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LECTURE NOTES 13.75

EM Radiation Fields Associated with a Rotating E(1) Electric Dipole
Griffiths Problem 11.4:

Consider an E(1) electric dipole that rotates CCW {as viewed from above} in the x-y plane
with constant angular frequency @ =27z f , as shown in the figure below:

A
AY

The {retarded} time-dependent position vector(s) describing the motion of the two point
charges +q(F..t,)=q, (F..t,) and —q(F.,t,)=q_(F..t,), with ¢ = wt, are given by:

Pt

(f,t)= +%cos(p>“<+%sin Py = +%[cos(a)t,)>“<+sin(wt,) V]

r(r.t)= —%cosw“(—%sin Py = —%[cos(a)tr)fwsin (ot,)y]

p(r.t)=q,F, +q.F =+qr, —qr
:q( j[cos ot, )R +sin (@ ]+q( j[cos(a)tr)fwsin(a)tr)ﬂ

= qd cos(at,) X +qdsin(at,) § = p,[ cos(at, ) X+sin(at,)§]=p,(7.t,)+ B, (T.t,)

= ﬁ(f,tr): Superposition of two crossed (i.e. perpendicular/orthogonal) linear oscillating

dipoles, one || to the X axis, one || to the ¥ axis, the latter of which is 90° = /2 radians
out-of-phase with the former, as shown in the figure below:

P, = P, sin(at, )y

P, = P, cos(at, )X
p, =qd
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Then in 3-D:

EQUWALENT To!

>N

CROSSED LINEAR
DIFRLES

CROSED pgerpic.
Hexc.. LINBAR. DipolES

ove lym% W~ XY ?Qm»e

By the principle of linear superposition, we can add the separate contributions associated with
p, and p, to obtain the {total(ly)} retarded scalar and vector potentials.

Recall for the linear oscillating electric dipole aligned along the Z -axis | B, (F.t, ) = p, cos(at, ) Z

{in the “far-zone” limit, d < A < r } we obtained:

VrE(l)(F,t)z_p_(Cosejsm[ [t—iﬂz—p—(szm{ (t—iﬂ
: AreC\ T c drec\ I c

But: z=rcosd

. for|p,(F.t,)=p,cos(at,)Z
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ing, then:
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VrE(l)(F,t):_M(%Jsin{a)[t—Lﬂ:_ Po® (smecosgojsin[w(t_iﬂ
- ) . x 4rec\r C 4re,C r c
P, (r.t,)=p,sin(at,)X
AEO (1) =~ oD (1]3‘”{”(“%
x 4 r c
And:
VEO (F.1) M(%)Cos{a)(t—iﬂz— Po® (S'nesmq’jcos{w(t—iﬂ
- ) . y drge c\ r C 4re,C r c
p,(r.t)=p,sin(at, )y 0w ;
AE(l) I—:’t __ luo 0 ( jcos (t——] ~
v (n.1) 4z \r c y

Then the totally retarded potentials {in the “far-zone” limit, d < A < r } are:

VEm(rt) vE@(r¢)+vEm(r¢)

47[8 c

{ S'” “EJHT
— WC{ e of 1= |

y

1]

o]

ol

)i

= ( ]{cowsm{a)(t r
47rgc C
And:
AT (F,t) = AT (F,t)+ AT9 (T 1)
~_Ho P ( j{sm{ (t—iﬂi+cos[a{t—£ﬂ9}
Az \r c c
But >2:sin0005(pf+cosec03(p§—singo(ﬁ
But:

§ = sin @sin of +cos #.cos pd + cos p@

Thus: A?® (F,t)= big mess!!!
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Instead of {mindlessly} bulldozing/grinding our way thru this, we can obtain

E E()
Tot

(r1)-

-VVE

Tot

(€8] (I_;,t)

ot

OATO (T ,t)

Prof. Steven Errede

E E@)
Ttot

=V xAE®

Ttot

and

(1)

(F.t)

by:

a.) Using the already known form of Er'f(l) (F,t)that we have previously obtained from the
single oscillating dipole aligned along the Z -axis, p, = p, cos(wt,)Z —i.e. we simply rotate the

E-® (F,t)solution by 90° {and change the phase relation in the § -direction} to obtain

EF®(F,t) and ES® (F,t) associated with P, = p, cos(«t, )X and B, = p,sin(at,)¥,
respectively, and then:

b.) obtain the corresponding/associated B-fields using the relation

B~ (F,t) =

1

C

(PxEZ (r.1)

Thus, recall for p, = p, cos(«t,)Z in the “far-zone” limit {d <« A < r } that we obtained:

2 -
ErE(l)(F,t):—M(ﬂjcos[a)(t—iﬂe however, note that: |sin@ 6 =coséf —7
: Az r c
. = =
ErE(l)(f,t):—w[cosef—i]cos a)(t—L  but: [cos@ ==
: 4rxr i c)] r
— — =
Ef(l)(f,t):——ﬂ"pf’w (Ejf—i cos a)(t—i]
: 4zr |\r L c/|
= = =
ErE(l)(F,t):—M (%f—i cos a)(t—ij «for|p, = p, cos(at, )X
* 4rr |\ r ] i c/]
> =
And: E,E(l)(F,t)z—MKXJF—y}sin{a}(t—ij <for|p, = p,sin(at,)y
y Ay r c/]
Thus, the totally retarded electric field {in the “far-zone” limit, d < A < r } is:
EcO(F,t)=EFO(F, 1)+ ESV(F 1)
2
(-8l of-E) -3l o)
47y r o r c
And: [BE® (7 ,t) = =(Fx EF (,1))
tot C tot
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Thus, the totally retarded Poynting’s vector for the rotating E(1) electric dipole is:

25, (71 = (B0 (P20 (1)
~ L[ (ry(PE (ry)
AxBxC =B(A-C)-C(A-B)

XNa wla (X)an oa X X
KF r—x}r =(?jr-r—x-r=?—F=O
EFW (T, t)+F = 0| because:
Kl f_y}.f{llf.f_y.hl_l:o
r r ror
Srad (= 1 EQ (= +\)° 7
E(l)mt(r’t):,uc(Er““ (F.) F

In the “far-zone” limit {d < A < r }:

Then

G

EQ)

Ttot

(E

-

X

-~

r

)

ol el

)

interference term !!!
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Thus:

el L LT ) L o]

=1

0] <[ 425" oo of i o[ of ]
ool el Ll ]l
{5 petfol gl )]

But: x=rsinfcose and: y=rsindsing

or-{2 ot {omenl (1]
Ao
{2 o]

Thus, in the “far-zone” limit, where d < 4 < r, the totally retarded Poynting’s vector for the
rotating E(1) electric dipole is:
Watts
m2

2\2
S (r,t):i(MJ {1_sinzgcos{w(t_5j_(p}}r
“ uc\ 4rr c

Then the time-averaged Poynting’s vector in the “far-zone” limit {d <« A < r } for the rotating
E(1) electric dipole is:

il (e 1 (ppe® [, 1. ~| (Watts
(528, (1) =2 B | [1-Zainto o (M)

HoC m

>
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The time-averaged total power radiated per unit solid angle in the “far-zone” limit {d <« A < r}

for the rotating dipole is:
ILlO poa)

d(Pg (F.t . Al
M:rz@ L( J [1—lsin20}
ucl\ 4r 2

rad
E (1)t0t

(F.0))F

Watts
steradian

(St

Note that the power angular distribution varies as:

(1-4sin® 0)

I.e. is associated with the /=1, m=41 spherical h

armonic

Y (6,0)

= z-component of EM angular momentum (L, # 0

here !

The total time-averaged power radiated into 4 steradians in the

rad

P (F,t)>

“far-zone” limit {d < A < r}is:
d
(F,t)>=J- < EWhor

jo U@ (55, (F.t))d
[ ) I}/(l——s'n 0}713|n9d9d¢

rad
E(l)mt

<Prad

E(Der a,

w, pio’
67C

:Mzﬂ“”sinede——j”swede}
167°c 0 270
=M[2_1.EJ=M(2_E}M(£)=
8rc 2 3 8rc 3 8zc \3
ra v ILIO pga)4 ra H
Thus, we see that <PE(1")W (r, 0>:W:2 <F’E({; (r,t)> = 2x times the

time-averaged

radiated power (in the “far-zone” limit) for a single E(1) oscillating electric dipole.

E

Note that in general, using the principle of linear superposition: =E +

tot

!

0o

Ree]

E,|and |B,,

thus, the total Poynting’s vector is:

S = Bux B = [ (B )< (B4,
ﬂio[é <, +E,xB, + E,xB, + £, x5, |
or §m=s1+§2+ﬂio(é <B )+ﬂio(ézx 5)

In general , the cross terms {interference terms} in Poynting’s vector will not always cancel!!!

In the case (here) with the rotating physical electric dipole, they do vanish,

because the fields of

1) and 2) are 90° out of phase with each other, the cross-term(s) vanish in the time-averaging

pE(l)

EQ) E(2)
ToT R +P,

procedure. = Total power: {here}.
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EM Radiation — Low-Order Anqular Distributions:

Table 9.1 Some Angular Distributions: [X,,.(6, &)’

m
I 0 +1 +2
- 3
D'l | o sin*# e (1 + cos®8)
ipole T T
Eiateinal g Sm 6 cos~¢ 16 (1 cos cos'd) Tom
uadrupale T
z vofa."f:\h"l
Uy LikesAS
:le,-iw- o ol L
Ko A
w- m"i?g""' :;- b
. ’Mﬁ
P &
% +9 -‘5‘ Z) f%ﬂw
=2, m=212"
2z
r A
2
Lu\cm’
¢'h~
P s
'h’ 2 PDQC
11 "
2 i=2,m=0 ,{.o'\'-m)(\'
LN‘&‘( é’\.?ot&
p'[m\é e S
f’ 8 plone, 3
< TAZ .%;% "
=1ms= w
=1, o] > F
I=lmm=tl
Figure 9.5 Dipole and quadrupole radiation patterns for pure (I, m) multipoles.
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“Far-Zone” EM Radiation Fields Associated with a
Oscillating Linear Electric Quadrupole, E(2)

Griffith’s Problem 11.11:

Construct a linear electric quadrupole from two opposing linear electric dipoles.
Take two oppositely-oriented oscillating dipoles, one with p, (t,)= pcos(et,)Z {where p = qd}

with its center located at z, =+d/2 and another with p_(t,)=—pcos(wt,)Z with its center
located at z, =—d/2 as shown in the figure below:

O(}S'e.v\lad'\.
fleld gt
1X&9

i:‘? cm(.h)&‘(}%

p=%0

P==p Calict)) 2

x>

For EM radiation associated with this linear oscillating E(2) electric quadrupole in the “far-zone

limit {d < 4 < r }, keeping terms only to first order in d/r, i.e. %>>? , using the principle of

linear superposition, the total(ly) retarded scalar potential is: |V,"® (F,t) =V,*® (¥, t)+V," (F,t)

Ttot

where: VY (F,t)=F Po (%Jsin{a)(t—r—*ﬂ (see P436 Lecture Notes 13.5, p. 10)
: dre,cl T, C

1) Now: |r, = \/rz +(%)2 12r(%)cos:9 = r\/1+(%r)2 1(%)0059
r, = r\/ﬁ(i/ﬂcos@ but % < 1| we will keep only linear terms in (%)
<1
1. 1 ~L(14(d
Loy 11(%)0039 ) r(li(ér)cose)
a0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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2) And:
rcos@x(d
cosé, =Jz\\(cos€¢iji(1iicosaj
: r, 2r Jx U 2r
2
:coseiicoszeii— % cosﬁzcosﬁiicoszeii
2r 2r r 2r 2r
[
<1
:cosei(ij(l—cosz 6)=cos@¢(i]sin29
2r 2r
3) Then:

sfo{1=5 s e[Sl o]
-sin|of1-7{)

+

C

(C;_d)cose} but: sin(A+B)=sin AcosB +cos AsinB

sin [a)(t —%)} COSKZ—SJ cos 9} + cos[a)(t - %ﬂsin [(QZ)—SJ cos 6}

But:

in the “far-zone” limit {d < A <r} ..

since:

cos(~0)=~1

(a)_dj <1
c

cos H@j cos 6’} ~1
2C

~
~

And:

since [sina = a | for | < 1],

o[

(@j coséd
2c

+

3 sin[m(t— %ﬂ =sin [a’(t‘%)}

(%) cosecos[a)(t -

7))

Then, keeping only terms linear in (d/r):

Vrf(l) (F,t) =T paw

el

(11(1) cos Hj(cosei (ijsin2 2]
2r 2r

<[ oft-54)]

4re,C

po
4recr

I

F

+

+

Jsin[oft-70)]

(@j cos @ cos (a)
2C

A

; {(Cosei(%}inzei(%}osze
2 osoenfef14)]

2
%J sin® ecosej
.
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d :
VE(l) ”,t -~ pa) ei(_ 29_ 20
R (AEE: (cos o (cos? 6—sin’ 6)

{sm[ (t Vﬂ ( jcos@cos[ (t
z$47f {COSHSIH[&)( )J( jcoszecos[a)(t %)}
(t-%)]

+%(COS 0-sin’9) cosecos[a)(t %)J}

%,—J
<1

(@]
‘
(@]
~—
1
| |

(ij cos 6 —sin® 6? sm[a)
2

Vrf(l) (F,t)~7 4:gwcr {cos @sin [a)(t —%)} + (az)—gj cos? ecos[a)(t —%)J
i(%)(cosz 0 —sin’ H)Sin [a;(t —%)J}

Then: V5@ (F,t) =V, @ (F,t)+V, " (F.t)

(2 Yeosto-smopsnfft-57)]|
(5o 0-am oot )}
o 2| Yot gcos ot ) - & eosto-sin )sin ofe - )}
iyl ol oft- 1)) 2 oo 0-sofsnfoft-1]}

<1

- C c i
In the “far-zone” limit {d < A < r} (—j <r|or (—rj <1}, keep only linear terms!
[0 w

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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r

Fall Semester, 2011

wd

)

c

E(2)
Ttot

r=|

pa’d

cos’ @

4re,C

3|

r

J Cos

[o(-1%)]

Now let’s work on obtaining:

AE(Z)

Ttot

(T,

t)= AN (F

1)+ ASO (T 1)

Where:

Ai‘” (r.t)= J—rﬂ"—pwsin [m(t - %ﬂi

4rr.c

Carrying out the same methodology as above, keeping only linear terms in [Ej and (—
r

Lect. Notes 13.75

c

wr

Prof. Steven Errede

):

(see P436 Lecture Notes 13.5, p.10)

wd

)

c

e o] olen L om0
- 2200 o - ) 1 S Josoos{ =17
i(%jcosﬁsin[a)(t—%)}r%coszHcos[w(t_%ﬂ}
)< ol oot Sl 1]

Then in the “far-zone” limit {d < A < r }, with

or:

BR

(Lj <1
or

00 Yol T (5 Josees{ ol )} osesl -4
(42 snf =] —(Z—SJcosecos[wo—%)J—(%W[w<t—%ﬂ
() (ol (& o[-
{2 asofef o 4] [ s ol )

—
<1

}
}

. In the “far-zone” limit {d < A < r }, to leading orderin(—d], (—Wd],(—c j:
r C r
SE@) (1) 1, po’d \( cos@ r A
AP (F,t)= ( pp. j( ; cos[m(t A)Jz

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Then the totally retarded electric and magnetic fields associated with E(2) “far-zone” EM
radiation from an oscillating linear electric quadrupole are:

. - OAE® (F t
EC@(rt)=-VV @ (7,t)- —“0 (.9) and [BE@(7,t)=Vx A (Ft)

Ttot Tot

- 2d
Note that: [V."® (F,t)=—| 22 J

Jcos t— J c)} has no explicit ¢ -dependence

_ o’ cos& . -
Note that: |AF® (F,t)=— 'u"p j cos t %)}Z also has no explicit ¢ -dependence,

and also note that AL® (F,t)={ }Z,i.e. Al (F,t)]|Z.

Ttot

Now:

_ avE<2> r,t OVED (F t
V@ (F,t) =L (r )f+1 rm( )6

(2o {——cos[ (s ol ete )]
{2 R sl oft- )

(B S ) osn{ o= s oo o -7

- aeososnoyos oft-1)})
oot

g Jroselmti 2smi o ot ]

<1

>

In the “far-zone” limit {d < A < r}, (Ej <rior; (ij <1
[0 or

. In the “far-zone” limit {d < 4 < r }, to leading order in(ﬂ} (a)_dj (ij :
r

Cc wr
e =—{ g [T el

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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aA’E(Z) 3 —
Next: #(r,t):{f‘oﬁid](corsejsin[w(t—%ﬂi But: |Z=cosdr —sin 6o
oAD u,pao’d \(cosé) . L
T(r,t):{ - J( . jsm[a)(t—%)}[coser—sm9«9]
- OAE® (F ¢t
Then: E‘fm(f)( t)_—VVifz)(F,t)——“‘“&t(r )
Thus:
EE@ (f ’ : 0 r JA
(Tt ( ﬂgcr]cos sm %) f
( py— jcos Hsm t %)}f—cosesinesin[w(t—%ﬂé}
But: [c* = 1 or:—zzgo,uo
gOlLlO C
Ef(Z)(f,t):(ﬂprsdJCOSZQSi =7 P n.b. Wf@)
“ pcr term cancels with
U pa)3d A R 15t aAE(Z)/at
_(wj{wmr—cos@sinesin[a}(t—%ﬂe} —

Thus, in the “far-zone” limit {d < 4 < r }, to leading order in (%) [—J (—j :

wd
C

EE(Z)

Trot

#, Pw’d

4rc

(r ,t):+(

|

coersin erin[a)(t—%)Jé

B0 (r.1)=

Trot

Now let’s work on obtaining: V x AF® (F (7.t)

Trot

Note that A‘E:f) (F,t) hasonly a Z component and has no explicit ¢ -dependence.

7 =cosér —sindo|.

Note also that:

In spherical coordinates:

= 1 0 (.. 16} . 1 1 o 0 A
E(2) _ AE(2) _ . _ -
B = VXA = rsin@[ae(sme%) /Z%/}Hr[sme% ar(r%)}e
100y A
+r[6r(rA9) ae}”

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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E(2) -
g BI:ILZ)( ’t):%[g(rAﬂE(Z))_%}é Z = cos O —sin 66

N>

in the “far-zone” limit, {d < A <r }.

where: ,&ftf) (F,t)= _Eﬂo4p;:d )(corsé’ cos[a)(t —%)J

Thus, in the“far-zone” limit {d < A < r }, to leading order in (Ej (a)_dj and (ij
r c or

{25 <ol Hommn 1]
(%Crdjcosesin e{sin [a)(t _%)J_@Zc;os[w(t _%)J}é)

<1

3
giiz)(r’t):[ﬂopa)zd](cosesm@j }(ﬁ

4rc
3

Since: EE(Z)(F,t):[ﬂopwd](COSQSlnﬁj }9
tot 47Z-C

i SE(2) 1. =:o —

NOtea alnthat: Brtot ( t) CrXEtm ( ’t) <= rX9:¢

Note also that: |EF® (F,t)sf =0

Ttot

BY? (F,t)-f =0|and |[E}® (F,t)-B}® (F,t)=0

Ttot Ttot

Note also that: E}® and B} have the same angular dependence: ~ cosésin g

Tot

= E(2) electric quadrupole E}® and B;® fields both vanish for|0 = 0= % =z

Note also that: E}® and B}® both vary as ~ %

Note also that: E}® and B}® are in-phase with each other ~ sin [a)(t —%)J

= linearly polarized EM radiation from linear/axial electric quadrupole.
{n.b. NOT true for all types of electric quadrupoles.}

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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rad S rad rad érad Prad

fo (Fi), S (Fot), 9y (Fot), 28 (Fit), PG (F,
EM radiation associated with linear oscillating E(2) electric quadrupole:

Now calculate: u ) etc. for “far-field”

EM Enerqy Density for E(2) Linear Oscillating Electric Quadupole:

ugs, (F,t)= ;( JEF@(F,1)sEF (T t)) 1 (BE(z)( 1)BE? (F t)) (Jouiesj
Ho m
vad 1 ,uopa)zd cos? @sin? 19 r
uE(‘;)(r,t)zz{go( 4rc r2 t_g
24)? 2 Pein?
+i(yopa)2dj (cos ezsm ejsin{ ( Lﬂ} but |, = 12
U\ 4rc r C H,C
1 [ p’e®d?  p p?w°d’ |(cos?@sin?6) . 2[
=40 - sin“| w(t-1T J
2{ 167%c* 167%c* r? ( 4)
%,—/
n.b. EM radiation energy is {again} carried equally by EF® and BF®
i (= [ M P @°d? ) cos?Osin?O) ., r Joules
uE(Z)(r,t)_( T - sin [a)(t—%)} 5
(13 ” H H - H d a)d C
In the “far-zone” limit {d < 4 < r }, to leading order in | — |, and| —
r c or
Poynting’s Vector for E(2) Linear Oscillating Electric Quadrupole:
st (= L (EE@_ge@) . L[ M pie’d’? cos? @sin’ @ r P
SE(Z)(r,t)—#—O(Er x B! )_ﬂ_o T > sin [w(t—%)}(0x¢)
crad (v o\ | M, P'@°d? ) cos?Osin? O] ., r/\1e| (Watts
SE(Z)(r,t)_( 16,20 - sin [a)(t—%)}r —

In the “far-zone” limit {d < A < r }, to leading order in

rad
E(2)

S Q rad

E(2)

where [c =cf], ¢

(F,t)=cusy (F.t)

Note again that:
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EM Linear Momentum Density for E(2) Linear Oscillating Electric Quadrupole

rad

o ra = 1 Qo ra F
P (Tit)= yogosE(g)(r,t):—st(g)( t) )
)

2 642
_[#P’0"d cos® @sin® @ sin? a)(t—LJ : (
167°%c® r? C

w—dj and(ij.
C r

In the “far-zone” limit {d << 4 <« r }, to leading order in ( j (
r

EM Anqular Momentum Density for E(2) Linear Oscillating Electric Quadrupole
( kg j n.b. exact EE”}%(r,t)%O.

c C()r

Time-Averaged Quantities for E(2) Linear Oscillating Electric Quadrupole Radiation

zEa(dZ)(r ) SarEa(dz)(q ):0

In the “far-zone” limit {d < A < r }, to leading order in ( ; ] (

1pr 1.
Recall: ;_[0cosz(a)t)dt:;'[osmz(a)t)dt:—

Q;, =qdd = pd (Coulomb—mz)

Define electric guadrupole moment:
ad 1, p*d?@® \( cos® Gsin® 6 Ly f;af’ cos® @sin’ @ Joules
<UE(2)(r’t)>: 2.4 2 = 2.4 2
32z°c r 32z°c r m?é
5 (r, )‘>~ 4, p*d cos’ @sin’ @ £ | o “° \( cos?Osin? )| (Watts
5@ | 3272%* r2 | 322 r2 m?

<

lea) (7)

Quadrupole radiation pattern, 1=2, m=0

156 (1) =(J56, (o) = e (ug, (r.0)
- =~
Time-averaged radiated power: |(Pif) (1)) = L,<SEZ§) (f,t)>'dfi W
da, =r’dQ | and: [dQ=sinddode

where:

<P£?§>(F)>~§;;Ca;{ //%I (cos” @sin’ 9)sin od o

J'::O cos 6(1 cos 6’)sm6’d6' ”"p LK) j I cosze—cos“ﬂsinedg

Let: |u=cosd, du=-sin@dé| then: [0 =0:u=-+1] and: |¢9 7 u=—1]

17
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+1
O=r

J

Then: |[ [ cos® 6—cos* 6 |sin0do = J'uj(u2 ~u*)du = (%us —%uf’j

=0
-1

6

. luopzdza)e :,Llopzdza)6 4 “o

Prad
16 7c’ 607c® 607’
4

E(2)

<

(

(Watts)

)-(4)

Note that time-averaged E(2) EM power radiated in the “far-zone” limit is proportional to the

square of the electric quadrupole moment |Q;, = pd =qdd = qd* (Coulomb — m2)

Note also that time averaged E(2) EM radiated power ~ a):6 (cf. with ~ a):4 for E(1) EM radiation.

The time-averaged EM angular power radiated by E(2) linear electric quadrupole (Z =2, m=0 Y[m) :

d Pr?d)(f’,t) qQrad [ - fuopzdza)6 i fqu;zza)ﬁ i
%E@E(g)(r,t)}rzr{W}coswsmze: g |cos” Osin” ¢
Note that d<PEr§‘§)(F,t)>/dQ has zeros when |0 =0= /2= |1l

The time-averaged E(2) EM linear momentum density in the “far-zone” limit is:

B S a3

The time-averaged E(2) EM angular momentum density in the “far-zone” limit is:

(72 >>=o( j

The characteristic impedance of an E(2) oscillating linear electric quadrupole antenna:

cos® dsin’ @
r2

cos® dsin’ @
r2

)
r’t /LIO Zza)

327%c°

4, P00’
327%c®

— rad

<?E(2)

(

(

kg
m-Ssec

r,t

EF® (1)
[HE® (1)

SE(2) (o
ZEQ) ‘Er (r,t)‘
antenna 1 B’E(z) (r t)‘
r 1

—uc= [t =7 =1207Q=377Q

o

(F)

Ho

The radiation resistance of an E(2) oscillating linear electric quadrupole antenna:
Recall 1, =qe for linear electric dipole (also true here)

rad 212 6
rad ~,uop2d2a)6 _ 2prad rad _<PE(2)>~,uop d°w —
<PE(2)>_ 607c3 :IORE(Z) = RE(Z)_ 12 607CI2 but p =qd
rad __ luog{dllwk ,uoa)4d4 . 1 _ 1

R

%)

" " 60nc g of  607C° 60z

[

m? - sec

steradian

Watts

J

)
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Where: |Z, = 1#,C = /% =120z Q = 377Q| = impedance of free space / vacuum

(—j <1} in the “far-zone” limit {d <« 4 < r }, thus we see that:

4
Rres — L (ﬂ) 7, <Z,=3770Q
C
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Comparison of EM Quantities for E(1) Oscillating Linear Electric Dipole vs. E(2) Oscillating
Linear Electric Quadrupole in the “far-zone” limit d < 4 < r, to leading order in

()5 ()
r) e or
/=1, m=0 (=2, m=0
Oscillating E(1) Linear Electric Dipole Oscillating E(2) Linear Electric Quadrupole

Moments p’(t):q(t)d, d=dz, p=qd (jzz_q( )dd Q® =qdd

Retarded ¢ 0’ 2

scaar V5O (F,t) = - P2 959 Vgin| of t-F VO (F,t)=- sza)z €050 ) cos| o t -~
Potential 472'800 r C 472'800 r C
Retarded | _. ¢ w?
o el ] fm- [ el o)
Potential T r C L /49 r\—g

\ 2:cosef—sin¢9¢§

Retarded | 2 (s - @°® A
Electric ErE“)(F,t):—M SINO N eos| wf t-L || EFO (7 t)=+| £o cosgsing ol t-L||6

Field Ar r c 47rc c
Retarded | — 2 (sj -

Meag;esic BrE(l)(F,t):—M ﬂ COS| w '[—L (?) Bf(z)(f,t) ﬂOQZZa) COS@SII’]@ @ t_£ é}

Field drc r c 47c? C
Time-Avg’d rad (= U, pza)4 sin® @ rad (= ,uOQZZa) cos? HSIH o

S e (r0) = 2o | 2 (vl (M) =| G

Time-Avgd | P \[sin 0| v /oy /l@rad " cos dsin’ 6
Joongs, 'E<1><f>=<3m><”>\>=( e | )| (D=8 (0= i || T
Time-Avg’d 2yt e 0°

. rad [ = _ ,Uopa) rad P M, 0

e |(RE (.0) _( 127¢ j (P (1) = T

Time-Avg'd EM 2 4 in2 e” 6 2 Nacin?
Linear Momentum <SOVE"J‘(‘1)(" )>: :uopza)3 SIn2¢9 ; <(§_O.rEa(d2)(F,t)>'—“ M, Zzza; Cos stm 0 ;

Density 32z°C r 327°C r
Time-Avg’d EM N
rad —» rad =

AnguIaDrel;]/IS(i){\;entum <£E(1) ( t)> =0 <€E(2) (r ,t)> =0
Ch isti

Aotema 2B =7, = [P 21207Q=3770 = [2E@ =7, = [*o —12070=3770

Impedance &, &,

2 4
e - L] -] 2
Resistance ra 127\ ¢ 0 o 607\ ¢ °
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Note the ratios of EM power radiated:

2 6 2 4 e \2 2 2, 2
rad rad — /LIO 77 w ll'lO p w — 1 sz () _ 1 qdd (4] . 1 a)d
) ione ) (e () -2 3 <

Recall/Compare to:

2 4 2 4 2
AR €16 6 s D I G

c
and|l, =qe| and |d =zbjor:|b=d/x|

1/pra ra pm?o* /[ 1,Q8 o b’ 1Y 5 1
fhen <PM£’>/<PE(§)>:( 127¢° ]/( 60c’ J:S(E] Sz sw M

General comments for the ¢ -order, m =0 electric multipole in “far-zone” limit, d < A < r:

Each successive/higher power of ¢ brings in a multiplicative factor of (wd/c) <1 to the
retarded EM potentials and retarded EM fields, and thus brings in a multiplicative factor of
(cod/c)2 < 1to the retarded EM energy densities, Poynting’s vector, EM power radiated/ EM
intensity, EM linear momentum density, etc.

e By similar methodology of above {plus suitable space-rotations}, we can obtain all of the
above results for the oscillating E(2) quadrupole e.g. lying in the x-y plane as shown in the
figure below:

e Similarly, we can also e.g. take the linear E(2) electric quadrupole (along Z axis) = place it
in the x-y plane and have it rotate at angular frequency o :

= Get E(2) ¢/ =2,m=+1results, analogous to linear E(1)
electric dipole rotating in x-y plane (¢=1,m==+1):

= See angular distribution radiation patterns on page 8 of these P436 Lecture Notes.
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“Far-Zone” EM Radiation Fields Associated with a
Oscillating Linear Magnetic Quadrupole, M(2)

Instead of blindly/mindlessly grinding out the “far-zone” EM radiation field results for the
oscillating linear magnetic quadrupole, via use of the duality transform, we can use the results
from the oscillating E(2) linear electric quadrupole to obtain results for oscillating M(2) linear
magnetic quadrupole, i.e. we will use the duality transform on the E(2) electric charge/current
density distributions/EM moments and the “far-zone” E(2) electric and magnetic fields:

Q. = Qi/c
(E5® (7,1),GBE? (7 ,1)} = (£ (7,1),cB"® (F. 1)}

From P435 Lecture Notes #18 page 7-9:

E’ E cosep +sing\(E .
. | =R = | = = where: |@ =90° = /2|,
(cB’j ((p)(Bj [—Sinq) CoS @ j(Bj B L 7/

E' 0 1) E E'= cB E' cB
Thus: =, | = = 3 = o | =T el B
s (cB'j (—1 oj(ch = (CB’:—EJ o (cB’j (—EJ

n.b. ¢ is not a physical/space angle here!
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Recall that:

q=g,/c| or:|g, =qc| for electric vs. magnetic charges / monopole moments {E(0) & M(0)}.

p=m/c| or: for electric vs. magnetic dipole moments {E(1) & M(1)}.

Q. =Q, /c or: |Q, =Q;.c|for electric vs. magnetic guadrupole moments {E(2) & M(2)}.

Note also that, as we saw for the case of the M(1) magnetic dipole, where the scalar potential
was VM® (f,t) =0, likewise, for the case of the M(2) magnetic quadrupole, the scalar potential

is also zero, i.e. VM@ (F,t)=0.

We can then {easily} obtain A" (T,t) from EM® (T,t), since:

ErM(Z) (F,t) _ _ﬁw_ GAM(Zt(r,t) _ 8AM(;)t(F,t)

-
=0
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Comparison of EM Quantities for E(2) Oscillating Linear Electric Quadrupole vs. M(2)
Oscillating Linear Magnetic Quadrupole in the “far-zone” limit d < A < r, to leading order in
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=)
r) e or
(=2, m=0 (=2, m=0
Oscillating E(2) Linear Electric Quadrupole Oscillating M(2) Linear Magnetic Quadrupole
Moments sz = q(t)aa’ QzeZ =qdd sz = Q;Q/C Q = Amop, Voop = = 7b?*Z, Q
Retarded e 2 2 ]
Scalar VrE(z)(f,t):—( a)Z](COS e}cos[a)[t—ij VM@ (F,t)=0
Potential 472'800 r C/|
Retarded | | - 2 ~ m_2 .
carded | | 5vio _[%4 M) J(Cosejcos{a)(t _[Hi e _[ﬂZsz? ](cosesm gjcos a)(t—ij P
Potential 7C r C X 7C r
\ =C0S 6’r sin 66
Retarded | _ e 3 i A
terarde EFO -y 1,Q,,@° | cos@sinb sinl o t—£ 0 EM(Z) cos@sme sinl ol t— £ 5
Field 4rc r C r C
Retarded grer [ Ho (cosesm 9) (t __j 58 cos gsin 9) ( ]
Field 47rC r c 47rc
Time-Avg'd <urad (r t)> [ 1#,Q5, @ |( cos’ Gsin® @ <u“‘d (r t)> [ 1,Qp @° | cos® @sin’ 6
Densitygy EQ\N )T 32 72¢c* r2 M \' )T 3272c8 r2
Time-Avg"d rad (#) _ /|G rad :uo 262 a)6 COSZ 95in2 H rad =\ _ /|G rad :uo 24 a)ﬁ COSZ 65in2 0
vscotylnrﬂzgsisty IE(Z) (I’) = < SE(Z) > ( 32,72C° r2 IM(z) (I’) = < SM(z) > 32725 /2
Time-Avg'd e 6 m? 6
! rad /= _ H, Zza) rad (= - Ho% w
e (P (10) = g (i (7:1) = “G5rcs
Time-Avg'd EM ©w°® | cos® @sin? @ ®)( cos? @sin? @
Linear Momentum <Sorad (” )>: Hodn @ r <(§5rad (? t)>: Hou @ r
Density =@ 327%C° r? M@ 3277 r2
Time-Avg’d EM —
rad a rad (=
AnguIaDrel;]/Isci)tr;entum <£E(2) ( t)> =0 <€E(2) (r,t)> =0
Characteristi
amena [ZE@ =7 = [P0 1207023770 = |29 =7, = [% -12070=377Q
Impedance &, &,
A 6
Rargitizr'linoz RESZ) = 1 a)d Z RMd(Z) 1 a)_ﬂ-b 7
Resistance ra 6072- ° e 6072' C °
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In the “far-zone” limit { zb =d < A < r }, to leading order in [%} (%dj and (%)
[0

we see (again) that:

B (7,t) =

ol

FxEF® (F,t)|< | Fx0=p| and: BM“)(r,t):%fxEM(?)(r,t) = |fxp=-0

. L - b _(adY
Ratio of EM radiation resistances: RME’Z)/RE(S) :(a)zrj =(a)} <1

2 2
Ratio of time-averaged EM power radiated: <Pn%)>/ <PE?§)> =(a)7zb) =(wd) <!
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