CHAPTER
7

CALIBRATION AND MEASUREMENT OF
S-PARAMETERS

71 MEASURING SPARAMETERS

The measurement of s-parameters normally takes one of two forms. Originally slotted lines were
used and the VSWR and locations of nulls was measured and the circuit s-parameters were deduced as
discussed in chapter 3. . A second technique which is the basis of modern network analyzer isto use afour
port circuit known as a coupled line to sample forward and reverse propagating waves. A symbolic
representation of coupler together with ideal s-parameters for the coupler are shown in figure 7.1. Using an
ideal coupler the following system could be used to measure the s-parameters of a one port "device under
test" by measuring the complex voltage from ports3 and 4, i.e., v5 and v, and computing the ratio referred

to here asthe measured reflection coefficient,
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Figure 7.0 Schematic symbol for a coupler with ideal s-parameters

These voltage terms are proportional to the counter-propagating signals at those points, i.e.,

vy =8y +by =by(1+ G )Z,
vy =3, +b, =b,(1+ G 7,
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7-2 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

If matched loads are placed at ports 3 and 4 then G; = G, =0 and then vy =b3\/Z—0 ,and v, = b4\/Z—0. In

this case the measured reflection coefficient is given by G,, = 2—4 . Also, if ports"3" and "4" are matched

3
then the entering signals are zero, a; = a, = 0. Therefore,
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and b, =a;, by=a;, by =a, implying that the measured reflection coefficient equals the reflection

coefficient of port "2," G,., sinceG, =—4=—=E—Q. If G, designates the actual reflection
by &

coefficient for aone port device then
S =Gy =Gy

Figure 7.1 illustrates a system to implement the ideal measurement system. In practice two effects
degrade the previous system. First the terminating system at the measurement ports, 3 and 4, can not be
expected to be matched (G;* 0 and G, ! 0), particularly over a very wide band of frequencies, and

second the coupler circuit can not be expected to be ideal..
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Figure7.1 A systemto measure the reflection coefficient.

G4 0 . The second

The results of the first degradationisthat G, =—% Vo Dy E+GO_, by , where k = gl

Vi bigl+Gg by’
degradation results from the non-ideal nature of the coupler system. In general the coupler system can be
represented by a 4x4 scattering matrix, where the elements of the matrix are unknown constants. Including
the source term resultsin the following matrix eguation
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Sia G584 0 8611
So4 482 +_ ¢S21
Sy _gag: Ssy

Sy £a4 o §341

S14 Gifabl + b
So4 -(; Gb,
SuS Gbs
Syq é Gyb,

Expansion of the matrix equation gives

b = 5,Gby +81,Gb, +813Gb; +51,Gby + 55b
b, = 5,1Gb; +5,Gb, +55Gb; +5,,Gib, + S,,b
bs = $3,Gy + S5, Gb, + S33Gybs + 53, Gyby + Sy
b, =5, Gb; +5,Gb, +543Gb; +5,Gb, + 5440

Manipulating these equations resultsin

(51161 - 1)b1 +5,Gb, +53Gb; +5,Gb, = - 5130

S,uGb, + (522(32 - 1)b2 +5,3Gb5 + 5, Gby = - 55
S5:Gb; +55,Gb, + (333(33 - 1)b3 +534 Gy, =- s5,b
S;1Gby +54,Gb, +5,5Gb; + (544G4 - 1)b4 = - Sybyg
which can be put in the following matrix form
aéSnGl 1) $12G S13G; SuG ml 0 5@11 0
(; SnG (322(32 - 1) $23G; Soag, -(;bz— (;521—
¢ suG 26  (G-1)  suG ST s,
g suG S G Si3Gy 54464 1 £b4 o §541ra

Qb kb 1O

7-3

The signal parameters, b; and b4 can be found by solving the system of equations using Kramer's Rule.

K

Thus, by =-b,~2 and b, = b, Ka where
aésllq 1) s,6 S suG 0
K. = detc’ $2G  (52G-1) su SuG
: G G Sy suG
g snG 26 sn (SuG-1p
&éan 1) 5,6 S13G S11.0
K. = detg 270G (2G-1)  sxG S+
¢ ¢ suG $2G (533(% - 1) S31:
g snG S S135G  Sug
and
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7-4 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

gésllq - 1) G S13G; suG
D= det® $1G (32262 - 1) $3G S2G,

¢ G  sG  (sxG-1)  suG

g e SpG $13G (54464 - 1)

el <]+ - 1O

7]
8521(-?1 S SuG 0 gés_uc'i -1) s suG 0
Ki=-5,G0etdsuG Su  SuG +*(s2G-ldetd syG sy SuG +-
&nG sn (suG- 1 § suG sy (suG- 15
#suG-1) sy suG 0 éazés_uc'i -1) sy 5_L4Gh':9
G dete s4G S SuG  ++spGdetec 545G sy SuG+=
& suG sy (514G - 1); & G Sy SuGp

- $,GD; +(52G - 1D, - 53,GD;- $,,GD, =
(- $12D4 + 55D, - $3,D5- 5,,D04)G, - D,
implying that
K;=aG, +b

where a and b are constants independent of C,.. Therefore,

=- 2 (a6, +b)

In a similar manner

&, d0
b_4:(9e2+d)=§b62+b5
by (aG +b) geﬁﬁ

a
and therefore,
96 +kd2
Gh:kb_“':gb bﬂ
by & 1
& 25

Letting G, denote the actual reflection coefficient of the circuit being tested then the measured reflection

coefficient is related to the actual reflection coefficient by the relationship below where A, B, and C are
complex number independent of G, .
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CALIBRATION AND MEASUREMENT OF SSPARAMETERS 7-5

_AG,+B

G = CG, +1

7.2 ERROR ADAPTER MATRICES
Suppose that atwo port circuit is inserted between the device under test and an ideal measurement
system. This is illustrated in figure 7.2 which also shows the SFG manipulations to obtain the transfer

. b
ration G, = —4-.
ay

€,
1-e,G
a, 2 A bA a, a,
C,
ee G
e &3 " 1- ezzGA
bM €. bM b

(c) (d) (e)

Figure 7.2 Two port circuit between measurement ports and DUT.

b e Gy _-D.G,+
Gy =M =g, + 21820, _ ~Pebat ey

where D, =e;&,, - €,6,,. Recalling that

G, = AG, +B
CG, +1
implies
A=-Dee =€56 - €8x
B=e,
C=-ey
and therefore,
e, =B
ep=-C
€,6,; = A- BC

Chap_07r.doc All Rights Reserved -- M. L. Edwards, 7 September, 2001



7-6 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

The measurement can be viewed as a combination of two circuits, an error two-port and the actual one-port,
C,, asshowninfigure 7.3

error two-port circuit

S-parameters
a
M en=8B 8
— . — .
| €x=- - _A
ﬁ — l GA )
b b e,€,y=A- BC b A
G =2 ™ s Re
moa, A ACtuaI_
Reflection
Measured Coefficient
Reflection
Coefficient pp—

Figure 7.3 The measured reflection coefficient results from
actual circuit combined with an error circuit

Representing the error circuit in terms of its transmission matrix yields

aby o 1 e Dy e8@.0 Bdg@a 0
gavvua ez1g € 1%%@ gc 1£bAﬂ

Inverting the 2x2 matrix and substituting G, = b—Mb by =Gyay gives
ay

@p0_ ey @l -Babyo_ejay &l -BEHo
gbm A-BCE C Aéawj A- BCE C Aﬁla

Expanding the matrices results in two equations

_ ©xnlym
ap = A- BC (GM B)

e,a
by =—2M(- CcGy +A
n= A 0E - 0Gy +A)

Dividing the first equation by the second yields

G=2a-_@-B
AT by, -CGy +A

-CG\G, +AG, =G, - B
or
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CALIBRATION AND MEASUREMENT OF SSPARAMETERS 7-7

7.3  ONE-PORT CALIBRATION--SHORT, OPEN, LOAD (SOL)

It is desired to find the constants A, B, and C . To do this standard devices are inserted into the
measurement system and the measured reflection coefficient observed. It is shown that if three calibration
standards are used then the constants can be deduced. Letting subscripts S,O,L refer to short, open, and
load and using primes to indicate the known reflection coefficient and unprimed for the measured reflection
coefficients then substituting

Gy = .G
Gy =G.& G

resultsin
GA+B- &  GC=G
&HA+B- & GC=G
@A+B-G  GC=G

One approach isto solve this system of equations using matrix techniques, i.e.,

a@& 1 c¢ GS%EAO a8 0
G 1 G Go +¢B+= (Go -

&Gt 1 Gt G #Cy &G 5

ger &t 1 GE Go 3@50
QB—-QGE 1 & G+ ng—
&y &Gt 1 G¢ G5 &5

A second approach is to solve the equations by taking pairs of them and subtracting. For example
subtracting the second equation from the first, and the third equation from the second resultsin

(- @)A+(® G-& GK=G-G
(&- A+ G- G)=6-G

Letting
R=(&-®&) 4= &-& G G- G
=(&-@) =@ G-&F &) M=G-G
(primed means known G while unprimed means measured G
then
RA+Q,C =M,
P,A+Q,C =M,

These equations can be solved by multiplying the first by Q, and the second by Q;
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7-8 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

Q,RA+Q,Q,C =Q,M,
QRA+QQ,C=Q;M,
Subtraction yields
A= Mi- My
QP - QR

Repeating this process by multiplying the first equation P, and the second by P,

RP,A+PQ,C=PM,
Subtraction yields

C-= PM; - PM,
P,Q; - PQ,
With A and C determined then B is found from any one of the original three equations. Using the third

yields
B=G +Q& GC- GA

With A, B, C, determined then the Device Under Test (DUT) can be measured an its actual reflection
coefficient determined from the formula

Example 7.1. lllustration of a One Port, Short-Open-Load (SOL), Calibration Technique used for S-Band
Antenna Patch Measurements o an HP 8510 (Courtesy of the J. H. U. Dorsey Center)

Dielectric Feed Line

Ground Plane

Figure7. 4. The Device Under Test (D.U.T.) isamicrostrip S-band Patch Antenna
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Figure7.5 (a.) Raw (Uncalibrated) data, (b.) Datafor Short, (c.) Data for Open, (d.) Datafor Load, and

(e) Cdlibrated (De-Embedded) Data for S-band Antenna Patch
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7-10 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

% Fi |l enane: sol _95.m
% Date: 10/ 2/95

% This File will extract the A, B and C vector for an SOL
% cal i brati on using the raw neasurenent data and the nodel
% of the cal standards. The A, B and C vector are then used
%to calculate the reflection coefficient of any 1-port
%circuit fromits raw nmeasurenent data. Uses relationship
%

% Ganma_M=( A* Gantra_A+B) / ( C* Gamra_A+1)

% or equivalently

% Gamma_A=( Ganma_M B) / (- C* Gamra_M+A)

%

| oad rd_shrt.slp; % | oad nmeasured raw data for short
| oad rd_open. sip; % " " " " " open
| oad rd_| oad. sip; % " " " " " | oad
Gs=rd_shrt(:,1)+i *rd_shrt(:, 2); % convert mneasured data to conpl ex nunbers

Go=rd_open(:,1)+i*rd_open(:, 2);
A =rd_l oad(:,1)+i *rd_l oad(:, 2);

F=[ 1e9: 8e7: 5e9] ' ; % frequency sanpl e points

% = - - - - -
L0=2. 0765e-12;
L1=-108. 54e- 24;
L2=2.1705e- 33;
L3=-.01le-42;

- - - nodel for short - - - - - - - - - - - - - -

Lt au=31. 785e-12;

Lrv0=2. 36€9; %atten/ sec=(atten/dist)(prop. vel)
Lrv=LrvO*sqrt (F/ 1e9);

LI oss=. 5*Lrv/ 50;

Zsp=i *2*pi . *F. *(LO+L1* F+L2*F. *2+L3*F. *3) ;
Gsp=((Zsp-50)./(Zsp+50)).*exp(2*(-Ll oss-i*2*pi *F)*Ltau);

% Zsp=Zs- pri me=i npedance for short

% Gsp=Gamme_s- pri ne=refl ect coef for short

% gamma=wave nunber =al pha+j *bet a=atten+j *prop const.
% Ganmma( d) =Gamra_L* exp( - 2* ganma* d)

% Gamma(d) =Ganma_L*exp[ 2* (- al pha-j *bet a) *d]

% al pha*d=al pha*vel * Tau=L| oss* Tau

%

% =Ganmma_L*exp[ 2*(- LI oss-jw) *T]

% w=2*pi *freq, T=time delay (tau)

% = - - - - -
C0=49. 433e- 15;
Cl1=-310. 13e-27;
C2=23. 168e- 36;
C3=-.15966e- 45;

- - - nmodel for open - - - - - - - - - - - - - -

Ct au=29. 243e-12;

Crv0=2. 2e9; %atten/ sec=(atten/dist)(prop. vel)
Crv=LrvO*sqrt (F/ 1e9);

Cl oss=. 5*Lrv/ 50;

Zop=-i ./ (2*pi.*F.*( CO+CLl* F+C2* F. "2+C3*F. "3) ) ; % i npedance for open

Gop=((Zop-50)./(Zop+50)).*exp(2*(-C oss-i*2*pi *F)*Ct au) ;
% reflect coef for open

% Fi | enanme: sol _95.m Cont'd

%- - - - - - - - - - nodel for load - - - - - - - - - - - - - - -
G p=zeros(size(F))+i *zeros(size(F));

% d-prime = actual |oad reflect coef = 0+i 0
Of = = = = = m e e e — e e o e e e e e e e e e e e e e -
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( -QL *M) ./ (PL.*Q2-P2. * QL) ;
(P2 M]. P1.*M2)./(P2.*Ql-P1. *Q@);
=F +A p.*d . *Cdp. *A

TR SRIISS

| oad rd_patch. slp
| oad dd_patch. slp

Grdut=rd_patch(:,1)+i*rd_patch(:, 2);
Gddut =dd_pat ch(:, 1) +i *dd_patch(:, 2);

Cedut =(Gdut-B)./(-C *G dut +A); %Cal i brat ed nmeasurenents of DUT

R e T Plot Routines -----------------------
pl ot (F/ 1e9, angl e( G- dut) *180/ pi ) ;

title(' Measured Phase of DUT');

xl abel (' Freq (G1z)');

yl abel (' Ang(S11) (degrees)');

axis([1 5 -200 200]);

figure;

pl ot (F/ 1e9, abs( G dut));

title(' Measured Magni tude of DUT');
xl abel (' Freq (G1z)');

yl abel (' Mag(S11)"');

axis([1 50 2]);

figure;

pl ot (F/ 1e9, angl e( Gs) *180/ pi , F/ 1e9, angl e( Gsp) * 180/ pi ) ;
title(' Measured and Model ed Phase of Short');

xl abel (' Freq (G1z)');

yl abel (' Ang(S11) (degrees)');

axis([1 5 -200 200]);

figure;

pl ot (F/ 1e9, abs(Gs), F/ 1e9, abs(Gsp));

title(' Measured and Model ed Magnitude of Short');
xl abel (' Freq (GHz)"')

yl abel (' Mag(S11)"');

axis([1 50 2]);

figure;

pl ot (F/ 1e9, angl e( Go) *180/ pi , F/ 1e9, angl e( Gop) * 180/ pi ) ;
title(' Measured and Mbdel ed Phase of Open');

xl abel (' Freq (G1z)');

yl abel (' Ang(S11) (degrees)');

axis([1 5 -200 200]);

% Fi | enanme: sol _95.m Cont'd

figure;

pl ot (F/ 1e9, abs( Go), F/ 1e9, abs(CGop) ) ;

title(' Measured and Model ed Magnitude of Open');
x| abel (' Freq (GHz)');

yl abel (' Mag(S11)"');

axis([1 50 2]);

figure;

pl ot (F/ 1e9, angl e( Q@ ) *180/ pi , F/ 1e9, angl e(G p) *180/ pi ) ;
title(' Measured and Model ed Phase of Load');

x| abel (' Freq (GHz)');

yl abel (" Ang(S11) (degrees)');

axis([1 5 -200 200]);
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figure;

pl ot (F/ 1e9, abs(d ), F/ 1e9, abs(G p));

title(' Measured and Model ed Magni tude of Load');
xl abel (' Freq (G1z)');

yl abel (' Mag(S11)"');

axis([1 50 2]);

figure;

pl ot (F/ 1e9, angl e( Gcdut ) *180/ pi ) ;

title(' Cal cul ated (De-Enbedded) Phase of DUT');
xl abel (' Freq (G1z)');

yl abel (' Ang(S11) (degrees)');

axis([1 5 -200 200]);

figure;

pl ot (F/ 1e9, abs( CGcdut) ) ;

title(' Cal cul ated (De-Enbedded) Magnitude of DUT');
xl abel (' Freq (G1z)');

yl abel (' Mag(S11)"');

axis([1 50 2]);

% Fi | enane: HP2ML1P. M
% Dat e: 9/ 30/ 94

% This file reads 1-port data files saved by HP8510 and create
% a data matrix under the same nane.

% HP8510 saved files nmust be included in Fnanme matri Xx.

Fname=['rd_short';'rd_open ';'rd_load ';'rd_patch'];
Li stsize=size(Fnane, 1); %\unber of entries (rows) in file list

for mel: Listsize; % Main | oop to go through each file

name=Fname(m:);
Let t er s=l engt h( nane) ;
fi d=f open(nane);
Test =' SEG ; % To skip until 'SEG is found.
A=zeros(size(Test));
whil e ~al |l (A==Test);

B=fscanf (fid,'%"',1);

size(B);

if size(B)==size(A); %can only conpare if size is the sane
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end
end
for n=1:3 % Read in the frequency data fromthe file.
finfo(mn)=fscanf(fid,"'%"',1); %since it follow inmmediately "SEG .
end
Test='BEG N ; % To skip until '"BEGN is found

A=zeros(size(Test));
while ~all (A==Test);
B=fscanf (fid,' %', 1);

size(B);
if size(B)==size(A);
A=B;
end
end
for g=1:finfo(m3) % Start reading data
for h=1:2 % read both real and inaginary part
Tenp(g, h)y=fscanf(fid,"%"',1); %Put data in Tenp matrix
delimt=fscanf(fid,'%',1); %takes care of ',' between R and | parts
end
end
fclose(fid); % Cl ose file
eval ([ nane, ' =Tenp;']) % Use original filenanme as nane of the data matrix

end

74  TWO-PORT CALIBRATION--SHORT, OPEN, LOAD, THRU (SOLT)

The following measurement system can be used to determine two port s-parameters

“\i— J VSN “\Ve— -V
S M
DUT
Network | e — —
e f e E ], r—*‘:ﬁj
S-parameter [ W "'
Tessa ?\.:.D/? QJ‘D
—
Connector-1 Connector-2 =

Figure 7.6 Two port S-parameter measurements

This system is equivalent to the following signal flow graph which illustrated that their are now two error
circuits associated with each of the two connectors. The analyzer can be view as follows
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D.U.T.

Figure 7.7 Error adapter circuits for two port S-parameter
measurements

where, { 1, € €, € } represent the error circuit associated with one terminal (connector 1) and { f;,

for  fio, Ty} are the sparameters associated with the second terminal (connector 2). Letting
{A_LLAQLA&Z’AQZ} represent the "actua" s-parameters for the D.U.T. then when it is connected to the
Network Analyzer the system can be described as follows

b a f
alM e21 { " A21 2A 1 ? bZM
€, € % +A11 Azz %\ \% f 2 f u
b
™ €, 1 a, A12 b2A 1 f ” &,

11M SZZM

blM leM aZM
Figure 7.8 Error adapter circuits connected to actua two port
combined results in the measured S-parameters.

The error circuits sometimes called error adapters can be represented as a Signal flow graph of s-parameters
asillustrated above where the measured s-parameters would be

_ by s = Bom _ by _ by
Sumv =7 Sam T 0 Siom T Som T
M 1M oM Aom

Also the measurement could equivalently be represented as Transmission matrices and since the circuits are
cascaded the Transmission matrices are multiplied to get the transmission matrix of the combination which
represents the measured s-parameters, i.e.,

Re XRa XR; = Ry
where

o hpd_ 1e@De e 6_ 1aA BY
2 Nug F‘ng' & lg €& 1y

Re:
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R. = 2u apd_ 1 & Dy Ao
A= = =
21 Ang Ay g Ap 1y

aall J120 1 el - f220 1 &l Cqb

-1
Ri 521 Jzzé legfll ng leng: A(Ib

The inverse of the matrix R; is easily found by performing the SOL calibration using connector 2 as

previous applied to a single connector for a one port. In this case the signal flow graph and the transmission
matrix are naturally defined viewing the circuit from right to left as opposed to the earlier development of
left to right. Thisiswhy the inverse is defined in terms of the A', B' ,C' constants. The actual transmission
matrix can be found by simple manipulation to be

RA:RélRM R}l
Since
R = e; &1 -BJ
A- Bcg C AQ,
then

Ra = fzmA BcE c A5M§B¢ A¢,3

In this case the actual Transmission matrix is not uniquely determined by the SOL calibration even though it
was applied to both test ports, i.e., both connectors 1 and 2. A forth measurement of a cdlibration standard
isrequired. This can be achieved by connecting the test ports together and observing the measured data. In
this case the cal standard is just a series short between the two connectors. This calibration standard is
caled a"Thru." The S-parametersfor athru are

16
5T gl 0%

and the transmission matrix for athruis
go 7—I = identymatrix

If Ry, represents the transmission matrix for the measurements of the thru standard then

_en el - Bo x&l C®
fy A- Bcg c AZMER AG

and
el —Bo &l C®

Ay MT§B¢ AG

Theterm T can be computed by taking the determinant of the previous equation which resultsin
1
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en 5 (A-BC) B¢ AG
B _ g 28 58
€1 o A- BC

Substitution of this allows the actual transmission matrix for the D.U.T. to be determined, i.e.,

_&n 1 el -Boael C®
AT f, A- BCE- C A §B¢ A%

R, = 1 el - gR &l C®
A~ A BO)A¢ BCdaa(R,, )& C A "EBC AG
g alzo 1 el -By &l C®

Ra =

Ry
2 2zp J(A- BC)(A¢- BCAdet(Ryr) g C Ag §B¢ A

s -Fum S 0_ 1 @n D, ¢
M = z
gszm Soom ﬂ axneél -ang

75 TWO-PORT CALIBRATION--THRU, REFLECTION, LINE (TRL)

If microstrip circuits are measured usually the board is mounted in a fixture which permit
connectors to interface with the board. The SOLT calibration procedure can be used but the de-embedded
data now represents the connector/transition hardware plus the microstrip board. To deduce the
uncontaminated board data requires knowledge of s-parameters of the connectorg/transition system. Thisis
illustrated in figure 7.9

Cableto Cableto
S-parameter S-parameter
Test-Set Test-Set !

Microstrip Board

/

il 1§

| Adjustable Fixture Support |

Connector

1 Connector

2

Figure7.9 S-parameter measurement of a microstrip circuit.
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It is desired now to create a calibration procedure which will permit correction for system variations from
the ideal but will also permit the fixture effects to be de-embedded from the data. This is done by creating
calibration microstrip circuits on the same substrate used for the circuit of interest. First a Thru is
created which consists of a short 50 microstrip line. The center of this line sets the reference location for
calibration and the resulting de-embedded data. Thisis shownin figure 7.10a. The reflect standard can be
either an open or short circuited line 50 ohm line. For microstrip it is usually easier to use an open circuited
line. The length of the line should position of the open (or short) at the reference plane of the measurement
as set by thethru line. Thisisillustrated in figure 7.10b. The Line standard is a 50 line of unknown length.
Amazing enough the calibration technique will determine the length of this line. The line must be longer
thanthe thru. Thisisillustrated in figure 7.10c. .

"Thru" Calibration Standard "Reflect" Calibration Standard
(D i i
/]\ 50 W Line _ 50 W Line
Center determines Ref. Plane Ref. Plane Determined from Thru
(a) (b))

"Line" Calibration Standard

oy e

(c)
Figure 7.10. Top view of TRL microstrip calibration
standards

Chap_07r.doc All Rights Reserved -- M. L. Edwards, 7 September, 2001



7-18 MICROWAVE & RF CIRCUITS: Analysis, Design, Fabrication, & Measurement

7

-
-
-

7

s
s
s

Cal Standardsor

Error Adaptor Y
Unknown 2-Port P

Error Adaptor X

e W Vo -V oo
Ref Plane Ref Plan
T 1T l-‘,*,ﬁHl' - ¢ J;‘;‘;‘Hl' -
i "Thru 4 Line
L J + &
b . Unknown Length
I"‘*L)i( oM Ref Plane J'r"flvlv""» ﬁ& = Unknown gL
A #< . i Known Z
in L) °
'\%*/' ] Y |
Ve b e\ e Vg
Ml - Unknown High Reflectance Identical Circuit used on both ports Wl i
+ % " Reflect” " Reflect” L
N YT} AAAL- *
;wm el Ref. Plare [‘*” oM Ret. prane
I0») I {
O W I

Figure7.11 StepsinaTRL calibration

The transmission (R) matrices for the x error adapter and y error adapter are given by

& Xp0_ 1 De €nd _®n Y20_ 1 @Dy fx0

+ and R T
gYn yera f12 -fn 1g

sz 0
Xo1 Xzzra %1% e 1lg

The transmission (R) matrices associated with the measured and actual S-parameters are given by

Him  Nowm 0 1 @& Dgy Suwd Hia r12A0 1 e Dsa S.I.lo
T and Ry =

Ry = =
grle oM ﬂ Sum g' Soom 14 gr2lA r22AZ S21A S, 1lg

The R matrices for an ideal thru (short circuit) and a line of length, "L" and characteristic impedance Z,

are
05 ¢ 0
R =& 2 andRy =¢¢ 02
Eo 1y 0 eng

In general the measured R matrix isrelated to the actual R matrix as shown.

Ru = RxRaRy
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The measured R matrix when the thru calibration circuit isinserted is given by
Rur = RxRarRy =RxRy
The measured R matrix when the line calibration circuit is inserted is given by

Ru = RxRa Ry
Solving for the Y adapter R matrix gives

Ry = Rkl Rur

Substitution of R, into the previous matrix equation gives

MRy =Ry R,,
where
_ - Ny My 0
M =Ru. RMT g
My mzz;a
Therefore,

By Mp Xy %o 0 _®un X C% ¢ 09
gmﬂ My, £X21 X &1 Yoo g8 O ety
which implies
My Xgy + MipXyy = Xp €%

- -d-
My X1 + My Xy = X€

_ +o
My X + Mo Xop = Xpp€

_ +g
My Xp + Myp Xy = Xpn€

Dividing the first two equations and dividing the third and forth equation results in two quadratic equations
with the same constant terms

2
o X
& 9 11
My =+ (mz mll)_ -y =
X1 9 X1

2

o) X
M2 2 +(my - my) 22 - my, =0
X2 g X2

Let the roots be aand b with |aj >|b| then

_ X1 _ €160
a €
Xo1 €2
b="2 =gy
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e;=b
€182 _ . 5
€
In asimilar manner one can solve for the x adapter matrix, R, , and substitute it into the matrix equation for
the line to get

o N, 0

—pl _Fh Mol

N =Ryt Ry = =

N1 Npg

11 Yo Gy n120 &% 0 Gy Y120
g)’zl Y22£n21 nzzﬂ § 0 e g.£y21 yzzﬂ

a

Vit + Yooy = Y11€
a

Vit + YioNp = Y1€
_ +g

Yo11 + Yoo = Y€

+ol
Yo1o + Yool = Ypo€

a%lT +(nzz' n11)m' Ny =0

n
12
Y12 g 12

aey21 Y1 _
Mo = Ny - Ny )===-n,, =0
gyzz ( 22 11) Voo 21

Let roots be ¢ and d where [d| >|d|

Y _ fl+ fiofo

c=
Y12 22
_ Yo _
d=Ya=.1,
Y2
fll =- d
f1p o1 —c-d
f2
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When the high Reflectance calibration standard is measured with port 1, with the x adapter then the
measured reflection coefficient is G, with actual reflectance given by G, . Inthat case

G
Gux =€y + €218206r
1- e5Gr
Solving for the actual reflection coefficient gives
_ 1 b' GMX
R = ——MX
€y a- Gyy

Anidentical Gr connected to port 2 and measured through the y error adapter circuit to give

Gyy = f1y + f21f12Gr
1' fzzGR

Again solving for the actual reflection coefficient gives

_ 1 d+Gyy
f C+Guy
Equating the two expressions for the actual high reflectance gives

R

1 1 ab- Gyx G +Gyy 0

f2 ezzga' Gux g&d *+Guy g

A second eguation is needed to solve for e,, and f,,. The measured input reflection coefficient obtained
when the thru calibration standard is connected is called G,,,, and is related to the error parameters by

€161 f2

Gui=¢en +
1-eypfy

Solving for e,, gives

22

When square root is taken there is a £ ambiguity. One can use the implication for the reflectance cal
standard to resolve the ambinguity, i.e., Gg » +1 for

__1 b-Gux

e
€y a- Gyx

After determining e,, then
_ 1 b-Gy;

fp =
€y a- Gy

The following pair of products are now also known
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exep =(b- a)ey,
forfp=(c-d)fy

Additional products can be found by using the transfer measurements obtained for the thru calibration
standard, i.e.,

_ enfp _ fxnep
=—<2 2 and =& 22
T exfrn Sizwr 1- epfy

These result in a determination of the following products
&1 f12 = Sumr (1' €2 fzz)
f21€5 = Spomr (1' €2 fzz)

1D eng, 1eaDr fp0

Ry =— ; 9
g ez1g' e 1lg Aflzg- fn 1g
where
De = €165 - €56 =be,, - (b- a)e,, =aey
Di = fiufp - fipofy =-dfy, - (C- d)fy =-cfy
Therefore

1 eae, e, afy 20
R =g & 1TRE g2
€nlpé-€» g & In 2}

1 -1
e aey bo aefy 0

RA=(921f12)g_622 15 MEq 1%

The wave number, g can now be found since
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