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LECTURE NOTES 18.75

The Relativistic VVersion of Maxwell’s Stress Tensor T

Despite the fact that we know that the EM energy density

—1 2 1 2
Uem _780E +EB and

Poynting’s Vector, |S = s ExB

are not Lorentz invariant quantities, we ask: Is there a related

entity, relativistic in nature, from which we can understand the transformation properties of
Ug, and S, in going from one IRF(S) to another IRF(S')?

The answer is yes — the 4-dimensional relativistic generalization of the 3-dimensional
classical electrodynamics Maxwell’s stress tensor: |Tij — T| 11!

Recall that the classical-electrodynamics 3-dimensional Maxwell stress tensor is T,
a 9-component, rank two 3 x 3 symmetric tensor (i.e. a matrix) whose elements are:

n.b. Tj; elements

_ 1 2 | 1 2 —
are symmetric: =T =‘90(EiEj _Eé}jE j+,u_o(BiBj _55}15 j where:
Tij = Tji =T L ifi j
. . 1 —
1s a symmetric The Kronecker & -function: |8; =1 ... .
rank-2 tensor. 0ifi= ]

Physically, T is the force per unit area (or stress) acting on a surface of interest.

. . oth 4- . . . -th 4- .
Tij = force per unit area in i direction acting on an element of surface in the j" direction.

= Thus: Tu, Tyy, Tz, physically represent pressures. (SI units: N / m2) n.b. SI units of T all

same (= pressure):

N _kg-m/s> _ kg

= And: Ty, Txz, Tyx, Tyz, Tox, T2y physically represent shears. (SI units: N / mz)

m’ m’ m-s
= Same SI units as
energy density
In classical electrodynamics, the force per unit volume (aka force density) is: i} = N —3m = lz
m m m
. —~ . 185(rt - 1o\ ara
f(F,t)=V.T (r,t)—c—z% where: [S(F.t)= " E(F,t)xB(F,t)|=Poynting’s Vector
(0]
SI units of force density: N / m’
= energy flux (watts/m?) through surface
_ - .- 1 ¢ 8S(F.t SI units of
The total force is therefore: |F (t)= J:l f(F.t)dr= L(V-T (r,t))dr s V%dr force =
N =kg-m/s’

- - _ 1 ¢ 0S(r,t
Use the divergence theorem on the 1% integral: |F (t) = CJSST (r,t)'da ——J.vﬁd
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In going from the classical electrodynamics 3-D spatial version of Maxwell’s stress tensor T
a 3 x 3 =9 element symmetric rank two tensor Tj;

E :
T, =, EiEj—léijEz}ri(BiBj—15”82);9002 E5ee |-Lo| S em |||
2 Ho 2 c C 2 "¢ Eotly

i,j=1:3

to the relativistic 4-dimensional space-time version of Maxwell’s stress tensor T*' a4 x4 =16
element symmetric tensor ( uV=0: 3) we expect the “new”/additional temporal components of T*
i.e. anew top row (row # =0 column# v=0:3) and a new LHS column (row # u#=0:3,
column # v=0) to:

a.) be symmetric, i.e. T" =+T"

b.) have the same physical SI units ( N / m’ = pressure/energy density) as Ti
c.) have something to do with the temporal aspects of EM field energy flow
d.) be related to the EM field tensor, F** (or equivalently, G**)

We define the relativistic version of Maxwell’s stress tensor as:

v fo} \ 1 v o . P . .
T =g’ [(F” F U)—Zé'” (FMFi )} {n.b. implicit sum over repeated indices!}

Where the “flat” space-time metric tensor, 6" (analogous to 0; ) 1s defined as:

-1 0 0 O
—lforu=v=0
., 10 +1 0 0 ”
o= 0 0 +1 0 where: [6"" =q+1 for u=v=1,2,3
0 o0 o | 0 for u#v
+

Note that the differences in the physical appearance between definitions of 3-D TT and 4-D T*

+1
E E; 1 E’
— 2 i 2 —
Tij =&,C {(??J-’_ BiBi]_Eé}j (C_z"_ B j} é‘ij = +1 n.b. symmetric
+1 tensors, SI units:
kg
N/ —
-1 /nz m-s’
TﬂVEgCZ (FyUFV )_lé‘yv(F Fﬂo‘) 5/4\/5 +1
0 o 4 Ao +1
+1

arise from our (& Griffiths’) definition of the anti-symmetric EM field tensor, F*':

2 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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F* =

F_F*)=2| B? 1E2 —2E2 B?
@1(15 )— s =2

(See Griffiths problem 12.50, p. 537 P436 HW #14)

|
o |N|'|'| o |<|'|'| o |X|T|
o
o
o

For clarity’s sake, here we present the results for T*' and place the (tedious!) calculational details in
Appendix “A” of these lecture notes.

s_l= 5 Jjs 3 _N-m_ N
Recall that Poynting’s Vector, SE—(EXB) SI units: Watty , = / = —=——=
Ho m m m-s m-s ms
Recall that EM field linear momentum density: |£ey =&, (E X é)
P =0 (ExB) =t | -~ (ExB) |=eouS = || - =eut
Ho c c
mc:ls::_[i(gxg)};[[&xg} (EB
c n |\ c c
: - l = kg m kg
I f c=-S: —= : [IN=kg-M
SI units of | @y - OE RPN but g Az
kg—-m N | _IN-m _J | ,
= | g | pressure = |—— = = energy density

Recall that the EM field energy density ug,, is defined as:

2 2
Ugy ElgoE2+LBz:lgo(E-E)+LI§-I§:lgOC2 E—2 +le30CZBZ:lgOC2 E—z +B?
2 2u, 2 2u, 2 C 2 2 C

N . .
7 = energy density = pressure = force per unit area

= {linear} momentum flux density

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
2005-2011. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11

Fall Semester, 2011

Lect. Notes 18.75

Prof. Steven Errede

Explicitly reminding the reader that the 3-D classical electrodynamics version of Maxwell’s

stress tensor T is defined as:

Column # j = 1:3

1=x 2=y 3=z Row#i=1:3
T, T, T,)1=X —
For ot T T 2oy |-lec|[EEiipe |- Lo [E g ]| |5 {1
}yij\_ _I_yx _I_W Tyz 3:: “ e ) 27¢ loifi# |
X zy 2z -
Row # Column #
(1:3) (1:3)
2 2 E
gOC{(E—; B; —l[E—2+Bzﬂ goc{i—erBxBy} &,c’ 55+BXBZ
c 2l ¢ c c cc |
~ E ] E> 2 [
T= £,C’ 55, B, B, goc{(—zy+ B, —l(E—+ Bzﬂ &,c’ 5E B, B,
lcc | c 2\ ¢ ' c ¢ |
B ] E 2 2
g,C’ E&, B,B, gocz[E—MBZBy} goc{( : ij_l[E_ﬁBzﬂ
| C C ] cC C c 2\ ¢C
Ef Ej E22 2 2 2 Ex Ey —Ex Ez
(C—Z—C—Z—C—z +(B; -B; -B;) 2 e B,B, 2_??+ B,B,
[E ] E: [E |
—£,C° 2 —y5+ByBX L—zu Bj]+(—Bf+Bj—Bf) 2 —VE+ByBZ
| c¢C ] C | Cc C |
[ l E 2 E? 2
2| BBy B,B, 2{5—y+ BZBy} (— E; . E; J+(—Bf—Bj+Bf)
¢ ¢ i cC c ¢ ¢ ¢
= Note that the Tj; elements are symmetric, i.e. |T; =+T;
Physically:
T, (i, j =1:3)are pure space-space components.

. . . th 4- .
T. =i" component of force across unit area perpendicular to j direction.

ij
Tii = Txx >
T =
y, or z directions

T,,, T,, represent pressures on enclosing surfaces in the X, y, z directions, respectively.

(TXy =T, ),(TXZ =T, ),(TyZ =T, ) represent stresses (or shears) on enclosing surfaces in the X,

But note also that physically:

Tij — _ve of the rate of flow of the i

component of EM field linear momentum P through unit area

.. th - . . . -th .
whose normal is in the j" direction, i.e. —T; is the i"" component of the linear momentum

flux density transported in the j™ direction by the EM fields.

4 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Then, the relativistic 4-D space-time version of Maxwell’s stress tensor defined as:

T ESOC2 |:(F’MFVU)—55”V(F15F&U):| gives:

Column #
Row# Column# 0=t I=x 2=y 3=z Row #

03 03 T T T2 Tyo=t (T T TV 7T
\ / TIO i Tll le T13 1 =X TXt i TXX TXy TXZ
T M — T20 E T2l T22 T23 2 — y — Tyt E TyX Tyy -I-yz
T30 i T31 T32 T33 3 =z TZt : TZX -I-zy TZZ

Now while we might hope that the { z,v =1:3} pure space-space elements of the relativistic
4-D space-time stress tensor T** would be identical to that of the 3-D classical electrodynamics /
Maxwell’s stress tensor Tij, because of our definitions forT*'and F*'what we instead obtain is:

w —

uv=13 1 ‘i,j:l:3

Thus, we see that the pure space-space { x,v =1:3} components of the relativistic stress

tensor T*' physically represent EM field linear momentum flux densities, the negative of which
physically corresponds to stresses/shears on bounding surfaces!

The temporal components of T*' are:

1
v=0 (1St column): —=g,C
Hy
2
ro gy Lol Lo e
2 24, Cc
E E
10 2 z _
T =pc=gc (?YBZ—?By =¢,c(E,B,-E,B,)
TzozpyC=gOC2(EBX_EBZ =80C(EZBX_EXBZ)
c c
E E
30 2 X —
TY=pc=¢c (?By—?ysx =¢,c(E,B,-E,B,)
- 1= = 1= 1(E = E - -
Recalling that Poynting’s Vector: SE—(EXB) —S:—(—x BJzeocz(—x B}zgoc(ExB)
Ho C M\ C c
Thus: ~S=15%+15 y+152-sc(E,B,—E,B,)% E,B,—EB,)y E.B,—EB,)2
Thus: | =S =—Sk+—S,§+— 2=£,(E,B,~E,B,)%+£,(E,B,—E,B,)y+¢,(EB,-E,B,)2
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T =%sx =¢,c(E,B,-E,B,)
-I-02

1
=S, =50(E,B,-EB,)

T” :%Sz =50C(EXBy _EVBX)

Thus, we (explicitly) see that:

1 A
= [pe=1s,
C
T =T = o, =28, | p or: o =8 =z,0(ExE)
y C y I o
= o=,
C

J

Prof. Steven Errede

Thus the components of the relativistic 4-D/spacetime version of Maxwell’s stress tensor T*"

are {T*' =T" = symmetric tensor}:

T =¢,C’ [(F”“F;)-%&‘V(FMF“)}

TOO TOl TO2 T03 Ttt TtX Tty th TI’( __:I-_'(i(___:l-_t)_/____-l—_tf_
w TlO Tll T12 Tl3 Txt TXX TXy TXZ xt E _TXX _Txy _sz
T = 20 21 2 X TN B I yX yy v | DTl — —
T T T T T T T T T -1, -T, -T,
T30 T31 T32 T33 TZt TZX sz TZZ TZtE _sz _sz _Tzz
1 L((EY _, 1 1
Uy :EEOC F +B ESX ESy
E; 1(E? E E
pc —&C H > +ij_5(c_2+ BZH —goc{ TTY]WL(BXBV)} —&,C?
E

2005-2011. All Rights Reserved.

(E
=Xz |4
\c
&
Lc

E. B’

3-D space-space components
of classical electrodynamics’

Maxwell’s stress tensor Tij

S

Ls
C

B

<
c
E
c
1
2

(58]
+(ByBZ)}
E

S5

\&
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Physically:

TH =

EM field energy
density, Ug,

flux of EM field

momentum density, £,

flux of EM field
momentum density, ({Oy

flux of EM field

Qentum density, 0,

x-flow of EM
field energy, S, /C

X — flow of
EM field linear

momentum density, £,

X — flow of
EM field linear

momentum density, £,

X — flow of
EM field linear

momentum density, £,

Fall Semester, 2011

y-flow of EM
field energy, S, / c

y — flow of
EM field linear

momentum density, £,

y — flow of
EM field linear

momentum density, £,

y — flow of
EM field linear

momentum density, £,

Lect. Notes 18.75

z-flow of EM

field energy, S, / c \

z — flow of
EM field linear

momentum density, £,

z — flow of
EM field linear

momentum density, £,

z — flow of
EM field linear

momentum density, M

ST units of T*': energy density = %n ,=N '%2 = %2 = pressure

1 E? 1
T =u,, =—¢,0*| —+B* |=—g,E*+——B’| using: || ¢* =
B (cz ] 28 Tou | R e,

E
TIO_pxczgocz(_sz_EBy):goc(Esz_Esz):lsxZTOI

C C c

E.x _E 1
Tzo:pXCZgocz(_Bx__sz:‘goc(Esz_Esz):_Sy=T02

C C C

E

'|'3°=<§02C=5002(35y_—yij=5oC(ExBy_EyBx)=lSZ=T°3

C C c
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As a simple example of the use of the 4-D/relativistic version of Maxwell’s stress tensor T *,
let us consider the purely electrostatic problem of a parallel-plate capacitor at rest in the lab
frame IRF(S), with large area plates || to the x-y plane as shown in the figure below:

e

Inside the || plates {d < @,/ }:
E=E2? (E =0 elsewhere)

B =0 everywhere

Upy 1S, 1S, 1S\ (1eEX 0 0 0
xC _Txx -T _sz 0 +1 E2 0 0
Then: T = SO 4 - 24050 )
§,C _Tyx _Tyy _Tyz 0 0 +38,E, 0
p.c T, -T, -T, 0 0 0 —1g E:
+1 0 0 0
TH _1, E2 0+ 0 0 | Only the diagonal elements
2T 0 0 410 of T*'=T* are non-zero

0 0 0 -1

T” =ug, =+1¢,EZ| = +ve Energy Density (J/m’)

T'=-T, =+1gE}| = +ve EM Pressure = |+1&,E;|in X -direction !!!

2%0"0

T?=-T, =+1¢E;|= +ve EM Pressure = |+4+¢,E;|in ¥ -direction !!!

T =-T,=-1gE}| = —ve EM Pressure = |-1¢,E.|in 7 -direction {n.b. E=E_2 }!!!
= Plates of capacitor attracted to each other — net attractive force acting on bottom/top plates:

Tension: |F,,, =+0/WE 2 =+QE 2

,|Fy, =—0fWE, 2 =-QE,2=-F

top — bot

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Appendix A: Calculation of the Elements of the Relativistic Version of Maxwell’s Stress Tensor

T™ =g,c? [(F""FVU)—i&”(FMF“)}

ST units of T*': energy density = %n ) = N ‘%2 = %2 = pressure

-1 0 0 O
—1foru=v=0
“ﬂ " . . . é‘,uv — 0 for ¢ V . 5"" — O +1 0 0
at” space-time metric tensor: = H i.e. =l 0 041 0
+1foru=v=1,2o0r3
0 0 0 +1
Anti-symmetric EM field tensor, F*': |F* =—-F" Column # v
0 ! 2 ’%) Row # u
0 EX/C E /C Ez/C FO g0l g0 EO® 0
Column # T3 y
£ —EX/C 0 B, _By ~ o g1t g2 gb 1
T I —E /C -B, 0 B, - F20 E2 2 E® b
Row # —— y
_EZ/C By _Bx 0 F3 g3 E32 E® 3

First, we need to calculate: |F, F*” = F*°F,_|where: [F i = prow# colum

f F#, means that we place a minus (—) sign in front of the
v =0 temporal components, i.e. elements in the first horizontal row (z=0) of F*'.

F,” means that we place a minus () sign in front of the

< 4 =0 temporal components, i.e. elements in the first vertical column (v=0) of F*'.

F,, means that we place a minus () sign in front of both of the
v =0 temporal components, elements in the first horizontal row («=0) .AND. the

4 =0 temporal components, elements in the first vertical column (v=0) of F*'.
F/‘LO—FlG :+FOOF00_F01F01_FOZFOZ_F03FO3
_FIOFIO+F11F1]+F]2F12+F13F13
_F20F20+F21F21+F22F22+F23F23
_F30F30+F31F31+F32F32+F33F33

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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. E2 E E
: : 1 |FLFY ===
F,F*=+0" —(E/c) ~(E,/c) ~(E,/c) S
=
~(-E./e) +0"  +(B,) +(-B,) IR
2 = y
~(E /o) +(B) <0 +(B) BB
C
~(Efo) +(B) +(B)  +0° E;
_C_§+B§+Bf

. E; E, E; E’ E’ E’
F_F* :2{{& +C—§+C—2J+(Bj+Bj+B§)}=2(—C—2+52}=2(52—C—zjz—z(c—z—ﬂ

2 2 .
(Flo- F}ta) _ 2[82 _E_j _ (E_z_ sz Griffiths problem 12.50 a.)

Lo
(F..F*) & o p. 537 {P436 HW14}

Next, we need to calculate (F”" FVU) which is a 4 x 4 = 16 element tensor = S**
n.b. repeated indices ( a) are summed over o =0:3 for each element of S**!!!

Calculate the 16 elements of 4 x 4 tensor: |S* =F“F"_

v=0 (1" column) of $*° (u=0:3):

2
SOOEFOJFOG =_FO0F00+F01F01+F02FO2+F03F03 =_02+(5j2+(5] +(EJ2 =E_2
C

SIO EFIUFOO_:—F10F00+F11F01+F12F02+F13F03
E E E E 1
— | ~Z|(0)+(0)| = |+B,| =2 |+(-B, )| == |=~(E.B, - E,B
o R C E NES LA RIS

SZO = FZO'FO :_F20F00+F21F01+F22F02+F23F03

- _[_%j(o)+(_gz)(Ej+(o)[ij+(Bx)[Ej :l(EZBX -EB,)

C C C C

S30 E|:30'|:0 :_F30F00+F31F01+F22F02+F23F03

o GRCY C RN RO BT CL R

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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SOl EFOO'FI :_FO0F10+F01F11+F02F12+F03Fl3

-5 (B0 T )ee)-LEa s

S3l E|:30'|:1 :_F30F10+F31F11+F32F12+F33F13

LB )0 rE 08 EF

C C

v=2 (3" column) of $*° (x=0:3):

SOZ EI:OO'I:Z :_FOOFZO+F01F21+F02F22+F03F23

C C C C

SIZEFIUFZ :_F10F20+F11F21+F12F22+F13F23
E

C C

(&S| oe) @0 (- )E) - Zre

822 EFZO'FZ :_F20F20+F21F21+F22F22+F23F23

%S rmae) @0 e ) -

c

2

E
-—+B; +B;
c

823 EF3O'F2 :_F30F20+F31F21+F32F22+F33F23

Prof. Steven Errede
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803 EI:OO'I:3 :_FO0F30+F01F31+F02F32+F03F33

- S J(E ) 2 e (B )o-Les -ea)

SI3EFIUF3 =_F10F30+F11F31+F12F32+F13F33

EFZO'F3 :_F20F30+F21F31+F22F32+F23F33

o

823

533 = F30'F3 =_F30F30+F31F31+F32F32+F33F33

:_(_E)(_E}L(By)(By)+(—BX)(—BX)+(O)(0):— SBl 4B

2

Prof. Steven Errede

C C
Thus, collecting our results for the {intermediate} tensor|S* = F*7F"_|:
SOO SOI SOZ SO3
SlO Sll le 813
SvaF,uchv —
o SZO SZl 822 SZ3
530 s31 S32 S33
E” ! E B —EB ! E.B,—EB E.B,—E B
C_z E(yz_zy) E(zx_xz) (xy_yx)
1EB E B Exz BZ+B’? XEy B, B E.E, B, B
E(yz_zy) _C_2+y+z C—2+xy C2+xz
W _ UV
S = F F o 1 EXEy 5 , , EyEZ
E(EZBX—EXBZ) |2 +BB, | —-—+B/+B; = +B,B,
E

c

1 E,E, E,E,
~(E,B,-E,B,) —(C—2+BXBZJ —[é—2+Bszj

Note that S*' is a symmetric matrix, i.e. S** =S" {which is good, because T*' is symmetric!}

S/JV = F,uGFVU

S =F"“F"

and:

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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. |F*F'_ =F"F*_|and since each|F“’F"_| or equivalently [F* F*_|is the sum of 4 terms
(o =0:3) then we may also write these as: |F*'F'_ =F' F*7| and: |F"F* =F* F"|
. Syvzsvy:F;lGFVG:FVUFyJ:FVGF;JG:F;JO_FVO'
-1 0 0 O
TﬂvEgoc2[(FWFVG)—%SW(FMFM)} é o o
+
Then — Ezl where: [0 = 0 041 0
=S5 =] —-B’
c’ 0 0 0+1
E’ 1 1 1
= E(EyBZ—EZBy) (BB, -EB)) E(EXBY—EYBX)
1 f 2 2 X Esz
C(EyBZ E,B,) -~ +B+B, _( C2V+BXByj —( c2 +BXBZJ
/tVEF/.tO'FV —
S 71 E,E, E, . . yE.
E(EZBX—EXBZ) |z +BB, | -—+B+B; - = +B,B,
1 E.E, EE, z a2
E(EXBy—EyBX) —(C—z BXBZ] —( éz +ByBZj ~ B+

Note that since 6*' only contributes to the diagonal elements of T**, let us compute these:

2 2 2
T =¢c*|S’ 01, E——B =g,C’ E—z—l E—2—32
4\ ¢? c 2\ ¢C
B 2
=¢,C’ lE— REY:SY OE2+l.900282:1(90E2+L82—UEM
2¢ 2 2 2 2 24,
2 2 2
T“:goc2 nyly E——B2 =¢g,C| - ,+B;+ IE—z—le
4 2
EZ 1 E; 1
:gocz— E —y +Bz+Bz—§(Bf+Bj+Bf)
c?
_gcz__Ef E.E 1( B; +B; +B;) s BB LE
IR 1) B R SR ) 2 ¢z ¢ ¢
1 L Ef E E ) mrme
zzgoc H—C—erC—Z = +(—BX+By+BZ)
Y = = = O J(E o) L[EY . L,
=—§€OC [(C—Z—C—z—c—z +(BX_By_BZ) =—€0C C—2+BX —5 C—2+B

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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From the above elements S'',S**,S* and their cyclic permutation symmetries we see that:

= = 1 (g 1(E2 )
22 2 X y z 2 2 2 _ y 2 2
T ——580(: _C2 C—z—c—z +(_Bx+By_BZ) ——80 C—2+By —5 C—2+B
and:
1 E2 E E (E? 1(E?
33 2 X y z 2 2 2\ = _ z 22| = 2
T ——Eé‘oc _C_Z_C_z Cz +(_Bx _By +Bz) = 80_ C2 +BZ 2 Cz +B |

Then for all other remaining elements of the relativistic version of Maxwell’s stress tensor,

T\ .., we see that since: |0*| ., = 0|then: (T* #¢V=80C2(F”"FGV) = 6L
Thus:
1 L(E* _,
26| =+ B [= ey ¢,(E,B,~E,B,) ¢,c(E,B,—E,B,) £,C(E,B,~E,B,)
= 1(E? E.E E,E,
£,c(E,B, —E,B, ) _g"CHc_ﬁBXZJ_E[c_”BZH _gOCZHC_Zv}BXBy} _80C2|:(C_ZJ+BXBZ:|
T =
E,B, —EB 2 Y |+BB ; g2 |-L[E g2 (B g
SOC( ,Dy —Ey z) —&,C C— +bB, y —&,C C_2+ y —5 C—2+ —&,C 0—2 + v B,

Now Poynting’s vector:

S =L (ExB)=¢,¢’ (ExB)=s,
Hq

(ExEB) %+(ExB) y+(ExE) 2|

y

-’ |(E,B,~E,B,)%+(E,B,~E,B,)y+(EB,~E,B,)2]
1= . . 5
Thus: S - ¢,c[(E,B,~E,B,)%+(E,B,~E,B,)y+(E,B,-E,B,)2]
e U P - 1=
But relativistic linear momentum density 50=C—ZS or goC=ES. Thus, we see that:
TOOZUEM TOlzlSX:pXC:Tlo T02:lsy:80yC_T20 TO3:lSZ:pZC:T3O
C C C
T‘O:goxc:lSX:T01
C
20 1 02
T :SOyC:ESy:T
30 1 03
T =p,c==S,=T
c

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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vV o \ 1 Vv o .
Thus: [T* =¢,c° {(F” F 6)—25” (FMF/1 gives:
1 1 1
u =S =S -S
EM c X c y C z
2 2 E E
©,C —goc{ E—; ij—l(E—z BZH —g,¢° H ;2 VJ+ BB, | —&c HE(X:EZ)JF BXBZ}
= [(EE E? 1( E _ EE
9,6 —&,C _[ (X:QYJJFBXBV} —gocKC—Qy+BjJ—E(C—2 BZJ —goc{( ézZ\J+Bsz:|
[(E,E, E,E, E? 1(E?
0, —¢gc _[ = j+BXBZ} —gocz[( 22 j+ByBZ} —goc{ C—2+Bf]—E[C—Z+Bzﬂ
The classical electrodynamics 3-D force density is: | f = VT e a(%g)ﬁf Sl units:
- ensl : =Vel ——=- .
e classical electrodynamics orce is 2 at a(ct) N/m?
where: | f = f X+ f,y+f,2
1< 1e¢, 1l B lC 5 0l 02 8 035
e [ — - _a(CS)=_8(;Sxx+g8yy+gszz):_a(T R+T2Y9+T"2)
T leems TR [ T () ox’ ox°
The relativistic electrodynamics force density 4-vector is: | f" —( fo F) (SIunits: N/m*)
v : 0 a(TOO) a(uEM)
The zeroth/temporal/scalar component of the 4-vector f"is: [f~ =— - =—
OX d(ct)
Thus, the relativistic electrodynamics force density 4-vector is:
oTH oT™ otV or* oTY o | ; ~
v_ wo_ __ . = _~ | isthe covariant 4-D
= aﬂT OXH ( ox° * oxt * ox> * ox® where: a” ox* | aradient operator.

The total relativistic force 4-vector can likewise be obtained by noting that the 3-D spatial
classical electrodynamics version of the 3-D total force vector is:

ﬁ:jvfdrzjv(_ciz%gw.f]:jv _%f))w.f dr
Thus: FV:IV4 fvdr4=—Iv48#T“V dr, =— V4[a;(zvjdr4 where:

F'=(FF

and:

)

The 4-D space-time volume V, has volume element d T, = cdt dxdydz

F=FX+Fy+Fz2
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If one wishes to transform these results in one IRF(S) to another IRF(S') moving with relative
velocity V with respect to IRF(S), there are two equivalent methods to accomplish this task:

Method I:

First, Lorentz transform the E and B fields via:

Y 3 1

=N |7 (1 - (LJ Bp ) 2 = y= - See/read P436
E — r+ E where: 1- IB Lecture Notes 19
B’ - 7 ) as B L for further details

—yPX | 1= (—lj P p= E of this method.

Y+
N —
~

n.b. operator matrix

Then compute the new F'*, S"* = F"*°F" and F;_F'** and thus compute the new T'*in IRF(S"):

T :gocz |:(FWUFQ,)_%5;N(F/{UFMO—)i| ’ frv :_aT'”V , F" :J.\, f’VdT4 :—IV [6vajdz—4

ox“ ox*

This method has the advantage that all quantities, e.g. E',B",S", %', F'*',S"™ = F'*°F AN R e
and F" are explicitly known/calculated in IRF(S").

Method 1I:
Lorentz transform T*" directly, since the Lorentz transformation of F* in IRF(S) to F'*" in
IRF(S") moving with velocity V relative to IRF(S) is given by: |F"“ = A“ A" _F*
Then: [T = A" A’ T*

Note that since: [T* = ¢,C° [(F”"F"G)—%cf”"(FMFM’)} =¢g,C’ [Sﬂv —%éﬂv(FlaFﬂ”)}

Then: T AEATH = 0,6 AZALSH 4 AEATS (F, )

2 .
C same value in any/all IRF’S!!!

E2 . Ao _ ' 1dc _
Recall that: (FMF l") = ( F* FM) = —2( — B’ ||= relativistic invariant |* PP =FiF™ =

Define: |S™ = AYA.S*|and |0 = AJA. 5™

Also note thate, and ¢’, g, are relativistically invariant scalar quantities (same in all IRF’s)

> 1 v
Once T'* is obtained, calculate | f"' =— d and [F" :I dz, = _I [aT jdﬂ
ox* Y v\ X
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