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PREFACE

Since the First Sino-US Joint Symposium/Workshop on Recent Developments and Future Trends
of Computational Mechanics in Structural Engineering was held September 24-28, 1991, in
Beijing, both countries have been actively engaged in cooperative research benefitting both
countries and the research communities at large. Researchers from the US and China have a
strong desire and commitment to exchange state-of-the-art information and to advance scientific
progress.

The Second Sino-US Symposium Workshop on Recent Advancement of Computational
Mechanics in Structural Engineering was held May 25-28, 1998, in Dalian, China. The
objectives were:

® to share the insights and experiences gained from recent developments in theory and
practice

® to assess the current state of knowledge in various topic areas of mechanics and
computational methods and to identify joint research opportunities

® to stimulate future cooperative research and to develop joint efforts in subjects of
common needs and interests

® to build and to strengthen the long-term bilateral scientific relationship between academic
and professional practicing communities

Topic areas discussed cover the entire field of computational structural mechanics. These topics
have advanced broad applications in the engineering practice of modern structural analysis,
design and construction of buildings and other structures, and in natural hazard mitigation.

B
Speakers were invited through steering committees in both countries. The Chinese steering
committee consisted of:

Professor Wanxie Zhong (chair)
Department of Engineering Mechanics, Dalian University of Technology

Professor Junzhi Cui
Institute of Computational Mathematics and Science-Engineering Computation,
Academia Sinica

Professor Yuanxian Gu
Department of Engineering Mechanics, Dalian University of Technology

Professor Jianjing Jiang
Department of Engineering Mechanics, Tsinghua University
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The US steering committee consisted of:

Dr. Jann N. Yang (chair)
Professor of Civil Engineering, University of California at Irvine

Dr. Franklin Y. Cheng
Curators' Professor of Civil Engineering, University of Missouri-Rolla

Dr. Zhen Chen
Assistant Professor of Civil Engineering, University of Missouri-Columbia

Chinese delegates included:

Professor PuChen, ............. Beijing University
Professor Yingjun Chen, ......... Northern Jiaotong University
Professor Gengdong Cheng, ... ... Dalian University of Technology
Professor Junzhi Cui, ........... Chinese Academy of Sciences
Professor Baoyan Duan, ......... Xian University of Electronic Science & Technology
Professor Yuanxian Gu, ......... Dalian University of Technology
Professor Zhichao Hou, ......... Tsinghua University
Professor Haiyan Hu, ........... Nanjing University of Aeronautics & Astronautics
Professor Yi Huang, Xian University of Architectural Science &
Technology
Professor Jianjing Jiang, ......... Tsinghua University
Professor Xikui L1, ............. Dalian University of Technology
Professor Jiahoa Lin, ............ Dalian University of Technology
Professor J.G. Teng, ............ Hong Kong Polytechnic University
Professor Changchun Wu, ....... University of Science & Technology of China
Professor YoulinXu, ........... Hong Kong Polytechnic University
Professor Zhenhan Yao, ....... .. Tsinghua University
Professor Si Yuan, ............. Tsinghua University
Professor Wanxie Zhong, ........ Dalian University of Technology
US delegates included:
Professor Lawrence A. Bergman, .. University of lllinois at Urbana-Champaign
Professor Zhen Chen, ........... University of Missouri-Columbia
Professor Franklin Y. Cheng, ..... University of Missouri-Rolla
Professor Carlos A. Felippa, ...... University of Colorado at Boulder
Professor Henri P. Gavin, ........ Duke University
Professor Le-WulLu, ............ Lehigh University
Professor Arif Masud, ........... University of lllinois at Chicago
Professor Kevin Z. Truman, ... ... Washington University
Professor Sara Wadia-Fascetti, . ... Northeastern University
Professor Ming L. Wang, ........ University of lllinois at Chicago
Professor Jann N. Yang, ......... University of California at Irvine

All technical papers were carefully reviewed by the steering committees. Professor Franklin Y.
Cheng completed the final editing of the papers in the proceeding’s volume for publication.
Their contributions are specially acknowledged.

S.C. LIU, Program Director
K.P. CHONG, Program Director
Civil & Mechanical Systems
National Science Foundation
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Second Sino-US Joint Symposium on Recent Advancement of Computational Mechanics in Structural Engineering
25-28 May 1998, Dalian, China

Front row: K. Fu, J.H. Lin, X.S. Xu, M.L. Wang, P. Chen, Z.C. Hou, Y.X. Gu, J.G. Teng, Y.L. Xu

Back row: R.F. Wu, Q.G. Meng, C.C. Wu, Y.J. Chen, H.Y. Hu, G.D. Cheng, W.M. Dong, A. Masud, Z.H. Yao,
XK. Li, W.X. Zhong, K.Z. Truman, C.A. Felippa, S.C. Liu, L.-W. Lu, F.Y. Cheng, L.A. Bergman, J.Z. Cui,
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Xiv ‘Symposium Activities’

Opening remarks by G.D. Cheng, President, Dalian University
of Technology, with speakers (left to right) L.X. Qian,
W.X. Zhong, S.C. Liu, F.Y. Cheng, J.N. Yang, C.A. Felippa, Q.G. Meng

Conference Room



‘Symposium Activities’ XV

Welcoming remarks by Junwen Liu, Deputy Mayor of Dalian
(left to right) L.X. Qian (partially hidden), W.X. Zhong, S.C. Liu,
Mayor Liu, F.Y. Cheng, J.N. Yang, C.A. Felippa, Q.G. Meng

G.D. Cheng and F.Y. Cheng outside conference building



Xvi ‘Symposium Activities’

US delegates (left to right) S. Wadia-Fascetti, M.L. Wang,
L.W. Lu, J.N. Yang, L.A. Bergman, H.P. Gavin, K.Z. Truman,
C.A. Felippa, F.Y. Cheng, Z. Chen, A. Masud

Delegates at reception



‘Symposium Activities’ Xvii

Luncheon for delegates (clockwise) K.Z. Truman, L.A. Bergman, S. Wadia-Fascetti,
J.Z. Cui, W.H. Zhong, M.L. Wang, F.Y. Cheng, A. Masud, C.A. Felippa

Longtime friends
(seated) X.S. Li, F.Y. Cheng, W.X. Zhong, (standing) J.H. Lin
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W.M. Dong and S.C. Liu en route to site visit

W.A. Anderson, NSF Senior Advisor, and F.Y. Cheng
in front of hotel



RESOLUTIONS OF
SECOND SINO-US JOINT SYMPOSIUM / WORKSHOP ON
RECENT ADVANCEMENT OF COMPUTATIONAL
MECHANICS IN STRURCTURAL ENGINEERING

The second Sino-US Joint Symposium/Workshop on Recent Advancement of Computational
Mechanics in Structural Engineering, jointly chaired by Professor Wanxie Zhong of the Dalian
University of Technology and Professor Jann N. Yang of the University of California at Irvine,
was held May 25-28, 1998, in Dalian, China. Presentations and discussions during the
symposium mainly focused on the areas of structural optimization, stochastic structural
dynamics, structural control and system identification, linear and nonlinear finite element
analysis, large-scale and parallel computing, and structural design.

At the conclusion of the workshop, which followed the symposium, the participants unanimously
passed the following resolutions:

® Encourage collaborative research projects between Chinese and US individual
investigators and groups of investigators, through short-term exchange of science and
engineers;

® Seek NSF (US) and NNSF (China) joint research support to promote and facilitate the
evaluation of joint research proposals;

® Establish future Sino-US joint symposia/workshops on a biennial basis, with venues
alternating between the US and China;

® Propose that the Third Sino-US Joint Symposium/Workshop be scheduled for the year
2000 and that the theme of the symposium be "Methods and Applications of
Optimization in Design" with St. Louis, Missouri as a possible location. Professor Kevin
Truman of Washington University in St. Louis will investigate such possibilities and will
coordinate his efforts with Professor Yuanxian Gu of the Dalian University of
Technology.

Resolutions thanking the co-chairs for their efforts and the local organizing committee for their
outstanding arrangements and hospitality also passed unanimously.

Topics of mutual interest that were recommended for further investigation as potential joint
research activities by the three working groups are as follows.

Working Group 1: Optimization of Civil Infrastructure Systems
Structural Design Using Optimization Theory

Performance-Based Design - application of optimization theory to performance-based design
including objectives and constraints that reflect reliability, serviceability, and strength.

Life-Cycle Costs - development of optimization-based system (integrated) design including

Xix



XX Resolutions

elements such as multiple objectives, damage costs, strength degradation, and environmental
loads.

Upgrade, Repair and Retrofit - development of advanced optimization theory to assess structural
enhancements (designs) for improved safety, risk mitigation, and potential loss reduction.

Nonlinear Systems - development of advanced optimization theory for application to nonlinear
systems due to conditions such as material nonlinearity, large deformations, environmental loads,
dynamic loads, optimal control, deterioration or fracture.

Socio-Economic Impact - integration of socio-economic factors into the optimal structural design
theory based on a given structure's impact on elements such as commerce, transportation
networks, and community living.

US/China Joint Meeting - exchange of practical applications of structural optimization through
a joint meeting between the ASCE committee on Optimal Design, other qualified US researchers,
and their Chinese counterparts.

High-Performance Computing - application of high-performance computing for the optimal
design of large-scale systems.

Working Group II: New Technologies in Structural Engineering

High-Performance Structures - objective-based issues include durability, damage control, and
survival.

Random Vibration-Based Design - development of computational methods for random vibration
analysis, statistical identification of loading, and development of probability-based design
criteria.

Advanced Monitoring Systems for Large Structures - new sensor technologies, algorithm
development, damage identification, and prediction models for life-cycle design.

Advanced Materials - homogenization for composite materials, engineering-based design of
advanced materials, and design of structural components (i.e., connections).

Passive/Hybrid/Active/Semi-Active Technologies for Structural Control - practical
implementation, theoretical developments, and device development.

Working Group III: Mathematical and Computational Aspects of Design and Optimization

Long-Span Bridges - advanced methods for analysis and design under multiple loadings
(earthquake, wind, traffic).

Integrated Structural and Material Design - development of unified approaches.
High-Performance Computing - application of high-performance computing and communication,
and virtual reality modeling and visualization, to the analysis and engineering design of large-

scale structures.

Multiphysics - development of a computational testbed for multiphysics, multiscale, material
modeling and testing.

Symbolic Computation - integration of symbolic computation into large-scale multidisciplinary
problems in infrastructural engineering.



MULTIOBJECTIVE OPTIMUM DESIGN OF
STRUCTURES WITH GENETIC ALGORITHM AND
GAME THEORY: APPLICATION TO LIFE-CYCLE

COST DESIGN

Franklin Y. Cheng

Curators’ Professor, Department of Civil Engineering
Senior Investigator, Intelligent Systems Center
University of Missouri-Rolla
Rolla, MO 65409-0030 USA

ABSTRACT

Loss of life and property from possible future earthquakes as well as the expense and
difficulty of post-earthquake rehabilitation and reconstruction strongly suggest the need for
proper structural design with damage control. Design criteria should balance initial cost of
the structure with expected losses from potential earthquake-induced structural damage.
Life-cycle cost design addresses these issues. Such a design methodology can be developed
using multiobjective and multilevel optimization techniques. Presentation here focuses on
genetic algorithm and game theory as well as a life-cycle cost model for this innovative
design methodology.

Genetic algorithms (GAs) have the characteristic of maintaining a population of solutions,
and can search in a parallel manner for many nondominated solutions. These features
coincide with the requirement of seeking a Pareto optimal set in a multiobjective
optimization problem. The rationale for multiobjective optimization via GAs is that at each
generation, the fitness of each individual is defined according to its nondominated property.
Since nondominated individuals are assigned the highest fitness values, the convergence of
a population will go to the nondominated zone - the Pareto optimal set. Based on this
concept, a Pareto GA whose goal is to locate the Pareto optimal set of a multiobjective
optimization problem is developed. In this GA, to avoid missing Pareto optimal points
during evolutionary processes, a new concept called Pareto-set filter is adopted. At each
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generation, the points of rank 1 are put into the filter and undergo a nondominated check.
In addition, a niche technique is provided to prevent genetic drift in population evolution.
This technique sets a replacement rule for reproduction procedures. For a constrained
optimization problem, a revised penalty function method is introduced to transfer a
constrained problem into a nonconstrained one. The transferred function of a point contains
information on a point’s status (feasible or infeasible), position in a search region, and
distance to the Pareto optimal set. Three numerical examples are provided: 1) optimum
design of a seismic-resistant structure with/without control, 2) optimum design for a final
structural system selected from steel frame, reinforced concrete, or composite system, and
3) sensitivity analysis of the effect of cost function on structural probability failure. It is
concluded that multiobjective and multilevel optimization is essential to determine target
reliability and seismic building code performance.

KEYWORDS

Genetic algorithm, game theory, life-cycle cost, multiobjective and multilevel optimization,
earthquake, probability failure, fuzzy logic, Pareto set filter, niche technique, control.

INTRODUCTION

In the current engineering design community, major design efforts are based on a
conventional trial and error approach for which the relative stiffness of a structure’s
constituent members must be assumed. If preliminary stiffness is misjudged, then repeat
analysis, even with a sophisticated computer program, will usually not yield an improved
design. The optimum design concept is recognized as being more rational and reliable
than the conventional design approach. Considerable literature has been published on the
subject of optimal structural design for single-objective function (Cheng and Truman,
1985; Cheng [ed.], 1986; Cheng and Juang, 1988; Frangopol and Cheng [eds.], 1996)

Most real-world design optimization problems in structures are multimodal. There often
exist several objectives to be considered by the designer. Usually these objectives are
conflicting rather than complementary. A single-objective optimization formulation does
well with respect to an optimal objective, but the design may not always be a “good”
design. Consider a hypothetical example. If a structure is optimized for minimum weight
subject to constraints such as stress, displacement, buckling and vibration period, a
structure is then obtained with minimum constructed materials. However, the structure
may have a poor performance of dynamic response under the action of seismic loadings.
If the minimum earthquake input energy is also included as objective, a more rational,
compromise design will be produced (Cheng and Li, 1996; Cheng and Li, X.S., 1998)).
This combined formulation is a multiobjective optimization problem (MOP).
Multiobjective optimization offers the possibility to consider effectively all the different,
mutually conflicting requirements inherent in a design problem.
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In game theory, if players agree to cooperate, a Pareto optimum will be an ideal solution
because it has the property that if any other solution is used, at least one player’s
performance index is worse, or all the players do the same. This study demonstrates how
game theory as a design tool applies to an MOP, and describes the relationship between
cooperative game theory and Pareto optimal solution. Three genetic algorithms for
multiobjective optimization are proposed based on game theory. In the Pareto GA, whose
goal is to find a representative sampling of solutions along with the Pareto optimal set, two
new techniques are investigated: a new operator called Pareto-set filter is introduced to
prevent the loss of Pareto optimum points in evolutionary progress; and niche technique is
created by putting limitations on reproduction operators. Pareto GA for a constrained MOP
is further studied tc include fuzzy-logic scheme. Life-cycle cost model is introduced along
with multilevel optimization concept. The proposed multiobjective optimization techniques
are applied to the optimum design of a seismic structure with/without control and applied to
evaluate a structural system as wether it should be steel frame, reinforced concrete frame, or
composite steel-and-reinforced-concrete frame. Numerical results show that multiobjective
optimization is essential to produce a good seismic structural design.

MULTIOBJECTIVE OPTIMIZATION AND PARETO OPTIMUM

Multiobjective optimization can be defined as determining a vector of design variables that
are within the feasible region to minimize (maximize) a vector of objective functions and can
be mathematically expressed as follows

Minimize  F(x) = {f,), £,(0)s-0es £, (0}
0

Subject to glx) < M

where x is the vector of design variables, fi(x) is the ith objective function, and g(x) is the
constraint vector.

One feature of multiobjective optimization involves possible conflicting objectives.
Therefore there exists a trade-off among objectives, i.e., an improvement gained for one
objective is only achieved by making concessions to another objective. There is no optimum
solution for all m objective functions simultaneously. There only exists a “compromise
solution” rather than an optimum solution (see Fig. 1). Thus the solution of a multiobjective
optimization problem can be defined so that if vector x* is a solution to Eq. (1), there exists
no feasible vector x which would decrease an objective function without causing a
simultaneous increase in at least one other objective function. The solution by the above
definition is also called a Pareto optimum or nondominated solution. A feasible vector x*
is a Pareto optimum for Eq. (1), if and only if there exists no feasible vector x such that
fx)<fi(x*), i€{1,2,...,m} and f(x)<f(xx), for at least one i€{1,2,...,m}. For a
multiobjective optimization problem, the solution procedure is composed as generating its
Pareto optimal set and deciding the final selection from the set.
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Nondomipated Optimal Set
f, % T\ifmdominated Optimal Set X A Constant f, contours

Decreasing f,

Feasible Zone

¥ Constant f, contours
> Decreasing f,

f, X,

a. Objective Function Space b. Conflicting Objectives
Figure 1: Two-Objective Maximization Problem

GAME THEORY ALGORITHMS

Game theory has been developed for both cooperative and non-cooperative games (Neumann
et al., 1947). In the latter each player acts independently in an effort to maximize his own
payoff, which produces an outcome (Nash equilibrium solution) that may be favorable for
one player, but not for another. The concept of player cooperation therefore becomes
important when considering compromise game outcomes. A cooperative game means that
the players agree to form coalitions under the expectation that, by working together, a
mutually beneficial outcome can be obtained. The measure of success of a cooperative play
is embodied in the concept of Pareto optimum since it has the property of a nondominated
(Pareto optimum) solution. A cooperative game theory consists of analyzing conflicts
existing in objectives or interest groups (players), providing an unemotional form for
discussion and negotiations among players, and then suggesting a “compromise solution”
which can be accepted by all players.

A multiobjective optimization problem can be cast as a cooperative game problem in which
it is assumed that one player is associated with an objective. The objective function f; can
be regarded as the payoff of the ith player. With cooperative multiobjective optimization,
the “compromise solution” should make sure that each objective obtains its maximum
possible value even though each objective cannot arrive at its own best value. Optimal trade-
off among the objectives is sought by using the concept of game theory as follows (Cheng
et al., 1996). First, the m individual objective functions are minimized respectively subject
to given constraints.

Minimize F(x)

- @
ubject to gx) <0

For each objective function f;, an optimal solution x*; is obtained; then a pay-off matrix is
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constructed. The best and worst values in the Pareto set can be obtained from the pay-off
matrix as

fi,min:fi(xi* jzlr----,m
f;,max :Max&l(xf *) ] j ] (3)

Consequently the ith objective function should not expect a value better than £, ;,, but not
worse than f; Thus a substitute objective function can be constructed as

s :if{ %,max :/;(x)} _ if.[lfl(x) @

Maximizing the function S produces a solution that results in optimal compliance with
multiple objectives subject to given constraints. The solution is a Pareto optimum (Cheng
et al., 1996) and stands for the “rational compromise” of the conflicting objectives.

MULTIOBJECTIVE OPTIMIZATION WITH GENETIC ALGORITHMS

GAs can be used directly for unconstrained single-objective optimization problems. A
fitness function connects with the objective function in a linear or nonlinear formulation. For
constrained optimization proplems, one approach is to transform them to unconstrained ones
by penalty function methods (Richardson et al., 1989). There are usually two categories of
algorithms to solve multiobjective optimization problems. One is directly seeking the
rational compromise solution; the other is generating the Pareto optimal set of a problem.
Then the decision maker’s preference should be determined from the set on the basis of
trade-off analysis of objectives. For an MOP, the analysis procedure for the proposed Pareto
GA is composed as follows: (1) obtain an evenly distributed subset of Pareto optimal set,
and (2) choose a reasonable solution from the set. The decision procedure to choose a
compromise solution from a Pareto optimal set is constructed by the Pareto-set filter with the
cooperative game theory. At each generation, the maximum and minimum values of each
objective are found from the filter. Then the substitute function S (Eq. 4) is constructed.
Checking each group of functions in the filter, the group which makes S the maximum value
produces the optimum solution for the current generation. If maximum S keeps constant,
continuing for more generations, it can be considered the convergence of the evolutionary
processes and the analysis ends. The points in the Pareto-set filter are on or close to the
Pareto optimal set -- trade-offs among objectives.

PARETO GA WITH CONSTRAINED MULTIOBJECTIVE OPTIMIZATION

GAs cannot be directly applied to a constrained optimization problem. One way to solve
such a problem via GAs is to transform a constrained into an unconstrained optimization
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problem through penalty function methods. A Pareto GA has the unique ability to seek a set
of solutions by means of rank rather than function values of a point. To determine rank of
a point, it is necessary to know the point’s status (feasible or infeasible), distance from Pareto
optimal set, and position in an infeasible zone. Three rules should be followed to construct
the input function of a point for a Pareto GA to implement ranking. (A) The point’s status
as feasible or infeasible should be indicated by the function. (B) The closer a point is to the
feasible zone, the higher its fitness evaluation is. (C) The closer a point is to the Pareto
optimal set, the higher its fitness evaluation is. Rule B supersedes rule C because an
infeasible point is an unacceptable solution in a constrained optimization problem. A fuzzy-
logic penalty function method is developed for GA MOP problems (Cheng and Li, 1997).

LIFE-CYCLE COST AND MULTILEVEL OPTIMIZATION

Recent studies have focused on loss estimation for earthquakes and other natural hazards
(FEMA, 1994). Jones and Chang (1995) provide an overview of current work on the
economic impact of natural disasters. Nigg (1995) presents community-level disaster
preparedness planning and response as well as mitigation actions. These studies are
generally conducted to determine the after-effects of an event, or to estimate gross regional
losses expected in a future event, and were intended primarily for post-earthquake recovery
and response planning (Cheng and Wang [eds.], 1996).

From a theoretical standpoint, the first definitive mathematical model for aseismic design
optimization on the basis of minimum life-cycle cost was presented by Liu et al. (1972) in
which the objective was the determination of a “design earthquake” for structures including
buildings (Liu et al., 1976; Decapna and Liu, 1976). Other studies have addressed particular
aspects of the same issue: e.g., the present worth of future damage cost, assuming that
extreme hazards occur as a random process (Rosenblueth, 1976), and the importance of a
trade-off between risk and cost (Kupfer and Freudenthal, 1977).

The platform for the systematic integration of seismic reliability engineering and
socioeconomic is the expected life-cycle cost function which can be summarized as follows

C,=C,*C, )

where C, is the initial cost of a structure, and C; is the damage cost over the life of the
structure composed of the following (for buildings)

CD:Cr+Cc+Cz+C.\'+Cf (6)

in which C, = repair or replacement cost of the structure; C_= loss of contents; C, =
economic impact of structural damage; C, = cost of injuries caused by structural damage; and
C; = cost of fatalities from structural damage or collapse. Items in Eq. (6) comprising the
total damage cost are functions of structural damage level, x; for example, item C, has an
expected repair cost of
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C, = fo C (x)fx(x)dx W)

where x = damage level, and fx(x) = probability density function (PDF) of X. Structural
damage, x, and its PDF fx(x) are calculated for a given earthquake, from which the particular
damage costs, C(x), can be determined as a function of the damage level, x.

Direct losses caused by an earthquake include human fatality and injury, as well as physical
damage to structures and their contents. Concerning human fatality, Wiggins (1979)
correlated the number of fatalities to building damage; Shiono and Krimgold (1989) reported
fatality data for a hospital that collapsed during the 1985 Mexico City earthquake; and
Coburn et al. (1992) suggested a simulation model to estimate the number of fatalities in
buildings of a given structural type. Besides immediate or direct losses from an earthquake,
there is also secondary or indirect impact: e.g., economic loss associated with the disruption
of business due to structural damage (Nigg, 1996).

Ang and De Leon (1996) examined the minimum expected life-cycle cost vis-a-vis structural
damage, and the reliability analysis of an RC frame building based on actual cost data from
Mexico City buildings damaged in the 1985 earthquake. Ang et al. (1998) investigated a
class of Japanese RC frame-wall structures and designed a five-story model building based
on the conventional approach and Japan’s building code. Cost of damage repair and loss of
contents was obtained from six Japanese RC buildings (two to six stories) after previous

‘i GAs MOPl

Model Buildin

I Skeleton curves for force-displacement I

(Median global dz;mage indices | 1 Seismic hazard functions |

[ Expected famage cost | \—Cost function for damage | <

|_Total expected life-cycle cost lé—miﬁa] building cost |<«——

[ Optimal target reliability |

[ Expected annual risk of death |

Less than
acceptable risk of death

Yes

Figure 2: Multiobjective and Multilevel Optimization Scheme
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earthquakes. Cheng et al. (1994) studied reliability-based design of structures subjected to
seismic loading from UBC-94 and Newmark’s nondeterministic seismic response spectra
considering initial and expected damage costs. The difference in approach between the work
of Ang and Cheng is that Ang’s structure is based on conventional design without
optimization; the structure is then studied with sophisticated damage model derived from
casualties. In Cheng’s study, the structure results from optimization for which the sensitivity
of each structural member changes is in function of structural system cost and external
seismic input, while the cost function is based on a mathematical modal. These two
approaches are being merged by interweaving the GAs of MOP with target reliability and
minimum expected life-cycle cost as multilevel optimization as shown in Fig. 2.

NUMERICAL EXAMPLES
Optimum Design of Seismic Structure with/without Control

Consider a three-story steel shear frame with an active control system located on the top floor
(Cheng et al. 1996) shown in Fig. 3. Floor diaphragms are rigid and axial deformations are
neglected. Thus the system has only one degree of freedom (in the lateral direction) at each
floor. The total of live and dead loads at each story is S6kN/m, which does not include the
weight of the columns. Lateral forces as well as weight density p and elastic module E of
the structure are also presented in Fig. 3.

Active Control

Fy e o SRR

I, I &
F,
I LI &
Fi —
1, L| &
777. 7775

Figure 3: Three-Story Shear Frame

Optimum design of the system takes place under two cases. The first case is optimizes the
system without control. Optimization criteria are structural weight W to better utilize
materials and reduce structural cost, and earthquake input energy E; to reduce dynamic
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response and damage to the structure under the action of seismic loadings. Input energy E;
represents the work done by the structure’s base shear as the structure moves through ground
displacements. The second case optimizes the system with an active control system.
Optimization criteria are weight W and performance index PI to optimize control energy
input. The two multiobjective optimization problems are formed as

Case I Min. (W,E); Case II. Min. (W,PI) ®)

Both cases are subject to the same constraints as

loJ<165,00¢ kN/m?; T,20.3; 0.00001<7,<0.002m*
K,. 9
|6,.|s—1—h,.; 0.5< g ©)
400 K

i

where g, §, and K| are column stress, relative story stiffness of the ith story, respectively, and
i=1,2,3. T, is the fundamental natural period of the structure. Details of the integrated
structural/control optimization design are given previously (Cheng and Tian, 1993). The
proposed genetic algorithms have been applied to optimum design. Due to space limitation,
only the results from the Pareto GA are presented and discussed. GA parameters are that
uniform crossover (Davis, 1991) and stochastic remainder selection (Goldberg, 1989) are
used in crossover and selection operating procedures.

E; (Input Energy )

14
10 ‘ ‘ ‘ : _
«—Min. W , é 1.2
871 v - -Compromise Solution & 1.0-
: Q
67 £ 0.8-
E o6l
41 ‘E 0.6
A 0.4
27 -
= 024
T30 2 30 35 40 4 0
15 20 25 30 35 40 45 50 15 20 25 30 35 40 45 50
W (Weight ) W ( Weight )
Figure 4: Points in Pareto-Set Filter Figure 5: Points in Pareto-Set Filter

Figures 4 and 5 illustrate part of the solution. Figure 4 shows the points in the Pareto-set
filter which gives the trade-offs between the two conflicting objectives. The two points
(Min. W and Min. E)), determined by using a traditional optimal method, are drawn as
reference points because they are the two end-points of the Pareto optimal set for this
problem. Note that the points in the filter are on or very close to the Pareto optimal set. The
compromise solution point (W=2.8110, E;=5.1635) is the decision-making result. Results
of case II are given in Fig. §.
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Optimum Design for Selection of a Structural System

For a ten-story building shown in Fig. 6, MOP is applied to evaluate three choices: steel
frame, reinforced concrete frame, and composite system of reinforced concrete (1st - 4th
floor) and steel (5th - 10th floor). The structural weight and construction cost are obtained
from Cox and Horsley handbook (1983). Design variables are defined as follows. At each
story, cross-sectional areas of all the beams are identical. Cross-sectional areas of the
internal columns are the same, and the two outside columns are identical. Structural
members and member locations of first and second stories are the same as those of the third
and fourth, fifth through seventh, and eighth through tenth stories.

10th Fir
o P
3.'0"1' g
1 L
11
= L1
///
- ///
- 5th FIr
T Lt}
L1
< e ~
o 4th Flr
1st FIr
1 Ver—
Earthquake Excitation

16'[16'|14]16'14'(16']| 16'

Figure 6: Ten-Story Building (1 ft = 0.3048 m)

For seismic design, calculation of the earthquake force is based on UBC requirements (UBC,
1994), and the following assumptions are made. The building is located in seismic zone 2B
with factor Z=0.20; site coefficient S=1.2, and importance factor I=1.0. The building is a
moment-resisting frame type with factor R, =6 for the steel frame, and R,=5 for the RC and
the composite frame. The building is in the occupancy category of seismic zone 2, static
lateral force procedure in UBC can be used. Objective functions comprise construction cost
and potential energy for steel, reinforced concrete, and composite frames. Constraints
include allowable stress and allowable drift as well as upper and lower bound of member
cross section (Cheng and Li, D. 1998).

The optimum design results are shown in Fig. 7, where the curves reveal a tradeoff between
structural cost and structural potential energy: minimum cost vs max. potential energy. A
compromise solution could be selected at any point along the prospective curve.
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Response performance of these three structures is studied. The structures are selected at the
same cost of $118,000; each of them undergoes time-history analysis with N-S El Centro
May 18, 1940 earthquake. One of the essential response parameters is top-story
displacement which is compared in Fig. 8. The RC frame has the smallest displacement
response, and the steel frame has the largest.

Sensitivity of Cost Function on Structural Probability Failure and Optimum Solution

This example shows the influence of cost function on structural probability failure (or
safety). The sensitivity observation is studied using mathematical programming with single
objective function (Cheng et al., 1994). A ten-story one-bay steel shear-building is
optimized with probability failure at P=10", 103, 10, and 107, where Py, is based on
normal distribution. The structure is optimized with the earthquake load of equivalent lateral
force recommended in UBC. The cost function comprises three components: initial
construction cost (C,), future failure cost (L,), and system probability of failure (p fr)‘ They
are expressed as

Cp = CrrLP, (10)

in which C; = C,XLA; + C,; C, = a unit steel volume cost; C, = nonstructural members cost;
L, = C,C, + C;;Cy = coefficient to describe the ratio of repair cost to initial cost; C_ =
business and human losses; and P , = system probability of failure.

T

Although initial construction cost and future failure cost can be classified into many items,
these quantities are difficult to estimate. Therefore two coefficients of the ratio of initial cost
to members cost (C,,) and the ratio of future failure cost to initial cost (Cy;) are used to
represent the various magnitudes of initial construction cost and future failure cost which
may now be expressed as:

c,=ccXia; L, =cC,C (11)

The influences of nonstructural cost and future failure on the optimum cost design are shown
in Fig. 9. Note that the initial cost affects the total cost more at higher probability of failure
and the influence depends on the ratio of future cost to initial cost. C,, is assumed to be 1
for this example. Therefore the life-cycle cost model based on actual building damages
earthquake casualties is essential for determining target reliability along with minimum
seismic force level as presented in Fig. 2.
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Figure 9: Total Cost Based on Various Initial Cost (C; vs C;,) (1 ft =0.3048 m)

CONCLUSIONS

In this paper, the concepts of genetic algorithms, game theory, Pareto optimal set
with/without constraints, and life-cycle cost are discussed. For constrained Pareto GA and
life-cycle cost, fuzzy logic and multilevel concepts are respectively introduced. Based on
them, new algorithms for multiobjective optimization are developed. The Pareto GA is
demonstrated on a seismic structure with/without control. Seismic structures are designed
for selected construction materials: steel frame, reinforced concrete frame, or a frame
comprised of steel and reinforced concrete members. With cost kept uniform, these three
systems are further investigated for their performance such as displacement response
subjected the same earthquake input.

Multiobjective optimization provides a designer with a systematic method for considering
all the conflicting requirements inherent in an application. Game theory offers a decision
method for guiding an optimum process and as such, results in optimal compliance with
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multiple objectives. Comparing traditional multiobjective optimization methods, Pareto GA
is an effective numerical algorithm for generating Pareto optima. The Pareto-set filter
enables the Pareto GA to be more robust, stable and computationally feasible for even
extremely difficult problems. The niche technique effectively prevents genetic drift. It
involves no new parameters, and the computational cost for niche operating is negligible.
The sensitivity of cost function on structural probability failure and optimum solution
indicates multiobjective and multilevel optimization along with life-cycle cost model based
on actual earthquake casualties and building damages are essential to determine target
reliability and seistnic building code performance.
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NEW SOLUTION SYSTEM FOR PLATE BENDING

W. X. Zhong and W. A. Yao
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ABSTRACT

Instead of the biharmonic type equation, a set of new governing equations and solution
methodology for plate bending classical theory is presented in this paper, which is based on
the analogy between plate bending and plane elasticity, so Hamiltonian system formulation
can also be applied to plate bending problems. The new methodology presents the analytical
solutions in rectangular plate via the methods of separation of variables and eigenfunction-
vector expansion; it breaks through the limitation of traditional semi-inverse solution. The
results show that the new methodology will have vast application vistas.

KEYWORDS

Plate bending, Plane elasticity, Hamiltonian system, Bending moment function vector

ANALOGY BETWEEN PLATE BENDING AND PLANE ELASTICITY PROBLEMS

It is well-known that the governing equation for plate bending is biharmonic equation
(Timoshenko, et al. 1959). 1t fixed in last century, but the critical problem is how to solve it.
The traditional solution methodology is the semi-inverse one that causes limitations. The Airy
stress function is usually applied traditionally for plane elasticity problems; it also satisfies
biharmonic equation (Timoshenko and Goodier 1970, Muschelishvili 1953). The analogy
between plate bending and plane elasticity problems had been noticed long before (Hu 1981),
but their solution systems are different each other, and the analogy relationship had not been
used systematically. FEM was developed firstly in plane elasticity. The formulation of
elements is based on displacement method, and the Airy stress function is given up. It is
noticed that giving up biharmonic equation in plane elasticity was successful for FEM.
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The deflection w for plate bending corresponds to the Airy stress function in plane elasticity;
conversely, the displacements in plane elasticity correspond to two bending moment functions
¢,,¢, in plate bending, but their theory and solution system have not been set up yet.

Particularly, a new systematic methodology for plane elasticity has been developed (Zhong
1995); therefore new methodology for plate bending can also be developed along the same
way. New solution system for plate bending is presented in this paper.

BENDING MOMENT FUNCTION VECTOR

For plate bending, the variables corresponding to displacements #,v in plane elasticity are
bending moment function vector ¢,,¢,. Let the positive internal force be defined as in Fig.1,

4 ,
2y
zew 20,
™M,
A

Figure 1: Internal force positive sign
so traditional equilibrium equation can be written as
O*M, /ox* -20°M, Ioxdy+0°M, /0y’ =q (1)

The load g can be handled via a special solution beforehand, so the homogeneous equation
of g =0 are considered first. Let the relation for bending moments and bending moment
function vector be given below, and it is easily seen that Eqn. 1 is automatically satisfied.

M,=0¢, /0x, Mx=6¢y/6y, 2Mxy=6¢x/6y+6¢y/6x (2)
Curvature-deflection relations can be described as
K, =0'w/ox’, Kk, =0'w/dy’, K, =-0'w/&xdy 3)

The constitutive relation for bending moments and curvatures is given as

M 1 v 0 K
Y y Eh3
m=C'x,ie. { M, }=Dv 1 0 K, t , where D= 4)

12(1-v*)
2M,, 0 0 2(1-v)

A

Xy

Firstly, we notice that functions ¢, =a,+a,y.¢, =a, —a,x are similar to rigid body

translation in plane elasticity, which generate no bending moments, where a,,a,,a, are any

constants. We call them the null moment functions. Let (x',y") rotate an angle o from
(x,y); the moment should be transformed as
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' 2 1a2 :
M, =M, cos" o+ M, sin" a— M, sin2a
M;=stinz(x+Mycosza+Mxysin2(x )

M, =M, cos2a+(M, —M,)sinocosa
The ¢,,9, should also be transformed so that Eqn.2 still valid in the rotated coordinate .

¢, = ¢, cosa+¢, sina, ¢!, = —¢, sina + ¢, cosa ©6)

ie. ¢,,¢, transformed just as a vector, so we call it the bending moment function vector.

¢,,6, correspond to the displacement vector u,v in plane elasticity.

The boundary condition is considered next. For convenience. we regard the boundary as a
straight line. Let external normal and tangent directions be n and s, respectively, that
composes right-handed coordinate system, and the bending moment functions are(¢,,9,), so

Q, =M, /on—0oM,, |05 = (0%, / onds — %9, /85%)/2 %)

The given force and displacement boundaries are denoted as s, and s, respectively. In
theory of plate bending, there are given normal bending moment and equivalent shearing force

(M, =)00,/8s=M V,=Q,-0M, /os=)-0"),/0s°=V, on s (8)

n? m

Only differentials along s exist in Eqn.8, so the equations can be integrated as
¢s=$s= rﬂnds,+al ’ ¢n=$n=f(s,_s)l7'1ds'+ao+a2s (9)

where a,,a,,a, are constants to be determined. There may be several segments of given
force boundary s,,, but only for one of the boundary segment its a,,qa,,a, can be brought to
zero via applying null bending moment functions. The ¢,,4, correspond to normal and
tangent displacements u,,u_ in plane elasticity.

In terms of bending moment functions, the complementary strain energy is

SN R . . NS A A
v "ILEh{(ax) +[6y Paytalaty) 10

The strain energy density can be expressed with bending moments

. 1 6
U,(m) = 3 mCm= = [M: +M; -2vM M, +2(1+ V)M, ] (1)

Besides, complementary support displacement energy is expressed as
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Ul =~ [ (m,8, -v,whs = [ (8,00, /25 +w0%, /05 s (12)

where, w and @, are given deflection and normal rotation which are functions of s. Via
integration by parts, Eqn.12 can be rewritten as

U = [ (0,08, /05-9,0%%/2s* s - [o,8, +W0e, /05~ ¢, s} (13)

where s,,s, are two ends of straight line s,. The principle of minimum complementary
energy can be written as

' =U"+U,, ?1i¢n17' (14)

Carrying out the variation, the following equations are derived

&, 1+vaz¢x+1—v62¢y_0 o’0, l+v52¢y+1—v52¢x_
a2 o 2 ey 3 T2 ok 2 oy

0 (15)

Their physical meaning is strain compatibility. In fact, they can also be derived from

ok, /ox+0x,/0y=0, ok, /Oy+ok,/0x=0 (16)
The Eqn.15 is almost the same as plane stress besides changing the sign of Poisson ratio v.

Via variational principle, the boundary conditions on s, are given as (in case of the given
displacement being zero)

o 0
12 |:[ %, —va¢xjsina+li—\—,[ b, +%]cosa}=0, ie x, sina+x,, cosa=0

ERW’ ox 2 (o
> a7
5 o
123 09, —v—¢—y cosoc+lﬂ &+% sina [=0, i.e. kK, cosa+xk, sina=0
Eh’ |\ ox oy 2 {ox oy

The formulations are the same as given force boundary condition in plane elasticity, where o
is the angle between x axes and normal direction n. They can also be expressed with
coordinates (n,s)

Iwlonds=x,,, x,=0'w/ds’ =K, on s (18)

w

K

ns

Integrating Eqn.18 for s, the given displacement conditions can be written as 0, = known,
w=known on s, .

For force method, displacements aren’t the basic variables; therefore boundary conditions
must be expressed with ¢ ,¢ . These are the natural boundary conditions for the principle of
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minimum complementary energy.
06,/ On+0b, ! Os = known, 06, / On—vod, | 0s = known on s, (19)

Corresponding to the Hellinger-Reissner variational principle for plane elasticity, the new
variational principle called the Pro-H-R one for plate bending can be proposed as

o, . o, (%, %,]
81Ty = c K, Rk =L |- UK,k ) fxd
Hi {IL[K > +x p +K [Dx + o o(K,, K, K )}j’y 20)
~q k0@, =80+ x,(8, ~8)Ms —  (8,%,, +6,&,)dsj=0

where ¢,,9,,X,,,K, are given functions, and the strain energy density is

U,(x) = —;—KTC_IK = —;—D[Ki +k2+2vk,x, +2(1-v)K2 ] 1

Carrying out the variations of Eqn.20 for K,,K,,K,,0,,¢, gives the relation between

bending moment and curvatures,
09,/0y=0U,/ox,, 6b,/x=0U,/ox,, 04, /0x+04, /8y =0U,/0x,, (22)

the equation of curvature compatibility Eqn. 16, and boundary conditions Eqn. 9, 18. In the
Pro-H-R variational principle Eqn. 20, deflection w doesn’t appear, and it must be solved
after x,,x,,x_, are solved. Table 1 gives the analogy relationship between plate bending and

plane elasticity problems.

THE FUNDAMENTAL EQUATIONS FOR RECTANGULAR PLATE

Analogy between plate bending and plane elasticity problems can be applied to FEM
formulation. Elements developed so far for plane elasticity are better than those for plate
bending; based on the analogy relationship these elements can be transplanted to plate bending
problem (Zhong and Yao, 1998). In this paper, we consider only analytic solution. A new
systematic methodology for plane elasticity has been set up via introducing the Hamiltonian
system theory (Zhong 1995), so a new systematic methodology for plate bending can also be
developed according to the analogy. Let us initiate to derive from the Pro-H-R variational
principle Eqn. 20.

The new systematic methodology can be applied to rectangular and sectorial domain as those
in plane elasticity. In this paper, we consider only solutions for rectangular plate. Let y
denote the lateral coordinate; b, <y <b,, boundary conditions of both sides are considered
free, simply supported or clamped. The first step is to introduce the Hamiltonian system
theory into the fundamental equations, and the longitudinal coordinate x is treated analogous
to the time coordinates (Zhong and Yang, 1991); thus (') represents J( )/ dx . Minimization



22

Zhong, W.X. and Yao, W.A.

TABLE 1
ANALOGY RELATIONSHIP BETWEEN PLANE ELASTICITY AND PLATE BENDING

Plane elasticity

Plate bending

Airy stress function ¢

Deflection w(x,y)

Displacement vector u,v

Bending moment function vector ¢,,¢,

X

O __’Tx ==
ayZ y axZ y axay

Strain €_,¢ yY s Bending moment M ,M 2M, ;
8x=%’ syzﬁ’ xyza—u-{-@ M =6¢X’M =_a_d_)i’2M =% %
ox oy o ox YooalY T Y @y &
Stress function-stress relation Deflection-curvature relation
_E)z_(p _ 62(p 62(p « _?_21 _ *w 0*w

A A

Stress-strain relation,
e, =(c,-vo,)/ E,e, =(c,-vo,)/E,

Yy ='rxy2(1+v)/E

Bending moment-curvature relation
M,=D(x,+vk,), M, =D, +vK,),

2M,, =2(1-v)Dx,,

The principle of minimum potential energy

The principle of minimum complementary energy|

Determined displacement boundary s,
u=u, v=v

Given force boundary s, ,

¢S=$S’ ¢ﬂ =$n

Determined force boundary s_,
6, cosa+1, sina=0
T, c0sa+0o  sina =0

Given displacement boundary s, ,
K, cosa+K, sino =0

K, cosa +x, sinat =0

H-R variational principle

Pro-H-R variational principle

Pro-H-R variational principle

H-R variational principle

Rigid body translation

Null moment functions

of Eqn. 20 for «, and rewritten Eqn.20 can give, respectively

K, =00,/ Ddy—vk, (23)
SL[ [k, 6. +,8, Vi, @b, /29) + 5, (00, /) o6
+(80, /8y F 12D - DA- V)2~ D(1-v* )< / 2ydx} = 0
Carrying out the variation of Eqn.24 for ¢,,¢ .k, ,x,, gives
0, 0 voldy  D(1-v?) 0
0 -0/ 0 0 2D(1-v
v =Hv, where v= g , H= ¥ - (25)
K, 0 0 0 ~8/ 8y
K, 0 -&/Dy* Vvoldy 0

It is natural to apply the method of separation

of variables to Eqn.25. Let
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v(x,y) =&(x) - ¥(y), and H¥(y)=pn¥(y), &(x)=-exp(u) (26)

where p is the eigenvalue, and ¥ is the eigenfunction-vector which must satisfy both side
edge boundary conditions. Let us define the operation

<vi.Py,>= [viPvdy @7)

It can be verified that the following equation is valid when v,,v, satisfy the homogeneous
boundary conditions being free, simply supported or clamped.

0 I
<v! ,JH v, >=<v] JH,v, > where J = [—I 0] (28)

so JH is a symmetric operator, i.., H isa Hamilton symplectically self-adjoint operator.
Let ¥,¥, be eigenfunction-vector corresponding to eigenvalues p,,u , respectively,

H¥Y =¥, HY =uY (29)
s0 <¥'JH¥ >=u, <¥' J¥ > (30)
also <P IH¥ >=p, <¥ ¥ >=—p, <¥ JY¥ > (3D

According to Eqn. 28,30,31, adjoint symplectic orthogonality relationship for eigenfunction-
vectors can be proved

<¥'.J,¥ >=0, when p, +p; #0 (32)

Any state function-vector v can be expanded with the eigenfunction-vectors,
v=> (¥ +d¥,) (33)
i=1

where ¢, and d, are constants to be determined.

In cases of some lateral boundary conditions, there are solutions corresponding to zero
eigenvalue, which can be solved analytically. For solutions corresponding to non-zero
eigenvalue, the eigensolution of Eqn. 26 can be given the general form

0, = 4, cos(uy) + B, sin(y) + C, ysin(py) + D, y cos(uy)
0, = 4, sin(wy) + B, cos(uy) + C, y cos(py) + D, y sin(py)
¥, = A, cos(uy) + By sin(uy) + C,ysin(py) + D,y cos(uy)
K, = 4, sin(uy) + B, cos(wy) + €,y cos(wy) + D, y sin(ny)

(34

in which the constants aren’t independent each other. According to Eqn.26, the relations are
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solved as
4, =-4,-C,G+v)/[p(1-v)] C =G
DA, =-A,u/(1-v)~-C,3-v)/(1-v)’ DC, =C,u/(1-v) 35
DA, = A,p/(1-v)+2C, /(1-v)? DC, =C,pu/(1-v)
B, =B, -D,(3+v)/[p(1-v)] D, =-D,
DB, = Bu/(1-v)~D,(3-v)/(1-v)> DD, =-D,p/(1-v) (36)
DB, = B,u/(1-v)-2D, /(l—v)2 DD, =D,u/(1-v)

there are only four independent constants selected as 4,,C, and B,,D, above. It should be

mentioned that relations Eqn.35,36 can only be applied to basic eigenfunction-vectors of
eigenvalue p . Substituting Eqn. 34,35,36 into the boundary conditions, equations for non-

zero eigenvalue p and their eigenfunction-vector are determined. In case of duplicate
eigenvalue, the equation for Jordan normal form is

HY* =yt +p+! k=12,--,m (37

The Jordan vectors depend on their lower order eigenfunction-vector.

PLATE SIMPLY SIMPLY SUPPORTED ON BOTH SIDES

This problem is classical but typical, because it has Jordan form solution. Assuming two
edges y =0, b are simply support, the lateral boundary conditions can be written as

$.(7=0)=0, 0,(y=b)=a,  0h,/Ddy—vk,(y=0 or )=0 (38)

Due to the given force conditions, there is an indeterminate constant a, according to Eqn.9.

Because eigensolution can only be applied to the homogeneous equation and lateral boundary
conditions, the non-homogeneous factor, i.e. the indeterminant constant a,, is considered

first. The related governing equations are (a, =1)
HY¥,=0; ¢,(0)=0,¢.(0)=1; 06,/Ddy-vk, =0 when y=00rb (39)
Via some integration procedures its solution is given as

¥, ={, =y/b ¢,=0,x,=0, x, =1/[2bD(1- V)]

(40)
vy =¥,, w=-xy/[2bD(1-v)]+ rigid body motions

It is a superfluous solution of the original problem due to substituting the boundary condition
w=0 with x, =0, and should be discarded. So we consider only homogeneous boundary

conditions for both sides simply support plate.
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6,=0, 086,/Ddy-vk, =0 when y=0or b 41

It can be proved that solution corresponding to zero-eigenvalue doesn’t exist. Substituting Eqn.
34,35,36 into Eqn.41, the transcendental equation for non-zero eigenvalue can be derived as

sin’(ub) =0, thatis, p, =nn/b (n=1142,---) double root (42)

the basic eigenfunction-vector is

T
?',,°={2(L—‘V—)sin(u,,y); DA=Y) s,y singu,p): cos(um} 43)

The solution of the original Eqn.25 is
v, =exp(p, )%, ; w, = —exp(n,x)sin(p, )/ p, (44)

Due to the eigenvalue p, is double root, the first order solution of Jordan normal form exists.
According to Eqn.37 with k& =1, the solution can be solved as

T
w! =12 Dsinguy) 27Y Deos(, ) ——sinr,y); ——cos@)}  (45)
2u, 2u, 2p, 2

The solution of the original Eqn.25 is
v, =exp(u, ¥, +x¥');  w, =(1-2p,x)exp(n,x)sin(k,y)/ (2u,) (46)
It is easy to verify that
<" J,P° >=2Db/ Y} @7

and relationships among the eigenfunctions of different eigenvalues are all symplectic
orthogonal each other.

According to adjoint symplectic orthogonality and the expansion theorem, the general
solutions for both sides simply support plate can be expanded as

o0 o«
0.0 1.1 0.0 » —
y= Z(fn v+ v+ v vy w =w+2(fn°wf +fW AW+ W) (48)
n=1 n=l

where W is a special solution of the original problem. Eqn.48 satisfy exactly the differential
equation in domain and two lateral boundary conditions; the f,"(k =0,1;i =x1,£2,---) are
constants, which should be determined from the two end boundary conditions.

In case of four edges simply supported rectangular plate (~a/2<x<a/2, 0<y<b)under
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uniform load g = g,, the special solution is given as

W=q,(y" -2by’ +b°y)/24D; X, =q,y(y-b)/2D; ¥, =K, =0

— — — (49)
M, =vqy(y-b)/2; M, =qy(y-b)/2;, M, =0
Substituting Eqn. 48 into two end simply support boundary conditions
M;=M +M, =0, x,=¥,+k,=0 when x =+a/2 (50)
After some algebraic derivations, the solution is given as
L==f=f==1,=0] (n=246-) (D
fO — _fO = qo[anth(an) + 15]
§ - Dbp’ch(a,) ann
" n ; Where o,=—— (n=135,) (52)
fl - fl - qO 2b
" 7™ Dbulch(a,)

This solution is the same as the classical solution. In fact, Eqn. 48 is equivalent to the Levy
single trigonometrical series expansion method, so all analytic solutions for both sides simply
supported plate can be solved via the new method; the detail is neglected. The new method is
not the same as the classical semi-inverse method; the new method is derived rationally and
analytically, and therefore it can easily be applied to other lateral boundary conditions.

BOTH SIDES FREE PLATE
The two lateral edges y = +b are free; the boundary conditions can be written as
0. (y=-0)=0, 9. (y=b)=a,-ab; ¢,(y=-b)=0, ¢, (y=b)=a,+a,x (53)

The indeterminant constants a,,a,,a, are non-homogeneous terms, and are considered first.
For a,,the governing equations are (g, =1)

HY¥) =0; ¢,(-b)=¢,(0)=6,(-b)=0, ¢,(b)=1 (54)
Its solution is

¥ =40, (y+b)/(2b) ; —v/[2bD(1- V)], 0}"; (55)
that is, v =%,  w)=(x*-vy?)/[4bD(l -~ v*)]+rigid body motions (56)

For a,, because of the multiplier x, this solution is similar to Jordan normal form. The
governing equations are (a, =1)



New Solution System for Plate Bending 27

HE =95 0,(0)=0,(-0)=4,(0)=0, $.(0)=b GD
Its solution is

)= {— (1-v)(»* =b*)/[4b(1 + V)] - (y +b)/2,0,0,vy/[2bD(1 -V’ )]}T (58)
that is, v = +x¥, w, =(x*-3vxy?)/[12bD(1-v*)]+rigid bodymotions (59)

For a,, the governing equations are (a, =1)

H¥) =0; ,(0)=1, ,(-) =4,(-0) = ,(6) = 0 €0
Its solution is

¥ = . =(r+5)/12b1 ¢, =0, x, =0, x,, =1/[4bD(1-V)If 1)
that is, =y, wy = —xy /[4bD(1 - v)] + rigid body motions (62)

The physical interpretation of v; is the pure bending solution, v; is the pure torsion, and v;

is the bending solution with constant shearing force. In fact, displacement Hamiltonian system
can also be introduced into plate bending (Zhong and Yang, 1991); then there are six
eigensolutions corresponding to eigenvalue zero, that is, three rigid body motions and other

three solutions corresponding to the present solutions vy,v),v; respectively. Due to

substituting deflection with curvature boundary conditions, three rigid body motions don’t
appear presently, so their dual solution appear as the special solutions for non-homogeneous
boundary conditions. The remaining solutions are all with homogeneous boundary conditions.

The homogeneous boundary conditions are

¢, =0,=0 when y=1b (63)

It is easy to show that only solutions with non-zero eigenvalue for Eqn.26, 63 exist, which can
be divided into two groups (1) symmetric eigensolutions. (2) anti-symmetric eigensolutions.

Choosing group A,C of Eqn.34, the symmetric eigenvalue equation is given as
2(1 = v)ub = (3 + v)sin(2ub) 64)

the related eigenfunction-vector is

~(3+v)sin’ (u,b)cos(, ¥)/(1-v) + 1, ysin(, y)

~(3+Vv)cos’ (u,b)sin(u, y) (1= )+, ycos(y, »)

b, {[G+V)cos? (1,5) -3+ Vicos(, ) + (1= V), ysinu, WHDA- V)]
b, {12~ (3+v)cos* (u,B)lsinGu, ») + (1~ V)i, yeos(, 1)} [D(1 V)]

(65)
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that is, v, =exp(p,0)¥,; w, = exp(;,t,,x){1 b _D((?’lt\\}/)):(:,, (1,0) cos(p,y) -%} (66)

The Newton iteration method is used to solve Eqn.64; the first several non-zero eigenvalues
are solved for v =0.3 (see Table 2).

TABLE 2
SYMMETRIC NON-ZERO EIGENVALUES (v = 0.3)
n= 1 2 3 4 5 6
Re(u,p)= 12830 n+0.6973 2x+0.7191 37+0.7313 4x+0.7393 5x+0.7450
Im(p,b) = 0.0 0.5446 0.8808 1.0730 1.2101 13172

where each eigenvalue p,(n>1) contains also its symplectic adjoint —p, and their
complex conjugate tir,. The eigenvalue p, is a real number, there is symplectic adjoint
—u, . All these eigenvalues are single roots.

Choosing group B, D of Eqn.34, the anti-symmetric eigenvalue equation is
2(1=v)ub+ 3+ v)sin(2ub) =0 67)
and the related eigenfunction-vector is

—(3+V)cos’ (fi, bsingiL, y)/(1-v) — i, ycos(iL, )
(3+v)sin® (fi, b)cos(ii, »)[(1-v) + 1, ysin(iL, )

>

"B, LG+ v)sin® (i1, 6) - 3+ VisinGi, ») - (1~ V)L, y cos(, »)} [D(1 - v)’] ©)
i, {[3+v)sin’ (1,5) - 2]cos(f, y) + (1 - V)i, ysin(i, »)}/[DA~v)* ]
thatis, ¥, =exp(i, \)¥; W, =exp(ji x){l+v_(3+v)§i?z(ﬁ"b)sin(ﬁ y)+ZM} (69)
" e ! Dl1-v)p, ! IX1-v)

The Newton iteration method is used to solve Eqn.67; the first several non-zero eigenvalues
are solved for v =0.3 (see Table 3)

TABLE 3
ANTI-SYMMETRIC NON-ZERO EIGENVALUES (v = 0.3)
n= 1 2 3 4 5
Re(n,b)= 0.57+0.5690 0.57+0.7863 1.5n+0.7100 2.57+0.7259 3.5m+0.7357
Im(fi, b) = 0.0 0.0 0.7439 0.9865 1.1464

where each eigenvalue [1,(n>2) contains also its symplectic adjoint —p, and their

complex conjugate iﬁn. Because of the eigenvalue [i, and [1,are real numbers; there are
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only symplectic adjoint — i, and —[i, respectively. All eigenvalues are single roots.

As an example, the pure bending of semi-infinitely long free strip plate (b =1) is solved. The

condition for x =0 end is clamped, and the end condition for x —> o« is a unit bending
moment acted upon. Because this problem is symmetric for x -axis and only bending moment
exist when x — o, its expansion is composed of Eqn.55 and the symmetric solutions Eqn.65
with non-zero eigenvalues with negative real parts Re(n,) <0.

v=2v)+ f,exp(u,x)¥, (70)
n=i
the Eqn.70 satisfy the differential Eqn. 25 the two lateral boundary condition at y = +b and

the x — o« end boundary conditions. Now the end boundary condition of x =0 is applied to
determine the constants f,, (n=12,:--). Only the first k terms of Eqn. 70 are selected to

solve, the variational equation of x =0 end boundary reads
[ [,50, + ny8¢y]x=0dy -0 an

Due to some of eigenvalues are complex numbers, the real valued canonical equation of
Eqn.70~71 (Zhong, 1995) is applied.

As an example, let v=03, k=11land k=21 respectively. The distributions of bending
moment at the clamped end are shown in Figure 2. It is clear that the corner has stress
singularity ( M, - —). The wavy form of bending moment appears due to choosing only

finite number of terms in expansion solution.

0. B Otk S
0. 6 .__...___....._..A.....A......._...........................t ..........
YA O V2
0 q
—0-2,4 0.2 0.4 0.6 0.8 1
S S k=11

Figure 2: Distribution of bending moment at clamped end (x =0)

The method proposed in this paper can also be applied to other boundary conditions. A series
of analytic solution can be derived.
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CONCLUDING REMARKS

In this paper, a new formulation of fundamental equations and the respective solution
methodology for classical theory of plate bending is presented, which contrasts with the
traditional methodology (Timoshenko and Woinowsky-Krieger,1959). The traditional solution
uses displacement method and biharmonic equation; the new methodology applies bending
moment function vector and differential Eqn.15. The traditional method is semi-inverse
solution; thus only a few of solutions available. For example, only solution for both lateral
simply support plate have been given for rectangle plate, and it is difficult to solve for other
lateral boundary conditions. However, the new methodology presents a direct solution via
introducing Hamiltonian system. Therefore the efficient mathematical methods, for example
separation of variables and eigenfunction expansion etc., can be applied. The new
methodology breaks the limitation of traditional semi-inverse solution. The solution for both
sides free plate given in this paper can’t be solved by the traditional method.

The analogy between plate bending and plane elasticity can be applied to not only analytical
solutions but also to plate bending finite element; therefore the plate bending finite element
can be improved to the same level as plane elasticity (Zhong and Yao, 1998).

Generally speaking, the new advances in plate bending mathematical theory present many
opportunities. More research is anticipated.
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FINITE ELEMENT ALGORITHM BASED ON TWO-SCALE
ANALYSIS METHOD'
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Beijing, 100080, P.R.China

ABSTRACT

The FE algorithm based on two-scale analysis method for the structural problems of
composite materials and the structures with small period in 2-dimension case is briefly
presented in this paper, and some numerical results are shown. It is an effective method in
computational mechanics to be developing.

KEYWORDS

Two-Scale Analysis Method, Composite Material, Structure with Small Period, Finite Element
Algorithm.

INTRODUCTION

The structures shown in Fig. 1 are often encountered in structural engineering and in the
design of new industrial products. They are made from woven composite materials or
composed of numbers of same basic configurations.

The analysis problems for this kind of structure have some common properties as follows: The
material parameters vary sharply and periodically, and the period & of material change is very

* Project supported by National Natural Science Foundation of China
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small; it means that, in mathematics and in mechanics, the coefficient of materials satisfy
a;hk(x+£)=a;hk(x) , % << 1 (1)
where L is the size of considered structures.

XXX
XIXIXPIXIXI)]>
PAXIXIXIXIXEXT
XPIXIXIXIXIXIXIXIX

I T T T T T T SPPIXIIXPIXIX XX
LT T T T T T ISP DRIXIXIX XX D]
I [ T T T T T 7T EOZOXOZOIOXOZOTOZOZOZOSOZOZOZOC
LT T T T T T 7 DRI
I T T T T T T T DX R PRIX X I]
L1 1T T T T T 7] RIXPPIXIXIXIXIXIXPXIXIXDIX Y
L1 T T- T T T 7T XIXDPDIXIRIPAXIXIXIXDIX
LI T T T T T T RIRIXDAXIXIX XXX
L1 T T T T T T DIXIXIXIXPPRIXIXIXIX

Fig. 1 Composite materials and structure with periodicity

The mechanical behaviour of this kind of structure depends not only on the macroscopic
conditions, such as the geometry of the structure, the effective constants of the materials, the
loadings and the constraints, but also on the detailed configurations. Since the stresses within a
basic cell vary sharply in locale and the size of a cell is very small, either macroscopic analysis
or microscopic analysis cannot obtain an accurate evaluation of stresses.

A Two-Scale Analysis (TSA) for this kind of structure, which combines the macroscopic
behaviour of the structure with its detailed configurations, is proposed by author in Ref.[1].

0] o
eQ eQe

: 9

Fig. 2 Structure only including entirely basic configurations

From Eqn.1 for the analysis problem of the structure shown in Fig. 2 in 2-dimension case the
displacements can be asymptotically expressed in two-scale variables x, & as follows

. Ju,
u(x):uo(x)+§€ z Nalma,(f)m (2)

a,;=1,2

— N“l"'“/“(é)’ Na1~-~a,12(§)
N,.q(é)= Neoan(® Naw(d)
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N
Nm‘..,,,m(é‘){ N%} , m=12 (3)

where x denotes the global coordinates of structure, and &= X the local coordinates, and all

N, .a (5) (l =12, a;, = 1,2) are the periodical functions defined on space R’ with period
1; they can be determined on I- square Q, and #,(x) is the solution of homogenized problem
defined on whole 2.

1. The m-th column N, (.f) (al,m = 1,2) of N, (&) is the solution of the
following virtual work equation

.[8'1 (V) (£)e (N aym )d§ = ngj ()a,q(£)dE Vv e Hy(Q) (4)
0

0
where d&=d¢&dé, , Hy(Q) is the set of the functions fixed on the boundary of the unit

square.
2. The m-th column Nalalm(§) (a],az,m=1,2) of N, .. (5) is the solution of the

following virtual work equation

Igu' (v)aijhk (é)ghk (Nalazm )dg == J.[a’\iazalm - aiazalm (5) - aiazhk (é)ghk (Nalm )]vld§
Q Q
*ausONom(§)e, ()6 v e Hy(0) (5)

0
where d,, are the homogenized coefficients of materials computed from Nalm(ﬁ)

(arl ,m= 1,2) in following formulation

aAijhk = I[aijhk (é:) + 4,80 (Nhk (5))}15 (6)
Q
1 mhpk ﬁvhqk
gpq(Nhk(é))=-2_(—ég—+?] (7)

3. The m-th column N, _.(&)(a, - a,m=12) of N, ,(£)(1=34--) is the
solution of the following virtual work equation

J £, (E)en (N, am )AE =

- Qj [ m (Ve m(D) + B () (N m . 0E

+[ay0, 4 (N, e pmE, (WE Vv € Hy(Q) (8)
4. uy(x) is the Zolution of the homogenized problem defined on global 2

,[gzj (v)éijhk £k ("0 )dx - Ip: (x)v,ds - Ii‘—iéu‘hk €k (uo )njds
02 r,

r,

o
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= [fv,dx Vv e H,(02) (9)
n

Since the asymptotic expression can not be strictly evaluated in practical computation, the sum
of fore terms (7 < M) in Eqn. 2 is evaluated as the approximation of u(x); let

u¥(x)= uo(x)+Zs 2 N, 5);—""& (10)

;=12

We have proved that Eqn.9 if (2 is convex domain with piecewise smooth boundaries and
f(x) satisfies the conditions so that the homogenization solution #,(x) e C***(£2), then

[ (x) -ulx) |y < (46)*"'C (11)
where A and C are constants independent of & . Therefore u"(x) is a proper
approximation of u(x).

FE SOLUTION BASED ON TSA

From previous description it is not difficult to see that the FE displacements can be

approximately expressed in two-scale variables x,&= X as follows
£
uM h x) Suk
X)=u, {x)+ ) & —_ 12
R A (12)
where N, (&), m=1,2,1=1,, M, and u{(x) are the FE solutions of the following
problems respectively :

1. N ( ) ( a,,m=1,2 ) is the solution of the following virtual work equation on FE

am

space Sé‘(Q)={v eS"(Q)/ v(éQ)= }
zs; [e,()a, (DN, (2)ae= Z [£,(")a,0,(2)dE Vv eS; (Q) (13)

eeS’ ¢
where d&=d&,dé, ,and S” denotes the FE partition on 1-square Q.
Then 55}:& approximate to homogenized material constants d,,, can be computed in the
following formulation from N (é‘) (al, m= 1,2)
N, N,
)2 2]
%, &,

a =2 [lam(&)+a,,(@)es, (Va(O)hs (15)

EES e

(14)

2. From virtual work Eqn. 5 its FE solution Na a ,,,(5) (al,az,m = 1,2) should be the

solution of the following FE virtual work equation
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jgy(v yhk( )ghk( a,azm)d'f

ecS' ¢

_—ZS J-[ Qigram ~ Aiayaym ‘f)‘aiazhk(§)ghk(Nalm(§))]Vid§
+ 2 [0 (ONepm(De, (00 v e55(Q) (16)

It is well-known that the true solution N, , (5) (a),m= 1,2) of Eqn. 4 cannot be obtained as
well as the accurate values of homogenization coefficients a,. So

N :’azm(f) (a0, m= 1,2) are corrected as the FE solutions of the following virtual work

equation
z J.y(v)ayhk 5hk( a,azm)dé
__é I[ icgam ~ Qiayam ‘:z)_a;azhk(5)3hk(NZ,m(§))]V,d§
+Z [aen (N2 (e, (v)E Wy eS)(Q) (17)

3. In the same way Nal am(§) (a,,---a,,m= 12, l=1,---,M) is considered as the FE

solution of the following virtual work equation

z I g v)ayhk (é)ghk (Nfll...a,m )dé:

eeS” e
__z j.[ o lm a,_lhm(§)+aia hk ghk @ _m }Vdé
eeS” ¢
+2 [@ye (ONE e, (V)AE . WY eS;(0) (18)
eeS” e

4. From virtual work Eqn. 9 its FE solution u;(x) should be the solution of the
following homogenized FE problem defined on global (2

J.ay(v)dij,,,,e,,,,( )dx Ip, Jv.ds- J‘u,&,jh,,ghk(ug“)njds
2
jfvdx Vv e Sk .Q) (19)

where Sk (£2) denotes the FE space defined on global structure (2. Since the exact
{é,.jhk}cannot be obtained they are substituted by their approximate values {éyhk} So here we

consider u, (x) to be the FE solution of the following approximate problem from Eqn. 9

Ia,} v)ajhke,,k( )dx fp,(x v,ds —fu,a,j,,,,ahk (uo )njds
L

jfvdx Vv e H,(22) (20)
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FE COMPUTATION OF N! _ (&)

@y am

FE Computation of N (&) and a;),
N :.m (.f) can be obtained by solving FE virtual work Eqn.13 defined on 1-square Q.
Partition Q into the set S” of consistently triangular or/and quadrangular elements according
to material distribution a,, (.f) of the basic configuration shown in Fig. 3, where & denotes
the maximum size of the elements. Let

$2(0) = {v=(,%)| v, € Ae). e €S"and v, =0 on 30 (21)

where P, (e) denotes the set of & — order polynomials defined on element e. Since the basic

configuration is so complex and the material coefficients a,, (.f) vary so sharply, the true
solutions Nalm(.f)( a,,m=1,2 ) have not more than 2-order smoothness only linear

or/and bilinear elements are chosen to solve FE virtual work Eqn.13. By making use of FE
program based on linear or/and bilinear elements, NV ,','l,,, (f) ( a,,m=1,2 ) can be evaluated.
In this case, from finite element analysis, it follows that
| V(v -N2) . <cHl DN
! ()]

aym

(22)

r ()

| Naw —Nam |0 SCH* | DN (23)

am "LZ(Q)
where C is independent of 4.
Making use of Eqns. 14 and 15, one can evaluate d,, from N, (&) (a,,m=1,2).

Using Eqns. 6 and 15, one can prove that the approximate homogenization coefficients {55;1;, }

~

converge the true {4, as h— 0,and they satisfy the following inequality
ifhk
| Qe — &;’hk <CA4h (24)

where Cand 4 is independent of 4.

In order to verify the effectiveness of previous computational formulations on homogenization
coefficients using the following two kinds of original materials, the first is much stiffer than
the second

3125000 625000 0 178 571.43 7142857 0
625000 3125000 0 , | 7142857 178571.43 0 (25)
0 0 1250 000 0 0 53571.43

We constructed three basic configurations as shown in Fig.3. The numerical results on
homogenization coefficients evaluated by 40X40 meshes are shown in Fig. 3.

FE Computation of N ,','1,..‘,,,,, (5) (2 << M)

From the formulations of the previous section, it is noticed that all FE virtual work equations
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satisfied by N, _,.(£) are defined on 1-square Q. The left sides are the same , and the

right sides are different, but they can be recursively evaluated from the material coefficients
am (&), Ni o (&) and N . (£).In this case, the finite element meshes for evaluating

N, . n(€) (2<1<M) are chosen the same as for evaluating N/ (&) ( @, , m=1,2). So

the global stiffness matrix K is computed, decomposed as K = LDL" and saved only one
time, in the stage of evaluating N/, (r,“) When evaluating N (5), we only need to

ayram
evaluate the right side of FE equation, forward substitution and backward substitution in
succession.

Through complicated finite element analysis, see [3,9], we can obtain the following results: the

1143604 175017 0 1334341 188121 0 1029547 266973 85244
175017 1143604 0|, 188121 937491 o, 266973 1020547 B5244

U] 0 286746 o 0 245477 85244 85244 343238

Fig.3 Basic configurations and their homogenization constants

true N, _,.(£) and its FE approximation N . (£) satisfy these inequalities

[ V(Yo = N2 ) o S Clem)4 (26)
H Nywn=Nt < Co(eh)a (27)
v veam| ()

where Cand 4 are constants independent of 4, £ and £2, and

A= Max {HDzNa‘m DN DN

a,a,m

mm} . (28)

ey’ ()’ o ‘ ayam

FE COMPUTATION OF u""(x)

FE Computation of uy(x)

According to Eqn. 12, the next step of computing #*”(x) is to solve the homogenized FE
vitual work equation ( 19 ) to obtain u,"(x). Since {&;‘hk} are constant for global (2, the true
solution #, (x) of Eqn.19 must be sufficiently smooth inside (2 according to the regularity

theorem of PDE problems. So high-order elements can be chosen to evaluate uj (x) Using
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high-order elements with mesh size 4, partition 2 into FE set S™. Let
Sk ()= {v = (vl,vz)T| v, € P(e), e € S™ and u(x) =uonl, cC 0”()} (29)

where k is the order of the interpolation polynomials within elements. Taking advantage of
FE program we obtain #;°(x).
Through detailed FE calculus, see [3,9], we can prove that

| () - (x)“m(o) : C(””f PR LZ(n)J 30

where u, (x) is the true solution of the homogenized Eqn. 9 and (x) is the FE solution of

Eqn. 19 obtained by previous procedure , and h is the mesh size for evaluating
N, (&) (a ,m=12).

Su
Evaluation of -—f—o—gcl

@) a;

Below the formulations for evaluating high-order partial derivatives of scale function

u™ (x)are shown. Let
1 Ao
S uh(M)=—— [——} (31)
l ( ) T(M) eeS;M) &i e

where M is a node of FE set S™, S"(M ) denotes the set of the elements with node M
and 7(M) is the number of the elements in S"(M).For 1=12,-- andx ee, let
7/
S )= 3 8 ()Tl (32)
alartarg MeS"(e) a1 ay &a,,l
where S”(e) is the set of the nodes located on element e, and A°,(x) is the shape

function corresponding to node M onelement e.If x coincides with node M, let
1

51‘1,_1 uP(M)= —— S uM(e (33)
al ajl ( ) T(M) EES;M) ay aj.l ( )
and if x eee,,let
5, uP(x)= %(5;”._% b (e) 4w (o)) (34)
In the approximate computation of #*”(x), let
al ho
Bt 55

From u” (x) the approximate strains can be evaluated in the following formulation

M Jul
M= g ho + -1 e (N: mam(f))__om_
€hk( ) hk(uO (x)) ;5 Z hk e éka,"'éxa,

a,=12 &
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M +1, .k l+1, hy
+ zgl Ng -‘-ahm(i)—i&n—-i-]vs ~~akm(£)~_iuom— (36)
I=1 =12 ! ! € &al"'&m&k ! ! I3 d"al.“d’a,&h

al

and then the approximate stresses

o, (x)=a,, (E)g,’:i (x) (37)

NUMERICAL EXPERIMENTS

Procedure of FE Algorithms
Summing up the procedure of FE algorithms:
1. Set up the mechanical model :
* Form and verify the geometry of the structure, the loading conditions and constraints.
* Form and verify the composition of the basic configurations for every component with
periodicity, the matrix, reinforcement and their interfaces.
2. Partition Q into set S” of triangular or/and quadrangular elements in mesh length 4
according to the distribution of a,, (5) ,and 2 into S™ in h,.

3. Solve FE Eqn.13 to obtain N, (&) ( @,, m=1,2).
4. Evaluate ﬁ;hk in Eqns.14 and 15 from Nglm(},‘) (a,,m=1,2 )
5. Solve FE Eqn.17 to obtain N h (5) (al,az,m=l,2), and solve Eqn. 18 to

a,a,m

obtain N, . (&) (a;,m=12) for 3<I< M.
6. Solve FE Eqn. 20 to obtain g’ (x).

Sul
7. Evaluate 550—(;—) in the formulations ( 31 y—( 35).

ey
8. Evaluate the approximate displacements u*” (x) in formulation ( 12 ) , the strains

& (x). in formulation (36 ) , and the stresses o’ (x) in formulation ( 37).

Numerical Results

We have coded the computing program of the FE method based on TSA for 2-dimension case ,
and made some numerical experiments to verify its effectiveness. Here are some numerical
results.

The structure is a cantilever investigated by us; the macroscopic model is shown in Fig. 4 and
three types of basic configurations are shown in Fig. 3. The basic configuration is partitioned
into 40X 40 meshes, and the structure into 38X 94 meshes. The stress states for three typical
cells are shown in Fig.5. By using the classical FE method to obtain such detailed results,
190X 470 rectangle meshes might be needed.

The FE method based on TSA is thus very effective for solving problems raised by woven
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composite materials and structures with small periodicity.

I e

177
Z
&

Fig. 4 Cantilever with periodic configurations
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Fig.5 The stress distribution for 3-typical basic configurations
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Control of Lateral-Torsional Motion of Nanjing TV Transmission
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ABSTRACT

The 310 m Nanjing TV transmission tower in China will be installed with an active mass driver
on the upper observation deck in order to reduce the acceleration responses under strong winds.
This paper presents the Linear Quadratic Gaussian (LQOG) control strategy using acceleration
feedback to reduce the tower response. Emphasis is placed on the practical applications, such as
the limitations on actuator peak force and stroke, limited number of sensors, etc. The along-
wind and across-wind components of the wind velocity are defined by the Davenport cross-
power spectra. The power spectral density and rms of acceleration responses of the TV
transmission tower equipped with an active mass driver have been computed. Simulation results
demonstrate that the performance of the LOG control strategy is remarkable in reducing the
coupled lateral-torsional motions of the tower and it is suitable for the fuli-scale implementation
of active mass driver on Nanjing Tower.

Keywords: structural control, active mass driver, Linear Quadratic Gaussian (LQOG) control,
dynamic output feedback, coupled lateral-torsional motion, wind response.

INTRODUCTION

The newly constructed 310-meter Nanjing Tower in China consists of three prestressed concrete
legs with hollow rectangular sections, as shown in Fig. 1(a) and (b). It has two observation
decks at the heights of 180-meter and 240-meter, respectively. Preliminary investigations
indicate that the acceleration response of the upper observation deck is too high and that a
passive mass damper is not capable of reducing the acceleration response to an acceptable level
for human comfort [Cao et al (1998)]. Consequently, an active mass driver system, in the form
of a ring mass driven by three actuators as shown in Fig. 2, was designed [Cao et al (1998)] to

43
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be installed on the upper observation deck to reduce the acceleration response. Active control of
wind-excited tall buildings has been investigated in the literature [e. g., Samali et al (1985),
Ankireddi et al (1996), etc.], including the applications of advanced control theories, such as H,
control [Suhardjo et al (1992)], LOR and Heo static output feedback control [Wu et al (1998)],
sliding mode control [Yang et al (1997)], etc. Today, full-scale active tuned mass dampers have
been installed on many high-rise buildings in Japan [e. g., Spencer & Sain (1997)].

16™ node (x, y,6 DOF)

12" node (x, ,6 DOF)
10" node (x, y,6 DOF)
£ 0 9™ node (x, y,0 DOF)

1* node (x, y,6 DOF)

~

X
() ® (©

Fig. 1: (a) Configuration of Nanjing Tower; (b) cross-section of concrete leg; (c)
Discrete Structural Model

The structural properties of the Nanjing Tower in the along-wind direction, as modeled by a
discrete 16-degree-of-freedom system shown in Fig. 1(c), have been described in Cao et al
(1998). Previous investigations [Wu et al (1997a,b), Cao et al (1998)] assumed that the tower is
completely symmetric and the axes of mass centers, elastic centers, and aerodynamic centers
coincide with each other. Based on this premise, the along-wind motion and the across-wind
motion of the tower can be analyzed and computed independently. In reality, the elastic center
and mass center may not coincide, for instance, the mass centers of the observation decks may
not locate at the elastic center of the cross-section due to the arrangement of indoor furnitures
and equipments. As such, coupled lateral-torsional motion is introduced when the tower is
subjected to wind gusts. Since the tower is not symmetric in one of the principal axes, the
aerodynamic center may be different from the elastic center and mass center. Hence, the wind
forces acting on the aerodynamic center will introduce an eccentricity, resulting in an external
torque to the tower.

In this paper, we present the Linear Quadratic Gaussian (LQG) control strategy for the
acceleration reduction of the tower equipped with an active mass driver, taking into account the
coupled lateral-torsional motion. Emphasis is placed on practical considerations of full-scale
implementations, including limited number of sensors, limitations on actuator peak force and
stroke, noise pollution, acceleration feedback, etc. Since civil engineering structures involve too
many degrees of freedom, a state reduced-order system [Wu et al (1998)], that can capture the
significant modes of acceleration response, is established for the controller design. The size of
the reduced-order system is reasonable for the on-line computation of the dynamic output
controller.

The performance of LQG controller is measured by the acceleration reduction criterion. The
spatial correlation of wind loads is accounted for in the LQG observer designs. The Davenport
spectrum is used for the fluctuating wind velocity in the along-wind (x) direction and across-
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wind (y) direction. Both deterministic
and stochastic analyses have been used
to demonstrate the performance of the
controller. For the deterministic
approach, a set of sample functions of
wind loads on every degree-of-freedom
is simulated from the wind velocity
spectrum and the peak responses are
computed. For the stochastic approach,
the root-mean-square and the power
spectral densities of the response
quantities are obtained using random
vibration analyses. It is demonstrated
that the LQG controller is quite suitable

for practical implementations and its Fjg 2 : Configuration of Active Mass Driver System
performance is remarkable. with Three Actuators on the Upper
Observation Deck [from Cao et al (1998)].

FORMULATION

Equations of Motion of Tower Structure with Lateral-Torsional Motion

To compute the stroke of the actuator, the active mass driver is modeled as an active tuned mass
damper in the following formulation and numerical simulation. Then, the forces in the springs
and dashpots of the active tuned mass damper are added to the control forces for the active mass
driver system. Finally, the required actuator forces and strokes will be determined through the
transformation later.

Full-Order System (FOS) : The Nanjing TV transmission tower has been modeled by a 16-node
linear system, as shown in Fig. 1(c). With an active mass damper to be installed on the upper
observation deck (12th node), the total number of nodes is 17. We consider the elastic center of
the cross-section of the tower as the geometric center while the mass center of the designated i-
th node is shifted by a distance (x.;, y;) from the elastic center. The vector equation of motion is
expressed as

M X(t) + Cs X(t) + K X(t) = Hy U(t) + W(t) 4}

in which X(f) = [X1,X3, <., X1,¥1,Y2s 0 ¥Yn» 81> 02, ..., 8,1 is a 3n vector (n = 17) with
x; (D), y; (0, 6;(0),1=1,2,..., 16, being the displacement of the elastic center of the designated
i-th node in x (along-wind), y (across-wind) and 0 directions w.r.t. the ground, as shown in Fig.
1(c); xy7.y17 and By, are the relative displacements of the center of the mass damper with

respect to the upper observation deck; U(#) =[u,(t), ux(t), ..., u(t)]” is a r control force vector (r =
3) in x, y and O directions generated by three actuators; W(t) = [ wy (1), Woy (1), ..., Wygx (1), 0,

Wiy o), Woy (t), .., W16y (1), 0, wig(t), wog(t), ..., wigg (D), 01" is a 3p vector (p = 17) denoting

the wind loads on the tower in x, y and 6 directions, respectively; and a prime denotes the
transpose of a vector or a matrix. In Eqn.1 Mg, C; and Ky are (3nx3n) mass, damping and
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stiffness matrices, respectively, in which the mass in the equations of torsion is the mass
moment of inertia and the stiffness is the torsional stiffness. H; is a (3nxr) matrix denoting the
location of controllers. The inertial force term for the equation of motion of the i-th node in x, y

and © directions are expressed as mX; —mjY¢0, mi¥i +miX0;, and

-myy X +miX ¥ +[J;+m; (Xci2 +yci2)]éi, respectively, where J; is the mass moment of
inertia of the i-th node w.r.t. the mass center.

In the state space, Eqn. 1 becomes
Z=AZ+BU+EW )

where Z(f) is a 6n state vector; A is a (6n%6n) system matrix; B is a (6nxr) control location
matrix; and E is a (6n%3p) excitation influence matrix given, respectively, by

X(t) 0 I 0 0
z{. }A= p Lo bBe| L E= 3)
X(t) -M'Ks -Mg T Cs M H; M;

Since Eqn. 2 represents the dynamics of the entire structure, it is referred to as the full-order
system (FOS). In general, a /-dimensional controlled output vector z and a m-dimensional
measured output vector y can be expressed, respectively, by

z2=C,Z+D,U+F,W “
y=CyZ+DyU+F,W+v &)

inwhich C, , D, , F,, Cy R Dy and Fy are matrices with appropriate dimensions, v is a m-

dimensional measurement noise vector. If only the state variables (displacement and velocity)
are measured, then Dy = F, = 0. In civil engineering applications, since acceleration

measurements are easier to obtain, Eqn. 5 is the general expression including acceleration
measurements. The same remark applies to the controlled output in Eqn. 4.

Reduced-Order System (ROS): Under wind excitations, the acceleration response of civil
engineering structures is dominated by the first few modes. Hence, the controller can be
designed based on the reduced-order system (ROS), referred to as reduced-order control (ROC).
There are many system reduction methods available in the literature, which can be used to
obtain the reduced-order system. The method of state reduced-order system [Davison (1966)]
that retains the same eigen properties of selected modes has been demonstrated to be very useful
for civil engineering applications [Wu et al (1998)]. Such a method will be used in this paper.
Then, a k-dimensional state equation of the state reduced-order system (SROS) can be derived
as

Zr=ArZ,+B,U+EW (6)

in which the eigenvalues and the eigenvector matrix of A, are equal to the first £ eigenvalues
and eigenvectors of A. Since the eigenvalues of A are complex conjugates in pairs, it is
necessary to choose even number for £ so that A, B, and E, are real. The controlled output

vector and the measured output vector of the SROS, z, and y,, can be obtained accordingly
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[Wu et al (1998)],
z, =CyZ, +D, U+ F, W o)
¥r =CyZ; + Dy U+F, W (8)

in which C,., D, , F5, Cyr , Dyr and Fyr are matrices with appropriate dimensions.

Wind Model

The along-wind velocity is usually decomposed into an average wind velocity and a wind
fluctuation, that is a stationary random process in time. The average wind velocity varies along
the structure, and hence the wind load is nonhomogeneous in space. In the across-wind
direction, the wind velocity is also modeled by a set of fluctuation random processes, which
could be different from the along-wind fluctuation. The wind-structure interaction effect is
neglected herein, and therefore the wind load can be computed from the wind velocity.
Consequently, the wind load consists of a set of static loads due to the average wind velocity and
a set of dynamic loads due to wind fluctuations in both along-wind and across-wind directions.
For the reduction of acceleration responses in structural control, only the fluctuating wind loads
should be considered. It has been assumed in the literature that the along-wind and across-wind
velocity fluctuations are mutually uncorrelated random processes with zero mean. The well-
known Davenport wind velocity spectrum will be used to simulate the along-wind and across-
wind velocities. The (i, j) element of the two-sided Davenport cross-power spectral density

matrix S, of fluctuating wind velocity can be expressed as

2 2 5 —4/3
Sy (@)= 2KoVi[0000 Y], (6000 [ alo|lhi-h| ©)
o | () | nVr 7tVr 21 Vr

where ® is in radian per second; V., is the reference mean wind velocity in meters per second at
10 m above the ground; c; is a constant; h; is the height of the i-th node; and Kj is a constant
depending on the surface roughness of the ground [Simiu et al (1986)].

The location that wind forces apply, i. e. aerodynamic center, is determined by the geometry of
the cross section of the structure. Due to the eccentricity between the elastic center and the
aerodynamic center, an external torsional moment will be generated to the structure. Yang et al
(1981) has derived a set of wind loads in the along-wind, across-wind and torsional directions in
which the aerodynamic damping effect is neglected and small deformation is assumed. The
static wind loads Wiy, Wi, and Wijg on the /-th node in x, y and 6 directions are given by

Wix = O.SpAi ViZ Cxi; Cxi =CDi COS[.))—CLi sinB; Wiy = O'SPAi ViZ C Cyi = CDi sin[3+

yi>
CLicosP; Wig= 05pA; viz gii> 81i= XAi Cyi —Yai Cxi, respectively, where V; is the
mean wind velocity, p is the air density, Cp, and C;;are the drag and lift coefficients for the i-th

node, A; is the tributary area for the i-th node, P is the angle of attack, x o; and y,; are the
coordinates of aerodynamic center w.r.t. the elastic center at the i-th node. The dynamic loads
due to fluctuating part on the i-th node in x, y and 0 directions are [Yang et al (1981)]
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wix =0.5pA; V; (2Cy vix — Cyj Viy) (10
Wiy =0.5pAi Vi (2Cyi Vix + Cyi Viy) (11)
Wig =05pA; Vi (285 Vix + 82i Viy) 5 82i =Xai Cxi T¥ai Cyi (12)

respectively. In Eqns. 10-12, v and vjyare the fluctuating wind velocities in x and y

directions, respectively, and both of them follow the spectrum in Eqn. 9. The mean wind
velocity Vjis assumed to follow a power law

Vi=Vg(hi/he)® (13)

in which hy is the gradient height; V, is the average wind velocity at the gradient height; and o
is a constant between 0.15 and 0.5. The values for the parameters hg and o can be found in

[Simiu et al (1986)], which are characterized by the ground condition, such as the roughness.
Note that, in Eqns. 10-12, Cy;, Cy;, 8);,82; are functions of the angle of attack f.

Consequently, the power spectral density matrix of the wind loads on the structure can be
written as

S

Wx Wy wawy wawg
Sww = Swywx Swywy Swng (14)

where Swywx GLj= §wxwy (s 1); Swewx G,Jj)= §wxwg (3:1); Swewy iL,p= §wng (3:1)

and S indicates the complex conjugate of S. The (i, j) element in each block matrix can easily
be obtained from Eqns. 10-13 knowing that Vj; and Vjy are uncorrelated, for instance

.. 2 G

SWxva(l’ = 0.25p AiAj Vi Vj (4 Cxi ij SViijx +Cyi Cyj SViijy )
. 2 S o

wawy (1,))=025p AiAj Vi Vj (4Cy Cyj SviXij "Cyi ij Sviijy ) (15)
. 2 oo

Swowg (1) =025p" AjA; Vi Vi (481 81jSviyvjx +82i 82j Sviyviy)

Linear Quadratic Gaussian (LQG) Control Method

The Linear Quadratic Gaussian (LOG) control method is presented to demonstrate the control
effectiveness for the Nanjing tower equipped with an active mass driver. The LOG theory is
derived based on the assumption that the excitation W and the measurement noise v are
uncorrelated Gaussian white noise processes. However, different components within W or v can
be correlated as indicated by the wind load spectrum in Eqns. 9 and 14. Based on the separation
theorem [Skelton (1988)], the design procedures for the LOG method are divided into two parts;
namely, the design of controller and the design of observer.
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Design of Controller : The state feedback control gain is obtained by minimizing the quadratic
objective function

J= lim (VDE {[§(Z’Qz+U'RU) dt } (16)
T—>o0

in which Z=z, -F, W=C, . Z,+D,. U (see Eqn. 7), and Q and R are weighting matrices.
The optimal controller is obtained as [Skelton (1988)]

U=Ky Z, ; Ky =—-R71 (B, P.+5" (17)

where P, is the solution of the Riccati matrix equation
P,A+A"P,-P,B,R'B/P,+Q-SR!1§'=0 (18)
Q=C,QC,;R=D,,QD, +R; S=C,,QD,,; A=A, -B, RS (19

Design of Observer : The optimal controller obtained in Eqn. 17 requires the state feedback Z,

which will be estimated from an observer based on the measurements from a limited number of
acceleration sensors installed at strategic locations. Such an observer should be designed
appropriately. With the assumption that the wind gust W and the measurement noise v are
uncorrelated Gaussian white noise processes, the Kalman-Bucy filter can be used to estimate the
state Z,;

Z, =A; 2, +B, U+Ly(y, -Cy, Z, -D,, U) (20)

in which Z, is the estimate of the state Z, and y, is the measured output. The procedures for
determining appropriate observer gain matrix L, in Eqn. 20 are well-known [e.g., Skelton
(1988), Wu & Yang (1997b)]. It is mentioned that the observer gain matrix L is a function of
Sww and S,y which are the power spectral density matrices of the white noises W and v,

respectively, for the design purpose. For the observer design, §WW and S, can be scaled
appropriately for convenience of numerical computations.

Thus, the control vector U follows from Eqns. 17 and 20 as
U=KpZ, 21

Substituting Eqn. 21 into Eqn. 20, the estimate Zr is computed on-line from the following
dynamic output feedback equation

Z, =[A; +B,Ky - L,Cyr —L,D Ky, 1Z, + Loy, (22)
In practical implementation, y, in Eqn. 22 should be replaced by the real measured output y.

Actuator Forces and Strokes

The required control forces U =[uy,u,,u3] computed above represent the control forces
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in x-direction, y-direction and torsional moment in 6 direction. ul, u2 and u3 should be
modified for the active mass driver system by adding the corresponding forces in springs and
dashpots in x, y and 0 directions of the active tuned mass damper. These modified control
forces are denoted by U;, U, and U3, for instance ) =u; ~k 4, X7 ~C4X;; Where kg, and c4y

are the spring constant and damping coefficient of the tuned mass damper in x-direction. Based
on the actuator configuration shown in Fig. 2, the control forces from three actuators are
denoted by F;,F, and F5 as shown in Fig. 3. The required actuator forces F;,F, and F; as well

as the strokes can be obtained through the transformation of U, u; anduz as well as the

geometric configuration in the following. The actuators are connected between the 12-th node
and the mass damper (17-th node). The points of attachment on the 12-th node are denoted by
A;(i=1, 2, 3) and that on the mass damper are denoted by B; (i = 1, 2, 3) in Fig. 3. In motion,
the coordinates (positions) of A; and B; (e. g, Ajx is the x coordinate and Ayy is the y

coordinate of A ) are tabulated in Table 1, in which / = 368 cm, r = 405 cm.

The directions of Fi, F;, and F3 are defined by the angles o, a, and a3, respectively, which
are measured counterclockwising from the x-axis as follows

B, —A B,y —A B;, —A
o —tan~!| Y , O =tan 1| 2 OH , O3 = tan 1| X3 (23)
Bix —Axx Box — Ao B3y —Asy

, in which the quadrant should be considered in computing angles o;, i = 1, 2, 3. Hence, the
actuator forces Fi, F, and F; are related to the computed control forces Uy, U and U3 as
follows

K cosay +Fy cosay + Fycosag =1
Fy sinay + Fy sinay + Fysinagy =, (24)
Fl[(le —X12 —Xp7)sinoy = (Byy —y12 —Y17)0080l1]
+ Fz[(Bzx —Xq12 —Xy7)sinoy —(Byy —yy2 —Y17)0080(2]
+ F3[(B3x —X12 —Xy7)sinoz —(Bsy —y2 —Y17)COSOC3] =u3

TABLE 1
COORDINATES OF A; AND B; IN MOTION

Ay A =X%12 +1cos(-107.6°+6;5) B, Bix = X2 +X17 +rcos(-60°+ 06y, +6;7)
Apy =y12 +/sin(-107.6°+6;3) By =y12 +¥17 +1sin(=60°+ 65 +817)

Ay Aoy =Xq3 +1c0s(12.4°+6;5) B, Boy =Xy +X17 +rc.()s(60°+912 +0617)
Agy =13 +1sin (12.4°+0y,) Bay =y12 +y17 +1sin(60°+615 +67)

As Az =%5 +1cos(132.4°+6¢5) B B3y = X2 +X17 +1cos(180°+ 6, +6;7)
Asy =12 +1sin(132.4°+0}5) B3y =y12 +y17 +1sin(180°+ 8615 +617)
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The length of the actuators without motion as arranged in Fig. 2 is 313.8 cm. The actuator
strokes can be determined by computing the difference in the length between A;B; (i=1, 2, 3)
and 313.8 cm for each actuator, see Fig. 3, i.e.,

Stroke of the ith Actuator =| A;B; |-313.8 cmfori=1,2,3 (25)

in which |AiBi| can be computed using Table 1.

SIMULATION RESULTS

The control performance of the LOG controller in
reducing the coupled lateral-torsional response of the
Nanjing tower will be demonstrated through numerical
simulations. The mass and stiffness matrices modeled
by a 16-node system (Fig. 1 (c)) in x direction are given
in Cao et al (1998). The stiffness in the y direction is
assumed to be 20% higher than that in the x direction.
In this preliminary study, the structural parameters for
the torsional motion are obtained by estimation,
whereas the actual data will be available in the future.
The mass moment of inertia J,(i = 1, 2, ..., 16) w.r.t.
the mass centers are 2.5e5, 1.8e5, 8.4e4, 5.5¢4, 3.6e4,
2.1e4, 1.5¢4, 1.2¢4, 8.4e4, 1.6e5, 6ed, 4ed, 3e3, 2¢2, 1.5¢2, 50 Ton-m’, respectively. The
torsional stiffness vector (between adjacent nodes) is 1/5 x [6.0e9, 3.5¢9, 2.1¢€9, 1.5¢9, 1.0e9,
6.7e8, 3.3e8, 4.3e8, 6.4e8, 4.0e8, 5.7¢7, 5.3e7, 2.5¢7, 1.2¢7, 8e6, Se5] KN-m/rad. The natural
frequencies of the first five modes in x, y and @ directions are 1.529, 3.980, 7.926, 11.749,
15.768 rad/sec, 1.675, 4.360, 8.682, 12.870, 17.273 rad/sec, and 6.038, 12.079, 22.836, 28.180,
37.459 rad/sec, respectively. The dampings in each direction are assumed to be a combination
of the mass and stiffness matrices in each direction such that the resultant damping ratios for
each mode are 2%, 3%, 5.4%, 8%, 10%, 19%, 21%, 37%, 39%, 40%, 40%, 40%, 40%, 40%,
40%, 40%. The mass centers are different from the elastic centers only for both observation
decks, ie., X0 =2 M, Yo0 =2m, X0 =1m, yop =1 m. A 60 metric tons active mass

Fig. 3 : Actuator forces applied to the
mass driver

driver (mass ratio of 0.194%) shown in Fig. 2 will be installed on the upper deck (12-th node).
We modify the active mass driver system into an active tuned mass damper in the numerical
simulation for computing the relative displacements of the damper and required control forces
uy, uy and uj in x, y and O directions. A tuned mass damper with a damping ratio of 7% in

each direction and the frequency tuned to the first mode in each direction will be used in the
simulation. For the actuator capacity, the peak force is 150 kN and the peak stroke is 75 cm.

The fluctuating wind velocities in the along-wind and across-wind directions are uncorrelated
random processes with zero mean, and their cross-power spectra are considered identical in the
simulation for simplicity. The parameters used in the Davenport wind velocity spectrum, Eqn.
9, have been adjusted to match the Chinese design specifications for wind velocity in the
Nanjing area. The resulting parameters are as follows: Ky=0.008, ¢; = 7.7, o = 0.16, air density
p=125 kg/m’, gradient height hg =300 m, and ¥, = 20.7 m/sec. The angle of attack of wind
velocity is assumed to be zero, and consequently, the drag coefficient C is 1.39 for 1%-8"" node;
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1.2 for 9"-12" node; 1.3 for 13%-16™ the lift coefficient Cy, is 0.3 for each node. The tributary
areas for each node are 413.24, 536.02, 469.5, 387.18, 323.73, 271.35, 277.38, 233.65, 182.51,
183.85, 213.51, 175.58, 66.38, 21.55, 11.28, and 4.13 m®. The heights of each node are 10.1,
32.2,58.6,80.2,101.8, 119.8, 137.8, 158.6, 171.8, 185.8, 199.2, 240.4, 270.1, 286.1, 299.1, and
310.1 m. Since the external torsional moment is also induced by the off-set between elastic
centers and aerodynamic centers, a set of aerodynamic centers is assumed in the simulation to
investigate the structural response and the performance of active control as follows: x 5;(i =1,

2, .., 16)are all zero and y; (i=1, 2, ..., 16) are 15/4, 12/4, 10/4, 9/4, 8/4, 7/4, 6/4, 5/4, 4/4, 0,
0,0, 0,0, 0 and 0 m, respectively.

Both the stochastic and deterministic analyses were used to compute the response quantities of
the tower. For the deterministic analysis, one set of sample functions of wind velocities in along-
wind and across-wind directions, Vi and vjy, on every node is simulated using the cross-power

spectral density matrix in Eqn. 9 for a duration of 300 seconds. The method of simulation is
described in Wu & Yang (1997a,b) and Wu et al (1998). Then, the sample functions of wind
loads on every node, wiy,w;y and w;g are computed from Eqn.10-12, and these sample

excitations are used to compute the response quantities. For the stochastic approach, the random
vibration analysis in the frequency domain, based on the transfer function of the closed-loop
system, has been conducted to compute response power spectral densities and the rms values.
Such an approach is described in Wu & Yang (1997a,b) and Wu et al (1998).

Without the mass damper, the response quantities of both observation decks (10-th and 12-th
nodes) are shown in columns (2)-(13) of Table 2, denoted by “No Control”. The results for the
tower equipped with the passive tuned mass damper (without actuators) are presented in
columns (15)-(26) of Table 2, denoted by “Passive Control”. In Table 2, x;,X,;, Vi, ¥4, 6iand

0,; represent the peak displacements and peak absolute accelerations of each node in x, y and 6

directions, respectively, based on the deterministic analysis. Likewise, Oxi» Okgi» Oyj» O

g, and Of,; denote the standard deviations of the displacements and the rms values of the

absolute accelerations for each node in x, y and 0 directions, respectively, based on the

stochastic analysis. Note that x,7, Ox175 Y1:0y;7 > 0,7 and S represent the peak values and

standard deviations of the relative displacements of the mass damper w.r.t. the 12-th node (upper
observation deck) in x, y and 6 directions, respectively. The values in the parentheses are the
reduction percentages with respect to the “No Control” case. Based on the stochastic analysis,
the acceleration power spectral densities of the upper observation deck %;5, ¥12, 6,5 for “No
Control” and “Passive Control” cases are denoted by the dotted curve and solid curve ,
respectively, in Fig. 4. In Fig. 4, the passive tuned mass damper is capable of reducing the
response of the first mode only. As observed from the “No Control” case in Table 2, the
accelerations of two observation decks due to torsional motion are in the same order of
magnitude as the lateral accelerations in x and y directions. This indicates the importance of
considering the coupled lateral-torsional motion. With a passive tuned mass damper, the
acceleration response is not reduced to the design requirements. Therefore, an active mass
driver system is used.
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TABLE 2

RESPONSE QUANTITIES OF THE TV TOWER

No Control
G .

Node|  Xi | Xy | Ox; | Oy | ¥ | Yai | Oy; | Oyy | Oi | 65 | O6; | Op,

No. 3 R g

(D} em | emys? 2| om | cpyg? | e | 107 10 10°,
@ cm | cm/s ©) cm/s” | cm | cm/s (10) rad/s”| rad |rad/s
G| @ | 6 D1 ® | © (1) | (12) | 13)

10 |3.155(5.549 [ 1.063 | 2.073 | 1.353 [ 3.033 | 0.469 | 1.083 | 9.098 {151.41| 2.590 | 63.64

12 |5.466(14.119] 1.850 | 4.198 | 2.275 | 6.595 | 0.817 | 2.202 |13.364{325.43| 3.609 {119.71

Passive Control

Node| Xi | X4 | Oy, | Oy | ¥ | Yai | Oy; | Oyy 655 b | oo | 96,
No. 107} 105 | 10% | 10°
(14) clr; em/s’ | em | cmys? CII;I e/s? | em |emss?| T | radss?| rad rad/s?
I tae | an|a | D] ey | ey |e | P | ey | e | 26
10 | 2.766 | 4.725 ] 0.888 | 1.560 | 1.174 | 2.647 | 0.397 | 0.818 | 6.784 |147.41] 2.010 | 60.88
a23y| 149 {165 a7 |33 a2 | 154 |2a.5|25.0| 27 |22.4)] @.3)
12 [4.823 |12.234] 1.551 | 3.460 | 1.937 | 5.394 | 0.694 | 1.825 | 9.701 |321.83| 2.692 |115.31
a1y |z |as|a7.6) 14982 |asnlaz.n|era| a.1 |@s4| 3.7
17 [13.666|32.156] 5.480 |12.898] 6.180 |17.504 2.391 | 6.774 [16.443]605.58 5.464 [201 28
LQG Control

I\II\?SC Xi Xai | Ox; | Oxy | Vi Yai | Oy; | Oya 1%_15 eais Geis O
(27.) cm 2 2| cm 2 2| rad 10-2 1o 10°

28) cm/s” | cm | cm/s 32) cm/s”| cm | cm/s 36 rad/s®| rad |rad/s?

29) | 30y | 31 3| 64|65 63| 3y
10 | 2.653 | 4313 | 0.809 | 1.199 | 1.145 | 2.695 | 0.368 | 0.679 | 5.436 |111.15] 1.644 | 43.93
(15.9)122.2)]23.9) | 422|154 | 11.1) | 21.5)|(37.3) | 40.3) | 26.6) | 36.5) | 31.0)
12 |4.508 | 7.481 | 1.424 | 2.359 | 2.093 | 3.731 | 0.647 | 1.273 | 7.481 [151.80| 2.101 | 52.31
(17.5)47.0)|23.0)| 43.8) | (8.0) |(43.4)|(20.8)|(42.2) | (44.0) | (53.4) | (41.8) | (56.3)
17 |56.136]147.99]18.798[42.87333.798(94.791] 9.629 [29.722[99.813[5140.8]29.604{1632.0
uj —57.1KN, uy o =518 kN, G, =182 kN, 0, =142 kN,

2

=443 kN-m

U1 max Uy

0, =14.4kN-m

u
3max us

To design the controller and observer for active control, a state reduced-order system, Eqn. 6,
has been constructed which retains the first 24 complex modes (k = 24) of the entire structure, i.
e., the first twelve pairs of complex conjugate eigenvalues and eigenvectors. The reduced-order
state vector is Z; =[X10,X12,X14:X17 - ¥10- Y12+ ¥14- Y17 - 010, 012,814,017, X14, %17 . X14,

X17.¥10: Y125 Y145 Y17 ,910,912,914,617]'. The main objective of control is to reduce the

accelerations %15, ¥, and 6y, of the upper observation deck. Likewise, the actuator

constraints, including the peak stroke of 75 cm and the peak force of 150 kN should not be
exceeded. Although other measurements can be made, we only install three acceleration sensors
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to measure the accelerations at the upper observation decks, i. e., %j, V12, and ;5.

Therefore, the measured output feedback vector is y, =[%2, ¥12, 8,, 1" in Eqn. 8. The noises
associated with the 3 measurements are uncorrelated white noise processes with power spectral
densities of 7.7x107/2x m%/sec’/rad, 2.1x10"*/2% m?/sec’/rad and 1.0x10°/27 rad*/sec®/rad for
%12, V12, and 8,5, respectively. These noises are introduced in the simulation of the structural
response at a sampling rate of 10 sec (Nyquist frequency = 5000 Hz). These rms values are
about 0.25 % of Ck12° O¥12 and 41, of the controlled structure.

LQG Controller . The control parameters used for the LQG controller are as follows : controlled
output z; =[ %10, %12, X17a> 910> ¥12> Y1725 010> B125 B17a.1', Q = diag [ 10°, 10%, 0, 107,
10°, 0,102 107, 0], R = diag [ 8x107, 8x10°, 5x107% ], S, , = diag [7.7x10°", 2.1x10°", 1.0x10°
%), and Sy = 10 » Sy (®) at ® =1.6 rad/sec, where Syw(®) is the cross-power spectral

density of the wind load given by Eqn. 9 and 14. It is important to emphasize that in designing
the observer, although the wind loads are assumed to be Gaussian white noise processes, their
spatial correlations should be taken into account. Consequently, the cross- power spectral

density matrix Sy chosen above retains the spatial correlations Sy (®), Eqn. 14, at the
dominant frequency o =1.6 rad/sec (first mode in x direction). The response quantities of the
structure with the LQG controller are presented in columns (28)-(39) of Table 2. The peak value
Uimax (=1, 2, 3) and the rms value Oy (i=1, 2, 3) of the computed control forces in x, y

and 0O directions are shown in the last row of Table 2. For the stochastic analysis, the

acceleration power spectral densities of the upper observation deck Xj,, §; and 8, are
plotted in Fig. 4, denoted by the long-dashed-short-dashed curve. As observed from Table 2 and
Fig. 4, the percentages of acceleration reductions for the peak and rms responses of the upper
observation deck are remarkable, in particular the torsional acceleration.

The actuator forces F;, F; and F; and strokes computed from Eqn. 24 and 25 based on the
deterministic analysis are listed in Table 3, in which the rms value are obtained by taking
temporal averages over a duration of 300 seconds. As shown in Table 3, the actuator forces and
strokes do not exceed the actuator capacity and stroke limitations.

TABLE 3

ACTUATOR FORCES AND STROKES

A ctuator] F; (KN) Strokes (cm)
No. Peak | Temporal| Peak |Temporal
€)) value rms value rms
1 64.6 17.9 56.53 19.35
2 34.8 9.4 25.05 8.14
3 51.9 16.0 49.48 16.16




Control of Lateral-Torsional Motion of Nanjing TV Transmission Tower 55

CONCLUSION

The LOG control strategy using dynamic output feedback controller has been applied to the
310 meters Nanjing TV transmission tower equipped with an active mass driver. The coupled
lateral-torsional motion due to noncoincidence of the mass center, elastic center and
aerodynamic center has been considered. The along-wind and across-wind velocities are both
modeled as random processes defined by the Davenport cross-power spectra. The main
objective of active control is to reduce the acceleration response of two observation decks under
the design wind gusts. Emphasis has been placed on the control performance and practical
applications of the LOG controller, such as acceleration feedback, limitations on peak contro]
force and stroke for the actuator. The statistical response quantities of the tower with and
without active control, including the power spectral densities and the rms of the acceleration
response, have been computed. The deterministic analyses based on simulated sample functions
of wind loads have been conducted for comparison. Simulation results demonstrate that the
performance of passive mass damper is not acceptable. Based on the stochastic and
deterministic analyses, the LOG control strategy is suitable for full-scale implementations of the
active mass driver system and its control performance is quite remarkable.
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FAST COMPUTATION OF STATIONARY/NON-STATIONARY
RANDOM RESPONSES OF COMPLEX STRUCTURES
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State Key Laboratory of Structural Analysis of Industrial Equipment,
Dalian University of Technology,116023,P.R.China

ABSTRACT

The PEM (Pseudo Excitation Method) for analyzing structural stationary/non-stationary
random responses is outlined. Because any stationary random response analysis is converted
into harmonic response analyses, while any evolutionary non-stationary random response
analysis is converted into step-by-step integration computations, this method is very simple to
use. It is accurate because both the cross-modal and cross-excitation terms are included. Its
efficiency is much higher than the traditional methods; therefore complex engineering
structures with thousands of degrees of freedom subjected to dozens of fully or partially
coherent stationary/non-stationary excitations can be computed easily on ordinary personal
computers.

KEYWORDS
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INTRODUCTION
It is known that the basic framework of linear random vibration theory has been well

established. However, its applications to practical engineering have been seriously restricted.
This is mainly because of the huge amount of computational efforts required for complex
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engineering problems, particularly for multiple excitation problems or non-stationary problems.
Der Kiureghian and Neuenhofer (1992) pointed out that : While the random vibration approach
is appealing for its statistical nature, it is not yet accepted as a method of analysis by
practising engineers. Ernesto and Vanmarcke(1994) further pointed out that:  The theoretical
Sramework of a methodology for stochastic-response analysis to random-excitation fields is
already available; however, its use by the earthquake-engineering community is viewed as
impractical except for simple structures with a small number of degrees of freedom and
supports. It is quite natural that they hold a pessimistic viewpoint since they both base their
computations on the traditional, inefficient random response algorithms. As a result, when they
dealt with the equations derived from the random vibration theory, they both selected the
approximate response spectrum methods. Their point of view is quite representative, and is
now out of date because this problem has been solved, using the PEM, exactly and efficiently
(Lin 1985, Lin 1992, Lin, et al. 1992-1997). By using it, structures with thousands of DOFs and
dozens of supports, subjected to stationary or non-stationary multiple random seismic
excitations, can be computed on ordinary personal computers quite easily.

The PEM is not only efficient, but also easy to implement on computers because
stationary random response analyses are replaced by harmonic response analyses, while
evolutionary non-stationary random response analyses are replaced by step-by-step integration
computations. Therefore, the computation processes are very simple. Various complex
engineering structures can be modeled delicately and be computed very quickly. These
advantages are particularly useful for some traditionally difficult problems, such as the
stationary or non-stationary 3D random seismic analysis of long-span structures(Lin and Li, et
al. 1995, Lin and Li, et al. 1997a,b); 3D buffeting analysis of aero-elastic structures; the
propagation of stationary or non-stationary random waves along infinitely long structure chains
(Lin and Fan, et al. 1995a ,b).

STRUCTURAL RESPONSES TO STATIONARY SINGLE EXCITATION
Traditional Algorithm

Firstly, consider the equations of motion of an elastic structure subjected to a zero-mean-
valued stationary random excitation x(f),withits PSD S, (@) given,

[M1{} +[Cl{ 3} +1K1{¥} = {p}x(0) (1)
in which { p} is an n dimensional constant vector. For complex structures, n is very large, and

so the mode superposition scheme is usually used to reduce the equations, i.e. let

{»} =§,{¢,}u, = [o]{4) 2)

where [®] consists of the lowest q M-normalized modes of the structure. When [C] is
proportionally damped, Eqn.1 can be reduced and uncoupled into the q SDOF equations
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i, +2wu; +olu=y x(1) (3)

in which ¢, @, are the j-th modal damping ratio and angular frequency, while y; is the j-th
modal participation factor
T
7, =10} {7} @
The solution of Eqn.3 is

= E}/jh(r)x(t —7)dr (5)

in which k(7) is the pulse response function, and so

Ma}= i}{vﬁ,} [ 7, a)x(t -2z 6

Its correlation matrix is

[R,y(r)] = E[{y(t)}{y(t + 1)) T]
N Zq: i ViV {%}{@}T .[: .E[Ru(’*’l - ’Z)P’(rl)h(fz)dﬁdfz (7

j=t k=1
Transform it into the frequency domain to give
q q
[sw(w)]=; > i (s e} s.() (8)

This is the traditional CQC (complete quadratic combination) formula for computing the PSD
matrix of structural displacement responses. It is exact because all the cross-modal terms have
been included. When both n and q are big, the computational efforts are very significant
because Eqn. (8) involves double summation operations. For example, when q=30, the
operation after the summation symbols must be repeated 900 times, in other words 900 n-
dimensional vector multiplication operations are required. Therefore, for engineering
computations, the following SRSS (squareroot of the sum of squares) approximation equation,

by neglecting the cross-modal terms, was widely suggested
0] =3 rlaffe)fe) 5.0

Equation (9) approximately applies only for lightly damped structures with sparsely spaced
participant frequencies. For most complex structures, there always exist some participant
frequencies which are closely spaced. Therefore Eqn.9 is, in fact, not applicable; only Eqn.8 is
applicable. Thus the remarkable efforts caused the viewpoint “the random vibration approach is
impractical except for very simple structures”.

Pseudo Excitation Method
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For stationary single excitation problems, the PEM can be described as: A linear system is
subjected to a zero-mean-valued stationary random excitation with its PSD (power spectral
density) S,(w) specified. If {}{r)} and {(r)} are two arbitrary stationary response vectors

due to the pseudo harmonic excitation x(r)= JS;,(T) e, then {»}'{y}"= [Sw(w)] must be
the PSD matrix of the corresponding random response vector {}{r)}, and {y}'{z}’ =
[Syz(w)] must be the cross-PSD matrix between the corresponding random response
vectors {){r)} and {#(r)} .

As an example, let the random excitation x(f) on the right-hand side of Eqn.1 be replaced
by the following pseudo sinusoidal excitation

x(0)= S, () & (10)

and s0 Eqn.1 gives the pseudo harmonic solution
Mo} = {rw)} (1
in which
{1o)}= énﬂj{@} J5.(0) (12)

Therefore the PSD of { y(t)} , according to the PEM, would be

[Sw(“’)]={Y}‘{y}7={Y(w)}‘ ()} (13)

The computational formula of PEM, i.e. Eqns.12 and 13, can also be written as

[, ()] = (Z‘:;y}H,{g}) ) (}:kak {4 }] (14)
or in the matrix form ’

[,(@)] = (@1H7}) s.(0) (@l mfy})

= [OH]'{y} $.(0) {7} [H] [@) (15)

where [H] is a diagonal matrix.
Equation 8 can be obtained by substituting Eqn.12 into Eqn.13 and expanding it. It shows
that the PEM also produces the exact CQC solution. However, in order to produce exact

[Sw(a))] , the PEM formula only needs one n-dimensional vector multiplication operation. And

it is still so for g=300 or even bigger. It can be seen that the computational efforts required by
the PEM are only about 1/g” of that required by the traditional CQC method, i.e. Eqn.8.
An important character of the PEM is its exactness, because it is impossible for the PEM

to neglect the cross-modal terms; in other words,the PEM always gives the exact CQC results
even though the required computational efforts are only about 1/g of that required by the
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SRSS approximation formula, Eqn.9. Compared with the PEM, the SRSS equation is neither
exact nor efficient. Unfortunately, this sort of approximation has been widely recommended,
e.g. by Ellishakoff, Lin & Zhu(1994), Simiu & Scanlan(1978), Dowell, Curtiss, Scanlan &
Sisto(1978), Nigam(1983), Clough & Penzien(1975), Warburton(1976), and many other well-
known scholars. None of the references ever pointed out the above disadvantages of the SRSS
approximation. Computational methodologies are very important for the applications of various
theories. Because of the limitations of the traditional CQC and SRSS methods, the theoretical
development and engineering applications of the random vibration theory have long been
subjected to insurmountable obstacle. The PEM just provides a new way to solve this
difficulty.
Because this is a very important problem, we use the following very simple algebraic

equations to further clarify the main points. Let

Q= (al+a2+~-~+a30)><(b1+b2+---+b30) (a)
and
Q= ab +ab, +---+ab, + ab+ab,+---+aby, +- + ayb, + ayb, + - +ayby,
(®

Clearly, the above two equations are mathematically identical to each other. However, nobody
would use the form of Eqn.b because it needs 900 multiplication and 899 summation
operations, while Eqn.a needs only 1 multiplication and 58 summation operations. The
difference is remarkable. It amounts to one day and three years of computational time .

Traditional CQC method corresponds to Eqn.b, and its SRSS form is
Q=ab +ab, +- + aybs, (©)

1t still needs 30 multiplication and 29 summation operations; the computation remains very
inefficient while losing precision.

For simplicity, we did not distinguish between real or complex operations in the above;
however it does not affect the essence of the efficiency comparison.

STRUCTURAL RESPONSES TO STATIONARY MULTIPLE EXCITATIONS

The equations of motion of a structure subjected to stationary multiple excitations are

[m]{5} +[Cl{ 5} +[K) v} = [RI{x(0)} (16)

in which [R] isa nx m matrix consisting of 0 and lonly, which expands the m dimensional
vector {x(¢)} intoan n dimensional vector. Similar to the derivation in the last section, the
traditional CQC algorithm has the form

S mnfelel elsdarial e} o

q
J=1 =1

[5,@)]-

It can be expressed as
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[Sw(w)]=2i; ki s} {4} 5., (18)
in which
SF,Fk = {@}T[R][Su][R]T{@}T 19>

The computation based on Eqns.18-19 is very time-consuming; therefore its SRSS
approximation was also widely suggested

[Sw(“’)] ~ i \H/r {¢,}{¢}T Ser (20

10

The above problem can be dealt with by the use of PEM. The first step is to decompose

s, | into the sum of r (r < m) matrices; each corresponds to a pseudo excitation jx,; e
p
5185~ Shef b

where r is the rank of matrix [Sxx]‘ The generation of {xp} was originally in terms of the
eigenpairs of [Sxx] (Lin, Zhang and Li 1994); and was then further simplified by taking the
Cholesky decomposition of [Sxx] (Lin and Sun 1995). The response corresponding to {xp} is
d T
bol= 2 mislle) 181 {x) @
iz

and the total PSD matrix of the displacement vector { y} is

[s,(e)]= ; ) ) (23)

Analogous to the previous section, substituting Eqn.22 into Eqn.23 gives

sl (Snielioftn)] E flbol (Snlollo) 0] o

=1 j=1

or its matrix form
[5,(@)] = (@] HT @] [R]s, J R (@] K@) (25)

It is not difficult to establish the traditional CQC algorithm Eqn.17, or Eqns.18-19 from
Eqns.22-23, 24 or 25. Because of the unacceptable computation cost of the traditional CQC
Eqgns. 17-19, the SRSS approximation which neglects the cross-modal terms was suggested in
many areas, e.g. in the analysis of wind-excited random vibration ( Simiu and Scanlan
1978,Dowell, et al. 1978), or multi-support random seismic responses in which the argument
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between Der Kiureghian and Vanmarcke is very typical. Der Kiureghian and Neuenhofer (1992)
put forward the PSD formulas for such multiple excitation aseismic problems, whose essence
is the use of Eqn.17. Thus their algorithm involves the operations of a four-fold

q q r r
summation(z Z z Z )-In order to reduce this enormous effort, Emesto and
Jj=1 k=1 p=1 s=1

Vanmarcke (1994) proposed an algorithm which involves only the three-fold summation

q r r
(Z Z z ) by neglecting the cross-modal terms, whereas they added some extra
=1 p=1

s=1

computations for reducing the errors due to this neglect. In fact, this is a revised version of the
SRSS algorithm. Der Kiureghian and Neuenhofer(1995) commented it as “This reduction is
seemingly advantageous, since it eliminates the need to compute cross-modal terms......elc.
However, this reduction comes at the cost of extra calculations for each modal response and
possibly a gross error.” Emesto and Vanmarcke (1995) defended themselves by “(their
method ) is advantageous not only in the eliminates the need to compute cross-modal terms,
but also because the analysis of the modal oscillators can be performed a priori ...... ” In fact,
none of them has got rid of the frame of the traditional CQC or SRSS methods. This problem
has also been computed using the PEM (Li 1994, Lin and Li, et al. 1997), which is accurate,
simple and very efficient. Moreover, the much more difficult non-stationary version of this
problem has also be solved using the PEM.

It should be noted that when implementing Eqns.22 and 23 by PEM, the following

operations should be executed first

7,={8} 18] {x,} (26)

where the function of [R]{xp} is to expand {xp} into an n dimensional vector, i.e. to put the

m elements of {x } into the appropriate positions of an » dimensional vector , and the

4

required effort is negligible. y, is the project of {xp} on the j-th mode, only n real

multiplication operations are required to produce it . Thus, the computation of { yp} according

to Eqn.22 requires about 3 gn real multiplication operations in all. If it is done on an available

program for structural harmonic analysis, the displacement vector { yp} can be computed by

taking [R]{xp} as the vector of the harmonic force amplitudes. That makes the implementation

of Eqn.22 very simple. The implementation of Eqn.23 needs about 4’ real multiplication
operations. In addition, to execute the Cholesky (LDLT) decomposition of [SXX] needs about

m’ /6 or 8m’ /6 real multiplication operations (when[Sxx] is a real symmetric or Hermitian

matrix) . The sum of the above three terms is much smaller than that required by the traditional
CQC method, i.e. Eqn.17 or Eqns.18-19. It should also be noted that if using the matrix
multiplication form Eqn.25, the computational efficiency is also much higher than using

Eqn.17. In case the rank r of matrix [SXX] is very large, the direct use of Eqn.25 to
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compute the whole matrix [SW] may need less effort than using Eqns.22-23(Lin, et al. 1995).

But, for most practical engineering problems, it is not necessary to compute the whole matrix
[S”,]. Usually only »'(n'<<n) of its diagonal elements are of interest. So that only the

following computation should be implemented
r Y
{s, (@)} = Z{M} QD
P

2
in which {‘ yp‘} means to square the norms of the »' elements in the pseudo response vector

{ y p}. Thus, the computational effort reduces from 4rn’ multiplication operations to only

4 rn' multiplication operations. The storage requirement is also reduced considerably.

If the PSDs of some internal forces (or stresses) are required, using the PEM is particularly
efficient. Traditionally, the displacement PSD matrix, the strain PSD matrix, the transfer
matrices between the displacements and strains and between the strains and stresses need be
produced before the stress PSD matrix is computed. If the PEM is used, none of such matrices
is required. Instead, it only need compute the harmonic strains from the pseudo sinusoidal
displacement, and then the harmonic stresses (or internal forces). The interested stress PSDs
can be directly obtained by squaring the norms of the corresponding stress components. The
computation of various cross-PSDs is equally convenient. Because of this advantage, the period
for developing corresponding computation software is short, and so the cost is low.

For non-proportionally damped problems, the conventional means is to reduce and
uncouple Eqns.1 or 16 in terms of the complex modes, so as to lead to the traditional CQC
Eqns.8 or 17, and their SRSS forms. For complicated structures, however, a great amount of
complex operations may cause a considerable increase of the computational cost. In order to
avoid such complex operations, Connor (1979) used the classical real modes to reduce the
equations of motion in the computations of random wave responses of offshore platforms. For
the resulting non-diagonal damping matrix [C]'= [®])'[C][®], he diagonalized it by means of
some approximate means in order to adopt the traditional CQC or SRSS formulae. Clearly, this
processing is neither exact nor efficient. This problem can be dealt with by means of the PEM
very easily since all pseudo excitations are sinusoidal; therefore even though the reduced
damping matrix [C]  is non-diagonal, the responses of various displacements, internal forces,
etc. can be computed analytically. To square the norms of such pseudo responses gives the
required PSDs accurately.

STRUCTURAL RESPONSES TO NON-STATIONARY SINGLE OR MULTIPLE
EXCITATIONS

The pseudo excitation method for non-stationary single excitation problem can be
described as follows: A linear system initially at rest is subjected to an evolutionary random
excitation f(r)= g(t) x(r), in which g(r) is a given slowly varying modulation function while
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x(r) is a zero-mean-valued stationary random process whose PSD S, (w) has also been
specified. If {3()} and {(¢)} are two arbitrary transient response vectors due to the pseudo

excitation x(£)= g(r) /S, (@) €, then {y}'(y}"= [Syy(a),t)] must be the time-dependant
PSD matrix of the random response vector {y{r)}, and {y}'{z}" = [Syz(w,t)] must be the time-
dependent cross-PSD matrix between the random response vectors {y(r)} and {z(r)}.

Take Eqn.1 as the example. It is now necessary to replace x(z) on its right-hand side
by the following pseudo excitation before it is integrated numerically for a series of selected

frequency points.
x(0)= g(t) ySa.(@) & (28)

In general, this can be done by means of the Duhamel integration formula, Wilson-6 or
Newmark scheme, etc. However, when the precise integration method is instead used (Zhong
1995, Zhong & Williams 1995) the efficiency has been proved to be extremely high(Lin, Shen
and Williams 1995a,b, Lin,Shen and Williams 1997). That means rather complex structures
with thousands of DOFs subjected to non-stationary random excitations can be computed on
personal computers easily.

The time-dependant PSD matrix [Sxx (a),t)] of zero-mean-valued evolutionary multiple

random excitations can be decomposed into the sum of a limited number of PSD matrices.
Each of such matrices corresponds to a single pseudo excitation (Li 1994, Lin and Li,

et al. 1997). Therefore, [S,Or (a),t)] can be decomposed into the form

[S.(@.0)] = gZ(z)le][Sxx(w,t)],, - gZ(t)Z{xp}' s} 29)

and g(r){x { ¢ is one of the pseudo excitations, which is deterministic. Superposing all the
p p

responses due to these r pseudo excitations gives the total response PSD matrix; which is
entirely similar to Eqn.23.

This algorithm' also applies to the analysis of non-stationary random responses of
structures subjected to non-uniformly modulated evolutionary single or multiple random
excitations(Lin and Sun, et al. 1997).

EXAMPLES

Three examples on multi-excitation stationary/non-stationary random seismic analysis were

computed and are given below. The following 6 cases were computed using PEM:

Case 1. Stationary uniform ground excitations, i.e. all ground nodes move synchronously.

Case 2. Stationary fully coherent ground excitations, i.e. the phase-lags between all ground
node excitations were taken into account.

Case 3. Stationary partially coherent ground excitations, i.e. the phase-lags and a partial loss of
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the coherency between all ground node excitations were taken into account.
Case 4. Non-stationary uniform ground excitations, all ground nodes move synchronously.
Case 5. Non-stationary fully coherent ground excitations, i.e. the phase-lags between all ground
node excitations were taken into account.
Case 6. Non-stationary partially coherent ground excitations, i.e. the phase-lags and a partial
loss of the coherency between all ground node excitations were taken into account.
We are interested in the scale of the structures and the computational efficiency. Therefore
the physical and geometrical parameters of the structures are not given in detail here.

Example 1 25-column platform

The platform of Figure 1 was
modeled as a space frame. Its finite
element model has 239 nodes of
which 25 are ground nodes, 318 3D
beam elements, 1284 degrees of
freedom. Its lowest 20 modes were
taken for mode-superposition. The
apparent speed of the horizontally
traveling SH waves is 500 m/s; they
travel at a 30 angle with the
longitudinal axis of the platform. ‘
The variances of selected 1434 displacements Figure 1: 25-column platform

and 300 internal stresses were computed. In order to compute these variances, 122 frequency
points within the frequency band @ 6[0.5, 9.5]1 /'s were used. In the non-stationary analysis,

161 time steps were computed. The computations were executed on an IBM/486 personal
computer (main frequency 66 mHZ). The computing time for the six cases is listed in Table 1.

TABLE 1
COMPUTING TIME FOR THE 25-COLUMN PLATFORM
STATIONARY NON-STATIONARY
COMPUTING 20 MODES CASE1 CASE2 CASE3 CASE4 CASES CASEG*
2°15” 2°40” 523~ 49°10” 32°39” | 2°1525° | 6°36°25”

*CASE6 was computed on a Pentium-2 Personal Computer (main frequency 233 MHZ)
Example 2 Concrete Dam

The concrete dam of Figure 2 is located in Jilin Province, China, as part of a power station. Its
finite element model has 1020 nodes of which 27 are ground nodes, 720 8-node iso-parametric
elements, 2979 degrees of freedom. Its lowest 32 modes were taken for mode-superposition.
The apparent  speed of the horizontally traveling P waves is 500 m/s; they travel at a 30° angle
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with the longitudinal axis of the dam.
The variances of selected 1800
displacements and 480 internal stresses
were computed. In order to compute
these variances, 127 frequency points
within the frequency band
w e [10-0,85-0]5_1 were used. In the non-

stationary analysis, 161 time steps were
computed. The computations were
executed on a Pentium-2 personal
computer with main frequency 233 mHZ.
The computing time for the six cases is

listed in Table 2. Figure 2: Concrete dam
TABLE 2
COMPUTING TIME FOR THE CONCRETE DAM
STATIONARY NON-STATIONARY
COMPUTING 32 MODES | CASE! CASE2 | CASE3 CASE4 CASES CASE6
7°5” 7°25” 10°31> | 39°10° | 21°17” 1°12°5” | 24°48°12”

Example 3 Complex Frame

The frame of Figure 3 has 1789 nodes of
which 45 are ground nodes, 3540 3D
beam elements, 10536 degrees of
freedom. Its lowest 30 modes were taken
for mode-superposition. The apparent
speed of the horizontally traveling SH
waves is 500 m/s; they travel at a 30
angle with the longitudinal axis of the
frame. The variances of selected 1800
displacements and 300 internal stresses
were computed. 122 frequency points Figure 3: Complex frame

within the frequency band o E[O.l, 3.7]1/ s and 161 time steps were computed. The

computations were executed on a Pentium-2 personal computer with main frequency 233 mHZ.
The computing time for the six cases is listed in Table 3.

TABLE 3
COMPUTING TIME FOR THE COMPLEX FRAME
STATIONARY NON-STATIONARY
COMPUTING 30 MODES | CASEl | CASE2 CASE3 CASE4 | CASES CASE6
16’107 17°9” 26°5” 2°4°56” | 52°28” | 1°43°3” | 43°34°19”
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It is seen that even for this complex structure, the CASE 3 that Der Kiureghian and
Neuenhofer(1992), Ernesto and Vanmarcke (1994) tried to compute by means of the
approximate response spectrum method, needs only about 2 hours on a personal computer.

CONCLUSIONS

The PEM is an exact and efficient method series. For stationary excitations, the random
analyses are transformed into harmonic analyses; for evolutionary non-stationary excitations,
the random analyses are referred to deterministic step-by-step integration. Hence it is very easy
to use because such deterministic harmonic analysis or direct integration analysis is quite
ordinary for general engineering major undergraduates.

For non-stationary random response analysis, the traditional time-dependant PSD
computations are very cumbersome and inefficient , e.g. see To(1986). However, it is quite
simple and efficient for the PEM to do it. In particular, if the precise integration scheme is
combined with the PEM(Zhong 1995, Zhong and Williams 1995, Lin, et al. 1997), the
computation efficiency can be further raised remarkably.

It is concluded that the PEM is computationally much better than the traditional CQC
method and its SRSS approximation, which have been used for many years.
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ABSTRACT

A numerical method previously developed by the authors for the solution of stochastic systems
excited by Poisson white noise will be applied to several dynamical systems. The stationary
probability density function of the response process for the single degree-of-freedom Duffing
oscillator will be obtained by solving the Fourier-transformed forward generalized Kolmogorov
equation directly for the characteristic function, followed by numerical Fourier inversion to
recover the probability density function. The excitation process will modeled as a sum of
Gaussian and Poisson white noises. Resulting second and fourth order moments of response will

be examined in order to assess relative effects of the two inputs.

KEYWORDS

Poisson white noise, stochastic dynamical system, generalized Kolmogorov equation, finite

difference method, Fourier transform, characteristic function, probability density function.

71



72 Bergman, L.A. et al.

INTRODUCTION

A number of analytical and computational methods have evolved over the past forty years to
determine the response of linear and nonlinear dynamical systems subjected to additive and/or
multiplicative Gaussian white noise excitations. While Gaussian white noise and the more general
filtered Gaussian white noise provide useful models of environmental loads such as earthquakes
and wind, a broader class of random processes, filtered Poisson processes, have been shown to be
more realistic in modeling disturbances that originate from impact-type loads. These
representations have been used, for example, by Tung (1972) to examine the response of bridges
to moving loads, by Lin (1963) and Cornell (1964) to model seismic loads acting on structures,
and by Roberts (1972) to analyze the effects of wave action on ships. In a recent monograph,
Grigoriu (1995) assessed the efficacy of combinations of Gaussian and Poisson white noises as
models for a wide range of loadings, including the aforementioned earthquake, wave and traffic,
as well as wind and a number of others, and showed its superiority to purely Gaussian white noise

in many situations.

Several methods for characterizing the response of nonlinear dynamical systems to combinations
of Gaussian and Poisson white noises have been developed. Some of these techniques include
Monte Carlo simulation, moment closure techniques, path integral methods, and numerical
methods including those based on the characteristic function of the response process. A more
thorough review of these methods can be found in Wojtkiewicz, et al. (1998) and the references

therein.

The method used here falls into the group utilizing the characteristic function, ®x(u, 1), to
describe the response. Tylikowski and Marowski (1986) used a partial differential equation for the
characteristic function, obtained by taking the Fourier transform of the forward generalized
Kolmogorov equation, to study the response of a single degree of freedom nonlinear oscillator to
Poisson impulses. Grigoriu (1996) showed that the characteristic function satisfies a boundary
value problem which can be derived directly from the state equations of the system using a
generalized version of Ito’s rule. In that paper, he investigated two scalar examples by solving the
boundary value problem for the characteristic function using a standard finite difference
procedure. Recently, the method introduced by Grigoriu was extended in Wojtkiewicz, ef al.
(1998) to the case of multi-state dynamical systems, and the stationary probability density
function of the response process for several one- and two-state dynamical systems was found by
numerically solving the Fourier-transformed forward generalized Kolmogorov equation (the
TFGK equation, for convenience) for the characteristic function, followed by numerical Fourier

inversion to recover the density function.

In this paper, the response of a particular nonlinear system to a combination of Gaussian and
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Poisson white noises will be further examined in order to assess the sensitivity of the solution and

subsequent moment calculations to the relative weight of each.

PROBLEM FORMULATION

Consider the stochastic differential equation describing a time-independent discrete dynamical

system subject to Gaussian and Poisson white noises, given by

X = aX@),t) + GW() + cY(9) ¢))
X(Io) = X() )]

where X and a(X, 1) € x, W) e %K™ is a unit intensity Gaussian vector white noise process,
G is an n X m-dimensional matrix, and ¢ is an nX 1 constant vector. The statistics of the

Gaussian white noise are given by

E[W®] =0, E[WOW(E+1)] = 14" 3

where &(*) is the Dirac delta function and I is the m X m identity matrix. Y(¢) in Eqn. 1 is a
scalar Poisson white noise excitation (i.e., Y(t) = Zf/f)lzié(t—ti), a sequence of Dirac impulses
with Poisson arrivals) characterized by the intensity, A, of the underlying Poisson counting
process, N(f), and Z is a sequence of random variables representing independent random

amplitudes identically distributed with density function p,(z).

It has been established in Gikhman and Skorohod (1972) that Eqns. 1-3 define a vector Markov
process, the behavior of which is completely characterized by its transition probability density
function p(x, t|X, t,) , where x, = X(0). The density function satisfies both the forward

%_lt7+pr=0 on Q, 4

and backward generalized Kolmogorov equations

_(;)Tp+l‘;op=0 on Q, )
0

subject to the initial, boundary, and normalization conditions, respectively,

P(x, tg|Xq, o) = 6(x—xo),” lim p(x,) =0, and | PO, 11xg, 19)dx = 1. (6)
x| 5 e
e
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The operators L, and L:o are, respectively,

1 n n 82 g
L = lp+}(21 5 lax npl- 5_21 _21 5=5—Loyp] -4 | px- ez, 1]x0, 19 Py (dz (7)
= = j= J —o0

and

1 n n 32
Lyp = Ap- Zak<xo,zo) 22 ZG"J’T A j P, t}Xg + €2, t)pz()dz (8)

where A is the average arrival rate of the Poisson impulses and £ = GGT = [o; ;i1

While exact solutions have been found for several special scalar systems by Vasta (1995), the
generalized Kolmogorov equations for dynamical systems with two or more states and arbitrary
nonlinearity currently defy analytical solution, leaving computational approaches such as path
integral, finite element and finite difference methods, as well as Monte Carlo simulation, to fill the
void.

A boundary value problem for the response characteristic function can be derived by exploiting
the fact that the response probability density function and characteristic function form a Fourier
transform pair. Consequently, the TFGK equation can be found by applying an n-dimensional
Fourier transform to the FGK equation. An equivalent method, where the boundary value problem
is obtained directly from the state equations of the system, Eqn. 1, is outlined in Grigoriu (1996).

The response characteristic function of the system given by, Eqn. 1, is governed by

g(IJX(u ) = iuTE[a(X, HexpiuTX] —[— i glukulckl—l{QZ(cTu)— 1}}<I>X(u, H O

subject to the boundary conditions

lim ®y(u, 1) -0, Dx(0,1 =1, (10)

ul — =
and to an initial condition satisfying the boundary conditions at t = ¢;. In Eqn. 9, ®,(z) is the
characteristic function of the amplitudes of the pulse train, u is the n x 1 vector of transform
variables, and a, A, £, ®x(u, ) are as previously defined. The precise nature of Eqn. 9 is not
clear at this point; i.e., whether it is a partial differential or an integro-differential equation.
However, if analysis is restricted to systems in which the drift coefficient, a(x, ), is polynomial in

the states, the situation clarifies. The boundary value problem becomes, for n = 1 and 2,
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respectively,

Casel:n =1

d
alx, t) = z a(x" (1D

r=1

X(u H = uz a ()il r— (i, 1) [ uo - l{d)z(cu)—l}:!fbx(u D) (12)

r=1

Case2:n = 2
d d d d
a0 = Y 3 dOxx5,  axn =Y Y e nxix3 (13)
r=1s=1 r=1s=1
d
azq)x(“ Ho=u Y 2 it-r- Sdrs(t) d)x(u ) (14)
r=1s=1
d d
+u22 Y it Sers(t) CI)X(u )
r=1s=1
—E S Zukulckl—).{(l)z(cTu)—l}}
k=11=1
since
v Tl N
E[X"expiuTX] = lra—CDX(u n, E[(X{Xg)expiuTX] = - L 9 Dy(u, 1) (15)
i ou” i"* 5 u ous

by definition of the characteristic function. Similar equations can be derived for cases in which
n>2.

Note that, for this class of system, the boundary value problem (TFGK) for the characteristic
function, ®x(u, ), is an n-dimensional partial differential rather than integro-differential
equation. Note, also, that the TFGK equations can be complex valued, although here only systems
with odd nonlinearities will be studied; consequently, the equations will be purely real. Finally, it
is interesting to further note that the highest order derivative appearing in the TFGK equation is
equivalent to the highest order nonlinearity appearing in the drift vector a(X, ¢} of the system, as

has been observed by Grigoriu (1996). Eqn. 14 is the boundary value problem that will be the
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focus of our study.

SOLUTION OF THE TWO-DIMENSIONAL TFGK EQUATION

The numerical solution of Eqn. 14 can be divided into four parts: (1) spatial discretization, (2)
temporal discretization, (3) solution of the system of linear equations governing the nodal

values of the characteristic function, and (4) postprocessing of results.

Spatial Discretization

The authors have previously applied standard Bubnov-Galerkin finite element techniques to
the solution of Fokker-Planck equations in two and three dimensions in Spencer and Bergman
(1993) and Wojtkiewicz, et al. (1995). Here, though, it was decided to use finite difference
methods in order to avoid shape functions of high order necessitated by the higher order

derivative terms in the TFGK equation.

Recently, high order finite difference schemes to solve Fokker-Planck equations have been
developed by Wojtkiewicz, Bergman and Spencer (1998), and similar methods will be
employed herein. Through the use of Taylor expansions of the characteristic function about
prudently selected points on a uniform mesh, difference stencils of arbitrary orders of accuracy
can be developed. By including more of the neighboring nodal points, schemes with smaller
discretization error are obtainable. Derivative approximations corresponding to a tenth order

accurate scheme were determined and can be found in Wojtkiewicz, et al. (1998).

Boundary conditions must be imposed as part of the spatial discretization process. The formal
conditions for the TFGK equation are Dirichlet, located at infinity as implied in Eqn. 10, along
with the constraint at the origin. The former are not readily implementable within a finite
difference framework. Rather, one prescribes Dirichlet conditions at the edges of a finite,
computational mesh of sufficient extent such that the characteristic function is essentially (i.e.,
within roundoff) zero everywhere outside the mesh.

Spatial discretization of the TFGK equation using the tenth order finite difference scheme

results in a system of first order differential equations given by

&, + K, , = 0 (16)

where (Dm, n = ®mAug, nAu,y) and K is a matrix of dimension max(m) x max(n).
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Temporal Discretization

The system of differential equations for the nodal characteristic values, Eqn. 16, is further
discretized in time using the second order accurate (in time) Crank-Nicholson method,

KAt KAt
(I+ 5 )(I),’;fnl = (I 3 )CI)k (17
By solving this system of algebraic equations at each time step, the evolution of the nodal
characteristic function values can be computed from a given initial condition. An initial
multivariate Gaussian characteristic function with origin at x, is prescribed which satisfies the
boundary conditions of the problem and which is sufficiently smooth to make the evolution

computation tractable.

Solution of the Linear System of Evolution Equations

The efficient solution of the linear system, Eqn. 17, is a formidable computational task as the

. . KAy . . . Lo . .
coefficient matrix [ I+ — is, in general, nonsymmetric and sign indefinite. Sparse matrix
techniques were used to assemble and store the coefficient matrices to conserve memory. The
iterative solver GMRES (Generalized Minimum Residual) (¢f. Saad (1996)) was used in concert
with an incomplete LU preconditioner to solve Eqn. 17 at each time step. Further details can be
found in Wojtkiewicz, et al. (1998).

Postprocessing of Numerical Results

Once the characteristic function is determined at all times of interest, various response statistics
such as moments and upcrossing rate can be computed from it directly. For instance, when

n = 2, the response moments are given by

E[Xp(t)X "1 = <I)X(u 1) (18)
ulau2
u=90
and the mean upcrossing rate of level a, v, , by
via, 1 = (21:) jmj CI)X(u 1yexp(—iu;a)du. (19)

The probability density function, no longer conditional due to application of the theorem of total
probability, can be recovered by taking an inverse Fourier transform of the unconditional

characteristic function; i.e.,
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px(x, 1) = j j exp(-iuTx)@y(u, H)du. (20)

—o0 —o0

Though the response moments and upcrossing rate can be computed directly from the
characteristic function, their determination can sometimes be made more tractable by determining
them from the computed density function obtained from the characteristic function by numerical

Fourier inversion. For the present case, the response moments are given by

EX{0X50] = | [ x{x3px(x Nax = o(p, g) @1

and the mean upcrossing rate, v, , by

oo

via, 1) = [x,py(a, xp dx,. (22)
0

The solution process is general and can be applied to any memoryless system possessing
polynomial nonlinearities. A single degree-of-freedom Duffing oscillator subjected to a
combination of additive Gaussian and Poisson white noise excitations will be examined to assess

the sensitivity of the response to each.

SINGLE DEGREE-OF-FREEDOM DUFFING OSCILLATOR

The Duffing oscillator models the stiffness nonlinearity encountered in many mechanical and
structural systems. Here, the response of two Duffing systems to the sum of additive Gaussian and
Poisson white noises will be analyzed using the previously described method. The system of
stochastic differential equations is given by

X) =X,, Xp=-€0’X}-20wX,-y0?X, +Y()+ J2DW() (23)

where W(¢) is a unit intensity Gaussian white noise process, and Y(f) is Poisson white noise,
defined previously. The FGK equation for this system is given by

2

L o, 0+ a%(xsz(x, 9) —aixz[(zc@,,x2 +y02x, + £ pyg (%, )] - DaaT%Px(X, )
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+Apg (%, )= A[7_px(x), X, =2, )py(2)dz = 0 (24)

where px(X, 1) = px, Xz(xl, X,, t). Taking the Fourier transform of Eqn. 24 with respect to the
spatial variables x; and x, results in the TFGK equation for the characteristic function,
Py(u, 1) = q)XIXz(ul’ Uy, 1),

d d

(—9—td>x(u, 1)+ (28wu, - ul)a—uzd)x(u, 1)

+ Y0 Pu i@ (u, t) - e?u >
Zaul X\% Zaui;

@ (u, 1)

(25)

boundary conditions ®x(0,f) =1 and ®x(u,f)=0 V we [-20,20] x [-20,20], and
2 2
initial condition ®x(u,0) = e M+ 4)/2 corresponding to a zero-mean, bivariate Gaussian

process with unit variances.

The nonstationary problem was solved by the finite difference method for system parameters
£€=1,{=02,and ® = 1 on the computational domain [-20,20] x [~20,20]. Six systems
were considered: the first three examined a system with positive linear stiffness ¥ = 1 exhibiting
a single stable equilibrium at the origin, while the second three examined a system with negative
linear stiffness ¥ = —1 possessing two stable equilibria at x = +./1/¢, respectively, and one
unstable equilibrium at the origin. For each group, three different excitations were studied. These
consisted of the pure Poisson white noise case with bilateral exponential pulses (ie.,
®,(z) = a?/ (02 +2?)), the combination noise, and the pure Gaussian white noise case. In each
case, parameters of the Gaussian and Poisson white noises were chosen to maintain equivalent

N A
second moment characteristics (i.e., 2D + 2——5 = constant).
o

TABLE 1: SYSTEM PARAMETERS

System # Y o A D
1 1.0 50 10.0 0.0
2 1.0 4.0 4.0 0.15
3 1.0 4.0 0.0 0.40
4 -1.0 10.0 5.0 0.0
5 -1.0 4.0 4.0 0.15
6 -1.0 4.0 0.0 0.40
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The sys'tem parameters are summarized in Table 1. While the excitation parameters were chosen
so that, in all cases, the inputs were second order equivalent, no such property is guaranteed of the
higher order moments of the input. The effects of the non-Gaussian input are of interest. The
stationary response characteristic function for the first three systems is shown in Fig. 1, and the
corresponding stationary probability density function is shown in Fig. 2. The stationary response
characteristic function for the second three systems is shown in Fig. 3, and the corresponding
stationary probability density function in Fig. 4. For both systems, the characteristic functions and
probability density functions were indistinguishable for the three load combinations. The effects
of the non-Gaussian components of the input can, however, be seen by examining the higher order

moments of response. This analysis was performed, and the results summarized in Table 2.

px(X)

Fig. 2: Stationary probability density function, px(x), for the SDOF Duffing example;y = 1.
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Dy (u)

u,

Fig. 4: Stationary characteristic function, ®x(u), for the SDOF Duffing example; y = —1.

px(X)

Fig. 5: Stationary probability density function, px(x), for the SDOF Duffing example;y = -1

It can be seen in Table 2 that the effects of the non-Gaussianaity of the input on second order
response moments is very small. However, the effects are quite apparent in the fourth order
moments, especially that of the velocity process, c(0, 4), where deviations ranging up to eight

percent are observed.
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TABLE 2: SECOND AND FOURTH MOMENTS OF RESPONSE

o2, 0) o0,2) | a4,0) | a2,2) | a0,4)

y=1 D=0A=10 a=35 0.4638 1.0003 | 0.53626 | 0.4832 | 3.198

Yy=1 D=015A=4 o=4| 04640 1.0003 | 0.53604 [ 0.4828 | 3.193

y=1D=04r=0 a=5 0.4679 1.0002 | 0.53210 | 0.4680 | 2.999

Exact Solution: y = 1 D = 04 0.4679 1 0.53208 | .04679 3

Yy=-1 D=0XA=10 a=5| 1039% 1.0020 | 2.0409 | 1.0612 | 3.224

y=-1 D=015A=4a =4 | 1039% 1.0003 | 2.0397 | 1.0584 | 3.210

y=-1 D=04h=00=5]| 10419 | 10002 | 2.0420 | 1.0420 | 2.999

Exact Solution: vy =1 D =04 1.0418 1 2.0418 | 1.0418 3

CONCLUSIONS

The ability to formulate and solve a broad class of boundary value problems describing the
nonstationary response of both linear and nonlinear systems subjected to excitations modeled as
combinations of Gaussian and Poisson white noise has been demonstrated. The proposed method
can accommodate a wide variety of pulse distributions and intensities. These input processes
provide a more realistic way to model natural phenomena, more so than prior models employing
only Gaussian white noise. The formulation allows the simultaneous application of Gaussian and
Poisson input processes as well as the computation of nonstationary response probability and
statistics. The boundary value problem, which we have called the TFGK equation, is obtained
through Fourier transformation of the integro-differential forward generalized Kolmogorov
equation and is solved here by a high order finite difference method. Recovery of the joint
probability density function of the response process is accomplished through inverse numerical
Fourier transformation. The computation has been shown to be efficacious for the two-
dimensional problem presented herein and is able to identify important non-normal characteristics

of the response, most apparent in higher order moments.

REFERENCES
Cornell, C.A. (1964). Stochastic Process Models in Structural Engineering. Technical Report
34. Department of Civil Engineering, Stanford University, Stanford, CA.

Gikhman, LI, and Skorohod, A.W. (1972). Stochastic Differential Equations. Berlin: Springer-
Verlag.

Grigoriu, M. (1995). Applied Non-Gaussian Processes. New Jersey: Prentice-Hall.



Dynamical Systems Driven by Additive Gaussian and Poisson White Noises 83

Grigoriu, M. (1996). A partial differential equation for the characteristic function of the
response of non-linear systems to additive Poisson white noise. Journal of Sound and Vibra-
tion, 198, 193-202.

Lin, Y.K., (1963). Application of non-stationary shot noise in the study of system response to
non-stationary excitations. Journal of Applied Mechanics, ASME 30, 555-558.

Roberts, J.B. (1972). System response to random impulses. Journal of Sound and Vibration
24:1, 23-34.

Saad, Y. (1996). Iterative Methods for Sparse Linear Systems. PWS:Boston.

Spencer, B.F. Jr. and Bergman, L.A. (1993). On the numerical solution of the Fokker-Planck
equation for nonlinear stochastic systems. Nonlinear Dynamics 4, 357-372.

Tung, C.C., (1972). Random response of highway bridges to vehicle loads. Journal of Engi-
neering Mechanics, ASCE 93, 79-94.

Tylikowski, A. and Marowski, W. (1986). Vibration of a non-linear single degree of freedom
system due to Poissonian impulse excitation. International Journal of Nonlinear Mechanics
21, 229-238.

Vasta, M. (1995). Exact stationary solution for a class of non-linear systems driven by non-
normal delta-correlated processes. International Journal of Non-linear Mechanics 30, 407-
418.

Wojtkiewicz, S.F., Bergman, L.A., and Spencer, B.F. Jr., (1995). Numerical solution of some
three state random vibration problems. Proceedings of the 15th Biennial Conference on
Mechanical Vibration and Noise, New York: ASME, 939-947.

Wojtkiewicz, S.F,, Bergman, L.A. and Spencer, B.F. Jr. (1998). High fidelity numerical solu-
tions of the Fokker-Planck equation. Proceedings of the 7th International Conference on
Structural Safety and Reliability, Kyoto:IASSAR, in press.

Wojtkiewicz, S.F,, Johnson, E.A., Bergman, L.A., Grigoriu, M. and Spencer, B.F. Jr. (1998).
Response of stochastic dynamical systems driven by additive Gaussian and Poisson white
noises: solution of a forward generalized Kolmogorov equation by a spectral finite difference
method. Computer Methods in Applied Mechanics and Engineering, in press.



This Page Intentionally Left Blank



SOLVING LARGE SYSTEMS OF EQUATIONS
ON INTEL-PARAGON

P.Chen' P.Tong’ T.YP.Chang® SL. Sun'

'Peking University, 100871 Beijing, China
*The Hong Kong University of Science & Technology, Hong Kong

ABSTRACT

In the area of high-performance computation, direct methods for solving large systems of
equations on distributed memory machines is one very important issue. In general, there are
two ways to improve the computational efficiency of the solution procedure. One is to
increase the sequential efficiency by maximizing vector operations and/or using other
techniques, such as unrolling. The other is to decrease the communication cost across
processors. Conventionally, the pure JIK form of LDLT factorization algorithms based on the
column skyline storage scheme lead to natural synchronization, i.e., starting a step, all but
one processor waits for the result of a particular processor for the j-th column or j-th block.
Carefully rearranging the communication order, this paper proposes a mixed JIK form with
one-step overshoot for sending and receiving. Associated with asynchronous communication,
the mixed asynchronous approach can greatly reduce the processor idling time and enhance
therefore the performance of parallel computation. Several practical examples show the
efficiency of this approach.

KEYWORDS: linear equation, parallel computation, finite element method

INTRODUCTION

General purpose finite element codes have been widely used for both linear and non-linear
structural problems. Many of the real-world problems in science and engineering applications
are large in size, and require extensive computational efforts. A prevailing trend in industry is
that products must meet more stringent design requirements and in turn require more detailed
analysis. Therefore, even more computational efforts for solving large-scale problems will be
needed. The computing power of current sequential machines is generally inadequate. Recent
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development in parallel computers provides an opportunity for significant gains in computing
capability and also in broadening the range of structural problems that can be solved. The key
to success is in the effective implementation of suitable parallel algorithms that can exploit the
concurrent features of such machines. In this connection, we shall study a very important
stage of finite element analysis — solving large system of equations. Originally the code runs on
sequential machines; we shall convert the code using parallel constructions for Intel-Paragon
and study their performance.

In computation, the finite element discretization of elliptical differential equations usually
results in a large linear system of equations in the form Ax = f with positive stiffness matrix
A"™=A. In this paper, we consider the direct method of solution for solving a large sparse
system of linear equations with symmetric matrix. The focus of the study is to design an
efficient computational algorithm that exploits the multiple-processing and vector capabilities
of today's high-performance computer architecture of distributed memory.

Conventionally, the pure JIK form of LDL' factorization algorithm based on the skyline or
half-bandwidth storage scheme has been widely implemented in parallel computation on
machines with distributed memory. At each step of the extraneous loop, the JIK form lead to
a sending and receiving synchronization due to message passing for the j-th column or j-th
block. This is obviously the bottleneck of solving scheme. In order to enlarge the bottleneck,
this paper proposes a mixed JIK form with one-step overshoot for asynchronous sending and
receiving. This mixed approach can greatly reduce the processor idling time and enhance
therefore the performance of parallel computation. Several practical examples show the
efficiency of this approach.

REVIEW OF FACTORIZATION

Solving the following equation

Ax=f with AT=A, ()
involves three major steps:
1. Factorization:
A=LU=LDL"; Q)
2. Forward reduction:
LDy=f; (3)
3. Back substitution:
L'x= y. 4

Here L denotes a lower triangular matrix with its diagonal elements equal to 1, and D a
diagonal matrix. Among the three steps, factorization takes much more computing time as
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compared to the other two steps. Therefore, we shall focus on the solution efficiency of
factorization.

Following the notation in [2,3], there are two basic operations in LDL' factorization, which
are designated by Task(i,j,k) and Div(i,j). The operation Task(i,j,k), k<j<=i, uses L(j,k) and
U(k,i) to modify A(j,1), i.e. A(i,j). The operation Div{i,k) converts U(k,i) to L(i,k); i.e.

Task(i,k):

AG,i) = AG,i) - LG.K)*U(Ki)
Div(i,k):

L(i,k) = U(k,i) / D(k)

Since the stiffness matrix A is symmetric, only the upper (or lower) triangle of the matrix is
loaded into memory , and L as well as U will occupy the same memory location as A. One
may notice that Task(i,j,k} can be done in various orders Operation Task(i,j,k) uses L(j,k)
and U(k,1), which are results of Task(i,j,:), Div(j,k) and Task(ik,*), respectively, to modify
A(j,i). Once Task(i,j,k) is done for all k, A(j,i) becomes U(i,j) and then one is ready to modify
the next A(j,i). Circling the indices i, j and k, we can obtain different factorization schemes.
Their performance is strongly related to the storage scheme used and the vector processing
implementation[3].

Denoting neq as the number of equations, the factorization of JIK form can be outlined for a
full sparse symmetric matrix as:

doj=1,neq do bj =1, nblk
CTask(j,j) BCTask(bj,bj)
doi=j+1,ie do bi = bj+1, bie
CTask(i,j) BCTask(bi,bj)
end do end do
end do end do
JIK Algorithm Blocked JIK Algorithm

Where ie specifies the last column that has a common part with column j. The CTask(i,j)=
Task(i,j,*) denotes reduction of column j by column i, and it produces the matrix element
U(i,j) in the j-th column. The operation is a dot-product of two vectors over the index k in
Task(i,j,k). The task CTask(j,j)=Task(j,j,*)+Div(},*) is known as reduction of column j by
itself ;it converts U(1,j) to L(j,1) and produces the matrix element D(j). The operation involves
both dot-product and vector division[1,4,6,7].

Since the matrix A arising from FEM is usually a sparse matrix, there are several ways to
exploit its sparsity. In finite element analysis the column-oriented skyline storage scheme has
been known as to be particularly effective[1]. In this scheme, only those terms of the upper
triangle of matrix under the skyline of the highest non-zero term in each column are stored in



88 Chen, P. et al.

a one-dimensional pattern. It is well-known that only the terms under the skyline can be non-
zero in the factorization procedure. Because the height of each column varies, it is also called
as active column scheme. Associated with this storage scheme, the JIK form for parallel
computation and the IJK form for sequential computation can easily arrange the
arithmetic operations in the dot-product dominated procedure[3].

In implementation, all columns are linked into a one-dimensional real array, while an integer
array points the beginning of each column, and only those terms of the upper triangle of global
stiffness matrix under the skyline of the highest non-zero term in each column are handled. It is
well-known that only the terms under the skyline can be non-zero in the factorization
procedure. Some equation numbering technique such as reverse Cuthill-Mckee (RCM)
algorithm can be employed to minimize the total number of terms under skyline.

In parallel computation, a block concept has been introduced to reduce the communication
overhead by sending or receiving a number of columns simultaneously[4,5]. Replacing column
operations CTask(i,j) by block operations BCTask(bi,bj), and the number of equations neq
by the number of blocks nblk, we obtain the Blocked JIK Algorithm, in which BCTask(bi,bj)
consists of several CTask(i,j)'s.

3 INTEL-PARAGON MACHINE AND ITS PERFORMANCE

The Intel-Paragon is a particular form of parallel machines which makes concurrent
computation available at relatively low cost. The hardware consists of a number of nodes, disk
systems, communications networks all mounted together in one or several cabinets with power
supply for the whole system. Each node is a separate board, rather like a separate computer. It
has memory, network interface, expansion port, cache and so on. The nodes are linked
together through a back plane which provides communication between them{10].

The Paragon is a multiple instruction multiple data stream (MIMD) type machine. Each single
node works like a sequential machine, data communication between nodes is realized in
message passing style. The Paragon node is based on the 64 bit i860XP™ microprocessor
produced by Intel, whose theoretical speed is 100 MFLOPS in 32 bit floating point and 75
MFLOPS for 64 bit in floating point operations.

A single node of the Paragon XP/S consists of two i860XP™ microprocessors: one for
computation and the other for communication. The compute processor is for computation and
the communication processor handles all message-protocol processing, thus freeing the
computation processor to perform computations. Each compute processor has 32 MB of local
memory but only about 24 MB is available for applications, the rest being used for the micro
kernel, OSF (Operating System Foundation) server and system buffers.

The Paragon at the Hong Kong University of Science & Technology (HKUST) has 140
compute nodes. Mostly, 128 nodes can be used for one application under control of the
Network Queuing System (NQS). In this study we utilized maximum 64 nodes.
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The Paragon Operating System Open Software Foundation (OSF/1) used in this study is
version R1.3.3. The software platform in the study consists of Paragon FORTRAN version 4.1
and the native message passing library NX.

As a benchmark, the dot-product of the simple form:

do 100 i=1,nn
ss = ss + a(i)*b(i)
end do

is tested on the Intel-Paragon machine, because the dot-product is the key operation of
factorization in the skyline storage scheme. Utilizing different compiler switches, dynamic
allocated common block and various vector lengths, we obtained the wall-clock time scaled to
10° multiplications as shown in Table 1.

TABLE 1
WALL-CLOCK TIME FOR DOT-PRODUCT (SEC.)

vector length case 1 case 2
10° 0.7031 0.1178
10* 0.7891 0.0938
10° 0.7785 0.0836
10° 0.7781 0.0822

Compiling case 1: no optimization
Compiling case 2: -O4 -Mvect optimization

Besides the dot-product, the average wall-clock time scaled to 10° operations of more tests on
vector operations resulted in Table 2.

TABLE 2
AVERAGE WALL-CLOCK TIME OF VECTOR OPERATION (SEC))

dot-product addition multiplication division
ss=a(i)*b(i)  a(i)=a(i)+b(i) a(i)=a(i)™(i) a(i)=a(i)/b(i)
0.0920 0.1250 0.1289 4.0927

Compiling: -O4 -Mvect optimization

Reading from Table 2, division needs much more time than other operations. In our tests the
factor is about 35 in comparison with vector multiplication and about 45 in comparison with
dot-product. Our tests show that on SUN Sparc 30, HP 9000/730, SGI Power Indigo 2 the
wall-clock time ratios of vector division and vector multiplication are in the same order.

These test results show that in vector operation the practical running speed of Paragon is about
10 MFLOPS, which is unfortunately much lower than the announced theoretical speed of 75
MFLOPS. Although some delicate techniques, such as unrolling, can greatly improve the
vector performance[8,9], they are not installed in our code.
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Due to the huge time difference between multiplication and division, the inverse of diagonal
matrix D is suggested by authors to be stored in the calculation, so that a large amount of
divisions in CTask(j,j)can be replaced by corresponding multiplications. This improvement
makes the sequential code more efficient.

BASIC PARALLELIZATION

Consider the case that there are Np processors labeled from 1 to Np. The columns and/or
blocks are scattered to different processors for the skyline solver in a wrapping manner where
block bi is held by its owner processor mod(bi-1,Np)+1=iam as shown in Figure 1 for 4
nodes[5,6,7,8,9].

Figure 1: Wrapping Distribution of Blocks (4 nodes)

In programming, all blocks stored in an individual processor iam, that are of an identical label
in Figure 1,are linked into a one-dimensional real array. Any block of other labels does not
reside permanently in this processor iam, and it is passed to this processor iam only when it
is the master block bj of extraneous loop in Algorithm 1. This distributed data structure allows
the data locality to be independent of that of the target processor. The corresponding algorithm
is outlined as:
do bj = 1, nblk
! sequential computation for master block bj
if it is owner of block bj
BCTask (bj,bj)

end if

! sending and receiving synchronization

if it is owner of block bj
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send bj to others
else
receive bj
end if
! parallel computation
do bi = bjb, bje, Np
BCTask (bi,bj)
end do
end do

Algorithm 1: Basic Parallel Block JIK Algorithm

in which blocks bjb and bje (bje>=bjb>bj) are, respectively, the first and last blocks that couple
block bj. They are determined by the profile of matrix A and the processor labeling.

PARALLELIZATION WITH ONE-STEP OVERSHOOT

We shall analyze the algorithm given above. For simplification, we assume that there is
enough core memory to hold the matrix A across all the nodes of the computer. The
computation can be classified into the sequential part BCTask(bj,bj) and the parallel part
BCTask(bi,bj), bi>bj, where bi's are distributed across all nodes. The key to get higher speedup
is to reduce the sequential part (including computing and waiting). We found that the
bottleneck occurred in communication. At each loop of bj, all processors except the master
processor iam [=mod(bj-1,Np)+1] of block bj waited for the factored master block bj. In other
words, all processors are synchronized by the sending and receiving activities.

In practice, the idle time due to communication and working load could be much longer than
the computation time for most of the processors. This limits the extent of possible speedup
improvement. We must reduce the idle time in order to improve the parallel performance.

As an example, we consider an execution with 4 nodes, that are labeled from 1 to 4. Assume
that the extraneous loop for bj=5, processor 1 is clearly the owner of block bj=5. While doing
self-reduction BCTask(5,5), processors labeled 2,3 and 4 wait for receiving block 5 sent by
processor 1. Once processor 2 receives block bj=S, it starts its own works BCTask(6,5),
BCTask(10,5), BCTask(14,5) and so on. Assume the height of each column takes a constant
value; processor 2 will have the heaviest working load in the parallel part of tasks. So the
sequential part of step bj=6 will start - :en all other processors have finished their own tasks
and have been waiting for the next master block 6.

Clearly, the sending and receiving synchronization of the master block is a bottleneck of
parallel computation on distributed memory machines. For this recason, the parallel
computation efficiency of LDL' in the JIK form on distributed memory machines is much
lower than expected.

The prerequisite to start BCTask (bj+1,bj+1) (A in Figure 2) depends only upon the
complement of BCTask (bj+1, bj) (o in Figure 2) and not upon the complement of BCTask
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(bj+1,bj+Np), BCTask {bj+1,bj+2Np) .. (B,x in Figure 2). In conclusion, the blocked JIK
form is not the only way to arrange the LDLT factorization.

e,

B x| [ parallel

"?%4

N\

Figure 2: One-step Overshoot Concept (4 nodes)

Using the asynchronous communication model for receiving, we adopt an algorithm with
overshoot to minimize the idle time as shown in Fig. 1. In the design, the task order by the
processor 2 follows the route A-A’-o-B-x... rather than the route A-o-fB-y...-A’ in the
algorithm of Table 1. Clearly, the A’ corresponding task BCTask (bj+1=6,bj+1=6) has been
overshot into the parallel part of the step bj=5. Once the block bj+1=6 is factored, the master
processor for block bj+1 will immediately send the block to the others that may still work on
the parallel part for step bj=5. This leads to the one-step overshoot scheme. Please note that in
this algorithm synchronous communication model cannot be used.

NUMERICAL RESULTS AND REMARKS

In order to evaluate the computational time and parallelism of the one-step overshot algorithm,
we consider the flex joint of a tension-leg of an offshore platform. We discretize the flex joint
using finite elements of different mesh sizes. Because of symmetry in geometry, material and
loading, only half of the flex joint is considered in the analysis. Table 3 summarizes the
parameters of the analysis, where numnp denotes the number of nodes, neq denotes number of
equations, and m is the average half-bandwidth.
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TABLE 3
FINITE ELEMENT MODELS OF A FLEX JOINT

model n, ny n, numnp neq m
1 8 20 23 4536 12764 | 554
2 1 35 24 8100 | 23155 [ 667
3 10 35 32 13068 | 37557 | 1071
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In Table 4, the average wall-clock time, Ip, required for one-step overshoot LDL'
factorization with p processors running at HKUST is listed in Table 4. The corresponding
results of the parallel speedup, Sp=T7,/Tp, and the parallel efficiency, Ep=Tp/p, calculated on
Tp are shown in the same table. The wall-clock time reflects the parallel computation
performance. In order to test the speedup and the efficiency equitably, all cases were executed
four times for each given number of processors. In the table, BC and RS represent
broadcasting and ring-sending models of communication[6,8,9]. All communications are
asynchronous. We have to mention that the recorded wall-clock times are very discretized. Ir
some cases of small number of processors, the standard deviation were as high as 30%, so the
performance measurement was a difficult job.

TABLE 4
PERFORMANCE OF ONE-STEP OVERSHOOT ALGORITHM

performance number of processors
model | sending | term 1 2 4 8 16 32 64

Tp | 2783 153.5 89.1 70.1 59.7 41.7 331

BC Sp | 1.000 | 1.812 | 3.124 | 3.969 | 5.086 | 6.675 | 8.400

Ep 1.000 | 0.906 | 0.781 { 0.496 | 0.424 | 0.209 | 0.131

! Tp 138 856 | 652 | 64.6 51.6 53.6
RS Sp 2.014 | 3.251 | 4268 | 4308 | 5393 | 5.192

Ep 1.007 | 0.813 | 0.534 | 0.269 | 0.169 | 0.081

Ip | 6745 | 3448 | 2245 | 1519 132 103 85.7

BC Sp 1.000 1.956 | 3.004 | 4439 | 5.109 | 6.547 | 7.871

2 Ep 1.000 | 0.978 | 0.751 | 0.555 | 0.319 | 0.205 | 0.123
1p 3448 | 210.1 | 125.5 | 215.1 137 123.1

RS Sp 1.956 | 321 | 5375 | 3.136 | 4.923 | 5479

Ep 0.978 | 0.803 | 0.672 | 0.196 | 0.154 | 0.086

Ip |12300.8 | 1188.1 | 632.9 | 4794 | 3263 | 1874 | 1123

BC Sp | 1.000 | 1937 | 3.636 | 4800 | 7.051 | 12.28 | 20.48

Ep | 1.000 | 0968 | 0909 | 0.600 | 0.441 | 0.380 | 0.320

3 Tp 1191.7 | 680.1 | 388.6 [ 700.1 | 5244 | 289.9
RS Sp 1.930 | 3.383 | 5921 | 3.286 | 4387 | 7.936

Ep 0965 | 0.846 | 0.740 | 0.205 | 0.274 | 0.124
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As a reference, the wall-clock time, 7p, required by the basic parallel algorithm is listed. We
can observe great difference.

TABLE 4
WALL-CLOCK TIME FOR BASIC PARALLEL ALGORITHM
wall-clock time number of processors
model | sending 1 2 4 8 16 32 64
1 BC 278.3 171.5 78.5
RS 161.0 115.6 65.6
2 BC 674.5 | 370.1 | 265.5 199.0
RS 369.8 | 231.1 144.4
3 BC 2300.8 | 13084 | 681.9 [ 5063 | 467.7 | 433.1 389.2
RS 1295.1 | 681.1 | 497.4 | 450.4 | 3584 | 308.8

Because of the size of problems, unavoidable I/O has influence on the performance, although
the asynchronous read and write control are used in the coding. Research on quantitative
influence of I/O has not been reported in the literature for MIMD machine.

We obtained the maximum computation rate of 382.65 MFLOPS (multiplication and addition)
for FE model 3 using 64 processors, which corresponds to 7.99% of the theoretical peak
performance of 64x75 MFLOPS. This is 24.66% of the peak performance of dot-product of
Intel Paragon processor measured in the same machine. The best single node computation rate
takes 18.7 MFLOPS for FE model 3, that is, 12.5% of the theoretical peak performance and
77.7% of the measured dot-product performance. From this view, the influence of I/O cannot
be over 22.3% of the wall-clock time.

We have the following observations:

e Unlike the basic parallel algorithm reported in [6,8,9], broadcasting communication is
in general better than the ring-node sending for the proposed algorithm. The exception
is for the small-scale problem using only a small number of processors.

o The upper limit on the number of processors is 64, beyond which there is no additional
speedup for the LDLT decomposition.

e The wall-clock time is dominated by inter-processor communication when larger
number of processors are used.

In summary, we have implemented the LDL' parallel factorization on a distributed memory
machine such as the Intel-Paragon. Compared with conventional approaches, two
improvements have been made to increase sequential and parallel calculation, respectively.
Since inter-processor communication across network dominates the efficiency of parallel
calculation, using an asynchronous communication algorithm with one-step overshoot can
greatly reduce the processor idling time and enhance the performance of parallel computation.
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DYNAMIC BEHAVIOR OF RAILWAY BRIDGES
UNDER RANDOM LOADING
AND ASSESSMENT OF VEHICLE-RUNNING SAFETY

Ying-Jun Chen, He Xia and Daqing Wang

Civil Engineering Department, Northern Jiaotong University,
Beijing 100044, China

ABSTRACT

The dynamic model of a train-bridge system consists of the train model and the bridge
model. Self-excitations of the system are the track irregularity and the vehicle hunting
movement. As the main external excitations, there are wind load and earthquake ac-
tion. This paper studies this problem of different cases for the purpose of assessment
of vehicle-running safety and serviceabiliy; three methods are used and the theoretical

characteristics of them are studied from the viewpoint of engineering application.

KEYWORDS

railway bridge., dynamic behavior, wind loading, earthquake, computer simulation,

dynamic interaction, vehicle-running safety, stochastic process. dynamic serviceability

ASSESSMENT BY EXPERIMENT AND SIMULATION

The “snake-hunting” movement by vehicle tracking is a principal self-excitation

source. It can be expressed as follows
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{
Y, = A,sin %t—rCJ 1

where A, and L, are the amplitude and wave length respectively, and § is the phase an-

gle of ith wheelset; it is a random variable. A.=3. 0mm, L.=20. Om.

11.0m

l =

Figure 1: Train-bridge system model

In order to increase train speed, a truss bridge of 64m span is studied; the dynamic in-
teraction model is shown in Fig. 1. Degrees-of-freedom for movement are 23 and 17 for

6-—axle diesel locomotive and 4—axle passenger-freight cars respectively.
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Figure 2: Model of diesel locomotive

The vehicle model is shown in Fig. 21'). Horizontal torsional vibration is coupled with
vertical vibration for it is a two-track bridge, so a spatial model should be used. In or-

der to simplify the calculation. the modal analysis method is used.

The train on the bridge is directly concerned with the stringer. Suppose that there is

no relative displacement between the stringers and the track. When the vibration
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modes of the bridge are normalized as ¢fm@, =1, the nth order modal equation is ex-

pressed as follows
én + 2605% + oiq, = E E :[%UF"-'/ + @oF + %{ng{j] 2
i 7

in which F;,F.;, and Fg; are horizontal, vertical and torsional force components when
the j th wheel of the i th car acts on the bridge position. wand § are natural frequency
and damping ratio respectively, ¢,,,¢.;and ¢, are horizontal, vertical and torsional dis-
placement components at the stringer of nth mode at the position of ith car and jth
wheel, respectively. When a train is moving on the bridge, lateral displacement Y., ,
torsional angle 6..,, vertical displacement Z,,; of the wheelset, displacements of the
girder Y (x;;).0, (z;;) and Z,(x;) . hunting movements and irregularities of rails

Y, (x;;),0.,(x;;) and Z,(x,;) should satisfy the following relations

(wa; i(Yb(Ii,) -+ Hﬂb(xq) - Y,(x,»/)W N {qn(@,] + H,‘%;,) -+ Y;(.l‘,-,)
Taw,-, = 40,(z.,) + 0.(x;) = an%., + 6,(z;) L)
Zuwy  \Z,(xy) + BO(z) + Z,(z;)) (e, + Bg) + Z.(x,) |

v

in which distances H and B are shown in Figs. 1 and 2.

Dynamic spatial equilibrium equations can be obtained by combining the vehicle models

and the bridge modes with the wheel-rail relations (3).
MA -~ CA+KA=F (4)

Matrices of mass M, damping C and stiffness K,generalized displacement 4 and gener-
alized force F in Egns. 4 and 2 can be written in detailed form!®. A similar problem is
also studied in this paper for Fig. 10. The equations are solved by Newmark S method.
B =1/4. In this example (Fig. 1), the train consists of two locomotives and eight pas-
senger-freight cars. In order to investigate the effect of phase angle { in Eqn. 1 which is
a random number of uniform distribution in 0~ 2=, the Monte Carlo simulation method
is used; 30 sets are calculated for each train speed. Dynamic deflexions of the bridge

are analyzed statistically.

Figs. 3 and 4 show the dynamic factor and horizontal amplitude (maximum, mean and
standard deviation o) at the midspan lower chord panel point respectively. But values

higher than 200km/h are only reference values. They are also compared with the field
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Figure 3. Dynamic factor (1+ ) Figure 4: Horizontal amplitude of

bridge lower chord

experiments. From the Chinese code, it is known that vehicle-running safety is as-

sured when maximum train speed is 160km/h.

ASSESSMENT OF VEHICLE-RUNNING SAFETY UNDER EARTHQUAKE
BY USING THE WHEEL-RAIL INTERACTION MECHANISM

Due to lack of data, the method by Wakui H. [3]is used. But in our case, maximum
train speed is 300km/h, degrees-of-freedom of movement of the vehicle are 17 in order
to study lateral responses, and earthquake acceleration record during the Tangshan
earthquake is used. Vehicle-running safety is controlled by horizontal bent angle 8, of
the track; track deformation yg can be expressed as follows(Fig. 5)

ye =0, z <<— l?;c
g, A . _
yr = Zx,(x-r 2) , x| = 5 (3)
.
e = b, x>
y B u
: X f
straight line transition curve straight line
Figure 5: Track shape of bent angle Figure 6: Tread surface slope
portion of wheel

When the train passes through this portion, a relative displacement between the wheel
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Figure 7: Cause of horizontal compressions[ 3]

axle and the track may happen from the inertial force of the train; if this displacement
is greater than clearance u, the flange may accept a shock;the wheel radius also varies
owing to the tread surface slope 7(Fig. 6); then the wheel axle may accept an action in
the direction of the bent angle. This is the mechanism of the “snake hunting” move-
ment. Fig. 7 shows the action of horizontal forces; creep forces also play an essential

role in determining the lateral dynamic performance of rail vehiclest.

Fig. 8 shows a mechanical model of vehicle; it consists of one car body, two bogies and
four wheélsets connected with various springs; all data of the Japanese Shinkansen car
[3] are used in this study. The total degrees-of-freedom of movement are 17 for one
car, for car body: lateral moving (y5) , rolling ( @z) , yawing ( ¥ ) ;for bogies (i =
1,2): lateral moving (xg; ), rolling ($7,) , yawing (¥7,) ; for wheelsets (1 = 1,2,5 =
1,2) :lateral moving (y.., ), yawing (¥,.;) , where: = 1,2 represents front and rear
bogie respectively, j = 1,2 represents former and latter axle respectively; the effects of
rolling ..., and vertical motion z,,; can be neglected; it is different from [3] for earth-
quake acceleration a, is considered in this case. The springs are divided into two kinds
(Fig. 8): one is the nonlinear spring with damping; it consists of vertical support
spring K, » horizontal spring K; , axle box spring K, ; the other is linear spring with-
out damping. For the bolster anchor spring K, , suppose the relation between the rela-
tive yawing angle and the moment has bilinear hysteresis characteristic. The resultant
F from spring stiffness K and damping C can be obtained from spring displacement ¢

and its velocity; ¢ has a limited value g, by a stopper, for example

gt =F yp £ (— D)LY F h,Ps = yri + h,Pr:
S Fa;g = Kastg + Csfja;g
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side A

b,

Figure 8. Mechanical model of vehicle[3]

| UE .
'IQ3-';| > G Fz-'; = W(Ka%s + K ( |st§| — g} + Cast’; (6)

The other notations are 2mg. mass of car body, 2/5,and 215, : moment of inertia of the
car about  axis and that about z axis, ms : mass of bogie frame, Iz, and Iz, : moment
of inertia of bogie about x axis and that about z axis, m,, : mass of wheel axle, I,, : mo-
ment of inertia of wheel axle-about its center of gravity, 2L . distance of two bogies,

center to center. Thus the dynamic equilibrium equations of the car are as follows:

zma_‘;’s =Fsa—Fas+ Fooa— Fas + 27"3&,

car body< 215, ¥y = (Fy14 — Fyus — Faga + Fy)L — (My + M) )
ZIBz¢E = (Fz.u - FZ.lB + FZ.ZA - Fz‘za)bz + (Fz.m - Fa.w + Fa,zA - F3_23)h2
mryr; =— Fyqa + Fs8 + FW_y,,lA + FWy.iZA - Fw,m"za - FWy.rzE + mra,

Is¥r = M, 4+ (Fusup — Funp = Fueis + Fueip)b) +
bogi (Fwyia — Fwyip — Fwyipa = Fwy.ipda (8)
Irbr = (— Foin + Foidby + (Fyip — Fopdh + (Frua — Fris + Fria — Fripb +
(Fuyia = Fwy s + Fuyin — Fuyp) (Hr — 1)
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Wlw.;’m.‘,’ = FWy.iiA =+ FWyu’jB - Qn;‘A + Q.-,-g -+ 771..,&,
IW\FW.,' = (— 1)’(Fw;..‘;,1 - FWx.ijB)b) - T‘Pi;

wheelset{ (9)

in which horizontal compression Q7 = Qa2 + Q2 » Q. is horizontal creep force., Q2
is the flange compression (Fig. 7), Qs2 = K, * yu » where K, is the spring constant
from tilting action of the rail, y.; is the rail-tilting displacement when the flange col-
lides against the rail. Restoring moment M of the bolster anchor spring is M = 2K ,b3¢;
, relative yawing angle ¥ = "I’B — ¥r ,-and ¥y is a value of ¥ within the elastic limit,
when ¥ > ¥;...., M has a bilinear relation [3]. Ty, is yawing moment from the creep
action. Equilibrium equations (7)~(9) are a time-dependent system; on the basis of

the above idea, simulation analysis is used.

The initial condition is that the train passes in uniform speed at the position of the be-
ginning point of the bent angle portion when ¢ = 0, and the earthquake acts at the

same time.

— — - —_—
O N N OO
T

o o
[0) e <]

derail coefficient

o
FiN
T

0.2r

o O 1 L L 1
0000 0.002 0.004 0.006 0.008 0.010 bent angle
(v=300km/h,a,=0.1g-0.3g)

Figure 9. Horizontal bent angle versus derail coefficient

Fig. 9 shows the relation between the horizontal bent angle (in radian) and the derail
coefficient when train speed v = 300km/h and earthquake acceleration a, =0. 1g~0.
3g; in the figure, A indicates inner rail, B indicates outer rail. In the same manner,
this angle can be calculated for various parameters (derail coefficient, side compression
of wheel flange, horizontal vibration acceleration of car) and for other vehicle models
(TGV. ICE) and other design earthquake actions. Then the allowable bent angle val-

ue can be decided in order to-satisfy vehicle-running safety. In our case, the calculated
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results are shown in Table 1; earthquake acceleration is a, =0. 2g, it approximately
corresponding to Richter Magnitude M = 6 , Modified Mercalli Intensity I = 7 ~ 8.
TABLE 1
ALLOWABLE BENT ANGLE

. Horizontal Bent Angle & (1/1000)
Train
Speed Horizontal Moving (1) Folding (2)
km/h L <30m L >30m L <30m L > 30m
300 3.5 3.0 4.5 3.5
350 2.5 ‘ 2.0 3.0 2.5

Note: L represents girder length or block length of rigid frame viaduct.

[:]
o m @ e
f—

ASSESSMENT BY STOCHASTIC PROCESS EXTREME ANALYSIS FOR SERVICE-
ABILITY OF TRAIN-BRIDGE SYSTEM UNDER RANDOM WIND LOAD

For the dynamic interaction of a train-bridge system under wind action, the random re-
sponses become a complex nonlinear problem owing to the continuous movement of the
train, which cannot be generally treated as a stationary process. The proposed method
[5] is to analyze serviceability by studying the peak distribution of structural respons-
es, and transforming their first-passage probability distribution into the extreme distri-
bution which is more convenient for engineering purposes. The calculation process is
explaind by an example. Fig. 10 shows a truss bridge stiffened by a flexible arch. The
dynamic behavior of the train-bridge system under random wind loading is studied. Ac-
cording to the Chinese bridge code [6], the transverse wind load per unit area exposed
to the wind (A = 1) is calculated by the following expression

W, = K,K,K,W,  (in Pa) am

2

where basic wind pressure W, = 1.6 Vis wind speed (m/sec), K, is drag coefficient,
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Figure 10. Train-bridge system model

K, is gust distribution coefficient, K; is a coefficient referring to the topography and
terrain condition. For dynamic analysis, the power spectrum S, (f) of horizontal wind

speed proposed by Davenport is used

S = Q4 XHe

an

where X, = 1200f/V 4;V,, —average wind speed at 10m’s height; / —frequency; K, —
ground roughness factor (0. 003—0.03). The random wind speed samples can be ob-
tained by the trigonometric series!”). Considering the effect of wind-structure interac-

tion, the response velocity should be considered together with the wind speed; then

aerodynamic damping C* = 1. 25K, K;A + V and wind force W, = K, u.K;AV?,

_1
1.6
where g, is a coefficient referring to the altitude z of the structure above ground level;
since the wind gust consists of mean and turbulent components, g, is used instead of K,

; here the wind tunnel test for C* is avoided.

The vehicle model is the same as Fig. 2, and with the same notations, basically in the
same manner, the dynamic equations of ‘the train-bridge system acted on by wind com-
posed of vehicle model and bridge model are [7]{8].

M,' O 0 Y,' C,’ + Cf - h,‘C,‘ 0 Y; K,—- - h.;K; O Y,'
0 Jax 0|30 b+ | — AC; Ca 0 {38; ¥+ {— hK; K 0 (16
0 0 Jel ¥, 0 0 Co:l |, 0 0 Ky,
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v N, G (Kign + Cig) Wi
- 2;, 285 (K nidn + Cudn) — HG(Kiq, + Cq,>lr+ jo }
==t 0. 56,5.,,G5(K.q, + Cign) ;o
K.Y, (x;) + CY.(z:) L

1
+ 20 N — RlKY.(2p) + CY, )] + 20K au, (2 + Cabu(z,)]
10.56,S,[KY,(z;) + CY, (I‘,)] J

v Vl
Mg, + (C, + Cq, + K.q, = 2 Z Z‘ - G"'Mm, + 857 i )4

7N [( G:’;’"C + glmcﬁwl)Qm + (—G:']"IK + g:‘mKwa)qm]}
N A
(Lo ; ] 1 P 1 P
+ 2 (G CHKY: + CYD + [(@lKni — 5hKI: + (g1Chn — 5hCDE.]
=] j=1
N
+ %é,S,,(K v, +C¥)) + 2 SV [GMu¥ (2 + gy + 6z ]

i=] j=1

ZN ——GL[CY () + K.Y, ()] + ——[Cewﬂ (i) + Koil, ()]} +

(l=172'"7Nv9n-=1929'"9Nq) (12

in which Ciand W, are respectively the general damping coefficient and the general wind
force acting on the nth bridge mode. Suppose there are N, joints, and the modal value
of the nth mode at the sth joint is ¢,(s) ; we have

Lt

N
C: = 1. 25K K,V > & (s)[—;— Z;z,A,}W
s=1

I=1

- -1
" L6

N L
KK, 2,035 malve as
s=1 =1
In Eqn. 12, G?j =, (l‘ij) + hs‘pn”(xfj);g?j = @n”(x-'j);G?;" = G:"j ° Gx; ;8 = gij - &%
where @, (z;;) and P,"(x;;) are respectively the horizontal displacement and the torsion-

al angle components, (x;;) means the position of jth wheel of ith car on the bridge.

In this example, the joint number of the bridge equals 82, the train consists of two lo-
comotives and six passenger cars, the total degrees of freedom are 96. Calculation re-
sults show that the displacement at midspan under random wind load is 15~ 20%

greater than that by statical analysis based on the code.

To avoid the difficulty of directly determining the joint probability distributions of ex-
tremes of the responses and wind speeds, the extreme value distributions of system re-
sponses under certain wind speeds are firstly studied with a large amount of simulation

calculations. The joint distributions of system responses and wind speeds are finally
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obtained by combining extreme value distributions of the wind itself.

Supposing {x(¢,)} ( = 0,1,--,N) is the simple sample series of the stochastic pro-
cess, the sample set composed of their extremes X = {max|x(¢;) |;t € (0,t,)) are also
random variables. Where ¢4is the lasting time of the structural vibration, it is approxi-
mately equal to the entire time of the train passing through the bridge each time; .« (¢;)
is the response series. When the original distribution of the random variable is un-
known, as in the usual case, the asymptotic distribution of N — oo is considered. It is
proved that the extreme value distributions of system responses are close to the first

asymptotic distribution!’?, the PDF and the CDF of which are
F(z) = exp[— e™>"%];  f(z) = a.exp[— a,{x — u,) — %77 (14)
where a, 1s the extreme intensity function, «, is the character extreme.

For continuous random variables X (here a dynamic response) and V (mean wind

speed), the joint cummulative distribution function when V <<wvand X > z is

v

J' J’ f(z,v)dvdx

P(X >z,V<uv)

v v

=J J flx o) f(v)dvdzx = Jt] — F(x|v)]f(v)dv (15)

0

where f(z|v) is the conditional probability density function of the extreme responses,

f(x,v) 1s the joint probability density function.

Structural serviceability is defined as the probability of which structural response ex-
treme X does not surpass its.threshold within service period 7. This probability is an
evaluation index for the bridge-train system reliability and can be called dynamic ser-
viceability. Since Fxr(X <zt <<T)=1— Py (X >z, <<T), we have

w(T)

Fxr X<zt <T)=1— J exp[ — e T T a i) g

=)

— —1—-——[1 — (by + bv + b,vz)]H

a, + ayv + av? dv (16)

X {1 — exp[-— exp

where the upper limit of the integration is the maximum expected mean wind speed de-
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termined by the return period. Taking a bridge in south China for example, the local
annual extreme parameters for wind speed are g, =14, 94m/s and a, = 0.417 . For a

given return period T = 100year, the maximum mean wind speed is 26. Om/s.

The average passage time T,(x) is the inverse of the probability of which an event hap-

pens In one unit period

1 1

T,(x) = Prr 1= Frrl) an
The threshold for response X can be calculated from a given service period T .
TABLE 2
DYNAMIC SERVICEABILITY INDEXES AND THEIR
REFERENCE THRESHOLDS
Horizontal . Bridge Vehicle
) Amplitude (mm) ) A
Deflexion(mm) Accleration(g) | Acceleration(g)
56 28 7.8 24. 8 0.2 0.50
Threshold
Japan U»IC China | Japan Japan China
T =100 0.9291 0.4262 | 0.2657 | 0.9024 0. 9997 0. 9999996
V =30.0 0.9208 0.4178 | 0.2574 | 0. 8947 0.9993 0. 999993

The calculated dynamic serviceability indexes (DSI) are shown in Table 2 for 7" =
100vear, V. = 26 m/s and V = 30m/s; the latter is the maximum wind speed for an
empty car. For such a complicated system as bridge-train interaction, since wind and
train loads do not correlate with each other, all the DSls are neither fully correlative

nor independent. The system DSI can therefore be estimated by the following equation

[] Fxi < F, < min{Fy,} (18)

In this example, for T =100 years and the threshold of Japanese code. the system DSI
is between 0. 8381 and 0. 9024.

Figure 11 shows the distribution of the calculated DSI versus maximum mean wind
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speed. Thresholds for lateral deflexion, amplitude and acceleration of this bridge for
service period T = 100y , inversely calculated by Eqn. 17, can be 70mm, 45mm and

160gal respectively.

1.0 -I 0.2g(acceleration)
’ ’ ;_\"‘\ - . 0.1g(acceleration)
RN * 56mm(defiexion)
0.8 R 24 8(amplitude)
SN

[ ‘v ‘\v
0.6 F -.." \.\
04+ I S _

L T 28mm(deflexion)
02k R TR 7.8mm(amp11tude)
0.0 -

: : - . : : ' v(m/s)
o] 5 10 15 20 25 30

Figure 11; System DSI versus wind threshold

For this kind of bridge, methods for design and assessment aiming at assurance of
bridge serviceability for train and wind interaction should be emphasized. In this exam-
ple. the estimated DSIs for lateral bridge deflexion and amplitude are only 0. 9 or so
upon the local wind speed distribution and design period 7" = 100year, not suitable to
the Chinese code.

CONCLUSION

Although the computer simulation can be used for the research of train-bridge system.
some difficulties remain to be further studied, for instance. the power spectrum of rail
irregularity. the vehicle hunting movement functior and its amplitude. wave length
and phase angle. unless it is a case study. It is more reasonable to use the mechanism
of wheel-rail interaction. but the exact data of parameters are necessary. For the as-
sessment of serviceability. vibration thresholds to ensure train-running stability and
human comfort, deterioration of strength caused by external loading and environmen-

tal conditions. etc. are now further studied.
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A REVIEW ON THE NUMERICAL SOLUTION SCHEMES
FOR LOCALIZATION PROBLEMS

Z. Chen, X. Xin and D. Qian
Department of Civil and Environmental Engineering, University of Missouri
Columbia, Missouri 65211, USA

ABSTRACT

An introduction is given on the current status of research on localization problems. Numerical
solution schemes to simulate the evolution of localization are then reviewed in detail. First,
material integration schemes are discussed for both plasticity and damage models for which a
continuum tangent stiffness tensor can be formulated for bifurcation analysis. Second,
structural integration schemes are reviewed for the post-limit responses including snap-back
and snap-through. Finally, one of the “meshless” methods, the material point method
(MPM) is introduced for localization problems. Sample problems are then considered to
demonstrate the robustness and potential of a newly proposed procedure based on the
moving jump forms of conservation laws. Conclusions and future work are given based on the
review paper.

KEYWORDS

Softening with Localization, Plasticity and Damage, Post-limit Response, Jump Conditions,
Transition between Governing Equations, Failure Wave

INTRODUCTION

For modern engineering design, the limit design methodology based on elastic or yield strength
might not be suitable in many cases. In dynamic cases such as impact or seismic disturbances,

111
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the loads are of very short duration so that collapse may not occur even if the limit point is
reached. Engineering structures are often designed to be statically indeterminate which also
helps to preclude collapse. In addition, the current interest in explosion-resistant design
requires the understanding of the post-limit structural responses. Since a significant part of
energy dissipation in the post-limit regime is associated with the evolution of localization,
much research has been conducted to investigate the experimental, analytical and numerical
aspects of localization problems, as reviewed by Chen [1996b], Chen and Schreyer [1994],
and Xie et al. [1994].

Localization is manifested by softening or degradation of material properties, which is
accompanied by localized large deformations in a finite zone. To predict the evolution of
inhomogeneous interactions among material particles within the localization zone, several
kinds of unconventional constitutive models have been proposed with the use of higher order
terms in space and/or time, such as nonlocal (gradient or integral), Cosserat continuum and
rate-dependent approaches. Although the advantages of these unconventional models over
conventional (local) ones have been demonstrated for many academic problems, there still
exist some pressing limitations that prohibit the routine prediction of localization phenomena
in practical applications. In particular, it might not be feasible, with current computational
facilities, to perform large-scale simulation of structural failure due to the use of higher order
terms. Since the shift from a test-based to a simulation-based design environment requires an
efficient numerical procedure for localization problems, an alternative approach is to catch the
essential feature of localization phenomena without invoking higher order terms for
constitutive modeling.

As can be found from the literature review [Chen and Schreyer, 1994; Chen and Sulsky,
1995], the key component of various higher order models is an attempt to predict the
evolution of inhomogeneous interactions among material particles, with mesh-independent
results. Before the initiation of localization, there is no need to use higher order terms. In a
macro-mechanical sense, however, the evolution process might be equally well characterized
by the formation and propagation of a moving material boundary that is associated with a
local change in material properties. With the introduction of a moving material boundary, a
partitioned-modeling approach has been proposed for localization problems [Chen, 1993a].
The basic idea of the approach is that different local constitutive models are used inside and
outside the localization zone, with a moving boundary being introduced between different
material domains, if localization occurs. As a result, the extrapolation of material properties
beyond the limitations of current experimental techniques can be avoided in identifying the
evolution of localization, and simplified governing differential equations can be formulated in
the partitioned domains for given boundary and initial conditions.

To establish a sound mathematical foundation for the partitioned-modeling approach, an
attempt has been made to investigate the use of the jump forms of conservation laws in
defining the moving material boundary, with one-dimensional analytical illustrations for rate-
independent local models [Chen and Sulsky, 1995]. By taking the initial point of localization
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as that point where the type of the governing differential equations changes, i.e., a hyperbolic
to an elliptic type for dynamic problems and an elliptic to another elliptic type for static
problems, a moving material boundary can be defined through the jump forms of conservation
laws across the boundary. Jumps in density, velocity, strain and stress can be accommodated
on this moving surface of discontinuity between two material domains. Interestingly, the
problems involving the change in the types of governing differential equations also occur in
other areas such as fluid mechanics [Chen and Clark, 1995] and thermal shock wave
propagation [Tzou, 1989]. It has been shown that the transition from continuum damage
mechanics to fracture mechanics might be linked through the moving jump forms of
conservation laws so that a complete failure evolution process might be simulated with the
use of simple models [Chen, 1996a and b].

Based on the previous research results, numerical solution schemes for localization problems
are reviewed in this paper. First, material integration schemes are discussed for both
plasticity and damage models for which a continuum tangent stiffness tensor can be
formulated for bifurcation analysis. Second, structural integration schemes are reviewed for
the post-limit responses including snap-back and snap-through. Finally, one of the
“meshless” methods, the material point method (MPM) [Sulsky et al., 1994; Zhou et al.,
1998] is discussed for localization problems. To demonstrate the robustness and potential of
a newly proposed procedure that is based on the moving jump forms of conservation laws,
sample problems are considered for both quasi-static and dynamic cases. Conclusions and
future work are then given based on the review paper. A direct notation is employed to
describe the constitutive models, with bold-faced letters denoting tensors of first or higher
orders.

EXISTING NUMERICAL PROCEDURES

Structural solution schemes consist of constitutive model solvers, spatial and temporal
discretization methods. With a focus on the localization problems, the numerical solution
schemes are reviewed as follows for nonlinear structural analyses including failure simulation.

Material Integration Schemes

To perform large-scale computer simulation, a simple stress-strain relation, that can predict
the essential feature of nonlinear material responses, must be formulated for structural
analyses. Nonlinear material behaviors arise from two distinct modes of microstructural
changes: one is plastic flow and the other is the degradation of material properties. Plastic
flow, which is reflected through permanent deformation, is the consequence of a dislocation
process along preferred slip planes as in metals, or particle motion and rearrangement as in
geologic materials. Because the number of bonds between material points is hardly altered
during the flow process, the material stiffness remains insensitive to this mode of
microstructural motion, and change of strength is reflected through plastic strain hardening
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and apparent softening. On the other hand, the nucleation, crushing and coalescence of
microcracks and microvoids result in debonding, which is reflected through the damaging of
material stiffness and strength. In general, both modes are present and interacting although
some mode might dominate at some stage of the evolution process. Final rupture occurs when
macrocracks form and propagate from the cluster of microcracks.

A systematic procedure, which satisfies thermodynamic restrictions, has been used to
formulate local plasticity and damage models [Chen and Schreyer, 1990b and 1994]. A family
of incremental-iterative integration rules has also been given with or without the use of a
tangent stiffness tensor. In general, both the generalized trapezoidal and midpoint rules can be
employed for the integration of inelastic constitutive equations, depending on the feature of a
specific model.

Structural Integration Schemes

There exist two major computational difficulties in simulating the post-critical structural
response. One is the occurrence of an ill-conditioned tangent stiffness matrix around critical
points, namely, limit and bifurcation points. The other is the selection of a suitable constraint
on the solution path such that the post-critical response can be traced. Since a robust and
efficient solution scheme is necessary to make failure simulation available in a routine manner,
several procedures have been proposed to circumvent the difficulties associated with critical
points [de Borst et al., 1993; Chen, 1993b and 1996b; Chen and Schreyer, 1990a and 1991,
Pijaudier-Cabot and Bode, 1995]. The standard arc-length control is still commonly employed
in geometrically nonlinear cases, and with some modifications in materially nonlinear cases.
Because the material failure zone is localized into a small region, the arc-length constraint
formulated in the global deformation field is insensitive to the evolution of the localized
deformation mode. As a result, a suitable constraint should be constructed in terms of a
localized kinematical field if localized failure needs to be simulated. Due to the fact that the
localization zone is evolving and there is a sign change of the load increment at a critical point,
the control point (element) should also vary in position with a suitable measure of failure, and
the localized constraint parameter that reflects the extent of irreversible energy dissipation
should be constrained to increase monotonically.

Preliminary results obtained for plasticity and damage problems indicate that the use of an
evolving localized control is a reasonable choice for localization problems including snap-back
or snap-through [Chen, 1993b; Chen and Schreyer, 1990a and 1991]. As a remedy to avoid
the use of an ill-conditioned tangent stiffness matrix around critical points, a secant stiffness
matrix based on continuum damage mechanics has been used with a dramatic increase in the
rate of convergence with respect to the rate obtained using a tangent stiffness matrix. In order
to incorporate both damage and plasticity models into one computer code, it has been
proposed that an incremental-iterative solution scheme be constructed through the use of an
initial elasticity stiffness matrix together with an evolving-localization constraint [Chen and
Schreyer, 1994). Thus, only one inverse calculation is required, and the amount of
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computation involved in the iterative loop is dramatically reduced. It can be found that the
numerical procedure for tracing the post-bifurcation path depends mainly on the choice of a
suitable constraint instead of a stiffness matrix. Different constraints generally yield different
solution paths. In other words, the constraint imposed on the solution path plays a crucial
role whether or not the stiffness matrix is ill-conditioned. Thus, the dependence of the
evolving-localization constraint on the location of initial imperfections and on the evolution
history of localization detects the solution path following the critical point, while the use of a
well-conditioned stiffness matrix guarantees that a numerical solution can be obtained.

The Material Point Method

As one of the innovative spatial discretization methods, the Material Point Method is an
extension to solid mechanics problems of a hydrodynamics code called FLIP which, in turn,
evolved from the Particle-in-Cell Method. The motivation of the development was to
simulate those problems, such as penetration, perforation, metal forming and cutting, which
involve large deformations, the transition from continuous to discontinuous failure modes and
the creation of new material surfaces, with history-dependent internal state variables. The
essential idea is to take advantages of both Eulerian and Lagrangian methods. And also, this
MPM and other unconventional spatial discretization methods employ the concept of local
moving interpolation so that local remeshing can be achieved without the cost of global
remeshing. Although the MPM s still under development, sample calculations have
demonstrated the robustness and potential of this method [Sulsky et al., 1994]. It is believed
that the MPM can be developed into a robust spatial discretization method, combined with
solid modeling and post-processors, for large-scale computer simulation of structural failure
responses.

A DEVELOPING NUMERICAL PROCEDURE

Recently, efforts have been made to simulate the evolution of localization without invoking
higher order terms, and to fill the gap between continuum damage mechanics and fracture
mechanics. A developing numerical procedure is presented as follows.

Based on the previous study [Chen 1996a], a set of moving jump forms of the conservation
laws is used here to define a material failure criterion that can predict the initiation and
orientation of localized failure, and the transition between continuous and discontinuous
failure modes. In a three-dimensional framework, the use of the jump forms of conservation
of mass and linear momentum would result in

Py, n—py,-n (1)
Pi=pP,

V,-n=

and
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{_ pipn- (¥, ~v,)
Pi=p

j|(vl_v2) =(0,-0,)n 2

if there is a jump in mass density p. In Egs. (1) and (2), the subscripts 1 and 2 denote field
variables on the two sides of a moving material surface that has a velocity v, in the three-

dimensional space, and » is the unit normal to the material surface. The other variables are v
(particle velocity vector) and O (stress tensor), with body forces being omitted. For purely
mechanical problems where there exists no energy sources or sinks, the conservation of mass
and linear momentum implies the conservation of energy. Since the evolution of localization
involves jumps in certain field variables, a material failure criterion is defined based on the
jump types of the kinematic field variables as follows:

Localized Failure == v, =v, and €, # €,
Discrete Failure .= v, #v,and € # €,

with € being the strain rate tensor. In other words, the change in the jump type of the
kinematic field variables identifies the initiation of different failure modes. As can be seen, the
transition from continuous to discontinuous failure modes is characterized by the condition of
localized failure. Because there is a jump in the strain rate for localized failure, it makes sense
to claim that a corresponding jump must exist in the mass density due to a jump in the
volumetric strain rate. The jump in the volumetric strain rate is manifested by micro-cracking
in the localization zone. The use of Eqgs. (1) and (2) then yields

V,'n =V, n=v,n 3)
and the continuity of the traction across the moving material surface, namely
(6,-0,) n=0 4

for localized failure. Thus, Eqs. (3) and (4) together with a jump in the mass density
represent the essential feature of localization.

To examine how the jump in the strain rate is derivable from Eq. (4), assume that side 1
initiates localization from a weak material point. The stress tensor on side 1 is then related to
that on side 2 by

o, =0,+T;:4¢, ®))
in which 7; denotes a fourth-order tangent stiffness tensor with minor symmetries, and A€,

is the incremental strain within side 1 due to the evolution of localization. According to
Maxwell's compatibility conditions, A& must be a rank-one tensor of the form
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1
Ag, = Z (Am®n + n®Am) (6)

with ! being the half-band width of the localization zone. The use of Egs. (4) - (6) then yields
the classical necessary condition for a discontinuous bifurcation or loss of ellipticity:

Q- -Am =0 (7)

with Q=n T,n being the acoustic tensor. An eigen analysis can be performed to find out the
orientation of localization, Am, corresponding to a zero eigenvalue of the acoustic tensor.
However, the magnitude of Am depends on the evolution of localization. If Am is
determined from a constitutive model, then the jump in the strain rate can be found.

To determine the jump in mass density, an evolution equation for damage must be defined. It
is assumed that the shear-induced cracking in a representative volume is governed by a strain-
based damage surface [Chen and Xin, 1997],

f= _—é'o(l +m0D) ®)

where ¢ is the second invariant of deviatoric strain tensor, €, is the critical state parameter,
D is damage, and m, is a model parameter. With the use of a standard procedure (Chen and

Schreyer 1994), it can be shown that the damage surface satisfies the thermodynamic
restrictions and the rate of damage is determined by

D=

)

€My

To represent the overall effect of shear-induced local dilatation on the change in mass density,
an integral average of damage over the representative volume, D , is used to find P1 , namely,

b :p2+(pm—p2)(1_e_m15) (10)

with m; being a model parameter. As can be found from Eq. (10), p; =p; 1_f there is no
damage, and P1 will approach the maximum value p, with an increase in D. If p, is

reached, phase transformation might occur, a further discussion on which is beyond the scope
of this paper. Because of P1 > P2 with the evolution of damage, the localization zone will

expand based on Eq. (1).

A partitioned-modeling approach is employed in the proposed numerical procedure with a
total-strain-control scheme, as discussed next. Since the conditionof v, - n=v, - n=v,- n
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holds across the moving material surface between the damaging and unloading zone, the
increase in the total strain inside the localization zone would expand the zone. A typical
example is the formation and propagation of a shear band under uniaxial compression as
shown in Fig. 1. As can be seen, local micro-cracking (dilation) would push the materials
inside the band to the boundary of the band so that p, > p, across the moving boundary.

}

O 0

Figure 1: Evolution of shear band after failure occurs

To implement a moving material surface into the numerical procedure, a local remeshing
process is proposed here [Chen et al., 1997]. If the eigen analysis on the acoustic tensor
indicates that the material is still in the pre-limit stage, no change needs to be made to the
original mesh. If material failure occurs, the moving speed of the material surface between the
elastic unloading zone and the localization zone is determined based on the jump conditions.
For the orientation of the localization zone given by the eigen analysis, a simple remeshing
process can be demonstrated through a 2-D example as shown in Fig. 2. If the weak element
is located in the center, a shear band will occur between the boldfaced lines. The unit normal
obtained from the eigen analysis is given as n = (cosq, sinat) in the 2-D space. Due to the
evolution of the failure process, a new material surface is shown by the dashed lines.
Assuming the coordinate for a node along the top surface of the shear band is (x;, y1), and the
magnitude of the moving speed for the current incremental step is v;;, then the new coordinate
of this node (xl, M ) is given by

x| = x, + v, At-coso (11a)
y =y, +v,At-sino (11b)

in which At is the time interval. The same operations will be performed for the other nodes
along this moving material surface. It should be noted that when a shear band forms, there are
two moving material surfaces, both departing from the original shear band in the contrary
direction. Hence, an upper and a lower surface with corresponding normals should be defined
based on the location of the node.
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Ay v
T New Material Surface
\ZH* Old Material Surface n ~ Old Material Surface
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X2 /4 New Material Surface
/
/
/

Figure 2 : A 2-D demonstration for the moving material surface and the remesh
process at a specific node

In summary, the proposed solution scheme for simulating the evolution of localization
consist of the following steps:

Step 1: At the beginning of a new incremental step, an eigen analysis is performed
on the acoustic tensor for each element. If failure is detected, find the unit normal to
the moving material surface and record the element number, then go to next step; If no
failure is indicated, go to step 4.

Step 2: Based on the jump conditions, the moving speed of the material surface can
be obtained.

Step 3: Starting a loop for the elements in which material failure occurs, and update
the configuration for the nodes inside the localization zone by using Eq. (11).
Attention should be paid to those nodes shared by two or more elements: only one
update in the configuration can be made for each of these nodes in a single shear band
case. For the nodes inside the elastic regime, no change needs to be made.

Step 4: Return to the main program which employs the total-strain-control
algorithm.

In the proposed procedure, several assumptions have been made as a result of numerical
approximation. First of all, in order to get the displacement of the node at the new location,
certain interpolation is performed in the displacement field, depending on the assumption
used for a specific type of elements. For example, linear interpolation is applied in the case of
classical triangular element. In addition, since there is a change in the nodal position along the
material surface, we can expect a change in the shapes of the corresponding elements both
inside and outside the localization zone. In this case, we assume that the basic variables such
as stress, strain and internal variables are the same as the values from the last step for these
elements. For a small incremental step, this is reasonable and therefore the algorithm can be
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greatly simplified. The remeshing process is designed so that the size of the localization zone
is updated based on the moving jump conditions.

DEMONSTRATIONS

To demonstrate the robustness and potential of the proposed procedure that is based on the
moving jump forms of conservation laws, sample results s are presented for both quasi-static
and dynamic cases.

s

X

Figure 3: The geometry and notation for a plane problem

For the quasi-static loading case, the problem geometry is given in Fig. 3. The sizes of the
specimen are L, = 3m and L, = 6m. Rectangular elements composed of four triangles are
employed for the simulation. The load is applied such that all the points at the top surface
will have the same vertical displacements. In addition, all the points at the bottom are
constrained in the vertical direction and no horizontal displacement is allowed for the left
most point. An associated von Mises mode! with bilinear hardening and softening function is
used, with Young’s Modulus E = 50GPa and Poisson's ratio v = 0.2. An initial imperfection
is introduced by assigning a weaker limit strength in the weak element. With the use of a fine
mesh, the deformation pattern with the local von Mises model is shown in Fig. 4, and the
corresponding deformation pattern with the proposed procedure is given in Fig. 5. As can be
seen, the use of a moving material surface expands the localization zone. Figure 6
demonstrates the mesh-independence of numerical solutions with the proposed procedure.
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Figure 4: Deformation pattern with local von Mises model for mesh III
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Figure 5: Deformation pattern with proposed procedure for mesh II1
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Figure 6: Mesh-independent solutions with the proposed procedure

For the dynamic case, a bar of length L = Im is considered here [Chen et al., 1997]. The bar
is fixed at x=0 and loaded at x=L. A Newmark integrator is used in the time domain with the
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time step satisfying the standard stability condition. After the limit state is reached at the fixed
end, the evolution of localization is shown in Fig. 7, and the corresponding decrease of stress
is given in Fig. 8. Figure 9 demonstrates the convergence of numerical solutions with different
meshes at t = 300us.

Ae
0.010
0.008
300 ps
0.006
275 us
0.004
0.002 250 ps
0.000 . . | T —» X (m)

0.0 0.2 0.4 0.6 0.8 1.0
Figure 7. The evolution of localization after the limit state is reached

A © (MPa)
100 -
t=300 ps
80 -
— —— t=275 us
60 W
XN\ ———--- t=250 ps
40 47 3 H
20 -
0 1 I 1 1 1 >X (m)

0.0 0.2 0.4 0.6 0.8 1.0
Figure 8: The decrease of stress corresponding to Fig.7
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0084y, =000 mme—e- n®=10
0.006 - ne =20
0.004 o n®=40
0.002
0.000 1 1 1 1 I_> X (m)

0.0 0.2 04 0.6 0.8 1.0
Figure 9: Convergence study with different meshes at t = 300 us
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CONCLUDING REMARKS

Existing numerical procedures for simulating the evolution of localization have been reviewed
in this paper. To simulate the evolution of localization without invoking higher order terms, a
developing numerical scheme has also been introduced. As a result, a simple solution
procedure with the use of local models can be designed for localization problems, if
localization is considered as a phase transition (diffusion) process. In this procedure, the
initiation of localization is identified via monitoring the transition between different types of
governing differential equations, and the evolution of localization is traced by using a moving
material surface of discontinuity. The proposed procedure has been demonstrated through
sample problems under dynamic (an elliptic equation inside the localization zone and a
hyperbolic one outside the zone) and quasi-static (two different elliptic equations inside and
outside the zone, respectively) loading conditions. The numerical results are consistent with
the essential feature of localization phenomena.

Further study is required to apply the proposed procedure to a general case, which involve
multi-dimensional effects, large deformations, discontinuity, anisotropy and phase transition.
Although several promising approaches have been proposed for spatial discretization in
localization problems, it is still a challenging task to tackle different types of governing
equations in a single computational domain, because of different temporal and spatial scales.
Since the design of advanced engineering structures needs the solutions for this kind of
problems, it is hoped that more innovative ideas will come from the international research
community in the near future.
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ABSTRACT

A so-called g-continuation approach is proposed for the solution of singular optima in
truss topology optimization. In the approach, we start the optimization process from a
relatively large value of ¢, apply the ¢ -relaxed formulation and obtain an optimum design of
this relaxed problem; then we decrease the value of ¢ by Ae, and choose the design from the
previous optimization as initial design to begin the next optimization, and continue the
process until convergence. It is shown by numerical examples that this scheme alleviates the
dependence of the final solution on the choice of the initial design and increases greatly the
probability of finding the singular optima from rather arbitrary choice of the initial design.

KEYWORDS

structural topology optimization; numerical algorithm; singular optima; relaxed formulation;

INTRODUCTION
While many efforts have been made in solving topology optimization problems of truss

structures, it is well-recognized that there are still serious difficulties in this field. One of them
is the so-called singular optima phenomenon which prevents the iterative algorithms from
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converging to the true optimal solution. Singular optima in structural topology optimization
was first shown by Sved and Gions!"l. They found that in some cases, global optimal topology
could not be obtained by employing the nonlinear programming techniques unless one deleted
the unnecessary bars from the ground structure in advance. Since then, the phenomena of
singular optima was studied intensively by many authors. Kirsch® investigated the singular
optima in truss and grillage topology optimization problems. He suggested that singular
optima corresponds to a singular point in the design space and it is very difficult or even
impossible to arrive at it by numerical search algorithms. Cheng and Jiang®™ pointed out that
singular optima appears mainly due to the nature of local behaviour constraint. Illustrating by
truss topology optimization problems subjected to stress constraints, they demonstrated that
the discontinuity of the bar's stress constraint function when its cross sectional area takes zero
value is the essential cause of the existence of singular optima. The authors suggested to
establish a rational formulation which unifies the sizing and topology optimization and
enables one to apply the sizing optimization techniques for the solution of topology
optimization problems. Rozvany! studied the singular optima in the light of exact optimal
layout theory and proposed a precise definition of singular optima.

Since singular optima is a major obstacle to structural topology optimization, various methods
have been suggested to overcome the difficulties. Kirsch®®! proposed a design procedure to
find the optimum of singular topologies by neglecting the compatibility conditions and
applying linear programming technique. His method is appropriate only when the optimal
design is statically determined. Recently, Kirsch!® has presented another two-stage topology
optimization procedure consisting of reduction and expansion process in order to eliminate
the problems of singular optima which may appear in the conventional approach. Rozvany!”!
suggested that for truss topology optimization problems subjected to stress constraints ,smooth
envelope functions should be used to make the feasible set nonsingular. Recently, a ¢ -relaxed
approach for the solution of singular optima has been developed by Cheng and Guo®. In this
approach, the problem is reformulated by relaxing the local behaviour constraint through the
introduction of a relaxation parameter ¢ . Under this relaxed formulation, singular optima does
not exist in the design space, so that one can now apply the sizing optimization technique to
solve this reformulated problem. It is proved that the solution of the relaxed problem is a good
approximation of the solution of the original problem as long as ¢ is sufficiently small.
Although great successes have been achieved by applying this approach for the solutions of
singular problems, however, it should be noted that this approach cannot locate the global
optimal solution exactly unless the relaxation parameter ¢ is small enough and initial design
is properly chosen. Hoback!”! proposed a percent method to find the global optimal design of
singular problems and presented a number of numerical examples.

In the present paper, based on the aforementioned ¢ -relaxed approach, a so-called ¢-
continuation approach is developed for the solutions of truss topology optimization. By
applying this approach, in most of the test cases, global optimal solution, even if a singular
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one, can be obtained from rather arbitrary choice of the uniform initial design. The
effectiveness of this approach is illustrated by several numerical examples.

&-RELAXED APPROACH

For completeness, in this section, we will describe the ¢-relaxed approach briefly. The

problem of truss topology optimization subject to stress constraints can be given as follows.
P,: to find A, 4, Ay

N
Min W= pl 4, (12)
i=1
St KU, =P, j=lL.,M (1b)
o/ -0, <0 j=1.,M; i=12,..,N (lc)
o, -0, <0 j=L.,M; i=12,..,N (1d)
A420 i=12,.,N (le)

As noted in [8], under g -relaxed approach, the problem can be reformulated as follows:
P,: to find A4, Ay

N
Min W= pl 4 (22)

i=1
St KU, =P, j=1..M (2b)
(6 -0)4,<e j=1..,M; i=12,.,N (2¢)
(0,-0)4,<s j=1..;M; i=12,.,N (2d)
A > A i=12,..,N (2¢)

where N is the total number of bars in the ground structure, M denotes the number of loading
cases. 4,,p,,/; are cross sectional area, mass density and the length of i-th bar. The superscript

U and L refer to the upper and lower bounds of the relevant quantities, respectively.

Under this formulation, the stress constraints are relaxed by introducing a relaxation
parameter ¢. It can be seen that for any given ¢> 0, the constraint (2¢),(2d) can always be
satisfied for sufficiently small 4,. Thus,in the vicinity of the degenerated subdomain

corresponding to A4, =0, the measure of the feasible design space is non-zero. Therefore,
under this formulation, optima is not singular and one can apply the conventional numerical
search algorithms to arrive at the optima of the relaxed problem. With the help of the theory
of point to set mapping ['”, it can be proved that the optimal solution of the relaxed problem
will converge to the solution of the original problem as the relaxation parameter¢ tends to
zero. Thus the optimal solution of the relaxed problem provides a good approximation of the
corresponding optima of the original problem, even if it is singular.
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£-CONTINUATION APPROACH

Although the ¢-relaxed approach enables one to reach the singular optima by numerical
optimization, it should be noted that just like most of the optimization techniques, this
approach cannot locate the global optimal design unless the initial design is properly chosen.
In fact, the global optimization is still a challenge in the field of structural optimization. From
mathematical point of view, it is essentially unsolvable. In order to obtain the global optimal
design, various methods have been proposed. But unfortunately, these methods are either
computationally expensive or not suitable for the solution of large-scale problems. Thus for a
practical problem, if global optima is needed, it seems that the best thing one can do is to
extend the "attractive region” of the global optima if one is not willing to bear the enormous
cost. The ¢ -continuation approach follows this idea. Its basic steps can be described as follows.

Step 1. Under ¢-relaxed formulation, start the optimization process from a relatively
large value of ¢ and an arbitrary chosen uniform initial design;

Step 2. Decrease £ by Ag, and choose the optimal solution obtained from the previous
optimization step as initial design to begin the next optimization step;

Step 3. Continue this until a small desired value of ¢ has been reached.

—

G s

Figure 1: Feasible domain for singular problem

To explain the idea behind the approach, let us consider a typical geometric representation of
singular topology optimization (see Fig. 1). There is a degenerated sub-domain in the design
space and the global singular optima is Jocated at point G in whose vicinity the measure of the
feasible domain is zero. Under conventional formulation, numerical search algorithms
terminate at non-optimal solution point S.

O m N W oA u BN
© = N W A a B N>
T

O = N U A U & =
T

Figure 2: Feasible domain under different values of ¢
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Under ¢ -relaxed formulation, the design space for different values of ¢ can be shown in
Fig.2. Observing these figures, it is clear that under ¢-relaxed formulation, the shape of the
feasible domain is rather regular for a large £; with the decreasing of the value of £, the
feasible domain of the relaxed problem approaches more and more that of the original
problem, but becomes irregular. Since the shape of the feasible domain is rather regular for a
large ¢ , the attractive region of the global optima of the relaxed problem may also be
relatively large; therefore the probability with which numerical search algorithms converge to
the global optima from an arbitrary choice of the initial design is high. Moreover, based on
the convergence analysis of ¢-relaxed approach in [8] it has been concluded that the global
optimal design of the relaxed problem is a continuous function of ¢, so the optimal designs
from two successive optimization steps may be very close if the degradation of ¢ is not too
large. Thus the optimal solution obtained from previous optimization step is a good initial
design for the next optimization step. In other words, by means of this continuation approach,
we can choose a proper direction to converge to the global optimal solution of the original
problem. Numerical examples show that in most of the cases, the global singular optima can
be obtained by means of this approach without much extra computation effort.

CONVERGENCE ANALYSIS

In this section, proof of convergence for our g-continuation approach will be given. It is
established under the following assumptions.

Assumption 1 . The original optimization problem P, has a bounded optimal solution

I/I/Oopl < 400 .
Assumption 2. In every optimization step, we can get the global optimal solution W of the

relaxed problem P,.

Denoting the feasible set of the design variable associated with problem P, and problem P, as
U, and U, respectively, we have the following lemmas.

Lemma l. U, cU, for g <g, & 20,620.
The proof of this lemma is obvious.
Lemma 2. If g <¢g, & 20,5 20,then W' > W

Proof: Denoting the optimal design corresponding to problem P, as A”, then from lemma

1, we have A7 cU, U, if g <§g. Then
W =W(A”) = inf W(A)<SW(AZ')=W"". In particular, we have
! ! Ael/,, & *

VVEI:,;/ < VVOOI” = W(Ag’") for all £ 20.

From the above lemmas, we have the following theorem.
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Theorem 1: For a positive sequence {¢},¢, >¢, >0 and ’1(1_2:1) & =0; then under
assumptions 1-2, we have limW”" = W;”".
k-0

Proof: By lemma 2 and assumption 1, it is clear that {#”}is an above bounded
monotontically increasing sequence. Therefore, from the theory of mathematical analysis, the
sequence {J¥;”'} must have limit Il‘im wr = W < W2 . For the completeness of the proof, it is

only required to show that # < W is impossible. Assuming that W < W', then we can find

a real number 6>0 such that @=W> —W—-5>0. Since ’llim wr = W, there exists an

integer K, >0, forall g suchthat k > K, W™ —_W‘ <@;thenforall k> K,
W <W+0=W -W-5+W=W," -5 3)

On the other hand, based on the continuity result of W% (&) with respect to £ when =0
which was established in [8], we have for § > 0; there exists an integer X, >0, such that for

all k> K|, W:”’ -W| <. So it readily follows that for all k> K|, W;:‘” > W —&. This

&

contradicts  (4a) when kis sufficiently large. Thus the assumption of W < W' is invalid
and W = W' holds. The proof is completed.

NUMERICAL EXAMPLES

In this section, several numerical examples will be presented to illustrate the effectiveness of
our ¢-continuation approach. A program which implements the Constraint Variable Metric
optimization technique was used as optimizer and another structural analysis program has also
been developed for the function calculations. All the design variables and constraints are
scaled. Sensitivity analysis is carried out by means of backward finite difference approach.
The difference step was 7=0.005 for all examples.

Generally speaking, the starting value of € may be chosen heuristically as long as €, is larger
than a critical value €_. It is clear that this value is problem-dependent. Setting €,=10.0 was
found to be adequate for all examples shown below. The value of Ae also depends on the
characteristics of the particular problem; setting ¢, ,,=¢,-0.5 often works well. The termination
value €, can be taken as 0.01-0.00001. If g is too small, machine error will predominate;
thus the effect of relaxation can not be manifested. The symbol SF,IF,RF in the following text
denotes the stress formulation (1), internal force formulation which impose constraints on bar
internal force, i.e., set £=0 in (2c) and (2d), and & -relaxed formulation (2), respectively.
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3-bar truss example

A three-bar truss subjected to three load cases (see Fig.3)is optimized. It is a classical
example from [1]. E=1.0,h=1.0,p=1.0. The allowable  stresses are
o, =150,i =13; o,, =+20.0. The three loading cases are (a) P=40,c=45°; (b) P=30, c=90°
; (c) P=20,c=135°, respectively. '

P

Figure 3: Sved and Gions' 3-bar truss example

As was shown!), its global optimal design is a 2-bar truss, i.e.,
A, =800, 4, =150, 4, = 0.00. This is a singular optima because for this design

limo,, = 20.00> 500, limo,, =2136>5.00
The optimization results obtained under different problem formulations are listed in Table 1..

TABLE 1
OPTIMIZATION RESULTS UNDER DIFFERENT FORMULATIONS

Final results of different formulations from different initial designs
Initial Design Relaxed Formulation Stress
Al A2 A3 Al A2 A3 W Formulation
8.0 2.4 3.2 7.024 | 2135 | 2.767 | 15.97 W=15.97
0.0 12.0 18.0 0.000 | 2.828 | 8.000 | 14.14 W=15.97
0.7 4.0 10.0 0.000 | 2.828 | 8.000 | 14.14 W=15.97
1.0 1.0 1.0 7.024 2.135 | 2.767 15.97 W=15.97
10.0 10.0 10.0 7.024 | 2.135 | 2.767 | 15.97 W=15.97
1.0 1.0 0.1 8.00 1.50 0.00 12.81 W=15.97
10.0 10.0 0.1 8.00 1.50 0.00 12.81 w=15.97
GL.Opt 8.00 1.50 0.00 12.81 W=15.97

From Table 1, it can be seen that under conventional stress formulation, the singular
global optimal solution cannot be obtained no matter how you choose the initial design. The
numerical search algorithms always terminate at a local optima. But if the initial design is
properly chosen, it is possible for ¢ -relaxed approach to arrive at the global optimal solution.
It is worth noting , however, that if we start the optimization process from an arbitrary chosen
initial design, ¢ -relaxed approach cannot always locate the global optima. For this example,
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the global optima cannot be achieved unless the initial value of 4, is less than 0.1. This
unpleasant behavior can be attributed to the fact that when the value of the relaxation
parameter ¢ is very small, the shape of the feasible domain may be rather irregular in the
vicinity of the singular optima; thus the attractive region of the singular optima may be very
small, so the global optima can be found only when the initial design is very close to it.

TABLE 2
OPTIMIZATION HISTORY AND CORRESPONDING ELEMENT STRESS

Continuation History (3*10.0) Element Stress

&£ Al A2 A3 w 1 2 3

5.0 6.8409 | 0.8214 | 0.2406 | 10.684 5.735 1.680 -4.056

0.891 26.087 | 25.197

-2.028 | 23.756 | 25.783

40 [ 70232 | 09554 | 02075 | 11.094 | 5570 | 1.309 [ -4.261

0.694 | 24.187 | 23.493

-2.130 | 22,150 | 24.280

20 | 7.4931 [ 12270 [ 0.1149 | 11.937 | 5267 | 0.616 | -4.651

0.327 21.630 | 21.303

-2.326 | 20.085 | 22.410

10 | 77425 | 1.3635 | 0.0595 | 12371 | 5.129 | 0298 | -4.831

0.158 20.733 | 20.575

-2.416 | 19.399 | 21.814

0.5 | 7.8703 | 14318 | 0.0317 [ 12592 | 5.062 | 0.154 | -4.909

0.082 20319 | 20.237

-2454 | 19.080 | 21.534

0.1 | 79739 | 1.4864 | 0.0061 | 12.768 | 5.013 | 0.029 | -4.983

0.015 20.067 | 20.052

-2.492 | 18905 | 21.397

0.01 | 7.9974 | 1.4986 | 0.0006 | 12.808 | 5.001 | 0.003 [ -4.998

0.002 20.007 | 20.005

-2.499 | 18860 | 21.360

0.001 | 8.0000 | 1.4999 | 0.0000 | 12.812 | 5000 | 0.000 | -5.000

0.000 | 20.001 | 20.000

-2.500 | 18.857 | 21.357

GLOpt | 8.0000 | 1.5000 | 0.0000 | 12.812

To illustrate the effectiveness of our g-continuation approach, optimizations are performed
by means of the propose method under different choice of the initial design. Since in practice,
we have no idea about which bar will remain in the final optimal topology, it is natural to
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start the optimization process from a uniform initial design. Taking the initial design as 3*1.0,
3*5.0, 3*10.0, 3*20.0, in all cases, ¢-continuation approach gives the same optimal result.
Table 2 gives the optimization results from initial design 3*1.0 with g =50. With
reference to Table 2, it may be seen clearly that the proposed approach could achieve result
very close to the global optima of the original problem when ¢ is sufficiently small. It can also
be observed that with the decreasing of &, all of the constraints can be satisfied to a high
accuracy. In this example, the termination value of € is taken as 0.001; further iterations did
not improve the result. Fig.4 shows the continuation history of the structural weight.

w

13 r

1.5 TR T T U P T TUSUT SR SUTI TR
8 8.5 1 1.5 225 3 35 4 453 €

Figure 4: Continuation history of structural weight of 3-bar truss

S-bar truss example
Fig.5 shows the ground structure. Geometrical and material data are £ =10,A=10,p=10,

allowable stresses are o, = +50,i = 1,3,4,5; 0,, = £20.0. Two loading cases are considered;
they are (a) P,=0.0, P, =0.0, P, =-5.0, P, =50.0; (b) P,=-5.0, P, =50.0, P, =0.0 P,=0.0; the
optimization results of this example are given in TABLE 3. The global optimal solution of
this problem is a still a singular one because for the optimal design we have

llimos,| = 15.00> 500, [limo,,|=7.25>5.00

Y A

- ——
h

Figure 5: 5-bar truss example
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Inspection of Table 3 reveals that the conventional formulation generates only non-optimal
design no matter from what initial design the iteration starts. For e-continuation approach,
global optimum was obtained. Table 3 gives the optimization results with 5*10.0 and
& =10.0 . Global optimal design is obtained after 7 continuation steps.

TABLE 3
OPTIMIZATION RESULTS FOR 5-BAR TRUSS

Continuation History(5*10.0)
Al A2 A3 A4 AS w

10.0 0.776 1.55 6.23 0.97 11.06 26.933
8.0 1.12 1.67 6.68 0.84 11.51 28.551
6.0 1.11 1.87 7.50 0.64 12.14 30.173
4.0 1.07 2.08 8.33 0.43 12.79 32.657
1.0 1.01 2.40 9.59 0.10 13.80 33416
0.01 1.00 2.49 9.96 0.01 14.14 33.486
0.001 1.00 2.50 10.00 0.00 14.14 33.496
GL.Opt 1.00 2.50 10.00 0.00 14.14 33.500
SF 7.219 4.735 4.531 8.795 7.828 39.990

Hoback's 4-bar truss example

The 4-bar truss shown in Fig.6 was optimized. This example was discussed by Hoback for
demonstrating the effectiveness of his percent method for the solution of singular problems.
The structure is subjected to two load conditions, that is, P=10, P,=0 for load case 1, P,=0,
P,=10 for load case 2. The allowable stresses for all members are 20 and 5 in tension and
compression respectively.

Figure 6: Hoback's 4-bar truss example

Its global optimal solution is 4, = 0.000, 4, = 0.4286, 4, = 0.4773 and 4, =0.3476. Thisis a
singular and static indeterminate design because for this design the limiting stress of bar 1
violates the constraint imposed on it. The results of e-continuation approach are shown in
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Table 4. Singular optima was obtained after 7 continuation steps from the uniform initial
design 4*10.0 (see Table 4). Optimization from other uniform initial design gives the same
results. Under conventional formulations, numerical algorithms iterate only to the local
optimum. Compared with the percent method!, e-continuation approach can obtain the global
optimal solution from arbitrary choice of the initial design without introducing extra design
variables. And our result is lighter in weight than the one given by the percent method.
TABLE 4
CONTINUATION HISTORY, FINAL DESIGNS FROM HOBACK, SF ANDIF FOR 4-BAR TRUSS

Al A2 A3 Ad w

2.0 0.0529 0.1451 0.1521 0.1592 79.39
1.5 0.0481 0.2083 0.2586 0.2021 105.79
1.0 0.0372 0.2757 0.3361 0.2483 132.66
0.5 0.0210 0.3480 0.4109 0.2969 159.42
0.1 0.0046 0.4115 0.4653 0.3373 180.48
0.01 0.0000 0.4274 0.4757 0.3471 185.15
0.001 0.0000 0.4286 0.4773 0.3476 185.62
Hoback 0.0000 0.5600 0.3980 0.3620 191.00
SF 1.0157 1.0115 0.4939 0.4886 410.69
IF 0.0000 1.2500 0.0000 2.1479 500.08

10-bar truss example

This example is a modified version of the well-known 10-bar truss problem(see Fig. 7). The
truss is subjected to two load cases, that is, P,=100, P,=0 for load case 1, P =0, P,=200 for
load case 2. E =1.0E + 04,/ = 360.0, p = 1.0. The allowable stress for all members is 20 and

5 in tension and compression respectively.

Ry

g
L

Figure 7: 10-bar truss example

To show the superiority of our e-continuation approach to other methods; the example was
optimized under different formulations. The results are listed in Table 5. From the uniform
initial design 10*10.0, e-continuation approach gives the global optimal solution denoted by
GO whereas algorithms under stress formulations can only arrive at the solution which is non
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optimal. In Table 6 we list the bar stresses under the two load cases for the two designs
obtained by the e-continuation approach and the stress formulation. It shows that the solution
from stress formulation is not the optimum one because for this set of cross sectional area, the
stress constraint imposed on bar 9 is active though this bar does not exist in the final
structure.

TABLE 5
OPTIMIZATION RESULTS FOR 10-BAR TRUSS

Continuation History (initial design 10*¥10.0)

10.0 6.0 1.0 0.1 0.01 SF IF¥ GO

Al 10.09 | 10.07 9.99 10.00 | 10.00 | 10.00 | 11.43 | 10.00

A2 8.91 9.33 9.90 9.99 10.00 | 10.59 8.65 10.00

A3 75.66 | 77.33 | 79.64 | 79.96 | 80.00 | 81.24 | 7428 | 80.00

A4 1.04 0.67 0.08 0.01 0.00 0.02 6.06 0.00

A5 0.00 0.00 0.00 0.00 0.00 0.00 0.11 0.00

A6 3.74 423 4.90 4.99 5.00 11.30 5.40 5.00

A7 12.81 1332 | 14.03 | 14.13 | 1414 | 2254 | 1247 | 14.14

A8 2.29 1.44 0.09 0.02 0.00 0.04 9.18 0.00

A9 1.17 0.71 0.12 0.01 0.00 0.00 2.14 0.00

Al0 5125 | 5329 | 56.14 | 56.52 | 56.56 | 96.62 | 48.94 | 56.56

A\ 7017 7160 7346 7376 7380 {10142 7517 7380

TABLE 6
BAR STRESS FOR FINAL DESIGNS UNDER DIFFERENT FORMULATIONS

Bar Stress

Bar 1 2 3 4 5 6 7 8 9 10
C-e| Load1 |10.00|10.00|-3.75]-9.59 | 1.73 |20.00]20.00 |-16.01} 13.57| -2.50
Load 2 |20.00}20.00{-5.00|-8.00| 0.62 | 0.00 {20.00|-12.19|11.31 | -5.00
SF | Load1 |10.00| 9.44 | -3.69 | 0.00 | 18.78 | 8.85 [ 12.55] 0.00 |20.00| -1.46
Load2 |20.00|18.88|-4.92| 0.00 {10.02] 0.00 | 12.55| 0.00 |17.38] -2.93

RANDOM TEST OF THE & -CONTINUATION APPROACH

The present €-continuation approach is a heuristic algorithm. It cannot guarantee the
convergence to global optimal solution from any initial design. But as we know, a good
heuristic algorithm should locate the global optimal solution with high probability. To study
the practical performance of our e-continuation approach for finding the singular global
optimal solutions, in this section, a set of random tests are performed by applying the &-
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continuation approach together with Constraint Variable Metric optimization technique with
different randomly generated initial designs and checking whether the global optimal solution
of the problem is attainable.

3-bar truss example
Let us consider the above mentioned 3-bar truss example. Using the random number

generator, the sample space SNU(non-uniform initial design) and SU(uniform initial design)
of the test are generated respectively. Table 7 lists the optimization results obtained from
different sets of non-uniform initial designs and optimization algorithms. With 20 randomly
chosen initial uniform designs,algorithms all converge to the global optima.

Here symbol S denotes the fact that the singular global optima can be obtained starting from
the corresponding set of initial design, whereas symbol F denotes that only local optima is
achieved with this set of initial design.

TABLE 7
TESTS FOR 3-BAR TRUSS WITH NON-UNIFORM INITIAL DESIGN

AL A? A] C-¢| ¢

1 8.91 6.85 1.09 S S

2 4.30 3.59 9.46 S F

3 5.35 9.65 10.06 S F

4 9.00 7.76 232 S S

5 5.29 235 8.62 S F

6 4.36 9.22 10.56 S F

7 8.92 8.53 3.71 S F

8 6.20 1.08 7.64 S F

9 3.30 8.62 10.88 S F

10 8.69 9.15 5.04 S F
11 7.01 2.19 6.51 S F
12 2.20 7.86 11.00 F F
13 8.30 9.60 6.29 S F
14 7.69 3.44 5.28 S F
15 1.07 6.97 10.92 F F
16 7.77 9.89 7.44 S F
17 8.24 4.64 3.96 S F
18 2.06 5.96 10.64 S F
19 7.10 9.99 8.45 S F
20 8.65 5.76 2.58 S S
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Hoback’s 4-bar truss example

In this example, 20 non-uniform and 20 uniform random generated initial designs are used to
perform the test. The optimization results corresponding to each of the non-uniform initial
design are listed in Table 8. Again, with 20 randomly chosen initial designs, algorithms all

converge to the global optima.

TABLE §
RESULTS OF 4-BAR TRUSS WITH NON-UNIFORM INITIAL DESIGN

A 4 45 4 | c-¢| ¢
1 12.00 11.04 6.25 3.22 F F
2 6.90 1.10 8.17 13.83 S F
3 5.62 11.15 14.00 | 12.64 S F
4 11.90 11.87 7.88 1.25 F F
5 8.15 2.59 6.57 12.91 S F
6 4.17 10.15 13.89 | 13.63 S F
7 11.58 12.48 9.37 2.73 F F
8 9.26 425 4.85 11.76 F F
9 2.65 8.96 13.53 | 14.35 S S
10 | 11.04 | 1286 | 10.69 | 4.67 F | F
11 | 10.20 5.85 3.06 10.38 S F
12 110 | 762 [ 1201|1481 s |8
13 | 10.31 13.00 11.81 6.54 F F
14 | 10.96 7.35 1.23 8.82 S F
15 2.46 6.14 12.06 | 15.00 S S
16 | 9.39 12.90 12.72 8.30 S F
17 | 11.52 8.72 2.60 7.10 S F
18 3.98 4.56 10.99 | 14.90 S F
19 8.30 12.57 13.40 9.91 S F
20 | 11.87 9.94 441 5.27 S F

S-bar truss example
For this example, the results of the performed optimizations with 20 non-uniform initia}
designs are given in Table 9. With 20 randomly chosen initial designs except the one

A}, A3, A] =164, all of them converge to the global optima.
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TABLE.9
RESULTS OF 5-BAR TRUSS WITH NON-UNIFORM INITIAL DESIGN

A° AL AL A} AL C-¢ £

1 891 | 6.85 1.09 8.30 12.90 F F
2 | 430] 359 | 946 | 11.87 | 8.72 F F
3 [535] 965 | 1006 | 544 | 4.56 S F
4 9.00 | 7.76 2.32 7.07 12.57 S F
5 1529 235 | 863 | 1200 | 9.94 F F
6 | 436 921 | 1056 | 6.82 | 2.90 F F
7 1892 853 | 371 | 571 | 12.00 S F
8 |620| 1.08 | 7.64 | 11.91 | 10.98 F F
9 |330| 862 | 10.88 | 8.08 | 1.21 F F
10 | 8.69 | 9.15 5.04 426 11.21 S F
11 | 701 ] 219 | 651 | 11.60 | 11.82 F F
2 | 220 786 | 11.00 | 920 | 2.48 F F

13 | 830 | 960 | 629 | 2.74 | 10.22 S S
14 [ 769] 344 | 528 | 11.08 | 12.45 F F
15 | 1.07 | 697 | 1092 | 10.15 | 4.15 S F
16 | 777 | 989 | 744 | 1.19 | 9.04 S S
17 | 824 | 4.64 | 396 | 1036 | 12.84 F F
18 | 206 | 596 | 10.64 | 1092 | 5.75 S F
19 | 7.10 | 1000 | 845 | 236 | 7.71 S S
20 | 865 | 576 | 259 | 945 | 13.00 S F

With reference to the above results, the following observations are drawn:

g-continuation approach has the high probability to locate the singular global optima starting
from rather arbitrary uniform initial design. It is worth noting that starting the optimization
process from uniform initial design is natural if we have no idea about the optimal topology in
advance. Because of this feature, the method provides an ideal tool for singular topology
optimization problems where the singular global optimum are usually very difficult to achieve

by other methods.

For some non-uniform initial design, e-continuation approach can lead to the singular optima,
though the convergence to singular global optima cannot be guaranteed. However, it is well
known that global optimum remains open for non-convex mathematical programming.
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CONCLUSIONS

For making the most efficient use of resources, in engineering practice, the determination of
global optima is always highly desirable. By this motivation, a e-continuation approach which
is a variant version of e-relaxed approach is proposed in this paper. It is based on the solution
of a sequence of problems constructed by relaxing the constraints to some extent through the
introduction of a relaxation parameter €. In the limit as € tends to zero, the solution of the
singular problem is approached. This approach works well for finding the global optimal
solution of singular problems. By means of this approach, global optimal solution can be
obtained from rather arbitrary choice of the initial design; thus the initial design-dependency
problem of the g-relaxed approach is alleviated. Though this approach cannot guarantee a
global optimum from any initial design, numerical examples show that it does have the ability
to avoid entrapment by local optima and locate the global optima with high probability.
Although only truss topology optimization problems under stress constraints are discussed in
this paper, the method presented can be applied equally to other discrete topology
optimization problems with various behavior constraints.
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ABSTRACT

High performance (HP) elements are simple finite elements constructed to deliver engineering
accuracy with arbitrary coarse meshes. This paper overviews original developments based on
parametrized variational principles, which provide a common foundation for various approaches
to HP element construction. This work led to the template approach. Templates are parametrized
algebraic forms of finite element stiffness equations. The application of templates to the construction
of an optimal 3-node plate bending element is outlined. The template approach holds future promise
in the unification of finite element methods and connection to arbitrary grid finite differences.
Essential to this unification work is the availability of powerful computer algebra systems.
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INTRODUCTION

The Finite Element Method (FEM) was first described in its presently dominant form by Turner
et al. (1956). It was baptized by Clough (1960) at the beginning of an explosive growth period.
The first applications book, by Zienkiewicz and Cheung (1967), appeared seven years later. The
first monograph on the mathematical foundations was written by Strang and Fix (1973). The
opening sentence of this book already declared the FEM an “astonishing success.” And indeed the
method had by then revolutionized computational structural mechanics and was in its way to impact
non-structural applications.

The FEM was indeed the right idea at the right time. The key reinforcing factor was the expanding
availability of digital computers. Lack of this enabling tool meant that earlier related proposals,
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notably that of Courant (1943), had been forgotten. A second benefit was the heritage of classical
structural mechanics and its reformulation in matrix form, which culminated in the elegant uni-
fication of Argyris and Kelsey (1960). A third influence was the victory of the Direct Stiffness
Method (DSM) developed by Turner (1959, 1964) over the venerable Force Method, a struggle
recently chronicled by Felippa (1995). Victory was sealed by the adoption of the DSM in the
earlier general-purpose FEM codes, notably NASTRAN, MARC and SAP. In the meantime the
mathematical foundations were rapidly developed in the 1970s.

“Astonishing success”, however, carries its own dangers. By the early 1980s the FEM began to be
regarded as “mature technology” by US funding agencies. By now that feeling has hardened to the
point that it is virtually impossible to get significant research support for fundamental work in FEM.
This viewpoint has been reinforced by major software developers, which proclaim their products
as solutions to all user needs.

Is this perception correct? It certainly applies to the core FEM, or orthodox FEM. This is the
material taught in textbooks and which is implemented in major software products. Core FEM
follows what may be called the Ritz-Galerkin and Direct Stiffness Method canon. Beyond the core
there is an evolving FEM. This is strongly rooted on the core but goes beyond textbooks. Finally
there is a frontier FEM, which makes only partial or spotty use of core knowledge.

By definition core FEM is mature. As time goes, it captures segments of the evolving FEM.
For example, most of the topic of FEM mesh adaptivity can be classified as evolving, but will
eventually become part of the core. Frontier FEM, on the other hand, can evolve unpredictably.
Some components prosper, mature and eventually join the core, some survive but never become
orthodox, while others wither and die.

Four brilliant contributions of Bruce Irons, all of which were certainly frontier material when first
published, can be cited as examples of the three outcomes. Isoparametric elements and frontal
solvers rapidly became integral part of the core technology. The patch test has not become part
of the core, but survives as a useful if controversial tool for consistent element development and
testing. The semi-loof shell elements quietly disappeared.

The words “basic FEM technologies” in the title of this article refers to construction of element-
level models of physical problems. Frontier topics therein include interface, multiscale, and high
performance elements. The material that follows deals with the last topic.

HIGH PERFORMANCE ELEMENTS

An important objective of frontier FEM is the construction of high performance (HP) finite elements.
These have been defined by Felippa and Militello (1989) as “simple elements that deliver engineering
accuracy with arbitrary coarse meshes.” This definition requires further clarification.

Simple means the simplest geometry and freedom configuration that fits the problem and target
accuracy consistent with human and computer resources. This can be summed up in one FEM
modeling rule: use the simplest element that will do the job.

Engineering accuracy is that generally expected in most FEM applications in Aerospace, Civil and
Mechanical Engineering. Typically this is 1% in displacements and 10% in strains, stresses and
derived quantities. Some applications, notably in Aerospace, require higher precision in quantities
such as natural frequencies, shape tolerances, or in long-time simulations.
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Coarse mesh is one that suffices to capture the important physics in terms of geometry, material and
load properties. It does not imply few elements. For example, a coarse mesh for a fighter aircraft
undergoing maneuvers may require several million elements. For simple benchmark problems such
as a uniformly loaded square plate, a mesh of 4 or 16 elements may be classified as coarse.

Finally, the term arbitrary mesh implies low sensitivity to skewness and distortion. This attribute
is becoming important as push-button mesh generators gain importance, because generated meshes
can be of low quality compared to those produced by an experienced analyst.

Tools for Construction of HP Elements

The origins of HP finite elements may be traced to several investigators in the late 1960s and early
1970s. Notable early contributions are those of Clough, Irons, Taylor, Wilson and their coworkers.
The construction techniques made use of incompatible shape functions, the patch test, reduced,
selective and directional integration. These can be collectively categorized as unorthodox, and in
fact were labeled as “variational crimes” at that time by Strang and Fix (1973).

A more conventional development, pioneered by Pian, Tong and coworkers, made use of mixed and
hybrid variational principles. They developed elements using stress or partial stress assumptions,
but the end product were standard displacement elements. This approach was further refined in the
1980s. A good expository summary is provided in the book by Zienkiewicz and Taylor (1992).

New innovative approaches came into existence in the 1980s. The most notable have been the Free
Formulation of Bergan and Nygard (1984), and the Assumed Strain method pioneered by MacNeal
(1978). The latter was further developed along different paths by Bathe and Dvorkin (1985), Park
and Stanley (1986), and Simo and Hughes (1986).

Unification by Parameterized Variational Principles

The approach taken by the author started from collaborative work with Bergan in Free Formulation
(FF) high performance elements. The results of this collaboration were a membrane triangle with
drilling freedoms described in Bergan and Felippa (1985) and a plate bending triangle described by
Felippa and Bergan (1987). It continued with exploratory work using the Assumed Natural Strain
(ANS) method of Park and Stanley (1986). Eventually FF and ANS coalesced in a variant of ANS
called Assumed Natural Deviatoric Strain, or ANDES. Elements based on ANDES are described
by Militello and Felippa (1991) and Felippa and Militello (1992).

This unification work led naturally to a formulation of elasticity functionals containing free parame-
ters. These were called parametrized variational principles, or PVPs in short. Setting the parameters
to specific numerical values produced the classical functionals of elasticity such as Total Potential
Energy, Hellinger-Reissner and Hu-Washizu. For linear elasticity, 3 free parameters in a 3-field
functional with independently varied displacements, strains and stresses are sufficient to embed all
classical functionals. Two recent survey articles with references to the original papers have been
written by Felippa (1994,1996).

One result from the PVP formulation is that, upon FEM discretization, free parameters appear at
the element level. One thus naturally obtains families of elements. Setting the free parameters
to numerical values produces specific elements. Although the PVP Euler-Lagrange differential
equations are the same, the discrete solution produced by different elements are different. Thus an
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obvious question arises: which free parameters produce the best elements? It turns out that there is
no clear answer to the question because the best set of parameters depends on the element geometry.

The PVP formulation led to an unexpected discovery. The configurations of elements constructed
according to PVPs and the usual assumptions on displacements, stresses and strains were observed
to obey certain algebraic rules. Such configurations could be parametrized directly without going
through the source PVP. This observation led to a general formulation of finite elements as templates.

FINITE ELEMENT TEMPLATES

A finite element template, or simply template, is an algebraic form that represents element-level
stiffness equations, and which fulfills three conditions:

(C) Consistency: the Individual Element Test (IET) form of the patch test, introduced by Bergan
and Hansen (1975), is passed for any element geometry.

(S) Stability: the element stiffness matrix satisfies correct rank and nonnegativity conditions.
(P) Parametrization: the element stiffness equations contain free parameters.

(I) Invariance: the element equations are observer invariant. In particular, they are independent of
node numbering and choice of reference systems.

Setting the free parameters to numeric values yields specific element instances.
Constructing Optimal Elements

By making a template sufficiently general, all published finite elements for a specific configuration
can be generated. This includes those derivable by orthodox assumptions and those that are not.
Furthermore, an infinite number of new elements result. The same question posed above arises:
Can one select the free parameters to produce an optimal element?

The answer to this question is not yet known for general elements. An unresolved difficulty is
the definition of unique optimality conditions at the element level. But even invoking reason-
able criteria, a major technical difficulty arises: the actual construction of optimal elements poses
formidable problems in symbolic matrix manipulation, because one has to carry along arbitrary
geometries, materials and free parameters. Until recently those manipulations were beyond the
scope of computer algebra systems (CAS) for all but the simplest elements. As personal computers
and workstations gain in CPU speed and storage, it is gradually becoming possible to construct
optimal two-dimensional elements for plane stress and plate bending. Most three-dimensional and
curved-shell elements, however, still lie beyond the power of present systems.

The mathematical theory behind templates is elaborate and will not be pursued in this article. Only
a few basic results needed for the plate bending example presented in Section 4 are given in the
next subsection. For further historical and technical details the reader is referred to a recent article
by Felippa, Haugen and Militello (1995).

The Fundamental Decomposition

The stiffness matrix derived through a template approach has the fundamental decomposition

K = Ky(o;) + Ki(8)) M
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Here K, and K, are the basic and higher-order stiffness matrices, respectively. The basic stiffness
matrix K, is constructed for consistency and mixability, whereas the higher order stiffness K, is
constructed for stability (meaning rank sufficiency and nonnegativity) and accuracy. The higher
order stiffness K, must be orthogonal to all rigid-body and constant-strain (curvature) modes.

In general both matrices contain free parameters. The number of parameters ¢; in the basic stiffness
is typically small for simple elements. For example, in the 3-node KPT elements considered below
there is only one basic parameter, called . Its value must be the same for all elements in a mesh to
ensure satisfaction of the IET.

On the other hand, the number of higher order parameters 8; can be in principle infinite if cer-
tain components of K, can be represented as polynomial series of element geometrical invariants.
In practice, however, such series are truncated, leading to a finite number of §; parameters. Al-
though the B; may vary from element to element without impairing convergence, usually the same
parameters are retained for all elements.

A 3-NODE KPT ELEMENT TEMPLATE

The application of the template approach is rendered specific using a particular configuration: a
3-corner-node flat triangular element to model bending of Kirchhoff (thin) plates. The element has
the conventional 3 degrees of freedom: one transverse displacement and 2 rotations at each corner.
For brevity this will be referred to as a Kirchhoff Plate Triangle, or KPT, in the sequel.

Stiffness Decomposition

For the KPT under study the configuration of the stiffness matrices in (1) can be shown in more
detail. Assuming that the 3 x 3 moment-curvature plate constitutive matrix D is constant over the
triangle, we have

1 A
K, = ZLDLT, K, = 3 [B}4DxBys + B sDyBys +BjcDByg]. @

Here A is the triangle area, L is the 9 x 3 force lumping matrix that transforms a constant internal
moment field to node forces, By, are 3 x 9 matrices relating natural curvatures at triangle midpoints
m = 4,5, 6 to node displacements, and Dy is the plate constitutive matrix transformed to relate
natural curvatures to natural moments. Parameter « appears in L whereas parameters f8; appear in
B, . Expressions of these matrices are given in the Appendix.

The KPT-1-36 Template

A useful KPT template is bascd on a 36-parameter representation of Kj in which the series noted
above retains up to the linear terms in three triangle geometric invariants A1, A, and A3, defined in
the Appendix. The template is said to be of order one in the As. It has a total of 37 free parameters:
one « and 36 Bs. Collectively the template is identified as KPT-1-36. Instances are displayed using
the following tabular arrangement:

element-acronym o B P B Bw Bso Bso B Bso Boo
Bu B B Bu Bsi B Bn Ba Pw 3)
Bz B B Po Bs2 Bz B B Be
Bz B B B Bss Bss Br Bss Pos
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Table 1. Template Signatures of Some Existing KPT Elements

Acronym o By By Bs; By Bsj Bsj Bii Bsi  Boj
ALR 0 0 0 0 0O 0 0 o0 3 0
-3 0 0 0 0 0 o0 0o o0
0 0 0 6o o0 0o 0 o0 0
0 0 0 0O o0 0 o0 -3 o0
AQRI1 1 -1 0 0 0 0 1 0 2 0
-1 0 0 0O 0 0 0 0o o0
0 0 0 o 0 -2 0 0 o
0 0 0 o 0 0 o0 -1 o0
AQRO Same as AQR1 excepta =0
AQRBE  Same as AQRI1 excepta =1/ V2
AQRV 1 0 -1 0 -1 0 0 0 3 1
-3 0 0 1 0 o0 1 0 0
0 0 -1 0o o0 0 o 0 -1
0 1 0 0 1 0 0 -3 0
AVG 0 -3/2 0 0 0O 0 0 0 372 0
BCIz0o 0 -3/2 1/2 1/2 0 0 0 -1/23/2 —1/2
BCIZ1 1 -3/2-1/2 1/2 -1 0 O —-1/23/2 1/2
0 0 0 1 0 o0 1 0 0
0 0 -1 0 0 0 O 0 -1
0 1 0 0 1 0 0 0 0
DKT 1 =32 172 0 -1 0 0 0 3/2-1)2
0 0 0 1 0 0 —-1/2 0 0
0 0 /2 0 0 0 O 0 172
0 -1/2 0 0 1 0 0 0 0
FFO 0 -3/2 1/6 1/6 —-1/31/3 0 —-1/6 3/2 —-1/6
FF1 Same as FFQ except o« =1
HCT 1 =772 0 -5/2 -1 0 0 -5/2 2 -=5/2
3/2 0 0 1 0 0 5/2 0 0
0 0 5 0 0 0 © 0 5
0 5/2 0O 0 1 0 0 3/2 0

Setting the 37 parameters to numeric values yields specific elements, identified by the acronym
displayed on the left. Some instances that are interesting on account of practical or historical
reasons are collected in Table 1. This represents a tiny subset of the number of published KPT
elements, which ranges in the hundreds, and is admittedly biased in favor of elements developed by
the author. Table 2 identifies the acronyms of Table 1, correlated with original publications.

A historically important subclass of (3) is that in which the bottom 3 rows vanish: 8y, = B2 =
... B3 = 0. This 10-parameter template is said to be of order zero because the invariants Ay, A2
and A3 do not appear in the higher order stiffness. It is identified as KPT-1-9. For brevity it is
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Table 2. Element Identifiers Used in Table 1

Name Description

ALR Assumed Linear Rotation element of Militello and Felippa (1991).
AQRI1 Assumed Quadratic Rotation element of Militello and Felippa (1991).
AQRO «-variant of AQR1 witha =0

AQRBE  -variant of AQR1 with @ = 1/+/2; of interest because it is BME.
AQRV Non-energy-orthogonal variant of AQR1.

AVG Average curvature element of Militello and Felippa (1991).

BCIZ0 Nonconforming element of Bazeley, Cheung, Irons and Zienkiewicz (1966)
“sanitized” with « = 0 as described by Felippa, Haugen and Militello (1995)
Historically the first polynomial-based, complete, nonconforming KPT
and the motivation for the original (multielement) patch test of Irons.

BCIZ1 Variant of the above, in which BCIZ is sanitized with o« = 1.

DKT Discrete Kirchhoff Triangle of Stricklin et al. (1969), streamlined by Batoz (1974)

FFO Free-formulation element of Felippa and Bergan (1987)

FF1 Variant of FFO with o = 1.

HCT Hsieh-Clough-Tocher element (1966) with corner-averaged curvature field. The
original (unaveraged) form was the first successful C! conforming KPT.

written simply as

element-acronym o« B0 P B Bw Bso Beo B Pso ﬁ9o| 4

omitting the zero entries.

Template Genetics: Signatures and Clones

An examination of Table 1 should convince the reader that template coefficients uniquely define an
element once and for all, although the use of acronyms has been prevalent in the FE literature. The
parameter set can be likened to an “element genetic fingerprint” or “element DNA” that makes it a
unique object. This set is called the element signature.

If signatures were randomly generated, the number of possible elements would be of course huge:
more precisely 0o’ for 37 parameters. But in practice elements are not fabricated at random.
Attractors emerge. Some element derivation methods, notably those based on displacement shape
functions, tend to “hit” certain signature patterns. The consequence is that the same element may
be discovered separately by different authors, often using dissimilar derivation techniques. Such
elements will be called clones. Cloning seems to be more prevalent among instances of the order-
zero KPT-1-9 template (2). Two examples discovered in the course of this study are reported.

The first successful nonconforming triangular plate bending element was the original BCIZ, pub-
lished by Bazeley et al. (1966). This element, however, does not pass the IET, and in fact fails
Irons’ original patch test for arbitrary mesh patterns. The cause of the disease resides in the basic
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stiffness. The element can be “sanitized” by removing the infected matrix as explained by Felippa,
Haugen and Militello (1995). This is replaced by a healthy K, with, for example, ¢ = O or @ = 1.
This transplant operation yields the elements called BCIZ0 and BCIZ1, respectively, in Table 1.
Note that BCIZO0 pertains to the KPT-1-9 template.

Hansen, Bergan and Syversten (1978) reported a nonconforming element which passed the IET
and (for the time) was of competitive performance. Construction of its template signature revealed
it to be a clone of BCIZ0. An energy orthogonal version of the HBS element was constructed by
Nygérd (1986) in his Ph.D. thesis. Its signature turned out to agree with that of the FFO element,
constructed by Felippa and Bergan (1987) with a different set of higher order shape functions. Thus
four apparently different elements coalesce into two.

Clones seem rarer in the realm of the full KPT-1-36 template because of its greater richness. The
DKT appears to be an exception. Although this popular element is usually constructed by assuming
rotation fields, it coalesced with one of the ANDES elements derived by Militello and Felippa
(1991). At that time the coalescence was first suspected from benchmarks, and later verified by
direct examination of numerical stiffness matrices. Using the template formulation such numerical
tests can be bypassed, as it is sufficient to compare signatures.

OPTIMAL ELEMENT DESIGN

Given a template with a large number of free parameters, such as (3), the first order of business is
to reduce their number by imposing optimality constraints. There is as yet no established general
theory for selecting such constraints at the element or mesh-unit level.

Several conditions that have produced satisfactory results are discussed below with reference to the
KPT template. The reader should be cautioned, however, that these may not represent the final
word inasmuch as templates are presently a frontier subject.

Observer Invariance Constraints

The easiest constraints to write down pertain to observer invariance. If the element geometry exhibits
symmetries, those must be reflected in the stiffness equations. For example, if a triangle becomes
equilateral or isoceles, certain equality conditions between entries of the curvature-displacement
matrices must hold. The resulting constraints are linear in the Bs. As these are quite easy to obtain,
they will not be discussed further.

Skew and Aspect Ratio Insensitivity Constraints

In the case of KPT-1-36, 29 linear constraints can be found by requiring that the element be both
skew and aspect ratio insensitive, or SARI for short. Mathematically this means that the ratio of
element energy to exact energy remain bounded for all possible mesh units of the form depicted
in Figure 1, for any possible combinations of length L, aspect ratio r and skewangle y. Lack of
boundedness leads to undesirable behavior known as skew and aspect ratio locking.

It is not difficult to show that no instance of the KPT-1-9 template can satify all of the SARI
constraints. Consequently any 3-node KPT element whose higher order stiffness does not depend
on the invariants A, A, and A3 defined in Appendix A cannot be insensitive to aspect ratio and
distortion. This property explains, once and for all, why certain elements, such as BCIZ0, are not
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Figure 1. General triangle geometry used for establishing SARI constraints,

competitive in general mesh configurations. Thus a template signature of the form (4) is grounds
for immediate KPT element rejection.

The technical derivation details of SARI conditions are quite elaborate and will not be given here.
Suffices to say that it relies completely on symbolic algebra programs because the manipulations
involved (even for this comparatively simple element) are way beyond human endurance. All SARI
constraints are linear and geometric in nature, that is, independent of constitutive properties.

Morphing Constraints

This is a class of asymptotic optimality constraints that is presently being studied to ascertain
whether enforcement would be generally beneficial to element performance.

Consider the 2-KPT-element rectangular mesh unit shown in the center of Figure 2. The aspect ratio
r is the ratio of the longest rectangle dimension L to the width b = L/r. The plate is fabricated
of a homogeneous isotropic material with zero Poisson’s ratio and thickness 7. Axis x is selected
along the longitudinal direction. We study the two morphing processes depicted in Figure 2. In
both cases the aspect ratio r is made to increase, but with two different objectives.

Plane Beam Limit. The width b = L/r is decreased while keeping L and ¢ fixed. The limit is the
thin, Bernoulli-Euler plane beam member of rectangular cross section t x b, b << ¢, shown on the
right of Figure 2. This member can carry exactly a linearly-varying bending moment M (x) and a
constant transverse shear V, although shear deformations are not considered.

Twib Limit. Again the width b = L/r is decreased by making r grow. The thickness ¢, however,
is still considered small with respect to 5. The limit is the twisted-ribbon member of narrow cross
section t x b, t << b, shown on the left of Figure 2. This member, called a “twib” for brevity, can
carry a longitudinal torque T (x). This torque may vary linearly in x.

Two conditions called morphing constraints are now posed as follows.

1. Does the mesh unit approach the exact behavior of a Hermitian (cubic) beam? If so, the plate
element is said to be beam-morphing-exact or BME.

2. Does the mesh unit approach the exact behavior of a twib under linearly varying torque? If so,
the plate element is said to be twib-morphing-exact or TME.

If the element satisfies both conditions, it is said to be beam-and-twib-morphing-exact, or BTME.
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Figure 2. Morphing a rectangular plate mesh unit to beam and twib.

The BME and TME conditions can be derived by symbolically expanding transformed mesh-unit
stiffness equations in Laurent series as r — co. Unlike the invariance and SARI conditions, the
morphing constraints are nonlinear (more precisely, quadratic) in the free parameters.

Energy Orthogonality and Energy Balance Constraints

These constraint types were extensively used in the construction of HP elements over the period
1984-1994., Energy orthogonality means that the average value of deviatoric strains over the element
is zero. This condition was a key part of the early developments of the Free Formulation by Bergan
(1980) and Bergan and Nygéard (1984). Recent work has shown that it should not be imposed a
priori but that it often emerges as a consequence of invariance and SARI constraints.

Energy balance conditions, introduced by Bergan and Felippa (1985), have been used in several HP
elements. These impose the exactness of higher order energy for specific mesh unit geometries, and
can be viewed as a form of higher order patch tests. Their replacement in favor of more physically
transparent conditions, such as the morphing constraints discussed above, is under study.

Optimal KPT Element Family

Application of the invariance, SARI and morphing constraints reduces the 37 parameters of KPT-
1-36 to one, which is taken to be «. Results obtained with members of this family on benchmark
problems were presented at the Workshop. They are omitted from this article because of length
restrictions.

CONCLUSIONS

The usual finite element construction process, which involves a priori selection of a variational
principle and shape functions, hinders the exploration of a wide range of admissible finite element
models. As such it is ineffectual for the design of finite elements with desirable physical behavior.
The template approach attempts to implement the hope expressed two decades ago by Bergan and
Hansen (1975) in the Introduction of their MAFELAP II paper:
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“An important observation is that each element is, in fact, only represented by the numbers in
its stiffness matrix during the analysis of the assembled system. The origin of these stiffness
coefficients is unimportant to this part of the solution process ... The present approachisin a sense
the opposite of that normally used in that the starting point is a generally formulated convergence
condition and from there the stiffness matrix is derived ... The patch test is particularly attractive
[as such a condition] for the present investigation in that it is a direct test on the element stiffness
matrix and requires no prior knowledge of interpolation functions, variational principles, etc.”

This statement sets out what may be called the direct algebraic approach to finite elements: the
element stiffness is derived directly from consistency conditions — provided by the Individual
Element Test — plus stability and accuracy considerations to determine algebraic redundancies if
any. It has in fact many points in common with energy-based finite differences.

This ambitious goal has proven elusive because the direct algebraic construction of the stiffness
matrix of most multidimensional elements becomes effectively a problem in constrained optimiza-
tion. In the symbolic form necessitated by template design, that problem is much harder to tackle
than the conventional element construction method based on shape functions. Only with the general
availability of powerful computer algebra systems, plus the theoretical foundations provided by the
parametrized variational principles, can the dream become a reality.
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APPENDIX A. FORMULATION OF KPT-1-36 TEMPLATE
This Appendix collects the formulas that define the 3-node KPT-1-36 element template.
Element Relations

The triangle geometry is defined by the corner coordinates in its (x, y) local system, which are
(xi, yi),i = 1,2, 3. Coordinate differences are abbreviated as x;; = x; —x; and y;; = y; — y;. The
signed triangle area A is given by 24 = x1y31 — X31Y21 = X32Y12 — X12Y32 = X13y23 — X233 and
requires that A > 0. The visible degrees of freedom of the element collected in u and the associated
node forces collected in f are

W =(uy 6 1 un B 6 usz 6 63l Q)

fT=[le M;i Myl sz Mz My2 fz3 M My3]- (6)

The Cartesian components of the plate curvatures are Ky, ky, and 2ixy = iy, + iy, Which are
gathered in a 3-vector k. In the Kirchhoff model, curvatures and displacements are linked by

3w 3w 8%w
Kxx = W, Kyy = 7 2ny = zaxay

M

where w = w(x, y) = u, is the plate transverse displacement. In the KPT elements considered here,
however, the compatibility equations (7) must be understood in a weak sense because the assumed
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curvature field is not usually integrable. The internal moment field is defined by the Cartesian
components My, Myy and myy, which are placed in a 3-vector m. Curvatures and moments are
linked by the constitutive relation

My Dy D Dy Kyx
m= Myy = D12 022 D23 Kyy = Dxk. (8)
Myy D3 Dy Dy 2y

where D results from integration through the thickness in the usual way. Three dimensionless side
direction coordinates 7y, 3, are my3 are defined as going from O to 1 by marching along sides 12,
23 and 31, respectively. The side coordinate 7r;; of a point not on a side is that of its projection
on side ij. The second derivatives of w = u, with respect to the dimensionless side directions
will be called the natural curvatures and are denoted by x;; = 8*w/dn;. These curvatures have
dimensions of displacement. They are related to the Cartesian plate curvatures by the matrix relation

32w 32
— w
a7y 3 ¥3 xy 9x2
X21 2 21 21 21)21 2
_ _ | ofw | | .2 2 Fw | gt 9
X=|x2|= 5322‘ =] X3 Y Xnyn o | = K, )
2 2
X13 Pw X3 Y3 X13Y13 2382“’
anh xdy
the inverse of which is
2 3w
% wz a7y
2x : y23Y13 Y31y Y12¥32 )2
K= %—;Uf =i X23X13 X31%21 X12X32 3_n3u2i =Tx.
52 y23x31 + X32Y13 Y3X12 + X13¥21 YieX23 + x21y3 32
2 w w
dxdy 3,,173
(10)

The transformation equations (9) and (10) are assumed to hold even if w(x, y) is only known in a
weak sense

The Basic Stiffness Template

Following Militello and Felippa (1991), the a-parametrized basic stiffness is defined as the linear
combination
K, = A"'LDLT, L=(1-aL +aL, (11

where L is a 9 x 3 force-lumping matrix that maps an internal constant moment field to node
forces. L; and L, are called the linear and quadratic versions, respectively, of L. Matrix L, was
introduced by Bergan and Nygérd (1984) and L, by Militello and Felippa (1991). Expressions for
both matrices may be found in the latter paper.

The Higher Order Stiffness Template

For an element of constant D, the higher order stiffness template is defined by

A
m:yﬂmm+%m&+%mm) (12)
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where D, = T”DT is the plate constitutive relation expressed in terms of natural curvatures and
moments, and B,,, are the natural curvature-displacement matrices evaluated at the midpoints
m =4, 5, 6 opposing corners 3,1,2, respectively.

These matrices are parametrized as follows. Define the geometric invariants

XX+ Yz s = X% + Y3 ¥u = Xa1%s + YuYi

A'[ - ) 2 = ) 3 (13)
x5+ 5 Xt + s

x5+ vi
which have a simple physical meaning as measures of triangle distortion (for an equilateral triangle,
A1 = Ay = A3 = 1/2). Inthe following expressions, the B-derived coefficients y; and o; are selected
so that the B, ,, matrices are exactly orthogonal to all rigid body modes and constant curvature states.
This is a requirement of the fundamental stiffness decomposition. Only the expression of B4 is
given below. Those of B, s and B, follow from appropriate cyclic permutations.

Bi = Biot Bk +B1A +Bishy. By = Byt Byt tBuii+Bihys B3 = Bigt Byhst Bk B3y,
Bs = BaotButrs+Bori +Biky Bs = BsotBsila Bk +Bs3hy B = Bo+Be1d3+Ber +Bsstas
By = BrtBnrs+Bpr +Biskys By = Bt Bairs+Bpari HBgsda, Bo = BogtBor s+ Bk +Bosk,
=5 +h8n n="F8 vs=B+t b5 va=Bs+Bs vs =B ve=Bs+ B

Ve =B+ Bor Vs =B Yo=Bs + By, 0y =—2y;, 0, =2y, =2y, 03 =2y,

0y = =2y, 05 =2y, 05 =2yy — 2y, 07 =2y, 08 = 2¥5 — 2y, 09 = =2y,

Os Viyn tVeYs YiXiztVeXs Oy Boyu t VeV BoXiz t VeXpn
03 VYntVys VXt vXsn 0p Biyn tVays BiXis +Vixp

05 Bayy + Bsyn  Bixiz+ ﬂsxzz:l

|:‘73 VaYsi T Vs¥s VaXiz+Vs¥n Oy Beya + VeV Be¥iz t Vekn
B, =
x4

05 Byys + Beyn ﬂ7xl3 + B3xs,

oy Biynt By Bixist+ Boxy, (14)
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ABSTRACT

The design optimization software JIFEX, with its former version MCADS, is developed with
the application-oriented concept. It is practically applicable to complex structures of general
purposed engineering. The versatile structural modeling and simulation methods of JIFEX for
the finite element analysis and design optimization are presented. The numerical approaches
of structural sensitivity analysis for the problems of static stress, eigenvalue of vibration and
buckling, dynamic frequency response, and transient dynamics and heat transfer are
introduced. The software integration of the analysis, optimization, pre- and post-processing
developed with advanced platform Windows 95/NT is implemented. The application
examples of structural optimization has demonstrated the effectiveness of the optimization
technology with application-oriented software.
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INTRODUCTION

With the development of modern computational technologies such as advanced computers
and software techniques, finite element methods, computer-aided design and engineering, and
etc., the technology of design optimization is becoming more and more significant in the
structural engineering. On the basis of theories and algorithms of the optimization, the
numerical methods and software implementation are particularly important to the practical
application of the structural optimization technology. In the practical applications of the real
life engineering, the numerical methods and software implementations of design optimization
have to be composed of the following components:

o  The numerical modeling and simulation of complex structures in the analysis and the
optimization.

O  The structural analysis with general purposed capabilities.

D The efficient sensitivity analysis, i.e. the sensitivity derivatives calculation for structural
behavior functions.

o The efficient and robust solution algorithms of optimization problems.

o The reliable and applicable software with large-scale numerical computing capability
and user friendly operations.

In the past three decades, there was much research on the numerical methods of structural
optimization and some programs developed. However, most of these kinds existed programs
are research oriented and insufficient in the capabilities such as the types of elements, loads,
and variables, functions of analysis, constraints as well as sensitivity calculations, and
computational scale. This has limited the applications of the structural design optimization
technology in practical engineering. The problem is that the linkage between the theoretical
research and the software development, and the requirement of software being application
oriented. Due to the complexity of practical engineering, the above-mentioned facilities are
necessary for structural optimization softwares.

This paper presents the development and applications of some numerical methods of
structural design optimization implemented in the software system JIFEX!"! and its former
version MCADS®. The development of JIFEX software is practical application oriented and
based on the advanced computer techniques. First of all, the JIFEX and MCADS were
developed on the basis of general purpose software for the finite element analysis of
complex structures. Its general purpose analysis for the static, dynamic, and buckling
problems is supported by the versatile modeling capability to complex structures with
various elements, loads, and boundary conditions. On the basis of these structural analysis
and modeling capabilities, the numerical methods of sensitivity analysis have been studied for
the constraints of static stress and deformation, eigenvalues of vibration frequencies and
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buckling loads, dynamic responses in the frequency domain and time domain, as well as the
transient heat transfer in structures. This way, the design optimization model of JIFEX is
implemented for various elements, loads, variables, constraints, and objectives.

The JIFEX system is developed on the platforms of Pentium PC and MS Windows 95/NT,
with the 32bit C/C++ programming tool. The pre-processing of the finite element modeling is
developed on the CAD package AutoCAD, and implemented the interactive geometric
modeling and automatically generation of finite element model data. The computing
visualization under the Windows 95/NT environment is available. The advanced technologies
of computer software and numerical computing make JIFEX to be new generation software of
structural analysis and design optimization.

STRUCTURAL MODELING OF ANALYSIS AND OPTIMIZATION

Firstly, JIFEX software is capable of simulating complex structures by means of various kinds
of elements, loads, and boundary conditions. Particularly, it simulates boundary support and
component connection conditions with displacement constraint on each freedom of node in
arbitrary local co-ordinate system. And the displacement constraints include status of fixed,
pre-assigned displacement value, and particularly, multi-level master-slave relation. The so-
called master-slave relation means that the displacement status of a freedom of slave nodes
can be controlled by (i.e. with the same value of) one master node and this control relation
can be defined level by level. These methods make the simulation of complex structures
convenient and easy.

The finite element analysis of JIFEX generally applicable to the design optimization of
complex structures includes the following fundamental requirements:

®  Structural static strength analysis,

= Free vibration frequency analysis,

* Dynamic response analysis both in frequency and time domains,

= Global buckling stability analysis,

» Transient heat transfer and thermal stress analysis,

In accordance to the versatile finite element modeling, the design optimization model of

JIFEX has developed following three types of design variables:

= Size design variable. It includes the geometric sizes of cross section of various elements,
such as bar, beam, membrane, plate, and shell elements.

= Shape design variable. It includes the co-ordinates of special nodes and geometric
parameters of boundary shape interpolations. Then, the boundary shape of continuum
structures, the configuration of frame structures, the locations of stiffeners and linkages
can be optimized. The shape optimization modeling is cooperated with the parameterized
design concept of the CAD.

= Composites design variable. It includes the design parameters of composite laminate and
honeycomb sandwich plates, such as ply orientation, layer thickness, core height, and
material parameters of special composite components.
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The design constraint functions of JIFEX95 cover the following structural behaviors:

structural weight, node displacement, stresses, vibration frequencies, dynamic displacement

and stress responses, and buckling loads. The design objective function  can be selected

from any one constraint function or combined with several constraint functions. This way, the

objective of design optimization can be

= Minimizing structural weight,

= Reducing structural stress and/or deformation,

= Improving structural stiffness,

= Increasing structural fundamental frequency or adjusting the distribution of a group of
vibration frequencies,

® Minimizing structural dynamic responses,

= Increasing structural buckling loads,

= Multiple objectives optimization.

The basic feature of the modeling and simulation facilities of JIFEX is its general
applicability to complex structures. This applicability is presented from the finite element
model, analysis functions, design variables, design constraints, and optimization objectives.
JIFEX is also capable of large-scale engineering computing. The finite element model with
100000 nodes can be computed with Pentium PC. Some analysis applications of practical
structures with this scale have been completed.

STRUCTURAL SENSITIVITY ANALYSIS

The optimization solution algorithms of JIFEX are sequential linear programming and
sequential quadratic programming. The solution efficiency and convergence stability of these
algorithms are based on the sensitivity analysis on the constraint and objective functions. The
difficulty of sensitivity analysis for the general purpose optimization software such as JIFEX
is that it must be suitable to various elements, variables, and structural responses. The
numerical methods of sensitivity analysis have been studied for (1) static stress and
deformation, (2) eigenvalue problems of free vibration and buckling stability, (3) frequency
response problem, and (4) transient problems of dynamic response in time domain and heat
transfer in structures.

Static Strength Problem

The sensitivity derivatives of displacement vector U and stresses ¢ are calculated with Eq.(2)
derived from Eq.(1), the finite element formulation. The K and P are structural stiffness matrix
and load vector respectively, .S is element stress matrix, subscript e denotes element.

KU=P, c=SU, M

KU'=P-KU, o'=SU,+SU. V)
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Eigenvalue Problems
The eigenvalue problem can be expressed as below
K¢-Mp=0 3)

Two kinds of eigenvalue problems have been considered: (a) The free-vibration, M is mass
matrix, and A is the square of vibration frequency; (b) The buckling problem, M is geometric
stiffness matrix, 4 is critical load factor. The derivatives of the eigenvalue are obtained by

Eq.(4).

A'=¢"(K'~IM")p

¢'Mp=1 @

The following Rayleigh quotient can be used to improve the approximation accuracy of the
eigenvalues.

4,(X)=U0,(X)/T,(X) (5)
- n A, ~ n AT,
Uj(x) = Uj(xo) +Zﬁ_xj.(xi - Xp)s T,(x) = ]}(xo) + Z;;(xi = X5)

where Uj and T; are modal strain energy and modal kinetic energy of the j-th eigenvector.

For the buckling problem, Eq.(5) is approximate since M depends on pre-buckling stress field.
The accurate derivatives are

A=¢"(K'- M+ AN K'U, 6)
where U, is pre-buckling displacement, and the adjoint field A is obtained by

KA:-{&%‘@}T (7)

Dynamic Frequency Response Problem

The dynamic frequency response problem is formulated as below

Mi+Cu+Ku=f t))

The C is damping matrix. The harmonic exciting is expressed as f = f,Cos(&) or f=f, Sin(&).
Two kind of loads f, are dealt with: (a) the node-force load exciting is f, = P, (b) the
accelerate movement exciting is f, = -MAu, . u is the rigid displacement vector with unit
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movement, A is accelerate scope. The displacement response of Eq.(8) is:

u =ssin{@t)+ccos(f 1) ©)
With the modal superposition method, the derivatives of eigenvectors are required. It is
difficult in the case of repeated eigenvalues. Following subspace iteration method and direct

eigenvector space method are implemented in JIFEX.

Subspace iteration method

Starting from trial vectors ¥®, compute eigenvector derivatives by following subspace
iteration procedures with k=0,1,2,......

(a) Inverse-iteration:

K +aM W =F + My® (10)
F:M’¢p~(K'+oM’)W an
W=¢,P', P=A,+ol
A, and ®, are p eigenpairs, o is shift value.
(b) Projecting into trial vector space for eigenvector derivatives:
RDED _KIDEDA, = KIPA,, + KTIPA,, - R0-0p (12)

EI(‘H—]) — WTK;W + WTKV(kH) + (WTKV(kH))T
MY W MW + WMV + (W My * DY (13)
K=WKW, M=W'MW

(d) Updating the trial vectors and convergence checking:

\P(IH-I) - V(kH)P + WD(I:+I)

Y S @), (k> o) (14
The Nelson’s method is used to solve Eq.(12) for repeated eigenvalues.
FEigenvector space method
Let C be independent to variable, exciting f/=f,Cos(&). Differentiating Eq.(8) gives
Mii' +Cu' + Ku' = fsin(@ 1)+ f.cos(0 1) (15)

fi=M5s6>-K's, f.=M@c-Kc+f,



Structural Optimization for Practical Engineering 163

Solving Eq.(15) in eigenvector space twice with respect exciting fSin(&) and f.Cos(6¥)
respectively, we have

uy = sgsin(@ £) +c, cos(0 1)

16
u;. = s, sin(@ 1) +c,cos(@ 1) (16)
Then, the derivatives of # can be obtained
fuY ={u Y +{u, Y =S} +{S.NSin0t+({C .} +{C })CosOt an

Both of the methods have advantages of easy to be implemented on the basis of dynamic
analysis, computational efficiency and accuracy, but without difficulty of eigenvector
sensitivity calculation with repeated eigenvalues

Transient Problems

The motion equations and critical-point constraint of transient problems can be written in a
general first-order form

Au= f(u,a,t), u(@,0)=u, (18)
glu,a)= E’ plu,a,)dt<0, plu,a,t)=gu,at)éit-1,) (19)
where # is response vector, o is design variable, g is a general form constraint function, t

denotes time. The sensitivity analysis with the direct method and the adjoint method are
implemented with Eq.(20) and Eq.(21) respectively.

i _pdu AL ) O o0
da da da oca da J Cu,
. . 5 T
ATir (T +ADA=0, ATA(t,,,)=—[i—g<t".i)j @1)
Ou

For the transient heat transfer problem, the finite element formulation is
MT+KT=Q=P+P, (22)

where M is the heat capacity matrix; T is the vector of node temperature; P, is reduced by the
given temperature on the boundary. With the implicit 6-difference method, the temperature
T"'of time t,., is computed from T" with
(@M + K™ = (a M ~bK)T” + L (a, M+ K,
] (23)
a,=1/(6A1), b=(1-6)/6, 0<6<]
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With the direct method, the derivatives of temperature are computed by solving Eq.(24)
simultaneously with the solving of Eq.(23) at each time point.

(M +1<)-Z—TM =(aM —bK)ﬁn +( ﬂ—bfifJ
a

da da 24)
+£—( i +£)(T +T”*’)
o "da d
The derivatives of equivalent constraint are calculated at critical points as follows
dar
g Z(ag( )+Z§d (¢ )) (25)

With the adjoint method, the derivatives of the equivalent constraint are computed as below
ag og T )(6Q . a j T [ %2 )
==Y t )-A(t, -—T0 )-—T(t,, M A( t
da % (aa("’) o da da (o) da () ()= )| (26)

For the generality of sensitivity analysis with respect to various design variables, elements,
load and boundary conditions, the semi-analytic scheme simplified the programming
implementation a great deal. The structural optimization is available for the design on the
multiple behaviors of strength, stiffness, vibration frequency, buckling stability, and dynamic
responses.

USER INTERFACE WITH ADVANCED PLATFORM

The development of JIFEX follows the strategies of:

»  Using Pentium PC as the basic hardware environment and implement 32-bit computing
for large-scale engineering applications.

» Using the MS Windows 95/NT as the standard platform, and implement unified graphics
interface and computing visualization.

s Using the C/C++ programming tools for complete software system and make it
compatible with MS Windows 95/NT and other CAD packages.

» Integrate the finite element modeling with popular CAD package AutoCAD, and employ
it as the geometric modeling engine.

JIFEX has integrated the structural analysis, sensitivity analysis, design optimization, pre- and
post-processing for practical application of general purpose engineering. Since the system is
developed on the advanced software platform of MS Windows 95/NT, its interactive graphics
interface is user-friendly and unify to the standard Windows 95/NT environment. And the
multiple processing facility of Windows NT is employed to implement the distributed
computing and visualization. The combination of the advanced software technologies and
numerical computing methods make JIFEX to be new generation software of structural
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analysis and design optimization.

The pre-processing of the finite element modeling is implemented on the basis of popular
CAD package AutoCAD, with which as the geometric modeling platform. The interactive
geometric modeling and automatical generation of finite element model data has been
implemented, and the finite element modeling is linked with CAD directly. The geometric
model of structures is constructed with AutoCAD easily, and then the finite element mesh is
generated with a group algorithms developed in JIFEX. All of the attribute data of finite
element model, such as load, material, element property, boundary condition, can be produced
interactively. The Figure 1 is the finite element model of a complete containership generated
by JIFEX.

e T R i
i i it e ﬁn
= ﬁ"'i'mﬂﬁh"%ﬁ: =
] SRS

Figure 1: Finite element model of containership

The computer graphics and computing visualization under Windows 95/NT environment is
available. Besides the conventional facilities of computer graphics, such as hidden line and
surface removal, shading, contour, color filling, computer animation and etc., the advanced
visualization technique of direct volume rendering and iso-surface have been developed in
JIFEX far the 3D data field visualization. By means of the multiple processing and DDE
support of the Windows 95/NT, the distributed computing and visualization has been
implemented for structural analysis and optimization.

APPLICATION EXAMPLES

Example 1. The design optimization of a structural component of the launch rocket CZ-2E.
The upper-stage component of the rocket is modeled with 580 nodes and 1460 elements,
shown in Figure 2. The objective is to minimize the structural weight under the constraints of
the structural fundamental frequency, the maximum stresses and deformations. There are a
total of 20 master design variables to control all elements by means of the variable-link. These
design variables are classified into three groups to represent: (1) the thickness of plate
elements; (2) the size parameters of beam cross-sections such as the L-shaped, the I-shaped,
and the complicated shape shown in Figure 3(a); and (3) the size parameters of milled regions
of some plates shown in Figure 3(b). So the design model is rather complicated. The upper
and lower bounds of the design variables are given by considering the design and
manufacturing requirements. In the optimum design obtained, the structural weight has been
reduced from the initial design by 12% and all of constraint conditions are satisfied. This
optimization result indicates a great improvement over the initial design.
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Figure 2: The rocket component Figure 3(a) Figure 3(b)

Example 2. The dynamic synthesis of a spaceship orbit-module structure. The structural finite
element model, shown in Figure 4, is composed of 369 shell and beam elements. The
thickness of the shells and area of the beams are represented by 11 master design variables.
Two problems are computed as follows.

(1) The optimum design of fundamental vibration frequency with weight constraint. Two
group results of optimization have been obtained with different constraints of the structural
weight. The first one is that the structural fundamental vibration frequency is increased by 9%
without increasing weight, and the second one is that the structural fundamental vibration
frequency is increased by 16% with the weight increasing by 9%.

(2) The design optimization with constraints on structural dynamic responses and free-
vibration frequencies. The accelerated movement of the spaceship during the launch period is
considered as the excitation source of structural dynamic response. The excitation frequency
of accelerated movement changes from 42(HZ) to 55(HZ). The maximum value of
displacement responses within this excitation frequency band is checked and put into
constraints. The initial value of the maximum displacement response is 0.202, and its upper
bound is limited by 0.22. The optimum design has reduced structural weight by 7% and
satisfied all of the displacement response and vibration frequency constraints, shown in the
Table 1. It is noticeable that the first two vibration frequencies are also repeated eigenvalues.
Both of them are computed in optimization, and kept due to the symmetric variable-link.

Example 3. The design optimization of a spaceship orbit-module structure with the constraints
on displacement, vibration frequency, and critical buckling load. The structural model is same
as that of the example 2. The thickness of the shells and area of the beams are represented by
13 master design variables, six variables of cross-section area of beams and seven variables of
thickness of shells. There are also 2000kg non-structural masses attached to cylinder nodes.
The load is gravity due to the acceleration movement in z-direction. The optimization
objective is to minimize structural weight W with the constraints on the maximum
displacement in z-direction w,,,, the fundamental vibration frequency ®,, and the critical
buckling load factor Agz. The constraint conditions are listed in Table 2. The optimum design
is obtained after 6 iteration, and the structural weight is reduced by 9.5%. The design
variables are listed in Table 3 with the initial, optimum, up- and low-bound values.
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TABLE 1
SPACESHIP ORBIT-MODULE OPTIMIZATION
Initial Optimum
0,/0, 1.046 1.015
0,/0,, 1.047 1.016
W, (Mm) 0.202 0.22
Weight/W 1.0 0.93
TABLE 2
SPACE ORBIT-MODULE OPTIMIZATION
Constraints| Initial Optimum
Acr >0.650 0.703 0.650
0, >10.00 10.28 10.01
Wae | 2-2.000 -1.809 -1.930
WiW, 1.0 0.905 Figure 4: The Spaceship orbit-module

TABLE 3 DESIGN VARIABLES OF THE SPACE ORBIT-MODULE STRUCTURE

Design Variables Initial Optimum | Up-bound | Low-bound
Beam variable 1 477.00 441.20 500.00 420.00
Beam variable 2 477.00 441.20 500.00 420.00
Beam variable 3 158.00 140.30 170.00 130.00
Beam variable 4 158.00 140.30 170.00 130.00
Beam variable 5 158.00 140.30 170.00 130.00
Beam variable 6 158.00 140.30 170.00 130.00
Shell variable 1 10.00 9.16 10.00 8.50
Shell variable 2 3.00 3.20 3.50 2.50
Shell variable 3 2.00 1.64 2.50 1.50
Shell variable 4 2.00 1.64 2.50 1.50
Shell variable 5 2.00 1.64 2.50 1.50
Shell variable 6 5.00 4.64 5.50 4.50
Shell variable 7 6.00 5.60 6.50 5.50
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ABSTRACT

In this paper. parallel implementations of the explicit/implicit integration algorithms for
dynamic analysis of structures are presented. The parallelism of the former is based on the
domain decomposition method and the use of lumped mass matrix. That of the latter is on the
block parallelization of the assembling, the triangular factorization of the equivalent stiffness
matrices and the back/forward substitutions in each Newmark step. Implementations are
carried out on the clustered network systems with PVM parallel environment. The developed
parallel integration algorithms are incorporated into the PFEM, which is a general-purpose
serial-parallel mixed system for structural analysis. Illustrative examples are presented and the
parallel efficiencies are discussed.

KEYWORDS

Explicit/implicit integration method, parallel algorithm, clustered network system

INTRODUCTION

The parallel integration algorithms for dynamic analysis of large structures have been topics
in the engineering analysis community for quite some time. Noor(1979) discussed the parallel
explicit integration method on pipeline vector computer. On shared memory MIMD paraliel
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computer, Ou(1986) compared parallelization for explicit and implicit integration and
concluded that the central difference method is favorable with diagonal mass matrix and
damping matrix. Hajjar(1989) discussed the parallel efficiency of the central difference
method for 3D nonlinear truss structure on distributed memory MIMD computer and
presented a data structure to decrease communication. Chiang(1990) parallelized the central
difference method on two kinds of MIMD environments and demonstrated that data
communication is of key importance to improve parallel efficiency. Cheng et al. (1995, 1996)
developed explicit integration algorithms on Transputer computer. The available literature on
parallel explicit integration is mostly developed on vector computer or shared memory MIMD
parallel computer.

In China the PCs usually serve as main hardware for structural analysis. The motivation of the
current research of the authors is to enhance the capacity of PCs through network and parallel
computing, aiming at solving more complicated dynamic problems of structures in available
hardware. In this paper, explicit/implicit integration methods, namely, central difference
method and Newmark method are parallelized on the clustered network system. The
parallelized algorithms have also been incorporated into a general-purpose finite element
system - PFEM.

THE PARALLEL CENTRAL DIFFERENCE METHOD
The dynamic equations of linear structures at time 7 can be generally expressed as
MU, +CU,+KU, =R, 1)

where M, C and K stand for the mass, damping and stiffness matrices respectively, and
U,U,U and R are, respectively, the displacement, velocity , acceleration and applied loading
vectors.

The employed explicit central difference scheme for the damped structures is as follows,
which requires no matrix factorization:

MU, =R -(CU, +KU,) (2a)
MU, =R, (2b)
where R =R —(CU, +KU,)
U = Ussz =V g, = Yea =l (3a, b)
At At

Domain decomposition method is one of the most important and mature methods, the
superiority of which is easy to implement on distributed memory MIMD environment. For
the central difference method, it is very instructive to design the parallel programs and
improve the parallel efficiency on the base of substructure.
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Assuming that the parallel computer system consists of n, processors, the engineering
structure should be divided into n, substructures. In the meanwhile, we must decide the
etements of each substructure and the ‘correlative elements’ which relate directly to each
substructure but belong to the neighboring one. Then at the time steps, each processor
calculates the displacement, velocity, acceleration and stress for every element in the
respective substructure independently. Only the displacement of the ‘correlative element’ at
the last time step should be transferred between the related processors.

With diagonal M and the Rayleigh damping, the equations of motton can be reformulated:

Ur=R"/m, (@)

R =R -aMU -3 K9GU+UY) (5)

Now, the detailed algorithm steps can be described as follows:

1) Preprocess: Decompose the structure and decide the elements belonging to each
substructure and then construct the ‘correlative elements’ information table

2) Initial calculation (parallelized on the substructure level)
a)form the element stiffness matrix K and the diagonal mass matrix M, where
s=1,2,...n,
b) intialize U,,U, and U,
¢) calculate

UAI/Z = A,)t Uu + Uu (6)
U,=U, M+, (7
U,=UAt+U, )

3) For each time step(parallelized on the substructure level)
a) communicate between processors, transfer the displacement and velocity of the
‘correlative elements’ of each substructure to each other
b) calculate the effective load of each substructure at the time ¢

RY =RY —aM™UY -3 KU + U 9
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where Y K!“'(bU,) +U.}) is the contribution of the elements and the

‘correlative elements’ of the substructure to the effective load
c) calculate the acceleration at the time ¢

U =R I m? (10)

(s)

where m;”’ is the number [ element of the effective mass matrix, and assume that

m’ >0
d) calculate U, ., U,V.M:

4) Output the computational results if required, then turn to 3) for the next step, else stop at
the last step.

It is noteworthy to point out that the parallel efficiency of this parallel algorithm on the
substructure level is dependent on the structure decomposition. Thus, when decomposing and

dispensing the substructures, we should pay attention to two points:

1) Balance load among different processors as possible as we can get. Otherwise, the
parallel efficiency will be decreased because of the heaviest loading processor
following the Amdahl principle.

2) Interfaces between the substructures (also the number of the correlative elements of
each substructure) should be minimized to decrease the communication between
processors and the computation repeatedly.

PARALLELIZATION OF NEWMARK INTEGRATION METHOD

For Eqn. 1, Newmark integration method employs the following time-marching scheme:

U, =U, +[1-6)0, +60,, ] (11)

U,,=U +UAt+ [(é —a)U, + aUMI}AtZ (12)

By satisfying the Eqn.1 at time ¢+ At, we obtain
KU, =R., (13)

Where
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K =M +68AC +aAr’ K (14)

R =R

A

-c(U, +-8)ad,)

t+AL

. 1 e (15)
—K(U[ +U At +(7 —a)Az'U,j

Computing time for the Newmark integration is mostly spent on the assembling of global
matrices, evaluating effective load vector R, formation, factorization and back/forward
substitutions of effective stiffness matrix K through the each time step.

Assembling

Since the effective stiffness matrix K is generally of large scale in the FEM analysis of
engineering structures, the assembling, factorization and back/forward substitution, which
have to be segmented into blocks even in the modern computers, and the incore - outcore
swapping techniques have to be employed. A routine in the available PFEM provides the
function of automatic segmentation of global matrices, which can be easily used for the
parallelization of assembling. Suppose that m processors are available and K has been
separated into i/ blocks. Then the k-th processor cyclically processes block k, block m+k, etc.,
and store them in the local hard disk.

Computing effective load vector R

After loading element stiffness matrices, the correlative nodes and the load vectors distributed
on slave processors are updated simultaneously and are further transferred among the
processors to fulfill the final load vector updating.

Triangular factorization
The global stiffness matrix can be factored:
K =LDI’ (16)

where L is the lower triangular matrix and Dis the diagonal matrix. The global matrices are
stored in one-dimensional array by employing the variable bandwidth technique. The largest

bandwidth is denoted as d. Denote m; as the row number of the first non-zero entry of
column j, for which
S, =K (7

m.g mj.J

For other elements of column j:

-1
S,=K,-2.Ld,lL m, = max(mj ,m,,) (18)

nrrn
r=mn
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where

L,=§,/d, (j=23,--,d,i=12,---,n)

i-1
d, =K,-> Id.I

norTn

r=mt

Tl \
R
Block 1 R2 | R4
<l_R3 | RS
Block 2
R6

Block 3 4

Block 4

Block
il

Figure 1: Blocking diagram of the variable bandwidth stiffness matrix

(19)

(20)

The block partition of E s illustrated in Figure 1. Triangular blocks and rectangular blocks
are denoted as T1, T2, ..., etc. and R1, R2, .., etc., respectively. The triangular factorization
of T1 is the same as the original. The factorizations of T2 and R1 are affected by the
factorization of T1. Generally the process of the following blocks is affected by its
predecessors, and the blocks had to be swapped between the incore memory and the

secondary memory.

Denote the triangular block size as n, and partition it into b=[n/m] sub-blocks. Thus processor

Cn processes column Cn of each block:

(1) decompose the first sub-block in every processor

(2) processor 1 decomposes column 1 of sub-block 2 and transfers the decomposed

element into the other processors.

(3) processor 2 decomposes column 2 of sub-block 2 and transfers the decomposed

element into the follower processors.

(4) processors 3, 4, ..., m carry out the same processing as processors 1 and 2
(5) processor m transfers column m of block 2 into the former processors
{6) processor (m-1) transfers column m of block 2 into the former processors

(7) processors (m-2), (m-3), ..., 2 complete the message passing as processors m and

(m-1)

Repeat the above procedures till current block is factorized.
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Each rectangular block should be partitioned into jk=[n/2m] sub-blocks. Every sub-block is
decomposed simultaneously as follows:

(1) processor 1 decomposes sub-blocks 1 and jk
(2) processor 2 decomposes sub-block 2 block jk-1
(3) processors 3, 4, ..., m complete the parallel work as processors 1 and 2

The results are transferred from each other after decomposing the last rectangular block in
front of the triangular block.

Back substitution
Considering Eqn. 1, Eqn.13 can be solved by the following two steps, i.e.
Ly=R 21

DL'U, =y (22)
The loading manipuiations from outcore memory are intensive for large problems, so the
parallelization of the loading manipulation is as important as that of algorithms. Here we take
Eqn.21 to illustrate the procedure:

(1) processor 1 loads block 1, updates the corresponding part of 'y , and transfers results to
the following processors.

(2) processors 2, 3, 4, ..., m load blocks 2, 3, 4, ..., m respectively and update the
corresponding part of y with the triangular part of correlative blocks . Then these
processors receive the results transferred from the former processors, update y, transfer
the updated parts to other processors, and so on.

For blocks m+1, m+2, .., the same solution procedures can be used.

NUMERICAL EXAMPLES

Examples of the parallel central difference integration algorithm

The computations are performed on three pyramid-shaped space frames, respectively, of
DOFs 128, 288 and 512. The implementations are carried out in the PVM platform on high-
speed hub-clustered PCs. The pre- and post-processing are finished with an available serial
FEM package to which the parallel algorithms are incorporated. The results of parallel
analysis are fully coincident with those of the serial analysis.

The effectiveness of a parallel algorithm can be assessed by the speed-up ratio S (n) and the
parallel efficiency E (n), where S (n)=t(n)/t,(n), E(n)=S,(n)/n. t(n) and t,(n) are, respectively,
the computer time used on the single processor with the best serial program and that on the n
processor system with the parallel program .
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The achieved parallel efficiencies are shown in Tabie 1. These parallel efficiencies increase
with the number of time steps and the size of the problems.

TABLE 1
PARALLEL EFFICIENCY ON PVM
Examples | Time steps Number of processors
of load 2 3 4 3
500 0.92 0.86 0.76 0.72
1 800 0.93 0.88 0.77 0.69
1000 0.92 0.84 0.77 0.71
500 0.96 0.91 0.83 0.77
2 800 0.94 0.89 - 084 0.76
1000 0.95 0.89 0.82 0.75
500 0.95 0.90 0.84 0.76
3 800 0.94 0.90 0.82 0.75
1000 0.93 0.90 0.82 0.76

Examples of parallel Newmark algorithm

Computations are carried out on a plane stress problem and a 3D bending plate problem,
shown in Figure 2.

The material and geometrical parameters are as follows:
E=2le+1IN/m’, v=03, p=784e+3kg/n’, [=100m, h=20m,b=01m,
® =194224.a, = ~1000N ,a, =(100 100 100)"N,@ =025 & =050,6=200,As=0.04.

Speedup S, and parallel efficiency E; under different DOFs n of the structure, bandwidth d,
number of blocks il, and time steps are depicted in Table 2.

Hty=asinw F(t)=a,sinwt

/l
Epv h / for /h
/ ™~

F(t) = —a,sinwt

Figure 2: Structures and parameters
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These results show that the parallel efficiency increases with the DOFs and the bandwidth of
the problem, and with the time steps to be solved. For the available network system and the
present examples, time spent on parallel computation is relatively smaller than that on
communication, so the parallel efficiency of triangular factorization is lower comparatively.
Since the stiffness matrix in Example 1 is partitioned into 6 blocks, the parallel efficiency is
on the low side because of the load unbalance when the number of the processors is 4 and 5.
The super linear speedups are observed in Example 2 due to the relatively larger buffers for
swapping when the number of processors increased.

TABLE 2
PARALLEL EFFICIENCIES IN THE EXAMPLES
Example 1 Example 2
N 3262 7579
Numberof | D 518 726
Processors I 6 32

Steps | 20 50 | 100 | 20 50 | 100
) 1.67 | 183 ] 1.88 | 1.81 [ 189] 196
E, 1084 1052] 05 | 091 [095]0.98
S, 12301262]265] 2612751291

(9]

E, [ 077 087|088 ) 087 1092]|0.97
4 S, 11275 1269] 282 | 334 |3.52]|3.78
E,L 1069068071084 [088]{0.95
5 S, 1279 1275|288 | 356 [404]449
E, [ 056 (055|058 ]0.711081]090

CONCLUSIONS

In this paper, the central difference method and the Newmark method are parallelized on a
clustered network system and are also incorporated into a general-purpose finite element
package - PFEM, which resuits in a serial-parallel mixed FEM package. Satisfactory parallel
efficiencies are obtained for the examples presented. In both algorithms, the parallel
efficiencies are found to increase with the size of the problems. In the Newmark algorithm,
super linear speedups have also been observed, the reason for which can be ascribed to the
increase of the swapping buffers with the number of processors and the swapping intensive
nature of the devised algorithm.

Due to limitations of the hardware and software, the scale of the examples presented is rather
small; 1t will be increased in further work.
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MAXIMUM ENTROPY PRINCIPLE AND
TOPOLOGICAL OPTIMIZATION OF TRUSS STRUCTURES

B. Y. Duan, Y. Z. Zhao and H. Liu
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Xidian University, Xi‘an 710071, China

ABSTRACT

This paper presents an entropy — based topological optimization method for truss structures. A
group of variables meaning the density distribution of energy is defined first, so that a bridge be-
tween energy distribution and topological optimization is built. After the energy distribution is
found, optimal cross — sectional areas are found . Then the above two steps are executed in turn
till the convergence is reached. Next, the stiffness and strength reliability corresponding to the
final topology are computed with reasonable results.

KEYWORDS

maximum entropy principle, topology optimization, structural reliability, linear programming

INTRODUCTION

Maximum entropy principle (MEP){! has been applied in most information systems. Since engi-
neering analysis and optimum design can be viewed as an information system, MEP has been
applied in this area too. Simoes and Templeman(?! applied MEP in a synthetic problem of preten-
sioned steel net; Li and Templemant®1—(5] utilized MEP to solve structural optimum design; Er-
lander(5) used MEP in problems of distribution and assignment of traffic; Tiku and Temple-
man(®] applied MEP to the problem of analysis and optimum design of underground water net in
a city. Recently, Abraham L. Beltzer ('] applied MEP to finite element with some interesting

179
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results.

Study on topological optimization has continued several decades since the first paper™® was pub-
lished in 1964. So far, the two main methods are Ground Structural Approach(GSA) and Ho-
mogeneous Method (HM)[191—[111, Both methods view topological optimization from a viewpoint
of either force transmitted or material distribution. Whether it is the force transmitted or materi-
al distribution, both can be classified as a problem of information treatment in engineering. That
is to say, topological optimization is also information treatment which could be considered from
an information entropy concept.

It can be anticipated that a new area of study might be opened if topological optimization can be
studied from the angle of information treatment by MEP. This paper attempts to make such a
study.

MATHEMATICAL MODEL OF ENTROPY - BASED METHOD
FOR TOPOLOGICAL OPTIMIZATION OF TRUSS STRUCTURES

Introduction of Design Variables and Objective Functions

Considering a truss from the viewpoint of energy distribution reveals that different topological
forms correspond to different energy distribution. Suppose the total structural energy is @y and
energy of the tth bar is ¢;, both @ and ¢; will satisfy

Q= 2,4 ¢))
i=1

in which n is the total number of elements.

Now a set of variables {A}T = (A1, A, ***, 4,)7 is defined as
w=L , (=1,2, 0 @)
Qo
Variable 4 is of obvious physical sense, its value stands for the percent of energy stored in the wth
element. If A equals zero, then the ik bar can be eliminated from the ground structure. As a re-
sult, all those elements with variable 4(i = 1,2,++,n) being non — zero construct a topological
form under consideration of a certain sense.

It is obvious that variables (i = 1,2,+++,n) satisfy equations

DMa=1 (3)
i=1
and A=0,YVi€T 4

where I' is a set consisting of all connectable elements for the given fixed points.

Because variables A; (i = 1,2, +++,n) satisfy non — negative and normality conditions required by
entropy, the corresponding structural entropy can be described in the form of
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=—0YkInk ®)
i=1
where @ is a large positive constant and § is structural entropy.

In addition, an energy - related function can be described in

f= D ¥+ |F| (6)
i=
in which ¥; = %g—'l ; [oi]is the permissible stress of the ith bar; L; is the length of the ith bar;

E is the modulus of material.

It can be noted from Eqn. 6 that volume of f is directly proportional to structural weight for the
case of fully stressed design. In the general case (non — fully stressed design), this will not be
valid. However, what we are interested in is if the ik bar exists and what is the concrete re-
sponse in f. Actually, the situation whether the ith bar exists or not can be mathematically
shown by if |F;| = 0. According to the sense of topological optimization, |F;| — 0 means that
the :th bar will tend to be eliminated from ground structure. That is to say, the ith bar’'s weight
will tend to be eliminated from the whole structural weight, which means the decrement of
structural weight. Seen from this point of view, both problems of minimizing f and minimizing
structural weight are equivalent.

Up to this point, two parameters have been defined. One is the structural entropy expressed in
Eqn. 5 and the other is the function shown in Eqn. 6. It can be seen from the following discus-
sion that both functions can be expressed as the functions of variables {A}7 = (A1, Azy **+y AT

Description of Behaviour Constraints

Substituting energy definition of the #h element into physical equation yields
1
¢ = EK;‘ . A @)
where K; = EA;/L is the ith bar's stiffness. 4;, 4 and F; are cross — sectional area, elongation

and member force respectively.

Solving 4 from Eqn. 7 and considering Eqn. 2 leads to

a=x (B2 =12, 0 (8)

Similarly, the member force F; can also be written as

Fi==4 /2K , (= 1,2,%,n) (9
Substituting Eqn. 9 into equilibrium equation
(N {F} = (P} (10)

results in
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+ 2K1Qol1{

V] = {P} an

+ V2K.QoA ‘

in which [N] is a projection — geometry matrix; {P} is a loading vector to which structure is
subjected.

From geometry equation

{4} = [NT"{s} (12)
and considering boundary condition, we have
{6} = [D){4} (13)

where {A} is a vector of elongations; {J} is a vector of displacements; matrix [D] =

(CvIIVTT ).

If the allowable values of m displacement constraints are given as {0} = (8;, Oz, ***5 0x)7 , dis-
placement constraints can be, by substituting Eqn. 8 into Eqn. 13, described as,

200
+ K

K | =< {3 (14)
2Q0
+ X
As for stress constraint, it can be written in the form of
v 2KiQoA: < Ai[”i]) (t=1, 2, =, n) (15

where [0; ] is the permissible stress of the ith element.

Up to this point, all constraints such as equilibrium equation, displacement and stress have been
described as the functions of variables {A} = (A, Az, **+5 A)T.

Mathematical Model of Topological Optimization

Synthesizing Eqns. 3,6,11,14 and 15, and considering minimum weight and maximum entropy
design simultaneously, yields the following mathematical model.

(P1) find variables {A} = (A1, A, >+, A)7in space £

minimize f = EW.‘ o F; = iWi ¢ A/ 2KiQOAa' (16)
i=1 i=1

maximize §=—0> % Ink (5)

i=1



Maximum Entropy Principle and Topological Optimization of Truss Structures 183

+ V2K1QoM

subject to (V] : {P} (11)
+ V 2K:Q0h
[ 2QoM
+ K,
[k i =@ (14)
2Q0A
+ ‘/_—K,.
LY} 2KiQoM S Ai[”i], G=1, 2, +-, n) (15)
Dia=1 (3
i=1
x=0 , YVier €))

Actually non - negative condition Egn. 4 can be satisfied automatically due to the logarithmic
form of entropy function.

In order to simplify problem (P I ), to eliminate the absolute symbol and to have a standard LP
model, let

o

&=§Q: , G=1, 2, cery ) (17)
o= — o .
{|m|=&+‘&,- » =12, 50 13

and adding slacking variables {Y} = (g1, g2, ***» ym)T and {Z} = (21, 22, **+, )" to the left
hand side of Eqns. 14 and 15, respectively, and introducing two weight coefficients p; and yz,
yields the following problem

(PT)
find variables  ({a}7, {@}")" = (a1, G, ***» Ous G5 Gy =+, @)7 in space £
minimize 6= i}sa.—(&- ra)+ yz@znj (@ Z_Qf")z o & 2:205“)2 (19)
{a}

wee d ZHE Em @ 2 (] )
® (¥}

L[w] [fw]  [Ow] [Zwll z) &}

{a},{a},{Y},{Z} =0 @n

M@ — @)? = 2Q (22)
i=1
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By
o

in which [NK] = [N] \/;2 ) (23)
0 JE.
1 0 i
K,
1
[pK] = [D] JK, @4
0 A1
i JE&.
~ Ala]
[0.‘] = (25)
JE
Q=Y +VK; (26)

[Ian]is a unit matrix. [Ouwx]s [Ow]and [0, | are zero matrixes.

In problem (P I ), the expressions except for entropy and normality condition Eqn. 22 are all
linear functions, provided cross — sectional areas are given. Considering the characteristics of
problem (P I ), SLP is utilized to solve it without considering the normality condition first.
METHOD OF FINDING OUT ENERGY DISTRIBUTION

The normality condition of Eqn. 22 is dealt with in the following method.

For the known variables ({a® }7, {a™® }7)7 after the kthk iteration, let

A."‘)=(a‘(n—2_(2‘;(k£ y (G=1,2, «,n (27)
Then parameters {A®} are normalized by
a» = % sy G=1,2, ,n) (28)
where i= 22,(”
i=1
Next, update variables P =a® —o® , (G=1, 2, -, n)as,
a® =+ 203" , (G=1,2,,n) (29)

symbol + of of® should be the same as that of of®.
Finally, a® is considered as the present design point ; go to the next iteration again.

METHOD OF FINDING OUT CROSS - SECTIONAL AREAS



Maximum Entropy Principle and Topological Optimization of Truss Structures 185

The previous discussion is merely concerned with seeking {A} = (A1, A2, ***5 A )7 under the
known area {A} = (A1, Az, ***, A)7. As a matter of fact, topological form will be influenced
by {A} . Meanwhile, what is necessary in engineering is to know the cross — sectional area. In
order to find optimum topology and cross — sectional areas as well, both parameters of {A} and
{A} should be viewed as variables.

If the work of finding {A} under the given {4} is called step ( 1 ), process of seeking {A} is
called step ( I ). The final result of {A} and {4} can be obtained by carrying out two steps in
turn.

Problem of seeking cross — sectional area under the given energy distribution can be described as
follows.

(PI) find variables {&} = (&, &, -+, &))" in space E*
minimize W= Bfl—ﬁ (30)
i=1 ?
maximize S=—0>p&  npi& 3D
i=1
subject to (%) £<8 . (G=1,2, =, m (32)
=1
é;g_ll:'g:_:ﬂ ’ (71:1; 29 **ty n) (33)
. . . LF? B 1 . . -
in which parameter £ is ;——and 4 = £ ; & = = ; Eqn. 32 is from virtual work principle.
2EQq 4 A

Similar to the previous method, two weights y and y, are introduced so that both objective func-
tions W and S can be integrated into a function w = W + 1.S5. Problem (P ) is an NLP. To
be in accordance with searching for {A} , SLP is also utilized here to solve it.

RELIABILITY OF STRUCTURAL STIFFNESS AND
STRENGTH OF FINAL TOPOLOGICAL FORM

Final topological form and cross — sectional areas corresponding to different combinations of y
and y, can be obtained by executing two steps in turn. In order to know if the obtained structure
can be used in engineering and to attempt to see, perceptually, the relation between entropy lev-
el and reliability, it is necessary to make a reliability analysis of both stiffness and strength.

Suppose displacement and stress as well as their permissible values are all the normal random
variables. For the sake of the discussion below, denoting the itk displacement or stress random
variable by 7;, and corresponding allowable random variable by 7] , the following formulation
holds

NJV( .9 n)
{"‘ fo o (30)

(] ~ A Cupn1s v1a2)
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where 4, and v, are the mean and variation of random variable 7;, respectively. p,jand up,]are
the mean and variation of random variable [ 7 ] , respectively.

According to the mean of random variables 7; and [7;] , stiffness and strength reliability can be
generally stated as

R, = Pu{n < [n]} (35)
The approximate expression of Eqn. 35 can be further described by second moment!'®] as
Hind — b
o] I_ 36
R" I_vfﬂ] + 172J (36)

Considering the relationship between the mean and variance
Un] = 6n] * Hin)
{Um =&
and taking variation factor ¢r,7 = &, = 0. 1 gives the formula of computing reliability

37

.U{n] -

in which @(. ) means the function with normal distribution.
NUMERICAL EXAMPLES AND DISCUSSION
Example 1, five — bar truss (Figure 1)

It is composed of four joints and five elements. Modulus of elasticity and density of material are
E=0.21X10" kg/cm? and p=0. 785X 1072 kg/cm?® respectively. Structural form and loading
conditions are shown in Figure 1.

Constraints of displacement and stress are dz,=>—0. 25 cm and ¢.<< 41600 kg/cm?, (e=1, 2,
“, 5) .

Numerical computation is executed for four combinations of y; and y,, (1.0, 0.0), (0.7,
0.3), (0.2, 0.8) and (0.0, 1. 0). Optimum results are given in Tables 1, 2, 3 and 4, and
corresponding topological forms are shown in Figures 2 (cases I and I ) and 3 (cases Il and
V). In each table, the second, third and fourth rows give the strain energy, cross — sectional
area and strength reliability, respectively. Stiffness reliability with respect to displacement con-
straint for the four combinations is 0. 7365, 1.0, 1.0, and 1. 0 separately.
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Table 1
’])1=1. 0]
Optimum Result I of Five — Bar Truss
y2=0.0
Bar No. 1 2 3 4 5
A 0.0 0.0 0. 2612 0.0 0.7388
A 0.0 0.0 0. 0625 0.0 0. 08839
R, / / 0. 5000 / 0. 5001
Table 2
n=0.7
Optimum Result I of Five — Bar Truss
’y2=0. 3
Bar No 1 2 3 4 5
A 0.0 0.0 0.2612 0.0 0.7388
A 0.0 0.0 0. 1556 0.0 0. 2865
R, / / 1. 0000 / 1. 0000
Table 3
y1=0. 2
Optimum Result I of Five — Bar Truss
12=0. 8
Bar No. 1 2 3 4 5
A 0.11461 0.11461 0. 11666 0. 32416 0. 32997
y:" 0. 06389 0. 06389 0. 06203 0. 12096 0. 28286
By, 1. 0000 1. 0000 0. 9955 1. 0000 1. 0000
Table 4
V1=0. 0
Optimum Result IV of Five — Bar Truss
V2=1. 0
Bar No. 1 2 3 4 5
A 0. 11461 0.11461 0. 11666 0. 32416 0. 32997
A 0. 048326 0. 048326 0. 08185 0.16080 0. 28460
R, 1. 0000 1. 0000 0. 9999 1. 0000 1. 0000

It can be observed from the above results that when structural weight is the major one of two ob-
jectives, the same topological form (shown in Figure 2) is obtained for cases 1 and I , which
is a static — determined structure consisting of elements 3 and 5. However, the distribution of
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cross — sectional areas of the two cases is different (see Tables 1 and 2). The more interesting
point is that both stiffness and strength reliability of case I are higher than case I . Stiffness
reliability is increased from 0. 7365 to 1. 0, and strength reliability of bar 3 and 5 are enlarged
from 0. 5 and 0. 5001 to 1. 0 , respectively.

-(

]‘@
31@

L=100cm 2 o ;

| —y
I

Figure 1 Five — bar truss Figure 2 Optimum result of five — bar truss
(y1572)=(1.0, 0.0) and (0.7, 0.3)

$

Figure 3 Optimum result of five — bar truss
(y1s v2) = (0.2, 0.8) and (0.0, 1.0)
When entropy is the major one of two objective functions, the final structure becomes a static
undetermined structure (shown in Figure 3). Even though the topological form of cases I and
IV is the same, their cross — sectional area distribution is different (see Table 3 and 4). As for
the corresponding situation of reliability, stiffness reliability of both cases is equal to 1. 0.
Strength reliability of element 3 is enhanced from 0. 9955 of case I to 0. 9999 of case IV.

In short, stiffness and strength reliability of final topological form are increased, to some ex-
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tent, with the increment of entropy’s promotion within both objectives.
Example 2, ten — bar truss (Figure 4)
This familiar structure comprises six joints and ten elements. Modulus of elasticity and density of

material are E=0.1 X 10® psi and p=0. 11b/in®, respectively. Structural form, geometrical
size and loading condition are described in Figure 4.

L=360in L

[ 3 2
a @

L Y D p
. 4}901,6 Yljoolb ) ‘ 1

Figure 4 Ten — bar truss Figure 5 Optimum result of ten — bar truss
(y1,v2)=(1.0, 0.0) and (0.7, 0.3)
Constraints of displacement and stress are; |ds,|<C2 in and ¢.<C 425000 psi, (e==1, 2, +).

Numerical computation is executed for four different combinations of y; and y,, (1.0, 0.0),
(0.7, 0.3), (0.2, 0.8) and (0.0, 1.0). Computation results are given in tables 5, 6, 7
and 8, respectively. In each table the second, third and fourth rows give the energy distribu-
tion, cross — sectional area and strength reliability respectively. The same structural form (Fig-
ure 5) is obtained for cases I and I. Topological forms of cases Il and IV are described in
Figures 6 and 7, respectively.

i $
Figure 8 Optimum result of ten — bar truss Figure 7 Optimum result of ten — bar truss

(71,y2)=1(0.2, 0.8) (y1,v2)=(0.0, 1.0)

Stiffness reliability with respect to displacement constraint for the four cases is 0. 3897,
0. 9921, 0.9988 and 0. 9985 , respectively.
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Table 5
Optimum Result I of Ten — Bar Truss (;:Z(l) 8)
Bar No. 1 2 3 4 5
A 0. 22876 0.0 0. 22876 0. 057191 0.0
A 0. 02293 0.0 0. 026912 0. 01146 0.0
R, 1. 00000 / 1. 0000 1. 0000 /
Bar No. 6 7 8 9 10
A 0.0 0.16176 0. 16176 0.16176 0.0
4 0.0 0. 00707 0. 028507 0. 0218 0.0
R, / 0. 9407 1. 0000 1. 0000 /
Table 6
Optimum Result I of Ten - Bar Truss (Z:g: ;)
Bar No. 1 2 3 4 5
A 0. 22876 0.0 0. 22876 0. 057191 0.0
A 0. 033438 0.0 0. 07312 0. 01357 0.0
R, 1. 0000 / 1. 0000 1. 0000 /
Bar No 6 7 8 9 10
A 0.0 0.16176 0. 16176 0.16176 0.0
Ay 0.0 0. 05173 0. 02884 0. 03882 0.0
R, / 1. 0000 1. 0000 1. 0000 /
Table 7
Optimum Result Tl of Ten — Bar Truss (Eig 2)
Bar No. 1 2 3 4 5
A 0. 064418 0. 060875 0. 057432 0. 062634 0.0
4 0. 0538 0. 00158 0.11603 0. 01577 0.0
R, 1. 0000 1. 0000 1. 0000 1. 0000 /
Bar No. 6 7 8 9 10
A 0. 060875 0.16728 0.17716 0.17716 0.17728
A 0. 00148 0. 05107 0. 0392 0. 0165 0. 00468
R, 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
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Table 8
" =0. 0
Optimum Result IV of Ten — Bar Truss
‘y2=1. 0
Bar No. 1 2 3 4 5
A 0. 05733 0. 062523 0. 064304 0. 060767 0. 0000125
A 0. 0771 0. 00351 0.10519 0. 0065 0. 00309
R, 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000
Bar No. 6 7 8 9 10
A 0. 062523 0.17684 0. 16698 0.17188 0.17684
Y 0. 00351 0. 05705 0. 03688 0. 01664 0. 00984
R, 1. 0000 1. 0000 1. 0000 1. 0000 1. 0000

Investigating the result reveals that if structural weight is dominated within both objectives (case

I and X ), the optimal result will be a static determined structure (figure 5). The same topo-
logical form but different cross — sectional areas of elements is obtained for cases I and I.
Moreover, both stiffness and strength reliability of case I are all higher than that of case I.
The stiffness reliability is increased from 0. 3897 to 0. 9921 while strength reliability of element
7 is enhanced from 0. 9047 to 1. 0000. By contrast, if the entropy is dominated, the topological
form becomes a static undetermined one. And more, the stiffness reliability is higher than that
of cases 1 and 1. The strength reliability of elements are all equal to 1. 0000.

Ml — Mo,

0.1 /uny + i,

strength reliability are all equal to 1. 0000. Take the first element as an example, its reliability
targets corresponding to cases I, I, Il and IV are 6. 148, 7. 399, 8.518, and 9. 059 re-
spectively. Obviously, its value is in the tendency of increment gradually. Since they are all
greater than 6. 0, the value of @(. ) will be 1. 0000. The reason why strength reliability are all
equal to 1. 0000, but the stiffness reliability is rather lower comparatively, is because displace-
ment constraints are more tight than strength constraints.

It should be noted that reliability target for four cases are different although

CONCLUSIONS

The preceding discussion and results may lead us to conclude the following.

1) The introduced parameters A(i = 1, 2, *-+, ») from a viewpoint of energy distribution not
only erect a bridge between information entropy and topological optimization, but also make a
designer able to observe the distribution of energy among all elements, which is significant.

2) With increasing yp, and decreasing y;, energy distribution A,(z=1, 2, *+, ») tends to be in
agreement , in accordance with the principle of maximum entropy.
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3) With the increment of entropy’s promotion in both objectives (stiffness and strength), the
cross — sectional area of each remaining bar is also increased. It is particularly obvious where
distribution of 4 (2 =1, 2, +*+, n) is the same but the combination of y, and y; is different. For
instance, projects I and I of examples 1 and 2 show this characteristics.

4) Structural stiffness and strength reliability or reliability target (corresponding to displacement
and stress constraints) tend to increase with the increment of entropy’s promotion in the two ob-
jectives, which is an important point worthy of further study.
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ABSTRACT

The stiffness parameters of a structural system can be adjusted to match the analytical model's
response in order to reproduce the measured test data. There are a number of practical issues that
must be considered for the successful application of parameter estimation to full-scale structures.
These include the design and implementation of the experiment; errors in the mathematical
model used for parameter estimation; and errors in the parameter estimation procedure itself.
Modeling error, the uncertainty in the parameters of a finite element model, can have a
significant impact on the quality of the resulting parameter estimates. The impact of modeling
error on the resulting parameter estimates is investigated with two scenarios: deterioration and
damage. Deterioration error is modeled as uncertainty in a single parameter distributed across
the structure. Damage error is modeled as localized undetected change in a single parameter and
a single element. Three types of parameters are used in an existing parameter estimation
procedure: (1) unknown parameters which are to be estimated, (2) known parameters assumed to
be accurate, and (3) uncertain parameters that are assumed known and not to be estimated. The
third group introduces the modeling error into the parameter estimation. Modeling error is
investigated with respect to load and measurement locations, the type of error function used
(stiffness-based or flexibility-based), and the selection of unknown parameters to be estimated.
In the example presented, the stiffness-based error function performed much better than the
flexibility-based error function. However, topology of the structure, load and measurement
locations, and location of the uncertain parameters with respect to the unknown parameters can
have a significant impact on the quality of the parameter estimates.

KEYWORDS

Modeling error, parameter estimation, model updating, structural identification, error function.
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INTRODUCTION

Parameter estimation is the art of adjusting the parameters of an analytical model of a structure to
reproduce measured data (static or dynamic). Parameter estimation also can be used to identify
element parameters implicit in the stiffness or mass matrices describing a structural system at the
component level and is a useful tool for finite element model updating. These implicit
parameters include element properties such as EA, EI, GJ, and K,rin,.

The theory behind parameter estimation is not new but advances in algorithm development have
helped to make parameter estimation a useful tool for structural condition assessment. When
successfully applied to a structure parameter estimation can be used for health monitoring and
damage assessment as changes in particular parameters of a baseline model can be related to
physical changes in a structural model. The application of parameter estimation to a physical
model requires experiment design, controlled testing, data processing to evaluate data quality,
parameter estimation, and finally, the interpretation of the results. The collection of objective
inspection data obtained through nondestructive testing and parameter estimation can give a
meaningful representation of the performance of a structure.

When applied to a small-scale structure with simulated data parameter estimation is a
straightforward process. A number of challenges exist in the application of parameter estimation
to a full-scale structure. For example, the quality of the testing procedures and the environment
can be as important as the algorithm and error functions used in parameter estimation. Sanayei
et al. (1998a) describes three primary challenges limiting the application of parameter estimation
to full-scale structures. These challenges are summarized as:

o Design and implementation of the experiment, which consists of: the selection of
excitation sources; excitation location and magnitude; sensor type and locations;
selection of data acquisition systems; and testing economy.

o Errors in the mathematical modeling for parameter estimation including nonstructural
members or members not accounted for in the a priori finite element model, nonlinear

structural response not explicitly accounted for in the finite element model,
inadequate knowledge or inability to accurately model the boundary conditions,
damping, or environmental variability.

s Errors in parameter estimation consisting of the selection of the objective function
and optimization techniques used, possible degree of freedom mismatch due to the
inability to measure responses at sufficient and optimal locations, model order which
can cause the problem to be over or under defined, and uncertainty in measured data
(noise) and model parameters (modeling error).

Modeling error is defined as the uncertainty in the parameters in a finite element model.
Although it is possible to quantify the effect of errors in a finite element model on the response
of a structure (Wadia-Fascetti and Smith 1996), these errors complicate the solution of the
inverse problem and can not be avoided in the practical application of parameter estimation
(Wadia-Fascetti et al. 1998). The impact of modeling error on estimated parameters is
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investigated Withegard to Jocation and magnitude. Two scenarios are considered. The first
type of modeling error represents structural deterioration applied uniformly across all the

elements of a finite element model. Inaccurate assumptions made during model calibration or
even deterioration across a structure can lead to this type of error. The second type of modeling
error is localized to one element and represents undetected damage.

PARAMETER ESTIMATION FOR STRUCTURAL IDENTIFICATION

Structural parameter estimation uses optimization to reconcile an analytical model of a structure
with non-destructive test data. The theory behind parameter estimation and structural
identification is not new and the reader is referred to the literature reviews prepared by Ghanem
and Shinozuka (1995) and Doebling et al. (1996). Increased computational capability has
resulted in significant progress in algorithm development and testing. As a result, structural
identification and parameter estimation are objective tools for determining the actual state
properties of a structure. Thus, it is possible to gain an improved understanding of a structure's
properties leading to improved representation of the stiffness matrix describing a structure. The
advantage of parameter estimation at the component level is that it can easily lend itself to
condition assessment of structures as parameter estimation can detect changes in stiffness
coefficients.

Parameter Estimation

Parameter estimation is used at the element level to identify the implicit parameters in the
stiffness matrix of a structure. The analytical response used may be modal or static
measurements (Sanayei et al. 1997; 1998b). Structural stiffness parameters (EA, EI, GJ, Kpring),
and mass parameters (effective lumped masses) are estimated at the component level. The two
types of parameters in the estimation procedure are those that are known and assumed to be
accurate and those that are unknown and are to be estimated. Sanayei (1997) implements the
following steps within the program PARIS (PARameter Identification System).

1. The assemblage of a finite element model with assumed accurate values for all known
parameters and initial guesses for all unknown parameters.

2. The formulation of error functions as the difference in the response of the analytical
model and the measured response. Error functions are based on static displacement
and strains and modal responses.

3. The minimization of the error function with respect to the unknown structural
stiffness parameters at the element level.

Parameter estimation using static responses is used in this study. The constrained stiffness
matrix, K, is assembled with known parameters and initial guesses for unknown parameters. The
system equation is partitioned to distinguish between measured and not measured displacements
(U) and forces (F) where the subscripts a and b denote degrees of freedom that are measured and
not measured, respectively (Sanayei et al. 1997).
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The substructured matrix in Eqn. 1 can be solved to relate measured forces or responses to those
obtained from the analytical stiffness matrix updated through parameter estimation. Eqns. 2 and
3 are the stiffness-based (E;) "equation error function" and the flexibility-based (Ey) "output error

function" and are implicitly functions of all structural parameters, P that describe the stiffness of
the structural system at the component level.
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The superscript m denotes measured forces and responses. The error functions are minimized by
updating stiffness parameters, P at the element level such that the scalar objective function, J,

(shown in Eqn. 4) is minimized.
2
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J in Eqn. 4 is defined as the Eucledian norm of the error functions shown in Eqns. 2 and 3.
When there is no modeling error or measurement noise, J will approach zero with an acceptable
tolerance limit as the updated parameter estimates approach the true value of parameters.

PARIS uses the measured responses (modal and static) to obtain parameter estimates using Eqns.
1 through 4. Practical issues that need to be considered and can effect the quality of the final
parameter estimates are the selection of load and measurement cases, the error function used, and
the quality of the known parameters used to assemble the initial finite element model. Solution
strategies such as the use of super elements and grouping can be used to reduce the number of
unknown parameters sought (Sanayei et al. 1998b; McClain 1996) making parameter estimation
adaptable to full-scale structures. However, these techniques do not account for modeling errors
in the finite element model.

The change in the structural parameters to be estimated must be observable by the sensors and
load cases. At a minimum, one independent measurement for each unknown parameter is
required to avoid an underdefined problem. In most practical cases, the load and measurement
cases available are dependent on accessibility and cost limiting the information available to the
parameter estimation. Without measurement noise or modeling error additional load cases can
improve the resulting parameter estimations. However, errors propagate in the presence of
measurement noise and modeling error and can have a reverse effect on the quality of the final
estimates. Sanayei et al. (1992; 1996) developed a heuristic method for design of NDTs to
reduce the error in the geometric parameter estimates caused by noisy measurements.
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Parameter Estimation Considering Modeling Error

When parameter estimation is performed in the presence of modeling errors there are three types
of parameters considered in the analytical model:

¢ unknown parameters to be estimated,
e known parameters assumed to be accurate, and
e uncertain parameters that are assumed known and not to be estimated.

The impact of using uncertain parameters as known values on the unknown parameters is
studied. Two scenarios are considered: 1) deterioration that effects a significant amount of the
structure and 2) damage that effects a localized area of the structure are represented in the
unknown parameters. In addition to these scenarios, the effect of load and measurement
locations, error function selection, and magnitude of the uncertainty on the resulting parameter
estimates are studied.

Influence of Modeling Error on J

As stated previously, the minimum value of the objective function, J, is zero when the true
parameter values are used in the error functions E; or Ef and when there is no measurement noise
or modeling error in the system. Once modeling error is introduced into the parameter
estimation as uncertain values in the stiffness matrix, J is no longer zero when error functions are
evaluated with the true parameter values. Consider the frame shown in Figure 1. The columns
and beams have 7 equal to 170 in* (7,076 ¢cm* and 800 in* (33,299 cm®), respectively. E is
assumed to be 29,000 ksi (2.0x108 kPa) and constant for the whole structure. The measured
response is obtained for degrees of freedom 1 and 3 and the loads are applied independently at
degrees of freedom 16 and 18. The unknown parameters are / for members 1 and 3 and will be
estimated due to the modeling error introduced to / of member 9. J is computed based on the
stiffness (Eqn. 2) and flexibility (Eqn. 3) error functions.

2
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Figure 1: Two story frame
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When the true values for members 1 and 3 are used and an uncertain value for I of member 9 is
assumed to be 212.5 in* (8,449 cm4) rather than the actual value, 170 in* (7,076 cm4), J is equal
to 5.96 (with force units) and 0.1217 (with displacement units) for the stiffness and flexibility
error functions, respectively. The optimization procedure updates the unknown parameters until
J reaches a minimum value. It is conceivable that a set of unknown parameters can be found that
produces a value for J that is less than the values reported above. Thus, when modeling error
exists and the parameter estimation converges, the parameters will never converge to the true
values of the unknown parameters as the optimization blames the error in the uncertain
parameters on the unknown parameters.

It is impossible to track the effect of modeling error through J as this scalar represents a
complicated structural system. Although, the existence of modeling error is evident in J, the
location and severity of the error can not be interpreted from a single scalar. The minimization
of J causes the effect of modeling error to be distributed throughout the estimated parameters,
effecting some unknown parameters more severely than others. Since the error function is
partitioned based on the location of measured responses, a change in measured response will
change the value of J. The effect of modeling error, which is illustrated in the next section is
dependent on the location and magnitude of the modeling error, the load and measurement cases,
and the error function used in the parameter estimation.

ILLUSTRATIVE EXAMPLE

Two possible types of modeling error are illustrated on the two-story frame shown in Figure 1.
In each case for members with unknown stiffness, only I is estimated and E is assumed to be
constant for the whole structure. Parameter estimates are obtained using the program PARIS.
Modeling error is quantified on the estimated parameters to demonstrate the influence of
deterioration or damage.

Influence of Deterioration on Estimated Parameters

All beam elements (1, 4, 6, 8, and 10) are assumed to be known with a high degree of certainty.
Deterioration is simulated by assuming / for members 2, 3, 5, and 7 are known with some degree
of uncertainty. Then, values for  of members 9, 11, and 12 are estimated. For the purposes of
providing bounds on the final results each member is given the same amount of modeling error
(i.e. +25% for all members). The four different load and measurement cases considered are
shown in Table 1. Figure 2 shows the percent error in the estimated parameters Iy, I;;, and I},
In this figure, "o" and "x" represent the stiffness-based and flexibility-based error functions,
respectively. FDOF and MDOF denote the degrees of freedom at which loads are applied
independently and measurements made.

TABLE 1
LOAD AND MEASUREMENT CASES USED IN FIGURES 2 AND 3
Case FDOF MDOF
a) All/All 1-21 1-21
b) Trans/All 1,4,7,10,13,16,19 1-21

¢) Trans/Trans | 1,4,7,10,13,16,19 | 1,4,7,10,13,16,19
d) Trans/Rot 1,4,7,10,13,16,19 | 3,6,9,12,15,18,21
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Figure 2. Parameter estimates for members 9, 11, and 12.
o = stiffness-based error function; x = flexibility-based function
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In general, the stiffness-based error function yields more consistent results than the flexibility-
based error function tolerating more modeling error and leading to parameter estimates with
lower errors. All estimated parameters were checked for convergence. Parameters that
converged to unreasonable values are reported, while divergent results are not. Both error
functions are unbiased meaning that with no modeling error, they are capable of obtaining exact
parameter estimates. The amount of modeling uncertainty that the error functions can tolerate is
dependent on the load and measurement cases as well as the amount of error in the system. In
three cases, the flexibility-based error function converged to unreasonable values yielding high
errors in the estimated parameters (Figures 2a, 2b, and 2c). The stiffness error function,
however, yielded excellent results in all estimated parameters (Io, I;;, I;,) for three of the four
cases (a, b, and c¢).

A similar analysis is performed with modeling error applied to members 7, 9, 11, and 12 to
estimate moment of inertia for members 2, 3, and 5. Results for I;, I3, and I5. are shown in
Figure 3. In most cases, the flexibility error function didn't converge for cases with at least 25%
modeling error (see Figures 3a, 3b, and 3c). Results that didn't tolerate at least 25% error are not
reported. Again, the stiffness-based error function yields consistent and reliable results. It is
interesting to note that the flexibility-based error function did not converge with more applied
forces and measured displacements in cases a, b, and c. However, it converged and performed as
well as the stiffness-based error function using less applied forces and measured rotations as
shown in case (d) of Figure 3.

Figures 2 and 3 show that the resulting parameter estimates are sporadic and are highly
dependent on the load cases, measurement locations, error functions, and location of the
modeling errors. In general, the stiffness-based error function tolerates more modeling error and
estimates more accurate parameter estimates compared to the flexibility-based error function.

Influence of Localized Damage on Estimated Parameters
Localized damage is simulated on the four bay frame by adding uncertainty to the stiffness of

member 9, the column on the far right of the frame. The four different load and measurement
cases used in this scenario are shown in Table 2.

TABLE 2
LOAD AND MEASUREMENT CASES USED IN FIGURES 4, 5 AND 6
Case FDOF MDOF
1 16, 18 1,3
2 19, 21 4,6
3 16, 18 19, 21
4 4,6 1,3

In each of these cases, two unknown parameters are estimated. All other parameters are assumed
as known with a high degree of certainty. In addition to the amount of modeling error in the
system, the value of the resulting parameter estimates also depends on the unknown parameters
that are to be estimated together. For example if there are four unknowns, the effect of the
modeling error may be distributed across all the unknowns rather than influencing an individual
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Figure 3. Parameter estimates for members 2, 3, and 5.
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parameter. Figure 4 shows that the final values for the parameter estimates depend on all

unknown parameters estimated in a group. In this case, parameters Is and I are estimated
together (i), and parameters /7 and I3 are estimated together (ii).
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Figure 4. Parameter estimates for case (1) with modeling error applied to element 9.
o = stiffness-based error function; x = flexibility-based function

Selection of load and measurement locations is important as the member in question must
respond to the loads and the loads must be observable at the measurement locations. Often when
an inappropriate load and measurement case is selected, the parameter estimation diverges. The
selection of load cases also influences the quality of the parameter estimates as modeling error
increases. Figure 5 shows the parameter estimates for I, and I; due to each load and
measurement case. With +100% modeling error the parameter estimations of I; varies from
150% to -15% of the true values. In this example where localized damage was introduced, both
error functions performed similarly. However, in case 2 of Figure 5, unlike the previous cases,
the flexibility-based error function had a better convergence record while the stiffness-based
error function did not tolerate large modeling errors with positive percentages.

A practical problem in the application of parameter estimation to in-service structures is that the
modeling error may not be located near the area of the structure that is of interest in the
identification. Thus, it is useful to understand the relationship or impact of modeling error in a
localized region on parameter estimates at other locations of the structure. The relationship
between the location of the parameters estimated and the location of the modeling error is an
important consideration in experiment design. Figure 6 shows the effect of modeling error in

element 9 for case 4 on the estimation of four different pairs of elements (1 & 3), (4 & 5), (6&
7), and (7 & 8).
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The effect of the modeling error at element 9 has less of an impact on the location of the
parameters to be estimated. In the case of the stiffness-based error function, the observability of
the modeling error is higher in elements that are closer to the uncertain element The quality of
the parameter estimates are similar for error functions as shown in Figures 6a, 6b, and 6c.
However, in Figure 4d where I7 and I5 are unknown are very close to the uncertain parameter Is
only the stiffness-based error function converged.

FINAL REMARKS

Parameter estimation can be a useful tool for condition assessment of in-service structures.
However, before application to full-scale structures it is necessary to first understand the
influence of modeling errors on the estimated parameters. The simulations presented in this
paper give an overview of the impact of modeling error on a four-bay frame subjected to
different types of modeling errors and load and measurement cases. The quality of the parameter
estimates is highly dependent on the loading magnitude and locations; measurement type and
locations; and error functions used for parameter estimation. Overall the stiffness-based error
function yields more reliable resuits than the flexibility error function. Many parameter
estimation cases diverged when the flexibility error function was used while the stiffness-based
error function routinely converged and overall it tolerated more modeling error. Finally, it is
important to stress that in addition to the type of error function used in the parameter estimation,
the effect of modeling error is dependent on structure topology, load and measurement locations,
and the location of the uncertain parameters with respect to the unknown parameters.
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ABSTRACT

This study illustrates the behavior of a closed-loop vibration control system making
use of electrorheological electrorheological (ER) devices. ER fluids exhibit damping and
stiffness properties which can be modulated by orders of magnitude when subjected
to strong electric fields (kV/mm). An increase in yield stress (from 0 to 3 kPa) is
characteristically observed when the field is applied. A Lyapunov-based controller results
in control decisions which are independent of the structural model, and are therefore
insensitive to modeling errors. Structures operated according to the control rule maintain
an anti-resonant condition. In order to capitalize on the unique properties of ER materials
in this application it is desirable that the material be configured in a device in such
a way that when the device undergoes characteristic motions, the device forces can
be modulated to a significant degree (a factor of 10 or more). Because the range of
adjustable forces is closely linked to the ratio of finite field-controllable yield stresses
to uncontrollable viscous stresses, it is desirable for controllable ER dampers to operate
at low flow rates. In addition to the range of available forces, ER dampers should have
a short characteristic time, low stored electrical energy, and forces high enough to be
effective for the intended application. The ER damper described herein features multiple
concentric electrodes which are electrically in parallel, but may be hydraulically inter-
connected through multiple paths.
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INTRODUCTION

Vibration suppression in civil engineering structures during strong earthquakes presents
unique challenges [9]. Properly detailed structures behave non-linearly during earth-
quakes, large control forces must be applied rapidly to respond to impulsive ground mo-
tions, but control forces need not be accurately controlled. The control system should
be able to operate in the absence of external power.

Because details regarding structural behavior and the earthquake characteristics can not
be exactly foreseen, endowing a degree of adaptability to structural systems could satisfy
safety and performance requirements for a broad range of earthquake characteristics.

While the required electric fields in ER materials are strong (kV/mm), the field’s dis-
placement currents are small (wamp/cm?) [7] [4]. Thus, ER devices can be operated using
low-power, battery-operated, energy sources [2, 11]. Therefore, ER devices designed to
provide a wide range of adjustable forces must have small viscous stresses as compared
to yield stresses. Instead of forcing a viscous material to flow at high velocity through a
relatively narrow orifice, the proposed device develops large forces by forcing a dissipative
fluid to flow at a relatively low velocity over a large surface area.

PRE-YIELD VISCOELASTICITY OF ER MATERIALS

Visco-elasticity in ER materials is strongly affected by the electric field at low strains
(<0.1); at high strains a yield stress is quadratically related to the field [7]. At low
shear rates, ER devices provide a large range of controllable forces. Based on extensive
Couette shear measurements, Gamota and Filisko [7] elucidated the material behavior
of ER materials with the mechanical analog illustrated in Figure 1.

Considering the mechanism of Figure 1, a balance of forces on the mass mq gives

modo + coo + fo(Zo) = f(1), (1)
where fo(Zg) is the only non-linearity and represents the Coulomb friction element. This
nonlinearity can be approximated by a hyperbolic tangent. The right hand side of
Equation (1) is the applied stress. The total deformation of the element is the sum of
xo and z,, where z; is obtained from the equations of motion for the Zener element,

f(k1+k2)+c1f=k1k2$1+Clk2i1~ (2)
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m, J@)

¢ c
0 Solx) I
Newtonian Coulomb Zener

X=X+ X,
Figure 1: A mechanical analog for ER materials.

Equations(1) and (2) can be cast into a state-space form using a state vector of [zo 2o f]7.

4 | %o 0 1 0 Zo 0 0 2
pm To = 0 —co/mg 1/mg 2o | + 0 0 [ N }
f —kikafc1 —ky —(k1 + k2)/ 1 f kika/er ko
0
+ | —1/mo | fo(Zo)- (3)
0

The dynamics are always asymptotically stable, provided that all parameters are positive;
and the linear dynamics are explicitly separated from the sole dissipative nonlinearity,
fo. The equations are well conditioned and can be solved using a number of numerical
techniques [8, 12].

The parameters in the state space models for the ER dampers ( fo, k1, ¢1, and k3), increase
monotonically as a function of an input voltage, u.

CONTROL SYNTHESIS

A control method, based on minimizing the kinetic energy content in a seismically-excited
structure, leads to a bang-bang control rule, which can be physically implemented using
a nonlinear analog feed-back loop. Consider the equations of motion for a base-excited
structural system with unknown, and possibly highly non-linear, restoring forces g(r,7),
and a set of ER dampers described by the strictly proper Equation (3),

MF + g(r,7) + Bef(u) = —Mh3, (4)

where M is an n by n positive definite symmetric mass matrix, g(r,7) is the gradient
of the non-negative definite potential energy function W(r,7), Br is a n by m matrix
relating the m ER damper forces to the n structural coordinates, f(u) is an m vector of
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ER damper forces, given by Equation (3), and Z is the base acceleration. A new algebraic
hysteresis model was developed to describe the restoring forces g(r, ), and is represented
by the closed-form expression

. _ kpi(r —r
g(r,7) = g + gtanh (—%) + kio(r — 1), (5)
in which the coordinate (g¢,r¢) is the coordinate at the most recent direction reversal,
and

g =Fy = (9 — kiore)sgn(r) (6)
This hysteresis model has three parameters corresponding to the pre-yield stiffness, ky;,

the post-yield stiffness, kio, and the yield strength Fy, is rate dependent, and enforces
the Bauchinger effect.

The total energy in the system is
1
V= E(T + h3)TM (P + h2) + W(r, 7). (7

Following Lyapunov’s direct method, the objective of the control is to minimize the
internal energy by forcing the rate of change of internal energy to be as negative as
possible. The rate of change of internal energy reduces to

V= —iTg(r,i) = (¢ + h2)T f(u). (8)

The only term over which one has control in Equation (8) is f indirectly, through «. The
“bang-bang” control rule reduces to making the last term in Equation (8) as positive
as possible by varying u. The control is decentralized, robust to scaling errors of the
sensors, robust to model errors, but is sensitive to phase and bias errors.

EXPERIMENTAL EXAMPLE

Experiments on a small 3 DOF shear building model illustrate the effects of the control
rule. The mass of each floor was approximately 1.25 kg and inter-story stiffnesses were
5.5 N/mm. The identified natural frequencies of the bare frame were 4.3, 12.7, and
18.8 Hz. An ER shear wall was constructed of stainless steel and poly-carbonate, and
was installed between the first DOF and the ground, The ER material was 30% (v/v)
anhydrous Zeolite “3A” in paraffin oil [4]. The forces generated in the ER wall were on
the order of the column shear. To perform the required control tasks, the device was
charged and discharged up to 100 times per second.

The structure was excited on an electro-magnetic shaking table which made use of a
proportional acceleration feedback control loop. This control was sufficient to obtain
coherent transfer functions for the structure without the ER damper. Figure 2 illustrates
the structure with the ER wall, the sensors and the control circuit.
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i

Figure 2: Structural model illustrating shaking table system with feed-back control loops.

Results of the vibration control experiments are given in Figures 3 and 4. Figure 3 shows
transfer function data between the base acceleration and the second and third degrees of
freedom. Three cases are shown in each figure. The two dashed lines correspond to the
response with the device operating at constant low and high fields. The primary effect
of the ER wall is to selectively increase or decrease the coupling between the support
and the adjacent degree of freedom, and is exhibited by a shift of natural frequencies.
The solid line corresponds to the controlled case, and follows the minimum of the two
constant voltage transfer functions. The same wide-band random disturbance was used
for all three cases.

2nd Degree of Freedom 3rd Degree of Freedom
12 T T T T T T T 16 T T T T Y T T

2 H K.E. Control — " K.E. Control —

g 10k Constant zero voltage EO kV; - g 14 1 Constant zero voltage %0 kV; —
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54 - E
g 10 | 4

< 2

g { 3 ]
8

£ 1k ]

1 %] [

b g 1

2 4 2

T 4 1

~ A oA - odxa, -

0 2 4 12 14 0 2 4 12 14

6 8 10 6 8 1
frequency (Hz) frequency (Hz)

Figure 3: Frequency response data for second and third degrees of freedom. The con-
trolled system follows the lower bound of the constant on and constant off cases.

A similar behavior is observed in the time-domain response to a sinusoidal excitation
with slowly increasing frequencies: the controlled system follows the trajectory of lowest
amplitude. Sections of the sine-sweep responses are shown in Figure 4. The fundamental
resonance of the constant zero voltage and constant high voltage are shown by the dotted
lines. In the left figure the solid line corresponds to the controlled case, and follows the
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smallest signal. In the right figure the solid line corresponds to the “mis-controlled” case,
(in which the polarity of the control decision is reversed) and follows the largest signal.
This figure illustrates that the ER shear wall can be used to enhance resonance, should
that ever be desired. Even in these narrow-band excitations, the control called for rapid
periodic switching of the electric field.

r T T T g
1000 + " Voltage OFF ----

i i Voltage ON 1
il | i l 1,\1‘5-('5)N-r!;u.1:ﬁ[ D —

T 1 T T T T
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Figure 4: Time history data for the third degree of freedom. The control is applied
correctly in the left plot. The polarity is reversed in the right plot.

NUMERICAL EXAMPLE

The above equations can be cast into a set of non-linearly coupled first order ordinary
differential equations to model the dynamics of the closed loop system. Such a model
incorporates the full interaction between the dampers and the structure.

r 7
% | = —M™'Byg(r,7) — hi — M™'BiC.q , (9)
A(w)g+ Bo(w)[ry #])T + [0 — 1/mo)T fo(u) tanh ()
where
1 -1 0
By=|0 1 -1/, (10)
0 0 1

q is the state vector in Equation (3), and By = [1 0 0]*. A qualitative comparison of
simulated responses of a system described by Equation (9) confirms the experimental
results of the previous sections. To visually compare the time- and frequency- domain
data, sine-sweep excitations were applied to a three degree of freedom building model.
The typical hysteresis of the ER damping wall {1, 10, 13], as modeled by Equation (3) is
shown in Figure 5. Simulation results of Equations (9) are shown in Figure 6. In each
of these figures, absolute acceleration time histories, force-deflection hystereses of the
structural elements, and frequency response functions of the absolute accelerations are
plotted. The voltage “OFF” case is more flexible and passes through resonance first (at
around 10 seconds), whereas the voltage “ON” case passes through resonance at around
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Figure 5: Typical hysteresis of ER devices, as modeled by Equation (3).

14 seconds. The “CONTROL” case does not demonstrate any resonance, and maintains
amplitudes at or below the two constant voltage cases. This behavior is confirmed by the
two frequency response functions at the bottom of the figure. The control also reduces
relative deformations, as illustrated by hysteresis in the structural elements.

MULTI-DUCT ELECTRORHEOLOGICAL DEVICE DESIGN

The electrodes in a multi-duct ER device create a set of concentric annular ducts. These
ducts can communicate hydraulically to form parallel ducts, ducts in series, or groups of
parallel or series ducts. Apart from the nature of duct interconnections, design variables
include the inter-electrode gap, h, the electrode {duct wall) thickness, w, the piston
radius, R, the piston shaft radius, R;, the device radius, Ry, and the device length, L,
as illustrated in Figure 7. In this figure, the black electrodes are grounded and the white
electrodes are at high voltage. Assuming incompressible flow, the total volumetric flow
rate, (), 1s proportional to the piston velocity, V,,

Qr = m(R: — RA)V,. (11)
In Figure 7 all ducts are hydraulically parallel.

The pressure gradient (p’ = —9p/dz), in a homogeneous ER material following 2 Bingham
constitutive law

(¥, E) = 7y(E)sgny + 07y (12)
along an annular gap of width h can be approximated by

/
P ply + 207 4 DN

_ 1
T Rkt 04T, (13)
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Figure 6: Acceleration response histories and hysteresis for second and third degrees of
freedom for the nominal structure. The controlled system follows the lower bound of the
constant on and constant off cases. Absolute accelerations and relative deformations are
reduced.
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Figure 7. Arrangement of piston and ducts in the proposed ER damper design.

to within two percent of the true value of p'/py [5]. The approximation

Iy

!~ ol + 2.1
P Rpy+ b

(14)
is linear in @ allows a closed form solution for the device forces. In the above expressions,
7y is the field-dependent yield stress, py is the pressure gradient of a Newtonian fluid
of viscosity n flowing through a duct of width A at a volumetric flow rate, @; and p' is
the pressure gradient of a Bingham material with yield stress 7, flowing through a duct
of width h at a flow rate . Under steady flow conditions, the force in an ER device
increases by a factor of p'/p}; when the field is applied. The Newtonian pressure gradient
is proportional to @ (p = @R), where R depends only on geometry and viscosity,

L2 -1
_ fﬁ o 4 i 4 (07,2d _.ng)z

Rya('T g, °Tga, 1) = T m (15)
g g

The inner radius of the duct is 'r and °r is the outer radius. The across-flow dimension of
the duct is A = °r —ir. In the analyses that follow, flow ducts are separated into groups.
Adjacent ducts within a group may be hydraulically connected in series, or in parallel.
Adjacent groups may be connected in series or in parallel. The sub-scripts ‘gd’ indicate
that the sub-scripted quantity pertains to duct d within group g, where 1 < g < G and
1 <d < D,. There are D, ducts in group g. When the subscript g is omitted, G = 1.
The values for the inner and outer radii can be derived from the geometry shown in
Figure 7,

d d—1
'rga = OT(Q—I)D(g—l) + Z Wgs + Z hys (16)

§=1 §=1

and ; ]
OT‘gd = OT(g—l)D(g_l) + E wgg + Z hgg (17)

§=1 §=1

where °rop, = R,.

The ER device designs are evaluated with four performance parameters: the maximum
device force, F, at low piston velocities, the ratio of maximum to minimum device forces,
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?'/pk, at high piston velocities, the electrical energy required to operate the damper,
CE?h?, and the response time of the device due to fluid inertia, t. The optimal device
has the design with the fastest response time, ¢, that meets or exceeds a required force
level, and a required dynamic range within a given device size (Ry, L), and without
exceeding a pre-specified energy requirement.

The total force developed by the device is proportional to the total pressure drop along
the network of ducts, Ap. In the analyses which follow, p is an effective total pressure
gradient, such that Ap = p{L. The time required for the Newtonian flow profile to
develop from a nearly plugged flow profile is

2
b= 0.2201 (18)
1

where p is the mass density of the ER material (p & 1 g/cc) [5]. The capacitance of a
multi-electrode device (as illustrated in Figure 7) in Farads is:

G Dy o

= &GOWLZZ Tod t 7a (19)

g=1d=1 Tgd — 7o

where ¢, is the permittivity of free space and « is the dielectric constant of the material
(k ~ 4). The maximum field typically applied to an ER material is about 5kV/mm. The
total capacitive energy at this field is about 25 x 10'2Ch? Joules.

Multiple-duct ER devices have more design variables (gap widths) than are easily man-
aged. Because steel tubes are readily available in only discrete sizes of diameter and wall
thickness, the following analysis will presume that the ducts in the ER device are annular
gaps formed by tubes with a equal wall thicknesses, and that all of the ducts have the
same across-flow dimension, A. Even within the constraint of limited tube availability
and a fixed device size (diameter and length), the arrangement of the flow paths within
the device leads to devices with a wide range of characteristics. While all of the ducts
are electrically parallel, the flow paths can be arranged either in parallel, in series, or
both. The number of possible hydraulic interconnections of N concentric ducts is 2(¥V=1),
Each configuration has distinctly different properties.

These configurations will be analyzed in the context of several parallel groups of ducts
in series. In this configuration, the total pressure drop across the piston is equal to the
the pressure drop along each group of ducts. Mass conservation and an incompressibility
assumption require that the sum of the volumetric flow through each group equals the
total volumetric flow rate, Q1. Within each group, the sum of the individual duct
pressure drops equals the total pressure drop and the volumetric flow through a duct
equals the volumetric flow through that duct’s group. These conditions give

G
Qr = Qa, (20)

g=1
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and
DQ
Pr= ZP;d (21)
d=1

Assuming a conservative linear approximation for the ER pressure gradient (equation
14), the flow within group g of a set of parallel groups is

Dy -1 Dy
Qq = {Z Rgd} IiplT =217y Z hg_cll} . (22)
d=1

d=1
The total flow is then:

G
=Y

1

Dy -1 Dy
[Z 'Rgd] [pir —217 Y hg";] . (23)
d=1

d=1

This equation can be solved for the total effective pressure gradient:

G Dy -1 G Dy Dy -1
pir = Z [ /Rgdjl Qr + 2.1y Z Z hg_dl I:Z 'Rgd} . (24)
g=1 | d=1 g=1 |d=1 d=1
The total effective pressure gradient due to a purely Newtonian flow is obtained by
setting 7, = 0 in the above equation,

-1

G Dy -1
Pyt = Qr [ {Z Rgd:! : (25)

g=1 |d=1

NUMERICAL EXAMPLE

To illustrate the analysis outlined above, a device with constrained geometry and mate-
rial properties was investigated. The across flow dimension, A, and electrode thickness,
w, were fixed at 1.59 mm (1/16 inch). The outer radius of the device was fixed at
3.81 cm (1.5 inches), and the length of the electrodes was fixed at 25.4 cm (10 inches).
The maximum ER fluid yield stress, 7y, is conservatively chosen to be 3 kPa, and the
Newtonian viscosity, 1, is set at 0.1 Pa-sec. Devices with five ducts and seven ducts were
analyzed. The only design variables are the arrangement of the ducts in the device, and
the total number of ducts. A device is determined to be “feasible” if the dynamic range,
P’ /py is between 10 and 20, and if the force levels are above 1.5 kN.

The wide range of device performances, attributed to different hydraulic designs is il-
lustrated in Figure 8. Each point in these figures corresponds to a different design
duct configuration. These figures show three performance variables, p'/py. The force,
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F, increases with velocity due to the Newtonian stresses. Therefore I’ was conserva-
tively evaluated at V,, = 1 cm/sec. Likewise, p’/py decreases with velocity. So p'/py
was conservatively evaluated at V, = 50 cm/sec. The other performance variables are
velocity-independent, but depend on geometry, viscosity, and density. In each figure,
the device with the greatest dynamic range corresponds to all ducts in parallel, and the
device with the greatest force capacity corresponds to all ducts in series.

It is clear from Figure 8 that devices with seven ducts provides an outstanding dynamic
range but sacrifices the force level. The effect of grouping the ducts enhances the trade-
off between dynamic range and force level. Many designs with five ducts in groups have
an adequate force level and dynamic range.
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Figure 8: Dynamic range vs. force for a multi-electrode ER damper.

While there is a trade-off between dynamic range time and force level, dampers with
higher force levels have shorter response times. Because the response time is assumed to
vary only with A%, the manner in which the ducts are interconnected does not effect the
inertial response time. Because all devices in this analysis have the same h, the response
time for every design is 5.5 milli-seconds.

Like the response time, the energy requirement is not dependent on flow rate. Therefore,
all the designs require similar amounts of energy. The capacitive stored energy of the five
duct devices is 0.35 Joules, and the capacitive stored energy of the seven duct devices
is 0.44 Joules. These devices could be charged hundreds of times from a common 9-volt
battery.

Devices made with more groups of ducts but the same total number of ducts have lower
forces but greater dynamic range. Placing the groups with the greater number of ducts
toward the outer perimeter of the device results in devices with slightly larger forces and
slightly smaller dynamic ranges.
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CONCLUSION

A linear approximation to exact solution of steady ER flow was used to obtain closed
form design expressions for ER devices. Dampers in which the ER material flows through
multiple concentric electrodes can demonstrate a wide range of behaviors within a fixed
device size. The electrode gaps are electrically in parallel but hydraulically arranged in
series, parallel, or combinations of series and parallel. Despite low yield stresses, high
forces are generated in these dampers by virtue of the large surface area over which the
ER material flows. Forces can be controlled by a factor of 10 or more, even at high
velocities. By carefully separating and isolating the electrified metallic tubes, rugged
devices with complicated flow paths can be easily assembled.

This study concludes that ER materials can be effective in reducing structural responses,
when the electric field is switched according to a bang-bang control rule which minimizes
kinetic energy. Although operating the ER devices in a bang-bang fashion requires much
more electrical energy than the constant voltage case, the control system can be operated
using a battery-operated high-voltage supply. The control rule described here requires
only that the structure is base-excited, that the physical parameters of the ER material
increase monotonically with electric fleld, and that the force- velocity relationship for
the ER damper is always in the first and third quadrants. Because of the low, cyclic,
shear rates of the material in ER devices, pre-yield, visco-elastic behavior is observed in
experiments. This controllable pre-yield visco-elasticity is central to the behavior of the
control system.
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ABSTRACT

Preconditioned conjugate gradient (PCG) method is an equation solver that is suitable for
parallelism. Cluster technology leads parallel computation to a new stage and dramatically
increases the transferability of parallel algorithms. This paper tries on a fast Ethernet to develop
a parallel PCG algorithm as an independent solver of linear system of equations. After a brief
review, a parallel PCG strategy is given through modification of an existing scheme. It is
programmed on the parallel virtual machine (PVM) platform, and the local area network is
composed of 5 Pentium PCs connected by 100BASE-TX Switching Hub. Considering load
balance, two types of decomposition of the whole coefficient matrix are adopted, so as to
implement the dominant and computation-exhausting processes, preconditioning and sparse-
matrix vector product. As an initial approach, a Jacobian and block-Jacobian preconditioning
are adopted respectively. Some simple examples show that the PCG converges very fast for
those diagonal dominant matrices, but may fail for structural analyses.

KEYWORDS

Parallel PCG algorithm, Cluster technology, PVM, Equation solver, Sparse matrix vector
product

INTRODUCTION

Using the Galerkin formulation on any continuum that is to be studied, structural analysis is
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reduced to solving the matrix equations
KX=F 0

where K € R""is the stiffness or equivalent stiffness matrix, X,F € R" are the generalized
displacement and force vectors, respectively. The solution of Eqn 1 may be obtained in one of
two possible ways, direct or iterative approaches. In traditional FEM programs that are
sequentially executed on one-processor computers, direct approaches have been almost
exclusively used, see Zois (1988).

Iterative methods approach the real solution through successive approximation techniques.
They not only require less storage and are easy for implementation, but also give users the
possibility of controlling the accuracy of the solution. Along with time extension, CG/PCG
families are attracting more and more attention. Although CG approach has poor reputation of
low convergence in structural analysis, there have been some successes with PCG algorithms
recently by preconditioning and special ordering techniques. The inherent characteristics of the
family and these techniques imply better performance in parallel environment than in sequential
one.

The most widely used pre-conditioners are derived either from the incomplete Cholesky
factorization of the coefficient matrix or by SSOR characteristic matrix. Since CG/PCG can be
easily executed without the factorization of the whole stiffness matrix, most of the
implementation and preconditioning have been achieved in element or certain sub-domain levels.
Hughes, Levit and Winget (1983a,1983b) may be the first people who introduced the idea of
element-by-element process for the solution of linear systems of equations. Law (1986)
developed a parallel CG algorithm by using the displacement (as well as force) vectors local to
each processor and the corresponding global vectors. Carter, Sham and Law (1989) described a
parallel implementation of the finite element method on a multiprocessor computer. A parallel
element (or substructure) oriented CG procedure was employed to compute the displacements.
Based on Law’s work, Yalamanchili, Anand and Warner (1992) implemented a parallel PCG
algorithm with a Jacobian preconditioning. Here the patterns of the matrix vector product were
discussed. Chiang and Fulton (1992) put forward a PCG algorithm that was in a node-by-node
pattern and executed on vector computers. The preconditioning was also Jacobian. Zhu and
Qiao (1993) gave two PCG strategies in substructure level.

By means of Krylov subspace theory, Yang and Li (1993) depicted four solvers of linear
algebraic equation with the large-scale coefficient matrix being sparsely inhabited. A PCG
procedure was briefly described as an independent algorithm and pointed out to be executed in
the YH-1 computer of China. The main contents of Chadha and Jr. Baugh (1996) are about a
parallel PCG algorithm for structural analysis on a conventional Ethernet-connected
workstation network. The performances on plane-elasticity problems are evaluated. The listed
scheme should be executed after finite element modeling on each sub-domain. The local pre-
conditioner assigned to each server was initially formed in another program, and was modified
based on interface conditions during the starting steps of PCG. But there was no modification
with stiffness matrix of each server.
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It can be obviously found that most of PCG methods, whether being sequential or parallel, have
been implemented with the combination of some domain decomposition technique(DDT). Of
course, it is DDT that gives merits to PCG family. But there is difficulty for these schemes to
directly solve those problems in which only the whole global stiffness matrix is given.

For real engineering problems, the users would rather give the global information, such as
matrix of the whole structures, than show the design in detail. A lot of famous universal
software for structural analysis already on hand is able to manage it. There are also some
problems, such as the dynamic analysis on periodic or partially periodic structures, like large
space flexible structures, the global stiffness matrix can be obtained easily (Hou and Zheng,
1997). In that situation, it is not necessary to modify the whole stiffness matrix. In the case of
nonlinear structural analysis furthermore, the global matrix is the only object one has to
confront. To solve these problems, parallel strategies of direct methods have been successfully
implemented.

As a supplementary to mainstream research work on PCG approach, this paper develops a
strategy. That strategy is implemented on fast Ethernet and is a real independent solver of linear
system of equations. The rest content of this paper is arranged in four sections. The first
describes the parallel environment and gives a strategy of PCG algorithm as an independent
equation solver. The decomposition of matrix K is discussed in the second section, two
partitions are demonstrated. The third section is on sparse matrix vector product. It is the
extension of the previous section. Some opinions are put forward in the last section, based on
our initial computational experiences.

IMPLEMENTATION OF PARALLEL PCG ALGORITHM
Parallel Environments

During parallel computing, the speedup and efficiency are two important indexes. They reflect
the comprehensive performance of a parallel system and the corresponding algorithm. In order
to have a good gain, one should attach importance to the performances of his node machines
and local area network(LAN) before designing efficient algorithm.

PC ¢ PC 3
| LaNn | PC2|_ S
PC 5 — SP/2
Campus
Network
PC 1

Fig 1 Parallel computer cluster
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After careful survey on the development of parallel computing, we have set up a cluster system
for research and application of parallel computation. The sketch is shown in Figure 1.

There are in the LAN 5 node machines, each of which is personal computer with CPU of
Pentium 133. They are connected by SMC 100Mbps PCI network card and Intel Express
100BASE-TX switching Hub. This fast Ethernet adopts TCP/IP as network protocol. The
Solaris 2.5 for X86 is chosen as operating system, and PVM (Parallel Virtual Machine) and
MPI (Message passing Interface) as message transmitting platform. The programming language
can be one of FORTRAN, C or C**, which are all supported by Solaris for X86.

1t is obvious that the distributed computing system has star-like topology and is homogeneous
in architecture. By adding some workstations with high performance however, the architecture
can be easily extended to be heterogeneous. In fact, our distributed system can be linked to the
IBM SP/2 machine in the center of CERNET located in Tsinghua University through the
campus network. More important, from the choice of the hardware, the operation systems and
parallel computing platforms, one can find out the good flexibility of the system and so the
transferability of the algorithms developed on it.

Scheme of PCG algorithm and Pre-conditioners

The algorithm in this paper is derived from that of Chadha and Jr. Baugh (1996). It is suitable
for coarse-grained computing. A master-slave pattern is employed during the design of the
principal computing process, although a pure node mode is also suitable. In fact, some
processes have been programmed in the latter way.

Before listing the flow chart of our algorithm, a note on symbols is given at first. Subscripts
e,mdenote the code and total number of slave processes. The upper case and lower case
symbols are used for global or local variables, which are respectively in the master and slave
processes. Each process is executed on a personal computer. A guess for generalized
displacement vector X, generates the initial values for the residual load vector R and residual

displacement vector D. Their local counterparts, or their components, are respectively
denoted as x,r,d.k isthe local pre-conditioner.

Now let’s see the flow chart.

Step0: (a) decomposeKtok
by form k
(c) transferf kand k

Stepl: (a) x=x,
b r=f-k
(c) k=L I'
(d d=LL"Y'r
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Step2: y,=r'd

Step3: (a) send y,
if the first iteration
merge y = Z:':l ¥,
else
merge y' = Z:':l}/e
if ¥’ <tolerance, STOP
B=y'ly
y=v'
(b) receive [

Step 4: if the first iteration

p=d
else
p=d+pp

Step 5: (a) send p

merge P:Zil P
(b) receive p

Step 6: u=kp

Step7: (a) send u

merge U = Z:;lu
(b) receive u

Step8: 7, =p'u

Step9: (a) sendr,

merge n :ZL 1,

a=y/n
(b) receive «

Step10: (@) x=x+ap
by r=r-au
() d=(L"Y'r
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When &~ =1, the above scheme degenerates to a parallel CG one. The focus of description
is evidently put on slave process.

In this master-slave parallel pattern, a global quantity is evaluated on the client (executing the
master process) by summing the components (merge) that each server (executing slave
process) sends. The updated values are then returned to the respective servers. The client is
thus involved only in operations between a send and a receive, all other tasks are performed
on the servers. Step 0 is an exception and which will be discussed later in detail.

The computation flow is obvious. The vectors x, r, and d are initialized in step 1. Steps 2-
10 are repeatedly performed until convergence is reached. While steps 1, 2, 4, 6, 8 and 10
consist only of computation on the servers, the times for steps 3, 5, 7 and 9 also include
delays due to communication and synchronization that are required for server to send and
receive components of the variables whose current values are to be computed on the client.
All servers are synchronized at each merge since the client does summation only after it has
received a message from each server.

As an initial edition, the pre-conditioner k is chosen as unity matrix, the diagonal elements of a

sub-matrix of # noted as k', and kitself, respectively. The latter two are also respectively
called Jacobian or block-Jacobian preconditioning. No global pre-conditioner is to be formed or
stored. Please refer to Figure 2(b).

MATRIX DECOMPOSITION

Because attached to domain decomposition process, most of the previous PCG strategies do
not have step O as an independent module. Instead, some functions of the step are finished by
the program of finite element analysis on sub-domain, and others are transacted in PCG

module. For example, the modifications of & and d have been done in steps 1 and 2 for
each server according to the interface conditions (see Chadha and Jr. Baugh 1996). There is
no necessary to divide stiffness matrix, and the load balance should be considered during
domain decomposition.

When the finite element modeling has been constructed with the whole structure, the
modifications are avoided. But one should have to divide the whole matrix and assign
different parts to all the servers before computation. These are tasks of step 0. In order to
develop an independent equation solver, step O can be either embraced by PCG algorithm as
listed above, or treated in outside PCG algorithm. The former scheme will suffer in its
efficiency, because the latter one can omit the time used by the independent program in
computing speedup. The latter plan however, should not only execute the independent
module in advance, but also pay attention to the alignment between two modules. In this
paper, step O is embedded in the whole algorithm so as to enhance its independence and
capability.
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Let’s see how many divisions may be confronted. The decomposition should be implemented
on the base of load balance between different servers, therefore it should be designed with
operations the matrix is experienced. For sparse matrix, there need at least two times of
decomposition. One is done for matrix vector product, the other for preconditioning. From
different divisions, we choose two natural forms as shown in Figure 2.

III

II

(a) For matrix-vector product (b) For preconditioning
Figure 2 Two types of matrix decomposition
In the first division, the numbers of elements assigned to each server are determined by

S =nwk / nhost 1, or  §=1+nwk/nhost 1

where nwk, nhost 1 are the total element number of the global matrix and the number of
servers, respectively. The numbers of elements assigned to servers are equal or almost equal to
each other, but the corresponding column numbers are different. In fact some columns may be
partitioned to different servers when a very large » appears.

The second partition constructs block-diagonal pre-conditioners for servers, and the dimensions
of these pre-conditioners are almost the same. The number of columns of each local pre-

conditioner is ( # is the dimension of the matrix K as mentioned before)

T=n/nhost_1, or T=1+n/nhost_1

That can usually ensure good load balance among different servers when solving the following
preconditioning equation

kd=r (2
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SPARSE MATRIX VECTOR PRODUCT

Matrix vector product has many applications in dynamic analysis of engineering structures. It is
one of the most dominant processes for PCG algorithm, and engrosses much of the time in
executing the whole algorithm. Therefore it is very important for the success of PCG method to
implement the procedure of matrix vector product satisfying load balance.

When a fully inhabited matrix is concerned, the load balance is relatively easy to reach and there
are several mature schemes of matrix vector product, see Sun (1995). Unfortunately however,
it is not so easy to satisfy load balance when a sparse matrix is confronted. In this paper, we
decompose the coefficient matrix as in Figure 2(a) and compute the product accordingly. As
mentioned above, the differences in the element numbers of the servers are in general not
greater than 1, the load balance could then be considered achieved.

There is another matrix decomposition and so another strategy of matrix vector product. The
product is evaluated along the direction parallel to the diagonal of the matrix. In other words,
the diagonal elements are firstly multiplied by components of the right-hand vector, then the
off-diagonal elements are dealt with and so on. It is complicated for programming, so is not
adopted at this initial stage and will not be discussed here in detail.

DISCUSSION

Based on the above consideration, a PCG algorithm has been programmed with three
preconditioning versions. One is no preconditioning, the other two are Jacobian and block
Jacobian preconditioning, respectively. By the program, we have computed some simple
examples. At first, the equations are solved with diagonal dominant coefficient matrices that are
specially designed. Secondly, the deflection analysis on a type of truss structure is carried out.

From the examples, we can have some understanding on the time distribution and the speedup
of the developed algorithm. It can also be deduced that:

1) the PCG converges very fast for those diagonal dominant matrices;

2) the condition number of the stiffness matrix of some trusses in large flexible space
structures is very large, and PCG method may fail to accomplish static analysis, to
say nothing of dynamic analysis.

Therefore, work in the future is to construct efficient preconditioning that is suitable for
parallelism. The incomplete Cholesky factorization may give us better pre-conditioners.

We also find that from our other computing experiences that the LAN system does can be
easily constructed with already computers and expanded with lower cost. Its performance is
stable. We are confident in that cluster technology will bring about bright prospect for parallel
computation.
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COMPUTER AIDED DESIGN FOR VIBRATION ISOLATION
SYSTEMS WITH DAMPED ELASTIC STOPS

H. Y. Huand F. X. Wang

Institute of Vibration Engineering, Nanjing University
of Aeronautics and Astronautics, Nanjing, 210016, China

ABSTRACT

From the viewpoint of nonlinear dynamics, a systematic design approach is proposed for the
vibration isolation systems with a damped elastic stop. The approach consists of three steps.
The first one is to design a slightly damped linear isolation system according to the linear
theory of vibration isolation. Then, the optimal parameters for the damped elastic stop can be
chosen in a region given according to the singularity analysis of the primary resonance. Finally,
the continuation scheme for periodic motion and the interpolated cell-to-cell mapping for the
global behavior of the system are used to test and evaluate the design. The approach
enables one to make use of damping in the stop to attenuate the resonance transmissibility,
while keeping very low transmissibility in the frequency range of vibration isolation.

KEYWORDS: vibration isolation, nonlinear vibration, elastic stop, design, primary
resonance

INTRODUCTION

Elastic stops have been widely used to limit the excessive deformation of the elastic
component of a vibration isolator in engineering. As reviewed in Hu (1996), no theoretical
design approach for this kind of vibration isolators has been reported in archival publications,
partially because the combined restoring force of the elastic component and the stop in the
vibration isolator is no longer linear with respect to the large deformation. In the current
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design of the vibration isolator with an elastic stop, the stiffness and damping of the main
elastic component is determined first on the basis of linear theory of vibration isolation. Then,
the elastic stop is empirically designed and modified through a series of tests. Such a design
procedure is not only very expensive, but also dangerous in the test when the nonlinear
dynamics of the vibration isolation system is totally unknown.

The primary aim of this paper is to present a theoretical design approach for the vibration
isolation system with a damped elastic stop from the view point of nonlinear dynamics. As the
system is piecewise linear, i.e., nonlinear by nature, it is not possible to gain insight into the
complicated dynamics of the system by using any analytical approach. Thus, analytical
approaches and computational approaches are combined to form a systematic and practical
design approach.

MECHANICAL MODEL AND PRIMARY RESONANCE

X

I———-’
7 ko
k G Fsinwt
m
o 20
@) (@)

7

Figure 1: Mechanical model of the vibration isolation system

Consider the vibration isolation system shown in Figure 1, where a damped elastic stop with
symmetric clearance is mounted so that the combined restoring force in the system is
piecewise linear when ]xl, the absolute value of the displacement, exceeds the clearance &.
Using the dimensionless time and displacement, as well as a set of dimensionless positive
parameters

m’ 5 k 2:}mk0’ ! 2 mk, )
k, F m

=—, =, l=(0 I

"5 /=15 b,

one can write out the differential equation of motion of the system
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where the dot represents the derivative with respect to the dimensionless time 7 and

s <1,
)= 3)
i {(H#)y—usgn(y), D> 1;
. 2§0y’ IylSI’
h(9) = )
{2@0 o B> 1

are the piecewise linear forces of elastic components and damping, respectively.

To provide the theoretical background for the design, it is essential to study the nonlinear
primary resonance of the system when max’y| > 1. If the parameters ¢,,4, 4 and f are

small, the primary resonance can be approximated, through the use of average approach, as

y(1) = a(r)cos[AT + p(7)], (5)
where a(r) and ¢(7) yield

_1-2 p@, f

a:q(a)—éj%cosq), @ Y n +%sinq), (6)
pla) = &(2@) —sin2p,),
2n
(7
. 1
g(a) = %[é‘on +&,(29, —sin2e,)], @y = arccos(;), a>\l

From Eqn.6, one has the relationship between the amplitude of the steady state resonance and

the excitation frequency

(@) + 2= )P +ﬂzq2<a)—<§>2 - 0. ®)

To classify the types of the primary resonance, one can focus on the case of a>>1 and let
z=1/a << 1. Using the Taylor expansion of order three with respect to z, one obtains the
bifurcation equation of the primary resonance from Eqn.8 (see Wang and Hu, 1997)

G(z,n,a,,0,5) = [(z—z3 /6)+ 77]2 + af —pafz + a222 =0, )]

where
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_ndé (1+0) _ _ nf
a, Y a, = [n(1+o’)] ( (10)
n—4( P D, p e o ;. (11)

According to the singularity theory, one can prove that Eqn.9 is a universal unfolding of the
normal form [(z—2z>/6)+ n]* with two unfolding parameters a, and «a,. The transition set
of G consists of the following two subsets.

(1) Bifurcation set B= B UB,UB;:

2
B:a, =0, Bzza2=%a12, B3:a2=%[4pa12—1i1/1—16a12+8pa12]. (12)

(2) Hysteresis set H:

! 2 212
Hoay =t @2 e 2 W ) L i, )
(e =)z 2
where
2

2 —
b=z* Jrz(l—%)2 +M(1+%),
) s (14)

2z 21— pe)z
c=(1 2)[(1 2)+~——p ]

It can be proved that the hysteresis set H intersects with the bifurcation set B only once at
the subset B;.

“h o oy %

aZA

Figure 2: Transition set of G with respect to unfolding parameters «, and «,
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Now, one can check the possible types of the primary resonance for «; >0, which is the
natural consequence of £, >0 and ¢, >0 in practice. Figure 2 shows a typical transition set
of these two unfolding parameters. The transition set divides the right half plane of («, )
into 4 regions as shown in Figure 2. In each region, the amplitude-frequency curve of the
primary resonance looks the same qualitatively. This figure, thus, enables one to choose an
appropriate combination of unfolding parameters so that the vibration isolation system
possesses the desired qualitative behavior in primary resonance.

It should be emphasized at the end of this section that though the above analysis is made for a
piecewise linear system on the assumption of weak nonlinearity, i.e., the parameters u and

£, are small, the numerical simulations in Wang and Hu (1997) showed that the results were
valid even when u and ¢ were not small.

DESIGN APPROACH

The basic idea of present approach is to design a linear vibration isolation system with very
small damping first, and then an elastic stop with large damping. In the working frequency
range, the slightly damped vibration isolation system has required vibration transmissibility.
Once the vibration isolation system undergoes the primary resonance somehow, both the
elastic stop and the large damping reduce the vibration amplitude and remove the jumping
phenomenon that may occur for a harmonically forced nonlinear oscillator.

3.1 Design of primary system

The vibration isolation system without any stop is referred to as the primary system
hereinafter for brevity. The vibration transmissibility of the primary system yields

1+(2&,4)°
T= 15
\/a—zz)z +(2EMF ()

where only two dimensionless parameters A and ¢, are to be designed. For a linear vibration

isolation system in traditional sense, the vibration transmissibility in resonance can only be
attenuated by increasing the damping ratio ¢,. For the vibration isolation system with an

elastic stop, however, the task of attenuating the vibration transmissibility in the case of
resonance can be left to the damped stop. Hence, a very small damping ratio £, can be chosen

in the design of primary system in order to avoid the system impacting the stop when the
system starts running, see Hu (1996). In the case of ¢, <01 and A>2, the stiffness of the

main elastic component can be determined by using the following approximation of Eqn.15

A2N1+1/T . (16)
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3.2 Design of Damped Elastic Stop
3.2.1 Preliminary Design

Given the dimensionless excitation frequency A, the damping ratios ¢, and ¢, the system
parameters to be designed are only x and f. These two parameters appear in the expressions
of unfolding parameters «, and «,, and hence, follow the selection of the two unfolding
parameters. In principle, any parameter combination of &, and «, in region IV in Figure 2

makes sure that the frequency-amplitude curve of primary resonance does not have jumping.
Thus, an arbitrary combination of (&,,«,) in region IV can be chosen to determine the

corresponding parameters # and f, provided that the vibration transmissibility is acceptable.

A great number of numerical simulations showed that the stiffness ratio x4 should not be too
large. As shown in Figure 3, the function of stop is very obvious in the lower frequency range.
The response amplitude goes down very rapidly in the beginning of the increase of 4, and
then changes not very much later until very complicated dynamics happens. For the sinusoidal

excitation of high frequency, the response amplitude has a peak as shown in Figure 4. It is
smaller than the initial value only when g is very large. As a result, an excessive stiffness

ratio 4 is harmful.
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Figure 4: Maximal vibration amplitude
versus stiffness ratio when A = 1.4

Figure 3: Maximal displacement
versus stiffness ratio when A = 0.5

Moreover, the dimensionless excitation amplitude f defined in Eqn.l is inversely

proportional to the clearance & when the excitation amplitude F is fixed. So, the clearance &
can be determined from «, . If the clearance is too large, the stop can not be in function. If too
small, the vibration may become nonlinear and then undergoes a sub-harmonic resonance in
working frequency range.

In summary, the stiffness of the stop should not be very large and the clearance should be
appropriate. So, it is necessary to optimize these two parameters, or namely two unfolding
parameters in region IV in Figure 2.
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3.2.2 Optimization for Parameters

Now f, the dimensionless excitation amplitude, is taken as the design variable to look for the
minimal stiffness ratio of an elastic stop such that the requirement for vibration
transmissibility in the primary resonance is met. The constraint conditions for this problem are
as follows:
(a) the parameter boundary where the forced vibration of the system is linear in the
working frequency range;
(b) the minimal stiffness ratio of the stop for given resonance transmissibility at different
excitation amplitudes (or clearances);
(c) the hysteresis set H that guarantees no jumping and no hysteresis in the primary
resonance.
It is obvious that condition (c) has been given in Eqn.13. Hence, only the first two conditions
are discussed hereafter.

By eliminating 4 in the expressions of a, and «, in Eqn.10, one obtains

64/12 2 _ 22r2
a, = ‘7’54—12—]—!—70‘ ¥ (17
An A (1+ o)
The forced vibration of the system in the working frequency range is linear if the following
inequality holds true

S < Fu =VA- 2,00 + Q8042 (18)
where A, is the ratio of working frequency to the natural frequency of the primary system.
Given f,,,, the critical value of Eqn.18, a parabola denoted by f,,,, in Figure 5(b) can be

determined from Eqn.17. This is the parameter boundary of condition (a).

(a) Transition set of unfolding parameters {(b) Optimal parameter region
Figure 5: Transition set and optimal parameter region in (o ,,a,) plane

when ¢, =001, ¢, =02, A,=275and a,=12 at f =052



238 Hu, H.Y. and Wang, F.X.

In the fourth quadrant of the (&, @, ) plane, i.e., a, >0 and a, <0, a contour chart shown in
Figure 3(b) can be obtained from Eqn.17 if f = f, =const., i=1,2,... are taken respectively.
It is easy to see from Eqn.10 that (a,, a,) — (0,0) when u — +oo. Thus, the intersection of

a contour curve with the hysteresis set H in Figure 5(b) gives the maximal stiffness ratio of
stop, which guarantees no jumping and no hysteresis in the frequency-amplitude curve of the
primary resonance. In addition, Eqn.10 implies that @, —» - when f — 40 or 6 >0
equivalently.

To derive condition (b), it is necessary consider the maximal amplitude of the primary

resonance. By differentiating Eqn.8 with respectto A and imposing % =, one has

2 2
A= 1+;p<a>~a—2q(a>2. (19)

Substituting Eqn.19 into Eqn.§ yields

2 1
[1+2 pla) -~ q(@ @’ - (L7 =0, 0)
a a 2
Solving Eqn.20 for the stiffness ratio, one obtains
1. Nl-1/a* _
=S L+ (D pfarccos(h) - L @
2 2q(a) a a a

If the acceptable dimensionless deformation of the vibration isolator is specified as a, when
f = f,. Substituting the vibration amplitude @ in Eqn.21 with a,, one obtains the minimal
stiffness ratio of the stop that guarantees the vibration transmissibility for given f,. Let x .,
be the stiffness ratio. Then, z,,;, results in a pair of (a;,,) from Eqn.10. For other f, one
can make use of the fact that the maximal amplitude of the primary resonance is approximate
to the amplitude in Eqn.8 when p(a) +a(l- A2)/2 =0, and proportional to f approximately.
Thus, one obtains the change of g, with variation of f from Eqn21 by substituting
a=a,f/ f, into Eqn.21, and then has a curve denoted by 4 ,;, shown in Figure 5(b).

As shown in Figure 5b, the region of optimal design parameters is the shaded one surrounded
by the boundary of linear vibration, the boundary of minimal stiffness ratio of stop and the
hysteresis set H. In summary, the parameters f and u should be chosen such that the system
does not have the excessive vibration transmissibility and jumping in the resonance frequency
range. Hence, the design of dynamic characteristics of the system is independent, and will not
affect the vibration transmissibility of the primary system designed according to the linear
theory of vibration isolation in the working frequency range.
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3.3 Numerical Verification

The above design for the parameters of the damped elastic stop is based on the analysis of the
primary resonance. Very often, a harmonically forced nonlinear system undergoes the sub-
harmonic or superharmonic resonance, or vibrates chaotically when the system parameters are
slightly perturbed or the initial state of the system does not fall into the basin of attraction of
the designed state. Thus, it is necessary to verify the system design numerically from the
viewpoint of both local and global nonlinear dynamics. The numerical verification includes
the following steps.

3.3.1 Accurate Computation of Primary Resonance

At this step, the excitation frequency is taken as the control parameter and the periodic
vibration designed is computed by using the continuation technique developed in Wang and
Hu (1996). If the analytic result greatly deviates from the numerical one, a new parameter
combination in the optimal parameter region should be taken to check the results. If the new
result is still not good, the constraint damping ratio ¢, can be modified and the design in

subsection 3.2 should be repeated.
3.3.2 Analysis of Global Dynamics

One of the most important features of a nonlinear dynamic system is the coexistence of
multiple steady state motions evolving from different initial states, say, three coexisting
periodic motions or two coexisting periodic motions and a chaotic motion of large amplitude.
It is obvious that the continuation technique is not able to determine all these motions. So, it is
necessary to examine the effect of the initial states on the system dynamics when the system
parameters are fixed. This can be accomplished by using the technique of interpolated cell-to-
cell mapping or the technique developed in Wang and Hu (1998). For the sake of reliability, it
is better to make the analysis of cell-to-cell mapping in a large region of the Poincare section.
The size of convergence criterion in the cell-to-cell mapping should not be too large in order
that the results are reliable. If coexisting steady state vibrations are found in the cell-to-cell
mapping, the amplitude of each vibration should be examined. Once the expected vibration is
not tolerable, the design has to be modified. Otherwise, the possibility of jumping
phenomenon should be examined in order that the isolated equipment will not undergo
dangerous shock due to the jumping when the excitation frequency varies. If there is a wide
frequency range wherein multiple steady state vibrations exist, the robustness of the expected
vibration should be examined. The robustness includes the stability of expected vibration, the
stability redundancy of the vibration against the perturbation of system parameters and initial
states. For this purpose, the following concepts will be used in the evaluation of a design.

(a) The stability redundancy index is defined as the distance between the largest module of
the eigenvalue of the linearized Poincare mapping and 1, i.e.,
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R, =|V]-1x100%, (22)

where v is the eigenvalue with the largest module.
(b) The redundancy index against the perturbation of a system parameter p is defined as

Il/tﬁ)xloo%, (23)

R, =(1-
? p

where v, and v, are the eigenvalues with the largest modules before and after the
variation of p.
(c) The redundancy index of a basin of attraction is defined as

Y. -¥|.?
R :ﬂl—"——huz—xloo%, (24)

a

where 4 is the area of the Poincare section of concern, Y is the fixed point, Y} is the

point which is on the boundary of basin of attraction and most close to the fixed point.
The value of R, reflects the robustness of a basin of attraction.

3.3.3 Analysis of Bifurcated Periodic Motions

The result of cell-to-cell mapping provides a set of initial fixed points for the continuation of
periodic motions. At this step, larger meshes can be used so as to find the number and
locations of the periodic motions efficiently. The technique developed in Wang and Hu (1998)
is suggested to determine the fixed points of node-saddle type since they can hardly be
determined by using cell-to-cell mapping. Once the initial fixed points are given, several kinds
of continuation techniques can be used. Among them, the method suggested in Foal and
Thompson (1991) is relatively simple.

The sub-harmonic number of the resonance of a piecewise linear system depends on u, the
stiffness ratio of the elastic stop, but the occurrence of a sub-harmonic resonance depends
mainly on damping. In the traditional design, small damping is usually used to guarantee low
vibration transmissibility in high frequency range, and no damping is artificially arranged in
the elastic stop. Thus, the sub-harmonic resonance is likely to occur. In the present design,
large damping will be arranged in the elastic stop to avoid the sub-harmonic resonance
effectively.

A NUMERICAL EXAMPLE

For simplicity, an example is discussed here in the form of dimensionless parameters. The
damping ratio of the primary system of concern is ¢y = 0.01. It is required that the vibration
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transmissibility at A, =2.75 should be 0.2, the acceptable vibration amplitude should be 1.2
for f =052, and the vibration transmissibility in primary resonance should be 7 <5.0.

The region of the optimal parameters for this system is shown in Figure 5b when the damping
ratio of stop was set to ¢, = 0.2. If two unfolding parameters were chosen as «, = 0.16 and
a, =-1.05, there followed f =2.73 and u =2.06. The corresponding frequency-amplitude
curve of the primary resonance is shown in Figure 6. It is easy to verify from Figure 6 that
T~281<50. In the continuation of the periodic motion, two turning points were observed
when A €[{0.5045, 0.5054]. In this frequency range, there exist three periodic motions. As
shown in Figures 7, two of these periodic motions are stable, while the other is unstable. The
multiplicity of these periodic motions exists in a very narrow frequency range. Even though
there is a jumping between the stable periodic motions, the variation of the vibration
amplitude in jumping is very small.

The global dynamics of the system in the Poincare section of [-4,0] x [-2.4,2.4] was analyzed
by using cell-to-cell mapping approach at 4 = 0.5053. The result is shown in Figure 8, where
two fixed points represent the above-mentioned stable periodic vibrations. The redundancy
indexes of these two stable fixed points are as following. The first fixed point corresponds to
R, =725%, R,=6413%, R, =5356% and R, =032%, and so does the second fixed
pointto R, =39.1%, R, =9531%, R, =9441% and R, =5.58% . Itis easy to see that all

the redundancy indexes of the second fixed point are relatively larger. Compared with the first
fixed point, the second fixed point is more robust. This assertion was verified in the
continuation of these periodic motions. Finally, the cell-to-cell mapping was made for the
system when the excitation frequency was fixed at =05, 0.75, 1.0, 125, respectively. As
expected, the only periodic motion found is the motion of period 1. In addition, no sub-
harmonic resonance was found when the excitation frequency was set as multiplication of
natural frequency of the linearized system.
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Figure 8: The Poincare section of basins of attraction
of two periodic vibrations when A = 05053

If a large stiffness ratio of the stop, say, #=15.0 was chosen, a chaotic vibration was

observed in the cell-to-cell mapping. The Poincare section of corresponding strange attractor
is shown in Figure 9. In this case, the system lost the function of vibration isolation. Hence, it
is very dangerous to increase the stiffness of the elastic stop intuitively in order to limit the
vibration amplitude. However, the vibration amplitude can be greatly reduced if the damping
in the elastic stop is increased. For instance, when the damping in the above system was
increased to ¢ =04, the maximal amplitude was greatly reduced as shown in Figure 10.

Moreover, only a period 1 motion was found in the cell-to-cell mapping.
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CONCLUSIONS

A systematic design approach is suggested, by integrating several analytical and numerical
approaches of nonlinear dynamics together, for the vibration isolation system with a damped
elastic stop. This design approach has satisfied accuracy and reliability so that a great number of
tests can be avoided. Both the numerical simulation and real test showed that the design of the
vibration isolation system can greatly reduce the vibration transmissibility in the frequency
range of resonance through the use of damping in the stop and keep very low vibration
transmissibility in the working frequency range.
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CALCULATION OF THIN PLATES
ON STATISTICAL NON—UNIFORM FOUNDATIONS

Yi Huang, Yuming Men and Guansheng Yin

Department of Basic Sciences,Xi'an University of Architecture
and Technology,Xi'an 710055, P. R. China

ABSTRACT

In this paper,the calculation methods of reliability of structure (plate) —medium (soil)
interaction are presented. Based on reliability theory, calculation methods of reliability of
thin plates on statistical nonhomogeneous foundation are studied. Calculation formulas of
reliability of elastic thin plates on Winkler, elastic half-space and two-parameter foundation
are developed. The calculation procedure is further demonstrated by examples of plates with
four free edges and the plates with four-simply supported edges.

KEYWORDS
Statistical nonhomogeneous foundation, thin plates, reliability calculation, Winkler
foundation,elastic half-space,two-parameter foundation

INTRODUCTION

Thin plates on elastic foundations are widely employed in engineering. Many
applications,such as raft foundation,road pavement,airport runway, etc. can be calculated
by reducing them to thin plates on an elastic foundation; that is the typical problem of
structure-medium (soil) interaction. Concerning the calculation of plate on an elastic
foundation, the certainty analysis method has been used, i. e. the physical parameters,
geometrical dimensions of plate and foundation properties are considered as determinate
factors, and actual variabilities of them are considered through so-called ” safety factor”.
Actually, each kind of parameter has a relatively large variability because the foundation
(soil) is highly dispersed, so it should be considered as a statistical nonhomogeneous
medium, that is a key to reliability calculation of structure — medium interation. On the
other hand, there are also variabilities in varying degrees for material properties and
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geometrical dimension of plates. This leads to uncertainty of the actual parameters that is
difficult to represent by the classical ”safety factor”. Due to the lack of quantitative analysis
of variability effect of all kinds of parameters on the deformation and strength of thin
plates, unreasonable errors are caused in the design of foundation plate structures.
Therefore,in order to reasonably design the foundation plates,it is very important to study
the effects of all kinds of uncertain parameters on the deformation and internal force of the
thin plates. So it is inevitable to introduce reliability calculation of structure — soil
interaction.

Recently, the fast development of reliability theory provides a powerful method to
study the variable effects of the parameters on the structural internal force and deformation,
and the reliability theory has been used in structural design. But up till the present moment
there are not many papers dealing with reliability calculation of structure —soil interaction at
home and abroad. In this paper, the reliability theory of plate—soil interaction is discussed.
Based on reliability theory, the reliability calculation of thin plates on elastic foundation is
studied by considering the foundation as a statistical nonhomogeneous medium. The
calculation procedure is further demonstrated by examples of a plate with four free edges
and a plate with four simply supported edges. In fact , this paper presents reliability
calculation method of structure-medium (soil) interaction.

RELIABILITY CALCULATION OF THIN PLATES ON STATISTICAL NON-
HOMOGENOUS FOUNDATION

Reliability calculation of thin plates on Winkler foundation

Winkler model is one of the simplest linear elastic foundation models. Although it has
some theoretical drawbacks , it is still used in current engineering because of its simplicity.

According to Winkler model, the deflection surface differential equation of elastic thin
plates is

A‘W—i—-l]%W:l% ¢}

where A*(:) is symbol of the double Laplacian, W is deflection of the thin plate, % is
Ep

121 — 5

plate, it is Poisson’s ratio of the plate material, and E is modulus of elasticity of the plate

modulus of the foundation, ¢ is load of the plates, D = , h is thickness of the

material.
Once the deflection equation of plates is solved, the bending moment of plates can be

obtained by the following equations:

e oY
o 9 @
FW FW

M,=— D(a—y2 +uoT)
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In the strength design of elastic foundation plates, ultimate moment of resistance is
considered as the critical point. Thus, the reliability of elastic foundation plates is the
probability that the maximum moment is less than the ultimate moment of resistance. Under
normal design, construction and usage,the probability of reliability p, can be expressed as

ps=pM; > M,..) (3

where M is ultimate moment of resistance M, is actual maximum bending moment.

In the reliablity calculation of thin plates on Winkler foundation, the value of the
modulus of subgrade is an important parameter, which is also the parameter of most
variability. So,from a statistical nonhomogeneous viewpoint, it must be considered as a
random variable in calculation. In addition, load p , modulus of elasticity E and plate
thickness ¢ , which should be considered as random variables,have a considerable effect on
reliability. The ultimate moment of resistance, which depends on material properties and
construction conditions, also has variability and should therefore be considered as a random
variable. Poisson ratio of the plates has less variability and thus has less effect on calculation
results. For this reason it can be considered as a constant in order to simplify the
calculation. Other random variables can be regarded as independent of each other. Thus,the
probability of reliability of thin plates on Winkler foundation can be approximately expressed
in a function of the random variables, M;, E, t, gand & ; that is

szf(Mj9 E9 t, ka) (4)

To simplify the expression, the above random variables can be written as X;; that is, X, =
M;, X,=E, X,=t, X,=q, X; =k The mean and standard deviation of each variable
is #x and ox respectively. Hence the limit state equation of thin plates is

Z=g(X, Xs, X5, X X)) =M; — |[M(X;, X5, Xi» X5) |mer )

where M ;is ultimate moment of resistance, which represent the resistance of the plates, and
M is design bending moment, which represents the effects of actions of loads.

When every random variable is of normal distribution, the reliability index equation
can be obtained by using checking points method of first-order second moment .

5
d,
gXiy Xiv X)) — 3] a—')%.‘?' (X; — )
B = 5 =t (6

[2(5)% | pox, 211/2

1

i

where p*1is design checking points.
Substituting Eqns. 2 and 5 into Eqgn. 6 and noting the expression
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g(X{ ’ Xz' 3 9X5‘) =0 D)

at the checking points, the formula of reliability index can be written in the following form

Ef
B={gX:) —{(X{ —p)— W—{M[E(Xz Mx ) +
3 * »
+7(X3 _#xa)]+ Z ‘a"Xf(X.' —#x,.)}p'}}/A (8
i=2 !
where
= FW FW FwW FW
M=’3_x2—+'u8y2 (‘”,7+”—3?— @
= s Er’ 2{(:2 1
A= 1% +[12(1—,ﬁ)} 7 T Eoax, %
QM2 3 aM? S TaM 2 1/2 )
+( S0l - Zz[a—“ox] }P} 8"

Eqn. 8 is the reliability index equation of thin plates on Winkler foundation. The direction
cosine of the normal op* to coordinate vector is;

b= e oty = B (W
O =T A O T T [ — HALE T A,
_ Ef 3+, M _ Es M
cosﬁx3 = 15¢1 — A ,uZ)A( tM -+ ax, Ox,» cosﬁx‘ =120 — ;,cz)A(aX4 Ox @
9. — Er (a“
O T 12 — Al X,
Coordinates X" of the checking points are
X7 = px, + BoxcosOx ¢[))

Solving Eqns. 7,9 and 10 simultaneously, the 8 value of plate on elastic foundation can be
obtained. In actual calculation, 8can be obtained only by iteration, of which the procedures
are as,shown in Figure 1.
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lAssume X (px, can be used as initialvalue)l
v

%Calculate costx,
v
[Calculate X =p + ﬂa,icosﬂxi|

no
lCalculate B by using limit state equation g ( * )=O[
v
L-_>[Are X! and f equal to the previously calculated value or within acceptable error?H

yes
[ﬂ is the calculated reliability index, and X" is the design checking point. }*——-]

Figure 1 Procedures of iteration

In the above analysis, basic variables X; are assumed of to be normal distribution. If X;
is not a normal random variable, it should be converted to an equivalent normal random
variable before calculation. The calculation equations of mean px' and standard diviation oy

can be found elsewhere [4].
Reliability calculation of thin plates on elastic half-space foundation

According to half-space foundation model, the foundation is assumed to be a
continuous, homogeneous, isotropic, completely elastic half-space body. The mechanical
properties of the foundation are functions of modulus of elasticity E, and Poisson’s ratio #, of
soils. Although the solution of this model is much more complicated than that of Winkler
foundation model, Eqn. 2 can still be used to describe the relationship between deflection
and internal forces. Thus, the limit state equation of this model is similar to Eqn. 5.
Among all parameters, M;, E, t and q are still considered as random variables. Although
both modulus of elasticity E, and Poisson ratio #, of soil are actually random variables, only
E, is considered as a random variable during calculation in order to simplify calculation, and
. is regarded as a determinate variable because it has less variability. Neglecting the actual
variability of x, does not very affect the results of reliability calculation. When each random
variable X is of normal distribution, Eqns. 7,8, 9 and 10 can still be used as reliability
calculation for the plates on the elastic half-space foundation provided, replacing k in the
above equations by E,.

Reliability calculation of thin plates on two-parameter foundation

Two independent elastic constants are used to describe soil mechanical properties in the
two-parameter model. According to the difference in the parameters used, this type of
model can be further classified as Filoneko-Borodich model, Hetenyi model, Pasternak
model, Vlazov model, etc.

In practice, the two parameters that characterize mechanical properties of soil are
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always variable with the discreteness of soil properties, no matter which model is used. So
they are all actually random variables. However, whether both parameters are used as
random variables in calculation depends upon practical circumstances. If it is complicated or
time-consuming to determine both parameters, only the parameter that represents the main
soil properties is considered as a random variable, while the other one can be considered as a
constant. For instance, subgrade coefficient %2 is considered as a random variable in
Filonenko-Borodich model, while membrane tension T can be considered as a constant. The
reliability calculation equations are thus exactly the same as those of Winkler model.
However, It should to be noted that the subgrade coefficient here, % ,is different from that
in Winkler model when 7T is introduced. If both parameters are relatively easy to determine,
they can all be considered as random variables. For example, & and G in Pasternak model
can be determined by means of ground testing,a relatively easy test and calculation. Both
parameters are then considered as random variables. Let X; = #,X; = G. Then Eqn. 8, the
reliability index equation, becomes

E:®
B={gX) —{(X; — pmx) — TZ—H————{M[ (X7 — ux) +
3 v . .
+ 7(X3 — )]+ z 5Y(Xi —ux)ip /A an
i=2 g
where
M 13
—_— 2 i il
A= {""* + [12(1 ] {( E? E ""z+
oM? 3 M 6 1/2 ,
+(T+t9X3 ;]: } a1»H
and the expression of M is the same as Eqn. 8
A new item is added in the equation of cosfx
E¢ aM
COSBXS = m a—XvSO’XS a2
and
g(Xf ’ X; y "'9X5‘) =0 as»

Calculation procedures are the same as above.

Obviously, the reliability index equations of thin plates on two-parameter foundation
are almost the same as those on Winkler foundation except for the addition of the X, item.
Thus, we conclude that for elastic thin plates on three-parameter foundation, the reliability

. . . 0 N[M .. N[aM 2.
index equations can be obtained only if items 2 E)_X-(X" — #x) | and Z 5y 9% | in the
i=2 : =2 i



Calculation of Thin Plate on Statistical Non-Uniform Foundations 251

7

oM \[aM
above expression are changed to E{H—X(X,-“ — #X‘):} and E[éyo'x'] , respectively,
=2 ! i=2 *

when three parameters are considered as random variables. Also, in the expression of

. . Et? M
cosfx , a new item cosfx, = 1201 — 4 aX7ax7 should be added .

When reliability index s obtained, the probability of reliability p, can be calculated by
o= 9B a4

where, p, is the probability of reliability of the plate, and ¢(8) is the standard normal
distribution function.

If there are complex limit state equations or many random variables in practical
problems, this computation procedure is very complicated to solve reliability index by using
checking point method of first-order second momnent. This can be avoid by using the
iteration method of Fiesslur (1980). The principles can be found in reference [7] and the
procedure is as follows:

(1> Determine an expression for g(X)

(2) Express the limit state equation g(X) as a function of »: by introducing

L . X — px, .
standardization variable y; = T : (f= 1,2y »7)

(3) Determine expressions for all first derivatives of A(y), &;

(4) Sety=0andB =0

(5) Evaluate all A; values

(6) Evaluate h(y)

(7) Evaluate standard deviation of Z from

o7 = Al D, ()

(8) Evaluate new values for y from

(9) Evaluate 8 = \/E ¥t

(10> Repeat steps (5) to (9) until values converge.

Fiesslur's iterative procedure can be used together with variables. This method is very
convenient for multi-variable problems or problems with complex relationships, because of
its relative simplicity.

EXAMPLES

As an first example, we discuss a reliability calculation of a four-free-edge rectangular
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plate on two— parameter foundation™. Length of the plate is 2/ = 8m and width of the
plate is 2 b =4m. The plate is acted upon by uniform load p . When soil thickness H —»co,
the two parameters, K and G, , of the foundation are

_ _E7 - Bt
K= 2(1 — %) G’"‘47(1+v0)
and
EJ - Yy
E°=1—yf uo——l_Vs

where 7 is a measurement of nonlinear variation of normal strain of foundation,and E,, v,
are elastic constants of soil material. Two parameters , K and G, , can then be expressed by
E,and v, .

Let ¥ and v, be equal to 1. 5 and 0. 4 respectively; the relative rigidity between
foundation and plate system is K,=1. 0. Solution of the deflection equation of plate ist®]

Pl (1 —18) X 1073

Wxy) = 7
0

[408 + 2. 37603(;—2) +17. 4605(%) i

+ 0. 4605(%)6‘03(%) (a)

The values of mean and standard deviation of each parameter are given in Table 1.

TABLE 1
VALUES OF MEAN AND STANDARD DEVIATION OF PARAMETERS
Variable Symbol Mean(z.) Standard deviation (ox) Unit
M; X 500 50 KN. m/m
E X, 2.25X107 3.6X10° KN/m?
t X; 0.35 0 m
P, X4 300 30 KN/m?
E, Xs 635 180.5 KN/m?
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Poisson ratio of thin plates is # =1/6,Poisson ratio of soil is ¥, = 0. 2857. Both of them are
constants; then

w o |Ew L ew P X
M. = pAe + u 3t | e=0 = 93.4913 X 10 E = 93.4913 X 10 X,

y=0
Therefore, the limit state equation of the plate is
Z=gX)=M;— |DM,..| =X, — 0.3436 X 107*X,X,/X; )

The reliability index equation can be expressed in the following form by using checking
points method of first-order second moment as

B={gX:) — {(X{ — px) — 0.3436 X 10‘4[(?. V(X5 — px) —
5
X X; X:
— 0.3436 X 10 () (X7 — ) + 0.3436 X 107 () (Xs — s )} /A
5 5

where

2

2
o§+[.

2
5

Xe
X:

. « )2 1/2
A = {o%, + (0.3436 X 10—“)2[[ o%, + [X;(;i‘ } o&}}

At the checking point

X;X;
g(Xf ) X; ’ ”"XS“) = Xl‘ — 0. 3436 X 10_4 ['—ZX_,_A_] =0
5

that is

XX —0.3436 X 107*X; X! =0 (e
Each direction cosine is

cosly = — 50/A

cosfx, = 123. 696(X, /X:)/A

cosly =0 (d)

cosfx, = 10.308 X 107*(X; /X:)/A

cosbx, =— 65.4558(X; X; /X:H)/A

Coordinate of each checking point is
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X! = 500 + 508cosfx,

X; = 2.25 X 10"+ 3.6 X 106,30050;(z

X; =0.35 (e)
X{ = 300 + 30fcostx,

X: = 635 4 190. 58costy,

Using the system of Eqns. (d) (e) and () ,the results can be obtained by iterations;the
procedures are given in Table 2.

TABLE 2
PROCEDURES AND RESULTS OF ITERATIONS

Iteration . . . . .
X] Xz X3 X4 XS B
order
1 500 2.25X107 0. 35 300 635 0. 8032

2 485.5304 | 2.3718X107 0.35 306. 342 514.1684 0.7922

3 490.4025 | 2.3519X10’ 0.35 305. 4781 503. 3878 0.7922

4 490. 6520 | 2.3510X107 0. 35 305. 4020 502. 8143 0.7922

5 490. 6679 | 2.3510X107 0.35 305. 3973 502.7842 0.7922

Final result is 3=0. 7922; the probability of reliability of the plate can then be obtained
b= ¢(B) =78.58%
and the probability of failure is
pr=1—P, =21.42%

It is evident that the probability of failure is larger. If we use the traditional safety factor
method to calculate its safety factor,we obtain

500

= 365, 2441 _ 137
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It follows that the plate has enough safety capacity. That the variabilities of all kind of
calculation parameters cannot be considered in safety factor is the main reason for different
conclusions between the reliability and safety factor methods. Therefore unreasonable results

arise.
If the standard deviation of E is decreased to 6x, =2. 25 X10°kN/m’, and that of E, to

ox, =76.2kN/m?, then probability of failure of the plate will be decreased to

pr=17.08%
As our second example, we discuss reliability of a four-edge simply supported
rectangular thin plate on Winkler foundation. This plate supports uniform load ¢ and has
length @ =6m, width & =4m and Poisson ratio g .y Other variables are given in Table

6
3.

TABLE 3
VALUES OF MEAN AND STANDARD DEVIATION OF PARAMETERS
Variable | Symbol Mean (4.) Standard deviation( o, ) Unit

M, X, 500 50 KN. m/m
E X, 2.304X 107 2. 88X 10° KN/m?
t Xy 0.3 0.02 m

Qo X, 400 40 KN/m?
k Xs 30000 7500 KN/m?

Thus, the solution of a four-edge simply supported rectangular thin plate under
uniform load g, is

sin(m?”)x sin(%r)y

&P

16 -
w==20 %N

z 2
M=1,8,5, em=1,8,5, 0 mn[n“‘D(% + 'bl_2)2 + %]

This series converges fast. Here ,only the first item is taken to illustrate the calculation

procedure.
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Substituting Eqn. f into Eqn. 8, we find

e T2
W FW 16q0J Gty

M=|—-F+u_=|=
3yt ax? w 1 1
Y 17F4D(;+ﬁ)z+k

& A
Sin —'rsm—y (g)

b

Putting in known data into the formula and expressing it as a basic variable,the result is

1074.1X, nr . wy

= 8. 05X,X3 + 1000X, " 6"y

N

S0, Z = g(X) =M, ~ |Mlpe =M, — |DM | e = X, — X, XiX,
! ! " / mas 0.7392X,X3 + 10.8618X,

X — px,
Introducing the standardization variable y; = —-6——’ y(1=1,2,++,5), the limit state
X,

equation can be expressed as

Z =h(y) = nox, + px) —
_ (320x, + #x) (y30x, + px ) (viox, + #x,)
0.7392 (_)’zo'x2 -+ /lxz)(_)’ao'x3 -+ ,’-lxz)3 + 10. 8618(3’50)(5 + ,uxs)

Forming the derivative of this expression with respect to y;(i=1~5),we obtain

h(y)
In ox,
ah(y) _ 10. 8618(3’50)(5 + /‘Xs)(ygdxg + /-lxs)a(_’)uo'x‘ -+ ,le‘)O'xz
dy:  [0.7392(y0x, + px,) (330x, + px,)® + 10. 8618 (ys0x, + px) ]
dh(y) 3 X10. 8618(y.0x, + px) (330x, + mx)?(yiox, + px ) (¥s0x, + px Jox,
Ivs (0. 7392(y,0x, + px,) (3¥s0x, + px,)° + 10. 8618(ys0x, + px,) J*
oh(y) o (.)/2‘3"}(2 + llxz)(ys("x3 + ,Uxa)a'x‘
v 0.7392(y.0x, + px,) (3:0x, + px)® + 10. 8618 (0%, + px.)
h(y) _ 10. 8618(y,0x, + ux,) (¥50x, + px) (yi0x, + 1x J0x,
dys  [0.7392(y0x, + px) (330x, + px,)® + 10. 8618(ys0x, + #x )

From Fiesslur's method, the iteration results are given in Table 4.
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TABLE 4
PROCEDURES AND RESULTS OF ITERATIONS
Iteration
» ¥ ¥s i ¥s B
order
1 0.0 0.0 0.0 0.0 0.0 0.0
2 —1.6540| 0.5431 0. 8690 1.0477 |—1.0863 2.4624
3 —1.4704| 0.4236 | 0.6841 | 1.1301 |—1.2420 2.3726
4 —1.4207| 0.4172 0.6721 1.0937 [—1.2741 2.3375
5 —1.4250| 0.4152 0. 6700 1.1000 |—1.2838 2.3474
6 —1.4242] 0.4155 0.6693 1.1000 | —1. 2872 2. 3486
7 —1.4237| 0.4151 0.6688 1.1000 |—1. 2876 _2. 3483
8 —1.4236] 0.4150 | 0.6687 1.0999 |—1.2877 2. 3482
§ opx . .
where y; = —T-—' is the conversion variable.
X

Reliability index is B==2. 3482 ;therefore, the probability of reliability of the thin plate is

p. = B = 99.0567%

500

316. 70

The above result is approximate because only the first item of the series is taken to
demonstrate the calculation procedure.

According to the safety —factor method ,safety factor K = 1.58

CONCLUSIONS

The reliability calculation method of thin plates on Winkler, elastic half-space and two-
parameter foundations is discussed in this paper. The equation of reliability calculation is
established for three different models of foundation. In the reliability calculation, the
ultimate moment of resistance M; , modulus of elasticity E , thickness ¢ and load g, are
considered as random variables. Other random variables which represent soil properties
should be selected according to the concrete model of the foundation.

Furthermore; the selection of random variables suggested in this paper is not unvaried ;
they depend on specific conditions of practical engineering. For instance, high construction
quality of foundation plates leads to little variability of structure dimensions;the thickness ¢
of the plate can then be treated as a constant. Otherwise, it should be treated as a random
variable.
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The reliability index equation in this paper is only suitable for the calculation of thin
plate structure on elastic foundation. As to the probability of reliability for soil—foundation
—structure interaction,this topic will be discussed in future papers.
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COMPUTER SIMULATION OF STRUCTURAL
ANALYSIS IN CIVIL ENGINEERING

Jiang Jian-Jing, Guo Wen-Jun and Hua Bin
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ABSTRACT

In this paper, structural analysis and failure process in civil engineering are discussed. The main
contents are: (1) The philosophy of computer simulation in structural engineering; (2) The
mathematical model for engineering problem; (3) The visualization of numerical results. Some
simulation examples are presented.
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Computer Simulation, Structure, Civil Engineering, Disaster Risk.

INTRODUCTION

Prototype Test or
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Simulation Analysis

Numerical Method
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(Visual Equipment) Application

- Modify Constitutive Law or Mathematical Modeﬂ
- Improve Numerical method of Graphic System

Figure 1: Philosophy of computer simulation in structural analysis
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Computers are used widely to simulate the objective world, including natural phenomenon,
system engineering, kinematics principles and even the human brain. Though civil engineering
is a traditional trade, computer simulation has been applied successfully, especially in structural
analysis. Three prerequisites are needed to perform structural analysis: (1) Constitutive law of
specific material, which can be obtained by small-scale test; (2) Effective numerical method,
such as finite element method (FEM), direct integration, etc.; (3) Graph display software and
visual system. Figure 1 shows the philosophy of computer simulation in structural analysis. The
following parts give a comprehensive explanation of several aspects.

SIMULATION OF STRUCTURAL FAILURE

Structural behavior under various loading conditions and environment is of great importance,
especially its collapse procedure and ultimate loading capacity. When the structure form is very
special, we usually resort to model experiment in order to determine the characteristic of the
structure. Yet the model usually is small because of the constraints of space and equipment,
thus can not reflect the behavior of real structure. If we want to study the influence of a
parameter, series analogous experiments must be done, which is very time-consuming and
expensive,

~ T
| Wty o g
(a) P=2TKN
=
< —Hl
(b) P=303KN
- —
= [y
(c) P=33.6KN

Figure 2: Development of micro fracture
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Taking advantage of computer simulation, we can carry out “full-scale experiments” without
worrying about time and budget. Simply changing several input parameters, we can obtain the
influence of these parameters. Sometimes it is impossible to do real experiments, then
computer simulation is of more significance. For example, it is obvious that we cannot repeat
the procedure of accident of nuclear reactor safety shell. Using computer simulation, we can
perform reversal analysis of the accidents to determine the cause and unfolding procedure of
accidents. Other examples are high-speed collisions of car and structure collapse under
earthquake, which can be performed only by computer. Under high speed loading, structural
response 1s very quick, therefore what we get is the final result. An extremely contrary
situation is the evolution of the earth’s crust, which may take millions of years. Both can be
simulated by computer by changing time rate according to request. Figures 2! and 31" show
the development of micro-fracture and dynamic response of a frame, respectively.

ot

T=2.36 5 \ J
’ l\ j 1==7.86 5
[
—— A B

Il 1}

(€]

Figure 3: Dynamic response of frame

APPLICATION IN HAZARDS PREVENTION

The history of human being is a history of hard battle with various hazards, such as flood, fire,
earthquake and so on. Because hazards are unreplicable for experiments, computer simulation
has become more and more popular and of great value. Many simulation systems have been
developed successfully. For instance, software has been developed and preloaded with
landform, topography and surface features of a flood area. Given flood standard and specific
location of burst, computers can demonstrate submerged areas at different time on screen,
which are calculated according to water quantity, speed and area. People can view the gradual
inundation process and, in turn, work out flood prevention and personnel dispersion programs.
Fire prevention software is another successful example. Using this software, we could simulate
spreading of fire in forest and building, which give guidelines to fire-fighting. Figure 4"! shows
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the distribution of debris after an earthquake.

Figure 5: Submerged area
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APPLICATION IN ROCK AND SOIL ENGINEERING

Construction in rock engineering is under-ground, hence it cannot be observed directly.
Computer simulation which can reveal its inner procedure, is of great value. For example,
during the excavation of underground construction, there is always collapse, which can be
solved by thorough geological survey to find the strike of faults, crevices and joints. Through
small-scale experiments we can determine the mechanics of rock body and joints, which can be
stored in computer for later use.

Besides finite element method (FEM), there is discrete element method (DEM). The behavior
of elements of DEM is similar to FEM ones in equilibrium, while elements of DEM will move
under external force and gravity when equilibrium is lost until they get new equilibrium. In the
analysis of underground rock structure and stability of slope, the structure is divided into
elements along crevice and joint faults. In simulation of excavation, the upper and side part
elements may lose equilibrium and fall down; this procedure can be shown on screen and thus
we can obtain the cave-in area and provide reliable instruction to anchor design.

Computer simulation is also applied in research fields such as seepage of underground water,
deposition of river silt, settlement of foundation and so on. For example, a simulation software
of river-mouth deposition has been developed. When given the condition of river mouth, it can
show the deposition rate of different size of silt and accumulating thickness, which give
instruction to port design and river course dredging. Figure 5% shows a simulation of bridge
pier collapse.

NI

Mex Ofsplecement 0.175D+02

Figure 6: Collapse of bridge



264 Jian-Jing, Jiang et al.

SIMULATION SYSTEM OF TEACHING EXPERIMENTS

During the teaching of reinforced concrete element for students of civil engineering,
demonstrating experiments is a key part, which can make the knowledge easier to understand
and strengthen perceptual knowledge of students. Yet, the real element failure test is very
tedious, time-consuming and expensive, not affordable by university teaching budget. With the
aid of computer simulation method, we can build a graphic environment to simulate the
experiment. After input geometric and physical data, the students can observe the procedure of
element failure, details of the inner process, and other changes. Compared with teaching test,
this method can initiate students' activity, giving them the opportunity to participate in the
experiment as well as saving large quantity of work, material and time,

Three aims can be achieved through simulation teaching:

1)The student can get a clear and vivid knowledge of the phenomenon of element failure and
its characteristics.

Loading... 50 (28]

Loading... 100 (%)

SSSNEN

Figure 7: Demonstration of test

2)They can select different parameters of elements, such as section dimension, concrete
strength, reinforced ratio, and the location of force and the influence of these parameters on
failure shape, ultimate loading capacity.

3)When doing the simulation, there are instructions on the screen, as if there is a teacher.

In the simulation instruction system developed by the author, there are two types of
experiment--the example experiment and free experiment. The former takes the role of a real
instruction experiment usually used nowadays in teaching, and the students' job is to select
what type of failure they want to see. Then everything is done by computer automatically.
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With the self-experiment, students have an opportunity to experiment by themselves. They
design their own elements; the system automatically analyses element failure and demonstrates
the failure procedure. By selecting different values, the students can acquaint themselves with
the influence of these parameters.

CONCLUSIONS

Computer simulation has achieved great success in many fields, including structural analysis.
Through the above description, three conclusions can be reached:

(1) Along with the rapid improvement of CPU speed and update of hardware, the computer
has been used not only as a tool of scientific calculation but also in structural analysis, hazard
prevention, construction management and failure simulation.

(2) Much hard work, expense and time can be saved by using computer simulation. A
combination of computer simulation and experiments will be the main tools of engineers.

(3) Computers can give miscellaneous dull data a vivid and lifelike form, they will play a more
important role in teaching and management.

(4) Compared with the high level of hardware, simulation systems lag behind. More mature and
businesslike simulation systems need to be developed.
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A MIXED FINITE ELEMENT FOR
LOCAL AND NONLOCAL PLASTICITY
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ABSTRACT

This paper develops a mixed finite element with one point quadrature and hourglass control in
local and non-local (gradient) plasticity for pressure dependent and independent materials at
large strains, which allows for its application to the modelling of strain hardening and softening
(strain localization) behaviors. The two yield strength parameters of strain hardening/softening
materials not only depend on the internal state variable but also on its Laplacian. The
evaluation of the Laplacian is based on a least square polynomial approximation of the internal
state variable around each integration point. To derive the consistent element formulations in
pressure dependent elasto-plasticity, a natural coordinate system in the stress space and a new
definition of internal state variable are introduced. Numerical examples are given to
demonstrate the performance of the mixed element, particularly in preserving ellipticity as
strain softening behaviour is incorporated into the computational model.

KEYWORDS

mixed finite element, local plasticity, gradient plasticity, pressure dependent materials,

natural coordinates, internal state variable, strain localization, consistent formulations
INTRODUCTION

Owing to the advantages of the one point quadrature mixed finite element with hourglass
control in both accuracy and efficiency, it has been widely implemented in finite element codes

and used to solve a variety of practical engineering problems with success. Many efforts have
been devoted to develop and improve this type of mixed elements since it was first published
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by Flanagan and Belytschko (1981). Jetteur and Cescotto (1991) developed their one point
quadrature mixed element for the von-Mises elasto-plasticity with strain hardening at large
strain and reported excellent results obtained with cheap cost in computation. Localization of
deformation into narrow bands of intense strain caused by strain softening is a characteristic
feature of plastic deformation and is a common occurrence in many pressure independent and
dependent materials. Numerous attempts to simulate the localization behaviour by using
classical (local) plastic continuum theories have been unsatisfactory. It has been realized that
the effective and radical measure to remedy this situation is to introduce the regularization
mechanism into the continuum to preserve ellipticity or hyperbolicity of the governing field
equation for the quasi-static problems or the dynamic problems respectively . Among diverse
approaches to introduce the regularization mechanism are: non-local continuum theory (Bazant
et al.,1984, de Borst, 1992), Cosserat continuum theory (Muhlhaus et al., 1989) and rate
dependent continua (Needleman, 1988). The basic idea of the non-local gradient plasticity is to
include higher order spatial gradients of the effective plastic strain in the yield condition. de
Borst et al, (1992) and Sluys et al.(1993) presented the formulations and algorithms for the
gradient plastic continuum in a finite element context. A finite element method for gradient
elasto-plastic continuum was presented by Xikui Li et al.(1996), in which the Laplacian of the
effective plastic strain at a quadrature point is evaluated on the basis of a least square
polynomial approximation by using the values of the effective plastic strains at neighbouring
quadrature points. This non-local approach allows to satisfy exactly the non-local consistency
condition of the yield function at each quadrature point, whereas the consistency condition is
only enforced in a weak form and is not satisfied at each iteration but only at the end of a load
step in de Borst et al.(1992) and Sluys et al.(1993).

The objective of the present work is to develop a nonlinear version of the element for both
gradient and local plasticity of pressure dependent material models, such as the Drucker-Prager
and the modified von-Mises models, at large strain. The element is formulated not only for the
plane strain and the axisymmetric solid, but also for the plane stress state. To formulate the
non-local consistent compliance matrix and the non-local consistent integration algorithm in a
concise and numerically efficient manner for closed-form implementation, the so-called natural
coordinate system in the stress (strain) space (Duxbury & Xikui Li et al.,1996) is introduced.
The separation of the plastic strain into its deviatoric and hydrostatic components due to the
introduction of the natural coordinates provides an opportunity to define a new internal state
variable that is capable of capturing different post-yield curves in tension and compression
simultaneously. To analyze the geometrically non-linear problem by utilizing the present mixed
element, the co-rotational formulation (Jetteur and Cescotto, 1991) is adopted and the co-
rotational Cauchy stress tensor and its energetically conjugated strain measure are employed.

THE MIXED FINITE ELEMENT
Let us start with the variation of the functional I for the Hu-Washizu principle in the form

8I1= J[5e7 (Ce - 0)+50" (¢ — Vu) +8(Vu)  6]dA, (1)
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where the stress , the strain €, the displacement gradient Vu and the elastic modulus matrix
C are referred to the original coordinates. For the two-dimensional case, we have

. T _ . T _
GT = [Gx Gy Gz Txy]’ € = [Sx Sy 8: 8xy]7 Vll - [ux,.x uy‘y u:.z ux.y +uy.x] (2)

The natural coordinate system in the stress (strain) space is introduced in such a way that the
deviatoric and the hydrostatic components of the normal stress (strain) components are split
and o, € and Vu are transformed into their counterparts 6,€ and Vi referred to the natural

coordinates as follows

I éT'—'[sl“:ug €] (3)

m ¥ xy

6=Tc; € =Te ; Vai=TVu with&" =[5, 0,0, 1,,

where the transformation matrix T is defined by

[Yvz o -142 o]
_|-is e o )
[1/\/5 NCERINE] OJ )

0 0 0 1

According to the displacement field equivalent to the classical bilinear function of the
isoparametric coordinates & and n

S A
u, = ay+a}x, +al " En (i=1,2) )
where 4, is the area of the element, the displacement gradient can be derived as

Vi=T(B+h,I)q=TBgq (6)

where q" =[u” v']is the nodal displacement vector of the element and

B - b, 0 0 b, . h, 0 0 h, - v’ 0
10 b, 0 b, S ) h_.v 0 h, |’ 1o vl
1
b_Tx =7V Va1 Y2 Vi3] b,Ty = [x4 X135 X X5,]
24, 24

24, =x, Y, t X Y5 5 Xy =X, =X; 5 Vi =Vi~)Y;

h_Ae . h _@. h _@. —i[h hT )b]
—4577’ .x—ax ’ ,y_ﬁy’ }/_Ae ( xj J
hT=[1 -11-1]; x1T=[x1x2 Xy X415 xzr=[_yly2y3y4] (7

The stress ~ and the strain € are chosen in the ‘optimal incompressible’ modes as



270 Li, Xikui

e O IR
6=06+h,0"; e =g+hg’; wit «=l-n, n, 0 0 (8)
where &7 =[€, §, ¢, £,,), £ =[e] €}] amd " =[5, G, 5, 7,,],6" =[0] o}]. The constant

field ( 3, €) is uncoupled with the anti-hourglass mode (&*,&*). With substitution of
expressions (6) and (9) into equation (1) we may integrate each term in the equation and obtain

axT

8I1=4 [88 (Ce-0)+56" (€-TBq)+5q"B T’ G]+568" [4GHE" - 2HG"]
+56" [2HE* ~H'Tq]+8q"T"H"' 6" 9

Here C € R referred to the natural coordinates for isotropic elasticity can be given by

—dzag(ZG 2G, 3K, G) (10)

l=1 ok
I

TC
[ ; H,.j=J.A’hjh'jdAe ;H'=L'h:ThbdAe (11)

where G and K are the elastic shear and bulk moduli. From the stationary condition of
(9) and the arbitrariness of the variations 88,5G,5q,56* and 36, we obtain the constitutive
laws, the element strain-displacement relations, the internal nodal forces F and the linear
stiffness matrix of the element

~ [

6=CE ; 6 =2G&; &= TBq 26" =H'H'Tq (12)
F=AB'T'G+T"H'6" ; =A B'"CB+GI"H"H'HT (13)

THE GRADIENT DEPENDENT PLASTICITY
Two pressure dependent elastoplastic models for the gradient plasticity are particularly
considered. The yield functions for the gradient Drucker-Prager (GDP) and the modified von-

Mises (GMVM) models can be given in the form (Duxbury and Li, 1996)

F=q+AE",V’€")0, + B(E?,V’E") (14)
F=q*+ A", V&%), + B(E”,VE?) (15)

where the effective deviatoric stress q and the hydrostatic stress ¢, are defined by
1 ~T DA V . o .
q=(56 PG)?; o, —\/—(0 +o,+0,) ; with P=diag(3,3,0,6) (16)

A and B are the current material parameters defined as

_ 28ing (¥, V*e”) . B -6¢,(7,V’E?)Cosp (", V")
- J3(3-Sing(E?,VE?)) V3(3- Sing (87, V*EP))

(17)
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for the Drucker-Prager criterion, where c, is the cohesion and ¢ the internal frictional angle.
For the modified von-Mises criterion,

A=3(c"(8", V")~ (", V*E")); B=-0.(5",V*E")d,(5",V?E") (18)

where 0, and o are the current yield stresses in tension and compression respectively. For

simplicity in the following discussion the associate plasticity rule is considered. The incremental
plastic strain vector can be written

R oF ~
As”=k—a—é—=k(ylP0+ A1) (19)

where v, =1(GMVM) and v, = 1/2q(GDP), A is the plastic multiplier, 1, =[0 0 1 0] and
Ag? can also be decomposed into

A& = AE¥ +h AE*?  with AE”=A(y PG +A41); A&"7=3y\&" (20)

The new definition of the internal state variable proposed by Duxbury and Li (1996) is given by

a4

2 iy o Asg
AV = (e (AP ) 4o “om 10 Sum over m 21
Y (3 (Agf)7) ‘Gm( ‘/g ( ) (21

where ‘cm| is the absolute value of the hydrostatic stressc,, Aé? are the incremental plastic
strain components referred to the natural coordinates and the coefficientse, are given by
e’ =[1 10 05]. The effective plastic strain AE” for the present element is defined as the
average value of Ay over the element and can be written in the forms

F, =A8” - M7 +7 7 0; F =Ag"-r(l+ 0 22
(29 10_ ’ \/’) 2 ( ‘ ‘ \/*) (22)
for the modified von-Mises and the Drucker-Prager criteria, where
_ 1]‘ | SN y | PN P N A
q= (A_ AC(EO' PoG)dA,)* = [A—(Ec PG A, +30° Ho")] (23)

As for the yield strengths to evaluate material parameters A and B in expressions (17) and (18)
we assume the following non-local forms

¢y =Cp tHIEP =" VEY  $=¢,+hE" - VIE? (24)
for the Drucker-Prager criterion and

o, =0, +h, g’ ~c' V’E? ; o) =0, +h g’ —c V'E” 25
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for the modified von-Mises criterion respectively. Here ¢,,$,0,,0, and c¢,,,$,,0,,,0;, are
current and initial cohesions, the frictional angles, the tensile and the compressive yield
strengths; h:,h:;,h;,h; are material softening/hardening parameters, " c*,c’,c® are non-local
material parameters. It is noted that the modified von-Mises model will degrade to the von-
Mises model as the material tensile parameters o), /,, ¢’ are set to equal to the material

compressive parameters o, h,, ¢ respectively; in addition, the two gradient plasticity models
will degrade to the local plasticity models as non-local parameters c*,c*,c’,c® are set to zero.

To evaluate V’g/ at an integration point i, we take account of the values of €7 at the
1eighbouring integration points. Let L(i) and N(i) be the set of neighbouring integration points
ind the number of these points for integration point i. The Laplacian of €7 at point i can be
ipproximated in terms of €; (j € L(1)) in the form

ViEr= 3 g5 26)
i Jrar gxy il

he coefficients g, are determined on the base of a least square polynomial approximation of

1e effective plastic strain around each integration point. For an integration point in an element
n the boundary of the domain considered, we have to impose 85”/6n =Vgfn=0,
here n is the normal to the boundary.

ON-LOCAL RETURN MAPPING ALGORITHM

»w we consider a typical time sub-interval [t, t + At] and an arbitrary integration point. The
nstitutive equation at time t + At can be given by

At arfm - éAéP 6':+Ar = 6:;2 -2GAE™ (27)
ere the trial elastic stress vectors are
Gy = CE 1) & =26 —E7) (28)
ystitution of equations (20) and (10) into (27) gives
é_rmr =(al,+p1, )é:fm > G = a&j‘;i, (29)
re 1, =diag(l,1,0,1) and 1, =diag(0, 0, 1, 0) and

3KAA {1/(1+ 6GA) for the modified von — Mises criterion (30)

B= 1——67— ;o= 1-(3GL)/GE,, for the Drucker — Prager criterion

m

' D 1 1aron T
75 =G/a= (;L (-Z—O'ETPGE )dA,)" = G SFTPEE A +367THG )4 31)
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By using (30), (31) and o, =o- ~3KA\ the yield functions are given in average form as
| FdA, =g* -30M(KA*+G)+ Ac” + B (32)

|, Fd4, =@") [(1+6GLY - 3KA*L + AcE + B (33)

for the Drucker-Prager and the modified von-Mises criteria and are written in a unified form as
F = F(s,8*,A,87,V87) = F(3% 65 A, 87, VEP) (34)
In addition, a unified form for the consistency conditions in (22) can be given by

oF, oF, _, da aF_ oF, .. OF, .
gl e o Ve tog 0d =0 (33)

B=(%%

It is noted that the strain vectors & and & at each integration point are given in the return
mapping algorithm to fulfill the yield condition. With the use of equations (34), (35) and (26)
a non-local N-R iterative procedure at an integration point i for iteration k can be written as

(s )H 5 =—F, i(—) SO, (36)
where _ _

dF; ! aF; aF_._ oF,, aE.i _p OF,, 0o,

& " e Can, 7T GG o, (37)

_dE nl _ BF; a_Fi_ aF;.i aF;.i _ aF o,

G =Covier o, avier | (o, Y0 g a8 (38)

Itis noted that unlike in local computational plasticity, 6(Ag?), cannot be determined at
the local level. Nevertheless, the N-R iterative procedure is not a global one since only limited
number of integration points within the localized plastic zone are involved and the non-local
condition F = 0 is still enforced in a pointwise fashion and at each iteration of a load step.

NON-LOCAL CONSISTENT TANGENT STIFFNESS MATRICES

Substitution of equations (26) and (35) into the consistency condition of equation (34)
eliminates the terms relating to A and V2g” and gives the eﬁ'ectlve plastlc strain rate €7 at
each integration point with respect to the rate predictors §° and & at its surrounding
integration points , which are related to the rate strain vectors as

. 1 s a2 12G . . o 2 £
g° =E[(P6)TC§ +T(H0")Ta"] ; 6L =1]Ce=3K1le (39)

(4
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To derive the consistent tangent matrix we consider the variation of equations in (29)

S =(a,1,+B,1,)5° +&,1,5° +B,1,5°; & =0, 67 +4,6" (40)

bl 4

Substituting €7 for each integration point as a function of g* and &6 at its surrounding
points into equations (40) and using the definitions of o and § in (30) give local and non-local
consistent tangent modulus matrices. With the use of strain-displacement relation (12) the
integration of the virtual work done by the stress rate * over the element i is given by

AT A Tyl S [ i
'[A“. 881’ Gi dAe,i = Sqn (Kiqi + E(KU qj +I§K;’lz qk)) (41)
Here the local and the non-local element tangent stiffness matrices for the element i are

— PO I 1 AP A
K!=B/T"(D;,TB +5D{2H"H‘F)i +5r,.TH;’H;T(D;1TB +ED;2H“H’I“),.

J— ~ — 1 A 1 ~ P 1 ~
nl nl n “1yg* T gy— n J p—
K] =B/T" (D}, TB, +5D1;,”H11Hjl"j)+ EI‘,.TH,. H;"(D},TB, +5D2;jjﬂjlﬂjrj)
— n — 1 e
K;‘i = BiTTT(DI;,ijkTBk +-2—Dl;,g'ka1Hhrk)
1 X — 1.
+51”.-TH?TH,-' (D}, TB, +5D2’2,,-,~kH;'HIFk) (42)

The local and the nonlocal compliance sub-matrices in (42) are

D, = 4,,[(e1, +1,)C+6G(C,1,6 671, +C,,1,671,) +3K(C,; 1,51, + C,, 1,)];

ptom

Diz,i = 12Gi[Ca11dé+Cﬂllm]i(H6J )xT’ DIZl.i = (Hax)i[IZGCal(ldé)T +6KC,, 1:.],'

24G R R
D}, =[~ Cu(H&" XHE")" +4GoH], (43)
D1y = A Lf; (1,0)(1,0)] +71,(1,0); + f; (1,00 1, + 71, ]
D;';y = Ae.i[f;’js(lda)i(ﬂax )j +’_'ij$1m(H6x ),T]
Dy, =2f)(H5"),(1,5)) +2f}(H&), 1, ; Dy, =2 (H5),(HG)] (44)
D!, = 4, 1/4(1,0),(1,0); +731,(1,0); + f2(1,0),1, +731,]
D}, = A4,.[f(1,0),(H5); +7,1, (HS");]
Dy, =21, (HS"),(1,0); +2/5 (B )1} Dy, ., =2/, (HG"),(HG); (45)

The coefficients in sub-matrices (43) - (45) are given by Li and Cescotto (1997). It is noted
that the second part of the non-local virtual work in equation (41) will disappear for the case
without introduction of the non-local parameter c? into the second equation in (24), i.e. we
will not need to calculate the sub-matrices in (45) under this condition.
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THE PLANE STRESS

For the plane stress state, we have to enforce the constraint ¢, =0, (i.e. G, = 0) to the above
formulations. Recalling equations (29) and (3) we have the constant component G

G =T7(al, +B1,)TG* (46)

where the components G,°,5, and 17, in G° are the elastic trial stresses calculated from the
given strains. The third component in equation (46) with the enforced constraint G, = 0 gives

—p _ O~ B —F , —E

G, _2cx+[3(0" +0, ) 47
It is seen that G° =0 is only true at the integration points under the elastic state, for which
o=1and B= . Consequently the variation §* with respect to G° has to be involved in the
calculation, which can be given by

1

og* Anpor r 1 1
= P T, T =[-F-—1F/=—F
(P5°)'T, . =1 \/5 \/g 3]

acf  2g°f

(48)

867 /oA can be calculated according to G° defined in (47). In order to form the consistent
tangent stiffness matrices, the third column of the transformation matrix (4) is simply deleted in
the calculation of the elasto-plastic stiffness matrices (42) to account for the effect of G, =0.

In addition, C(3,3) in equation (10) should be replaced by the value of E(1+2v)/(1-v?).

NUMERICAL EXAMPLE

As the first example,the large deformation of the short cantilever beam with the ratio //h =3
is studied. The beam is subjected to a vertical prescribed displacement u, = 2 at the right-hand
side of the beam. We first check the performance of the present element in the case where the
modified von-Mises criterion is degraded to the classical von-Mises one in the plane strain
state. The material property data used are as same as those used for the example by Jetteur et
al.(1991). The results and the convergence rates obtained by the present work exactly agree
with those given by Jetteur et al.(1991). Then the beam is re-analysed with the use of the
modified von-Mises criterion in the plane stress state. The material parameters used are: E =
10000 N/mm? ,u= 015,06} =300 N/mm* ,c5° = 600 N/mm* ,h, = 1800N/mm* ,h¢ = 2200
N /mm2 . Three different meshes: (1) 4 x 12 element regular mesh; (2) 8x24 element regular
mesh and (3) an irregular mesh with 174 elements and 201 nodes generated by a non-
structured mesh generator are used. The deformed meshes and the three contours for the
effective plastic strain are illustrated in  Figure 1. The final values of the reaction at the
specified value of the deflection equal to 2.0 are: 3.135x10% N for the mesh (1), 3.092x10° N
for the mesh (2) and 3.095x10° N for the mesh (3). It is shown that the results obtained for
three different meshes agree with each other well and, therefore, illustrate the excellent
convergence of the element in the space domain.
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Figure 1 The contours’ effective plastic strain on deformed meshes for the cantilever

The second example is to analyze a footing problem. Due to symmetry consideration, the
calculation is carried out for half of the footing. The footing is simply supported at both the
side ends and the bottom, and is subjected to uniformly prescribed vertical displacements,
distributed on the range of 1.5 M at the left of the top edge of the footing. These increase until
those corresponding to the collapse load. The material properties with the Drucker-Prager
model are: E = 210N, /mm2 , V=03, the internal frictional angle ¢=20"and cohesion
¢c=7TN / mm® . The footing is modelled using two different discretizations with irregular
meshes, generated by a non-structured mesh generator, which are: (1) 161 elements with 181
nodes; (2) 329 elements with 351 nodes. Figure 2 illustrates three sets of the contours for the
effective plastic strain, the deviatoric effective stress and the mean stress respectively. It is
shown that the results obtained for the both different meshes agree very well over most of the
domain of the footing, except the values of the effective plastic strain at the local region, where
high values of plastic strain gradient arise and which indicate that local mesh refinement in the
region is necessary in order to ensure the accuracy of the analysis.
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Effective plastic strain; (a) 323 element mesh; (b) 161 element mesh
Effective deviatoric stress: (c) 323 element mesh; (d) 161 element mesh
Mean stress: (e) 323 element mesh; () 161 element mesh

Figure 2 The contours on deformed meshes for the footing problem
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Figure 3 Shear stress curves with increasing displacement u of the top face
with different meshes for the non-local Drucker-Prager model
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Figure 4 Distribution of effective plastic strain for u = 0.025 at the top of the plate

The third example considers a rectangular plate with initial length L, = 5.5 and initial width
B,=0.75, meshed by N x M elements. N and M are numbers of the elements in length(y axis)
and width(x axis) respectively. The plate fixed at the bottom and loaded by an increasing
prescribed horizontal (in x axis) displacement at the top, is analyzed as a plane strain problem
by using the Drucker-Prager model. The vertical displacements of the nodes at the top are
fixed. To manifest that pathological mesh dependence has been overcome by using the present
element, we consider five test cases with different element meshes NxM: (1) 11x3; (2)
22x3; (3) 33x3; (4) 44x3; (5) 55x3 element meshes. The values of material elastic
properties used for the entire plate are E = 2100 and pu=0. The constant frictional angle ¢ =
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Figure 5 Evolution of effective plastic strain distribution with increasing
displacement u of the top face
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Figure 6 Distribution of effective plastic strains along Y axis of the plate subjected
to a pure shear loading for different values of the non-local material plastic
parameter for u = 0.025 at the top of the plate

40° is assumed. The initial cohesion c,,=2.0 except for the elements which lie within the
middle of the plate between y = -0.25 and y = 0.25. The initial cohesion for these elements has
been weakened to the value of ¢,,= 1.8. The softening modulus h:', = -200 and the non-local

parameter ¢” =5 are used for all elements, including the weakened ones. Figure 3 illustrates
the convergence of the shear stress - displacement (at the nodes on the top face) curves.
Analytical solution of the width of the localization zone for a one-dimensional case for the
Drucker-Prager criterion and the frictional angle ¢ = constant being assumed, can be given in

the form w = 2x,/—c" / h;', . Numerical results shown in Figure 4 illustrate that the width of the
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localization zone and the effective plastic strain distribution along y axis over the zone rapidly
converge to a unique solution. It is observed that the width of the localization zone evaluated
by the analytical solution gives a good approximation of the shear band thickness obtained in
the present simulation. Figure 5 illustrates the evolution of effective plastic strain distribution.
It is observed that the localization zone grows quicklyto a certain width and then intense plastic
strains are developed in the narrow band with the unchanged width. To show the dependence
of the thickness of localization zone on the non-local material parameter ¢” relating to the
internal length, we consider the example again. All the data used for the example, except the
value of c*, are unchanged. The three test cases, with the different values of c”, ie.
c" =20,1125,5 are executed. Figure 6 illustrates the thicknesses of the localization zones and
the effective plastic strain distributions within the zones for the three test cases. It is observed
that using a large value for internal length results in the wider localization zone and the lower
peak value of the effective plastic strain.
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BEHAVIOR OF IN-FILLED STEEL PLATE PANELS
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ABSTRACT

A new seismic lateral load resisting system, consisting of steel frames and infilled plate panels, has
been developed and extensive research has been conducted to study the overall response of the
system as well as the behavior of the panels under cyclic shear. In this system, the thin-walled
panels are connected only to girders of the frame. The research includes studies of the interaction
between the frame and the panels, behavior of the girder-supported panels subjected to monotonic
and cyclic in-plane shear and development of hysteretic models for use in seismic analysis.

A special finite element analysis package, ULSAS-GE, which is based on a program previously
developed by Tetsuya Yao for analyzing plates under cyclic in-plane normal forces, has been
prepared to perform the shear analysis. Included in the analysis are the effects of out-of-plane
buckling and yielding. A special algorithm for circumventing the severe instability encountered at
load reversals was implemented into the package. A detailed study of the cyclic behavior of four
panels selected from a frame-panel system has been made. Simple formulas which can be used in
design to predict the behavior and strength of the panels have been proposed. The paper presents
a discussion of the problem, descriptions of the analysis procedure adopted, implementation of the
algorithm and numerical results. A general discussion of the performance of thin-walled panels
under cyclic shear is also given.

KEYWORDS

Plate panels, cyclic shear, post buckling, seismic resistance, plasticity, finite element.
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INTRODUCTION

Cyclic behavior of thin plate panels under in-plane shear has recently been a subject of international
studies because of the promising application of steel plates as shear walls in structural frames to
resist wind and seismic loads. Owing to the tension field action, first revealed by Wagner in 1931
(Wagner, 1931), thin plates under in-plane shear possess substantial and stable post-buckling
strength and deformation capacity. A recent study by the authors (Xue and Lu, 1994) suggests that
a control on lateral stiffness can be exercised by selecting proper width-to-thickness ratios of the
plates and the means to connect the plates to frame members. This control can be used in seismic
design to contain structural deformations to certain limits under different magnitudes of loads. This
control is also helpful for achieving a desirable balance between lateral strength and stiffness. The
issues of deformation control and balanced design have been recognized as critical design measures
for seismic-resistant structures, especially after the recent earthquake events in the U.S.A. and Japan.
To effectively utilize these concepts, knowledge about the cyclic behavior of steel wall panels in the
elasto-plastic, post-buckling range is necessary.

Similar to plate post-buckling behavior under uniaxial in-plane compression, a plate under in-plane
shear has stable post-buckling behavior and substantial post-buckling strength because of the
membrane stress restraints on the plate. Different from a plate under compression, a plate under
shear experiences profile changes as well as magnitude changes of the out-of-plane deformations as
load increases. The profile changes are due to the in-plane stresses, composed of in-plane shear and
normal tension components. This feature of the plate post-buckling behavior under in-plane shear
has been observed in laboratory tests and analytical studies by several researchers (Thorburn, Kulak
and Montgomery, 1983; Elgaaly and Caccese, 1990; Kossira and Horst, 1991). In a numerical
analysis, a profile change results in local instability and is responsible for severe convergence
difficulties. For monotonic loading, these difficulties can be circumvented by using either advanced
computational algorithms (Riks, 1972 and 1979) or initial imperfections which include all necessary
profile modes. For cyclic loading, the severe instability and convergence at load reversals cannot
be handled in the same manner, because a user control over loading is necessary and the tension field
action can eliminate initial imperfections in some areas of the plate.

In this paper, an algorithm is presented to circumvent the instability at load reversals in analysis of
the cyclic behavior of steel plates under in-plane shear. The algorithm was implemented in a finite
element analysis package, ULSAS-GE. Four steel wall panels were analyzed and the results are
presented.

BACKGROUND

Study on the post-buckling behavior of plates under in-plane shear was started in the early 1930s and
is still going on now. Before the early 1980s, the focus was on prediction of plate ultimate strength
under monotonic loading. Under in-plane shear, the stress state in a simply supported plate is
initially described by a tension and a compression principal stress. The principal stress orientations
can be parallel or inclined, with a small angle, to the two plate diagonals, depending on the plate
aspectratio. The diagonal along which the tension principal stress acts is called the tension diagonal.
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The other diagonal is called the compression diagonal, because the stress in its direction is mainly
compressive. As the applied shear increases, the plate buckles when its critical shear buckling load
isreached. The buckling is produced by the compression principal stress, and the buckling profile
along the compression diagonal usually has more waves than that along the tension diagonal. The
profile difference along the two diagonals is an important feature of plate shear buckling. After
buckling, the plate has both in-plane stresses and out-of-plane bending stresses. Despite the bending
stress interference to the stress state in inner plate areas, the in-plane stresses are still dominant at
the boundaries, but are very different from the state before buckling. Besides the in-plane shear
stress, which is the only stress at boundaries before buckling, an in-plane normal tension stress
emerges after buckling and keeps growing, due to the boundary restraints on the plate post-buckling
deformations. The in-plane shear and normal tension stresses form an equivalent tension stress, at
boundaries, leaning to the tension diagonal. The magnitude and orientation of the equivalent tension
stress depend on the magnitudes of both the in-plane shear and normal tension stresses. While the
in-plane shear stress acts as loading and continues to produce large buckling deformations, the in-
plane normal tension stress acts as reaction and exerts restraints on the buckling deformations. Due
to the effects of the two in-plane stresses on buckling deformations, the shear post-buckling behavior
is distinguished from its compression counterpart by a unique character. That is, the plate
experiences profile changes as well as magnitude changes of the out-of-plane deformations as the
load increases. To avoid post-buckling behavior complexity, early studies focused on simple
simulations of the equivalent tension stress, which has different magnitudes and orientations at
different boundary locations. By approximating the actual stress by a tension stress uniformly
distributed over a limited plate area, Wagner proposed the tension field theory (Wagner, 1931). To
include rigidity effects of the boundary supports, Basler (Basler, 1960) and Rockey (Porter, Rockey
and Evans, 1975) later modified and extended the tension field theory. In all versions of the tension
field theory, the size and orientation of the tension field were formulated based on test data. By
assuming material yield stress as the ultimate tension stress, the ultimate shear strength can be
computed by the tension field theory.

The behavior under cyclic in-plane shear has been studied since the early 1980s when steel plates
were used as shear wall panels in seismic-resistant structures. It is necessary to be able to predict
the cyclic behavior of thin plates from elastic pre-buckling to elasto-plastic post-buckling range.
Due to the difficulties encountered in the analytical studies, the early work had emphasized
laboratory testing. A summary of the experimental studies and test observations has been provided
by the first author (Xue, 1995).

Kossira and Horst (1991) studied the low cycle fatigue behavior of thirty-seven 50x50 mm
aluminum plates under in-plane shear. The work involved both laboratory tests and finite element
analyses. The analytical results were compared with the corresponding test data. They found that
there were two different deformation paths for a plate to take at a load reversal (i.e., zero external
loading). In one path, the unstable path, the plate experienced a sudden profile change of its out-of-
plane deformations as it was reloaded in the opposite direction. The change involved sign switches
as well as magnitude changes. In the other path, the stable path, only the magnitude of the out-of-
plane deformations changed with reloading. The residual out-of-plane deformations were found to
control the path that a plate would take at a load reversal. In the small square plates analyzed, the
unstable path would be taken if the out-of-plane residual deformations were primarily anti-
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symmetric. On the other hand, the stable path would be taken when the residual deformations were
predominantly symmetric. However, the study showed that almost the same relationship of shear
load versus shear deformation was obtained no matter which path was enforced in the analysis.

A sudden profile change with sign switches of the out-of-plane deformations signifies occurrence
of a bifurcation or severe instability, and often leads to convergence difficulty in numerical analysis.
Because the plate residual out-of-plane deformations depend primarily on the magnitude of the shear
applied prior to unloading, the path that the plate would adopt is load-history dependent. Thus, the
observed instability cannot be circumvented by using initial imperfections. To avoid the instability,
Kossiraand Horst artificially filtered out the anti-symmetric components of the residual out-of-plane
deformations in their analyses. They found good agreement between the analytical results and test
data.

BEHAVIOR OBSERVATIONS AND POSTULATES AT IN-PLANE SHEAR REVERSAL

Figure 1 illustrates the changes of the out-of-plane deformations of a plate at a shear reversal. The
plate has elasto-plastic out-of-plane deformations under a shear in direction 1. Notice thatin Fig.1(a)
the out-of-plane deformation profiles are different along the two diagonals of the plate. The profile
has more waves along one diagonal than the other. This profile difference along the plate diagonals
can be described by profile orientation. The profile containing more waves is always orientated
along the compression diagonal and the profile with less waves along the tension diagonal. The
reason for this is that the tension field action tends to stretch out the out-of-plane deformations along
the tension diagonal and to increase the constraints along the compression diagonal. On the other
hand, the increase in the in-plane shear tends to increase the out-of-plane deformations. Because of
this interaction, the plate must accommodate an increasing number of waves along the compression
diagonal, as the shear load increases.

If the material yields, out-of-plane residual deformations will result when the load is completely
removed, as shown in Fig.1(b). The residual deformations inherit many of the characteristics of the
profile shown in Fig.1(a). As the shear load is applied in direction 2, opposite to direction 1, the
equivalent tension stress at boundaries changes its direction. As a result, the previous tension
diagonal is now subjected to compression and the previous compression diagonal to tension. As
illustrated in Figs.1(c) and 1(d), the out-of-plane residual deformations will be reduced along one
diagonal, the current tension diagonal (to be different from the previous tension diagonal), and
increased along the other, the current compression diagonal. As the shear load increases, the out-of-
plane deformations may take a profile different from that of the out-of-plane residual deformations
when the current out-of-plane deformations are incompatible with the in-plane stresses produced by
the reversed shear load.

It is reasonable to postulate that the new profile, which can stabilize the panel behavior during
reloading, differs from that of the out-of-plane residual deformations in two aspects: orientation and
component content. The new profile should orientate itself so that more waves would be present
along the current compression diagonal and less along the current tension diagonal, which is just
opposite to the profile orientation of the out-of-plane residual deformations. The component content
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Loading direction 1

loading direction 2
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(d) Out-of-plane deformations

under loading in

direction 2

Figure 1 Changes of Out-of-Plane Deformations at Load Reversal
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is defined by the number of modes included in a profile, if the profile is assumed to be composed
of a series of linearly independent modes. The new profile should have more component content
along the current compression diagonal and less along the current tension diagonal. Due to the
nature of the interaction between the in-plane shear and normal tension stresses, the component
content along the compression diagonal should monotonically increase, and that along the tension
diagonal should monotonically decrease, as the load increases. This suggests that the profile of the
out-of-plane deformations constructed with a mirror switch of the out-of-plane residual deformations
about the plate central section would satisfy both the orientation and component content
requirements, and can be used as the new profile.

With the stabilized out-of-plane deformations, tension field action can develop and again dominates
the post-buckling behavior of the plate under the reversed shear loading. If the component content
along current compression diagonal contains all the necessary modes, the stable behavior could
continue till the next load reversal.

APPROACH TO BIFURCATION-LIKE INSTABILITY AT SHEAR LOAD REVERSAL

Based on the understanding of the plate post-buckling behavior at a shear load reversal, a general
algorithm was proposed for shear panels to circumvent the instability problem discussed above. In
the algorithm, small artificial out-of-plane deformations are introduced slightly before a load
reversal. Asillustrated in Fig. 2, the plate is divided into four rectangular areas by its horizonal and
vertical center sections. T-Iand T-II denote the areas linked by the current tension diagonal; C-I and
C-II denote the areas linked by the current compression diagonal. The artificial out-of-plane
deformations are formed by replacing the out-of-plane displacement of a node in area T-I (T-II) with
the corresponding nodal displacement in area C-I (C-II), shown in Fig.2(b). The node
correspondence is determined by symmetry about the plate vertical central section. As discussed
in the previous section, the out-of-plane deformations formed in this way should be compatible with
the in-plane stresses subsequently developed after the shear load is reversed. Therefore, the
instability discussed before is prevented and consecutive analysis can be stabilized under reloading.
Notice that the out-of-plane residual deformations in areas C-I and C-II are retained rather than
replaced with the out-of-plane nodal displacements of areas T-I and T-II. There are two reasons to
do this. One is that along the two diagonals the profile differences are insignificant in the small
loading range. The other is that a significant reloading magnitude is required to stretch out the out-
of-plane residual deformations for a moderate or large load. Thus, unrealistic stiffness will result
at the beginning of reloading if the out-of-plane deformations of areas C-I and C-II are replaced by
that of areas T-I and T-II, respectively.

The use of the artificial out-of-plane deformations in analysis causes behavior discontinuity of a
plate and produces computation errors. However, because of the physical stability and insensitivity
of the shear panel overall behavior to the out-of-plane deformations, the errors introduced can be
quickly balanced out through consecutive iterations. The errors will be localized at load reversals,
where external load magnitude is always small. By controlling load increment and number of
iterations, analysis inaccuracy caused by using the artificial out-of-plane deformations can be limited
to a tolerable range. This argument is based on the variational and computational principles which
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and Montgomery, 1983) was modeled and analyzed with ULSAS-GE under both monotonic and
cyclic loading. Analytical results were compared in a large deformation range to the test data under
monotonic loading. Due to the availability of the test data, however, the comparison under cyclic
loading was made only in a small deformation range. The comparison showed that ULSAS-GE is
capable of predicting both the monotonic and the cyclic behavior of the frame-wall panel
assemblages. The ULSAS-GE program successfully circumvented the instability problem at load
reversals. However, it is believed that the proposed algorithm should be verified with more test data,
when available.

CYCLIC BEHAVIOR OF THIN PLATE UNDER IN-PLANE SHEAR

Four frame-wall panels assemblies were analyzed with ULSAS-GE. The assemblies were selected
from a specially designed frame-wall system (Xue and Lu, 1994). As shown in Fig. 3, each
assembly consists of a steel frame and a steel wall panel. The frame is composed of a top and
bottom beam, a left and a right column. The beams, W18x3$5, are pin connected to the columns,
varying from W14x233 to W14x74. The panel is filled in the frame with continuous connections
to the beams only. Table 1 provides the width-to-thickness and aspect ratios, a/f and s/h, of the four
panels in the selected assemblies.

Table 1 Shear Panels Selected for Cyclic Analysis

Shear Panel PGS1 PGS2 PGSS5 PGS9
s/h 0.8 1.0 1.0 i.0
at 1636 1309 1516 1694

Simple shear connections

Figure 4 shows the finite element \_,

model developed for the e -+
assemblies. Because of the large Q e : ]

axial rigidity, the columns in the it
model are simulated by two rollers
at top between the top beam and a
rigid support. Found from studies

by the authors, the beam bending A shear wall panel of thickness ¢ h .
deformations do not have

significant effects on the panel k

behavior for the beam sizes % Columm

commonly required by gravity
load design. In the model, L X
therefore, only the top beam is A ,&.
included and the panel is fixed at L s

the bottom edge to arigid support. - "

The shear load to the panel is

Figure 3 Frame-Wall Panel Assembly
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are the mathematical basis for all the approximation methods.

In mechanics terms, the principles can be stated the following way, specifically for shear panels. If
a set of continuous equations exists in a displacement domain to define deformations of thin plates
subjected to in-plane shear, and the equations possess a stable and unique solution for a load
condition in a given solution domain, the solution can be approached with an initial deformation
approximation. For shear panels, the continuity requirement is guaranteed, at least in lower orders,
by the satisfaction of basic mechanics principles: constitutive law, continuity and compatibility
conditions. The existence of a stable and unique solution is enforced by the equilibrium conditions
and yield criterion, and has been verified by test observations. In the finite element method, some
of the conditions stated above may only be partially satisfied in the displacement domain. However,
sufficient analysis cases have proved that such minor continuity violation does not significantly
affect the solution accuracy in finite element analysis.

ALGORITHM IMPLEMENTATION

The procedure proposed above was implemented in ULSAS-GE, which is an enhanced plate version
of ULSAS. Originally, ULSAS was a finite element package for the elastic-plastic post-buckling
analysis of plates subjected to cyclic, uniaxial in-plane loading (Yao, 1991). The only element
included in the package is a four-node isoparametric shell element. In the element formation, large
deformation effects were included and were considered in the updated Lagrangian approach. To
achieve computational efficiency, the element was further simplified to a bi-linear degenerate shell
element so that integration points were reduced to one. In order to prevent the possible singularity
due to the reduced integration scheme, hourglass control stiffness was used in the element stiffness
calculation. The Kanok-Nukulchai method was employed to form the stiffness against the element
in-plane rotation. The updated Green strains and the updated Kirchoff stresses were used to take into
account the effects of large deformation on the equilibrium. To apply the flow theory of plasticity
and hardening rules, the Kirchoff stress increments were transformed into the Jaumann stress
increments at each load step. The Mises criterion was used to detect material yielding. To account
for material hardening, options for isotropic hardening or kinematic hardening or a combination of
both are available in ULSAS.

A number of limitations existed with the original plate version of ULSAS; for example, only one
piece of plate in the XY plane can be analyzed and only uniaxial in-plane compressive loading can
be applied. In order to analyze the cyclic behavior of frame-panel assemblages, significant
modifications and enhancements were made in the enhanced version, ULSAS-GE. Different from
its original, ULSAS-GE is capable of analyzing large plate assemblies under general load and
support conditions. Certain auto-meshing capability and customized loading options are also
available for modeling efficiency.

VERIFICATION

To verify the proposed algorithm, the frame-wall panel assembly tested by Kulak (Thorburn, Kulak
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applied to the top beam.

Both the top beam and the panel were
simulated with 4-node shell elements.
Depending on the panel aspect ratio,
12x12 to 12x15 mesh densities were
used in the analysis. Because of low
stresses found in the beams from
previous monotonic analyses by the
authors, the beams were assumed to
act elastically, and only the panels
were modeled with the inclusion of
material yielding, A Dbi-linear
material model simulating A36 steel
was used for the panels, with 0.4%
tangent modulus in the strain
hardening range.  The material
hardening effects was included by
using the combined isotropic and
kinematic hardening model available
in ULSAS-GE.

Initial imperfections with a maximum
magnitude equal to 10% of the plate

thickness ¢

L S .

" 1
Figure 4 Model of Frame-Wall Panel Assembly

thickness were assigned to each wall panel during modeling. The initial imperfections were
composed of the buckling modes proposed by Timoshenko for thin plate buckling under in-plane
shear. The first 16 modes were used to form the initial imperfections. Shown in Figs. 5, 6 and 7 is

the cyclic behavior obtained
from the analyses with ULSAS-

GE for panels PGSS5, PGS1, and 04
PGS2. In the figures, Q/Q, and 03 L

D/D, are non-dimensionalized
shear load and displacement of

a panel, respectively. Q, 0.1

denotes the full shear yield
capacity of a panel, so Q, = 1,5t
(t, is the shear yield stress of

QQy

the panel material). D, denotes 02 |

the drift at the top of a panel
when Q = Q,; therefore, D, =

(t,/G)h. Refer to Fig. 1 for 04}
definitions of h, s and ¢. 0.5

The following hysteretic
characteristics of the plate
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Figure 5 Cyclic Behavior of Panel PGS5
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panels under cyclic in-plane
shear may be observed from the

results.

1) The linear behavior of a

2)

3)

panel is not
significantly affected
by buckling and post-
buckling deformations
before the panel
significantly yields due
to in-plane stresses.
Such behavior has been
observed from both the
previous tests and the
analyses wunder
monotonic loading
performed by the
authors.

Shear panels exhibit
pinching behavior after
yielding caused by in-
plane stresses has
appeared. Both
pinching and strength

degradation were & o

alleviated in the large
deformation range.
This behavior was
observed in the tests
conducted by Kulak
and by Elgaaly.

The a/t ratio has a
strong effect on both
pinching and strength
degradation of the
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Figure 6 Cyclic Behavior of Panel PGS1
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Figure 7 Cyclic Behavior of Panel PGS2

panels. Parameter a is the largest of /2 and 5. As the ratio increases, the panels had more
severe pinching and suffered more strength reduction. It should be noted that the effects of
fracture or tearing have not been included in this study. It is anticipated that panels with very
large a/t ratios may have a localized fracture or tearing failure. Flexible stiffeners can be
used to prevent possible fracture or tearing of shear panels.

4) The hysteresis of the panels is rather sensitive to the change of the s/A ratio. When s/ ratio
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isless than 1.0 (PGS1), the hysteresis loops have severe pinching, stiffness deterioration, and
strength degradation. To achieve stable strength and good energy dissipation capacity, steel
panels with s/h > 1.0 are preferred in the construction of frame-wall systems.

SUMMARY

An algorithm was proposed to circumvent instability at load reversals in cyclic analysis of thin plates
under in-plane shear. The algorithm was implemented in a special finite element analysis package
and used to analyze wall panels selected from a frame-wall system. The algorithm worked well in
the analysis. Analytical results compared favorably with the available test data. The hysteretic
behavior of steel plate panels subjected to in-plane shear can be closely predicted by ULSAS-GE
program.
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ABSTRACT

This paper presents a multi-director and shear-deformable finite element formulation
for geometrically nonlinear analysis of thick layered composite shells. The underlying
variational formulation is based on an assumed strain method. The displacement
field is continuous across the finite element layers through the composite thickness,
whereas the rotation field is only layer-wise continuous and is assumed discontinuous
across the discrete layers. From a kinematical viewpoint displacements and rotations
are assumed finite while the strains are infinitesimal. The proposed model is then
cast in a co-rotational framework which is derived consistently from the updated
Lagrangian framework. The close relationship between the co-rotational procedure
and its underlying updated Lagrangian procedure is presented to highlight the cost
reduction for large and complicated geometric configurations. Numerical examples
are presented to demonstrate the applicability of the proposed element.

KEY WORDS

Laminated composites, Multidirector shells, Finite deformations, Co-rotational
framework, Nonlinear finite elements

INTRODUCTION

Laminated structures made of advanced filamentary composite materials continue to
be of great interest for engineering applications. Their high strength to weight ratio,
and the flexibility to tailor make various components with strength far exceeding that
of the parent constituent materials are their main attributes. These engineered ma-
terials are generally orthotropic in nature and quite often show very unique response
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even under simple loading and geometric configurations. For a detailed account on
composite materials see Noor et al. [1989,1990], Reddy [1984,1996] Jones [1975]
(and references therein). Most research efforts, as presented in the literature, can be
grouped into three main categories. The first approach considers all material lay-
ers as one equivalent anisotropic layer and employs the classical plate theory with a
non-deformable director and zero transverse shear. Limitations of this approach and
the effect of ignoring transverse shear for advanced composites are well documented
in the literature. Accordingly refined laminate theories, based on Reissner-Mindlin
plate theory have been proposed. These theories provide an improved response as
compared to the classical lamination theory. A third approach that claims to model
the warping of the composite cross-section has gained considerable attention in lit-
erature. In this approach the through thickness component of the displacement field
is expressed as a power series in terms of the plate thickness coordinate. Although
this approach accounts for transverse shear as well as warping of the composite cross-
section, it is kinematically homogenous. If a detailed response of individual laminates
is required, this approach would necessitate high order expansion in terms of plate
thickness coordinate, resulting in considerable increase in the number of unknowns
in the system and also in the complexity of the theory.

In view of these issues, and because of the fact that these theories, although based
on the concept of a two dimensional reference surface, are not much cheaper than
a three dimensional analysis of laminated composites, has led some researchers to
employ 3D elements to model the various material layers (Liao & Reddy [1990]).1t
is to be noted that 3D elements are not good for bending dominated response. The
reason is that even under the application of a constant moment, these elements can
only model a shear-type response (Hughes [1987]) which infact is exceedingly stiff
than a bending response. The situation worsen when 3D elements are used to model
a thin flat laminate with adverse aspect ratios.

In this paper we have endeavored to address these issues, and extend the linear
model proposed by the first author to geometrically nonlinear anlysis. The underly-
ing formulation is based on an assumed displacement field that results in an enhanced
strain Hu-Washizu variational framework. A condition of orthogonality on the en-
hanced strains with respect to the 3D stress field results in a modified displacement
based formulation which contains only translational and rotational degrees of free-
dom. Since the rotation field is only layerwise continuous and is assumed to be discon-
tinuous across the different material layers through the thickness, it can be condensed
out via static condensation. The resulting element thus contains the translational
degrees of freedom as the nodal unknown at the global level. The multi-layered shell
model is then cast in a co-rotational framework which is derived consistently from
the updated Lagrangian formulation.

An outline of the paper is as follows. Section 2 presents the assumed displacement
field. Section 3 presents the co-rotational framework for geometrically nonlinear
analysis, evaluation of internal force vector, and a description of linear orthotropic
constitutive relations in the co-rotational framework. In Section 4 we present the
ensuing hybrid composite shell element. Numerical results are presented in Section
5 and conclusions are drawn in Section 6.
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THE LAYER-WISE SHEAR DEFORMABLE FRAMEWORK
We start with the assumed displacement field

Ua(z, 9, 2) = ua(z,y, 2) + 2D, (2,y) (@=1,2) (1)
UB(Ia Y, Z) - U3(£L‘, Y, Z) (2)

where the translational component of the displacement field is assumed continuous in
the z,y and z directions while the rotation component is only layer-wise continuous,
and is discontinuous from one layer to the other. Thus rotation is infact an internal
field embeded in the 3D continuum displacement field, and is therefore defined on
the reference surface alone. This layerwise rotation field results in enhancement
of the transverse shear strains and bending strains, thereby improving the bending
dominated response.

CO-ROTATIONAL FRAMEWORK FOR GEOMETRICALLY NONLIN-
EAR ANALYSIS

This section presents the co-rotational procedure for geometrically nonlinear anal-
ysis, derived consistently from the updated Lagrangian framework. The updated
Lagrangian framework involves the principle of virtual work being established for the
equilibrium configuration at the previous load increment at time t,,.

1
7 Tt Sens1dQ = f54 (3)
Q.

where 7,41 and €, denote the second Piola-Kirchhoff stress tensor and the Green-
Lagrange strain tensor measured in the updated configuration at time t,,, respectively.
The equilibrium configuration at time %, is then called the reference configuration
for current load step. Neglecting the quadratic terms in the Green-Lagrange strain

tensor, we obtain the linearized incremental constitutive relation o = %T = c:e.

Substituting the updated stresses and strains in (3), we obtain the linearized equation
of motion

/ e:c:5edQ+/ o-ondfl = fe"t—/ oded? (4)
Q4 Q Q4

where the right hand side is the residual or the out-of-balance virtual work. In order
to reduce the out-of-balance virtual work to within prescribed tolerance, we establish
the incremental iterative form

/ egill)ia dent1 dQ+/ Ontl 5777(1i:11)d9 = fah —/ ‘77(31 5e(niw)tldﬂ ()
o &

2

Remark: After each iteration, displacements are accumulated and the incremental
second Piola-Kirchhoff stress and Green-Lagrange strain tensors are evaluated which
are then pushed forward to the current configuration.

Element Co-rotational Procedure

In the case of small strains, a series of approximations can be made to significantly
simplify the updated Lagrangian formulation to the so-called element co-rotational
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procedure. Theoretically, an arbitrary motion of a general continuous medium can
be decomposed into a rigid body motion followed by a pure relative deformation. In
finite element analysis, this decomposition can be accomplished by defining a local
co-rotational coordinate system for each element which translates and rotates with
the element, but does not deform with the element. If the finite element is sufficiently
small, the pure deformation part of displacement obtained by subtracting the rigid-
body motion components from the total displacement is normally small and is of
same order of the magnitude as infinitesimal strains.

Coordinate system for co-rotational framework

In order to present the co-rotational procedure, we refer to the three sets of coordinate

systems. They are:

(i) The Global Coordinate System which is the Cartesian coordinate system fixed in
space.

(ii) The Local Co-rotational Coordinate System, I = [i1,42,13] which is associated
with each element and undergoes rigid body rotations and translations with the
element.

(iii) The Surface Coordinate System, V,, which is the nodal triad associated with a
typical node a. During the equilibrium iteration, V, experiences both the rigid
body rotations and pure deformation.

Internal Force Vector

The internal force vector emanating from the second term on the right hand side in
equation (5) can be expressed as

(i) T ;
i = |, BY ollda (®)
n+1

where B®" is form identical to the linear discrete strain-displacement matrix, but

contains spatial derivatives with respect to the latest configuration fojrl, which may
not necessarily be in an equilibrium state. agil is the Cauchy stress tensor and is
also measured in the latest configuration. To satisfy the objectivity requirement and
to obtain exact Cauchy stress tensor, we first have to calculate the incremental Green-
Lagrange strain, from which, the incremental second Piola-Kirchhoff stress can be
obtained. Secondly, we need to push-forward the result to the current configuration

with the incremental deformation gradient Fj,.;.

1 1 1 _ _
Ontl = —J-+—17'n+1 = J—Tn“i'JT:l‘(FnHASnHFnTH) (7)

Note that F,,; = F,+ GRADu = [1+ V,ulF, = F,F, Consequently

Fn+1 = [1 + Vnu]

Remark: All variables in (6) are defined with respect to the global coordinate system.
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To apply the co-rotational procedure, it is convenient to transform equation (6)
into local co-rotational coordinate system as

Fint® = ()T = (3)
w o= [ BYeld0 (®)
a®
n+1
where the tilde indicates quantities measured in the local co-rotational system.
B® = symm grad @ represents the strain-displacement matrix in the local co-
rotational coordinate system in configuration Qs)ﬂ The Cauchy stress tensor in

the latest obtained configuration can be calculated through the stress transformation
in local co-rotational coordinate system as follows

o =

FSFT (9)

~| -

where F = Q%%’Q is the co-rotational deformation gradient that eliminates the rigid

body rotation of the continuum. Consequently, the incrementally objective stress
update in the current configuration can be expressed as

1 = ~ :T
where F = [1 + V,4] is the incremental co-rotational deformation gradient that

eliminates the incremental rigid body rotation of the continuum from configuration
~ () ~(i+1)
Q41 0 Ly

Because of the small strain assumption, the pure deformation part of the dis-
placements is a small quantity as compared to the element dimensions in the local

co-rotated coordinates. Consequently, it is reasonable for us to make the following
two approximations:

1) The changes in element shapes are small in each individual local increment; and
2) The displacement derivatives of the pure deformation part of the displacement
field with respect to the current configuration measured in the local co-rotated
coordinate system are of the same order of magnitude as the small strains. There-

fore, the quadratic terms in the Green-Lagrange strain components can be ne-
glected. (See Belytschko et al. [1973]).

Based on the first assumption where the changes in element shapes are assumed to be
negligible i.e., @ (x, tni1) ~ @D (x, t,41), the incremental deformation gradient
matrix in the local co-rotated coordinate system is close to an identity matrix i.e.

- o5, (1) 1 i=1J

FjJ = ——xj - = J (11)
oz, 0 j#J

where Z; are coordinates of a point in the current co-rotational frame QSLI ) and &,

are the coordinates in the previous co-rotational frame Q&{l Furthermore, change
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in mass density is also negligible, i.e., p, = p; for J = 1. Substituting (11) into
(10), we get further approximation

&n-}-l = &n + AS’
6, +C:AE (12)

where AE is the Green Lagrange strain tensor in co-rotated coordinates. Based on
the second assumption, the stress update in an iterative form can be expressed as

54D = 50 4 & AE~,<;>1

=¥ +C: 1 (Vu+vu )@,
=60 +C: Bn+1 n+1
= 6@+ C:BY 1Td% (13)

where we have used the transformation relation between the nodal degrees of freedom
in the global and the local co-rotated coordinate systems. Once the internal force
vector is obtained in local co-rotated coordinate system, a simple coordinate trans-
formation can be performed to obtain the internal force vector in global coordinate
system as:

o Fint®
i =1 fh (14)

n

where [ is the transformation matrix.

Orthotropic Constitutive Relations in Co-rotational Frame

Most fibrous laminated composites are made of a repeated sequence of laminates that
often have the same material properties but are oriented at +68 and —6 degrees with
respect to one of the global axes. Let c'o represent the linear orthotropic consti-
tutive matrix for an individual laminate with regard to its mutually perpendicular
planes of elastic symmetry. This constitutive matrix for a laminate can be projected

onto the global composite coordinate system via a transformation matrix Q) which
is a function of the angle §. The transformed constitutive matrix C“) is obtained as

c® = QTL ' QW (15)

These global orthotropic constitutive matrices defined layerwise, need to be mapped
onto the co-rotational axes specific to each individual element to perform consistent
numerical integeration of the element level quantities. Consequently, we need to
develop an orthogonal transformation matrix from the global system on to the local
element co-rotational system. The orthotropic constitutive relation in co-rotational
frame can now be expressed as

C = RTEecWRle) (16)
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where R(®) is the element specific orthogonal transformation matrix from the global
frame to the local co-rotational coordinate frame. Equation (16) is then substituted
into eqn. (13) to evaluate Cauchy stress in co-rotational system.

THE HYBRID ELEMENT

This section describes the hybrid element which is obtained via adding a 4-node
shell type reference surface within the 8-noded 3D continuum element. The 4 noded
reference surface is identified via a parameter ¢ that places it with lower, middle or
top surface of the element. The resulting hybrid element is also applicable to plate
and shell type problems that can be modeled via single director Reissner-Mindlin
type theories.

The three-dimensional element used in this work follows Liu et al. [1994a,b, 1998].
Emphasis is placed on avoiding locking and removal of spurious singular modes and
stabilization via an hourglass control approach. We expand the strain rate € in Taylor
series about the element center

E(EnC) = €(0) + (00§ + €,(0)n + € (0)¢
+ €60 (0)€n + €nc (0)NC + € ¢ (0) (€

Ten

> Bo(£n,¢) va (17)
a=1

where v, are the nodal velocity degrees of freedom and

B, (£,1,¢) = Ba(0) + B, (0)€ + B, ;(0)7 4+ B, (0)¢
+ Bagn (0)€n + Bay¢ (0)1¢ + Bace (0) (€ (18)

The first term on the right hand side of the equation (17) or (18) represents the
constant strain rates evaluated at the quadrature point, 0, and the remaining terms
are the linear and bilinear strain rate terms.

Treatment of Volumetric Locking

To treat volumetric locking, B, (£,7,() is decomposed into dilatational and the
deviatoric parts.

B, (&n.¢) = B (0) + B (&,1,.0) (19)

The dilatational part of gradient matrices is underintegrated and evaluated at only

one quadrature point, 0. We expand Bge" about the element center. Accordingly
equation (19) can be written as

B, (£,7,0) = Ba(0) + BIY(0)¢ + B (0)n + BLY (0)¢

a,n
d d d
+ Ba,eﬁvn (0) 577 + Ba,er‘),C (0) 77( + Bazv{ (0) <§ (20)
where B, (0) are the one-point-quadrature gradient submatrices contributed from
both the dilatational and deviatoric parts. The remaining terms on the right-hand-
side of the above equation are the gradient submatrices corresponding to non-constant
deviatoric strain rates.
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Treatment of Shear Locking

In order to remove shear locking, the gradient submatrices corresponding to the
assumed shear strain rates are written in an orthogonal co-rotational coordinate
system rotating with the element. The gradient submatrices corresponding to strain
rates €, and €4 ( for a, 3 =1,3 ) can be expressed as

Boo (£,1,C) = Baa (0) + B3 (0)¢ + B3, (0)n + B3, (0)¢
+B3, (0)én + B, . (0)n¢ + B3 (0)¢¢ (a=1,2,3) (21)

and

Baﬂ (57 7, C) = Baﬁ (0) + Bgz‘,/( (O)C (Oé, g=12, 3) (22)

NUMERICAL EXAMPLES

Composite Cantilever Beam. [45,-45]s

The first simulation is that of a laminated cantilever beam. Schematic diagram is
shown in Fig. 1. The elastic moduli are £y = 1.379E4-08, and Fy = F3 = 1.448E+07.
The remaining material properties are given below. It is interesting to note that the
coarse mesh also captures the nonlinear geometric response with a great degree of
accuracy (see Fig. 2), thus confirming the robustnesss of the element for bending
dominated cases.

* Material Properties

Gy, = SB6EH04 , G, = SR6EH04 , G, = SR6E+04
Wy =021, =021, w,=02

* Geometric Properties

L =100
B=10
t =014

* Loading
P=270

Fig. 1. Schematic diagram of the composite beam problem.
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Fig. 2. Load-deflection diagram at load point.

Bending of a Narrow Cantilever Plate

The second simulation is that of a narrow cantilever isotropic plate subjected to a
concentrated load. The superposed initial and final meshes are shown in Fig. 3a and
surface stresses oy, are shown in Fig. 3b. The applied load versus the displacement
path of the load point in our simulation shows a close agreement with that given by
the shell element SHEBA of Argyris et al. [1994].One can clearly see that the plate
is made of two layers of elements through the thickness.

]
Time = 1.00E+00 Time = 1.00E+00

Fig. 3. Initial and Final deformed geometry and stress o,;.
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Fig. 4. Load-deflection diagram at load point.

Clamped Isotropic Plate under Uniform Pressure Load

The next numerical simulation is a large deformation analysis of a fully clamped
isotropic plate. Again we have selected this isotropic problem to benchmark our
element for geometrically nonlinear analysis. To solve this problem we generated
a mesh of 8 x 8 X 2 hybrid elements. The pseudo-time increment in the nonlinear
solution strategy is At = 0.01. A total of 100 steps were required to apply the total
load. Fig 6 presents the nonlinear load-deflection curve obtained at the center of the
plate which compares very well with the experimental load-deflection curve reported

in Kawai et al. [1969].

\ N /

* Material Propertes
E =2.1 x 10* kgfram?
v=03

* Dimension
a = 1000 mm
b=1000 mam

* Loading
uniform pressure, g = 0.3 x 10* kgfmm?

Fig. 5. Schematic diagram of the problem.
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Fig. 6. Load-deflection diagram at the center of the plate.
CONCLUSIONS

In this paper we have presented a stabilized co-rotational formulation for geomet-
rically nonlinear analysis of thick multi-layered composites with arbitrary ply lay-up
sequences and orientations. The proposed approach is applicable to flat as well as
curved geometric configurations. In the finite element context this formulation em-
ploys a eight-node hexahedral element with an embeded four-node reference surface
to model the kinematics of composite laminates. The resulting hybrid element is free
of volumetric and shear locking and possesses very good coarse mesh accuracy. In
this element, stabilization is performed with respect to an orthogonal co-rotational

framework attached to each individual element and the stabilization vectors are a
function of element geometry alone. In the co-rotational framework the motion of

element is conceived to be a finite rigid body motion followed by relatively small pure
deformation. Elimination of the rigid body motion part from the total displacements
leads to deformational displacement derivatives with respect to the co-rotated coor-
dinates which are in the same order of magnitude as the small strains. A layerwise
orthotropic constitutive model is incorporated in this co-rotational framework to ac-
commodate the material directionality in each individual laminate. These individual
material matrices are mapped onto the co-rotational framework to perform consis-
tent numerical integration of the element level quantities. Numerical results show
the good performance of the model.
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NONLINEAR AND BUCKLING ANALYSIS OF
COMPLEX BRANCHED SHELLS OF REVOLUTION

J. G. Teng

Department of Civil and Structural Engineering
Hong Kong Polytechnic University
Hung Hom, Kowloon, Hong Kong, China

ABSTRACT

This paper introduces the NEPAS program which has been developed over a number of years for
the nonlinear and buckling analysis of complex branched shells of revolution. Throughout its
development, a strong emphasis has been placed on achieving robustness, efficiency, and
accuracy. This has led to attempts to identify the best available numerical techniques and the
development of new ones for implementation in the program. In this paper, the current
capabilities of the NEPAS program are described and the numerical techniques implemented to
achieve them are reviewed. A number of numerical examples are included to illustrate these
capabilities. Further developments of the program to make it an attractive analysis tool for
designers are also discussed.

KEYWORDS

Shells. Analysis, Finite Elements, Nonlinear Analysis, Buckling, Stability

INTRODUCTION

Axisymmetric shells are widely used in many engineering fields. Examples include aircraft,
spacecraft, submarines, nuclear reactors, cooling towers, storage silos and tanks, roof domes,
offshore platforms. tubular towers, chimneys. pressure vessels and pipelines. Shell structures,
particularly civil engineering metal shell structures, have to be designed to avoid buckling or
plastic collapse failures under combinations of load cases specified by design codes. Despite
extensive research over many decades. existing knowledge of many shell buckling and collapse
problems is still very limited (Teng, 1996). Consequently, shell stability/strength design criteria

309
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given in codes of practice cover only simple geometries and loading conditions. For shells under
non-ideal loads or having complicated geometries, there is little information either in the
literature or in the design codes for the determination of their strength. For these complex shell
structures, the use of numerical nonlinear and buckling analysis in design directly, or in the
assessment of designs based on crude approximations has become an attractive alternative.

A fully nonlinear analysis considering geometric and material nonlinearities should be carried
out for reliable strength predictions. A number of difficulties still exist in this approach,
including the specification of appropriate geometric imperfections for a buckling strength
assessment_ as these imperfections are unknown at the design stage. These and other related
issues are currently being studied by many researchers. Needless to say, for this approach to be
widely used, designers require access to a robust, efficient, and accurate nonlinear and buckling
analysis computer program which meets their design needs. Most existing computer programs
for shells of revolution have been developed without designers’ needs in mind, and consequently
do not meet their requirements.

The aim of this paper is to introduce the NEPAS program developed over a number of years for
the nonlinear and buckling analysis of complex branched shells of revolution and to review the
numerical techniques implemented in this program. The initial development work (Teng and
Rotter, 1989a; 1989b) took place with the aim of producing a program which can be used
efficiently as a research tool in the study of shell buckling and collapse behaviour. It was
envisaged that the program would be applied extensively to study many different problems.
Consequently, a strong emphasis was placed on developing a robust, efficient and accurate
program rather than one for the demonstration of a certain numerical procedure. It should be
noted that the efficiency of a computer analysis does not rely only on a computationally less
intensive numerical procedure, but also on the degree of automation of the analysis. As the
computational power continues to advance rapidly, automation of analysis is becoming ever
more important. The development of NEPAS has been carried out bearing this point in mind.
The emphasis of recent and current work has been to further develop the program into an
attractive analysis tool for designers. The strong emphasis placed on achieving robustness,
efficiency, and accuracy of the analysis has led to attempts to identify the best available
numerical techniques and the development of a number of new numerical techniques for
implementation in the program.

The latest version of the NEPAS program is capable of performing linear elastic stress analysis
of shells of revolution under unsymmetric loads and nonlinear and buckling analysis of
geometrically nonlinear elastic-plastic shells under axisymmetric loads including torsional loads.
Plastic limit loads, linear bifurcation buckling loads, non-linear collapse loads, nonlinear
bifurcation buckling loads, post-collapse bifurcation loads can all be determined efficiently.
More specialized versions of NEPAS exist (eg NEPAC, EPSAC) and are used in actual
applications, but for the description of this paper, only the general NEPAS program will be
referred to. The program was developed as part of the FELASH Suite of computer programs for
analyzing axisymmetric shell structures (Rotter, 1989). The program is now being extended to
analyze geometrically nonlinear elastic branched shells under unsymmetric loads.
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Figure 1: The doubly-curved axisymmetric shell element
THE DOUBLY-CURVED AXISYMMETRIC SHELL ELEMENT

The finite element formulation employs a doubly-curved isoparametric axisymmetric shell
element with two ring nodes (Fig. 1). The element geometry is defined in cylindrical
coordinates by the radius R, the axial coordinate Z and the element meridional curvature do/ds
at the nodal points. The geometry is then interpolated between the nodes using cubic
Hermitian functions (Teng and Rotter 1989a)

R:Z{NO\RIJrNh((;—I:j }:[N]{Re} (1a)

1=1.2

7= Z{NOIZI +Nh(i—2)
S

=12

}=[N]{Ze} (1b)

#)- 5[l o) @]

N,, =%(2—3n+n3) (2a)

in which

Nn=%(1“n—nl+n3) (2b)

N :%(2*‘3“_”3) (20)
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No=g(-1-n+n’+n) 2d)

[N]=[NgN; NN, ] (3)
where m is a dimensionless curvilinear meridional coordinate related to the meridional
coordinate s and the element half length L through (Fig. 1)

2s—s, =5,
=1 =2 4
n oL 4)

S, —$
L=t (5)

The nodal displacements are defined by w;, (dwds);, vi, (dv/ds);, w; and (dw/ds); in the global
coordinate system at each ring node at the end of the element. The displacements within the
element, expressed in the global coordinate system, u, v and w (Figure 1) are interpolated
between the nodal points in terms of the nodal values by the shape functions of Eqn. 2. The

global displacements u, v and w at any point are related to the local displacements u, v and w
in the curvilinear coordinates by a transformation matrix [T] (Teng and Rotter,1989a).

The six nodal variables used at each node are satisfactory for shells with a smoothly curving
meridian and without sudden changes of thickness. However, when an abrupt change of
meridional slope or thickness occurs, excessive continuity is imposed between elements
(Figure 2). To avoid this problem, a static condensation procedure was adopted (Teng and
Rotter, 1989a). As a result, the element can be applied to analyze complex branched shells of
revolution such as ring-stiffened cylinders, and elevated steel silos and tanks with a complex
transition junction.

gs is meridional strain

! dw

ds
s

is meridional rotation

Wrong variables are

Crealar T connected at a change
plate s of slope if transformation
du and condensation

o is meridional rotation

W are omitted
Global .
' e is meridional sirain

u as

I Cylinder

Figure 2: Compatibility at a Meridional Slope Discontinuity

NONLINEAR AXISYMMETRIC ANALYSIS

The total Lagrangian approach is adopted in which all the quantities are referred to the
undeformed configuration. The vector of nodal displacement variables for each element, denoted
as {J,}. is given by
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For a single element, the application of the principle of virtual displacements leads to the
following nonlinear equations:
(D(3,)) = (F} - [[Ba] (£} dV = 0 ™
in which {F7} is a vector of equivalent nodal forces due to body forces and surface tractions, [B,]
is the incremental strain-displacement matrix, {F(3,)} represents a vector of nodal residual forces
and {2 }is the vector of stress resultants. These relations constitute the basic equations for
which a solution is sought. For each iteration, the displacement increments for the structure
{Ad,} are obtained by solving the linearised system of equations
{Q(8,)} = [Kr]{A8,) ®
where [K7] is termed the global tangent stiffness matrix. The tangent stiffness matrix for each
element is given by
[Kr], = [K], * [Ks], ©
where [K], accounts for the change of geometry and [Ks]. accounts for the effect of internal
stresses. The element tangent stiffness matrices are condensed to reduce the inter-element
continuity. The global tangent stiffness matrix [K7] may then be found by assembling the
condensed element tangent stiffness matrices.

NON-SYMMETRIC BIFURCATION BUCKLING ANALYSIS

When the axisymmetric primary equilibrium path has been determined as described above,
bifurcation into a secondary path may occur. The bifurcation displacements are assumed to be
infinitesimal compared with the finite axisymmetric prebuckling deformations. The buckling
displacements are expanded as symmetric and antisymmetric Fourier terms to allow non-
symmetric buckling patterns with phase changes down the shell meridian to be described:

Un = UpsCOSNO + gy, sinnd ,  y, =y, SINnO +y,,co8n0, w, = w,;cosnb +,,sinnd (10)

where 0 is the circumferential angular coordinate, » is an integer which specifies the number of
circumferential waves in the buckling mode, and the subscripts s and a denote the symmetric and
antisymmetric Fourier components respectively. There are 24 degrees of freedom per element in
the buckling mode, and the vector of buckling displacements for each element is

= (5] wal§) onl§) valG) (5] wa(F)
n Ugl s A\.I'UA'Zv s sz'vslv s s/vVSZ' 3 szrwslr s SIvWSZ) s 32’

(@) (2] w(2) (2] walZ) a2 ]
Hal: os /,uaz, Os az’val' Os a,'vaz’ Os asza]’ os a,’waz’ 0s/

a
in which the subscripts s and a denote symmetric and antisymmetric displacements with respect
to the circumferential origin respectively. The buckling displacements in terms of global
coordinates, u,, v, and w, are related to the nodal global values of buckling displacements
through element shape functions. Based on the principle of virtual displacements, the
equilibrium of the buckled shell is governed by
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OS] . 0B "
fy [Bn] 35.) P S {(2}dv (12)
where {%} is the vector of stress resultants and [B,] is the strain-displacement matrix. The
element stiffness matrix [K,]. 1s defined by the first term of Eqn. 12, whilst the second term of
Eqn. 12 leads to the stability matrix [Ksne. After condensation, the global stiffness and stability
matrices can be assembled. For a given buckling mode with » circumferential waves, Eqn. 12
may be written as an eigenvalue problem

{[Knl. + AnlKonl {80} =0 (13)
in which A,, is the eigenvalue, {3,} is the eigenvector, and [K,]. and [K},]. depend on the current
state of the structure. This eigenvalue problem must be solved many times at different load levels
and for different numbers of circumferential waves. The final solution is achieved only when the
number of circumferential waves associated with the minimum eigenvalue is found and this
minimum eigenvalue is unity.

NONLINEAR STRAIN-DISPLACEMENT RELATIONS

Different nonlinear shell theories may be used in numerical nonlinear and buckling analysis of
thin shells. It should be noted that existing well-known nonlinear shell theories, including
Donnell’s (1934) theory as extended for general shells (often referred to as the Donnell-
Mushtari-Viasov theory) and Sanders’ (1963) theory, were initially developed for analytical
studies. In these theories, simplicity is an important consideration, and terms judged to be small
in comparison with other terms are omitted. By contrast, in modern computer analysis, the extra
complexity of a more accurate shell theory can be handled with little difficulty and only leads to
a small increase in computing cost. As the NEPAS program is intended to analyze general
complex shells of revolution with branches, it is necessary to ensure that the shell theory used
yields correct results in all cases. The NEPAS program thus employs the nonlinear shell theory
derived by Rotter and Jumikis (1988) for thin shells of revolution which is more complete than
Sanders’ (1963) theory.

For thin shell applications, three components of membrane strain together with three
components of bending strain define the state of strain at any arbitrary distance z normal to the
shell reference surface. The strain-displacement relations of Rotter and Jumikis (Jumikis,
1987; Rotter and Jumikis 1988; Teng and Hong, 1998) are given by
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where &, €9 and g4 are the meridional and circumferential membrane strains and membrane
shear strain respectively. and 4, kg and kg are the meridional and circumferential curvatures
and twisting curvature respectively. Rotter and Jumikis (1988) believed that even Sanders'
theory, when applied in a conventional manner to complex branched axisymmetric shells, such
as ring-stiffened shells of revolution, could lead to erroneous results. Teng and Hong (1998)
recently developed a nonlinear theory for shells of general form which can be reduced to that of
Rotter and Jumikis (1988) for shells of revolution. They also discovered that the same strain-
displacement relations for shells of revolution were derived at about the same time by Su et al.
(1987) and Yin et al. (1987).

Teng and Hong (1998) also presented a comprehensive comparative study of several nonlinear
shell theories in nonlinear buckling analysis. The simply-supported ring-stiffened cylinder
under uniform external pressure (Figure 3) is one of the two numerical examples considered
by Teng and Hong (1998) for which the buckling loads obtained using different nonlinear
shell theories are given in Table 1. The buckling loads in Table 1 are in terms of the
dimensionless buckling pressure defined as A, = pa(l—v*)/(Et) , in which p is the external
pressure, E is the elastic modulus, v is the Poisson’s ratio, a is the cylinder radius and t is the

cylinder thickness. In the numerical analyses, the following values were used: E =2.0x 10’
MPa, v=03, a/t=100. The finite element model of the shell included only the ring-

stiffened cylinder with one end allowed to have only meridional rotations and the other end
allowed to have both meridional rotations and axial displacements. The circular plate covers
at the ends of the cylinder were not included in the finite element model, but the pressure
acting on the plate was included in the form of a circumferential line load on the cylinder end
which was not restrained in the axial direction.
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Figure 3: Ring-stiffened cylinders under external pressure

TABLE 1
BUCKLING PRESSURES OF RING-STIFFENED CYLINDERS

General Instability Interframe Buckling
Aoy x10° Sanders’ | Sanders’ | Subbiah | Rotter Sanders’ | Sanders’ | Subbiah | Rotter &
Donnell’s| Theory | Theory & &  |Donnell’s| Theory | Theory & Jumikis®
Theory B B, |NatarajanfJumikis’| Theory B B, |Natarajan| Theory

omitted | retained | (1982) | Theory omitted | retained | (1982)

Linear | 5.192 | 6.403 | 6.000 | 6.451 | 5.967 | 3.745 | 3.755 | 3.749 | 3.755 | 3.749
Buckling| (3)x 3) 3) (3) B3) | 13 | a3 | 13 | 13) | 13)
Nonlinean 5,163 | 6.248 | 6.014 - 5.962 | 3.239 | 3.248 | 3.243 - 3.232
Buckling| (3 (3) 3) 3 | (12) | 12y | (12) (12)

* Number of critical circumferential buckling waves

There are two possible buckling modes in such stiffened cylinders: global buckling and
interframe buckling. These two modes correspond to two different numbers of circumferential
waves, In the global mode of instability, the ring stiffeners’ displacements are nearly all in the
plane of the ring. On the other hand, these rings deform out-of-plane in the interframe mode of
instability. Both linear buckling loads (prebuckling large deflection effect ignored) and
nonlinear buckling loads (prebuckling large deflection effect included) are presented. The
effect of prebuckling large deflections is seen to be small. It can be seen that for the interframe
buckling mode, the results from the different shell theories are very close to each other as
buckling displacements are out-of-plane in both the cylinder and the ring. For the general
mode of instability, there are some significant differences. The predictions using the theory of
Rotter and Jumikis are similar to those using Sanders’ theory; however, the simplified Sanders’
theory in which the rotation about the normal is ignored predicts buckling loads which are 7%
higher than those of Rotter and Jumikis’ theory. It is interesting to note that Subbiah and
Natarajan's (1982) results are in very close agreement with those of the simplified Sanders’
theory, but are different from those of Rotter and Jumikis® theory. Subbiah and Natarajan
(1982) indicated that Sanders’ theory was used in their analysis but did not elaborate whether
the rotation about the normal was included. It seems very likely that the simplified Sanders
theory was used by them. The unconservative predictions of the simplified Sanders’ theory are
due to its inability in modelling the in-plane buckling behaviour of the annular plate web of
the T-section ring stiffeners as demonstrated by Teng and Hong (1998). Compared to the
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theory of Rotter and Jumikis, the buckling loads predicted using Donnell’s theory are lower by
about 9%. The effect of Donnell approximations in the nonlinear strain terms leads to
conservative predictions of the buckling load.

In their study, Teng and Hong (1998) recommended that Rotter and Jumikis’ theory as a special
case of their more general theory be used in computer analysis for complete peace of mind that
no terms, however small, have been left out in the analysis, although for their two test cases
Sanders’ (1963) theory with the rotation about the normal to the shell reference surface retained
is also accurate.

CONSTITUTIVE LAWS AND STATE DETERMINATION ALGORITHM

The vector of generalized stress resultants {X} in the shell which consists of the three
membrane forces N,,, Ny and Nyg and the three bending moments M,,, Mg and My is related to
the generalized strains {e¢} defined earlier in an incremental manner through the tangent
modulus matrix [Dr] as

d{S} = [Dr]die} where [Dr]=1 % (Z ) [ DepliZ]dz (20)

The matrix [D,,] relates the vector of stresses {c} and the vector of strains {€"} at any point
located at a distance z from the shell wall middle surface through

dic} = [DepJdie] where {e°)=/[Z]{e} 21)
with [Z] being a matrix relating the generalized strains to the strains at any point located at a
distance z from the shell middle surface. The elastic-plastic modulus matrix /D,,/ depends on
the plasticity theory used. The J, flow theory is used in the axisymmetric nonlinear analysis of
NEPAS to model metal plasticity,and the matrix [D,,] is given in Teng and Rotter (1989a). A
carefully designed state determination algorithm was employed to minimize the effect of load
step size on the predicted structural response. Figure 4 shows the load deflection response of the
large deflection elastic-plastic bending of a circular plate (Teng and Rotter, 1889a) predicted
using two large load steps compared with the load deflection curve predicted using 25 steps.
Evidently the NEPAS results are rather insensitive to load step sizes. This is an important
feature, particularly when the program is used by inexperienced users to do elastic-plastic
analysis.

For plastic bifurcation buckling analysis of metal plates and shells, the paradox remains that the
analytically less satisfactory deformation theory of plasticity gives results in closer agreement
with experimental results than the more rigorous and well-accepted flow theory. The many
available explanations are still inconclusive, and recent results once again confirm that the
deformation theory predicts bifurcation loads in much better agreement with experimental results
(Teng, 1996). As bifurcation analyses using the deformation theory usually also predict lower
buckling loads than those with the flow theory, bifurcation analyses using the J, deformation
theory of plasticity are allowed in the NEPAS program which can also carry out plastic
bifurcation analyses using the J, flow theory and the modified J; flow theory. The modified J,
flow theory is the J, flow theory with the shear modulus replaced by that from the J, deformation
theory (Bushnell, 1976). The incremental stress-strain relations for the J, deformation theory of
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plasticity under three-dimensional stress regimes have been given in tensor notation by
Hutchinson (1974) as
doj= Ljudeu (22)
with
E ) 3v+h dh/ dJ,
Liw =757 hL(S'kaﬂ 8 ) 301 -2v) 94 Ty e 2(dh  dg0) 7

where

Sy su} (23)

1 3 9E
Je=50. . h=3[E/Es-1]. dn/dly = ——5[1/E-1/E.] (24)

3 oy
in which s; are the stress deviators, o, is the von Mises equivalent stress, v is the Poisson's ratio,
E is the elastic modulus, E; is the secant modulus, and &;; is the Kronecker delta. These relations,
when specialized for the plane stress condition, give the required matrix [D,,]. The deformation
theory option has been usefully exploited in numerical studies of shell buckling problems to
develop simple design methods (e.g. Teng, 1975; 1977).

0.7 ] | T 1 I 1] i T
06F — 25 steps -
0 2 steps
;é 05 |- -
E
N
(=]
<04} .
o
203 -
a
[’d
So2bk Ohashi and Murakanmi 4
Test Plate {see Fig. 15)
01} -
L 1 ] 1 l 1 ! !

0 1 2 3 4 5 6 7 8 9
Cenfral Deflection w,

Figure 4: Effect of load step size on predicted load-deflection response

SOLUTION PROCEDURE FOR NONLINEAR ANALYSIS

Among the many existing incremental iterative nonlinear solution methods, the arc-length
method still appears to be the most effective and popular. The arc-length method as given by
Crisfield (1981) has thus been implemented in the NEPAS program together with the
conventional load-controlled Newton-Raphson method. While the arc-length method (or other
methods with similar capabilities) can handle complex load-deflection paths effectively, the
analyst has no control over the load incrementation scheme to achieve convergence to specific
locations along the load-deflection path. There are a number of situations in which such control
is required. In particular, when nonlinear structural analysis programs are used in structural
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design, both the ultimate load carrying capacity and the deformations under service loads may
need to be found. The arc-length method is suitable for the former task, but not the latter. The
analyst needs to conduct two separate analyses if he needs to know both the ultimate load and the
state of the structure at a particular load level. This is inconvenient for both programming and
program application. A user-controlled arc-length method has recently been developed and
implemented in NEPAS so that it can converge to pre-defined load levels (Teng and Luo, 1998).
This user control is achieved by coupling the conventional arc-length method with the
accumulated arc-length control procedure of Teng and Luo (1997). The proposed approach is
equally effective for convergence to a pre-defined value of any other parameter and to multiple
values of a parameter. As an example, an elastic circular plate with a completely fixed edge was
analyzed by Teng and Luo (1998) for convergence to multiple stress levels. The plate has the
following properties: radius R = 100 mm, thickness t = 1 mm, elastic modulus E = 2.0 x 10°
MPa and Poisson's ratio v = 0.3. The reference load of the plate is 1 MPa. The NEPAS program
was instructed to find the load levels at which the maximum von Mises equivalent stress is equal
to 100 MPa, 200 MPa and 250 MPa, respectively (Figure 5). A pre-defined stress level was
judged to have been reached if the difference between the converged and pre-defined stress level
was less than 0.1%. This kind of analysis is useful in design application of nonlinear analysis
where first yield constitutes a limit state as it can precisely determine the load level
corresponding to first yield.

0.10
E XXXXX Converged Points at Pre—Defined Stress/ Levels
[ 00000 Other Converged Points
0.08 s
F Maximum von Mises
5 Equivalent Stress
go.os 3 = 250 MPa -
L
pel
= 200 MPd ————
20.04 .
|
0.02fF -
C = 100 MPa—» Linear Approximation
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F Increment
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Figure 5: Load deflection path tracing with convergence to multiple pre-defined stress levels

AUTOMATED BIFURCATION SOLUTION PROCEDURE

To find the critical mode and load in a linear bifurcation analysis, one only needs to search
through a range of circumferential buckling wave numbers. The critical wave number is the one
associated with the lowest buckling load factor and the critical load is the applied load times this
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buckling load factor. Finding the critical bifurcation mode and load following a nonlinear
axisymmetric prebuckling path is much more difficult. The critical bifurcation mode is uncertain
before the analysis is completed. A range of circumferential wave numbers must be tested to find
the wave number corresponding to the minimum eigenvalue at each load level as this wave
number varies with load level. A solution is reached when this minimum eigenvalue at a certain
load level is unity. This load level is the buckling load level, and the circumferential wave
number corresponding to the minimum eigenvalue is the critical mode. In all previous programs
for shells of revolution, this search is done by trial and error and requires several repetitions of
the analysis, which is often very tedious and time consuming. An automatic procedure was
developed and implemented in NEPAS (Teng and Rotter, 1989b). This automatic procedure was
made possible for plastic bifurcation analysis using the innovative idea of reversible plasticity
(Figure 6) developed from the incrementally reversible plasticity assumption initially proposed
by Nyssen (1981). With this reversible plasticity assumption, the search for a bifurcation point
can be conducted forward and backward for many cycles. Otherwise, the search has to move
forward only and there is no permission to move back.
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Figure 6: Stress-strain curves and reversible plasticity

Shells of revolution under axisymmetric loads may bifurcate into a non-symmetric mode after
the axisymmetric failure load has been reached. The existence of a post-collapse bifurcation
point indicates a mode change, and has a strong bearing on the ductility of structural behaviour in
the post-collapse range. The accumulated arc-length method (Teng and Luo, 1997) is a new



Nonlinear and Buckling Analysis of Complex Branched Shells of Revolution 321

technique recently developed for the determination of a post-collapse bifurcation point and
implemented in NEPAS.

L
e e R ey
_"‘:’fffT 1‘\\\;\: I SSSECEESS=E22
= - SNES ]
= = SNERnEaRmane
7777777 e RRm 1T
Figure 7: Plate-end pressure vessel Figure 8: Non-symmetric bifurcation mode of a
perfect plate-end pressure vessel
0.4
[ - —— - Perfect
- —— Imperfect, w,/i=4 Bifurcation-
~ _f x~ Point
©0.3F s ; Ner=13
S r E = 2x10° MPa s ng=13
~ L = 0.3 4
o [ o, = 250 MPa 7/
S [ R/t =100 ,
n0.2 F /
® - ’
o [ 7
— o /
O L /
c o /
0.1 /
= [ /
£ : ,
L 7/
F ’
0.0(;..’.:...x.........l.........|.........1“.......1.........1.........4

Displacement ot Plate Centre (w/1)

Figure 9: Load-deflection and bifurcation behaviour of plate-end pressure vessels

An interesting application of this method is to a structure with a shallow curved shape under
compressive loading, for which snap-through buckling can occur under a very small load, but the
real load carrying capacity may need to be taken as much higher at a bifurcation point on the
second ascending branch in the post-snap-through range. The plate-end pressure vessel shown in
Figure 7 serves as such an example. The buckling behaviour of internally pressurized perfect
plate-end pressure vessels was investigated by Teng and Rotter (1989c). Due to inevitable
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fabrication errors, the initial shape of the end plate may actually be that of a very shallow
inverted dome. The effect of this kind of imperfection of significant amplitude can only be
assessed if a post-collapse bifurcation analysis is carried out. In Teng and Luo (1997), a perfect
and an imperfect vessel were analyzed. The imperfect plate is represented by an inverted
spherical cap with a rise of w, equal to 4 times the shell wall thickness t. The vessels have an R/t
ratio of 100 with the following material properties: elastic modulus E = 2 x 10° MPa, Poisson's
ratio v = 0.3, yield stress o, = 250 MPa with elastic perfectly-plastic behaviour. The material is
modelled by the J, deformation theory in the bifurcation analysis. Figure 8 shows the bifurcation
mode of the perfect vessel while the load deflection curves of both the perfect and the imperfect
structure are shown in Figure 9. Substantial yielding has taken place before bifurcation buckling.
For the imperfect vessel, bifurcation buckling occurs on the ascending branch of the load-
deflection curve after snap-through (Figure 9). It is interesting to note that the initial shape
imperfection increases the bifurcation buckling load slightly, contrary to conventional wisdom
about the effect of imperfections. The number of circumferential buckling waves is not affected
by this imperfection.

Another recent development of the NEPAS program is the implementation of a general nonlinear
elastic foundation into the buckling analysis option (Luo and Teng, 1998), and this foundation
may be a tensionless one if axisymmetric deformations only are being studied (Hong et al.,
1997).

CONCLUSIONS AND FURTHER DEVELOPMENTS

This paper has introduced the current capabilities of the NEPAS program for nonlinear and
buckling analysis of complex branched shells of revolution, and provided a review of the
numerical techniques implemented in this program to achieve them. A number of numerical
examples have also been included to illustrate these capabilities. The development of the
program has been carried out with a strong emphasis on robustness, accuracy and efficiency. For
axisymmetrically loaded metal shells of revolution, the NEPAS program is believed to be one of
the most powerful programs available with a number of important features not present in other
well-known programs (Bushnell, 1976; Cohen, 1982; Esslinger et al, 1984; Wunderlich et al,
1985, Combescure et al., 1987). The program has been applied to study many buckling and
collapse problems in axisymmetric shell structures (eg Teng and Rotter, 1989¢c; Teng, 1995;
1997).

The NEPAS program is currently being extended to perform geometrically nonlinear analysis of
elastic shells of revolution under non-symmetric loads. The programming work has been
completed and the program is currently being tested. In the near future, the capability of
including general non-symmetric initial imperfections in analysis will be added, and the
nonlinear non-symmetric analysis will be further extended to elastic-plastic shells. In the longer
term, the program shall be augmented with an automated procedure to realistically account for
the effect of geometric imperfections, a user friendly post-processing facility, and a dynamic
analysis capability. The ultimate aim of future development is to produce a program for the
buckling and collapse strength prediction of complex branched shells of revolution under general
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non-symmetric loads which will possess all the necessary features for direct applications in shell
stability design and hence offer distinct advantages over other existing programs.
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ABSTRACT

Optimal design of structures subject to seismic loads using an optimality criterion approach
is presented. The fact that inertia related seismic loads are dependent upon the natural period
of the structure provides a challenge in structural optimization as compared to statically
loaded systems. The inertia loads, being dependent upon the natural frequency of the
structure, become a function of the structural stiffness and mass which changes within each
optimization iteration. Therefore, the loads also change within each iteration. The typical
gradient calculations for static response assumes a constant load, whereas, the gradients of
the dynamic structural responses are dependent upon the non-zero gradients associated with
these seismic loads. The load gradients are directly affected by the type of seismic analysis
performed. Descriptions of the required sensitivity analyses for equivalent lateral force,
modal response spectra analysis and time history analysis procedures are presented. An
example of how structural optimization can be used to benefit a structural designer is
presented. This example clarifies how structural optimization can lead to better
understanding of seismic resistant designs.

KEYWORDS

Equivalent lateral force, pseudo-static, response spectra, seismic loads, sensitivity analysis,
structural optimization, time history.
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INTRODUCTION

Structural optimization of dynamically excited structures has been ongoing for several
decades. Many times the word "optimization" is taken literally as finding the global optimal
design. Realistically, structural optimization for earthquake loads should be viewed as an
automated design process. A major advantage of using structural optimization for seismically
designed structures is the capability of simultaneously optimizing a structure for multiple
deterministic earthquakes. Traditionally, seismic designers design for the anticipated
earthquake and verify that the structure could survive other earthquakes within the given
design constraints. If the structure violates any of these design constraints, an iterative
process ensues until a viable structure for all the deterministic earthquakes can be designed.
This process can be avoided by using structural optimization procedures that can
simultaneously design for multiple earthquakes. The optimization procedure resizes
members in a fashion providing the most efficient dynamic properties for all of the
predetermined earthquake events, whereas, a traditional design focuses on only one event
resulting in an over designed structure with respect to the other design earthquakes.

The research associated with structural optimization for earthquake loads is growing in
volume, but is still limited. Cheng and Juang (1988, 1989), Truman and Cheng (1990, 1997)
and Truman and Jan (1988) studied 2-D and 3-D building structures with respect to various
code provisions and cost functions. Truman and Cheng (1983) have studied optimization of
structures analyzed by modal response spectrum analyses. Truman and Petruska (1991) have
applied optimality criteria techniques for optimization of 2-D structures using time history
analysis procedures coupled with actual seismic accelerogram base excitations. Structural
optimization of systems subjected to random seismic excitations and reliability theory is still
in its developmental stage but has been studied by Cheng and Chang (1988), and Austin,
Pister and Mahin (1978a, 1978b).

A major difference between optimizing for statically loaded and earthquake loaded structures
is the inertia related seismic loads. The loads are heavily dependent upon the natural period,
mass and stiffness of the structure. Therefore, both the structural stiffness, inertia (dead)
loads, and dynamic responses change after each optimization iteration. This fact requires
changes in the manner by which the gradients of the dynamic structural responses are
determined. A statically loaded structure changes with each iteration, but the loading remains
essentially constant allowing certain simplifications in the calculation of the response
gradients that cannot be made for seismic optimization. Currently, seismic analyses are
performed using one of three methods, pseudo-static (equivalent lateral force), modal
response spectra, or time history. The changes required to find the gradients of the structural
response are directly affected by the type of seismic analysis performed. Descriptions of the
required changes for pseudo-static, modal response spectra analysis and time history analysis
procedures are presented. The use of structural optimization can lead to better understanding
of seismic resistant designs and the limitations of the current state of design code based
analysis procedures.
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SEISMIC DESIGN LOADS

Deterministic, seismically designed structures are typically loaded either through pseudo-
static (equivalent lateral) forces based on design code formulae, a site specific design
spectrum or a time dependent accelerogram, either actual or synthetic. Pseudo-static force
procedures can be a single set of forces or multiple sets of modal forces used as a means of
approximating a full modal response spectra analysis. The pseudo-static force method is a
common approach for designers when actual earthquake data is scarce or its use is
unwarranted (noncritical structures). Modal response spectrum and time history analysis
procedures are very common when earthquake data for a specific site is known or when the
structure is deemed a critical facility. Many times these procedures are used for structures
located in a region of frequent seismic activity or a region of potentially high magnitude
seismic events.

Pseudo-Static Forces
The Uniform Building Code (UBC) (1997) pseudo-static force procedures are based on
finding a total base shear and then distributing this base shear to each floor according to the

mass distribution and distance above the ground. The UBC equivalent static base shear
equation is of the form:

V=W (1)

where 1is an importance factor, C, is a seismic coefficient, R is a structural over strength and
related ductility factor, T is the fundamental period of the structure and W is the seismic dead
load. Typically, the lateral forces are vertically distributed as a percentage of the base shear
according to height and mass of a given level. The UBC lateral force distribution is of the
form:

F = (l‘_FM = (V‘F:)Px
w.h

i

(2)

SR

1

!

where F, is the xth level horizontal force, F=0.07TV and is the top story horizontal lateral
force, w, is the xth level portion of the weight W used in Eqn. 1, h, is the height above the
base to level x and p, is the xth story distribution percentage. Note that the base shear and

lateral forces are dependent upon the natural period of the structure, T, as well as the dead
weight, W, which includes the structural weight.
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Modal Response Spectra

The modal response spectrum procedure suggested by the NEHRP Provisions (1995) is also
based on finding a set of pseudo-static forces based on modal base shear forces for a
prescribed number of modes. The displacements, stresses and drifts resulting from individual
modes are then combined through the use of a statistically based procedure such as the
square-root-of-the-sum-of-the squares (SRSS) or complete-quadratic-combination (CQC).
The jth modal base shear for a response spectrum analysis is of the form:

W,

‘IjZ?SA‘ (3)

J

where the effective weight W] is defined as:

Lot .

{o} Mo},

where {} i is the jth mode shape, [M] is the mass matrix, S,; is the jth mode spectral

acceleration, g is the gravitational constant and {I} is a unity vector. Note that the mode
shapes and the spectral acceleration are dependent upon the natural period of the structure.
A classical response spectrum procedure with structural optimization procedures is presented
in Cheng and Truman (1985).

Ground Motion Accelerogram

Time history analyses are based on the solution of the classic differential equation for seismic
analysis using a ground motion accelerogram. The differential equation can be solved by
numerous techniques. Truman and Petruska (1991) have successfully used Newmark
integration procedures within the optimization algorithms. The classical differential
equations are of the form:

[M]{a} + [Clfa} + [K){u} = [M){1}2 = (R} (5)

where [C] is the damping matrix, [K] is the stiffness matrix, {u} is the relative displacement
vector, {R} is the load vector, x is the ground displacement and each dot is one derivative
with respect to time. Note that the inertia force on the right side of Eqn. 5 is mass and time
dependent, therefore, the maximum response for each iterative design typically occurs at
different times within a single earthquake loading. Using a Newmark integration scheme
allows direct formulation of the gradients for the velocity and acceleration in terms of the
displacement gradients (Truman and Petruska, 1991). Newmark’s Integration scheme is
based on a formulation that is similar to a static load calculation as shown in Eqn. 6:
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[I?] U= {IéﬁA,} (6)

where the terms with “hats” are effective stiffness and loading terms:

[£] = [K] + afM] +a/[C] 1)

and

sl Bl Ml ) il afol-at) oo

The a; terms are the Newmark integration constants. Eqn.6 is then solved for the incremental
change in the displacements throughout the time history. These terms are greatly affected by
the change in structural properties during the optimization of a system. The loading term is
heavily dependent upon the stiffness and the mass (ultimately the period) of the structure.

OPTIMIZATION PROCEDURES

Any structural optimization algorithm that can account for the gradient of the loads with
respect to the design variables can be used for structural optimization for earthquake loads.
The gradients of these loads with respect to the design variables can be found explicitly or
implicitly, but are typically necessary for stable convergence of the optimization algorithms.
The need for the gradients of the loads can easily be seen by exploring the use of an
optimality criteria approach which has been modified for earthquake loads.

Optimality Criteria
Truman et al. (1990, 1991 and 1997) have had much success using optimality criteria
methods. Their major advantage is the significant reduction of iterations required for

convergence to an optimum design. The optimality criteria used in the optimization
algorithm is derived from the Kuhn-Tucker conditions of optimality and can be stated as:

X

where Aj is the jth constraint Lagrange Multiplier, g; is the jth constraint, X; is the ith design

i=1,..,n (9)

variable (member size), f is the function being minimized (objective function), 1 is the number
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of active constraints and n is the number of structural members. As the structure reaches its
optimal design T, approaches unity. Therefore, a recurrence relationship using Eqn. 9 can be
derived as shown in Truman and Cheng (1990). Prior to the use of Eqn. 9 in a recurrence
function for resizing of the structural elements, an estimate of the optimal Lagrange
multipliers must be determined as described in detail in Truman and Cheng (1983). The
gradient of, g, requires the gradient of the different constraint responses such as
displacements, stresses, natural frequencies and drifts be calculated.

Sensitivity Analyses

Eqn. 9 indicates that the gradients for the constraints are required which is where the major
difference occurs between statically and dynamically loaded structural optimization
algorithms. Using the simplest case of finding the gradients for the displacements of a
statically loaded system, differentiating the equation [K]{u} = {P}, the general formulation
becomes:

P}J_]

10
X, aX (10

A - [y

X,

{

where {P} is the vector of applied forces. For a statically loaded system, each term of the
gradient of {P} is zero. The first term in the brackets, the partial derivative of the load vector
with respect to the design variable, is not zero for seismic loads.

Equivalent Static Forces

For the UBC equivalent static case the gradient of load vector {P} from Eqns. 1 and 2

becomes:
o cl
el L 8 St P s or
oX, X, R X

S {} 007Va_ (11)

where {p} is the vector of story percentages for the distribution of the base shear according
to story heights and mass. The gradient of the period can be found by using the chain rule and
the well known natural frequency gradient (Cheng and Truman, 1983):

7| OIK] _ 2o[M] (¢),
0] ax, “iTax,

% @] (@)
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Modal Response Spectra

The gradients for the modal response spectra displacements, stresses, and drifts are also
derived by direct differentiation and application of the chain rule (Truman and Cheng, 1990).
Therefore, the gradient for the jth modal base shear from Eqn. 3 can be written as:

ov.

J

X,

aW — S,
+ WA

(13)
aX A faX

where the partial derivative of the effective weight V_V; from Eqn. 4 requires the partial

derivatives of the mode shapes, the mass and the spectral acceleration as developed in
Truman and Cheng (1990). The gradient of the load vector {P} is found by using the
appropriate lateral force distribution equations which would be similar to Eqn. 2.

Ground Motion Accelerogram

The equilibrium equations of motion are approximately solved for by using Newmark's
numerical integration method shown in Eqns. 6-8. Differentiating Eqn. 6 with respect to the
design variable, X, and noting that the derivatives of the integration constants with respect
to the design variables X are zero, gives the gradient of the dynamic displacement for each
time step as:

o) _ a{Rm} ISR AR (| A R
X lox, " “ax, T ax,

where

a{RHA,} _ Rea) , oMy U} + afv) + afU)) +

ox, ax, \

i i i (15)

and the derivatives of the acceleration and velocity can be found by direct differentiation of
the Newmark equations for velocity and acceleration. With the displacement gradients for



332 Truman, K.Z.

each time step calculated, the story drift gradients can be obtained and so can the stress
gradients (Truman and Cheng, 1985).

TYPICAL CONSTRAINTS

From a practical point of view, constraints are used to produce a feasible design. The
constraints can be used to control drift, displacements, frequencies, stresses, stability,
reliability and maximum and minimum member sizes. Note that each constraint must have
quantifiable gradients to be used in Eqn. 9 as shown for displacements in Eqns. 10 and 14.
Once these gradients are derived, the structural optimization, using the Kuhn-Tucker
relationship, is able to control these responses while finding an optimal structural system. To
be able to control these responses simultaneously for multiple earthquake loads is extremely
useful for seismic resistant design.

OBJECTIVE FUNCTIONS

Deterministic seismic related objective functions are typically expressed in terms of structural
weight or structural cost per geometric property such as volume or surface area. Structural
weight is commonly used due to its importance as a major contributor to total construction
cost. More importantly, design variables can be clearly defined vis-a-vis structural weight.
Other objective functions can be and have been formulated to include any combination of the
expense of structural members, nonstructural elements, painting, connections, and
maintenance (Cheng and Juang, 1988).

EXAMPLE: TIME HISTORY OPTIMIZATION

The three-story, two bay frame shown in Figure 1, Truman and Cheng (1997), was analyzed
to show the capability of a time history optimization algorithm. The constraints for this
design problem are displacement and minimum and maximum member sizes. The absolute
value of the horizontal displacement at each floor was limited to 2.54, 4.19 and 5.97 cm
(1.00, 1.65, and 2.35 in.) for the first, second and third floors, respectively. The lower limit
on the moment of inertia is 12,070 cm* (290 in.%). Initial values for the member sizes were
62,400 cm* (1500 in.*). Material constants are E = 200,100 MPa (29000 ksi) and p = 7820
kg/m* (490 Ib/ft.*). A uniformly distributed non-structural weight totaling 148.3 kN (33.33
kips) was applied to each beam member of the frame. Damping of the structure was
neglected. Three different loadings were examined. At time t = 0, the structure is at rest and
the base undergoes a transient acceleration. The first base acceleration is defined as:

d () = 343sin(2mr) cminches/sec?, 0st<1.0 sec (16)
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Figure 1: Three story, two bay frame Figure 2: Optimization History

and is zero for t greater than 1.0 seconds. The second base acceleration is defined by the
accelerogram for the north-south component of the El-Centro, California earthquake on May
18, 1940. The third base acceleration is for the north-south component of the San Fernando,
California earthquake on February 9, 1971 taken at the Caltech Seismological Lab. The
constant of 343 used in the sine function was chosen to match the peak acceleration of the El-
Centro earthquake record. The San Fernando earthquake was also multiplied by a constant
of 1.81 so that both earthquakes would have the same peak acceleration. The time step
selected was 0.01 seconds. For the sine load, the time frame examined was 2.0 seconds and
for the El-Centro and San Fernando earthquake, the time frame was 10.0 seconds. Table I,
Truman and Cheng (1997), shows the optimum designs and Figure 2, Truman and Cheng
(1997), shows optimization history.

In this example, linking refers to forcing each column on a given level to be of one size and
each beam on a given level to be of one size. Therefore, for this example a linked system has
six design variables; the size of the columns on levels 1, 2 and 3 and the size of the beams on
levels 1, 2, and 3. Comparing Case A to Case B and Case C to Case D (defined below Table
1) shows that the linking examples produce heavier structures since each member is not able
to take on its optimum size. The El-Centro Earthquake results in a slightly lighter structure
than the structures simultaneously optimized for the San Fernando and El-Centro earthquakes.
It is worth noting that both earthquakes in Case E, simultaneous earthquakes, produce active
constraints. This indicates that a design based on only one earthquake would most likely
violate the constraints when loaded by the other earthquake. Figure 2 shows for Case C a zig-
zag pattern between iteration 5 through 9 because at iteration 4, the process violates the
displacement constraint, and the optimization process is returning to the constraint in
iterations 5 through 9. Case D shows a large decrease in weight at iteration 6 due a change
in the active constraints thus allowing the optimization process to use a new path to produce
a better solution.
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TABLE 1
OPTIMAL SOLUTION FOR THE THREE STORY, TWO BAY STRUCTURE

MOMENT OF INERTIA (cm*)

MEMBER CASE A CASEB CASEC CASED CASEE
1 50867 67921 115504 62559 44798
2 94655 67921 115504 237015 404007
3 50867 67921 115504 62485 54473
4 15883 26630 39292 25868 41823
5 44620 26630 39292 76058 71550
6 15883 26630 39292 25960 41952
7 12071 14639 27367 14776 16529
8 22631 14639 27367 43733 52104
9 12071 14639 27367 14918 16204
10 52062 53577 71338 78543 99683
11 52062 53577 71454 78547 109585
12 30834 32566 44820 43080 73631
13 30834 32566 44037 43375 72666
14 12071 12071 16811 12670 14826
15 1207 12071 16358 12799 14859

W' (kN) 4335 44.26 54.03 52.81 60.15
ITERATION 4 5 11 10 2
ACTIVE CONSTRAINTS

DOF X, X, X, X, X,(EI-C)
TIME (sec) t=0.69 t=0.69 t=8.00 t=3.58 t=4.74
VALUE (cm) 5.98 5.97 423 4.14 -5.99
DOF

X X X (SF
\T,I:’{%E o =8.02 =3.59 t=63.§31 )

¢ 6.09 6.04 5.98
DOF
TIME X,
VALUE (cm) t=4.22
591

Case A Sine Function (No linking of members)

Case B Sine Function (Linking of members)

Case C El-Centro Earthquake (Linking of columns)

Case D El-Centro Earthquake (No linking of members)

Case E El-Centro and San Fernando as separate load cases (No linking)
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CONCLUSIONS

Several observations can be made with regards to the use of optimization procedures for
earthquake loads. Structural optimization is a viable means of producing seismic resistant
designs. The optimization procedures can produce a series of feasible designs which can be
used for the final seismic resistant design. This series of feasible structures can be extremely
useful in enhancing the designers understanding of the interaction between the structure and
the seismic loads. The use of structural optimization procedures for full modal response
spectra and time history analyses provides an opportunity to design structures for multiple
earthquakes simultaneously. Being able to design a structure for a family of varied seismic
accelerograms is of tremendous benefit. Objective functions can be related to cost, weight,
damage, energy absorption or any other quantity that can be related to the actual design of the
structure. Nondeterministic procedures are available in order to explore seismic resistant
design from a probabilistic point of view. These techniques are useful in exploring potential
structural costs associated with probable events and failures. The use of structural
optimization for earthquake loads is not as easily applied as that for static loads, but it is
possible. Structural optimization can be an extremely useful and beneficial tool for seismic
resistant system designers.
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ABSTRACT

While a lot of research work has been done in the area of disaster prevention of large structural
systems, very few methods have really been applied at field. The primary reason for this is the
inherent complexity of most systems and the associated cost of instrumentation. The authors in this
article have introduced the concept of utilizing a novel sensor technology for monitoring bridges.
The technology is based on the principle of magnetostriction and work in this area is currently
being carried out by the authors under a National Science Foundation International Cooperation
grant involving researchers from both the United States and the Slovak Republic.

KEYWORDS: Magneto-elastic, stress measurement, sensor, bridge monitoring.

INTRODUCTION

Instrumenting the critical locations of the structure with different types of strain sensors is
definitely one way to evaluate the stress levels material has been subjected to. This has
been implemented in quite a few monitoring schemes (Bartolli, et al. 1996; Shahawy,
1996). The world's infrastructural needs are growing at a rapid pace, and to keep up with
these needs a large number of new bridges have been commissioned or are in various
stages of design and construction. A number of these bridges have very long spans, and use
cable- stayed, cable-suspended or various forms of pretensioning and post-tensioning
systems. Service properties of prestressed concrete structures depend on the real value of
the prestressing forces. Similarly, the performance of both cable-stayed and cable-
suspended bridges are dependent on the cable forces in the stays. While these forces are
measured during the construction phase of a structure via built in load cells and strain
gauges, what happens in the post-construction service life of the structure is usually
guessed based on rules of thumb and laboratory simulations.

Measurement of forces during the service live of a structure is typically very
difficult, and can be carried out only if the structure was instrumented to begin with. In the
vast majority of existing structures, this was not the case, and in a number of situations
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structures were instrumented as an afterthought to carry out diagnostic and forensic
investigation into the health of an ailing structure. Strain measurements at select distressed
locations are carried out to measure the stress levels in the structure. The primary problem
of such a measurement is that such measurements completely ignore the dead load
component. However, in very large span structures, the dead load component is the most
significant component of the actual loads. For the most part, the measurement of the total
stress level in a member is virtually an impossible task. Research has shown that the
magnetic properties of ferromagnetic materials are strongly dependent on the stress history
of the material (Bozorth, 1951). Sensors for monitoring the prestressing force in rock bolts
and post-tensioning operations can be designed on the basis of this principle (Kwun and
Teller, 1994).

The magneto-elastic method of force measurement that the authors have presented
provides an innovative way of measuring forces, stresses and corrosion in cables and
strands. The measurements can be carried out even when the cables and strands are
enclosed in sheathing and ducts, which are grouted. The technique is relatively inexpensive
and is one of the most commercially viable non-destructive evaluation tools available for
bridge monitoring.

THEORY OF OPERATION

The magnetic properties of most ferromagnetic materials change with the application of
stress to such an extent that stress may be ranked with field strength and temperature as
one of the primary factors affecting magnetic properties. Depending on the material,
magnetic properties can increase or decrease with the application of stress, The extent of
the change being a function of the material itself. This forms the basis of magneto-
elasticity. Therefore, it is possible to measure the stress level in ferromagnetic materials
based on their measured magnetic characteristics.

The magnetic field strength, H, and the flux density, B, for any material can be
expressed by the constitutive law

B = uH (M

where, p is called the magnetic permeability. Fig. 1 shows the partial magnetization curve
for cast iron, and it serves as a representative example of most ferromagnetic materials. It
is evident that the permeability, p, is not constant, but is dependent on the field strength, H.
This results in the magnetization curve being nonlinear. It should be noted that p is not the
slope of the magnetization curve, but simply represents the ratio B/H. The maximum
permeability pimax iS at the point on the magnetization curve with the largest B/H ratio.

If we now apply an alternating current to a coil that is wrapped around a
ferromagnetic core, the magnetization curve of the core moves around a hysteresis loop
(Fig. 2). The slope (dB/dH) varies over a very wide range and the average permeability or
ordinary permeability is defined as the permeability at the maximum value of B attained in
the cycle. However, if a small alternating current is added to a relatively large DC
component, then the magnetization curve follows a minor hysteresis loop as shown in Fig.
3 (Krauss 1992). In this case, the average value of (dB/dH) is given by the line passing
through the tips of the minor hysteresis loop and is called incremental permeability pinc.
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Figure 1. Relationship between magnetic flux density (B) and magnetic field (H)

Referring to Fig 3., pinc can be defined as

dB AB

Hine = =— 0}
dH AH

The effect of stress on the magnetic properties introduced above are large. Stress
severely alters magnetization behavior. The magnetic properties of ferromagnetic materials
may be described by the magnetic domain theory. This theory postulates that material is
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made up of local regions called ferromagnetic domains, each magnetized to saturation but
aligned according to the state of local magnetization. Adjacent domains are separated by a
highly localized magnetic transition region called the domain wall. Even in the
demagnetized state, all domains are still magnetized to saturation, but the orientation of the
individual domain magnetization vector is random; which results in a net magnetization of
zero for a specimen. The application of a magnetic field or a mechanical stress can change
the configuration of the domains, principally by wall movement (Sablik and Jones, 1993).
In some materials, a tensile stress increases the permeability and these materials are said to
exhibit positive magnetostriction. In other materials called negative magnetostrictive
materials, application of a tensile stress decreases permeability. Within the elastic limit, the
effect of stress on magnetic properties is usually described by magnetization curves
obtained by first applying a constant stress and then applying a varying magnetic field (o,
H). If this is reversed (H, o) such that, the field is applied before the stress, the
magnetization curve differs from the one obtained earlier.

MEASUREMENT PRINCIPLE

Using the phenomena of magnetoelasticity described in the previous section, stresses in a
test structure (steel prestressing strands and cables) can be evaluated through a
measurement of the magnetization characteristics. Measuring its permeability at various
bias conditions would allow us to determine the stress of the structure in a non-destructive
way. The measurement of permeability is based on the principle of electromagnetic
induction. The schematic diagram of the proposed sensor is shown in Fig 4. The stress
transducer is essentially a coil wound around the test specimen. A long cylindrical cable
with N turns of coil winding around it is used as an example (Fig 5.). A DC current is
applied to the coil to produce a magnetic field (H) and the magnetic flux density (B) within
the specimen. If we are able to determine the (B/H) ratio within the coils, the permeability
at that bias condition can be determined. The direct measurement of magnetic flux or flux
density is difficult. An easier way is to measure the induced terminal voltage across a
pickup or secondary coil wrapped around the specimen also. This voltage is produced due
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to rate of change of flux linkage through the pickup coil. According to Faraday's law:
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Figure 5. A steel core inside a cylindrical solenoid

The flux through the coil is along the direction of the test specimen. In the testing
procedure, the specimen may not completely fill the surface enclosure of the coils.
Therefore, the total flux consists of flux through air and through the specimen. The
induced voltage can be written as (Kvasnica and Fabo, 1996):

d
Vind@=-N—| 4o [ H(p,p,t)ds+ [B(p,p,t)ds 4)
dt Suo Su

where Sy and Sy, are the surface areas of the coils occupied by air and the specimen,
respectively, pois the permeability of air.
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Based on (4), a number of measurement schemes can be devised. The first
approach is to measure the total permeability B/H. The second approach is to measure the
incremental permeability (dB/dH). It is also possible to obtain the entire magnetization
curve (hysterisis curve) on the basis of those measurements.

In the first approach, the induced voltage is integrated with respect to time, the
resultant time average output voltage is

%)
1
Vout=—— IV(t)inddt
T 1

N
=—| 4o | AH(p,p,t)ds+ [AB(p,p,t)ds )
T Suo Su

where AH and AB are the change of the magnetic field intensity and magnetic flux density
in the time interval (t; - t;), respectively, where the current is increased from 0 to L. I,
corresponds to the magnetic field strength, H,, at which the permeability is to be found.
According to the theory of electromagnetism, if the number of turns are large and the
spacing between each turn is very small, the magnetic field within the coil is almost
uniform, even with the presence of the specimen. As a result (5) may be simplified to

Vout=-]¥-[ﬂ0(S0—Sf)AH+SfAB]
(6)

where Sy is the area of the entire cross-section of the coils, and Sy is the cross-section area
of the specimen. The integration of the time-varying output voltage from the coils may be
carried out by a RC analog integrator. T, which appeared in (6) is the time constant of the
RC circuit and is given as RC. In order to find the total permeability, the integration of the

time varying output voltage (V) is first performed without the specimen. It can be easily
shown that

N

By taking the ratio of (6) and (7), we may find the permeability from the following
equation:

Solv
= | 1+ 2y

AB
y=—
AH S\ Vo

®)

The permeability in (8) is the total permeability which is proportional to the output voltage.
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From this measurement, it is possible to obtain calibrated curves of the type shown in Figs.
6 and 7 by varying AH.
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¢ 1 8
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-;.B_ -1[-5 -1.0 0.5 0.0 0.5 1.0 15 20
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Figure 6. Complete hysteresis loop for different stress levels in a strand

0 1 L 1 1 -
0 ] 10 15 20
H [kA/m]

Figure 7. Plot of permeabilty versus field strength (H) for a strand for different stress levels
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The second approach is to measure the incremental (or differential) permeability,
which is the slope of the B-H curve. In this approach, a DC current is applied to the coil
and, subsequently, a small AC modulation signal is added to the DC signal to produce a
minor hysteresis loop. It has been shown by Jarosevic et al. (1994) that the incremental
permeability obtained from the minor loop is essentially a linear function of stress (Figure
8). This material property is particularly useful in developing the magnetic-stress sensor.
Experiments have also shown that as the material reaches saturation (due to a large DC
current), the minor hysteresis loop becomes essentially a straight line. The g;,. can be
expressed in terms of the measured quantities dH = a dI and V¢ according to

B RV | So

Ho

U, =—-= 1 9)
¢ JH  NSdI Sf

Note that dI in (9) is the incremental current due to the small modulating AC current.

While the principle is rather simple, a number of issues must be addressed before a
reliable sensor can be designed. These are related to removal of EMI, isolating the
temperature effect, optimizing the sensor dimensions, power requirements, etc. The first
step in the process is essentially the magneto-elastic characterization of the material itself.
Since the metallurgical processes for manufacturing steel vary slightly across the globe, it
is necessary to characterize the magnetic properties of the local material.
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Figure 8. Incremental permeability versus stress for different field strength (I)
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EXPERIMENTAL DATA

As a first step it is necessary to carry out the magnetic characterization of the material to be
encountered at site. With this in mind, the authors have initiated the process of measuring
the measuring the magnetic properties as a function of applied stress and magnetic field
strength. The dependence of the magnetic hysteresis curve for low carbon steel ( o, = 1400
Mpa, dia= 15.5 mm) have been investigated by the authors using a cylindrical sensor
design, which is essentially a primary and a secondary coil wrapped around the strand. The
complete hysteresis curves have been obtained in this case for stress steps of 200 MPa and
is as shown in Fig 6. The data from the same experiment has been plotted in the form of p
versus H in Fig 7. In order to make these measurements, the specimen of the prestressing
strand was prestressing bed in the laboratory, with the sensor attached. The prestressing
force was measured using a load cell. While the prestressing load was kept constant, the
sensor output voltage was measured for different input current values (H). Once the
complete hysteresis curve for a given stress level was measured, the strand would be
unloaded and then stressed to a different level, and the process repeated.

As can be seen, this is a rather cumbersome process and can be carried out inside a
laboratory environment only. Also it can be seen that the relationship between stress and
permeability isn't necessarily linear. However, as the material is carried into it's saturation
zone, the relationship gets more linear. Fig. 8 shows a plot of the pjyc as a function of stress
for different values of excitation current. It can be seen that as the current changes, the
slope of the curve increases, which means that as the field strength increases, the
sensitivity of the method increases. However, increasing the current, increases the power
requirement as well as generates heat, which affects the performance. Thus the input
current needs to be optimized and in order to do so it is necessary to have access to data of
the type shown in Fig. 8. The magnitude of the necessary excitation current is dependent
on the cross-sectional area of the coil, which is in turn dependent on the size of the cable or
strand being monitored. Finally, at the end of the calibration process, a calibration curve of
the type shown in Fig 9 will be developed for each combination of material and size for an
optimized excitation current. Once that is achieved, the stress level can be measured from a
single measurement of Q.

Utilizing this technique, the authors have successfully implemented a scheme for
monitoring the cable forces in the stays of the Tabor cable stayed bridge in Slovak
Republic. Data from the experiment is shown in Fig 10. Based on this experience, the
authors are confident that stresses can be measured with an accuracy of +/- 1 % if the
sensors have been calibrated for a given material type and strand diameter.

CONCLUSIONS

In this article the authors have introduced the concept of stress monitoring in structural
systems using magneto-elasticity. They have provided a brief outline of the underlying
principle and have enumerated the steps that are necessary for carrying out such a task.
Typical experimental data that has been obtained in the calibration process has been
presented. Data obtained from a monitoring program implemented by the European
members of the group has been presented. The technique offers an unique ability to
monitor prestressing forces in cables and tendons of existing structures, without the need
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for cutting open the sheathing. Measurements can be made for cases where the strands are

enclosed in pressure grouted ducts.
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FRACTURE ESTIMATION: BOUND THEOREM
AND NUMERICAL STRATEGY
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ABSTRACT

A bound analysis of fracture parameters is proposed. It is found that the lower bound for J-
integral can be obtained by a compatible displacement finite element method. On the other hand,
the upper bound of the I*-integral, as the dual of the J-integral can be obtained by an equilibrium
finite element method. To avoid the difficulty of designing equilibrium finite element models, a
hybrid stress model is modified by incorporating a penalty equilibrium constraint. Moreover, a
relative error measure formula for J and I* is suggested. Numerical examples on different crack
and loading configurations are presented to verify the validity of the bound theorems.

KEYWORDS

Fracture, Path-independent integral, Upper/lower bound, Hybrid finite element

INTRODUCTION

The J-integral had been proven to be equivalent to the release rate of the strain energy II(x,)

with respect to the crack area (Rice,1968). Hence, the bound of the numerical solutions for the
J-integral, if it exists, may possibly be established using the assumed displacement finite element
method which is founded on II(x,). On the other hand, the /*-integral proposed as the dual

counterpart of J-integral (by Wu et al.) has also been shown to be the release rate of the

349



350 Wu, Chang-Chun et al.

complementary energy IT (o) with respect to the crack area. A natural conjecture is that the

bound of the numerical solutions for the /*-integral, if it exists, may possibly be established using
the assumed stress finite element method which is founded on I1 (c,).

In computational fracture mechanics, the estimation of upper/lower bounds for fracture
parameters becomes a matter of great significance as one cannot obtain an accurate or reliable
solution no matter what experimental or numerical method is used due to the complexity of
fracture problems. The bound problem consists of two aspects: (1) theoretically, the existence of
an approximate upper/lower bound for a certain path integral, and (2) if it exists, numerically, the
evaluation approach. In addition, the error measure should be considered once the bound
solutions are obtained.

DUAL PATH-INDEPENDENT INTEGRAL

For a given plane crack system with actual states of stress, strains and displacement (o, ¢;,4;),
the J-integral (Rice,1968) can be defined as:

J=—— = [W(s,)dx, -0, ,(—)ds] 1)

To find a dual integral of J, we introduce the Legendre transformation
W(u)+B(o,)=0,¢; )

into (1); then an alternative path integral can be derived:

Fr g _ —on M
1 ( J) J.r{[o-zjgij B(O-ij)]de av'nl' 0’)('] dS}

H, &,
B -[1' [_B(o-'j )dx2 +O-U’gijdx2 —0, ac_l—dxz t0;, ?ﬂc_]dxl]
- au,
= j,[“B(U,j Ydx, + o, @def] G)

J

It is easy to verify that the present /* is a path-independent integral. The I*-integral can also be
defined as a complementary energy release rate(Xiao,1996):

e dH

= [ [-B(o, )dx, +u, %y, ds+—(u 0.;)dx ] 4)
&, &,
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For an equilibrium stress field, o, ; =0, then it can be verified that (3) is equivalent to (4). In

i.J
numerical calculations, the expression (3) is especially recommended due to its simplicity and the
absence of derivative of stresses.

BOUND THEOREMS

Corresponding to the dual integrals J and 1*, the following bound theorems can be established
for a certain linear or nonlinear elasticity crack system with homogeneous displacement
boundary constraint, i.e.

Lower Bound Theorem for J: For the given cracked system, if u; and U, are respectively the
exact displacement and the approximate one based on the minimum potential energy principle, the
approximate J-integral will take a lower bound of  its exact one, i.e.

J(@) < J(w;) ®)
Therefore, the lower bound of J can be obtained by displacement compatible elements.

Upper Bound Theorem for I*:  For the given cracked system, if o, and G, are, respectively,

the exact stresses and the approximate one based on the minimum complementary energy
principle, the approximate I*-integral will take the upper bound of  its exact one:

I'G,)zI(o,) (6)
Therefore, the upper bound of I* can be obtained by stressequilibrium elements.
In the case of linear elasticity, a proof for above theorems was presented by Wu, Xiao and
Yagawa(1998). Furthermore, in the case of nonlinear elasticity, including deformation theory-based
plasticity, the theorems still hold. As an illustrating example, the lower bound theorem for J is proved

here.

For the given nonlinear crack system with homogenous displacement boundary constraints, it
can be verified that for the actual solutions(u,, 0, ):

(o) =V (o) (7

N(u,) = -kU(u,) ®)



352 Wu, Chang-Chun er al.

where V(o) and U(w,;) are the complementary energy and the strain energy, and the finite

constant
k=V(o;)/U(u;)>0 ©)]
For linear elasticity, k=1. Let %, =u, +du, , then we have
()= I(u, )+ 8T + 5> I1(du,) (10)

As the displacement finite element method is an implementation of the potential energy principle,
the first and second variations are respectively

oIT=0
and
5T1(Su,) = jy A(u,)dV
Hence, Eqn.(10) becomes

TI(4,) - TI(u,) = [, 4(8u,)aV

In accordance with the definition of J,

JG@) - ) =2 (1) - i) = =L [ A8 )av @
da da v

Considering an actual status of the given system, the J-integral must be positive, i.e. J(#,) 20,
and
Eqs.(8) and (9) must be satisfied. Thus we have

d d d
J(,)=~—-T(,)= ‘5[‘ KU(u,)|= kgj'y A(u,)dV >0 (b)

Observing that the employed compatible displacement elements can keep the strain energy to be
positive definite, the comparison of (a) and (b) results in

—%LA(su,.)dV <0 (11

Thus the inequality(5) holds.
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NUMERICAL STRATEGY

As for J, its lower bound can easily be obtained by using conventional isoparametric elements.
For I', however, its upper bound should be estimated by stress equilibrium elements.
Unfortunately it is hard to get a reliable equilibrium model for 2D and 3D problems because of
numerical difficulties, such as rank deficiency, displacement indeterminacy, etc. cannot be
avoided .We face the problem of how to implement the upper bound theorem for I'.

It is observed that the stress equilibrium element is based on the complementary energy
formulation IT,(c), while the stress hybrid element based on the Reissner formulation

I, (0', u) . However, II, (o, u) isidentical to IT,(c). Thus a hybrid model may degenerate into

equilibrium model when the stress equilibrium equations are enforced to the hybrid element.

For an individual element, let
. 1
Iz, :IV‘[GT(Du)—EaTSU}JV (12)

A generalized functional can be created in the manner of ( Wu and Cheung,1995).

= IT: - % [ oY (0 )y 13)

In Eqn.(13) the penalty factor o >0 istaken to be a large constant such that the homogeneous
equilibrium condition Do =0 is enforced to the element in a least-squares sense.

Recalling the 4-node plane hybrid stress element, termed as P-S, proposed by Pian and
Sumihara(1984), the assumed element stress trial functions can be expressed, in terms of the
element coordinates (£ , m), as

o] [1 00 a/n ai¢|lB
0=40,¢t=|0 1 0 bln bELR:=DB (14)
O 0 0 1 abn abl|f

where the coefficients a, and b, are related to the element nodal coordinates (x;, yi) in the

manner:
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X

. b 1—1 1 1—1x‘ N

2b2=21 11 -1 (15)
X

, b, BT NG
Xy Vs

By substituting the stress (13) and the bilinear displacements u, = N(£,77)q into the functional
(12), we have

e 1 a
ch(ﬂ,q)=ﬂTGq—5ﬂT( H+—-H, )i (16)
After condensing f, the element stiffness matrix is now
e T a -1
K*=G (H+EHP) G 17)

In Eqn.(17) the matrices G and H are identical to those of P-S element, while the
penalty matrix

H, =jV. (OTOY (D7) av (18)

In such a way, P-S hybrid element, is developed into a penalty-equilibrating model, termed as
P-S(a), in which the stress equilibrium equation is imposed by the penalty function method.

ERROR MEASURE

Let u, =u, —u, be the displacement error induced by using the assumed displacement finite
elements. Then, in accordance with the lower bound theorem (5), the relative error for the J-
integral must be

J(u,)=J(@)-J(u)<0 (19)
and the absolute error
|J(Su) = J ()~ J (@) (20)

Let o, = g, — o, be the stress error induced by using the assumed stress finite elements; in

accordance with the upper bound theorem (6), the relative error for I*-integral must be
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I*(60,)=1*(c,)-1*(0,;)20 21
and
|1+ @0, }=1*G 17, @2)
Corresponding to (20) and (22), the relative errors can respectively be expressed as
@ )|/Jw) and  |1%(0,)|/1*(c,) (23)

The strength estimation for a certain structure can be carried out once the upper and lower
bounds are obtained, and the approximate strength is usually taken to be a combination of the
bound solutions. In order to measure the error of the fracture parameters given by finite
element methods, a relative dual error for J and I* is defined as:

) +|r*so,)

« = 24
o7 Iy 17y @)
In Eqn.(24), the sum of reference solutions is
J@)+1*(c,)=J(u,)+ 1*(&j)—[J(§ui)+I*(5aU)] (25)

Observing the small quantities J(S,)< 0, whereas [* (60,;)2 0, the last term in (24) can be

ignored. we then have

)+ 1*(o,)= J(@,)+1*(o;) (26)

Substitute (20), (22) and (26) into (23), and note that the actual J and I* are identical in value;
we finally obtain

< I*@)-JGar)
RO (27’

The above relative dual error formula only depends on the approximate solutions of J and I*, so
as to be easily used in nonlinear fracture estimations. Obviously, the error will vanish when the
adopted finite element meshes become more and more fine.
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NUMERICAL TESTS

In numerical calculations, the well known 4-node isoparametric element Q4 and the present
penalty-equilibrium element P-S(ct) are employed to estimate J and I* respectively.

The center cracked panel CCP with uniform stretching load ¢, (Fig.1-a) and the single edge cracked
panel SECP with uniform stretching load ¢, (Fig.2-b) are calculated. Only a quarter or half of a
specimen needs to be considered due to the symmetry. Three finite element meshes and two integral
paths are shown in Fig.2-a,b,c. The specimen material consists of Young’s modulus E =1.0 and
Poisson ratio v =0.3. The distributed stretching load o, =1.0. For linear elastic crack problems, all
the solutions of J or I* will be transferred to the stress intensity factor K, for convenient

comparisons. The reference solutions of K, are offered by HL. Ewalds and R.J.H. Wanhill (1984).

To inspect the convergence behavior of the solutions of J and 7*, three meshes with different
densities and two independent integral paths are simultaneously considered for each specimen.
From the results shown in Fig.3-a,b and Fig.4-a,b , it can be seen that the solutions of J by Q4
always converge to the exact one from a certain lower bound. On the contrary, the solutions of
I* by P-S(a) always converge to the exact one from a certain upper bound. All the numerical
solutions demonstrate the bound theorems presented in the paper.

The error formula A ,_+ in (27) is implemented to measure the relative error of the bound
solutions for CCP. The results are listed in Table 1~2. The results given by the formula 4, .. in

(24) are also shown in parentheses in the tables for comparisons. It is found that, independent
of the selection of meshes and paths, both 4 - and 4, . always offered almost the same

results. These numerical tests exhibit the efficiency of the present approximate error formula
27).
CONCLUSIONS

® Lower and upper bound theorems have been established for J and I* respectively such that
the estimation of fracture parameters can be carried out by means of

J@)< Jw) =I'(0,)<I'(5,)

®  As an effective numerical strategy, the penalty equilibrium hybrid element is developed and
implemented to estimate the upper bound of I*-integral.

® A practical error measure for dual integrals is presented to predict the relative error for the
approximate bound solutions obtained.
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Figure 2:The employed finite element meshes and the selected integral paths
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TABLE 1
THE RELATED ERROR 4, . & 4, . (%) FOR CCP (PLANE STRAIN)

Mesh 1 2 3

Path 1 8.187 (8.487) 3.855 (3.880) 0.965 (0.963)

Path 2 7.015 (7.225) 3.597 (3.639) 0.922 (0.921)
TABLE 2

THE RELATED ERROR 4, . & 4, . (%) FOR CCP ( PLANE STRESS )

Mesh 1 2 3

Path 1 8.157 (8.459) 3.828 (3.851) 0.971 (0.969)

Path 2 7.815 (7.405) 3.661 (3.698) 0.942 (0.941)
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ABSTRACT

A formulation for fully-coupled buffeting analysis of long span bridges is presented, in which
dynamic coupling between modes of vibration, interaction between bridge deck and towers
and cables, and varying wind speed and structural properties along bridge deck and towers and
cables can be taken into consideration. This formulation is featured mainly by a complete finite
element approach and a pseudo-excitation method. The Tsing Ma long suspension bridge in
Hong Kong is taken as a case study, in which the new formulation is validated through a
comparison with Scanlan’s method, and aeroelastic effects, multi-mode effects, inter-mode
effects, interaction between bridge components are investigated.

KEYWORDS

Buffeting analysis, long span bridge, finite element approach, pseudo-excitation method, case
study, aeroelastic effects, multi-modes, inter-modes, bridge component interaction

INTRODUCTION
Wind-induced vibrations of bridge deck of a long span cable-supported bridge are classified
mainly as buffeting due to wind turbulence and self-excited vibration, such as flutter, vortex

shedding and galloping. Many efforts have been made in last two decades so as to successfully
prevent bridge deck from flutter instability and to significantly reduce vortex shedding
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response through the optimisation of deck cross section and/or the installation of aeroelastic
devices. Attention to the deck buffeting response was relatively less, probably because the
buffeting response does not generally lead to catastrophic failure. However, with the record-
breaking span lengths of modern long span bridges, the buffeting response is significantly
increased, which may lead to serious fatigue damage to structural components and
connections, instability of vehicles travelling on the deck, and discomfort to pedestrian.

The buffeting analysis of modern long span bridges is basically performed using either
Davenport’s theory (1962a) or Scanlan’s theory (1977), which is actually a combination of
numerical, experimental, and analytical approaches. Finite element technique is used to
determine the natural frequencies and mode shapes of a modern long span bridge. The wind
tunnel tests of bridge section models provide flutter derivatives and aerodynamic coefficients.
A continuous beam is then used to model the bridge deck and analysed to determine the
buffeting response in each mode of vibration and then to superimpose the modal responses
using the SRSS method (the square root of the sum of squares of modal responses).
Obviously, such a buffeting analysis ignores the coupling between the modes of vibration.

Modern long-span cable-supported bridges tend to have very closely-spaced natural
frequencies and significant coupling of flexural and torsional modes of vibration due to the
separation of mass centre and stiffness centre of the deck (Xu. et al. 1997). The contributions
from multi-modes of vibration and inter-modes of vibration to the total buffeting response of
the bridge deck, therefore, may have to be included. To consider multi-mode buffeting
responses of a bridge deck, Lin and Yang (1983) proposed a general linear theory for the
computation of cross-spectra of the deck response to turbulent wind. Jain et al.(1996)
considered both multi-mode and inter-mode buffeting responses using a continuous beam
model and a random vibration-based mode superposition approach. They demonstrated the
significance of the inter-mode responses and multi-mode responses of bridge deck.

For all the aforementioned research work, the interaction between bridge deck, towers and
cables during wind-induced vibration are completely disregarded. The wind-induced dynamic
responses of bridge deck, towers and cables are traditionally determined separately to simplify
the problem. Recently, with respect to flutter instability of cable-stayed bridges, Ogawa et al.
(1992) pointed out that the ignorance of interactions between bridge deck, towers and cables
may positively or negatively affect the prediction of flutter instability. Davenport (1994) also
mentioned several possible mechanisms of interactions between bridge deck and cables.

With the rapid development of modern computer technology, it is now possible for the writers
to propose a fully-coupled three-dimensional buffeting analysis of a long span bridge, including
not only the dynamic coupling between modes of vibration but also the interaction between
bridge deck and towers and cables. The formulation is featured mainly by a complete finite
element approach and a pseudo-excitation method. Aeroelastic forces on the bridge deck are
changed into nodal forces to form aeroelastic damping and stiffness matrices while
aerodynamic forces on bridge deck, towers and cables are converted into nodal forces to
obtain a loading vector. After the system equation of motion is assembled and the loading
spectral density function matrix is constituted, the pseudo-excitation method in conjunction
with the mode reduction technique are applied to determine the bridge buffeting response with
reasonable computation effort.
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The formulation derived for fully-coupled buffeting analysis is then applied to the Tsing Ma
suspension bridge in Hong Kong. The features of the bridge, its natural frequencies and mode
shapes from the finite element analysis, and its flutter derivatives and aerodynamic force
coefficients from wind tunnel tests are presented. The buffeting response of bridge deck is
computed and compared with that from Scanlan’s method. After a satisfactory comparison,
the effects from aeroelastic forces and multi-modes and inter-modes of vibration on deck
response are examined. Finally, the fully-coupled buffeting of bridge deck, towers and main
cables is investigated.

AEROELASTIC STIFFNESS AND DAMPING MATRICES

Aeroelastic or self-excited forces on a bridge deck come from the interaction between the
wind flow and the motion of the deck (Scanlan and Gade, 1977; Scanlan and Jones, 1990;
Jain, et al. 1996). They can be expressed as:

F* =8*d+D*d )
where
Dae p p
F*=:L"};d=<h;;d=1h )
M* o a
I e 1 e 1 2 |
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ae * l * 1 * Bd
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in which C , = %pUZBd, and C,, = EpUZBj; D*, L*, and M™ are the self-excited drag,

lift, and torsional moment, respectively, on the deck segment of unit length; p is the air
density; U is the mean velocity of the incident wind at the deck segment; if the deck segment is
located at height z above the ground level, the mean velocity U(z) at the segment is equal
toU (z/z,)", in which U, is the mean velocity at the reference height z and B is an
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exponent constant; X, y, and z are the system coordinates with the z-axis being the vertical axis
starting from the ground level and the x-axis being the horizontal axis along the longitudinal
axis of the bridge deck and the y-axis being determined according to the right-hand rule; By is
the width of the bridge deck segment; K is equal to Bsa/U (called the reduced frequency);
P’,H ,and A (i=1-6) are the functions of 27/K (called the flutter derivatives ); p(t), h(t), and
oft) are the lateral, vertical, and angular dynamic displacements of the deck segment,
respectively, and each over-dot denotes one partial differentiation with respect to time.

Assume that the bridge deck is modelled by three-dimensional beam elements, and the relation
between the internal displacements of the ith element and its nodal displacements can be
expressed as

d, =B.d: )

where the vector d, is the 3x1 internal displacement vector of the ith deck element,
corresponding to the vector d, in the local coordinate system denoted byX, ¥, Z ; the vectord;
is the 12 x 1 local nodal displacement vector of the ith deck element; and the matrix B, is the

3 x12 interpolation function matrix of the beam element. By using the principle of virtual work
the aeroelastic stiffness and damping matrices of the ith element can be then, respectively,
expressed as

K* = ILIB,TSf“Bidi (6)
Cc* = LBID?BIdi 7

where the integrals are definite integrals over the element length. The system aeroelastic
stiffness matrix K and aeroelastic damping matrix C.° can be then assembled from the
element aeroelastic stiffness and damping matrices in the same way as the system structural
stiffness matrix K and structural damping matrix C: are assembled from the element
structural stiffness and damping matrices.

AERODYNAMIC FORCES DUE TO TURBULENCE

By assuming no interaction between the aeroelastic and aerodynamic forces and by using
quasi-steady aerodynamic force coefficients, the aerodynamic forces (buffeting forces) on the
deck segment of unit length are expressed by Scanlan and his co-workers ( Scanlan and Jones
1990; Jain et al. 1996; Simiu and Scanlan, 1996) as:

F) =Alq ®)

in which
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where D}, L, and M| are the buffeting drag, lift, and moment, respectively, on the deck
segment of unit length;C,,,C ,, and C,,, are the drag, lift, and moment coefficients,

respectively, Cl,, =dCp, /da; C, , =dC_, /da; C},, = dC,,, / do; a is the angle of attack

of normal incident wind referring to the horizontal plane of the deck segment; and u(t) and
w(t) are the horizontal and vertical components of fluctuating wind, respectively.The
consistent buffeting forces at the nodal points of the ith deck element in the local co-ordinate
system can be obtained by the following definite integral.

(10)

If the length of the element is sufficiently small, the aerodynamic coefficients and their
derivatives, the wind velocities for the element, and the width of the element can be regarded
as constant along the element. Consequently, the buffeting forces at the nodal points of the ith
deck element can be expressed as

Pl,bd = J’L B;FA:),dqldi

P, = Eﬁdql (11)
The aerodynamic forces on a bridge tower caused by along-wind and cross-wind turbulence
can be derived based on the quasi-steady assumption in a similar way to the aerodynamic
forces on the bridge deck (Davenport,1962b; Solari, 1985). The bridge tower is usually
modelled as a series of three-dimensional beam elements. The consistent buffeting forces at the
nodal points of the ith element in the local co-ordinate system for the bridge tower can be
obtained by the following definite integral.

P = [ BIA}rdx (12)

U
2C C/
where r=1{" CAY = C“( L"] C“(i}
v LU LU
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in which DY, L°, and M are the buffeting drag, lift, and moment, respectively, on the tower
segment of unit height; C,,, C_, and C,, are the drag, lift, and moment coefficients referring
to the width B, of the tower segment; Cj,, =dCp, /d$; C] =dC , /d¢; C},, =dC,,, /dd;
¢ is the angle of attack of normal incident wind referring to the vertical plane of the tower
segment, u(t) and v(t) are the horizontal and lateral components of fluctuating wind,

(13)
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. 1 1
respectively; and C,, = EpUth, and C,, = 7 pU’B; . If the length of the tower element is

sufficiently small, the aerodynamic coefficients and their derivatives, the wind velocities for
the element, and the width of the element can be regarded as constant along the element.
Consequently, the buffeting forces at the nodal points of the ith tower element can be
expressed as

P} =Er (14)
In the eigenvalue analysis of the bridge, the cable is usually modelled as a series of two-nodes
cable elements. In accordance with this arrangement and the quasi-steady assumption, the
consistent buffeting forces at the nodal points of the ith cable element in the local co-ordinate
system for the bridge cable can be obtained by the following definite integral.

i, 1,671

P, = [ B[ A}udx (15)

in which B is the 2 x 6 interpolation function matrix for the cable element and

c (2CD’CJ
Ab _ l,¢ U

; [2%) (6
C. ’
"N U

where D! and L° are the buffeting drag and lift, respectively, on the bridge cable segment of
unit height; C,_ and C, _ are the drag and lift coefficients referring to the dominant dimension

B, of the cable segment, and if the cable has a circular section, the lift coefficient is regarded
1 . . . .
as zero; and C, = 3 pU’B_ . Assuming that the structural properties and wind properties are

constant with respect to the element, the buffeting forces at the nodal points of the ith cable
element can be expressed as

P" =E’u (17)

Ll

LOADING SPECTRAL DENSITY FUNCTION MATRIX

The nodal forces obtained by Eqgs. 11, 14 and 17 are in the local coordinate systems. They
should be converted to those in the global coordinate system through the coordinate
transformation matrix T; which is used in the eigenvalue analysis of the bridge.

P, =TP, (18)
where P, can be either the aerodynamic forces on the deck element P, or the aerodynamic

* ; P" is the nodal force vector of

forces on the tower element P, or on the cable element P” ;
the ith element in the global coordinate system with the same dimension as the system nodal

force vector; and T, is the coordinate transformation matrix with the dimensions equal to the

1



Finite Element-Based Buffeting Analysis of Long Span Bridges 367

dimension of the system nodal force vector times 12 for a beam element or 6 for a cable
element. As a result, the global (system) aerodynamic force vector, including the bridge deck
and towers and cables, can be obtained by

P’ =>"P’ = TP’ =TP* (19)

where

T=[T,T,, T, T,] (20)
T

PET :{Pll?eT’PZb,eT"”Pl',)eT’”'P:,eT} (21)

where the superscript T means the transposition of a matrix; n is the total number of the
elements subject to wind loading. Notice that the coordinate transformation matrix T is not a
function of t. Therefore, if assuming that the fluctuating wind components u (t), v( t), and w(t)
acting on the elements can be represented by stationary random process, the spectral density
function matrix of the nodal buffeting forces acting on the whole bridge in the global
coordinate system is thus

—S;Pl (CO) Sf’xPz (Cl)) ’ ' ' Sle)an ((D)—
S:’Zpl (CO) S;zpz (0)) ) : : S;zpn ((D)

Sp@)=T - o (22)
_S:npl ((D) S;npz ((D) Sle’nPn (0) )_

The cross-spectral density function matrix of the nodal buffeting forces acting on the ith and
jth elements can be expressed in a general form as

Sio (x0%,.2,,2,0) = E, (2))8,(x,.%,.2,,2,,0 J[E, ()T (23)

jr e &y, IER Rl

If both the ith and jth elements are deck elements, S_, (xl,x z,,Z m)is the 12x12 cross-

R A

spectral density function matrix; E, (z,) = E{ ;(z,), k=1,j; and

Suu(xl,x Z,Z, m) Suw(xl,x Z,,Z (o)

IR S [ S B

Su(xl,x z,z m)z

R Gl E

Swu(xi,xj,zl,zj,co) Sww(xl,xj,zi,zj,m) @)
in which x; and z;, and x; and z; can be selected as the global coordinates of the midpoint of the
ith and the jth bridge deck element, respectively. Similar explanation can be given to the two
tower elements, the two cable elements, and the two elements of which one is a tower element
and other is cable element or to the two elements of which one is a tower element and other is
a deck element, and so on. The cross-spectral density functions of the wind components on the

elements used by Scanlan (Simiu and Scanlan, 1996) are adopted in this study.
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PSEUDO-EXCITATION METHOD

The equation of motion of the whole bridge for the buffeting analysis can be expressed as
MY(t) + CY(t) + KY(t) = RP(t) (25)

in which Y(t) is the total nodal displacement vector of N dimensions including the bridge deck,
towers, cables, and other components; M is the NxN total mass matrix; C is the NxN total

damping matrix which consists of both aeroelastic damping matrix C:* and structural damping
matrix C;; K is the NxN total stiffness matrix containing the aeroelastic stiffness matrix K
and the structural stiffness matrix K:; P is the total loading vector of m dimensions (in

general, m << N), and it is equal to P ; R is the N x m matrix consisting of 0 and 1, which

expands the m dimensional loading vector into the N dimensional loading vector. The Fourier
transformation of Eq. 25 gives the frequency-domain transfer function between loading and
displacement response as

H(io) =[-0 "M +ioC + K] (26)

in which the superscript -1 means the matrix inversion. The pseudo-excitation algorithm is
suggested here to determine the spectral density function matrix for the buffeting response.
This algorithm actually converts the random response calculation to the deterministic response
calculation. The principle of the algorithm (Lin et al. 1994) and its application to wind-excited
structures are introduced as follows:

Notice that the spectral density function matrix S, (co) or S;,(®) is a symmetric matrix.
Therefore, this excitation spectral matrix can be decomposed as

Sp(0)=LDL' @7
in which L. = the lower triangular matrix ; D is the diagonal matrix. With the k-th column of
L denoted as L, and the k-th diagonal element of D denoted as d,, , S,, (a)) can be further

expressed as

SPP(m):dekL.kLkT (28)
k=1

Then, the pseudo excitations are constituted as follows:

f, = Lkexp(im t) (k = 1,2,...,m) (29)
For each pseudo-excitation vector, a pseudo displacement response vector, Y, (u)) can be

determined by

Y, = H(o)Rf, (30)



MA WAN TOWER TSING YI TOWER
| 455 m 1377m_SPAN Yy 300m
23m | [765m 355.5m 72m,72m, T2m,72m
m T3 T2 |71

M1 M2

TﬂﬂTﬂ'l'lTn‘rnmm _mfmfmanTfmfm

?‘MA iL‘ == =
ANCHORAGE

MA WAN ISLAND

— 62m MINIMUM
CLEARANCE :
M""—W(\//\\-

Fig.1 Configuration of Tsing Ma Bridge

"
on
n

-
ANCHORAGE
TSING Y1 _ISLAND

$a8pug uedg 3uoT Jo sisA[euy Sunopng paseg-1uswaly Aiul

69¢



370 Xu, Y.L. et al.

It can be readily proved that the spectral density function matrix of the displacement response
of the bridge can be obtained by

SYY(m):dele:YkT (€3]
k=1

Much less computation effort is needed to calculate the response spectral density matrix by the
pseudo-excitation method, in particular if the internal force response spectral density matrix is
required. Further reduction of computation time can also be achieved if the buffeting response
of a long span bridge is dominated by the first few modes of vibration. In this case, the
equation of motion (Eq. 25) can be first reduced from N dimensions to r dimensions in terms
of the mode shapes found in the eigenvalue analysis, where r is the number of modes of
vibration interested. After that, the pseudo-excitation method is applied in the same way as the
aforementioned. Different from the SRSS method, the pseudo-excitation method retains the
cross-correlation terms between the first r normal modes. The modal coupling effects can be
thus included. The standard deviations of the displacement, velocity, and acceleration of the
node can be readily computed according to the random vibration theory after the auto spectral
density functions for each node are determined.

TSING MA LONG SUSPENSION BRIDGE

Hong Kong’s new airport and port development are located on Lantau Island. The key section
of the transportation between the new facilities and the existing commercial centres of Hong
Kong Island and Kowloon is the Lantau Fixed Crossing, in which the Tsing Ma long
suspension bridge (Fig.1) is the central structure carrying a dual three-lane highway on the
upper level of the bridge deck and two railway tracks and two carriageways on the lower level
within the deck (Beard and Young, 1995).

The Tsing Ma Bridge, stretching from Tsing Yi Island to Ma Wan Island, has a main span of
1,377 m between the Tsing Yi tower in the east and the Ma Wan tower in the west. The height
of the towers is 206 m, measured from the base level to the tower saddle. The two main cables
of 36 m apart in the north and south are accommodated by the four saddles located at the top
of the tower legs in the main span. A three-dimensional dynamic finite element model has been
established for the Tsing Ma Bridge (Xu, et al. 1997). The modal analysis of the Tsing Ma
Bridge shows that the natural frequencies of the bridge are spaced very closely. The first 20
natural frequencies include the first 12 lateral modes, the first 6 vertical modes, and the first 2
torsional modes. They range from 0.068 Hz to 0.380 Hz only. The computed natural
frequencies and mode shapes have been verified by the field measurements. Among the first 20
natural frequencies, the lowest frequency of the bridge is 0.068 Hz, corresponding to the first
lateral mode of a half wave with the bridge deck and cables moving in phase in the main span.
The first vertical mode of the bridge is almost antisymmetric in the main span at a natural
frequency of 0.117 Hz in one wave and the second vertical mode is almost symmetric in the
main span at a natural frequency of 0.137 Hz in a half wave approximately. The first torsional
vibrational mode occurs at a natural frequency of 0.271 Hz in a half wave in the main span.
This mode is structurally coupled with the seventh lateral vibrational mode, i.e, the first
torsional mode contains the lateral component which is similar to the seventh lateral mode and
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in turn the seventh lateral mode contains the torsional component which is similar to the first
torsional mode. The more information on the structural properties, the finite element
modelling, the dynamic characteristics of the bridge can be found in Xu et al. (1997).

AEROELASTIC AND AERODYNAMIC PARAMETERS

The flutter derivatives of the bridge deck section were measured for a range of wind incidence
for the deck alone and for an incidence of 0° for the deck with traffic and trains in a laminar
flow (Coleman et al. 1994). Only those derivatives corresponding to the 0° wind incidence

without traffic and trains are considered in the present study. All H' (i=1,2,..,4) curves are
basically negative within the reduced wind speed range concerned. Among the A} (i=1,2..,4)
curves, the A] curve exhibits the positive values in the reduced velocity ranging from 6 and
12, indicating the possibility of negative aerodynamic damping in the torsional motion. The
positive A, and negative A curves, on the other hand, indicate respectively that the

aeroelastic forces from torsional motion may generate negative torsional stiffness, and that the
aeroelastic forces from vertical motion may generate positive torsional stiffness.

The aerodynamic force coefficients of the bridge deck with angle of wind incidence were also
obtained from the wind tunnel tests. (Lau and Wong, 1997). The drag, lift, and moment
coefficients are 0.135, 0.090 and 0.063, respectively, at the wind incidence of 0° with respect
to the deck width of 41 m. The first derivatives of the drag, lift, and moment coefficients with
respect to wind incidence ( in degree) at the wind incidence of 0° are -0.253, 1.324, and
0.278, respectively. For the two bridge towers, the drag coefficient is taken as 1.5 with respect
to the tower width of 9.25 m (Flint and Neill, 1991). For the main cables, force coefficients
critically depend on the Reynold’s number and cable surface roughness. Conservatively, the
drag coefficient of 1.0 is chosen with reference to the cable diameter of 1.1 m.

SOME SELECTED RESULTS
Comparison of Deck Response

The displacement and acceleration responses of the bridge deck along the span are computed
using the new formulation and compared with those from Scanlan’s method ( Jain et al. 1996).
Only the bridge deck is subjected to buffeting loading and no buffeting loading is applied to
the towers and cables. The first 20 modes of vibration are included in the computation. Each
mode of vibration contains three components, but for most of vibrational modes only one
component is dominant. The results from both methods encompass multi-modes and inter-
modes contributions as well as aeroelastic effects. The results from the new formulation are
very compatible with those from Scanlan’s method, but the varying wind speed and turbulence
considered in the new method have some effects on displacement responses around the
midspan. The satisfactory comparison verifies the accuracy of the new formulation and the
new computer program and also highlights the advantages of the proposed method.

Aeroelastic Effects
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It is a common belief that self-excited forces (aeroelastic forces) would affect buffeting
response of long span bridges (Davenport, 1962a; Scanlan and Gade, 1977). To understand
such effects on the Tsing Ma Bridge, the response spectra of the bridge deck with and without
aeroelastic effects (i.e., with and without flutter derivatives) are computed using the new
formulation. The results show that the aeroelastic damping considerably reduces the vertical
response of the bridge deck. The aeroelastic coupling between the second vertical and the first
torsional modes of vibration significantly affects the torsional vibration of the bridge deck. The
multi-mode approach should be taken into consideration of determining buffeting response of
the bridge, in particular, the acceleration response.

Multi-Mode Effects

The spectral analysis of the deck response has demonstrated that the vertical and torsional
displacement responses may not be dominated by a single mode of vibration. To further
discuss this matter, the lateral displacement response attributed to the first lateral mode only,
the vertical displacement response due to the second vertical mode only, and the angular
displacement response arising from the first torsional mode only are computed and compared
with the same quantities from the first 20 modes of vibration. From the results obtained, it can
be concluded that for the Tsing Ma Bridge, multi-mode effects are significant for the vertical
and torsional displacement responses but not for the lateral displacement response.

Inter-Mode Effects

To investigate effects of inter-modes, a number of pairs of vibrational modes are selected from
lateral, vertical, and torsional motions respectively as well as their combination. For each pair
of vibrational modes, the deck response along the span from each single mode is computed
first and then the deck response from the two modes are computed using both the SRSS
method (the square root of the sum of the squares of the model response) and the CQC
method (the Complete Quadratic Combination). The CQC method used here is actually the
pseudo-excitation method as introduced before. By comparing the responses from both the
methods, inter-mode effects can be estimated. The results obtained show that for the Tsing Ma
Bridge, inter-mode effects are negligible for the two modes from either lateral motion or
vertical motion or torsional motion but inter-mode effects are considerable for the structurally-
coupled torsional and lateral modes and also for the aeroelastically-coupled vertical and
torsional modes of similar mode shapes.

Interaction between Bridge Components

The buffeting forces on the towers and the cables are now included in the computation in
addition to the aeroelastic forces and aerodynamic forces on the bridge deck. This result is
denoted by the term “full bridge”. The full bridge results are then compared with those from
the forces on the bridge deck only, the bridge tower only, and the main cable only. In this way,
the interaction between the bridge deck, towers, and main cables can be examined. From the
results obtained , one can conclude that the lateral displacement response of the bridge deck
should include interactive effects from the main cables and towers. The buffeting responses of
both towers and main cables should include interactive effects from the bridge deck.
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CONCLUSIONS

A new formulation has been presented for fully-coupled three dimensional buffeting analysis of
long span cable-supported bridges. The formulation is featured by a complete finite element
approach and a pseudo-excitation method. The advantages of the suggested formulation are:
(1) to readily handle the bridge deck with significantly varying structural properties and mean
wind speed along the deck; (2) to make good use of the ready-made finite element models of
the bridge for both static and eigenvalue analyses as well as the relevant results; (3) to
naturally include inter-mode and multi-mode responses; (4) to determine wind-induced
responses of the bridge deck, towers, and cables simultaneously; (5) to examine the dynamic
interactions between bridge deck, bridge towers and cables; and (6) to lay down a solid
foundation for investigation of vibration mitigation or control of cable-supported bridges.

The proposed formulation has been applied to the Tsing Ma suspension Bridge in Hong Kong.
The buffeting response of the bridge deck from the new formulation is in good agreement with
that computed using the latest Scantan’s method which includes multi and inter-mode effects.
The aeroelastic damping was found to reduce the vertical response of the bridge deck, but the
aeroelastic effects on the torsional vibration of the Tsing Ma Bridge are significant. The multi-
mode effects are considerable on the vertical motion and torsional motion but not on the
lateral motion of the bridge deck. Inter-mode effects can be neglected for the two modes in
either lateral motion or vertical motion or torsional motion but inter-mode effects should be
considered for the aeroelastically-coupled vertical and torsional modes of similar mode shapes.
Finally, the buffeting of bridge deck considerably impacts the buffeting of towers and main
cables whereas the buffeting of towers and main cables only moderately affects the lateral
vibration of bridge deck.
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ABSTRACT

With the rapid advances of modern computational technology, a number of high-quality,
general-purpose ordinary differential equation (ODE) solvers have emerged. As a result, a
new class of ODE-oriented semi-analytical methods have been developed rapidly. The present
paper reviews several classical ODE-oriented methods such as the Kantorovich method and the
method of lines (MOL), and presents a series of new methods that are developed or developing
by the research group in Tsinghua University in recent years. The potential superiority of
ODE-oriented methods is emphasized and discussed.

KEYWORDS

ODE, solver, adaptivity, semi-analytical, Kantorovich method, method of lines, finite element
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INTRODUCTION

Many engineering problems are originally cast into partial differential equations (PDEs), the
solution of which, if no discretization is made, calls for analytical methods. However, the
common strategy in most existing numerical methods is to convert a PDE problem, by various
means such as finite element (FE), finite difference (FD), finite strip, weighted residual,
boundary element, etc. into a set of algebraic equations (AE). These fully discretized methods
can be termed as AE-oriented methods. The dominance of AE-oriented methods is a natural
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result of the appearance of the computer that makes solution of algebraic equations much easier
than before.

However, between the analytical approach to continuous PDE problems and the fully
discretized approach to AE problems, there exists an intermediate semi-analytical approach
which solves ordinary differential equations (ODEs) to approximate the original PDE problems.
This class of methods might as well be termed as ODE-oriented methods. Due to the
limitation of solution means for ODE problems, this class of methods did not gain their due
development.

With the rapid advances of modern computational technology, a number of high-quality,
general-purpose ODE solvers have emerged. Taking advantage of these ODE solvers, ODE-
oriented methods come alive and have gained substantial development rapidly. Similar to
AE-oriented methods, the strategy in ODE-oriented methods is that the original PDEs in
engineering problems are semi-discretized, by various means such as FD, FE, etc. into ODE
problems which are then efficiently and accurately solved by using a standard ODE solver.
Owing to the self-adaptive capability built in the modern ODE solver, the accuracy of the ODE
solution satisfies the user-specified error tolerances, which ensures the semi-analytical property
inherent in this class of methods. The purpose of this paper is to give a state-of-the-art review
of both developed and developing ODE-oriented methods.

ODE SOLVERS

ODE-oriented methods depend heavily on ODE solvers for boundary value problems (BVP).
Without ODE solvers, there will be no ODE-oriented methods. As early as in 1976, Keller
predicted in his significant monograph: “Indeed, the signs are rather clear that over the next five
to ten years (or less), standard computer codes will be available to ‘solve’ most such problems”.
This turned out to be very true, and the following ten years saw ODE codes for BVP become
fruitful.

Among many existing ODE codes for BVP, we have chosen the collocation code COLSYS
(Ascher, Christiansen & Russell (1981)) to serve us as the ODE solver. COLSYS solves
mixed order, linear and nonlinear ODE systems by spline collocation at Gaussian points. In
COLSYS, approximate solutions are computed on a sequence of automatically selected meshes
until a user-specified set of tolerances is satisfied. For nonlinear problems, the damped and
modified Newton methods are used for nonlinear iteration. The code was written using
FORTRAN with about 3000 statements and is freely downloadable from TOMS web site.
There are several reasons for us to make our choice, e.g. see Yuan (1993).
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ODE-SOLVER METHOD

Most ODE codes, although very powerful, are designed for certain standard forms of ODE
problems which can hardly cover the variety of special forms in practical applications, and
hence their direct applications are, to various degree, limited. However, there exist some
feasible ODE conversion techniques to transform “special” forms into “standard” forms
(Ascher & Russell (1981)).  Using these ODE techniques, a large number of ODE problems of
special forms can be transformed into “standard forms”, and hence standard ODE solvers can
be used for direct and efficient solution. Among the existing techniques, the following three
appear to be most basic and useful (Yuan (1991)).

1) Trivial ODE. For problems containing certain unknown constants, say « (e.g. an
eigenvalue, an interface point, a Lagrange multiplier, etc.), we can establish a trivial ODE
a’ =0 for the unknown constant. This guarantees «a to be a constant while incorporating
the unknown « into the ODE system for a solution.

2) Interval Mapping. This technique maps special intervals (e.g. irregular intervals, intervals
with moving end-points, infinite intervals, etc.) to a standard and definite interval. For
instance, n=(x —a)/(£-a)maps the moving interval [a,&] with & unknown in advance to

a unit interval [0, 1], making the definition interval of the problem definite.
3) Equivalent ODE. This technique is used to transform an integral such as

W = [ Py (1)

to the following equivalent ODE problem

R'(x):F(x;{y(x)}) a<x<b
R(a)=0, R(bY=W 2)

This technique can be used for normalization of eigenfunctions in eigenvalue problems.

Equipped with these ODE techniques, a much larger range of practical problems can be solved
by using standard ODE solvers. This has naturally produced a new computational tool, the
ODE-solver method. This method turns out to be a convenient, powerful and efficient
method for most one-dimensional problems. There have been many serious applications of the
ODE-solver-method, e.g. see Yuan (1993).

METHOD OF LINES (MOL)

This is a classical ODE-oriented method. The basic idea of the method is to semi-discretize a
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PDE into a system of ODEs defined on discrete mesh lines by means of replacement of
derivatives with respect to all but one independent variables with finite differences (FD). For
example, consider the Poisson equation (elastic torsion problem) on a rectangular domain:

Fu  u

ﬁx2'+ oy’ = €)

Replacing the derivative &°u/5x* by three-point central difference (with O(k*) accuracy) leads
to a set of ODEs defined on discrete lines of x =x, as follows

ii= — Y T2 ey Zh’;' Ty j=0)...N (4)

where u, =u,(y)=u(x,,y). Introducing proper boundary conditions (BC) the ODE system is
well-established and solvable. MOL is very simple, but there are two major difficulties that
prevent it from being well-developed: one is how to solve the derived ODE systems which can
easily be overcome by using an ODE solver, and the other one is that the method with usual FD
strategy can only be applied to problems defined on regular domains. To overcome the
second difficulty, the parametric FD strategy is proposed by Yuan (1993), which will be briefly
discussed in next section.

PARAMETRIC FINITE DIFFERENCE METHOD OF LINES

By using parametric mesh line mapping, the classical method of lines can be extended to solve
problems defined on irregular domains (Yuan (1993)). Figure 1 shows an irregular domain
partitioned by vertical mesh lines of different lengths, each of which is mapped, by introducing
a local parametric coordinate /, to a standard interval ¢e[-1 1]. Then a three-point central

difference formula of second-order accuracy O(k*) can be constructed, e.g.

izzi _Y —2u+u,  wb +uyb,

&° . n W

L (26, =6, +b)uy +2(b7 —b b, +b)uli +(2b, — b, )b, +b,)u,
6h*

&)
+O(h?)

where ), =du,/dy, b,=y, -y, and b, =y, —y, It can be seen that when all lines are the

same length, i.e. b, = b, = 0, the above formula degenerates to the regular one used in Eqn. (4).
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Ya
b

Figure 1: Parametric line mapping

Parametric finite difference formulae approximating upto fourth order derivatives on irregular
mesh lines have been successfully constructed and aliow a wide range of engineering problems
to be solved in a semi-analytical fashion by directly discretizing a PDE into ODEs.

KANTOROVICH METHOD

Another class of ODE-oriented methods derives ODE systems by using variational principles or
energy theorems. The most well-known classical method of this category is the Kantorovich
method, in which a typical two-dimensional trial function is assumed to be of the form

u(r.y) =3 X (V) (6)

where the variation in x direction X, (x) is a priori specified (e.g. series of polynomials,
trigonometric functions, etc.) whereas the variation in y direction Y,(y) is left completely
unknown and is to be determined by solving ODEs derived from certain variational principles.
The classical Kantorovich method is superior to its fully-discrete counterpart, the Ritz method,
in terms of accuracy. For many years, however, solving ODE systems had been a prohibitive
difficulty and the method stopped further development. Nowadays, the situation has
tremendously been changed as a number of ODE solvers appeared. Equipped with modern
ODE solvers, not only can the Kantorovich method continue its due development but also a
series of new ODE-oriented methods are emerging. Among those newly-developed ODE-
oriented-methods, the finite element method of lines turns out to be the most well-established
and developed one.

FINITE ELEMENT METHOD OF LINES (FEMOL)

The finite element method of lines (FEMOL) (Yuan, (1990, 1992, 1993)) was formally
established at Tsinghua University in 1989 under the support of the National Natural Science
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Foundation of China. In this method, a PDE problem defined on an arbitrary domain is semi-
discretized, by FE techniques via variational principles, into a system of ODEs defined on
discrete mesh lines (straight or curved), and then the resulting ODE system is solved directly by
using a standard state-of-the-art ODE solver, such as COLSYS.

Using finite elements in semi-discretization allows this method to be almost as flexible and
convenient as finite element methods and the use of robust ODE solvers makes the solution of
the resulting ODE systems highly reliable, accurate and efficient. As a result of the
combination of the FE technique and ODE solvers, the semi-analytical characteristic inherent in
this method is well-preserved without introducing additional analytical work.

For the last several years, FEMOL has experienced both intensive and extensive study in the
author’s research group and gained remarkable advances in various directions and areas. The
method tends to be mature in linear elastic fields and has shown potential power for nonlinear
problems. “The Finite Element Method of Lines” (Yuan (1993)) is the first monograph about
this method, which summarizes most important work in this method.  Since this method is the
most well-established and developed one in the ODE-oriented methods, we shall give a more
extended description of the method in the following part of this section.

Standard FEMOL Elements with
Curved Lines and End-sides

For general C° problems, FEMOL
elements with curved nodal lines and
end-sides can easily be established.
Figure 2 shows a typical quadratic
FEMOL element mapping. In
general, an element mapping of
degree p is

Figure 2: Typical quadratic FEMOL
element mapping

p+l p+l

x=ZN,(:)x,(n), y=ZN,-(§)y.»(n) (7

where N,’s are Lagrange shape functions. The element nodal line displacement vector {d}"
is left to be unknown, and the displacement vector {u} on the element can be expressed by

shape function interpolation to nodal line displacements, i.e.

{u} = INOWd(m)” = (NI ®)
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where [N] is element shape function matrix, {d} is element nodal line displacement vector

that contains different degrees of freedom for different problems under consideration. From
the minimum potential energy principle or virtual work theorem, the following set of second
order ODEs can be derived

[A{d"} +|Gd '} +[H{d} +{F}={0} -1<p<] (9a)
with three standard types of BCs:

1) Fixed end-node DOF : d, =dn
2) Loaded end-node DOF: Q, =nP, (9b)
3) Interface end-node DOF : d, =d,. Q,+Q,=n(P,+P,)

where {d} is global nodal line displacement vector, d,, is the m-th component in {d}, ( )’
represents d( )/dn. Eqns. (9a) and (9b) form a standard two-point BVP in ODEs and can
be solved directly by a standard ODE solver.

Error Estimates

As a semi-analytical method, FEMOL is most suitable for problems that, in the two-dimensional
case, exhibit “wild” behavior in one direction (mesh-line direction) while being rather “mild” in
the other. This is justified theoretically by an error analysis made by Pang (1993). An
important conclusion in this error estimate is that, for standard line meshes, the errors in
FEMOL solutions are independent of the true solution variations in the mesh-line direction.

“Triangular” Elements Degenerate Lines and End-sides

The reasonable and efficient application of FEMOL requires flexibility and arbitrariness in mesh
design, which can be greatly facilitated if element end-sides and nodal lines are allowed to
degenerate to points. Through careful study of the FEMOL formulation, it was found that the
artificial singularity at degenerated points could be completely removed without losing accuracy
and compatibility to regular elements. The detailed formulation is given in Yuan (1993).
The success of degenerate elements equips FEMOL with a class of “triangular” elements that
greatly enhance the flexibility and versatility of the method.

Other Special Elements

There are a number of other special elements available:



382 Yuan, Si

e Three-dimensional solid FEMOL element with curved lines and end-sides.

e Thin plate bending rectangular element of C '-type. This element only requires two
DOF (deflection and normal rotation) on each nodal line and is found to be highly accurate.
Arbitrary shaped plate bending elements of C '-type are not available now to the author’s best
knowledge.

e Singular element for singularity problems. This element can be used for crack/notch
problems in fracture mechanics. Mesh lines are given radial direction and mesh-line mapping
is given the following singularity mapping : 7= -1+2(r/L)*, which converts a polynomial of
r* to a polynomial of the local independent variable 7 and hence makes the solution very easy.
This type of element is applicable to V-notches with any opening angles and hence is more
general and accurate than the quarter-node technique frequently used in the finite element
method.

e Infinite element for infinite domain problems. The idea is to introduce infinite line
mapping, which, on the one hand, maps an infinite line onto a standard interval [-1,1] and, on
the other hand, converts a polynomial of 1/(r+a) to a polynomial of the local independent
variable 7 and hence makes the solution very easy. Unlike infinite elements in FE methods,
the position of the interior node on an infinite line only modestly affects the computation time
but not the final results since the ODE solver adaptively solves the solutions along the mapped
infinite lines.

Software Package FML98

A general-purpose software package was developed as early as in 1992 and its newest version,
FML98 for Windows (3.x, 95/NT), can solve a wide range of engineering problems of linear
elasticity and free vibration, including infinite domain and singularity problems. The core
computation module is written with Fortran 90 and is highly dynamic, encapsulated and
modularized. A user-friendly interface written with MS Visual Basic provides an integrated
environment for all preprocessing, solving and post-processing phases. The problems the
package FMLO98 can solve are listed in Table 1.

Many practical applications have shown that FML 98 is a convenient and powerful software
and is especially good for certain tough problems such as stress concentration, stress singularity,
almost incompressible material, narrow and long domain problem, infinite domain problem, etc.
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TABLE 1
PROBLEMS COVERED IN FML 98 FOR WINDOWS

Rectangular |Polar

Problem type coordimates |coordinates Displacement DOF

1 [Poisson’s equation (x.y) (r.0) u

2 |Plane stress (x.y) (r.6) u,v

3 |Plane strain (x.) (r,0) u, v

4 |Axisymmetric stress (r.2) (R.9) w,u

5  |Mindlin plate bending (x,y) (r,0) Wy W,

6  [Mindlin shallow shell (x.y) (r,0) URRUNSR"S

7 |3D elasticity (x,y.2) (r,0,z) u,v,w

8 |3D Poisson’s equation (x,y,2) (r,0,z) |y

9  |Thin shells of revolution UYVW W, W,
(mixed method) (r.0.2) N¢,N9,é¢,M¢,M9

10 Th.ick shells of revolution (r.6.2) URAUN N PR
(mixed method) * N,,Ny.Qy.M,, M,

11 |Thick shells of revolution (.6.2)
(displacement method)
12 Elasticity solid of
revolution

13 |Poisson’s equation in 3D (r.6.2)
domains of revolution ]

uv.w, ‘//abv VIH

(r.0,z) |uwv.w

EXTENDED KANTOROVICH METHOD

All the methods discussed so far are characterized by solving ODEs in one coordinate direction
and the other direction is left to be discretized by various means.  This semi-analytical property
is both good and bad. The good side is that at least it eliminates our concern in one direction
(better than none), and the bad side is that the other directions still depends on us.  Since the
variation of a trial function is left completely unknown only in one direction (the analytical
direction) and is a priori specified in other directions (specified direction), the quality of the
solution in terms of accuracy and reliability is higher in one direction than in others.

This situation, however, can be tremendously changed by assuming a trial function that is
completely unknown in both directions. Then the solution can be sought in a natural and
efficient iterative manner.  Since the final solution obtained from this approach is analytical in
two directions (not in all directions!), we term it a bi-analytical method.
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The extended Kantorovich method is a typical bi-analytical method. This method was
originally proposed by Kerr (1968, 1969) and has experienced substantial development recently
due to the introduction of ODE solvers. In this method, an » term trial function for a 2D
problem is assumed to be of the foliowing form

wx,y)=2. X,x) )= {X@)}) {rom} (10)

Compared with the classical Kantorovich method, none of the two sets {X(x)} and {¥r(y)} isa
priori specified, i.e. the trial function in Eqn. (10) represents a broader class of functions by
removing all assumptions on both sets, and hence considerably improves the solution accuracy
with the same number of terms. Applying the trial function in a variational process, we can
derive two coupled sets of ODEs of the following form

[L (s ={a({xD} - L)) ={E1r) (11)

Taking the first equation as an example, [L1 ({X })] is a differential operator matrix, {F, ({X })}
is a load vector, in which each coefficient is of the form of an energy integral of {X}. The
solution procedure is as follows: first a usual Kantorovich method is applied with {X} being
given, and solving the first set of equations in Eqn. (11) gives {Y}; then the obtained {r} is

used to establish the second set of equations in Eqn. (11), the solution of which provides an

improved solution {X}; these iterative steps are repeated until satisfactory results are obtained.

Due to the difficulty of the solution of ODE systems, this method did not achieve its due
development. Recently, Yuan et al. (1992, 1998) first introduced the use of multi-term trial
functions with the aid of ODE solvers and have also extended the applications of this method
to a variety of problems. Theoretical study and practical applications have clearly shown the
following advantages of the method.

1) Bi-analytical: The two dimensions are equally treated and the solution in both directions
are optimally obtained by solving ODEs, and hence the accuracy is equally good in both
directions.

2) Fast convergence: The iteration procedure converges very fast, and usually two to three
iterations are sufficient.
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3) Arbitrary initial choice: The convergence is independent of the initial function choice
and it is not necessary for the initial trial functions to satisfy any boundary conditions.

4) High accuracy: Highly accurate results can be obtained by using very few terms of the
trial functions. In most cases, however, three terms are sufficient to produce nearly
exact solutions.

5) Multi-term necessary: In certain cases, a single-term trial function is not adequate
although in many cases one term is sufficient.

6) Solver essential: The use of ODE solvers plays an essential role in the new
implementation of the method, especially in the cases of multi-term functions.

OPTIMIZATION OF SHAPE FUNCTIONS

The above discussed bi-analytical idea can easily be extended to the existing semi-analytical
method FEMOL. A typical FEMOL element trial function of degree p is usually assumed, in
the local coordinate system, to be of the following form:

p+l

w(&n) =2 N, (m) =[INOKd()} (12)

i=1

where [N(¢)] is the shape function matrix which is a priori assumed and {d(n)}* is the nodal

line displacement vector which is to be solved from the FEMOL ODE system. The similarity of
the two trial functions given in Eqn. (10) and (12) leads to a similar approach based on the same
bi-analytical idea: after a standard FEMOL solution with nodal line displacement functions is
obtained, the roles of the shape functions and nodal line displacement functions are exchanged,
ie. {dm)’ is now given and known whereas [N(&)] is in turn considered to be unknown and
to be computed by another variational process. In this way, we obtain the first optimization of

the shape functions for the particular problem under consideration and if needed, the above

iterative procedure can be repeated as in the extended Kantorovich method.
In fact, if only one element is used for a problem, then this approach is the same as the extended

Kantorovich method except for a domain mapping. If more elements are used, however, the
FEMOL-based approach gains several additional advantages:

1) Flexibility: Problems defined on irregular domains can easily be tackled.
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2) Sparse system: The ODEs for [N(&)] are not coupled and only linked by BCs.

3) Numerical stability: The decoupled systems of ODEs tremendously enhance the

numerical procedure.

Although this is a developing method that is currently undergoing intensive study, the potential
advantages of this approach over the extended Kantorovich method are promising.

FINITE ELEMENT METHOD OF NETWORK LINES

FEMOL has turned out to be a general and versatile semi-analytical method. In FEMOL,
element edges are distinguished by nodal lines and end-sides. The nodal lines can exactly
model arbitrary domain boundary shape and the nodal line displacement function is solved from
ODEs. In contrast, the element end-sides can, in general, only model boundary shape
approximately and the displacement is obtained by interpolation to the nodal line values. Even
with the shape function optimization presented in the previous section, the rough modeling on
end-sides remains unchanged. To overcome this drawback in FEMOL, we proposed the so-
called Finite Element Method of Network Lines (Yuan & Jin (1996)). In this method, we no
longer distinguish lines and sides, i.e. all edges are lines and the displacements on the four edges
(lines) of an element are all computed by solving ODEs. Taking a linear element as the
example, the element trial function is of the following form which is basically Coon’s surface

interpolation (also called blending function interpolation):

2 2 2 2
u(é,n) = ZN,-(ef)d,(UHZN,-(U)d,(s‘)—zzN,(f)N,»(ﬂ)dy (13)

i=1 =1 =1 =1
where N (&) and N () are assumed shape functions, d () and d (&) are displacements on
lines and 4 is the corner displacement. In implementation, d () and 4 (&) are solved in an

iterative manner (usually two steps) similar to the previously discussed method. Practical
computation also shows that the iteration converges very fast, usually two to three steps are
sufficient.

This method is a major improvement over FEMOL in that it greatly increases solution accuracy
by equalizing two dimensions without increasing problem sizes.
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HILBERT CONJECTURES

The common strategy in ODE-oriented methods is to approximate “PDE” by using “ODEs”.
Essentially, using “ODEs” to approximate “PDE” is of the same nature as using “single variable
functions” to approximate “multiple variable functions”. Although very little can be found
about this topic in the literature, one of the twenty-three conjectures proposed by the great

mathematician Hilbert is very encouraging.

The Hilbert thirteenth conjecture states roughly as follows: an arbitrary function of multiple
variables on a regular domain can be represented in terms of finite number of functions of single
variables. Later, Kolmogorov proved that for an arbitrary function of two variables f(x,y),

there exist five pair of functions of single variables A,(x) and g,(y) such that

fx,3) =Y Fh(x)+g(») (14)

i=1
However, Kolmogorov only proved the existence but did not provide the construction method.

Suppose the Hilbert conjecture holds true. Then this implies that instead of solving a PDE
problem directly, one can equivalently solve a set of finite number of ODEs. In other words, a
PDE can be converted into a system of ODEs in which the number of the unknown components
is finite. Then, an ODE-oriented method can, if appropriately configured, serve as an exact
method for a PDE problem. This is especially attractive nowadays when a number of
powerful ODE solvers are available.

Perhaps this is only a dream. But it is a nice dream. It is such a nice dream that we do not
want to wake up and lose it. We wish one day this dream would come true.
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