UIUC Physics 436 EM Fields & Sources 11

Fall Semester, 2011 Lect. Notes 13 Prof. Steven Errede

LECTURE NOTES 13

ELECTROMAGNETIC RADIATION

In P436 Lect. Notes 4-10.5 (Griffiths ch. 9-10}, we discussed the propagation of macroscopic
EM waves, but we did not discuss how macroscopic EM waves are created. Using what we
learned in P436 Lect. Notes 12, we can now discuss how macroscopic EM waves are created.

“Encrypted” into Maxwell’s equations:

1) |V-E(F,t)=-

Phrot (F,t)

&,

2)

— oB(T.t)

VxE(F,t)=—
3 [VxE(rY ot

S B, E(F
4) VXB(F:t):ﬂo‘]tot(rvt)"'ﬂogoa g:’t)

is the physics associated with radiation of electromagnetic waves/electromagnetic energy, arising
from the acceleration {and/or deceleration} of electric charges (and/or electric currents).

In the P436 Lecture Notes #12, we derived the (retarded) electromagnetic fields associated with
a moving point charge ¢ from the Liénard-Wiechert potentials:

s 0 1 Tz ot g
Vr(r’t)_47zgo —| where: |r=cAt, c(t—t), |[7=F-F(t)
- ﬂoqv tr _ A - A D T3 : )
A(r’t):E% and: |k =1-/FeV(t,)/c=1-F+B(t, )| = “retardation” factor
with: |A (F,t)=A(t)(V,(F.t)/c)| |B(t)=V(t,)/c| and: |c* =1/ 4,

We also derived the corresponding {retarded} electric and magnetic fields associated with a

moving point cha

rge q:

- - oA (T,t)
E (F.t)=—WV, (F,t)- 200
ot
term for generalized term for radiation/
Coulomb field/velocity field acceleration field
E,.(F,t)=

)3 (¢ =V (t,))a(t,)+Fx(u(t)=af(t,))

B.(F,t)=VxA (F,t)| where: |U(t,)=c/-V(t)
term for generalized term for radiation/
Coulomb field/velocity field acceleration field
.1 g 1 - ————— N T
B‘(r’t):EMgo (f'ﬁ(tr)f Px| (e = (t,))a(t,)+7x(a(t)xa(t,))||B.(F.t) == FxE,(F,t)
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Microscopically:

The acceleration {and/or deceleration} of electric charges q and/or time-varying electric
current densities (e.g. J=nqv; &J / ot =nqov/ot ~ nqa) “converts” (a portion of the) virtual

photons (associated with the “static” Coulomb field, which individually have zero total
energy/zero-frequency) to real photons (which individually have finite total energy/finite
frequency f ), which then freely propagate outward/away from the source of time-varying electric
charge and/or electric current at the speed of light, ¢ {in vacuum / free space}.

Since real photons individually carry energy/linear momentum/angular momentum,
macroscopic EM waves carry energy/linear momentum angular momentum away from the
source, in an irreversible manner — these EM waves propagate away from the source V time.
Energy/momentum must be input to the charged particle for this to happen — energy/momentum
are {both} conserved in the radiation process.

{Note also that we can reverse the arrow of time t — —t in this process and thus learn about the
absorption of energy/linear momentum/angular momentum by electric charges/currents from
incoming/incident EM waves. . . .}

The total instantaneous power P, (F,t)associated with radiation of EM waves from a source

(assumed to be localized) is obtained by integrating the retarded Poynting’s vector §r (f,t) over

a large spherical shell of radius r > a = characteristic dimension of localized source — this is

known as the “far-field” limit, when r — oo :

P(r.t) =S, (7. t)-dat =ﬂigﬁ3,(a (F't)x B, (7',t) )da

The instantaneous power radiated is the limit of P (F,t)as r —o0: [P™ (t)=1limP,(F,t)

r—o

The physical reason for this definition is simple. In the so-called “near-zone”, when r <a,
the (generalized) Coulomb field(s) (microscopically consisting of virtual photons) are dominant

in this region — thus, time-varying but non-radiating E and B fields are present in proximity to
the source. These near-zone EM fields fall off/decrease/diminish as ~1/7* from the source.

In reality, for finite r, there is always a mixture of radiating and non-radiating EM fields
present that is associated with any source. Expressed in a graphical manner in terms of r/a:

> r/a
.10 107 107 10" 10° 10 100 10° 10* 10> oo
= — _/
- YT b YT
“near-zone” regime: “far-zone” regime

B i)

a a
Generalized Coulomb field(s) Radiation/acceleration field(s)
dominant (virtual photons) dominant (freely propagating real photons)
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The instantaneous EM power associated with the Generalized Coulomb field is:

GCF (= _ Q GCF (= s _ 1
P (r,t)_<_|'>S,Sr (r,t)-daL_ﬂ—oé

(ES (7,t)x B (7,t) )oda

S

But: ErG cF (F,t) ~ 1/ r’ (even faster than this, if the net charge = 0, e.g. for higher order EM

moments associated with electric dipoles, quadrupoles, octupoles, etc. ...)

And: I§rGCF (F,t) ~ 1/ r* | (even faster than this, if the net charge = 0, e.g. for higher order EM

moments associated with magnetic dipoles, quadrupoles, octupoles, etc. ...)

= §f F (F,t) ~ 1/ r*| (ever faster, for high-order EM moments than a point charge distribution)

But: |A™ =47 /°|= area of sphere of radius 7.

GCF (& 1, 1 EM Power associated with Generalized Coulomb
P (Ft)~—r ~—| = . ;
r r fields is only appreciable near the source.

Note that|lim P°" (F,t) = 0| i.e. no EM power is associated with G.C.F. at I =0
r—oo

= “static” sources do not radiate EM energy.

On the other hand, the instantaneous EM power associated with the radiation/acceleration fields is:

Prrad (F,t) _ és,grrad ('—;r’t).dai _ 'uLOCﬁS,(E'rrad (F',t)x B’rrad (f’,t))-déi

sphere 2
AP~ r

o
=3

>

E™ ~1/rland|B™ ~1/r| = [S/™(F,t)~1/r

P (F,t)~1 |(i.e.P™ (T,t) is independent of the radius of the enclosing surface S’)

Thus, we can simply pick r — oo to eliminate the P°°" (,t) contribution!!!

{n.b. for non-localized sources of time-varying EM radiation — e.g. infinite planes, infinitely long
wires, infinite solenoids, etc. this requires a different approach altogether... }

In general, arbitrary configurations of localized, time-dependent electric charge and/or
electric current density distributions, |0p(t,)/ét, = p(t,)|and |8J (t,)/ét, = J (t,) | can/do produce
EM radiation/freely-propagating EM waves.

As we learned in P435 (last semester), from the principal of linear superposition, we can
always decompose an arbitrary electric charge and/or current distribution into a linear
combination of EM moments of the electric charge/current distribution, i.e. electric monopole
(electric charge), electric and magnetic dipole, electric and magnetic quadrupole, etc. ...
moments. This is true {separately} for both static and time-varying EM moments of the electric
charge and/or current distribution(s).

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
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For a point electric monopole field {E(0)}, i.e.

p(F.t.)=0s(t,—(t-r/c))

e, *

v (7,) = J-Ip(F’,tr)dz_,:q(tr=(t—r/c))

r

4re,

Where q (t) =total electric charge of the source at the time t. But electric charge is (always)

conserved, and furthermore, (by definition) a localized source is one that does not have electric
charge q flowing into or away from it. Therefore, the electric monopole moment
contribution/portion associated with the (retarded) potential(s) and EM fields is of necessity
static — i.e. the electric monopole moment ¢ has no EM radiation associated with it. In other
words, there can be no net transversely polarized EM radiation emitted from a spherically-
symmetric charge distribution! {See e.g. J. D. Jackson Classical Electrodynamics 3™ ed. p. 410

for additional/further details. }

The lowest-order electric multipole moment capable of producing EM radiation is that

associated with a time-varying electric dipole moment, | p(F’,t,)=qd (F',t, )|

= Electric Dipole (E1) radiation originates from p(r’,tr)

The lowest-order magnetic multipole moment capable of producing EM radiation is that

associated with a time-varying magnetic dipole moment, |M(F,t, )= 1a(F',t,)|.

= Magnetic Dipole (M1) radiation originates from J(r.t,)

Each time-varying, localized, higher-order EM moment contributes in alternating succession

between p(F,t.) and J(F,t,) (i.e. electric vs. magnetic):

Time-varying localized
electric EM moments:

p(rt,)

E(0) electric monopole g NO!
(0) poledNO!—_

E (1) electric dipole P = J
(1) pole p=ad —

—

E(2) electric quadrupole éE = 2qd d

Time-varying localized
magnetic EM moments:

J(7.t,)

/ M (0) magnetic monopole g NO!

M (1) magnetic dipole M= Ia

N 2

magnetic quadrupole Q,, = 21aa

E(3) electric octupole

E(4) electric sextupole

M

.. etc...

M (3) magnetic octupole

M (4) magnetic sextupole

no magnetic charges
anyways...
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.. We will consider/discuss the case of EM radiation from an oscillating E(1) electric dipole and
then discuss case of radiation from an arbitrary localized source consisting of an arbitrary linear

combination of time-varying EM moments, i(an E(n)+b,M (n)) , where E(n) and M (n) are
n=1

n"-order time-varying electric and magnetic multipole moments, respectively.

Consider an oscillating (i.e. harmonic/sinusoidally time-varying) electric dipole: |P(t)= qd (t)
where the charge separation distance varies in time as: [d (t)=d (t)2=d, cos(at)2], |0 =27f
Then: |P(t)=0d,cos(wt)Z = p,cos(wt)2|, with: |p, =qd,|
Equivalently, we can alternatively think of this as: | P(t)=0q(t) d|, with |d = d2|= constant,
and with time-varying/oscillating electric charge: |q (t) =(, cos (a)t) .

Then:

E(1) Electric Dipole Radiation:

p

(t)=9,d cos(wt)Z = p, cos(wt)2

,  with:

P, =0,d| {n.b. same result!}

Either way one views this , the physical picture is of a harmonically time-varying/oscillating

electric dipole moment

P(t)=p, cos(wt)Z =qd cos wt?|a picture of which, for a given

moment/instant/snapshot in time is shown below, for t =0:

- dg(t
n.b. 3 an electric current associated with the oscillating electric dipole: |I (t)= ZE ) Z|,
Observation
/ Field Point

n.b. The choice of origin is deliberately chosen at
the center of the localized charge distribution — at
the center of the oscillating electric dipole.

n.b. Jexist (as always) some subtleties associated with the calculation of retarded potentials
associated with moving point charges — we will address these subsequently, but not right here /

right now... we’ll stick with the oscillating charge

version for now...

q(t) =0, cos(wt)
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Now p(t)= pcos(wt)Z refers to the time-dependence associated with itself. An observer at

field point P(F) atF “sees” the effects of the time-varying P(t) manifest themselves at a finite

t=t +r/c| or:

time later, t =t—r/c

due to the retarded nature of this problem.

Thus, r)(t) used in the formulae for the retarded scalar and vector potentials needs to be

evaluated at the retarded time t_, i.e.

P(t) > p(t)]

Explicitly putting in the retarded time:

VrE“)(F,t):[ g, ]cos(a)t:)_( a, ]cos(a)t;) :( q, J{cos(wt:)_cos(wtr)]
4re, r, 4re, r dre, r, r
tas " chargs
A (Ft)= (f—"ij;r)dzf' where: |1 (t,)=-g,@sin(at,)| and: |d /' =dz2
r

t =t—r/c|

%

VrE“)(r,t)z[

4re, r

jl:cos(a)(t - f+/c)) B cos(a)(t - r/c))]

+

z=-d/2

4

A" (F,t) = _(ﬂoqow]jz=+d/2 sin[a)(t - /‘/C)] d

r

a

77

Let us first focus our attention on calculating out V. (r,t). From the law of cosines {see P435

Lecture Notes 8 r.e. the derivation of the static multipole moment expansion}:

r, :\/r2$rd cos§+(d/2)’

However, we want to investigate EM radiation in the “far zone” when r > d . For this situation:

2
r+:r\/1$(gjcos6?+l(gj ~r fli(chosé?
B r 4\ r r

r,o= r(1$l(gjcosﬁj
- 2\r

Similarly/correspondingly:

for r>d.

forr>d.
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Likewise, for cos(a)(t —r,/ C)) we have, for the “far zone”, when r>d :

ettt o ne - o {52
Y 69 w0 €

In order to proceed further we need to make an additional simplifying assumption, namely
that the characteristic spatial dimension of the source (here, a = d) is < wavelength A of the
emitted radiation, i.e. d < 1 , where A=c/f . Thus: d <c/f, where: f =w/27,or:

d < 27c/w or: d < c/w

n.b. This assumption is tantamount/physically equivalent to saying that we neglect any/all
time-retardation effects associated with finite EM propagation delay times over the dimensions
characteristic of/associated with the source — i.e. changes in charge/current are essentially
coherent/ instantaneous.

Suppose we have a source (€.9. an atom) with a=d =1nm= 10 A emitting a f =1Hzsine-

wave. Since EM radiation travels propagates atl ft =30cm per nanosecond, a Inm dimension
source doesn’t run into finite propagation decay time problems until:
107

3%x10

=0.3x10""sec = f =3x10""Hz

CAt~a=d (here) i.e. CAt=1nm = At = ==

. ) . . d
Thus, provided that we additionally are in the regime of d < 1, or d < c/w, i.e. (%j < 1|

Then from the Taylor series expansion of cos(x)=~1 and sin(x)~ x for very small x, we see

That: |cos K@j cos 49} ~cos(0)=1| and: |sin Ka)—dj cos 6’} ~ (a)_dj cosd
2C 2C 2C

s cos{o(t=./e)) =cos| ot [+ 92 Jeonsin of =L

VrE(l)(l’,@,t):—q0 l 1+(ijcos9 cos a)(t—ij _(a)_d cos @sin a)(t—ij
e, | ¥ 2r c 2c ¢/1]
(1—(1}059) cos a)(t—ij +(@ cos @sin w(t—ij }
2r C 2C C
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Expanding this out:

VrE(')(r,H,t):q—o(lj{cos ! +(ijcosﬁcos a)(t—iﬂ
dre, \ 1 2r c
2
_((;_Sjcos@sin[a)(t—gﬂ— Z?C wm
afec ]|+ oo of -1
— COS —— || +| — |cosf@cos| w| t——
| 2r C
r T 2
—(w—djcosa)sin w(t—ij +a)d cos’ Bsi t—— }
2¢c i c)| 4rc c
- ) Bl (ZJonl o]
47[30 r r C c c
Sl a2
drg, \ T r c c c
But: |p, =|p|=0,d

o2 el ]

In the “far-zone” d < r, with the additional restriction that we’ve also imposed on the source
EM radiation: d < 4. We now additionally require/impose a third restriction that the “far-zone”
also be such that A < r, thus we have the hierarchical relation: |d <« A < r| for “far-zone” EM

C 1y, |11
radiation, namely that for — (—] < r| then — (%) > (;J i.e. 7 >— forA<r|
- 0] r

Thus for the far-zone, when we can neglect the second term in the above expression
for VE (r,6,t).

—

he

=

0
VAR (I’, H,t) = —M(&J { (t ——ﬂ in the far-zone, for .

drec\ I c

Note that in the static limit, when @ — 0 it iS necessary to retain the second term in the above

) e 0
expression; we obtain in this limit: [V."" (r,8) = 4&(%) {cf w/P435 Lect. Notes — same!}
e,

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Now let us focus our attention on calculating A" (F.1):

AE“)(FJF—( jfm/z sin[ o(t - r/c)]d

=—d/2 Vs
Because the integration itself introduces a factor of d, then to first order

H,9,0
47

a

77

in (d/r)<1: r=~r’-2rzcos@+2>| with: |z|s%

Thus. JAZ:+d/2 sin[a)(t - /’/C)] i = sin[a)(t - r/c)] ;

— z=—d/2 Vs - r

s | (1.0 =02 L of ¢~ o s [, =
Thus: AE(D(r,t)z—%TF:f)(%jsin[a)(t—gﬂi

Note that in the static limit, when @ — 0then A™" (r,t) — Oas we expect.

Now that we have obtained the (retarded) scalar and vector potentials V" (r,t) and
A"V (r,t) it is a “straight forward” exercise to compute the associated (retarded) EM fields,
EFO (r,t) and BF® (r.t):

OA"" (T,t)

EFV(7,t) =-VV O (T,1) P

and: [BFV(F,t)=VxA""(T,t)

In spherical coordinates:

n.b. V,E“)(F,t) has no explicit ¢ dependence

0, 1 © —p,@ cosé .

r
sin t——

VO (F,1) :[

or

r oo

sin&%

r

c

P,@

4re,C

.

r
t——

d

[0
——COS

4re,C

(-3

r
t——

r
t——

——-sin
r2

l

C Ic

el

c

.1 . i
f ——Zsm&sm

r C

1= o

Jl§

r
t——
C

i

c

c

r

C

c

= +M{(9J cos {a)(t —Lﬂ cos Of + (lj[cos Gsin{a)(t —Lﬂ f +sin @sin {a)(
drecr |\ c c r c
1
But for “far-zone” EM radiation, we have: %>> .
(gjcos{w(t—iﬂcose > (lj{cos ¢9sin{a)(t—£ t—L

~3(1)

el

)i

~8(1)

~9(1

)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2011. All Rights Reserved




UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2011 Lect. Notes 13 Prof. Steven Errede

1 . L A
So we can neglect/drop the (?j {cos fsin {a)(t - %ﬂ f + sin @sin {a)(t —Eﬂ 6}} terms.

2
VS (1ot = 1+ Po® €OSO C(;S 0 cos [a) t —Lﬂ f
dre,Cr

a”E(]) = B 2
A (r,t):_,uopoa)(ljﬁ sin a)[t—L 3= HoPe? o a)(t—LJ Z
ot 4r \r)jot i c 4rr c

But: |2 =cosff —sin 06| in spherical coordinates.

NE() (# 2
oA (r’t):—’u"pow cos{w(t—ij}[cosﬁf—sinﬁéq

And:

ot drr c
.. . =E() (7 \/E() (# 8'5\%) (F’t)
Then for far-zone EM radiation, with [d < 2 < r]: [E/” (F,t)=-VV " (F,t) T
2 2
Ef(”(f,t):—p"—wzcos a)(t—ij cos Of + HoPo? o a)(t—i] [cos@f—sin@@]
dre,Cr c 4rr c
1 1
But: |C’= or: |— =& M,
gOﬂO C

2 2
1 ()= -2 sl et Tsor 42 o ofe= cuor
C C

2
—Mcos {a)(t —Lﬂ sin 69
dxr C

Then: [B/ (F,t)=VxA™ (F,t)

with: |A"" (r,t)= _%4—5);60(%] sin [a)(t —%)} = —/1"4—%&)(%) sin[a)(t - %)}[cos orf —sin 963}

Thus:

=0 =0

] 1olaf(. 30 @ 1 1 e af )|, 10 AT
BFO (F,t) = L sinon |- D2 P4 -< b+~ —(rp)-Sx
UL ae(sm K\J Z% i smeﬁf ar[rxﬂj +r[ar(rA”) ae}”
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2005-2011. All Rights Reserved




UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2011 Lect. Notes 13 Prof. Steven Errede

BE0 (Ft) = [ (rA)) -2 ’* P

(-4 i{aﬁ[ o{t-slJoma)-pl o 755}
ARl oo
B2 e

4rr
- neglect

1
Again, (Q) > (—j here, because , thus

éf(l)(r,t): /'1045;)(: [Slfejcos{w(t—gj}é m Ef(l)(r,t): ﬂof;[ (SI?HJcos{w(t_gj}é

ie. BLEandB LFf

Now since |f x

>
us]l
=z
g
=l
\:—f‘
N
o |~
-~
X
m
o
—_
=l
\.r—f'
A —

= @|, once again we see that: |B,

Note also that:
a) E"® and B*" both vary as ~1/r.

b.) E® (F,t) and BF® (T,t) are in phase with each other.

c) EFV(F,t) and B (T,t) have the same angular dependence (~ sin ).

The EM radiation energy density, u;‘f) (F,t) associated with the oscillating E(1) electric dipole
for far-zone EM radiation {d < A < r } is:

(1) =0 ()l ()= 3 0 B (0 ()

P BE(I)( ) BE(l)( )j
2.2 4 s 2 ) 4 )
= 2[ oﬁllo6po (Slﬁze]cos{a)(t—g } ;120 (Sn;zejcos{a)(t—g)ﬂ Joules/m’
T 72'
2 4 22 ] s .2
LA p°2w2 s1n249 cos’ a)(t—ij 1 & p"z > s1n219 cos’ a)(t—ij
2 16x°c* | r c)| 1lex’c® r c

n.b.{used (F,t)=uied (7,1)| using: |¢° =1/e,u,| or: |&, =1/ u,c’

2 40 . 2
rad (o P [ sin” @ r .
B UE(?)(rﬂt): 1111622(:2 ( > jcos2 {a)(t——ﬂ (Jomu!esj for: “far zone” limit

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois ]
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The EM energy radiated by an oscillating electric dipole, in the far zone {d < A < r } is given

by Poynting’s vector:

fxé;: D
S. = 5 N
Sl’ad Ft)=— EE(I) —”t BE(I) —»’t 2
E(l)(r’) /,lo( T (r )X " (I’ )) <u /\l
pxF 0
2 2
S (F.t) = /1/ /iporco [uzporf sin® @ cos t——}e 9]
o s T

Hy po

sin’ @

2

Watts

< Radial outward flow of energy

St (1) = i S0 (et
for: |d < A < r|“far zone” limit

The EM radiation linear momentum density associated with an oscillating electric dipole, in the
far zone {d < A < r } is given by:

rai crad (= 1 crad (=
SOES) (r t) /uo‘("oSE(?)(r’t) :C_2 E(?)(r’t)
H, P’ r k
Or: 801?(1) (F ) PSR o cos a)(t——j sin” OF g <« Radial outward EM linear
l67°r c m?-sec

momentum flow for: |d < A < r|“far zone” limit

The EM radiation angular momentum density associated with an oscillating electric dipole, in the
far zone {d < A < r } is given by:

=007 _cos’ {a)(t —Lﬂ sin® @(F xF)
C
for: |d < A < r|“far zone” limit

n.b. The exact ﬁg’}‘f)

kg

m-sec

0

[

(r,t) % 0 i.e. ignore restrictions on far-zone limit, keep all higher-order

j < No angular momentum flow

terms . . . we have neglected E" ~ f term which is non-negligible in the near-zone (d ~r) and

also in the so-called intermediate, or inductive zone (4 ~r).

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Time-Averaged Quantities for E(1) Radiation from an Oscillating Electric Dipole:

1

(A1) =

Recall the definition of time average:

) to A(t)dt

1 t=r 2
;LO A, cos” wtdt =

1
EAO

The time-averaged EM radiation energy density associated with an oscillating electric dipole is:

rad (o w1, Pl \( sin’ 0| ( Joules
<“E<?>(r’t)>:(32n2c2J{ r’ j [ m

j for: “far-zone” limit

The time-averaged |[Poynting’s vector|, which is also the intensity I,;(l) of EM radiation

associated with an oscillating electric dipole is:

rad (= crad (= 1 7 2 Hy pg a)4 Sil’l2 9 Watts
|E(?)(r)E<SE(?)(r,t)‘>:EC80<(ErE(1)(I",t)) >=( o j( 5 ( — j for
We also see that: |£??) (F) = < Sé?f) (4 )D = C<U§?> (F,t)> (W;Etsj )

d<ixr
“far-zone” limit

The time-averaged EM radiated power associated with an oscillating electric dipole is:

rad (= g ra ' = /'lopo p=2z . .
<PE(]d)(r,t)>:L<SE(f)(r,t)>-daL—32 C><'[ J. ><sm2(9s%g%9dgo
Hy Poe" oPo’ po-r .
~ 16}/{721 Z%J. sin’6d cos @ = l;67rcz I_O sin’6d cos @
Let |u = cos @), |du =—d (cos )|, =-1|, |sin®@=1-cos’§=1-U’
+1

rl(l—uz)du:(u—lmj SR TR S S
= 3, 303 03 3

. The time-averaged radiated power is:

(s r.0)=(

Uy Piw

P rad )
127¢C

E(1)

(Watts) for: “far-zone” limit

P rad

E(1)

nb. (

no r-dependence!

(I’ t)> has

Note that time-averaged radiated power varies as the fourth power of frequency!

The time-averaged EM radiation linear momentum density associated with an oscillating electric

dipole is:

1
¢

1

Lo

C

rad
E(1)

rad

[

-~

(@r6 (r0) = (S (1)) (7.1))

]

U, pio* \( sin® @ ; kg
327°¢ r’ m’-sec
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The time-averaged EM radiation angular momentum density associated with an oscillating
electric dipole is:

o  rd fo tpiot \(sin’ @), .
<£E<1>(r’t)>= ' X<@Eg>(r’t)>:[32zzc3 j( j(rxr)

r

0( kg jm: d<ixr

m-sec “far-zone” limit

n.b. The exact <ZZ§‘(‘1) (F)> ;:Z 0 i.e. ignore restrictions on far-zone limit, keep all higher-order

terms . . . we have neglected the E” ~ f term which is non-negligible in the near-zone (d ~r)
and also in the so-called intermediate, or inductive zone (/1 ~ r) .

crad [ = H, pg 0)4 Sinz 0 Watts
s o) ) )| (%)

= <§g?‘f)(r,0=0,(p)>=<§g"}‘f)(r,9=ﬂ,(p)>=0 since: ‘sin20=sin27r=0‘

Note that because: |, (F) = <

i.e. no EM radiation occurs along the axis of the electric dipole (2 axis)

EM radiation for E(1) electric dipole is peaked/maximum at @ = /2 (then sin* @ =1)

.. maximum EM radiation occurs L to the axis of the electric dipole:

(IS (r.0)]) &

Ho Do’
327°cr?

Thus, the intensity profile Ilﬁj‘f) (f) in 3-D {for fixed r} for E(1) electric dipole radiation is
donut-shaped - rotationally invariant in ¢, as shown in the figure below:
A

Dipole axis
Dipole axis
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Griffiths Example 11.1:

U P00’
The time-averaged power for E(1) electric dipole radiation is <P5r?1d)> = f 270[(: )
Note that<ng]d)> ~o* (or ~f* or ~17")
8
Forred light: |4, =780nm|= |[f , = ¢ __3x10 — =3.85x10"Hz
A 780x10
c 3x10°
For violet light: 4, =350nm| = |f,, =——=————=8.57x10"Hz
/l’violet 350)(10
Pviolet ‘ 4 14 \*
Hence: < i V] [ Fae | (83 A0 (223) =24.67)
() f, 3.85x10

= <Prad > ~ " explains why the sky is blue! Sunlight {unpolarized light} incident on O, & N,

E(1)
molecules in the earth’s atmosphere stimulates the O & N atoms — vibrates the {bound} atomic
electrons at {angular} frequency @, causing them to oscillate as electric dipoles! Solar EM
radiation at a given angular frequency @ is thus absorbed and re-emitted in this EM radiation +
atom scattering process.

The above formula for EM power radiated as E(1) electric dipole radiation by such atoms, by
time-reversal invariance of the EM interaction, is also the EM power absorbed by atoms, thus we

see that because of the " -dependence of <ng‘1")> , the higher frequency/shorter wavelength

radiation (i.e. blue/violet light) is preferentially scattered much more so than the lower
frequency/longer wavelength radiation (i.e. red light).

The Earth’s sky appears blue {e.g. to an observer on the ground, or even e.g. a space shuttle
astronaut in orbit around the earth} because the light from the sky is scattered (i.e. re-radiated)
light, which is preferentially in the blue/violet portion of the visible light EM spectrum. The
scattering of EM radiation off of atoms is known as Rayleigh Scattering.

Note that precisely same physics also simultaneously explains why the Sun appears red e.g. to
an observer on the ground at sunrise and sunset — because at these times of the day, path that the
sunlight takes through the atmosphere is the longest, relative to that associated e.g. with its
position at {local} noon. If the higher-frequency blue/violet light is preferentially scattered out of
the beam of sunlight, what is left in the beam of sunlight after traversing the entire thickness of
the Earth’s atmosphere is the lower-frequency, orange-red light.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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Note that the Sun is a black-body radiator — its EM spectrum peaks in the infra-red region —
thus it is NOT flat by any means {also is affected by frequency-dependent absorption in the

atmosphere}:

10° ;
i
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Figure 10.4 Power spectrum of solar radiation (in walls per square meter per electron
volt) as a function of photon energy (in electron xfolls). Curve A is the mcn_dem _
spectrum above the atmosphere. Curve Bisa typma_l sea-level spectrum with the sun at
the zenith. The absorption bands below 2 eV are chiefly from water vapor and vary
from site to site and day to day. The dashed curves give lh:_cxp_ectcd sea—leve‘i
spectrum at zenith and at sunrise-sunset if the only attenuation is from Rayleigh
scattering by a dry, clean atmosphere.

Note the log scale on the vertical axis! Thus, there is not much violet light in the Sun’s EM
spectrum, and hence there is a delicate “balancing” act of flux of EM radiation from the Sun
{convoluted} with its black-body spectrum and the scattering of this radiation by atoms in the
Earth’s atmosphere — thus we see the sky as blue. Thus, if the black-body temperature of the sun
was different, then the color of the Earth’s sky in the visible portion of the EM spectrum would
also be different — compare the black-body spectra of our Sun e.g. with that of Spica (260 ly
away in the Virgo constellation) and Antares (a red giant 600 ly away in the Scorpio

constellation):

LT[

LED

0.26

Spica
{22,000 K)
£

e

The Sun
(5AMN K}

Ankares

(2400 K)

Wavelength {Angsiroms)
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Light from the Sun is unpolarized (i.e. it consists of all polarizations, randomly oriented over
time). However, because EM waves are transversely polarized (defined by the orientation of

the E -field vector) an incident EM plane wave from the Sun with polarization in a given
direction (L to k -propagation direction) will (transitorily) induce electric dipole moments in
gas atoms in earth’s atmosphere, via P, (@)= &, (@) E, where a,, (o) is the molecular

polarizability at {angular} frequency @ {see P435 Lect. Notes 12 and P436 Lect. Notes 7.5}.

The axis of induced electric dipole moments will be || to the plane of polarization of incident
wave at that instant, hence the scattered radiation emitted by the atom will be preferentially at

0 =90"=7/2 (i.e. L) to the axis of the (induced) electric dipole of gas atoms in earth’s
atmosphere. There are two specific/limiting cases to consider — (@) when the incident E -field

vector is vertical and (b) when the incident E -field vector is horizontal. Random polarization is
then an arbitrary linear combination of these two limiting cases:

(a.) E, vertical: §%
E :

M: Escat “ Pinduced ” Einc for Gscat = 900
(max probable direction of emission).
E(1) electric dipoles oscillating L to line
-of-sight preferentially tend to radiate
in the line-of-siaht direction.

=~

scat = Line of sight

(b.) E,horizontal:

Same atom and same
observer, but observer
doesn’t see this scattered
radiation — E(1) electric
dipoles oscillating along
the line-of-sight do not
radiate in that direction.
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Because the blue light an observer sees from a given portion of the sky is due to the
preferential scattering of E(1) electric dipole-type Rayleigh scattering of sunlight/solar EM

radiation off of gas atoms in the Earth’s atmosphere, with E,_, | to the line-of-sight, this

radiation has a net polarization — i.e. the light from the sky is polarized, especially so away from
the sun, i.e. in the northern portions of the sky {in the northern hemisphere} !!! You can very
easily observe/explicitly verify this using a pair of polaroid sunglasses — try it some time!!!

It is beneficial to wear polaroid sunglasses e.g. when out boating on a lake — in order to
reduce “glare” from {polarized} sunlight reflected off of the surface of the water!!!

As mentioned above, at sunrise or sunset, the sun appears red when an observer is looking
directly at the sun, because the blue/violet light is ~ 25x more preferentially scattered out of the
beam of light incident from the sun {per unit thickness of atmosphere} than read light. Thus
sunlight at the ground consists predominantly of what remains — red light.

Note that this is also true for moonrise and moonset — the moon will {likewise} have a
reddish hue at these times, and note that this is also true e.g. for the case of an eclipse of the
moon by the Earth.

One can also observe this same phenomenon €.g. using a glass pitcher of milk diluted with
water — because milk molecules are efficient Rayleigh scatterers of visible light! Here’s a simple
experiment that you can carry out at home, €.g. using a flashlight:
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