

(3)(3 — 1)(1,800 rpm)
= (6)(1,800rpm) = 10,800 rpm

There is a 6:1 increase in the angular speed,
with the direction of gear (F) in the same
direction as arm (B).

Example 4. Determine the output angular
velocity for the planetary gear train as that
shown in Fig. 10.20, where

wp = 1,800 rpm (input)

N4 = 64 teeth

Np = 192 teeth

Ng = 80 teeth

Ng = 48 teeth
solution

Step 1. Substitute the given input angular
velocity (wp) and the number of teeth on gears
(A), (D), (E), and (F) in Eq. (10.49) to calcu-
late the output angular velocity (wF) as

Na+ Ng (Np
W = ——— N—A—l wp

Nr
_ (64 4 80) teeth (192 teeth
T 48 teeth 64 teeth
% (1,800 rpm)

(3)(3 — 1)(1,800 rpm)
= (6)(1,800 rpm) = 10,800 rpm

There is a 6:1 increase in the angular speed,
with the direction of gear (F) in the same
direction as arm (B).

Realize that to achieve the same input to output ratio 6:1 using a spur gear train, the
input gear would have to be six times the diameter, or number of teeth, as the output gear.
This would not be a very compact gear train arrangement. Again, this is the advantage of
a planetary gear train; however, its disadvantage is that it is more complex to manufacture
and maintain the close tolerances necessary for its efficient operation.

One last comment on planetary gear trains. To distribute the loading on the ring gear,
many times there are multiple compound gears driving a single sun gear, resulting in a
rotating arm with multiple spokes. However, this would not change the input to output ratio
of the angular velocities; therefore, the principles and formulas presented in this section are
valid for even the most complex configuration of gears and rotating arms.

10.4 WHEELS AND PULLEYS

While the discussion in the previous section involved the motion of gears, which were
treated as both rotating and rolling wheels, here the motion of wheels rolling freely on a
flat rough surface will be discussed. The velocity at a variety of important locations around
the rolling wheel will be presented.
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Pulleys can also rotate and roll. The motion of simple to complex pulley arrangements
will be discussed, building on the discussions of both gears trains and rolling wheels.

10.4.1 Rolling Wheels

One of the most basic of motions in the study of machines is the velocity of a rolling wheel

on a flat surface, shown in Fig. 10.21.

(Geometric center)

P(instantaneous contact point)

FIGURE 10.21  Velocity of a rolling wheel on a flat surface.

If the wheel rolls without slipping, then the velocity at point P is zero, and the velocity
of the geometric center of the wheel, point A, will be given by the expression

VA = Fw

(10.50)

where (r) is the radius of the wheel and (w) is the angular velocity of the wheel. For the
clockwise angular rotation (@) shown in Fig. 10.21, the velocity (v4) of the center of the

wheel will be to the right as shown.

If the velocity (v 4) is known, which many times it is, then the angular velocity (@) can

be found by rearranging Eq. (10.50) to give

VA
w=—
-

(10.51)

U.S. Customary

SI/Metric

Example 1. Determine the angular velocity
of arolling wheel like that shown in Fig. 10.21,
where

v4 = 60 mph

r =8in=0.67 ft

solution
Step 1. Convert the given velocity of the center
of the rolling wheel to (ft/s) as

oM S280f  1h

= —_ X —— X —

v h mi 3,600 s
— 88 s

Example 1. Determine the angular velocity
of arolling wheel like that shown in Fig. 10.21,
where

va = 96.5 kph

r=20cm=02m

solution
Step 1. Convert the given velocity of the center
of the rolling wheel to (m/s) as

96.5 km 1,000 m 1h

=965 — X ———— X ———

VA h km 3,600 s
— 26.8 m/s
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U.S. Customary SI/Metric
Step 2. Substitute the velocity (v4) found in Step 2. Substitute the velocity (v4) found in
step 1 and the given radius (r) of the rolling step 1 and the given radius (r) of the rolling
wheel in Eq. (10.51) to determine the angular wheel in Eq. (10.51) to determine the angular
velocity (w) as velocity () as
VA 88 ft/s va 26.8 m/s
w = —= w = —=
rev  0.67 ft rev 0.2 m
=132@X1revx60.s =134@XlrevXGO.s
S 2rrad 1 min S 2nrrad 1 min
= 1,260 rpm = 1,280 rpm

From the principles of relative motion, the velocity of any other point on the wheel will
be the velocity (v4), which has a magnitude of (rw), plus an additional velocity equal to
(rw) except directed perpendicular to the line connecting the point with the center of the
wheel and is in the direction of the angular velocity (). Fig. 10.22 shows the velocities of
three special points B, C, and D, and why the velocity of point P is in fact zero.

B G
V Vs o ro
L. _ Vo
o ] r
!
_ o > >V
» VA
C Va A Vp= ro !
:
r&i-__ VD
o> =Va
% 7
Vp= 0

FIGURE 10.22  Velocity of special points on a rolling wheel.

Therefore, the velocity at the top of the wheel, point B, has a magnitude
VB =VA+Trw=vg+vs=2v4 (10.52)

which is twice the velocity of the center of the wheel (v 4) and directed to the right as shown.
Also, the velocity of the instantaneous contact point P is zero as the velocity (v4) to the
right is canceled by the velocity (rw) to the left.

The velocity (vc) at the left side of the wheel, point C, has a magnitude given by the
pythagorean theorem as

ve = V)2 + w)? = V) + (a)? = V2 (10.53)

and directed upward at 45° relative to the horizontal as shown.

Similarly, the velocity (vp) at the right side of the wheel, point D, has a magnitude given
by the pythagorean theorem as

vp =V )2+ r)? =v(a)? + ma)? = V2 (10.54)

and directed downward at 45° relative to the horizontal as shown.
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Fig. 10.23 shows the velocities of four additional points E, F, G, and H.

7

Ze]

FIGURE 10.23  Velocity of four additional points on a rolling wheel.

Choosing point F in Fig. 10.23, its velocity has a magnitude given by the Pythagorean

theorem as

VE = \/(VA + rwcos45°)2 4 (—rwsin45°)2

= v/ (v4 + v4 08 45°)2 + (—vy sin 45°)2

(10.55)

= \/vj[(l +€0845°)2 + (— sin45°)2] = \/v§[3.414]

= (1.85) v4
and its direction is downward from the horizontal, a negative angle (6) given by the
expression
and — —_:a) sin45‘:50 _ —_:A sin45‘:50 _ 1;sin4‘5l;O 0414
VA + rwcos VA + v4 COS cos (10.56)

0 = —22.5°

The magnitude of the other three velocities is the same as that given by Eq. (10.55);
however, each velocity is at a different angle relative to the horizontal.

U.S. Customary

SI/Metric

Example 2. Determine the velocity, both its
magnitude and direction, of point H on the
rolling wheel shown in Fig. 10.23, where

v4 = 60 mph = 88 ft/s

solution

Step 1. Substitute the given velocity (v4) of the
center of the wheel in Eq. (10.55) to determine
the magnitude of the velocity (vy) as

(1.85)4 = (1.85)(88 ft/s)
= 162.8 fi/s

VH

Example 2. Determine the velocity, both its
magnitude and direction, of point H on the
rolling wheel shown in Fig. 10.23, where

va = 96.5 kph = 26.8 m/s

solution

Step 1. Substitute the given velocity (v4) of the
center of the wheel in Eq. (10.55) to determine
the magnitude of the velocity (vy) as

v = (1.85) = (1.85)(26.8 m/s)
= 49.6 m/s
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U.S. Customary

SI/Metric

Step 2. Substitute the given velocity (v4) of the
center of the wheel in Eq. (10.56) to determine
the angle (0) as
(an6 rwsin45°
anp = ——
VA — rw cos 45°
v sin 45°
VA — 4 cos 45°
in 45°
= 5414
1 — cos45°

0 = 67.5°

The velocity (vg) is to the right at the mag-
nitude calculated in step 1 at the angle (0)
calculated in step 2 above the horizontal.

Step 2. Substitute the given velocity (v4) of the
center of the wheel in Eq. (10.56) to determine
the angle (0) as
(ano rw sin45°
an = —
VA — rwcos 45°
v sin45°
VA — 4 cos 45°
in45°
= 5414
1 — cos45°

0 = 67.5°

The velocity (vg) is to the right at the mag-
nitude calculated in step 1 at the angle (6)
calculated in step 2 above the horizontal.

10.4.2 Pulley Systems

The simplest pulley system is shown in Fig. 10.24, where a single pulley transfers a down-
ward force (P) into an upward force (P) to lift the load (W).

<

Vp

/ Cable
t

W (load)

L

FIGURE 10.24  Simplest pulley system.

The downward velocity (vp) of the force (P) is equal to the upward velocity (vy) of the

load (W) given by Eq. (10.57) as

VW = vp

(10.57)

Therefore, for this simplest of pulley systems there is no mechanical advantage, meaning
the force (P) is the same magnitude as the load (W), and the velocities (vp) and (v ) are

equal.

Consider the two pulley system shown in Fig. 10.25 where the upper pulley (1) is twice

the diameter of the lower pulley (2).



436 APPLICATION TO MACHINES

T
W (load)

.

FIGURE 10.25 Two pulley system.

As the tension in the cable on each side of the lower pulley (2) is equal to the force (P),
the mechanical advantage is (2:1), meaning the force (P) is half the magnitude of the load
(W). Also, as the force (P) moves downward the lower pulley (2) rolls like a wheel up the
cable that is attached to the center of the upper pulley (1). From the last section on rolling
wheels, the velocity of the center of a wheel is half the velocity at a point at the top of
the wheel. Therefore, the velocity (vy) of the load (W), which is equal to the velocity of
the center of the lower pulley (2), is half the velocity (vp) of the force (P) and given by
Eq. (10.58) as

vw = %Vp (10.58)

Finally, consider the complex pulley system shown in Fig. 10.26 where pulleys (3) and
(4) are connected to pulleys (1) and (2), respectively, by rigid links. Pulleys (1) and (2) have
the same diameter, and pulleys (3) and (4) have the same diameter.

As there is only one active cable, the mechanical advantage is (4:1), meaning the force (P)
is one-fourth the magnitude of the load (W). Also, depending on the relative diameters of the
large pulleys (1) and (2) as compared to the small pulleys (3) and (4), the upward velocity
(vw) will be some fraction of the velocity (vp) of the force (P) as it moves downward.

From the configuration of the pulleys in Fig. 10.26, the lower pulley (2) will again roll like
a wheel up the cable that passes around pulley (3), even though this cable is not perfectly
vertical. As the separation distance between the centers of pulleys (3) and (4) would be
much larger than that shown in Fig. 10.26, the angle by which this cable and the cable that
passes around pulley (4) and goes up to the center of pulley (3) is off from the vertical will
be small.



MACHINE MOTION 437

W (load)

FIGURE 10.26 Complex pulley system.

Therefore, the velocity (v ) of the load (W), which is equal to the velocity of the center
of the lower pulley (2), is the fraction (1/x) of the velocity (vp) of the force (P) and given
by Eq. (10.59) as

1
VW = —Vvp (10.59)
X

where (x) is determined for specific diameters of all four pulleys and for a particular distance
between pulleys (3) and (4).

This completes the chapter on machine motion and thus we come to “The End” of the
ten chapters of this first edition of Marks’ Calculations for Machine Design. It has been a
pleasure uncovering the mystery of the formulas in machine design that are so important to
bring about a safe and operationally sound design. Having said so, it must also be mentioned
that for you it is just the beginning of a creative odyssey. The machines you would design
based on the knowledge gained from this book, and the new ideas, theories, equations, and
techniques you would come up with would go to increase the volume of books like this
considerably in each subsequent edition. Best wishes for your designs.
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INDEX

Acceleration analysis, 416419
Advanced loadings, 127
American Welding Society (AWS), 348
Amplitude stress, 285
Angle of twist, 19
Angular rotation, 392
Area:
tensile-stress, 324
Average stress, 196
Axial loading, 4, 156, 159, 164, 172
Axial strain, 5
Axial stress, 4
in cylinders:
thin-walled, 129, 191
thick-walled, 133-134
prismatic, 4

Beams, 33
cantilevered, 33-34, 97
double overhanging, 35
simply-supported, 33, 35
single overhanging, 35
Beam loadings:
concentrated couple, 48, 110
concentrated force at free end(s), 73, 86, 98
concentrated force at intermediate point,
41, 104
concentrated force at midpoint, 36, 159
triangular load, 60, 120
twin concentrated forces, 67
uniform load, 55, 79, 92, 115
Beam supports:
cantilever, 35
pin, 34
roller, 34
Bending, 24, 158, 167, 184
Bergstrasser factor, 370
Biaxial stress element, 148

Bolt:

length, 323

strength, 331
Bolted connections, 321
Butt welds, 348

Cantilevered beams, 33-34, 97, 98, 104, 110,

115, 120
Change in length:
prismatic bar, 8
Classic mechanism designs, 410
Coefficient of expansion, 10
Coefficient of speed fluctuation, 393, 397
Column buckling, 260
Euler formula, 261
Parabolic formula, 263
Secant formula, 266
Short columns, 270
Column end types, 262
Combined loadings:
dynamic, 311
static:
axial and bending, 159
axial and pressure, 172
axial and thermal, 164
axial and torsion, 156
bending and pressure, 184
torsion and bending, 167
torsion and pressure, 175
Complex planetary gear trains, 430
Complex pulley systems, 437
Composite flywheels, 401-403
Compression springs, 380-382
Concentrated couple loading, 48, 110
Cone angle in bolted connections, 327
Contact loading:
cylinders in contact, 143
spheres in contact, 139

11
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Contact pressure, maximum:
between cylinders, 144
between spheres, 140

Corrosion effect, 283

Coulomb-Mohr theory, 248
graphical representation, 248

Critical frequency, 383-384

Cycle frequency effect, 283

Cyclic loading, 276

Cyclic motion, 421-424

Cylinders:
thin-walled, 129
thick-walled, 130

Design:

dynamic, 273

static, 233
Direct shear loading, 3, 11
Disassemblable joint bolt preload,

332

Distortion-energy theory, 237

graphical representation, 237
Double overhanging beams, 35, 86, 92

Elastic limit, 6, 14
Eccentricity ratio, 267
graphical representation, 267
Effective diameter, 281
Electrolytic plating effect, 283
Elongation method for bolt preload,
332
Endurance limit, 276
Energy, 375-376
Extension springs, 379-380
hook geometry, 379
External load on bolted joints, 332-334
Euler formula, 261

Factors, Marin equation:
load type, 282
miscellaneous effects, 282-283
size, 280-281
surface finish, 280
Factors of safety:
against bolted joint separation, 335-336
dynamic design:
fluctuating loading:
Gerber theory, 288-289
Goodman theory, 288-292
Modified Goodman theory, 288—289
stress-concentration factor, 304
torsional loading, 305

INDEX

static design:
brittle materials:
Coulomb-Mohr theory, 249
Maximum-normal-stress theory, 248
Modified Coulomb-Mohr theory, 250
ductile materials:
Distortion-energy theory, 238
Maximum-normal-stress theory, 235
Maximum-shear-stress theory, 237
yielding of a bolted connection, 339
Fastener assembly types, 321
Fatigue, 273
Fatigue loading of:
bolted connections, 337-340
helical spring, 385-386
welded connections, 365-366
Fillet weld geometry for:
bending, 357
torsion, 353
Fillet welds, 348, 350-358
Fillet welds treated as lines, 360-363
Finite life, 276, 277
First moment of area:
definition, 27
formula for the maximum value:
circular cross section, 31
rectangular cross section, 28
Fit standards, 137
Fluctuating design criteria, 287
Flywheels, 388
Four-bar linkage, 410
Four-stroke engine, 392
Fracture point, 6, 14
Free Body Diagram (FBD) of a helical
spring, 368
Frettage effect, 283
Frustum in bolted connections, 326-327
Fundamental loadings, 3
summary table of formulas, 153

Gaskets in bolted connections, 326
Gear trains, 424
Geometry of:
fillet welds as lines, 361
helical springs, 368
slider-crank linkage, 414
Gerber theory, 288-289
Goodman Diagram for:
bolted connections, 338
fluctuating torsional loading, 386
welded connections, 366
Goodman theory, 288-289



Grip, of a bolted connection, 323
Groove welds, 348

Helical spring deflection, 371
Helical springs, 367
Hole punching, 15
Hooke’s law:
axial, 6, 9, 10
shear, 14
Hoop stress in cylinders, 129, 191

Infinite life, 276

Instantaneous contact point, 432
Interface pressure, 135

Internal combustion engines, 392-394

Joint contact, 334

Lap joint, 350
Lateral strain, 7
Linkages, 410
Load factor on bolted connections, 335
Load type factor for Marin equation,
282
Loadings:
advanced, 127
axial, 4, 156, 159, 164
bending, 24, 159, 167, 184
combined, 153
contact, 139
direct shear, 11
fluctuating, 285
fundamental, 3
pressure, 127, 172, 175, 184
reversed, 274
rotational, 147
summary table of formulas, 153, 154
thermal, 10, 164
torsion, 16, 156, 167, 175
triangular, 60, 120
uniform, 55, 79,92, 115

Machine:
assembly, 321
energy, 367
motion, 409
Marin equation, 279
Maximum-normal-stress theory:
brittle materials, 247
graphical representation, 247
ductile materials, 234
graphical representation, 247

Maximum-shear-stress theory, 235
graphical representation, 236
Maximum shear stress, 196
Mean stress, 285
Mechanical advantage, 436
Members, in a bolted connection,
326
Minimum shear stress, 196
Miscellaneous effects factors for Marin
equation, 282283
Modified Coulomb-Mohr theory, 249
graphical representation, 249
Modified Goodman theory, 288—289
Modulus of elasticity:
axial, 6, 15
shear, 14, 15
Moment of inertia:
circular beam, 31
flywheel, 389
rectangular beam, 25
Mohr’s Circle, 205
graphical process, 208
triaxial stress, 231

Neutral axis, 24

Notch sensitivity, 260, 283

Number of active coils in a helical spring,
372

Parabolic formula, 263
Parallel arrangement of springs, 377-378
Permanent joint bolt preload, 332
Pin supports, 34
Pitch of a helical spring, 380
Plane stress element, 153154, 189
Planetary gears, 428-431
Poisson’s ratio, 7, 15
Polar moment of inertia:

hollow shaft, 17

solid shaft, 17

thin-walled rectangular tube, 22

welded connection, 354
Potential energy of a spring, 376
Preload, bolt, 331-332

techniques to verify, 332
Press fits, 134, 175
Pressure:

contact:

between cylinders, 144
between spheres, 140
interface, 135
internal, 128
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Pressure loadings, 127, 172, 175, 184

summary table of formulas, 154
Pressure vessels:

thin-walled:

cylindrical, 129, 191
spherical, 128

Pressurized tank, 184, 190
Principal stresses, 190, 195
Prismatic bar, 4, 156, 258, 322
Proof strength, 332
Proportional limit, 6, 14
Pulley systems, 435-437
Punch press:

cycle, 396

flywheels, 395-398
Punching time, 397
Pure motions:

rotation, 412

translation, 412
Pure shear element, 156

Quick-return linkage, 411

Radial interference, 135
Radial stress, 131-132, 148
Radius of gyration: 260
circular cross section, 265
rectangular cross section, 261
Rated torque, 395
Recovery time, punch presses, 397
Relative motion, 412-415, 416-419
Riveted joint, 11, 30
Roller supports, 34
Rolling wheels, 432-434
Rotated plane stress element, 190, 205
Rotating disk, 148
R. R. Moore rotating-beam machine, 275

Secant formula, 266
Section modulus, 26
Series arrangement of springs, 377-378
Shear:
direct, 11
strain, 13, 19
stress, 12, 16, 22, 27
maximum, 196
minimum, 196
Shear-stress correction factor, 370
Shrink fits, 134, 175
Simply-supported beams, 33, 35, 36, 41, 48, 55,
60, 67,73, 79, 86, 92

INDEX

Single overhanging beams, 35, 73, 79
Size factor for Marin equation, 280-281
Slenderness ratio, 260, 261, 263, 266, 271
Slider-crank linkage, 411
S-N Diagram, 275-276
Solid disk flywheel, 388-389
Spheres:
thin-walled, 128
Spring deflection, 371
Spring index, 369
Spring rate:
bolt, 322-323
capscrew, 322-323
frustum of a cone, 327
helical springs, 371-372
members in a bolted connection, 326-327
Spur gears, 425-427
Static design:
coordinate system, 234
brittle materials, 246
comparison with experimental data, 250
recommendations, 251-252
ductile materials, 234
comparison with experimental data, 238
recommendations, 238-239
theories:
Coulomb-Mohr, 248
Distortion-energy, 237
Maximum-normal-stress, 234, 247
Maximum-shear-stress, 235
Modified Coulomb-Mohr, 249
Stability of helical springs, 381-382
Static loading of bolted connections, 335-336
Stiffness:
bolt, 322-323
capscrew, 322-323
frustum of a cone, 327
members in a bolted connection, 326-327
Strain:
axial, 5
lateral, 7
shear, 13, 19
thermal, 10
Strength, proof, 332
Stress:
alternating, 285
average, 196
axial, 4, 129, 133-134
bending, 24
contact, 140, 144
critical, 261, 264, 266, 271



direct shear, 12
hoop, 129, 191
mean, 285
normal, in spheres, 128
principal, 190
radial, 131-132, 148
shear, 16, 22, 27
tangential, 131, 148
thermal, 10
triaxial, 230
Stress-concentration factors, 258, 283,
304
Stress elements:
biaxial, 148, 219, 223
maximum, 195
plane, 153, 205
pure shear, 156, 157, 219, 227
uniaxial, 155, 219
Stress-strain diagrams:
axial loading:
brittle materials, 7
ductile materials, 6
high-strength bolt or capscrew, 332
shear loading:
brittle materials, 14
ductile materials, 14
Supports:
cantilever, 33-34
pin, 34
roller, 34

Surface finish factor for Marin equation, 280

Synchronous angular velocity, 395

Tangential stress, 130, 148
Tee joint, 351

Temperature factor in Marin equation, 282

Tensile-stress area, 324, 331
Thermal:

loading, 164

strain, 10

stress, 10

Thick-walled cylinders, 130
Thin rotating disks, 148
Thin-walled:

tubes, 22

vessels, 128

cylindrical, 129
spherical, 128

Thread length, 323-324
Torque as a function of:

angular velocity, 395

rotation angle, 392
Torque wrench method for bolt preload,

332

Torsion, 16, 156, 167, 175
Torsional loading:

fluctuating, 304-305

welded connections, 352-354
Transformation equations, 190
Transverse joint, 351, 352
Triangular loading, 60, 120
Triaxial stress, 230
Turn-of-the-nut method for bolt preload,

332

Two-stroke engine, 392

Ultimate strength, 6, 14
Uniaxial stress element, 155
Uniform loading, 55, 79, 92, 115

Velocity analysis, 412—415
Vessels:
thin-walled:
cylinders, 129
spheres, 128

‘Wabhl factor, 370

‘Welded connections, 348
Wheels and pulleys, 431
Work and energy, 375-376

Yield point, 6, 14
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