11

Naturally Commutating
Converters

The converter circuits considered in this chapter have in common an ac supply input
and a dc load. The function of the converter circuit is to convert the ac source into
controlled dc load power, mainly for high inductive loads. Turn-off of converter
semiconductor devices is brought about by the ac supply reversal, a process called /ine
commutation or natural commutation.
Converter circuits employing only diodes are termed uncontrolled while the incor-
poration of only thyristors results in a controlled converter. The functional difference is
that the diode conducts when forward-biased whereas the turn-on of the forward-biased
thyristor can be controlled from the gate. An uncontrolled converter provides a fixed
output voltage for a given ac supply.
Converter circuits employing a combination of both diodes and thyristors are generally
termed half-controlled. Both fully controlled and half-controlled converters allow an
adjustable output voltage by controlling the phase angle at which the forward biased
thyristors are turned on. The polarity of the load voltage of a fully controlled converter
can reverse, allowing power flow into the supply, a process called inversion. Thus a
fully controlled converter can be described as a bidirectional converter as it facilitates
power flow in either direction.
The half-controlled converter, as well as the uncontrolled converter, contains diodes
which prevent the output voltage from going negative. Such converters only allow
power flow from the supply to the load, termed rectification, and can therefore be
described as unidirectional converters.
Although all these converter types provide a dc output, they differ in characteristics
such as output ripple and mean voltage as well as efficiency and supply harmonics.
Another converter characteristic is that of pulse number, which is defined as the
repetition rate in the direct output voltage during one complete cycle of the input ac
supply.

The general analysis in this chapter is concerned with single and three-phase
supplies feeding inductive loads. A load back emf is used in modelling the dc machine.
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11.1 Single-phase uncontrolled converter circuits
11.1.1 Half-wave circuit with an R-L load

A simple half-wave diode rectifying circuit is shown in figure 11.la, while various
circuit electrical waveforms are shown in figure 11.1b. Load current starts to flow when
the supply goes positive at wt = 0. It will be seen that load current flows not only
during the positive part of the supply voltage, 0< wt <=, but also during a portion of the
negative supply voltage, 7 < wt < . The load inductor stored energy maintains the load
current and the inductor’s terminal voltage reverses so as to overcome the negative
supply and keep the diode forward-biased and conducting. This current continues until
all the inductor energy, YL, is released (i = 0) at the current extinction angle, wt=p.
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Figure 11.1. Half-wave rectifier with an R-L load: (a) circuit diagram and (b)
waveforms, illustrating the equal area and zero current slope criteria.
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During diode conduction the circuit is defined by the Kirchhoff voltage equation
L%JrRi =2V sin ar W) L1
where V is the rms ac supply voltage. Solving equation (11.1) yields the load current

i(or) = g{sin (@0-9) + sing ¢} (A)

(11.2)
0< ot <p (rad)
where Z=V(R’>+ w’L?)  (ohms)
tang=wL/R
i(wt) = 0 (A) 113

PLat<2m (rad)
The current extinction angle £ is determined by the load impedance Z and can be
solved from equation (11.2) when i = 0 with wt = $, such that # > 0, that is
sin(B-¢) + sing '™ = ¢ (11.4)
This is a transcendental equation which can be solved by iterative techniques. Figure

11.2a can be used to determine the extinction angle f, given any load impedance angle
¢=tan" wL/R.

The mean value of the rectified current, 7, is given by integration of equation (11.2)

54,

L=%f "oty do ()
5 0 (11.5)
T N2V
1, =325 (1-cos ) (A)
while the mean output voltage V, is given by
_ TR =Y
V, = LR =3—(1-cosf) (\%) (11.6)

since the mean voltage across the load inductance is zero (see the equal area criterion
below). Figure 11.2b shows the normalised output voltage ¥ /V as a function of wL/R.
The rms output voltage is given by

Vi = [%7“(\5 V)2 sin” ot dth
=2V [ Y (p-tisin2p}]

(11.7)

11.1.1i - Equal area criterion
The average output voltage V,, given by equation (11.6), is based on the fact that the
average voltage across the load inductance, in steady state, is zero. The inductor
voltage is given by

v, =Ldi/dt (\2)
which for the circuit in figure 11.1a can be expressed as
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J'“ d =["L di=LG,~i) (11.8)
L o =), Ldi=LG,~i, .
If the load current is in steady state then i, =i,, which is zero here, and in general
ij dt=0 (Vs) (11.9)
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Figure 11.2. Single-phase half-wave converter characteristics:
(a) load impedance angle @ versus current extinction angle B and (b) variation in
normalised mean output voltage V,/ V versus wL/R.
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The inductor voltage waveform for the circuit in figure 11.1a is shown in the last plot in
figure 11.Ib. The equal area criterion implies that the shaded positive area must equal
the shaded negative area, in order to satisfy equation (11.9). The net inductor energy is
zero. This is a useful aid in predicting and drawing the load current waveform.

It is useful to superimpose the supply voltage v, the load voltage v,, and the resistor
voltage vy waveforms on the same time axis, wf. The load resistor voltage, vg =Ri, is
directly related to the load current, i. The inductor voltage v, will be the difference
between the load voltage and the resistor voltage and this bounded area must be zero.
The equal voltage areas associated with the load inductance are shown shaded in two
plots in figure 11.1b.

11.1.1ii - Load current zero slope criterion
The load inductance voltage polarity changes from positive to negative as energy
initially transferred into the inductor, is released. The stored energy in the inductor
allows current to flow after the input ac voltage has reversed. At the instant when the
inductor voltage reverses, its terminal voltage is zero, that is
v, =Ldi/dt=0
thatis di/dt=0

The current slope changes from positive to negative, whence the voltage across the
load resistance ceases to increase and starts to decrease, as shown in figure 11.1b. That
is, the Ri waveform crosses the supply voltage waveform with zero slope, whence
when the inductor voltage is zero, the current begins to decrease. The fact that the
resistor voltage slope is zero when v;=0, aids prediction and sketching of the various
circuit waveforms in figure 11.1b, and subsequent waveforms in this chapter.

(11.10)

11.1.2  Half-wave circuit with an R-L load and freewheel diode

The circuit in figure 11.1a, which has an R-L load, is characterised by discontinuous (i
= 0) and high ripple current. Continuous load current can result when a diode is added
across the load as shown in figure 11.3a. This freewheel diode prevents the voltage
across the load from reversing during the negative half-cycle of the supply voltage. The
stored energy in the inductor cannot reduce to zero instantaneously, so the current is
forced to find an alternative path whilst decreasing towards zero. When diode D, ceases
to conduct at zero volts it blocks, and diode Dy provides an alternative load current
freewheeling path, as indicated by the waveforms in figure 11.3b.

The output voltage is the positive half of the sinusoidal input voltage. The mean output
voltage is

4 =L.|‘”«/5Vsinwtdwt
[y

m:ﬁ% = 045V %)

(11.11)
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Figure 11.3. Half-wave rectifier with a freewheel diode and an R-L load:
(a) circuit diagram and parameters and (b) circuit waveforms.

The rms value of the load circuit voltage v is given by

V.= %J. 0 («/EV sin (ot)zda)t

r

:ﬁ%:o.m/ )

(11.12)
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The output ripple voltage is defined as

Ve 2V =V,

G (BT (11.13)
_ (N2 v -
= ( %] 7( %] = 05457
hence the voltage ripple factor is defined as
K&V, IV, = (11.14)

=\Vr’-1 = 1211

After a large number of ac supply cycles, steady-state load current conditions are
established, and the load current is defined by

L%+Ri:ﬁVsina)t A)  O<wr<rz (11.15)
and when the freewheel diode conducts
L%+Ri:0 (A) <ot <2 (11.16)

During the period 0 < wt < wr, when the freewheel diode current is given by ip = 0, the
supply current and load current are given by

i(ot) =i (o) = ﬁ%sin(wt -9+, + \/E%sin P aad (A) (1.17)

O<awt<rm
for
N 1o/
Lo =7 S0 g~ s (&)
where  Z = R +(wl) (ohms)

tan ¢ = wL/R
During the period © < wt < 2z, when the supply current i = 0, the diode current and
hence load current is given by
i (o) =iy (=1, e @' (A rz<ot<2r (11.18)
for
L, =1,.e"" (A)
In figure 11.3b it will be seen that although the load current is continuous, the supply
current is discontinuous and therefore has a high harmonic content.
The output voltage Fourier series is
2V N2V . S 22V
v(t):J—+J sin(ot)- Y. \[7
z 2 ()7

By dividing each component by the corresponding load impedance at that frequency

cos(na)t) (11.19)
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gives the harmonic current, whence rms current. That is
v, v,

I = ER— -
Z, ‘R‘*J”“’L‘ \/R“r(naJL)’

L,= |+ Y WL (11.21)
A

Example 11.1: Half wave rectifier

(11.20)

and

In the circuit of figure 11.3 the source voltage is 240V2 sin(2z 50¢) V, R = 10 ohms, and
L =50 mH. Calculate

i. the mean and rms values of the load voltage, V,and V,,,,

ii. the mean value of the load current, 7,

iii. the current boundary conditions, namely 7, and 7,,.

iv. the average freewheel diode current, hence average rectifier diode current

v. the rms load current, hence load power

vi the power factor

Solution
i.  From equation (11.11), the mean output voltage is given by

v, =*/EV/=\/EX24V=108V
? T T

From equation (11.12) the load rms voltage is
v, =\2V/2 = 240/2 = 169.7V

ii. The mean output current, equation (11.5), is
*,Vﬂ/ ,\/EV/ _ x/5x24y _
I = R = R (x10 = 10.8A

iii. The load impedance is characterised by

Z = R’ +(wl)’
=J10° +(27x50x0.05)° = 18.620hms
tan ¢ = wL/R
=27x50x0.05/10=1.57rad or ¢ =57.5°
From section 11.1.2, equation (11.17)
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14 ¢ 7/and
b = V/ sing —————
I, orlang _ jorlang

—e

Ly, = V2x 24%8 6 Xsin(tan™'1.57)x — L+e

e'r’l 57 _e*ﬂ/lv57

1.57

=341A

Hence, from equation (11.18)
I, =1,¢"" =341xe”"=2522A

ol o

iv. Integration of the diode current given in equation (11.18) yields the average diode
current.

7 17 T —ot/tan ¢
Iy=o- J‘ iy (o) dot =~ J' I e dot

25.22A

:zLj'zs.zzAxe NS oot = x1.57rad{1fe’ﬁ} =5.46A
T 0

The average input current, which is the rectifying diode mean current, is given by
Ip=1,-1y
=10.8A-5.46A =5.34A

iv. The load voltage harmonics given by equation (11.20) can be used to evaluate the
load current at the load impedance for that frequency harmonic.

v(t):%+\/22’/ 202y

sin(at)— cos(nmt
(0= 3 (s eostnon)
The following table shows the calculations for each frequency component.

n=246

harmonic v, = Z.= I,=
22r A
n (n-1)z R*+(noL) V,/Z,
0 108.04 10.00 10.80 116.72
1 169.71 18.62 9.1 41.53
2 72.03 32.97 2.18 2.39
4 14.41 63.62 0.23 0.03
6 6.17 94.78 0.07 0.00
8 3.43 126.06 0.03 0.00
L+Y Bl = | 160.67
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The rms load current is

1= [+ %12 =7160.7=12.68A

n=l,

The power dissipated in the load is therefore
Py, =1’ R=12.68A% x10Q =1606.7W

v. The diode rms current is

—(m{)/mna
\[ I e Cdaot

-y (2522Axe 7Y door =8.83A
2
T (l

Thus the input rms current is given by

1 =N = Loy
=/12.68" —8.83* =9.09A
The input power factor is
P .
pf =t _ 1606.7W —0.74

V. I 240Vx9.09A

L]
11.1.3  Full-wave bridge circuit

Single-phase uncontrolled full-wave bridge circuits are shown in figures 11.4a and
11.4b. Figures 11.4a and b appear identical as far as the load is concerned. It will be
seen in part b that two fewer diodes can be employed but this requires a centre-tapped
secondary transformer where each secondary has only a 50% copper utilisation factor.
For the same output voltage, each of the secondary windings in figure 11.4b must have
the same rms voltage rating as the single secondary winding of the transformer in
figure 11.4a. The rectifying diodes in figure 11.4b experience twice the reverse voltage,
as that experienced by each of the four diodes in the circuit of figure 11.4a. The use of
a centre tapped transformer secondary, halves the copper utilisation factor.

Figure 11.4c shows bridge circuit voltage and current waveforms. The load experiences
the transformer secondary rectified voltage which has a mean voltage of
14 :lI V3V sin ot dot
Tdo

V,,=Z,R=2‘E% - 0907 )

(11.22)
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Figure 11.4. Single-phase full-wave rectifier bridge: (a) circuit with four rectifying
diodes; (b) circuit with two rectifying diodes; and (c) circuit waveforms.
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The rms value of the load circuit voltage vy is

n 2
Vv = ﬁ , (\/EVsinwz) dot

(11.23)
=V V)

The ripple voltage is
V.

RI

1>

Vo= V:

= =) v =04351 V)

hence the voltage ripple factor is
K\ é VRI /Vw

K=1=(%) 2*54 = 0483 125

which is significantly less than the half-wave rectified value of 1.211 from equation
(11.14).
The output voltage in Fourier expansion form is given by

W2V & 22 2
v, (ot)=="—+ ) ==—x
V4

B
n2as T n -

The output current can be derived by dividing each voltage component by the

appropriates load impedance at that frequency. That is

v, 227

R R
v,

(11.24)

1cos(na)t) (11.26)

2 11.27)
P Y o S n=2,4,6.

"z, = R* Jr(n(oL)2

The load rms current whence load power, are given by

1, = I+ Y VeI

n=02.4

(11.28)
P =I,R

With a highly inductive load, which is the usual practical case, virtually constant load
current flows, as shown dashed in figure 11.4c. The bridge diode currents are then
square wave blocks of current of magnitude 7, . The diode current ratings can now be
specified and depend on the pulse number n. For this full-wave single-phase
application each input cycle comprises two output current pulses, hence n = 2.

The mean current in each diode is

In=Y1,=%I, A) (11.29)
and the rms current in each diode is
I,=Yal, =1,/\2 (A) (11.30)
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whence the diode current form factor is

K,=1,/1,=n=+2 (11.31)
Since the current is approximately constant, power delivered to the load is
PV, :%ﬂy% (W) (11.32)

11.2 Single-phase full-wave half-controlled converter

When a converter contains both diodes and thyristors, for example as shown in figure
11.5 parts a, b, and c, the converter is termed half-controlled. These three circuits
produce identical load waveforms neglecting any differences in the number and type of
semiconductor voltage drops. The power to the load is varied by controlling the angle
a, shown in figure 11.5d, at which the bridge thyristors are triggered. The circuit diodes
prevent the load voltage from going negative, extend the conduction period, and reduce
the ac ripple.

The particular application will determine which one of the three circuits should be
employed. For example, circuit figure 11.5a contains five devices of which four are
thyristors, whereas the other two circuits contain four devices, of which only two are
thyristors. The thyristor triggering requirements of the circuit in figure 11.5b are
simple since both thyristors have a common cathode connection.

Figure 11.5b may suffer from prolonged shut-down times with highly inductive loads.
The diode in the freewheeling path will hold on the freewheeling thyristor, allowing
conduction during that thyristors next positive cycle without any gate drive present.
This does not occur in circuits 11.5a and c¢ since freewheeling does not occur through
the circuit thyristors, hence they will drop out of conduction at converter shut-down.
The table in figure 11.5d shows which semiconductors are active in each circuit during
the various periods of the load cycle.

Various circuit waveforms are shown in figure 11.5d.

The mean output voltage and current are

V. =I.R= %I:ﬁ Vsin(ewt) deot

:ﬂ(Hcosa) V) (11.33)
T
},, == %(1 +cosa) (A)

where a is the delay angle from the point at which the associated thyristor first
becomes forward-biased and is therefore able to be turned on. The maximum mean
output voltage, ¥, = 22V /x (also predicted by equation 11.16), occurs at a= 0.
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Figure 11.5. Full-wave half-controlled converter with freewheel diodes:
(a), (b) and (c) different circuit configurations producing the same output; and (d)
circuit voltage and current waveforms and device conduction table.

The normalised mean output voltage V), is
V.=V IV, =%(1+cosa) (11.34)
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Equation (11.33) shows that the load voltage is independent of the load (because the
diodes clamp the load to zero volts thereby preventing the load from going negative),
and is a function only of the phase delay angle for a given supply voltage.

The rms value of the load circuit voltage v, is

1~ 2
V.. =.—| (V2Vsinot) dot
=L avsinan)
o+ asi
| a+'4sin2a W)
z

Equations (11.33) and (11.35) can be used to evaluate the load ripple voltage, defined
by equation (11.13), and load voltage ripple factor, defined by equations (11.14).

(11.35)

11.2i - Discontinuous load current, with o < 7 and f — a < z, the load current (and
supply current) is based on equation (11.1) which gives

i(wx):i‘(wz)=\/E%(sin(wt—¢)7sin(a—¢)em%””‘) (A) (1136)
as<wt<r

After ot = the load current decreases exponentially to zero through the freewheel

diode according to
(o) = iy (o = I,,e ™™™ (G (11.37)
O<wt<a

where for wt = 7 in equation (11.36)

J2 in(d—a)(1—e ™'n?
- 2% sin(g—a)(1—e ™)

11.2ii - Continuous load current, with < ¢ and f#—a > 7, the load current is given
by equations similar to equations (11.17) and (11.18), specifically

: alang _ 0 e
i) =i (o) = ﬁ%(sin(wt ,¢)+(w)e /m}

1—eg ™™ (11.38)
aswt<m (A)
While the load current when the freewheel diode conducts is
i(on =iy (o) = I, e "™ (A) (1139

O<at<a
where, when wt=r in equation (11.38)

2v / sing—sin(a—g)e "7
Ly, = é I T — (A)
Critical load inductance

The critical inductance, to prevent the current falling to zero, is given by
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I .
ol , :Biai%”+a+sma+zzcosﬂ (11.40)
R 1+cosa
for & <6 where
V
0 =sin" e = gin" LHCOS@ (11.41)
NGT 7

The minimum current occurs at the angle ¢, where the mean output voltage V, equals
the instantaneous load voltage, v,. When phase delay angle a is greater than the critical
angle 6, 6= o in equation (11.41) yields

%zi%ﬂJraJrsinaJrﬂcosa (11.42)

R 1+cosa

It is important to note that converter circuits employing diodes cannot be used when
inversion is required. Since the converter diodes prevent the output voltage from being
negative, regeneration from the load into the supply is not achievable.
Figure 11.5a is a fully controlled converter with an R-L load and freewheel diode. In
single-phase circuits, this converter essentially behaves as a half-controlled converter.

11.3 Single-phase controlled thyristor converter circuits
11.3.1 Half-wave circuit with an R-L load

The diode in the circuit of figure 11.1 can be replaced by a thyristor as shown in figure
11.6a to form a half-wave controlled rectifier circuit with an R-L load. The output
voltage is now controlled by the thyristor trigger angle, a. The output voltage ripple is
at the supply frequency. Circuit waveforms are shown in figure 11.6b.
The output current, hence output voltage, for the circuit is given by
di . .
Ldt+Rz—«/5Vsmwt W) (1143)
aswt<f (rad)
where phase delay angle a and current extinction angle / are shown in the waveform in
figure 11.6b and are the zero load current points.

Solving equation (11.43) yields the load and supply current

2r

i(a)t):T {sin(at - @) - sin(a -@)e'” "y (A)

where Z = \|[R® + (wL)’  (ohms) asot<f (11.44)
tan ¢ = wL/R

The current extinction angle f is dependent on the load impedance and trigger angle a,
and can be determined by solving equation (11.44) with wt = when i() = 0, that is
sin(B-¢) = sin(a-g) P! (11.45)
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This is a transcendental equation. A family of curves of current conduction angle
versus delay angle, that is f - a versus a, is shown in figure 11.7. The plot for
¢ ="ar is for a purely inductive load, whereas ¢ = 0 is a purely resistive load.

¥
D
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A
4O, “
L
(a}

Vo = ¥ ¥R

7 -

<

(b)

Figure 11.6. Single-phase half-wave controlled converter:
(a) circuit diagram and (b) circuit waveforms for an inductive load.

The mean load voltage, whence the mean load current, is given by

v, :Zij.ﬁﬁVsinwt dot

va

(11.46)
v, =Z,R= 22”V (cosa—cos f3) V)
where the angle f can be extracted from figure 11.7.
The rms load voltage is
Vs = [%”J‘ ”(«/EV)Z sin” ot da)t]
“ (11.47)

V2[5 -a) - ttsin2-sin2e0) |
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The rms current involves integration of equation (11.44), giving equation (11.67)/v2.
Iterative solutions to equation (11.45) are shown in of figure 11.7a, where it is seen that
two straight-line relationships exist between a and f-a. Exact solutions to equation
(11.45) exist for these two cases. That is, exact solutions exist for the purely resistive
load and the purely inductive load.

¢ = tan~ " fw L/ A)

(a)

Puraty

240
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Figure 11.7. Half-wave, controlled converter thyristor trigger delay angle a versus:
(a) thyristor conduction angle, B-a, and (b) normalised mean load current.
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11.3.1i - Case I: Purely resistive load. From equation (11.44), Z =R, ¢=0, and the
current is given by

. V27
()= sin(at) (A) (11.48)
a<ot<zmand f=7 Va
The average load voltage, hence average load current, is
vV, = ZLJ‘ "2V sinat dot
(11.49)
_7 J— 14
=[,R=-""—(+cosa) V)
The rms output voltage is
V= [%n[ ”(\/EV)E sin’ ot da)t}
(11.50)

ﬁV /[{(ﬂ' ‘/zsm2a)ﬂ

Since the load is purely resistive, /, =V /R and the power delivered to the load is

P =1’ R . The supply power factor, for a resistive load, is Py, /Vmslms, that is

a  sin2a
—+
4

of = (11.51)

11.3.1ii - Case 2: Purely inductive load. From equation (11.44), Z = wL, ¢ ="4r , and
the current is given by

i(wt):% (sin(ax —t47) -sin(a-%7))  (A)

v
wL

(cosa —coswt) (11.52)

a<ot<fand f=27-a
The average load voltage, based on the equal area criterion, is zero

J‘ x/—Vsma)td(ut— (11.53)

The average output current is
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{cosa - coswt}dot

i Iwﬁy

s (11.54)
N2V i
= [(7[ a)cosa+sma]
The rms output current is derived from
f 2V . T

1, = /,,I (cosa -cosar) dot (11.55)

The rms output voltage is
[/,,J'“ a(\/iV) sin’ ot da)t}
(11.56)

=2V [%”{(;r —a)+ ‘AsinZa)}]/:
Since the load is purely inductive load, P, =0.

By setting a = 0, the equations (11.48) to (11.56) are valid for the uncontrolled rectifier
considered in section 11.1.1, for a purely resistive and purely inductive load.

Example 11.2:  Half-wave controlled rectifier
The ac supply of the half-wave controlled single-phase converter in figure 11.6a is v =
V2 240 sinwt. For the following loads
Load 1: R=10Q,wL=0Q
Load2: R=0Q, oL =10Q
Load3: R=7.1Q, wL=7.1Q
determining in each load case, for a firing delay angle a = 7/6
e the conduction angle y, hence the current extinction angle
e the dc output voltage and the average output current
e the power dissipated in the load and power factor for the first two loads

Solution

Load 1: R=10Q, oL =0 Q
From equation (11.44), Z=10Q and ¢=0°.
From equation (11.48), =« for all a, thus for a = /6, y = - a = 57/6.
From equation (11.49)

7R
v, 71“R77(1+cosa)
J—

N2V (14 cos 7/6) =100.9V
The average load current is

1,=V,/R :*2%(1 +cosa) =100.9V/10Q=10.1A.
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The rms load current is given by equation (11.50), that is

y % [e{(7-a)-sin2a0}]
:‘/EXM%X [%{(ﬂfﬂ/sy l/zsin;r/s)}]‘ =200V

Since the load is purely resistive the power delivered to the load is
P=I'R=V'/R

=100V’ /10Q =1000W
The power factor is

1000W
- _J00OW 4417
P = Saov<10A

Load 2: R=0Q, oL =10Q
From equation (11.44), Z=10Q and ¢ =47 .
From equation (11.52), which is based on the equal area criterion, f = 2x - a,
thus for a = /6, B = 117/6 whence the conduction period is y = f— a = 57/3.
From equation (11.53)
vV, =0V

The average load current is

-y

‘:(ﬁ—a)cosa+sina ]
ol

J2 240
—X

7x10
Since the load is purely inductive the power delivered to the load is zero, as is
the power factor.

[(57/6)cosz/6+sinz/6 |=149A

Load3: R=7.1Q, oL =7.1Q
From equation (11.44), Z=10Q and ¢ ="Yrx .
From figure 11.7a, for ¢=Yawrand a=7/6, y = — a =195° whence p =
225°.
From equation (11.46)

_1r-M2r
V.=I,R= o (cosa —cos f3)
:%(cos 30°—-c0s225°) =85.0V

The average load current is
L=VI/R
=85.0V/7.1Q2=12.0A
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Alternatively, the average current can be extract from figure 11.7b, which for
¢ =" and a = /6 gives the normalised current as 0.35, thus

1= ﬁ% x0.35

= */5040%9 x0.35=11.9A
»

11.3.2  Half-wave half-controlled

The half-wave controlled converter waveform in figure 11.6b shows that when a < wt
< x, during the positive half of the supply cycle, energy is delivered to the load. But
when © < wt < 2rta, the supply reverses and some energy is returned to the supply.
More energy can be retained by the load if the load voltage is prevented from
reversing. A load freewheel diode can facilitate this objective.

The single-phase half-wave converter can be controlled when a load commutating
diode is incorporated as shown in figure 11.8a. The diode will prevent the
instantaneous load voltage v, from going negative, as with the single-phase half-
controlled converters shown in figure 11.5.

The load current is defined by equations (11.15) for & < wt < and equation (11.16) for
n < wt<2n+ a, namely:

L9 Ri =BV sinor A a<e<z

dr

o (11.57)
L;;+Ri:() (A) r<ot<2r+a

At wt = r the thyristor is commutated and the load current, and hence diode current, is
of the form of equation (11.18). As shown in figure 11.8b, depending on the delay
angle a and R-L load time constant, the load current may fall to zero, producing
discontinuous load current.

11.3.2i - For discontinuous conduction the load current is defined by

(ot =1 (o) = ﬁz V (sin(wt ~g)-sin(a—¢) e/v*) (A)

alot<rw
ion) = iy (o0 = 1, e (11.58)
:{«/EV wsin(g—a)( —e’“ﬂ"“’)}e oreaftang )

Tt <2r+a
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wi

for wt >

(b}

Figure 11.8. Half-wave half-controlled converter:
(a) circuit diagram and (b) circuit waveforms for an inductive load.

11.3.2ii - For continuous conduction the load current is defined by

i(ot) =i (01) = \/EZV x[sin((ut*¢)+(sm¢ el ,2;:;1(&7¢))eim%“""j
—e

altng

as<wt<rw (A)

i) =iy, (o) =1, e '™?
_|\2y sing-sin(@—g)e | e rang A
- 7 1—o 7 mé e (A)

Tt L2r+a

286

(11.59)
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The mean load voltage (hence mean output current) for all conduction cases is

14 :LJ‘”\/EVsinwt dot
¢ 2mda
(11.60)

v =7')R=@(l+cosa) W)

¢ T
which is half the mean voltage for a single-phase half-controlled converter, given by
equation (11.33). The maximum mean output voltage, V, = N (equation (11.11)),
occurs at a = 0. The normalised mean output voltage V, is
V”:Vu/l},) =% (+cosa) (11.61)
The rms output voltage for both continuous and discontinuous load current is

Ve = [%”J”(ﬁV) sin® ot dmt]h
- @ [% {(z-a)+sin 2a)}]‘@

The advantages of incorporating a load freewheel diode are
e the input power factor is improved and
e the load waveform is improved giving a better load performance

(11.62)

11.3.3  Full-wave circuit with an R-L load

Full-wave voltage control is possible with the circuits shown in figures 11.9a and b.
The circuit in figure 11.9a uses a centre-tapped transformer and two thyristors which
experience a reverse bias of twice the supply. At high powers where a transformer may
not be applicable, a four-thyristor configuration as in figure 11.9b is suitable. The
voltage ratings of the thyristors in figure 11.9b are half those of the devices in figure
11.9a, for a given input voltage.
Load voltage and current waveforms are shown in figure 11.9 parts c, d, and e for three
different phase control angle conditions.
The load current waveform becomes continuous when the phase control angle a is
given by

a=tan" wL/R=¢ (rad) (11.63)
at which angle the output current is a rectified sine wave. For a > g, discontinuous load
current flows as shown in figure 11.9c. At a = o the load current becomes continuous
as shown in figure 11.9d, whence f = a + m. Further decrease in g, that is a < o, results
in continuous load current that is always greater than zero, as shown in figure 11.9e.
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\

4
5\ \ s
\____,/'\ v \.\__ g
Figure 11.9. Full-wave controlled converter:
(a) and (b) circuit diagrams; (c) discontinuous load current; (d) verge of
continuous load current, when a = @; and (e) continuous load current.
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11.3.3i - a> ¢, f-a <, discontinuous load current
The load current waveform is the same as for the half-wave situation considered in

section 11.3.1, given by equation (11.44). That is

i(ot) = @ [sin(wt - ¢) - sin(a -g) e """ A (11.64)

asot<p (rad)
The mean output voltage for this full-wave circuit will be twice that of the half-wave
case in section 11.3.1, given by equation (11.46). That is

— 5
V, =IR= i‘[/ﬁVsinwtdwt

T

(11.65)
2y (cos a - cos ff) V)

where f can be extracted from figure 11.7. The average output current is given

The rms load voltage is
£y
V., =2 V[%I sin® ot d(t)t:|'/2

=27 [
The rms load current is

s = \2/51: [cos¢ cos(f—a)—sing cos(a+ ¢+ ﬂ)]% (11.67)

The load power is therefore P=1] R.

” (11.66)
{(ﬂ—a)+ ‘/z(sin2ﬂ—sin2a)}]

€1
2

11.3.3ii - a=¢, f-a =, verge of continuous load current
When o = ¢=tan" @wL/R, the load current given by equation (11.64) reduces to

i(ot) = 4 sin(ot — ¢) (A)

(11.68)
forp<awt<g+r (rad)
and the mean output voltage, on reducing equation (11.65) using f = a+n, is given by

NEYA

Va

v, = cosa V) (11.69)

which is dependent of the load such that ¢ = ¢=tan" @L/R . From equation (11.66),
with f—a =7, the rms output voltage is V, /=V/Z, and power = VI cos¢ .

11.3.3iii - a < ¢, - n = a, continuous load current
Under this condition, a thyristor is still conducting when another is forward-biased and
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is turned on. The first device is instantaneously reverse-biased by the second device
which has been turned on. The first device is commutated and load current is
instantaneously transferred to the oncoming device.
The load current is given by

P 2si - {(a - on)/tan 6}

i(wt) = o [sin(ot - ) - M e o)) (11.70)

7 g
This equation reduces to equation (11.68) for a =¢.
The mean output voltage, whence mean output current, are defined by equation (11.69)

232v

V,=1,R=

cosa V)
T
which is uniquely defined by o. The maximum mean output voltage, Vv, =22V ix
(equation (11.22)), occurs at a=0. The normalised mean output voltage V, is
V.=V IV, = cosa (11.71)
The rms output voltage is equal to the rms input supply voltage and given by

v, = %I:’“(\/EV):sinzwz dot =V (11.72)

The ac component harmonic magnitudes in the load are given by

N2V 1 1 2cos2a
-2r - 11.73
Gl X{(zn_1)2+(z,,+1)z (2n—1)(2n+1)J a7

forn=1,2,3...
The current harmonics are obtained by division of the voltage harmonic by its load
impedance at that frequency, that is
I = A P = (11.74)
Z, R +(noLy

Critical load inductance
The critical inductance, to prevent the current falling to zero, is given by
oL k4

it = c059+;sina—£cosa(‘/ﬂr+a+9) (11.75)
R 2cosa 7 4

for a <0 where

f ., 2cosa
=sin" ———

NEid
The minimum current occurs at the angle ¢, where the mean output voltage V, equals
the instantaneous load voltage, v,. When phase delay angle « is greater than the critical
angle 6, substituting =6 in equation (11.75) gives

0 =sin" (11.76)

erit

=—tana (11.77)
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Example 11.3:  Controlled full-wave converter — continuous conduction

The fully controlled full-wave converter in figure 11.9a has a source of 240V rms,
50Hz, and a 10Q 50mH series load. The delay angle is 45°.
Determine

i.  the average output voltage and current, hence thyristor mean current

ii. the rms load voltage and current, hence thyristor rms current

iii. the power absorbed by the load and the power factor

Solution

The load natural power factor angle is given by
¢=tan" wL/R =tan" (2750 x 50mH/10Q) = 57.5°

Since & < ¢ (45°<57.5°), continuous load current flows.

i. The average output current and voltage are given by equation (11.69)
V=1 R= &cosa :&cos%" =152.8V
T T
I =V, /R=152.8V/10Q =153A

Each thyristor conducts for 180°, hence the thyristor mean current is 'z of 15.3A =
7.65A

ii. The rms load current is determined by harmonic analysis. The voltage harmonics
are given by equation (11.73)

7\/5VX[ 1 1 2cos2a J

"2z N

+ 2
(2n-1) (2n+1)" (2n-1)(2n+1)
and the corresponding current is given from equation (11.74)

v 4

"z |k +(nwL)
The dc output voltage component is given by equation (11.69).
From the calculations in the following table, the rms load current is

I +'/zZIf =+/243.90 =15.45A
Since each thyristor conducts for 180°, the thyristor rms current is ), of 15.3A =

10.8A
The rms load voltage is given by equation (11.72), that is 240V.
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harmonic v, Z,= . Ja )
n R +(nwL) A VI?
0 152.79 10.00 15.28 233.44
1 60.02 18.62 3.22 5.19
2 8.16 32.97 0.25 0.03
3 3.26 48.17 0.07 0.00
4 1.77 63.62 0.03 0.00
L+ Al = 243.90

iii. The power absorbed by the load is
P =1 R=1545A"x10Q =2387W
The power factor is

o b B
V., I 240Vx1545A
»

11.3.4  Full-wave circuit with R-L and emf load

An emf source and R-L load can be encountered in dc machine modelling. The emf
represents the machine speed back emf, defined by E =k¢gw . These machines can be
controlled by a fully controlled converter configuration as shown in figure 11.10a.
If in each half sine period the thyristor firing delay angle occurs after the rectified sine
supply has fallen below the emf level E, then no load current flows since the bridge
thyristors will always be reverse-biased. Thus the zero current firing angle a,, for a,>
Yam is given by

«, =sin '(E/ﬁv) (rad) (11.78)

where it has been assumed the emf has the polarity shown in figure 11.10a. Load
current can flow with a firing angle defined by

0<ac<a, (rad) (11.79)
whence a=7-a,.
The load circuit current can be evaluated by solving

ﬁVsinwt:L%+Ri+E W) (11.80)
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§F —

la) v

(A

Figure 11.10. A full-wave fully controlled converter with an inductive load which
includes an emf source: (a) circuit diagram; (b) voltage waveforms with discontinuous
load current; (c) verge of continuous load current; and (d) continuous load current.
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11.3.4i - Discontinuous load current
The load current is given by

i(ot) = @ [sin(ot - ¢)-ﬁ/cos¢+
[/ cosg- sina -pfe Y (1181

asot Sf<m+a (rad)

For discontinuous load current conduction, the current extinction angle f, shown on
figure 11.10b, is solved by iterative techniques. The mean output voltage can be
obtained from equation (11.31), which is valid for £= 0. For non-zero £

v, :%Jf(ﬁVsian E) dot

V. o= ﬂ [cos o —cos ﬂ+(7r+a*ﬁ)ij V) (11.82)
4 \/EV
0<p-a<rz (rad)

The current extinction angle £ is load-dependent, being a function of &, Z, and E.
Since ¥ = E+1,R, the mean load current is given by

bk N —cos f-—E_(p-
I, = - (cosa cos f3 \/EV(ﬂ 0!)] (A)

R (11.83)
0<p-a<nx (rad)
The rms output voltage is given by
A
_ 2 B-a 2 B-a V. .
vV, = [V —t+E(1-—) —27(sm2ﬂ—sm2a)j V) (11.84)
The rms voltage across the R-L part of the load is given by
Ve =V — E* (11.85)
11.3.4ii - Continuous load current
With continuous load current conduction, the load rms voltage is V.
The load current is given by
i(wt) = @ [sin(@t - @) -Y/,/cosg+
SIH(7 ¢-¢) e (@~ e ¢,x] (11.86)
o
asot <r+a (rad)

The minimum current is given by
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. —r/ung
1=ﬁVsin(a7¢)57”7L (11.87)
VA e 1 o

For continuous load current conditions, as shown in figures 11.10c and 11.10d, the
mean output voltage is given by equation (11.82) with f=7—-«a

vV = WJ.“M\/E Vsinwt dot

) (11.88)
= 22y cosa V)

k4

i

tal w

(L}

—£

v

leh —

Figure 11.11. A full-wave controlled converter with an inductive load and negative
emf source: (a) circuit diagram; (b) voltage waveforms for discontinuous load current;
and (c) continuous load current.
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The average output voltage is dependent only on the phase delay angle a. The mean
load current is given by

- V-E 2V (2 E
I, =—= — | —cosa———— A 11.89
- = [” ﬁVJ ) (11.89)
The power absorbed by the emf source in the load is P = }E

The output voltage harmonic magnitudes for continuous conduction, are given by
equation (11.73), that is

”:\/EVX 1 - 1 - 2cos2a (11.90)
2z ((2n-1)  (2n+1) (2n-1)(2n+1)
The dc component across the R-L part of the load is
Vier =V, - E
22 (11.91)
= xcosa — E
V1

Critical load inductance
From equation (11.87) set to zero, the boundary between continuous and discontinuous
inductor current must satisfy

-7/ tan ¢
gsin(a—@ el £

> — 11.92
o1 (12

inversion

If the polarity of £ is reversed as shown in figure 11.11a, waveforms as in parts b and ¢
of figure 11.11 result. The emf supply can provide a forward bias across the bridge
thyristors even after the supply polarity has gone negative. The zero current angle o,
now satisfies m < ap < 3m/2, as given by equation (11.78). Thus load and supply current
can flow, even for a > .

The relationship between the mean output voltage and current is now given by

V =—-E+I,R (11.93)
That is, the emf term £ in equations (11.78) to (11.92) is appropriately changed to —E.
The load current flows from the emf source and the average load voltage is negative.
Power is being delivered to the ac supply from the emf source in the load, which is an
energy transfer process called power inversion. In general
0<a<90° v, >0 rectification
90°<a <180° v, <0 inversion

Example 11.4:  Controlled converter — continuous conduction and back emf

The fully controlled full-wave converter in figure 11.9a has a source of 240V rms,
50Hz, and a 10Q, 50mH, 50V emf series load. The delay angle is 45°.
Determine
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i.  the average output voltage and current

ii. the rms load voltage and the rms voltage across the R-L part of the load

iii. the power absorbed by the 50V load back emf

iv. the rms load current hence power dissipated in the resistive part of the load
v. the load efficiency, that is percentage of energy into the back emf and power
factor

Solution
From example 11.3, continuous conduction occurs since a < ¢ (45°<57.5°).
i. The average output voltage is given by equation (11.88)

22r

= cosa
‘ s
| 2 s 1528V
e
The average current, form equation (11.89) is
1, :H:w:m'zg,\
R 10Q2

ii. From equation (11.72) the rms load voltage is 240V. The rms voltage across the R-
L part of the load is
v, V: —E

RLrms = ¥

=+/240V* -50V* =234.7V

iii. The power absorbed by the 50V back emf load is
P=1,E=10.28Ax50V =514W

iv. The R-L load voltage harmonics are given by equations (11.90) and (11.91):

. _2hv

L xcosa — E

T
_ﬁVX[ 1 1 20520t
(

T+ -
"2z \(2n-1) (20+1) (2n-1)(2n+1)
The harmonic currents and voltages are shown in the table to follow.
The rms load current is given by

1, = +%Y I =/110.88 =10.53A

The power absorbed by the 10Q load resistor is
P, =1’ R=10.53A"x10Q =1108.8W
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harmonic v, Z,= . Ja )
n R +(nwL) A VI?
0 102.79 10.00 10.28 105.66
1 60.02 18.62 3.22 5.19
2 8.16 32.97 0.25 0.03
3 3.26 48.17 0.07 0.00
Ly = 110.88

vi. The load efficiency, that is, percentage energy into the back emf E is

14W

’7:57“00%:31.7%

514W +1108.8W

The power factor is
P + 5

of = ) =514W 11088W=0‘49

v, I, 240Vx10.53A

L]

114 Three-phase uncontrolled converter circuits

Single-phase supply circuits are adequate below a few kilowatts. At higher power
levels, restrictions on unbalanced loading, line harmonics, current surge voltage dips,
and filtering require the use of three-phase (or higher) converter circuits. Generally it
will be assumed that the output current is both continuous and smooth. This assumption
is based on the dc load being highly inductive.

11.4.1 Half-wave rectifier circuit with an inductive load

Figure 11.12 shows a half-wave, three-phase diode rectifier circuit along with various
circuit voltage and current waveforms. A transformer having a star connected
secondary is required for neutral access, N.

The diode with the highest potential with respect to the neutral conducts a rectangular
current pulse. As the potential of another diode becomes the highest, load current is
transferred to that device, and the previously conducting device is reverse-biased and
naturally (line) commutated.

In general terms, for an n-phase system, the mean output voltage is given by
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Figure 11.12. Three-phase half-wave rectifier:
(a) circuit diagram and (b) circuit voltage and current waveforms.

(11.94)

Va
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For a three-phase, half-wave circuit (n = 3) the mean output voltage is
_ 1 S5x/6 .
v, /%J‘” V2 Vsinaet dot

‘ (11.95)
- jﬁ )

The diode conduction angle is 2n/n, namely %m. The peak diode reverse voltage is
given by the maximum voltage between any two phases, \3\2 ¥ = V6 V.

From equations (11.29), (11.30), and (11.31), for a constant output current, } =1

o rms >

the mean diode current is
I, =il =11 (A) (11.96)

and the rms diode current is
I,=)Yul,, ~Vul,=)5l, (A (11.97)
The diode current form factor is

K,=1,/1,=3 (11.98)
The rms load voltage is
_ |1 5x/6 2 )
Vo ’\//AI (27) sin‘or dex (11.99)
=1.19v
The load form factor is
VFF:V'"%:I.WV/I.WV:].OI (11.100)

The ripple factor = ac voltage at the load
dc volatge at the load

(11.101)

If neutral is available, a transformer is not necessary. The full load current is returned
via the neutral supply. This neutral supply current is generally not acceptable other than
at low power levels. The simple delta-star connection of the supply in figure 11.12a is
not appropriate since the unidirectional current in each phase is transferred from the
supply to the transformer. This may result in increased magnetising current and iron
losses if dc magnetisation occurs. This problem is avoided in most cases by the special
interconnected star winding, called zig-zag, shown in figure 11.13a. Each transformer
limb has two equal voltage secondaries which are connected such that the magnetising
forces balance. The resultant phasor diagram is shown in figure 11.13b.

As the number of phases increases, the windings become less utilised per cycle since
the diode conduction angle decreases, from 7 for a single-phase circuit, to %m for the
three-phase case.
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v, . .

(]

Figure 11.13. Three-phase zig-zag interconnected star winding:
(a) transformer connection and (b) phasor diagram of transformer voltages.

11.4.2  Full-wave rectifier circuit with an inductive load

Figure 11.14a shows a three-phase full-wave rectifier circuit where no neutral is
necessary and it will be seen that two series diodes are always conducting. One diode
can be considered as being in the feed circuit, while the other is in the return circuit. As
such, the line-to-line voltage is impressed across the load. The rectifier circuit
waveforms in figure 11.14b show that the load ripple frequency is six times the supply.
Each diode conducts for %m and experiences a reverse voltage of the peak line voltage.
The mean load voltage is given by twice equation (11.95), that is

V,=I1R :%J‘:lﬁVL sinwt dwt (\%) -
Y% V33

22y, =135,
7l3 &

where V7 is the line-to-line rms voltage.
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Figure 11.14. Three-phase full-wave bridge rectifier:
(a) circuit connection and (b) voltage and current waveforms.
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The output voltage harmonics are given by

v, :# (11.103)
7r(n —l)
forn=6, 12, 18, ..
The rms output voltage is given by
1 2113 N .
v.=|l— 2V, sin” ot dwt
(27[/6'..”3 . j
(11.104)

& =1.352V,

2z
The load form factor = 1.352/1.35=1.001 and the ripple factor = \form factor -1 = 0.06.
For highly inductive load, that is a constant load current:

the mean diode current is

=V,

L

I, =%1 =41 (A) (11.105)
and the rms diode current is
Iy =Yl =Yl = Ysl, (A (11.106)
and the power factor for a constant load current is

pf’:%:oyss (11.107)
The rms input line currents are
1. :\/g I, (11.108)
3
The diode current form factor is
K,=1,. /1,=\3 (11.109)

Example 11.5:  Three- phase full wave rectifier

The full-wave three-phase rectifier in figure 11.14a has a three-phase 415V 50Hz
source (240V phase), and a 10Q2, 50mH, series load.
Determine

i.  the average output voltage and current

ii. the rms load voltage and the ac output voltage

iii. the rms load current hence power dissipated and power factor

iv. the load power percentage error in assuming a constant load current

v. the diode average and rms current requirements
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Solution

i. From equation (11.102) the average output voltage and current are
V.= R=135V, =1.35x415V = 560.45V
;= V, 560451
"R 10Q
ii. The rms load voltage is given by equation (11.104)
v, =1352V, =1.352x415V = 560.94V

=56.045A

The ac component across the load is
Vi=Vp =V;
=+/560.94V* —560.45V* =23.45V

iii. The rms load current is calculated from the harmonic currents, which are
calculated from the harmonic voltage given by equation (11.103).

v,= ;-
harmonic 67 — [ =L
n —= Rer(na)L)z "z VLI’
ﬁ(n —1) "
0 560.45 10.00 56.04 3141.01
32.03 94.78 0.34 0.06
12 7.84 188.76 0.04 0.00
D+ nl = 3141.07

The rms load current is

L, =L+ AL
=/3141.07=56.05A
The power absorbed by the 10Q load resistor is
P =1’ R=56.05A>x10Q = 31410.7W

The power factor is

. 31410.7W 0955

%
i [3% 415V x \E x56.05A

This power factor value of 0.955 is as predicted by equation (11.107), ¥, for a
constant current load current.

iv. The percentage output power error in assuming the load current is constant is given
by
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P, I’R _56.045A’x10Q _ 31410.1W —o0y
P, IR 56.05A’x10Q  314107W

v. The diode average and rms current are given by equations (11.105) and (11.106)
I, = A1 =}5x56.045=18.7A
Ly = V5l .. = V5x56.05=23.4A

&

11.5 Three-phase half-controlled converter

Figure 11.15a illustrates a half-controlled converter where half the devices are
thyristors, the remainder being diodes. As in the single-phase case, a freewheeling
diode can be added across the load so as to allow the bridge thyristors to commutate.
The output voltage expression consists of V2V 3v3/2x due to the uncontrolled half of
the bridge and V2V 3V3 x cos a /21 due to the controlled half which is phase-
controlled. The half-controlled bridge mean output is given by the sum, that is

v, :ﬁVﬂ(H—cosa) :\/EV, i(1 +cosa)
27 2r
=234V (1+cosa) \%) (11.110)
0<as<rm (rad)
Ata =0, V=2V 3\3/x = 135 V1, as in equation (11.46). The normalised mean
output voltage V, is
V.= VIV, =Y%(1+cos) (11.111)
The diodes prevent any negative output, hence inversion cannot occur. Typical output
voltage and current waveforms for an inductive load are shown in figure 11.15b.
11.5i - For a < Yim
When the delay angle is less than sm the output waveform contains six pulses per
cycle, of alternating controlled and uncontrolled phases, as shown in figure 11.15b. The
output current is always continuous since no voltage zeros occur.
The rms output voltage is given by
a+5x/6 2
V- \/i [ 3(2r) sin*(ot -z /6) da
2

arrl6

:\/gx/zV(%(zz—aP/zsin%:)y (11.112)
T

fora<z/3
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Figure 11.15. Three-phase half-controlled bridge converter:
(a) circuit connection; (b) voltage and current waveforms for a small firing delay angle
a; and (c) waveforms for o. large.

11.5ii - For a = Y%n

For delay angles greater than s the output voltage waveform is made up of three
controlled pulses per cycle, as shown in figure 11.15¢c. Although output voltage zeros
result, continuous load current can flow through a diode and the conducting thyristor,
or through the commutating diode if employed. The rms output voltage is given by
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v :\/% [ 3(V2v) sin’(or-/6) dor

:\/gﬁV[%(ﬁ—a+‘/zsin2a)) (11.113)
T
fora>nz/3

11.6 Three-phase controlled thyristor converter circuits
11.6.1 Half-wave circuit with an inductive load

When the diodes in the circuit of figure 11.12 are replaced by thyristors, as in figure
11.16a, a fully controlled half-wave converter results. The output voltage is controlled
by the delay angle a. This angle is specified from the thyristor commutation angle,
which is the earliest point the associated thyristor becomes forward-biased, as shown in
parts b, ¢, and d of figure 11.16. (The reference is not the phase zero voltage cross-over
point). The thyristor with the highest instantaneous anode potential will conduct when
fired and in turning on will reverse bias and turn off any previously conducting
thyristor. The output voltage ripple is three times the supply frequency and the supply
currents contain dc components. Each phase progressively conducts for periods of Ysm.
The mean output for an n-phase half-wave controlled converter is given by (see

example 11.2)
v, = 2y J.'Hz:ésa)t dot

© 2wl ) (11.114)
=\/EVWCOS(Z V)

which for the three-phase circuit considered with continuous load current gives

V=Z,R=32£\/5Vcosa=1.17Vcosa 0<as<z/6 (11.115)
T

For discontinuous conduction, the mean output voltage is

v, =Z,R=32£x/5V(l+cos(a+7r/6)) 7l6<a<sz/6 (11.116)
va

The mean output voltage is zero for a = "am. For 0 < a < n/6, the instantaneous output
voltage is always greater than zero. Negative average output voltage occurs when a >
Ysm as shown in figure 11.16d. Since the load current direction is unchanged, for a >
Vam, power reversal occurs, with energy feeding from the load into the ac supply.
Power inversion assumes a load with an emf to assist the current flow, as in figure
11.11. If & > 7 no reverse bias exists for natural commutation and continuous load
current will freewheel.
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Figure 11.16. Three-phase half-wave controlled converter: (a) circuit connection;
(b) voltage and current waveforms for a small firing delay angle a; (c) and (d) load
voltage waveforms for progressively larger delay angles.

The maximum mean output voltage V.= 2V 3\3 /2m occurs at @ = 0. The normalised
mean output voltage V, is

V.=V IV =cosa (11.117)
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With an R-L load, at V,= 0, the load current falls to zero. Thus for a > Y:r, continuous
load current does not flow for an R-L load.
The rms output voltage is given by

Vo= (] (2 s dex

\/— Y
= ﬁﬁV{%+£sin2a}

(11.118)

11.6.2  Half-wave converter with freewheel diode

Figure 11.17 shows a three-phase, half-wave controlled rectifier converter circuit with
a load freewheel diode. This diode prevents the load voltage from going negative, thus
inversion is not possible.
11.6.2i - For a < m/6 the output is as in figure 11.16b, with no voltage zeros occurring.
The mean output is given by equation (11.115), that is
- 3B
VﬂflungﬁVcosafl.WVcosa V) (1.119)
0<a<r/6 (rad)
The maximum mean output ¥, = \2¥ 3\3/21 occurs at a = 0. The normalised mean
output voltage, V, is given by
V. =V IV, = cos a (11.120)
11.6.2ii - For a>n/6, voltage zeros occur and the negative portions in the waveforms in
parts ¢ and d of figure 11.16 do not occur. The mean output voltage is given by
v, :Z}R:—ﬁV J.” sinawt dwt
’ 27 /39 awais
\2r
=——(1+cos(a+7/6 A% 11.121
Py 3( ( ) (\%) ( )
n/6<a<5m/6
The normalised mean output voltage V,, is

V. = VIV, = [l + cos(a+r/6)]/\3 (11.122)
The average load current is given by
- V-FE
[ =—=—— 11.123
e ( )

These equations assume continuous load current.

11.6.2i — For a>57/6. A delay angle of greater than 57/6 would imply a negative
output voltage, clearly not possible with a freewheel load diode.
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T e— T2

Figure 11.17. A half-wave fully controlled three-phase converter
with a load freewheel diode.

11.6.3  Full-wave circuit with an inductive load

A three-phase bridge is fully controlled when all six bridge devices are thyristors, as
shown in figure 11.18a. The frequency of the output ripple voltage is six times the
supply frequency and each thyristor always conducts for %mn. Circuit waveforms are
shown in figure 11.18b. The mean output voltage is given by

v, :lj “‘%:\/Ex/ngin(a)t-#ﬂ/G) dot
g

=£\/5Vcosa=2.341/cosa W) (11.124)
V3

0<a<r/6
which is twice the voltage given by equation (11.115) for the half-wave circuit, and

3
V=—=—A2V|1+ +7/6) =234V \%
. V2 [ cos(a+7 ):I cosa (V) (11.125)

7/6<a<5r/6 _
The average output current is given by /, =¥, /Rin each case. If a load back emf
exists the average current becomes

I === (11.126)

The maximum mean output voltage ¥V,=\2¥ 3\3/z occurs at @ = 0. The normalised
mean output V, is

V.=V IV,=cosa (11.127)
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)

Figure 11.18. A three-phase fully controlled converter:
(a) circuit connection and (b) load voltage waveform for four delay angles.

For delay angles up to 'sm, the output voltage is at all instances non-zero, hence the
load current is continuous for any passive load. Beyond 'sm the load current may be
discontinuous. For a > Ysn the current is always discontinuous for passive loads and the
average output voltage is less than zero. With a load back emf the critical inductance
for continuous load current must satisfy

gx{sin(a—¢+%”)+2mn(s+u;iﬁﬂz \/555[/

(11.128)

where tang=wL/R.
The rms value of the output voltage is given by
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V. = (% [7753(v27) sin (@) dor j/

) (11.129)
_ LN "
7\/5\/EV 1+?sm2a

The normalise voltage harmonic peaks magnitudes in the output voltage, with
continuous load current, are

W31 1 2cos2a :
v, =222 . - 11.130
= z [(6;1—1)‘+(6n+1)‘ (6n—1)(6n+1)] ( )

forn=1,2,3...
The actual harmonics occur at 6xn.

11.6.4  Full-wave converter with freewheel diode

Both half-controlled and fully controlled converters can employ a load freewheel
diode. These circuits have the voltage output characteristic that the output voltage can
never go negative, hence power inversion is not possible. Figure 11.19 shows a fully
controlled three-phase converter with a freewheel diode D.
e The freewheel diode is active for a > Ysm. The output is as in figure 11.18b for
a <Ymn. The mean output voltage is

VU:Z,R:%\EVCOS(Z:ZMVCOS& V) (11.131)
0<a<r/3 (rad)
The maximum mean output voltage V.= 2V 3¥3/m occurs at a = 0.
The normalised mean output voltage V, is given by
V.= VIV, = cos a (11.132)
e while
I/”:Z}R:%\/EV(HCOS(O:-#”B)) W) (11.133)
r/3<a<2x/3 (rad)
The normalised mean output, V,, is
V.= VIV, = l+cos (a+x/3) (11.134)
e while
V=0 V) (11.135)

27/3 £ & (rad)
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In each case the average output current is given by Z, =¥, /R, which can be modified
to include any load back emf, that is, 7, = (I{ — E)/R .

ia
Va Ty Ts Ts
—

¥b
T
LOAD [] Vo
Ve
a——

21574 Zf-Ts T2

Figure 11.19. A full-wave three-phase controlled converter with a load free-
wheeling diode (half-controlled).

Example 11.6:  Converter average load voltage

Derive a general expression for the average load voltage of an n-pulse controlled
converter.

Solution
Figure 11.20 defines the general output voltage waveform where 7 is the output pulse

number. From the output voltage waveform

1 rina

V= N2V cosart dot
27/ nd wima
2V, . .
:\/7 (sin(a + 7/ n)=sin(a -7z /n))
27/n
= ﬁV 2sin(z/n) cosa
27/n
14 :\/EVsin(zz/n)cosa
zln
=I2005a V)

where
for n = 2 for the single-phase full-wave controlled converter in figure 11.9.
for n =3 for the three-phase half-wave controlled converter in figure 11.16.
for n = 6 for the three-phase full-wave controlled converter in figure 11.18.
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Figure 11.20. A half-wave n-phase controlled converter: (a) output voltage and
current waveform and (b) transfer function of voltage versus delay angle a.

L]
11.7 Overlap
In the previous sections, impedance of the ac source has been neglected, such that
current transfers or commutates instantly from one switch to the other with higher

anode potential. However, in practice the source has inductive reactance X, and current
takes a finite time to fall in the device turning off and rise in the device turning on.
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Consider the three-phase half-wave controlled rectifying converter in figure 11.16a,
where it is assumed that a continuous dc load current, /,, flows. When thyristor 7} is
conducting and 75 is turned on after delay a, the equivalent circuit is shown in figure
11.21a. The source reactances X; and X; limit the rate of change of current in 77 as i;
decreases from /, to 0 and in 7 as i, increases from 0 to /,. These current transitions in
T, and T, are shown in the waveforms of figure 11.21d. A circulating current, i, flows
between the two thyristors. If the line reactances are identical, the output voltage
during commutation, v,, is mid-way between the conducting phase voltages v; and v,,
as shown in figure 12.21b. That is v, = "2(v; + v,), creating a series of notches in the
output voltage waveform as shown in figure 11.21c¢. This interval during which both 7;
and 7, conduct (i # 0) is termed the overlap period and is defined by the overlap angle
7. Ignoring thyristor voltage drops, the overlap angle is calculated as follows
v,—v, =2Ldi/dt
With reference = 0 when 7 is triggered

v, =V, =V, =\/§V =x/§\/EVsin(wt+a)

Pphase
where ¥ is the line to neutral rms voltage.
Equating these two equations

2Ldildt =32 Vsin(wt + )
Rearranging and integrating gives

NENEY4
i(wt) =————(cosa —cos(wt +a

(@) 2wL ( ( ))

Commutation from 7; to 7>is complete when i=/,, at wt =y, that is
NEREY4

[ =————(cosa—cos(y+a A 11.136

| (r+a)) @) (11.136)

Figure 11.21b shows that the load voltage comprises the phase voltage v, when no
source inductance exists minus the voltage due to circulating current v, (= Ya(v; + v3))
during commutation.
The mean output voltage ¥V is therefore

Vi=v -,

1 25716 -
- 2;;/3[ [rdor -[ Ao ]

where v,= Y2(v; + v2)

3 J.MZ%\/EVsin(a)Ha)da)t

’ :2” 7‘.‘MWG«/EV{sin(wt+2%)+sina}t}da)t

arzl6
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| 2
Vy = %(ve-va)
(a) (b)
" Rectifying a < 90° Inverting a > 90*
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Figure 11.21. Overlap: (a) equivalent circuit during overlap; (b) angle relationships;
(c) load voltage for different delay angles a (hatched areas equal to I,L; last overlap
shows commutation failure); and (d) thyristor currents showing eventual failure.
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V”r=%\/§\/EVcosa—%%ﬁV(cosa—cos(a—}/)) (11.137)
33
Vi ===\2V + + 11.138
. pp \/_ [cosa cos(a ;/)] ( )

which reduces to equation (11.115) when y = 0. Substituting cos a - cos (a + y) from
equation (11.136) into equation (11.137) yields

V;:&\E Vcosa—iwLIO (11.139)
2 2z

thatis V7 =V, 7ziwu(, (11.140)
T

The mean output voltage V, is reduced or regulated by the commutation reactance X, =
L and varies with load current magnitude 7, Converter semiconductor voltage drops
also regulate the output voltage. The component 3wL/2x is called the equivalent
internal resistance. Being an inductive phenomenon, it does not represent a power loss
component.
The overlap occurs immediately after the delay . The commutation voltage, v, - v, is

3 V2 ¥ sin a. The commutation time is inversely proportional to the commutation
voltage v; - v;. As a increases to 7, the commutation voltage increases to a maximum
and the overlap angle y decreases to a minimum at ‘2n. From equation (11.136), with a
=n

;>= arc sin(2wLl, /\/5\/5 V)

The general expressions for the mean load voltage V. of a n-pulse, fully-controlled
rectifier, with underlap, are given by

yr o2

= sin%, | cosa +cos(a + 11.141
' 2x/n [ ( }/)] ¢ )
and
V= \/gV sin%, cosa — nX,J /27 (11.142)
wln

where V' is the line voltage for a full-wave converter and the phase voltage for a half-
wave converter. Effectively, as shown in figure 11.22, overlap reduces the mean output
voltage by nfLl, or as if a were increased. The supply voltage is effectively distorted
and the harmonic content of the output is increased. Equating equations (11.141) and
(11.142) gives the mean output current

I= ‘/)E(V sin% (cosar—cos(y + ) (A) (11.143)

which reduces to equation (11.136) when n = 3.
Harmonic input current magnitudes are decreased by a factor sin (Vany )/ Yany .
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Vo' -7 1=0,7=10
I, o - ~ =0,
! Prae from equation 11.76
L — /=n2"V/axsinw/nxcosa
-_— __Vo’ Vo'=0,y=mn
[ 5 p— _ from equation 11.81
\n2"V/exsinn/nxcosa < 1,=2x2"V/Xxsinz/nxcosa
—— N .
p— N 5
slope = ’
-nX2n I'
1,

(a) (b)

Figure 11.22. Overlap regulation model:
(a) equivalent circuit and (b) load plot of overlap model.

11.8 Overlap - inversion

A fully controlled converter operates in the inversion mode when o > 90° and the mean
output voltage is negative and less than the load back emf shown in figure 11.21a.
Since the direction of the load current 7, is from the supply and the output voltage is
negative, energy is being returned, regenerated into the supply from the load. Figure
11.23 shows the power flow differences between rectification and inversion. As a
decreases, the return energy magnitude increases. If a plus the overlap y exceeds wf =
«, commutation failures occurs. The output goes positive and the load current builds up
uncontrolled. The last commutation with a = z in figures 11.21b and c results in a
commutation failure of thyristor 7. Before the circulating inductor current i has
reduced to zero, the incoming thyristor 7, experiences an anode potential which is less
positive than that of the thyristor to be commutated 77, v; - v.< 0. The incoming device
T, fails to stay on and conduction continues through 7, impressing positive supply
cycles across the load. This positive converter voltage aids the load back emf and the
load current builds up uncontrolled.
Equations (11.141) and (11.142) are valid provided a commutation failure does not
occur. The controllable delay angle range is curtailed to

O<a<zm-y
The maximum allowable delay angle @ occurs when @+y =z and from equations
(11.141) and (11.142) with a+y = 7 gives

~ XI
a=cos {——=-—-1i<7x rad, 11.144
{ﬁVsinﬂ/n } (rad) ( )
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In practice commutation must be complete J rad before wt = 7, in order to allow the
outgoing thyristor to regain a forward blocking state. Thatis a+y+J < 7. J is known
as the recovery or extinction angle.

D e Ll
rectification T i T i
R R
Vs + Vs | power
>0 Yo n >0 vo
@ vs>0 L ’\/ V<0 L
O0<a<’m vm<a<m
power + + power
out power out
in T inversion + ; ;
(a) (b)

Figure 11.23. Controlled converter model showing: (a) rectification and (b) inversion.

Example 11.7:  Converter overlap

A three-phase full-wave converter is supplied from the 415 V ac, 50 Hz mains with
phase source inductance of 0.1 mH. If the average load current is 100 A continuous,
determine the supply reactance voltage drop, the overlap angle, and mean output
voltage for phase delay angles of (i) 0° and (ii) 60°

Ignoring thyristor forward blocking time requirements, determine the maximum
allowable delay angle.

Solution
Using equations (11.141) and (11.142) with » = 6 and V' =415 V ac, the mean supply
reactance voltage

= anr il =5 x2250x10% <107
2 2
=3V
i. a =0° - as for uncontrolled rectifiers. From equation (11.142), the

maximum output voltage is

7= 14 siny,cosa —nX I, /2x
2z/n
- Msin%xcoso 3V =557.44V
27/6

From equation (11.141)
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2y
144 :msmn/n[cosaﬁ-cos(a-%—y)]

V2 x415
2716
that is y =8.4°

557.44 = xsin/r/éx[1+cos;/]

ii. a=60°
B V.
V= sin7,cosa +nX I /2m
27/n
_Y2x4ls sin 7 x cos 60° — 3V = 277.22V
27/6
\2v

7 = sinz/n| cosa +cos(a+
 2z/n n[ ( }/)]

277.22 = M xYax [cosﬁO" +cos(60°+ y)]

27 /6

thatis y =0.71°

Equation (11.144) gives the maximum allowable delay angle as

a=cos’ L—l
«/EVsinzz/n

B ,,{Znsono"xloz }
=cos' { ———-1

J2x415%4
=171.56° and V7 = —557.41V
»

119  Summary
General expressions for n-phase converter mean output voltage, V,

(i) Half-wave and full-wave, fully-controlled converter
v, = ﬁ v sin(z/n) cosa
wln

where V'is
the rms line voltage for a full-wave converter or
the rms phase voltage for a half-wave converter.
cosa = cosy , the supply displacement factor

320
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Figure 11.24. Converter normalised output voltage characteristics as a function of
firing delay angle o.

(ii) Full-wave, half-controlled converter
v, =\/5VM (1+cosa)
zln

where V'is
the rms line voltage.
(iii) Half-wave and full-wave controlled converter with load freewheel diode
V,,:\/EVMCOW O<a<ar—rln
z/n
1+cos(a+Yer—7x/
V,,:\EVM hr—rin<a<%r+rln
27/n

the output rms voltage is given by
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v, =2V %+w a+r/n<er
" 4r/n

cos(2a-2x/
VmZ\EV\V/‘/A+E—L—u a+m/n>%r
" 8 4rx/n 87/n

where V'is
the rms line voltage for a full-wave converter or
the rms phase voltage for a half-wave converter.
n = 0 for single-phase and three-phase half-controlled converters
= i for three-phase half-wave converters
= Ysm for three-phase fully controlled converters

322

These voltage output characteristics are shown in figure 11.24 and the main converter

circuit characteristics are shown in table 11.1.
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11.10  Definitions

V. average output voltage } average output current
I

V. rms output voltage

ms

rms output current

s

v peak output voltage 7 peak output current

Load voltage form factor = FF, = V% Load voltage crest factor = CF, = %

Load current form factor = FF, = ]% Load current crest factor = CF, = %

dc load power

Rectification efficiency =77 = "
ac load power + rectifier losses

- V1,
v, 1. +Loss

rms™ rms rectifier

i v
Waveform smoothness = Ripple factor = K, = effective values of ac V” (or /) =2
average value of V' (or /) V.

= %: ,FF:Z—I

where Vy = [i}(vj” +v], )}

n=l

I
similarly the current ripple factor is K, = =% = \[FF" -1

K, = K, for a resistive load
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Problems

11.1.  For the circuit shown in figure 11.25, if the thyristor is fired at & = Y41
i.  derive an expression for the load current, i
ii.  determine the current extinction angle,
iii. determine the peak value and the time at which it occurs
iv.  sketch to scale on the same wt axis the supply voltage, load voltage, thyristor

voltage, and load current.
-
4
b

v = 240,/2 sin 22501 .,j X, =100

Figure 11.25. Problem 11.1.

11.2.  For the circuit shown in figure 11.26, if the thyristor is fired at o=V
determine

i. the current extinction angle, £

ii. the mean and rms values of the output current

iii. the power delivered to the source E.

Sketch the load current and load voltage v.

T i
I
>N
| X, =108
C'-D v =240,/2 sin 20501
|+

J E=120/2 (V)

Figure 11.26. Problem 11.2.

11.3. Derive equations (11.17) and (11.18) for the circuit in figure 11.3.

11.4.  Assuming a constant load current derive an expression for the mean and rms
device current and the device form factor, for the circuits in figures 11.4 and 11.5.
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11.5.  Plot load ripple voltage Kz, and load voltage ripple factor K,, against the
thyristor phase delay angle a for the circuit in figure 11.5.

11.6.  Show that the average output voltage of a n-phase half-wave controlled
converter with a freewheel diode is characterised by

4 =ﬁVWcosa V)
O<a<%-z/n
l+cosa+Yer—m
v, =y ZSRET R AT \%
’ 27/n i\

hr-wr<a<'hr+imrw

11.7.  Show that the average output voltage of a single-phase fully controlled
converter is given by
227
T

cosa

Assume that the output current /, is constant.
Prove that the supply current Fourier coefficients are given by

41, .
a,=——=sinna
nx

41
b, =—=cosna

nr
for n odd.
Hence or otherwise determine (see section 12.6)
i the displacement factor, cos y
ii. the distortion factor, x
iii. the total supply power factor 4.
Determine the supply harmonic factor, p, if
p=111,

where Jj, is the total harmonic current and /, is the fundamental current.

11.8. Show that the average output voltage of a single-phase half-controlled converter

is given by
v, = 7\/5 v (1+cosa)
T
Assume that the output current /, is constant.
Determine i the displacement factor, cos y
ii. the distortion factor, 1
iii. the total supply power factor, A.

Show that the supply harmonic factor, p (see problem 11.7), is given by
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4(1+cosa)
11.9.  Draw the load voltage and current waveforms for the circuit in figure 11.8a
when a freewheel diode is connected across the load. Specify the load rms voltage.
11.10. A centre tapped transformer, single-phase, full-wave converter (figure 11.9a)
with a load freewheel diode is supplied from the 240 V ac, 50 Hz supply with source

inductance of 0.25 mH. The continuous load current is 5 A. Find the overlap angles for

i. the transfer of current form a conducting thyristor to the load freewheel diode and
ii. from the freewheel diode to a thyristor when the delay angle o is 30°.

7, =cos” {1 —ﬂ} =2.76°

v

oLl
¥,.g =CO8 '{cosa—\/_ 2 }—0:0.13"
2V

11.11.  The circuit in figure 11.6a, with v = V2 ¥ sin(wt + a), has a steady-state time

response of
\ar
z

i(wt)= {sin(wt+a—¢)7sin(a,¢)ew I_}

where a is the trigger phase delay angle after voltage crossover, and
$=tan"'(wL/R)
Sketch the current waveform for a = i and Z with

i R>>wL
ii. R=oL
iii. R<<wL.

[(N2 V/R) sin(wt + %m); (V/R) sin t; (V/wL) (sin wt - cos wt + 1)]

11.12. A three-phase, fully-controlled converter is connected to the 415 V supply,
which has a reactance of 0.25 Q/phase and resistance of 0.05 Q/phase. The converter is
operating in the inverter mode with a = 150° and a continuous 50 A load current.
Assuming a thyristor voltage drop of 1.5 V at 50 A, determine the mean output voltage,
overlap angle, and available recovery angle.

[-485.36 V-3V -5V -11.94 V=-505.3V; 6.7°; 23.3°]
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11.13.  For the converter system in problem 11.12, what is the maximum dc current
that can be accommodated at a phase delay of 165°, allowing for a recovery angle of
5°?

[35.53 A]

11.14. The single-phase half-wave controlled converter in figure 11.6 is operated
from the 240 V, 50 Hz supply and a 10 Q resistive load. If the mean load voltage is 50
per cent of the maximum mean voltage, determine the (a) delay angle, o, (b) mean and
rms load current, and (c) the input power factor.

11.15. The converter in figure 11.8a, with a freewheel diode, is operated from the
240 V, 50 Hz supply. The load consists of, series connected, a 10 Q resister, a 5 mH
inductor and a 40 V battery. Derive the load voltage expression in the form of a Fourier
series. Determine the rms value of the fundamental of the load current.

11.16.  The converter in figure 11.5a is operated from the 240 V, 50 Hz supply with a
load consisting of the series connection of a 10 Q resistor, a 5 mH inductor, and a 40 V
battery. Derive the load voltage expression in the form of a Fourier series. Determine
the rms value of the fundamental of the load current.

11.17.  The converter in figure 11.17 is operated from a Y-connected, 415 V, 50 Hz
supply. If the load is 100 A continuous with a phase delay angle of 7/6, calculate the
(a) harmonic factor of the supply current, (b) displacement factor cos y, and (c) supply
power factor, 4.

11.18.  The converter in figure 11.17 is operated from the 415 V line-to-line voltage,
50 Hz supply, with a series load of 10 Q + 5 mH + 40 V battery. Derive the load
voltage expression in terms of a Fourier series. Determine the rms value of the
fundamental of the load current.

11.19. Repeat problem 11.18 for the three-phase, half-controlled converter in figure
11.15.

11.20. Repeat problem 11.18 for the three-phase, fully-controlled converter in figure
11.18.

11.21.  The three-phase, half-controlled converter in figure 11.15 is operated from the
415V, 50 Hz supply, with a 100 A continuous load current. If the line inductance is 0.5
mH/phase, determine the overlap angle y if (a) a = 7/6,,and,(b) a = %m.

11.22. Repeat example 11.1 using a 100Vac 60Hz supply.




