UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2011 Lect. Notes 14.5  Prof. Steven Errede

Classical, Non-Relativistic Theory of Scattering of Electromagnetic Radiation

We present here the theory of scattering of electromagnetic radiation from the classical, non-
relativistic physics approach. A quantum-mechanical, fully-relativistic of this subject matter can
also be obtained via the use of relativistic quantum electrodynamics {QED}, however, this more
sophisticated level of treatment is simply beyond the scope of this course.

“Generic” Theoretical Definition of a Scattering Cross Section:

There are all sorts of scattering processes that occur in nature; generically all of them can be

defined in terms of a scattering cross section o, , which has SI units of area, i.e. m’.

for a given EM wave
(t)> (SI units:
Watts ) radiated by a “target” object (e.g. a charged particle, an atom or molecule, etc.) undergoing

In classical, non-relativistic physics the total scattering cross section o,

rad

scattering process defined as the ratio of the total, time-averaged radiated power <P

that scattering process, normalized to the incident intensity I, (F =0)= <‘§inc (r= 0,t)‘> (ST units:

Watts/ m?), evaluated at the location of the target/scattering object (usually at the origin, 9(F = 0) ):

Total Scattering Cross Section: [T yat = (i == (SI units of area, i.e. mz.)
e (F=0) o)) —

This relation is known as the total scattering cross section — because it contains no angular
(9, (p) information about the nature of the scattering process — these have been integrated out.

Physically speaking, the total scattering cross section can be thought of as an effective cross-
sectional area (hence the name cross section) per scattering object of the incident wave front that
is required to deliver the power that is scattered out of the incident wave front and into 47
steradians (i.e. into any/all angles @, ¢ ) as shown schematically in the figure below. The

in the incident EM

scattering object absorbs energy/power from the cross sectional area o,

wave and then re-radiates (i.e. scatters) this absorbed energy.

Scattered
EM Wave

\4

Unscattered EM
Plane Wave

Incident EM
Plane Wave

\4

Scattering Object
(e.g. charge g, atom,
molecule, etc.)

Note also that the scattering cross section is explicitly defined using time-averaged (rather
than instantaneous) quantities in both the numerator and denominator in order to facilitate direct
comparison between theoretical prediction(s) vS. experimental measurement(s).
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The time-averaged power radiated into a differential/infinitesimal element of solid angle
dQ=dcosfdp =sin&d 0d(p‘ (ST units: steradians; aka sterad, and/or sr) is:

WP (200) (5., (rr

-~

(ST units: Watts/steradian =Watts/sr).

The infinitesimal vector area element da,,, = da,, ' associated with

a sphere of radius r {centered on the scattering object - the “target” -

located at the origin 4} is related to the differential solid angle .-f"
element dQ via|dd,, =r’dQf=r’dcosfde f =r’sin@ddde f|.
EM radiation scattered from the target object into dQ passes through
this area element da_, . The figure on the right shows the relation

sph
between the differential solid angle element
dQ=dcosfdp =sined 0d(p‘ and the infinitesimal area element P

da,,, = (rdcosd)(rdep)=(rsin0d@)(rdp)=r’dQ|

= Note also that|d <Prad (6, (p,t)> / dQ| has no r-dependence!

The differential angular scattering cross section is defined as:

do—scat (0’ ¢)) _ d 2Gscat (05 ¢) _ 1 d <Pl’ad (0’ ¢’t)> — 1 d2 <Prad (0’ ¢’t)> SI units:
§inc(l_;:O’t)D dQ <

Swe(r=0t)) deosfde | m?/sr

dQ ~ dcosOdp <
Note that the choice of {the usual} polar and azimuthal angles (9, (p) to describe the two

independent scattering angles means that the EM wave that is incident on the “target” object
(free charge g, atom or molecule, etc.) is propagating in the +Z direction.

It is also instructive to write out the differential scattering relation in more explicit detail:

do, (6.0) | d (P (0.01)) (Sug (F))or?f (B (F.1)x By (Fo1))er’f ST unis.

dQ E< m?/Sr

Sie (1)

As we derived in P436 Lecture Notes 14 (p. 1-5) from the Taylor series expansions of p(F',tr)

and J (f’,tr) to first order inr’, the only contribution to the EM power radiated is associated with

a non-zero value of {some kind of/“generic”’} time-varying electric dipole moment

—

p(F.t.)=p(F.t,)Z {n.b. oriented parallel to the Z -axis}, where, in the “far-zone” limit

{Ir’../r<lland|@r! [c=kr! =2zr! [A<1]}, the instantaneous differential retarded EM

max ax max

power radiated by the time-varying E1 electric dipole, with retarded time |t, =t, =t —r/c]|is:

dQ steradian

rad )
dR, (9,(p,t) — Grad (F,t)-rzf: M P (to)sin29 ( Watts j
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The accompanying retarded electric and magnetic fields, EM energy density, Poynting’s vector
associated with the radiating E1 electric dipole, in the “far-zone” limit are:

= 1P (t,)( sin@ = 1, P(t, )(sm@j s . 1, =,
E t A1 1B t B t)=—FxE t
(0= 4z ( r j (1) = 4zc r #|with |B, (F.1) cr>< (79

o2 .2
and: Urrad (F,t) = ;110622(;;))(811;2 9} and: §rrad (F’t) :L Er (F,t)x ér (F’t)

3]
I1l
o
-~

I 02 (t ) sin? @ )/ - J78 (t ) sin’ @
Srad a,t :luop (0 (9 ~ (0] 0 f — & rad »’t .
=T |1 (0x9)= 167°C =i (F.4)| with

=f

-~

The total instantaneous retarded EM power radiated by a time-varying E1 electric dipole into 47
steradians, with vector area element |dd, = r’sind@d e = r’*dQF|in the “far-zone” limit is:

. )
P (t) L, §7 (F,t)-dd, = j o j 0:0 sin® @sin 6d edqy:%(tf’) (Watts)

1672 (o ’c

We can then take the necessary time-averages of the instantaneous flux of incident EM energy
(i.e. Poynting’s vector) and the instantaneous differential radiated EM power and/or total radiated
EM power to use in the above cross section formulae.

Scattering of EM Radiation from a Free Electric Point Charge: Thomson Scattering

Suppose a free electric point charge q is located at the origin 3 (X, y,z)=(0,0,0) with a plane
EM wave propagating in free space in the +Z direction and incident on the free charge g, which
has mass m. Noting that k= klzi and that k. || 2 and using complex notation:

inc

My

()

B ()= B, () with B, () =Ky x E, (1)) =< 2

The polarization of the incident EM wave is (by convention) taken parallel to the éo (f) direction.

For definiteness’ sake, let us assume the incident EM plane wave to be linearly polarized in the

% -direction, and for simplicity, let us also assume that |E, () = E,|, and therefore:

O(F))=l(2><§o(r))=—°(2x§():J(_y)z_%y_

c

My

éo (F) =l(k\inc x

c

Poynting’s vector for the incident EM plane wave is:

S:mc(F,t)=ﬂLI§mC(F,t)xéinC(F,t)=iE2ez'(kz 1) ( x §)=+¢,CE e Az | (using goc=ﬁ)

=+2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
2005-2011. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2011 Lect. Notes 14.5  Prof. Steven Errede

The EM plane wave incident on the free point electric charge g located at the origin ¢ causes
the point charge ( to accelerate/move, because two forces act on the point charge — an electric
force and a magnetic/Lorentz force. Noting that the resulting time-dependent position of the
point charge is at the source position r’=0 (i.e. in the neighborhood/vicinity of the origin 4 ):

Fo (' =0,t) =B, (1 = 0,t)+ ¥ (r' = 0,t)x By, (' = 0,t) =ma (r' = 0.t)

inc inc

The {transverse} electric field of the incident EM plane wave in the vicinity of r' = 01s:

E (r'=0,t)=Ee ")

inc

The {transverse} magnetic field of the incident EM plane wave in the vicinity of r' =0 is:

émc(r':o,t):l(@mxEm(r':o,t)):l(zxEmc(r':o,t)):lEoe-iwt(zxx):+lEoe-iwty
c c c —— c
=+y
. E ar~0 =gE —iot & E —iowt \7(?!:0 y_ = »r~0
Thus: |Fy, (F=0,t) =qE,e ™R+ qE e - =ma(f=0,t) < !
\—V——J
(v/c)<1

However, for non-relativistic scattering of an EM plane wave by a point electric charge q , where
the motion of the charge is always such that v < ¢ (or: p=v/c< 1) , the 2™ (magnetic) Lorentz

force term will correspondingly always be small in comparison to the 1% (electric) force term,
hence we will neglect the magnetic Lorentz force term in our treatment here.

Physically, the transverse electric field of the incident EM plane wave |E; (O,t) =Ee "%

exerts a time-dependent force | Fy, (0,t) = qE,e"'% = md (0,t) = mx (0,t) = -ma’x,e "% | on the

free electric charge q, causing it to oscillate back and forth along the X -axis in a time-dependent

manner: )z((O,t) = Xoe"i”’tf( with (real) amplitude X,. Note that the wavelength of associated with

the incident EM plane wave for non-relativistic scattering is such that the variation of the electric
field strength in the vicinity of the free electric charge is negligible, i.e. that:|x, < A =c/ f |,

Note also that the instantancous acceleration of the charge q is |a(0,t) = X(0,t) = —~’x,e"'%|,

The E-field induced oscillatory motion of the point electric charge g thus creates an induced
time-dependent electric dipole moment: [:)(O,t) = q):((O,t) =X ,e"“'X = p,e 'R | oriented parallel

to the electric field [E;, (0,t) = E;e"%| of the incident EM plane wave.

The induced oscillating electric dipole moment [:)(O,t) subsequently radiates electric dipole (E1)

EM radiation. Energy from the incident EM wave is {temporarily} absorbed by the point charge g
{this is necessary in order to get the charge q moving - i.e. to accelerate it}. The incident EM
energy absorbed by the charge q is radiated a short time later. Thus, this overall process is one type
of scattering of EM radiation! The geometrical setup for this situation is shown in the figure below:
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=

r Observer at
Field Point, r

_1(E o
Srad - ,u_D(Erad X Brad)
Srad ” krad ” f

Note also that the instantaneous mechanical power associated with the oscillating free charge q is

Poecn () = Fige (0,£)+V (0, 1), arising from the absorption of energy from the incident EM wave by the

free charge q. The velocity of the oscillating charge is |V (0,t) = dX (0,t) / dt = —iwx e & | and hence

P (1) = (_ma’zXoe_imt*)'(_ia’xoe_i“’t>?) =ime’x e,

At the microscopic level, real photons of {angular} frequency @ associated with the incident
EM wave (e.g. real photons in a laser beam that comprise the macroscopic EM wave output from
the laser) are {temporarily} absorbed by the electric point charge g, and then re-emitted {a short
time later} as {quantized} EM radiation {of the same frequency} — the emitted photons are
associated with the outgoing, or scattered EM wave! Two space-time/Feynman diagrams showing
examples of this QED scattering process for an electron are shown in the figure below:

4 ¥ 4 Y-
Incident/ 3 Radiated / Incident/ 71 _ . Radiated /
Incoming - * %  Outgoing Incoming g - I Outgoing
Photon *, € & Photon Photon e Photon

Virtual /
Off-Shell e~

Virtual /
Off-Shell e~

e e e e

The characteristic time interval At associated with the photon-free charge absorption-re-radiation
process is governed by the Heisenberg uncertainty principle |[AEAt < 17| where |72 =h/27|and h is

Planck’s constant, |72 =1.0546x10** Joule/sec = 6.582x107'° eV /sec

{since |16V =1electron-Volt =1.602x 10" Joules }. For an incident photon e.g. with energy
E, =hf, =hc/A, =1eV| since |hc = 1240 eV -nm| this photon has a corresponding wavelength of

A, =1240 nm| {which is in the infra-red portion of the EM spectrum}. Then using | AE =E =1eV

in the Heisenberg uncertainty relation, we see that the corresponding time interval At is:
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At<1h/AE =1R/E, = %(6.582 x107'° eV /sec/1eV ) =3.261x10"°sec = 0.3261x10""sec = 0.326 femto-sec

Note that the period of oscillation t associated with a |[E, =hf =1eV |photon is:

7, =1/ =2, /c=1240x10"m/3x10° m/s = 4.13x 10" sec = 4.13 femto-sec

Thus, we see that the period of oscillation Tt associated with a 1 eV photon is ~ 10 x longer than
the characteristic time interval At associated with the photon-free charge absorption-re-emission
process.

Please also note that had we not neglected the magnetic (q\7 X E) Lorentz force term in the

original force equation, the B-field induced motion of the point charge g would have corresponded
to the creation of an induced, time-dependent magnetic dipole moment at r'=0:

fﬁ(o,t) = |:(0,t) A = |0Ale—iwty _ moe‘""‘)?

which in turn also would have subsequently radiated magnetic dipole (M1) EM radiation.

However, because B, = E, /c <« E, we also see that m, < p,c, and thus the power radiated

by this induced, time-dependent magnetic dipole would be < than the power radiated by the
induced, time-dependent electric dipole. As we have seen in P436 Lecture Notes 13.5 (p. 11), for

“equal” strength dipoles (i.e. m, = pOC) , the amount of M1 radiation is far less than that for E1

radiation.

Note further that, formally mathematically speaking, M1 radiation appears at second-order in
the Taylor series expansion of p(7,t,) and J(,t,), hence another reason why we neglected this

term, since we initially stated that we were only working to first order in this expansion.

In the “far-zone” limit, the instantaneous differential retarded EM power radiated by an
oscillating E1 electric dipole {situated at the origin, n.b. oriented along the Z -direction} into
solid angle element dQ is (see P436 Lecture Notes 14, p. 5):

rad ")
dPr (9,¢,t) _ §rad (r,t)’rzf ~ H, p (to)Sinz 0 ( Wat‘?s j
dQ steradian

The angular distribution of the EM power radiated by an oscillating E1 electric dipole with
time- dependent electric dipole moment F)(t) = p,8e™" oriented parallel to an arbitrary & -axis

(e.g. where =X,y or Z axis) is shown in the figure below. The intensity {aka irradiance}

(I (F) = ‘<§rad (f,t)>‘ (Watts/ m2) is proportional to the distance from the origin 4 = (O, 0, 0)

to an arbitrary point F =(r,6,¢) on the 3-D surface of the figure.
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However, for the problem we have at hand, our electric dipole is oriented in the X -direction.
Thus we must carry out a rotation of the above result such that it is appropriate for our situation:

dPrrad (9,¢,t)
dQ

=S (1,0,p,t)r’f

AN

sin’ ©

167°C

Watts
*|  steradian

Here, O, is the opening angle between the observation/field point unit vector f and the X -axis.

Thus, cos ®, is the direction cosine between the observation/field point unit vector f and the

X -axis: i.e.|cos®, =X =sinfcos¢@

, in terms of the usual polar (¢) and azimuthal (¢) angles.

Note also that since: |F X 7(| = |F||7(|sin O, or: |f= =

X

=sin @,

then:

sin® @, = (Fx R)s(FxX)

=sin” @sin’ ¢ +cos’ @

= [(sin 6 cos X +sin @sin gy +cos 02 x )?]-[(sin 6 cos X +sin Gsin g + cos 02 x )?]

which can also be obtained from:

sin’ @, =1—cos’ ®, =1—(F+%) = 1—(sin2 6 cos’ (p) =1-sin’ 6?(1—sin2 go)

=1-sin’ @ +sin” @sin’ ¢ = cos” @ +sin’ @sin’ ¢ =sin” @sin’ ¢ +cos” §

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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Thus, in terms of the usual polar (#) and azimuthal (¢) angles, for the oscillating E1 electric

dipole oriented along the X -axis:

rad ")
dPr (6,(0,1:) _ §rad (r,@,gp,t)-l’zf ~ /uo p gto)sinz @X [ Watt.S j
dQ 167°C steradian

dP"™ (r,0,0,t)
dQ

2n ﬂopz(to)

Becomes: =grad (r,0,p,t)r’f = —(sin2 @sin® ¢+ cos’ 9) (

167°c steradian

Watts j

The angular distribution of the EM energy radiated from the oscillating E1 electric dipole oriented
along the X -axis is thus similar to that shown in the figure below:

In the above formula, the second time-derivative of the electric dipole moment ﬁ(to) is to be

evaluated at the retarded time [t, =t —r/c|and also computed from the local origin, $ {F' =0 }:

p(0.t,)= p(0,t—r/c)|

The instantaneous induced electric dipole moment is: | p(0,t, ) = gX(0,t, ) = gx,e “* X = p,e |

Thus: | p(0.1,) = -’ p,e "X = —w’qx,e "X = q (-o™x, )e "% =qx(0,t,) =qa(0.t,)|

From the above force equation, we see that: ﬁ(O,to) = % E, (O,to) = % E,e "%

but:|a(0,t,) =X (0,t,) = —-@’x,e "% | and thus we see that: |-@’X, = % E,| or: |X, = —( mq - EO]
w

= - _ 2 _
and therefore: f)(O,to) = qé(()’to) = (—w2X0 )e"“’t)”( _ (Q_ one'“’t"f( /

. 2
n.b. here, p(0,t, )is independent of frequency @, because: | p, = 0, = —q( g E(’J __4 E,|

= 2 2 2 )
i'e' po = qxo oC 12 '!! ThLIS' 52 (O’tO) = ﬁ(o,to ).p(ozto) = (q— EO] e_2|a)to I
(4
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The time average of {the real part of !!!} this quantity, averaged over one complete cycle of

P 2
oscillation [z =1/ f =27/ w|is simply half of this value: < p*(0,t, )> = % p*(0.t,) = %[% EO]

since <Re{e’2i“’t° }> _1 J. Re{e’zi“’t"’ } dt; _1 J. cos” at! dt! :%.

one cycle one cycle

Note also that by carrying out the time-averaging process, this also helps us to completely side-
step/avoid the difficulty associated with experimentally dealing with the retarded time |t, =t —r/c

Thus, the time-averaged differential power radiated by the oscillating E1 electric dipole is:

d(P™(0,0,t _ b2 (t E Y
< r ( » 0)> :<Srad (F,H,go,t0)>-r2f= ’u°<p 2( 0)> sinz ®x :l_ /uo2 [q EOJ Sinz @X ( Wat‘FS j
dQ 167°C 2 16z7°cl m steradian

Watts
steradian

Likewise, the time average of the {magnitude of} the instantaneous flux of EM energy incident on

d <Prrad (0,(0,t0)>
dQ

q’E,
m

Or:

2
= <§rad (r.0,o.t, )>-r2f :%. 16%20[ j (sin2 @sin” ¢ +cos” 0
7

SN~—"

the free charge {located at the origin 9(F =0)}, ||S;, (0.1, )= &Eoce ™" |is half of this value, i.e.:
_ e _lig _ 1 o | ( Watts
Iinc(0)=<sinc(0’to)>_2 Sinc(Oﬂto) _280E0C ( 1’1’12 j

The scattering of EM plane waves by a free electric charge q is known as Thomson scattering
in honor of J.J. Thomson — the discoverer of the electron {in 1897}.

Thus, the differential Thomson scattering cross section {per scattering object of charge ¢} for an
incident plane EM wave propagating in the +Z -direction and linearly polarized in the X -direction is:

p &2\ q‘E,
dO_TLPx (9,¢) 1 d <Prad (9, .1, )> _ 1 0 m?
> dQ \J\f B 167°c

5 2
{q_j sin*@, {using 4, =1/2,6"}

sin’ ®,

LPx 2 2 2 g
dO-ng()07¢) :(4 qmczj Sil’l2 ®x =(4q—rncz) (SiHZQSiHZ(D'FCOSz 0) (mz/Sr)
g, g,
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There are three interesting things associated with this result:

The differential Thomson scattering cross section is independent of both the frequency of the
incident EM radiation, and note also that it is independent of the strength (i.e. amplitude) of the
incident electric field, E, !

Note also that the differential Thomson scattering cross section varies as the square of the
electric charge, i.e. the Thomson scattering cross section is the same for +q vs. —q charged
particles, and note also that a scattering object with free electric charge g =+2e (such as an -
particle) has a Thomson scattering cross section 4 x greater than that associated with a scattering
object {of the same mass, m} that has free electric charge q =+e.

Then since:

ra d Prrad (0: ¢9t0) IU 2r (O=r /| . .
<Pr d(to)>='[ < 10 >dQ:32ﬂ°2C( j J.(p '[:O (sm2651n2(p+c0s2<9)s1n<9d<9d¢)
Carrying out the azimuthal angle integrals first: .[::02” sin’ @ dp = 7| and .[(:2” dp=27x|

Then carrying out the polar angle integration:

O=r1
jgzﬂsinzﬁsin0d0=Igzﬁsin39d0= —cosH+lcos39 = 1—l - —1+l =2—g:—6_2=i
o= 0=0 3 oo 3 3 33 3
And: r:”coszﬁsinﬁdﬁz—lcos30 ”:l l:g
o= 37 w373 3
Thus: J”p 2ﬁ.[g_” sm ? @sin’ g+ cos’ 0 sdeHdgp ( gj ( j:%z 477[:8?7[

Then:

<

P rad

T

(t.)=

Hy

£x _

Hy

q’E

4/32/72'

0°E, )
\XC m

3

127¢C

m

|

Thus, the total Thomson scattering cross section {per scattering object of charge q} for an
incident plane EM wave propagating in the +Z -direction and linearly polarized in the
X -direction is:

6 2
UTLPX :jdaLPx(e,(ﬂ)dQE <Fjrad (to)> - nﬂ'\c\ m :%[szz {USing “ :1/50(:2}
dQ <5mc (t0)> ;\go/Ef/\G\ 3 | 4me,mc
& 2 ’
e
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If the electrically-charged scattering object €.9. is an electron, with electric charge g = —e, and
rest mass M, then the quantity: |I, = (92/47T80meC2) =2.82x10""m|is known as the so-called
classical electron radius.

The classical electron radius r, is defined as the radial distance from an electron where the
=|ev, (r,)

equals the rest mass energy of the electron E™ =m.c?, i.e.

associated with a unit test charge q =e

{magnitude of the} potential energy ‘Ue (r,)

2 2
_ _ e 0 _ & _ “1s
_‘eve(re)‘_47z_g r =mMm.C"| thus: |I; ZW—2.82X10 m
o'e o] e

. (v)

The differential and the total Thomson scattering cross sections for free electron scattering of
a linear polarized plane EM wave, written in terms of the classical electron radius r, are:

dot™ (9 (0)
Te ’ ~ 2 qin? = 2 in? in’ 2 2
a0 rysin“©®, =r, (sm @sin” @ +cos 49) (m [sr perelectron)
and:
8 e’
TLZf —?l’ez (m2 per electron) where: |I, E—4ﬂ80meC2 =2.82x10"m

Numerically, we see that:

o 87 1 :8?”(2.82><1015)2 = 66.6x10™ = 0.67x10*| (m? per electron)

Te 3 e

Physicists get tired of writing down {astronomically} small numbers all the time, so we have
defined a convenient unit of area for cross sections, known as a barn {originating from the phrase:

“It's as big as a barn”}: |1bam =107*m’ =(10™*)" m’ =(10x10"*)" m* = (10 fm)’ =100 fm’

where 1 fm =1 Fermi = 10" m (in honor of Enrico Fermi, nuclear physicist of mid-20" century).

Thus: UTL:,X = 8% I’ = 8?”(2.82 x107" )2 =0.67x107*m’ per electron = 0.67 barns per electron

In order to obtain a more physically intuitive understanding of the magnitude of this (and
various other) total scattering cross sections, note that the characteristic size of the nucleus of an

atom is typically |F,qes ~ (1— few) fm=(1— few)x10™"°m| whereas the characteristic size of an

atom is typically [, ~ (1— few) Angstroms = (1- few)x10"°m=0.1(1— few)nm|

Thus, the geometrical cross-sectional area of a typical nucleus in an atom is
Avctess = Thgens ~ (0.03—1)x107*m = (0.03 1) barns|, whereas the geometrical cross-sectional

area of a typical atom is huge: | Aoy = Tlon ~ (0.03-1)x107"*m =(0.03—1)x10"'* barns !1!|

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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Hence, we see that the free electron Thomson scattering cross section is comparable to the
geometrical cross-sectional area for a typical nucleus, and is very much smaller than the
geometrical cross-sectional area for a typical atom, i.e.

(or™ =817 [3=0.67 barns)~ (A, =(0.03—1) barns) < (A, =(0.03-1)x10" barns )

Note that the Thomson scattering of a linearly-polarized EM plane wave propagating in the
Z -direction has rotational invariance about the Z -axis. In the original problem above, we
could have alternatively chosen the polarization of the EM plane wave to be parallel to e.g. the

—y -axis instead of the X -axis, i.€. |E;, (F = 0,t) = —E,e ' §|, then the differential Thomson

scattering cross section for a free charge q would instead then be:

dot” (0.9) 1 d(Pu(@et)) 1 m(P(L) sin’ ©
i@ (S.ot)) 9@

§inc (O,t)‘> 167%¢c y
where the direction cosine [cos ©®, = f+(—Y) = —sin@sin ¢|and: ‘fx (-9)

=sin G)y thus:

16, = (Px(9)o(Px(9)) = (F I M(79)
= [(sin 6 cos X +sin @sin gy +cos O2) x 9]-[(sin6?cos @R +sin @sin gy + cos 62 )x 9]

=sin” @ cos’ @ +cos” O

which can also be obtained from:

sin’ @, =1-cos’ @, =1—(F+y)" =1—(sin’ Osin’ p) =1—sin’ O(1-cos’ )

=1-sin” @ +sin’* @cos’ @ = cos’ @ +sin’ @ cos’ ¢ = sin* @ cos’ @ +cos’ &

Note that {importantly}, going through the same derivational steps as done originally, the
induced dipole moment associated with an incident EM plane wave propagating in the 7 -direction

but linearly polarized in the —Y¥ -direction is: f)(OJ) = qf/ (O,t) =—qy,e" 'y =—p,e" Y| thus we

see that the induced dipole moment simply follows/tracks the polarization of the incident EM plane
wave, I.e. f)(O,t) is parallel to the polarization/E-field vector of the incident EM plane wave!

The intensity maximum of the scattered radiation {here} would then be oriented perpendicular
to the Y -axis instead of the perpendicular to the X -axis {n.b. please see/refer to the 3-D figure on

page 7 of these lecture notes}.

The differential Thomson scattering cross section for an incident EM plane wave propagating
in the Z -direction but linearly polarized in the —¥ -direction is:

LPy 2 2 2 :
dor dg(f,go) ~ (4 qu2 } sin’ @, = (4q—mch (sin2 0 cos’ @ + cos’ 6’) (mz/sr)
&, &,

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Integrating this expression over the polar and azimuthal angles ((9, (p) , we obtain precisely the

same result for the total Thomson scattering cross section as above for the original X -polarization

case:
8 q’ ’
Ly _ O __LPx
o =[0I o ()
3 \ 4reg,mc

More generally, for an incident EM plane wave propagating in the Z -direction with arbitrary

linear polarization |€ = cos @X —sin ¢y ‘ and |E, . (F=0,t)=E,e™ &|as shown in the figure below

{cf with/see also the 3-D figure shown on p. 4 of these lecture notes}:

E=cospX—sinpy

—sin @
5 1 —
Z mto page cos o

<

In this more general situation, the induced dipole moment is again parallel to/tracks the
polarization vector of the incident EM plane wave:

=

p(0,t)=q e (0,t) =qr,e™ (cos X —sin¥) = p,e" (cos pX —sin py)

Thus, here the differential Thomson scattering cross section for a free charge ( is:

do;™ (6. 9) _ 1 d<Prad (0’¢>to)> _ 1 ﬂ0<b2 (to)> 20
dQ <‘§ (0,t0)> dQ <‘§ (0.t,)

———si .
> 167°c
where {here} the direction cosine associated with an arbitrary linear polarization is:

cos ©_ = Fe&=sin & cos pX +sin Gsin gy + cos B2 )(cos pX —sin p¥ ) = sin 0(c052 @—sin’ go) =sinfdcos2¢p

and: |I° X é| =sin@_|thus:

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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sin” @_ = (F x &)s(Fx &) &= cospX—sin @Yy
= [(sin@cos @X+sin @sin @y + cos 62)x é]-[(sin 0 cos X +sin @sin gy + cos 02 x é]

=4sin” @cos’ psin® ¢ + cos’ 6(c052 @ +sin’ go) =sin’ (9(4 cos” psin’ go) +cos” @

=1 =sin?2¢

=sin” @sin’ 2¢ +cos’ @

which can also be obtained from:

sin®©_ =1-cos’ @_=1—(fe é)z =1-sin” @cos’ 2¢ =sin”> @+ cos” @ —sin” @ cos’ 2¢
=sin 0(1 oS 2(/)) +cos’ @ =sin’ @sin” 2¢+cos’ 6

=sin 247

This relation can also be obtained via a 3™ method — noting that since:

cos@_ = Fe& = fe(cos pR —sin p§) = cos p(FeX)+ sin(o(f-(—)?)) =cos@cos®, +sin@cosO,

where: |cos @, = feX =sinfcos@| and: |cos®, = Fs(—§)=—F+§ =—sinOsin ¢ then:

sin’ ®_ =1-cos’ @ :1—(f-é)2 :1—[f-(cos X —sin go)?)]z :1—[cosgo(f-f()+Sin¢7(f'(—y))]2
=1 —[COS(p(sin @ cosp)+sin@(—sinGsin (p)]2 =1 —[siné’cos2 @ —sin @sin’ go]z

=1—-sin’ 9(0052 @ —sin’ qo)z =1-sin’ Ocos’ 2¢ = cos” @ +sin’ @ —sin” G cos’ 2¢

=cos’ 2¢

= cos’ @ +sin’ 49(1 —cos’ Zgo) =cos’ @ +sin’ @sin’ 2¢ = sin’ Osin’ 2 +cos’ 6
N —
:sin22(p

Thus, we see that:

A AN2 .
cos’ @, =(F+X)" =sin’ Gcos’ ¢

(
cos’ @ :(f-(—)?))z =(—f.)7)2 =(—sin95ingo)2 =sin’ @sin” ¢
( =1-sin’ ®_=1-cos’ @ —sin’ #sin’ 2¢ =sin’ § —sin’ Hsin’ 2¢

y
=sin’ 6’(1—sm Z(p)—sm O cos’ 2¢p

N{

=cos” 2¢

with |é=
Note that when ¢ = 0: &=X and cos’®_ =cos’®, =sin’ 4.

Note that when ¢ =—Z%: &=-Y and cos’®_ =cos’ @, =sin’ 4.

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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and:

w2
p—
=
¥
©)
x
Il
-~
X
x>
N~—"
°
—_
X
x>
N—"
Il
7]
.
=
¥
)
=.
=
o
AS)
+
o
[}
75
)
N

Note that when ¢p= 0: &=X and sin’®_=sin’0®, =cos’ 0.
Note that when ¢ =—%: &=-y and sin’ @_=sin’ ©, =cos’ 6.
Thus, the differential Thomson scattering cross section for an incident EM plane wave

propagating in the 7 -direction with arbitrary linear polarization in the
€= cospX—sinpy |—directi0n is:

LPe 2 2 2 2
doy dg(f,go) = (47; — ] sin’ @_ = (ﬁ} (sin2 @sin’ 2¢p + cos’ 9) (mz/sr)

do; (6,9)

Then since o =J[ 40

] dQ, carrying out the angular integration over the polar (49) and

. p=nm pO=1, | 2 ) 2 . . .
azimuthal ((0) angles: j » L_O (sm @sin” 2¢ + cos 0) sin #dfd ¢, carrying out the ¢ -integrals:
. ind p=2r
'[w_o sin’ 2pd o = {Q—M}
=

27 0”d§0=27l'

(4
=— =7 and
¢):

2 8

@=0
Using sin* @ =1—cos’ @ and making the substitution U =cos#, hence du =d cos@d =—sindda;
and when 8 =0: u=cos0=1, when # =7x: U=cosx =-1, thus the #-integrals are:

[ s [ (- =0T

T[4 [ ]=[1- 414 )= 1 4]

O=r > . u=+1 ) L3
_[ cos Hsmé’dH:j udu=4u
0=0 u=-1 u

[
Il Il
Lot
I
W=
|
—~
|
=
~—
Il
W=
+
W=
Il
w o

Putting all of these results together:

J-rﬂ:zzJ-azﬂ(sin2esin2 2¢ +cos’ Q)Sin9d9d¢:i.ﬁ+g_2”:4_77+4_7Z':8_7T m
=0 JO=0 3 3 3 3 3

5 2
olPe :8_75 I N o — G _ (mz)
! 3 | 4ze,mc’? ! ! !

Thus we have explicitly shown that we obtain precisely the same result for the total Thomson
scattering cross section for an arbitrary polarization ‘é = cos X —sin @y | of an incident EM plane

wave as that obtained above for either the original X - and/or the —Y - polarization cases.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
2005-2011. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2011 Lect. Notes 14.5  Prof. Steven Errede

Due to the manifest rotational invariance/symmetry of this problem about the Z -axis {the
propagation direction of the incident EM plane wave}, intuitively we can understand why this

must be true, since the orientation of the induced electric dipole moment [:)(f' = O,t) is such that
it is always parallel to/tracks the polarization vector € of the incident EM plane wave.

Thus, we see that while the polarization vector & of the incident EM plane wave certainly
matters greatly for the differential Thomson scattering cross section do; ((9, (p) / dQ, the total

Thomson scattering cross section o7 is unaffected/does not depend on the polarization vector
€ of the incident EM plane wave.

Since left- and right-circularly polarized EM plane waves are {complex, but} linear orthogonal

combinations of linearly-polarized EM plane waves: & cp= -5 (X +i)| and |&xco= - (X~i§)

. . . A Ak A A K
{note that we have normalized these polarization vectors such that |€, op *€| cp =€rcp *Ercp =11} »

then we can also see that the total Thomson scattering cross section for LCP or RCP incident EM
plane waves is also:

81 q’° ’
or :?(472'80m02 ] (mz)

We leave it to the interested reader to determine the analytic form of the differential Thomson
scattering cross sections for LCP or RCP incident EM plane waves.

Using the same line of reasoning, we can additionally see that the total Thomson scattering
cross section for unpolarized EM plane waves incident on a free charge ( is also

2
87 q’
O_unpol 2" —o m2
! 3 (47rgom02] ol (m’)

because an unpolarized EM plane wave is equivalent to a randomly-polarized EM plane wave,
whose time-dependent polarization vector & (t) changes randomly from one moment to the next

within the azimuthal interval 0 < ¢ <27 . For a randomly-distributed ¢ variable, note that the
probability distribution function dP ((z)) / de is flat within the azimuthal interval 0 <@ <27

The instantaneous orientation of the induced electric dipole moment f)(f’ = O,t) is parallel to

the polarization vector & (t) of the randomly-polarized incident EM plane wave on a moment-to-

moment basis; thus, while the differential angular distribution of the scattered radiation is
changing on a moment-to-moment basis, the total Thomson scattering cross section o 1s
unchanged/time-independent for an unpolarized/randomly-polarized incident EM plane wave,
because the (0, go) angular dependence has been integrated out. We explicitly prove this, below.

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The probability is unity (i.e. 100%) for a randomly-polarized EM plane wave to have linear
polarization & (t) instantaneously oriented somewhere within the azimuthal interval 0 <@ <27

M . . . . | po=2e( dP(9) 3
athematically this means that the ¢ -integral of the probability density L:O v dp=1|

d .
Since the azimuthal probability density (%] is flat {i.e. is constant} for a randomly-
®»

d
distributed ¢ distribution, then we can take [@J outside of this integral, and then since
@

dz 1
(¢) = —for an unpolarized/randomly-
do 27

polarized EM plane wave, as shown in the figure below:

=27
'[io de =27, we see that the probability density

d?((o):L‘
de 2z
>
p=0 p=2r

If the polarization state € (t) of the incident EM plane wave is changing randomly from
moment-to-moment, one might worry that the process of averaging the instantaneous differential
radiated power d <Prad (6,0.t, )> / dQ over one period/one cycle of oscillation 7 would be

insufficient — i.e. it would be very “noisy” due to rapid fluctuations/random temporal changes in
the polarization state & (t) with time t.

At the microscopic level, an unpolarized macroscopic EM plane wave consists of real photons,
each with a randomly oriented E -field/randomly oriented polarization vector & , - Individual
photons which Thomson scatter off of a free charge q are first absorbed by the charge q and then
re-radiated a short time later, e.g. with characteristic time interval At <0.326fs fora 1 eV
photon, compared to the period of oscillation for a 1 eV photon of 7, =4.13fs, ~ 10 x longer
than At.

Thus, for EM plane waves incident on a free charge g one might well worry that averaging
over a single period of oscillation/single cycle T would likely to yield a noisy result due to
fluctuations. However, in actual/real-life scattering experiments, precisely because of such
concerns, the averaging time interval At, is frequently orders of magnitude longer than either of

these two time scales, typically At

longer in order to significantly reduce the level of such {statistical} fluctuations.

1s micro-seconds, to milli-seconds, seconds and/or even

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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time-averaging of the differential power/differential scattering cross section formulae simply by
moving the sin’ @_ (t) factor {n.b. previously assumed to time-independent in the above
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Since ||f then with no loss of generality, we can very easily modify the

examples} inside the time-averaging process, I.€.:

doy™ (6,9) 1 d <Prad (6,0.t, )> _ 1 Ly < p*(t,)sin’ ©_ (t)>
dQ _<5.nc(0t )> dQ _<S.m(0t )> 167°c
~ 1 H, < p’ (to )(sin2 Osin’ 2(0(t) +cos’ 9)>
(S (0.1)) 167°¢

Note that the polar angle @ is fixed by the observer being at the field/observation point P.
The time-averaged value of the sin® 2¢(t,) factor is actually a probability-weighted integral

over all possible ¢ -values that can/do occur during the time-averaging process over At,,,

<sin22¢(t0)>:J.::02”(d?;(¢¢)jsm 20(t,)dp = Iwzn( jsm 20(t,)de
| po2r 1o sindp]™" 1 2/ 1
- 20(t Ydp=—| 2 _ L2zl
37 Joo ST 20(8 ) A 2;:[2 8 L_O 2% 2 2

Thus, the differential Thomson scattering cross section for an unpolarized macroscopic EM plane
wave incident on a free electric charge g, averaged over a long time interval At,, is

dor™ (6.9) = 0’ 2 <sin2 Q) >= B 2 (sin2 9<sin2 20(t )> +cos’ 9)
dQ 47g,mc’ - 47g,mc’ °
e 2 i ) e 2
2[ 2] (—sin2 0 +cos’ Hj:—(—zJ (sin29+2cos2 9)
4re,mc 2 2\ 4me,mc
1 q° ’ 1 q’ ’
=— - {sin249?+cos2 6?}+c05249 =—| ——— (1+cos2 49)
2\ 4re,mc 2\ 4me,mc
1
d unpol H, 1 2 2
O df(z (0) 25(4”3 mch (1+cos2 6’) (mz/Sr) < n.b. has no ¢-dependence!

Hence, we see that for an unpolarized macroscopic EM plane wave incident on a free electric

charge q, averaged over a long time interval At

ag » the differential Thomson scattering cross

section has N0 ¢ -dependence, as we anticipated.
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The total Thomson scattering cross section for an unpolarized macroscopic EM plane wave
incident on a free electric charge g, averaged over a long time interval At is

O_unpol :I dGT (0’¢) dQ:l
! dQ 2 47[5 mc’
(/}2”]-9” 1+ cos” 6’)s1n6’d6’d(0 \%;L‘: (1+cos 9)sm9d9

O=r
= ﬂ'J‘
0=0

Thus, here again we see that the Thomson scattering cross section for an unpolarized /
randomly-polarized macroscopic EM plane wave incident on a free electric charge ¢, averaged
over a long time interval At,, is

I s opsnano

But:

sin6d9+7zJ‘:jcos2 6’sin6'd6':27r+7r%:67”+2?7[:8?”

(m*)

o 879
3 | 4zg,mc’

Even though an incident EM plane wave may be unpolarized, this does not mean that an
observer at the field/observation point P(F)=P(r,6,¢)will observe unpolarized scattered

radiation — quite the contrary! The reason for this is simple — for a specific field/observation
point P(r,8,¢) the EM radiation that is scattered into that specific (&, ¢)angular region depends

sensitively on the incident polarization state! We can easily see this from the following:

Consider an observer located in the X-z plane at P(r, 0,0 = O) as shown in the figure below:

,\\ krad ” f
r

(unpolarized)

Ainc ~ " n
g € = _y scat k k nc
k\ . T érad — _y
> |z 9
= > . > 5
|- 1
> 1
’
> 2] ,,’
> / (_/" x-z plane =
] scattering
€, =cosO%—sin 02 plane
Incident EM
Plane Wave

A

&™ (t)=cosp(t)X—singp(t)y

Observer
Position

|nc

=cosp(t)&" —sing(t) &}
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In the above figure, note that the X-z scattering plane is defined by the two wavevectors:
[|Z and krad || f, where {here, with ¢ =0} \r =sin @ cos X+ cos @7 =sin X+ cos HZ|.

is defined by:

|nc

A A

The unit normal to the scattering plane A, Nar = Krag X Kol

For an unpolarized/arbitrary/random polarization of the incident EM plane wave, from the
above figure, it can also be seen that the {instantaneous} polarization unit vector &"™ (t)
associated with the incident unpolarized EM plane wave can be decomposed into a component
parallel to/lying within the X-z scattering plane & and a component perpendicular to the x-z

e (t):cosgo(t)f(—sin(o( ) ¥ =cosp(t) " —sing(t) &

inc
L .

scattering plane &7°:

Likewise, for the scattered EM radiation, whatever instantaneous polarization &™ (t)exists

~ rad

I and a

can be decomposed into a component parallel to/lying within the X-z scattering plane &

component perpendicular to the X-z scattering plane erad .

However, as we have seen above for Thomson scattering with X and —V linearly-polarized

incident EM waves, the orientation of the incident vs. scattered polarization vectors is unchanged
by the scattering process in the following sense:

In the above figure, for an incident EM plane wave with linear polarization e'”c— X parallel to

~ rad
Il

also lies in the X-Z scattering plane — notice the two blue polarization vectors in the above figure.

(i.e. lying in) the x-z scattering plane, the scattered polarization is & = cos X —sin 2 which

—Y perpendicular to the X-z
which is also perpendicular to the

For an incident EM plane wave with linear polarization &°=

A~inc
—y=€]

X-Z scattering plane — notice the two magenta polarization vectors in the above figure.

scattering plane, the scattered polarization is erad

Thus, we can decompose the differential Thomson scattering cross section into that in which
the polarization vector of the scattered EM radiation lies in (i.e. parallel to) the x-z scattering
plane and that in which the polarization vector of the scattered radiation is perpendicular to the
X-Z scattering plane, which we already have (!) from our above LPx and LPy results, namely:

d unpol || 9, =0 d LPx 9, =0 2 2
o™ (0,9=0) _1dor"(0,p=0) _1[ g _| sin@, (m?/sr)
dQ 2 dQ 2\ 4rze,mc
2 2 2 :
:%(4q—mc2} (SiHZQS' ) +C0$2 H):%(4q—m(;2} COSZQ
TTE, g,
d unpol L H, :0 d LPy 9’ =O 2 2 2 2
o7 d(Q 9=0) _ ; ((jgf ):%(4 qmczj sin2®y:% 4q—rn(:2 sin® @ cos’ p+cos’ 0
TE, TTE, ——
0 0 =1
1 q° ’ 1 q’ 2
=—| ——— | (sin’@+cos’O)=—| —— m?*/sr
e (0o 0)= 3 I (/)
=1

n.b. The 1/2 factor in the above arises from statistically projecting &™ (t) onto e'”°— X and €

A

_y.

JaS mc
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Thus, for an observation point P(r, 0,0 = O) lying in the X-Z scattering plane:

do_unpoIH 9’¢ -0 1 q2 2
T d(Q )25(47&9 mc’ cos” 01 (m*/sr)
And:
d unpol L 9, :0 1 5 2
- d(Q - ) - 2[47; mCZJ (mz/Sr) < n.b. has no #-dependence!

Note further that:

do__ll._mpol (ﬁ,gﬂ _ 0) } do_;mpolll (9%0 _ O) N dGTunpou (9,§0 = O)
490 - do dQ
¢ Y 1 Y
:_(q—zj cos’ 0+_[q_2j
2\ 4ze,me 2\ 4mg,me
1 q2 ’ 2 2
=3 et | (breos®0) - (m/sr)
Thus:
dO_TunpoI (0’(0 _ O) 1 qz 2 , B dGT“npol (9,(0)
5 =3 W (1+cos 9)—T

(m?/sr)

We now introduce a quantity known as “the polarization” 2 (6, ¢ = 0) which is formally a

specific type of asymmetry parameter #(x)— the normalized/fractional difference between two

a(x)-b(x)

a(x)+b(x)

A(x)

related variables

. Thus, in general #(X) ranges between

(n.b. Sometimes () is expressed in terms of a percentage).

1< A (x)<+1],

Here, for our current Thomson scattering physics situation, the polarization {asymmetry}
P(H,(o = 0) is defined as the normalized/fractional difference (i.e. asymmetry) between the

perpendicular (L) vs. parallel (||) differential Thomson scattering cross sections:

unpol ||

prunpol (9’(0 — 0) =

doy™'* (60,9=0) d (6,9=0)

Ot

do B do _1-cos’@  sin’6

da;mpou(g,gp:o) . da;mpolll(g’(p:O) B 1+cos? @ B 1+cos* @

dQ dQ

Here, we see that due to the physics associated with Thomson scattering of an unpolarized EM

plane wave from a free electric charge,

unpol

™ (6, = 0) ranges between

0<A™ (0,9p=0)<1|

Due the geometrical constraints imposed in the overall scattering process, the instantaneous
orientation of the induced electric dipole yields useful non-zero time-averaged information!
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The angular dependence of the normalized differential Thomson scattering cross sections

unpol _ 2 2 unpol L _ 2 2
do?™ (6,9 =0) q 2 :l(1+cos20) do?™ (6,9 =0) q 2 1
dQ 4me,mc 2 dQ 4ms,mc 2

=
<

doy™! (6,9 =0) q’ 1, sin” @
) — oS 0 . . punpol 9’ — 0 —
[ 49 P ) and the polarization |# ( ) ) Ttcos’o

for unpolarized Thomson scattering as a function of & are shown together in the figure below:

Unpolarized Thomson Scattering

1'1 i I i I
#(0.9=0) = sin® 0/(1 + cos® ©)

; \\ // \\\ //

= i X P
A el
S
4 \
/ X
A N

0.1 2
L~ Y% cos” 0 x do)AdQ L]
0.0 ——-'"/ | | | | | \':...

0 10 20 30 40 50 60 70 80 90 100 1me 120 130 140 150 160 170 180

Theta (degrees)

0.5 4

Various things can be seen/learned from the four curves on the above graph:

a.) As mentioned above, the L differential Thomson scattering cross section is constant/flat,
independent of the scattering angle 6. The || component is maximal at & =0° and 8 =180°.

b.) At 8 =0° (forward scattering) and at & =180° (backward scattering) the L vs. || differential
Thomson scattering cross sections are equal to each other, and because of this, the

polarization {asymmetry} vanishes, i.e.|2"™" (6 =0,9=0)=2"" (49 =180°, ¢ = 0) =0|

c.) At € =90°the || differential Thomson scattering cross section vanishes, and because of this,

unpol

the polarization {asymmetry} is maximal, i.e.|? (6’ =90%,¢p= 0) =1|, thus at §=90°,

the Thomson scattering of an unpolarized EM wave by a free charge q is purely/100%
due to the perpendicular (J_) polarization component (only) of the incident EM wave!!!
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Scattering of EM Radiation by Neutral Atoms and/or Molecules

As discussed previously in P436 Lecture Notes 7.5 (Dispersion Phenomena in Linear Dielectric
Media) atoms and molecules are composite objects — consisting of {relatively light} electrons bound
to {relatively massive} nuclei. When a monochromatic (i.e. single-frequency) EM plane wave is
incident on a neutral atom (or molecule) — for simplicity’s sake, assumed to be spherical in shape —

the electric field of the incident EM plane wave E, (F,t) induces electric dipole moment(s) in the

neutral atom/molecule {primarily} due to jiggling the light electrons at the angular frequency @ of

the incident EM plane wave, arising from the driving force —eEmc (F,t) acting on the bound electrons:

mei’i () +myf (t)+kF(t)= —eéinc (T,t)| « inhomogeneous 2"-order differential eqn.

O°F (t or(t) . - = .
m, g ) +my ( ) + keF(t) — _¢E (F,t) | nb.we he~we {agAaln} neglected
ot o, 5 the eV x B (<< eE) term here...
m,a 7 N
Velocity-dependent Potential Force Driving Force
damping term (binding of atomic
¥ = damping constant electrons to atom) m, = electron mass =9.1x 107"kg

For a driving force term sinusoidally varying in time with angular frequency @ associated
with a monochromatic EM plane wave with linear polarization in the X -direction incident on the

atom/molecule {located at the origin, 3(F=0) }: —eE (F=0,t)=—eEe "X

Inc

the inhomogeneous force equation becomes: m.X +m,yX+k X =—eE e " &|,

The solution of this inhomogeneous second order differential equation is: |X(F = 0,t) = X ¢ "%

. eE,/m, Atomic electron spatial
where: | X, = =1 gispl ¢ amplitud
2 _ o ) +ive isplacement amplitude
(a) Do )+ 4 {n.b. complex!}

and: |, =k, /m, | (radians/sec) = characteristic/natural resonance {angular} frequency.

The corresponding {complex} induced electric dipole moment r:)(F = O,t) is:

6(r:Oat):_e):((t)=—E)~(Oe_th)A(=—(EZE°] 1 : ariotg
m [(wz —wj)ﬂyw]

e

) ) 1 1 x-—i X—I
Using the “standard trick” |Z = ——=— _y =— y2
X+iy X+iy x—iy x*+y
we can rationalize/rewrite this as:

with |X = (@’ - ;] )| and

p(F =0,t)=—(ezE°j [((wz —a)-ire g

2
2 2 2 2
a)—a)o) +}/a)}
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The above expression describes the induced electric dipole moment [:)(f = O,t) of an atom /

molecule associated with a single QM transition/resonance at angular frequency |@, = /K, /m,

and natural linewidth |I" = 7// 2r ( FWHM ) sec”'. However, real atoms/molecules are governed

by quantum mechanics and in general have many possible quantum mechanical bound states of
the atomic electrons, with transitions between them {resonances} with associated transition
energies AE; = ha)OJ and linewidths I';, as dictated by quantum mechanical selection rules.

Thus, a more realistic model of the atom/molecule that takes into account the various QM transitions
/ resonances present in an atom/molecule, properly weighted for each such resonance, gives:

2 2 H
2 — —\y.
eEo] e (@0 )0 |

Par (T =O,t)=_[ m Z ! [(a)2 - )2 +72w2}
0, i

e j=1

where the angular frequency and natural linewidth associated with the j™ resonance are:
@y, = [k, / m, | rad/sec and |I'; = y; /27 (FWHM )| sec™'respectively, and the so-called

n
“oscillator strength” f>"associated with the j™ resonance is such that: Z f =11,
j=1

In the above expression for P, (F =0,t), note that the n individual contributions to the overall

/ total induced electric dipole moment of the atom/molecule are coherently added together, i.e.
added together at the amplitude level — the tacit assumption that has been made here is that the
wavelength A associated with the incident monochromatic EM plane wave/outgoing
scattered/radiated EM wave is much larger than the characteristic size of the atom/molecule, i.e.

A1, .r . and thus variation of phase(s) €' ~e"" associated with the incoming/outgoing EM

waves, €.¢. over the diameter of the atom/molecule are negligible and hence can be/are neglected.
Note that this approximation is certainly valid e.g. for EM radiation in the optical portion of the
EM spectrum (and below), since for visible light: A, ~400nm, 4., ~ 650 nm whereas

typically r,_,r ~(0.1- few)nm.

atom > "molecule

Then evaluating Py, (7 =0,t) at the retarded time t, :

2 2 n 2 2. _I . .
ptot(FIO,to):+w2 (ernij Z fjoSC (a) 0)0]) 710) ot o
= [(

e X

2
e

o’ —ng ) +7j2a)2}

And thus:

2

eE, V& o (@-00)-r0 |
ptzot(o’tO): ptot(o’to)'ptot (O’to):a)4 (—Oj ij ( - ) J g2

=1 [(a)2 ~a;, )2 - yfa)z}
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From the discussion above (p. 3-9) for Thomson scattering of a monochromatic EM plane
wave linearly polarized in the X -direction incident on a free electric charge ¢ located at the

origin 4, the instantaneous differential power radiated by an induced atomic/molecular electric

dipole moment, oriented along the X -axis {due to the polarization of the incident EM radiation} is:

dPrrad (9’ (/7,t0)
dQ

B (0.L)
167°C

A

= grad (r,e,(p,to)~r2r sin’ ®

Il

sin’ @, = (sin2 @sin” ¢+ cos’ 9) )

where p’ (O,to) is given above; and:

steradian

Watts

)

dF)rI’ad (0’ (D,to)
dQ

~ /uo 5t20t (O’ to)
167%¢c

A

r

Thus: =g (r,@,(p,to ).r2

(sin2 @sin’ ¢ +cos” @

Watts
steradian

S~

(S

Again, carrying out the time-averaging process on this quantity, and taking only the real part
of it for the physically-meaningful result for “far-zone” radiation associated with this scattering

process, however, because the above expression for py, (0,t, ) is extremely complicated, for the

purpose of discussing the salient physics features/behavior, we will assume for simplicity’s sake
that only a single resonance exists (with f* =1), rather than n of them. The full-blown

expression for n resonances can €.g. be coded up on a computer and results obtained numerically.

Thus, with the simplifying assumption of a single resonance in the atom/molecule:

d<Prfad (6=¢,to)> = rad s 1 H Re{52 (O,to)} »
dQ :<S (r967¢9t0)>0r rZE 167[2(: Sin ®X
4 2\2
I u (€57 (@ ey =70 || | _—
"2 167%c| m : 7 (sin” ©, andusing: 4, =—
e [(a)z—a)(f) +72a)2} ;
e’ ’ "
PR ch( 2 j 2 (Sinz @sin’ ¢ + cos 9)
47e,m,C |:(a)2 — ) +y2w2}

The time average of the {magnitude of} the instantaneous flux of EM energy incident on the electric

dipole {located at the origin 4 } is: |l;, (0) = <‘§im (O,to ) > =% §inc (O,to) = %go Elc (Wazts) and thus:
m
LIS )

do-atom (9,¢) _ 1 d <Prad (0’¢’t0 )> - o ( e2 ] a)4 Sinz @

= = - .
dQ < inc (O’to )> dQ l ’ Ozc 4me,mC |:(Cl)2 - 0)3 )2 + 7/2602:| m>
, ) ) Sr

:[ € Zj a)2 (sin2¢§?sin2([)+cos2 49)
47g,m,C [(a)z - ;) +72a)2:|
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Since the classical electron radius is:

r,=e’/dze,mc’ =2.82x10"°m

, we can write the

differential scattering cross section {per atom/molecule} for an

incident EM plane wave

propagating in the +Z -direction and linearly polarized in the X -direction in terms of r, as:

4
> w

re
[(a)z ~-w} )2 + yzwz}

LPx
d Gatom

dQ

(6.9)

(sin2 @sin” ¢+ cos” @

)

(m2 /sr per atom/molecule)

Hence, we see that this result is very similar to that obtained for electron Thomson scattering for an
incident EM plane wave propagating in the +Z -direction and linearly polarized in the X -direction:

dO'TL:f (6,9)

40 =r)sin’@, =1 (sin2 @sin® g + cos’ 9)

(m2 /sr per electron)

For the atomic/molecular differential scattering cross section, we simply have the additional

dimensionless factor arising from the

w“/[(wz - )2 + 7/20)2}

{quantum mechanical} internal structure of the atom/molecule!

Thus, since the total cross section for Thomson scattering of

. 87
electron is: |07 = ? r,
‘ 87 , o'
of an EM plane wave is: |Oom = ? A (m

[(a)2 ~-w, )2 +}/2a)2}

physics associated with the

an EM plane wave incident on an

(m2 per electron) , the total cross section for atomic/molecular scattering

* per atom/molecule) .

Similarly, for each of the other polarizations of the incident monochromatic EM plane wave
discussed above for Thomson scattering, we obtain very similar results for atomic/molecular

(m2 /sr per atom/molecule)

(m2 /sr per atom/molecule)

scattering:
LPy 4
d0uon (6:9) =1’ a)z (sir12(900s2¢+cos2 49)
dQ [(a)z—a)j) +}/2a)2}
LPe 4
Ao (9’(0) = re2 0)2 (sin2 fsin’ 20+ cos? 9)
dQ [(a)z —a)g) +72a)2}
unpol _ 4
daatom (9’(0_0) :lrez @ (1+0082 9)
KT 2 [(wz_wg)zH/zwz}

(m2 /st per atom/molecule)
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with:
d unpol L 0, =0 1 4
Oatom ( ¢ ) =—r’ a)2 (m2 / Sr per atom/molecule)
dQ 2 [(a)z—a)é) +y2a)2}
and:
d unpol || 9, =0 1 4
Taon (0:0=0) _ 1 2 a)2 cos® @] (m’/sr per atom/molecule)
dQ 2 [(a)z—a)oz) +7’20)2}

Thus, we also see that the polarization {asymmetry} for atomic/molecular scattering by an
unpolarized EM plane wave is the same as that for Thomson scattering:

dog (0,0=0) doy"(6,9=0)
B —cos’@  sin’ @
ol () o 0) do a0 _1-cos’g_
Paon (00=0) dazﬂ)‘ﬁ'l(ﬁ,w:O)jLdaﬁﬁ'”(@,@:O) 1+cos’@ 1+cos’ @
dQ dQ

Hence the results on the graph shown on page 22 of these lecture notes for differential Thomson
scattering are in fact also valid for atomic/molecular scattering by an unpolarized EM plane wave.

Whereas the Thomson/free electron scattering cross section results are independent of the
frequency of the incident EM plane wave, from the above results, it is manifestly apparent that
the atomic/molecular bound electron scattering cross section results depend very sensitively on
the frequency of the incident EM plane wave.

4
w

Let us examine the frequency behavior of the resonance lineshape factor R
in the above atomic/molecular scattering cross section results. [(CO -, ) Ty o }

Noting that in atoms/molecules, the natural line widths associated with resonances/transitions
between distinct quantum states {typically in the UV portion of the EM spectrum for atoms} are

quite narrow, i.e. that:
{T=y/27 (FWHM )} < {o, =k /m, }|

Defining |X = @/, |and |y = 7/®, |, a log-log plot of the resonance lineshape TR
vs. X is shown in the figure below. [(X —1) +Xy }

X4

Below the peak of the resonance (a) <@, ) , note the linear 4 decade increase in the lineshape per

1 decade increase in X = w/®, which is due to the o" dependence of the lineshape.

Above the peak of the resonance (a) >, ) , note that the lineshape is flat with frequency, i.e. it is

independent of frequency!
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Res(x) vs. x

T
!
Res(x) = x}((x* - 1)* + %)
X = @olo,
y=vlo,=0.05

1.E+00 4

(REuE ——————=

1.E02

TEB e

Res(x)

1.E-04

1.E-05

1.E-06

1.E-07

1.E-08B

1.E-09
0.01

0.1 1 10 100

X = olo,

Referring to the above plot of the resonance lineshape, we see that there are three distinct
frequency regions to consider:

1.) Low frequencies: o < o,

4
w

[(a)z —-w} )2 + yza)z}

2 . .
When o < o, , the factor(a)2 —~ a)g) ~ @, in the resonance lineshape

and additionally, since y < @,, then for v < @, :

@

@

4 4

@

~
~

4

:n

@

@,

_J“

r2

e

_ i daatom (63 ¢)

dQ

[((02 —a)(f)2+}/2a)2} [a)g +720)2] zw—g

Thus, at low frequencies (a) < a)o) the differential and total atomic/molecular scattering cross

sections are strongly frequency-dependent, and behave as:

4
daamm—(ﬁ,go) ~r? [ﬂ} x { Angular Factor}

10 |\ (mz/Sr per atom/molecule)

0

and:

87 ,

o) s
o | — (m per atom/molecule)
a)O

atom ~ e
3
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This is type of atomic/molecular scattering of EM plane waves at low frequencies (a) < a)o)

is known as Rayleigh scattering, in honor or Lord Rayleigh, who carried out early theoretical
work associated with this topic in the latter part of the 19" century.

The strong " frequency dependence of the Rayleigh scattering cross section explains why
the sky and e.g. pure water (!) appears blue. Blue light is Rayleigh-scattered ~ 4-5x more than
red light! The following picture shows the gorgeous blue color arising from Rayleigh scattering
of light in the ultra-pure H20 tank of the Super-Kamiokande experiment (located in Japan):

AN i"‘ D

The behavior of the polarization {asymmetry} |2 (6, =0) = sin’ 9/ (1 +cos’ «9) for
unpolarized incident EM plane waves in the visible portion of the EM spectrum also explains
why the light from the sky is polarized, and especially so at («9 =90°,p= O) ! Please go back/
refer to/look at P436 Lecture Notes 13, p. 17-18 where we discussed this originally.
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On (or near) a resonance @ = @, (typically in the UV portion of the spectrum for atoms) the

2 2)\?
factor (a) —a)o) ~ 0 and thus for o = @, :

[(a)z—a)g)zﬂfza)z} y'a, 7

2

o’ o o (o z_idaatom(e,(p)
y r’ dQ

~ _—
e

Since y < (o, = ) then (@, / 7/)2 > 1 and thus we see that on (or near) a resonance the

differential and total atomic/molecular resonant scattering cross sections become extremely
large — incident EM radiation is absorbed/re-emitted/scattered prolifically on/near a resonance:

d O atom (63 (0)
dQ

2

2
T [%j x{Angular Factor} [ (m?/sr per atom/molecule)

and:

&7 ,

o =~
atom e
3

@, 2 2
| — (m per atom/molecule)

v

3.) High frequencies: o> @,

For high frequencies (a) > 0, ) the bound atomic/molecular electrons behave as if they are free —

- . . . 2
I.e. as in Thomson scattering of free electrons! When @ > @, the behavior of the factor (coz - a)j)

4
w

in >
[(a)2 —a)(f) +7’®

: 2 . :
is (a)2 —~ a)(f) ~ " and additionally, since y < @, , then for @ > w, :
2 }

4
w

4 4 2 2

:1:—

[(a’z ~a}) +72w2} )

® o @ o 1 doyon (0:9)
[a)4+;/2a)2]_a)z[a)2+;/2]_[a)2+72]~a)2 rez do

Thus, at high frequencies (a) > 0)0) the differential and total atomic/molecular scattering

cross sections are frequency-independent, and behave essentially identical to those associated

with Thomson scattering of free electrons:

d O-atom (0’ (0)
dQ

~ 1} x{ Angular Factor} (m2 /sr per atom/molecule)

and:

(m2 per atom/molecule)
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4.) Extremely High frequencies: 7@ ~ m.c’ (and beyond).

At extremely high frequencies, when E, =70 ~ m,c” the scattering of EM radiation by
atoms/molecules is no longer in the non-relativistic regime, and n.b. also violates the second
condition of our original Taylor series expansion for EM radiation in the “far-zone” limit
{|Frex /v < 1|and |or,, [c=kr =271 /A <1]} because for E, = hw ~ m,c* (and beyond),

max

the wavelength A is comparable to (and/or smaller than) the size of the atom/molecule r

max 4

thus the requirement 271! /A <1 is not satisfied. Thus use of (any) of the above formulae
would be extremely precarious in this regime.

This is the regime of hard X- and y -ray scattering by {essentially free} electrons bound to
atoms/molecules, and is known as Compton scattering, which is essentially “billiard-ball”
X- and/or y -ray photon-electron elastic scattering. In this high frequency/high energy regime,
the scattered EM radiation has a different (i.e. lower) frequency than the incident radiation.
The classical theory of the scattering of EM radiation is unable to explain, in terms of any
kind of macroscopic EM wave phenomena.

Only the relativistic quantum mechanical theory of photons interacting with electrons
{QED} succeeds in properly explaining Compton scattering of high-energy X- and y -rays
by electrons (and other charged particles).

For hw < m.c’ the frequency shift is small, but not precisely zero. The classical theory

works adequately well in this regime. We will discuss Compton scattering in more detail
when we get to the subject of relativistic kinematics (P436 Lect. Notes 17).

Scattering of EM Radiation by a Collection of Free Charges, Neutral Atoms and/or Molecules

Thus far, we have discussed scattering of EM radiation by a single free charge ¢ and/or a
single neutral atom/molecule. What happens when a macroscopic EM plane wave scatters from a
collection/ensemble of many such objects?

Consider what happens when an incident EM plane wave scatters from just two such objects.
Suppose the first scattering object is located at the origin 19(?1 = 0) (as before), the other is

located at an arbitrary position I, = X,X+VY,Y+2,Z.

Since the incident EM wave is a plane wave, the solutions of the two corresponding
inhomogeneous force equations are such that, at the common retarded time t; the magnitudes of

the {complex} induced electric dipole moments are equal to each other: ‘ p, (T, ‘ pz 1)

1’0

i.e. p,(F,t,) can only differ from P, (F.,t,) by a relative phase

(E8)= B (1L)e = B (1.6 )e™ = (1.t )e"]

due to relative arrival time difference |At,, = (IZinc-rz ) / o|of the incident EM wave at the 2™

Ot

scattering object, at position [, relative to the first, located at origin 9(?1 = 0) .
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However, this is only half of the story. Because P, is located at position F =0and p, is located
at position T, = X,X+Y,¥+2,Z, the EM waves simultaneously radiated by each of the two electric
dipoles at the common retarded time t, will arrive at the observation/field point position

P (r, 0, ¢,t) such that the EM ““far-zone” radiation fields associated with dipole # 2 have associated

i iwAt Y . . .
o0 = g1 — g™=d"2 e to relative arrival time

with them an additional {relative} phase shift of e =e¢

difference |At), = — (K4 °T, / | of the scattered EM wave at the observation point P(r, 0, go,t) from

the 2™ scattering object, at position T, relative to the first, located at origin 3(?1 = O) .

Thus, there is an overall phase shift for scatterer # 2 at position [, relative to scatterer # 1 located

s e = i 5, i oAt iKic oy =K ag oF; kmc_kra Ak«
at origin 3(T; = 0) of: |g7 " =" e'™™ = et ikt _ gl _ ginion| oo AR ZK K

inc rad |

In general, the scattered EM wave(s) radiated from the two induced electric dipole moments
B, (T,t) and P, (T,.t), since the radiation electric fields also obey the superposition principle,

will subsequently interfere with each other in the “far-zone” at the observation point P (r, 0, (p,t) .
We can therefore generalize the above 2-scatterer result for the scattering of an incident EM

wave to that for a collection of N identical scattering objects, each of which is located at position
F =X X+Yy,§+2,72 for the n" scattering object, n =1, 2,3,... N. Via use of the principle of linear

superposition, each such identical scattering object will contribute Efn"at (F,t) to the overall “far-
zone” EM radiation field at the observation point P ( r,o, (p,t) . Since the differential and total

scattering cross sections are both proportional to the modulus-squared of the overall/total EM

. . = — 2
radiation field |E* (F,t)| , where:
N N N - =
scat cat _ "’scat lAk [ scat iAk T, =scat (= _ Escat (= iAk T,
(1) =D E (1) = 2 E; S B (1) 20 where [EX* (1.0) = B (1 1)e
n=1 n=1 n=1

where Escat (F,t) is the scattered “far-zone” radiation field at the observation point P(r,8,¢,t)

associated with a single scattering object located at the origin S(ﬁ = O) .

Then we see that:

(.0

scat Ak [
Ex (b)) = Ze
tot

N

e

n=1

Defining the so-called complex structure factor: 7(Ak 9 (ﬂ ) =

and neglecting multiple scattering effects', the differential scattering cross section associated with
an incident macroscopic, monochromatic EM plane wave scattering off of a collection/ensemble
of N identical scattering objects (e.g. free electrons, atoms/molecules, etc) can be written as:

"i.e. the mean free path for scattering is large compared to the overall spatial dimensions of the collection of scatterers.
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doy (6,9)
dQ

dJI(H )
dQ

ZN: elAk(H 0)e

n=1

-5 (ak(0.0)) “L2)

where do, ((9, (p) / dQ is the differential scattering cross section associated with a single
scattering object located at the origin 9(?1 =0).

ZelAk (6.9)°T,

on the overall differential scattering cross section do, (49, ¢) / dQ depends very sensitively on

It can be seen that the numerical effect of the structure factor |7 (Ak o, (p )

the exact/precise details of the spatial distribution of the N identical scattering objects.

First, let us consider again the case of only two scattering objects for forward scattering, when
6 =0. Then for two identical scattering objects, the structure factor:

IAk (8.9)-F,

(Ak H(p)

(1 n eiAE(e,(p)-rz )(1 n e—iAlZ(e,(p)-rz ) —1+ eiAE(e,(p)-rz n e—iAlZ(ﬂ,(p)-r2 41

=2+ (e'Ak(‘g*")'r2 +g KO0 ) =2+2cos (Alz (6,9), ) =2 [1 +cos (AIZ (6,9), )}

However, for forward (49 = O) scattering this means that: K4

xl

i€ |Kag Il Kine Il Z

and thus: AIZ(H =0, (p) = lch - |Zrad =0/ and hence: ?(Ak (0 0 go) ) 2[1+cos )] =4

Thus we see that two identical scattering objects always constructively interfere with each
other for forward (9 = 0) scattering, independent of the location T, of the 2" scatterer relative to

that of the first, located at the origin 9(F, =0). For forward (& =0) scattering the {relative}

time delay At, = z,/c in the arrival of the incident EM plane wave at the z-location of the 2"

scattering object is exactly compensated by the {relative} decrease in the arrival time
At, =—1,/c of the scattered/radiated wave in the “far-zone™ at the observer’s position at

(r,0=0,0p).

Noting that since: AK (9 0, go) k k =0|forall N identical scattering objects for

forward (6’ = 0) scattering, we see that for forward (6’ = 0) scattering of an incident EM plane

wave by N identical scattering objects, the structure factor 7 (AIZ(Q =0, (p) = 0) becomes:

?<AE(9509(/’) :0) - _leitt y it gl

:|1+1+...+1|2 =N?
0

=INP

and thus we see that N identical scattering objects always constructively interfere with each
other for forward (9 = 0) scattering, independent of the z-location of the n™ scatterer relative to

that of the first {located at the origin 9(F; =0) }.
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Thus, the forward (0 = O) differential scattering cross section associated with N identical

scatterers 1s:

doy (60=0,0p) N do, (0=0,9)
dQ dQ

It can also be seen that for backward (6’ = 77) scattering the situation is Not the same as for forward

(0 = 0) scattering. Again, we consider the two-scatterer case: when 8 = 7 then: K., =K. =2

and: |AK (0 = 7,0) =Ky, —Koog = 2K,y # 0| and: 7(A|Z(95ﬂ,¢)):2[l+cos(2kmc )}

When: (2kInc ) 2nz, n=1,2,3...| {i.e. certain (angular) frequencies |@, = ck, = nzc/z,

——

Then: cos(2km ) =cos(2n7z) =1|and: 7(AIZ(¢9 =7, go)) = 4 |resulting in constructive

interference for backward (@ = ) scattering.

When: 2(kincofz) =(2n-1)7, n=1,2,3...| {i.e. certain other (angular) frequencies

o, =ck; =+(2n—1)xc/z,|} then: cos(kaC )— cos((2n—1)7)=~1|and: 7(AIZ(€E 7r,¢))) =0

resulting in destructive interference for backward (49 = 7z) scattering!

Thus, for backward (9 = 7r) scattering with N identical scatterers, only if the scatterers are
arranged in some kind of highly-organized, regular array/3-D lattice (€.9. such as a crystal), will
coherent backward scattering effects (i.e. constructive/destructive interference effects) be observable.

In general, if the N identical scatterers are randomly organized, such as in a plasma, a gas, a
liquid or an amorphous solid, then it can be shown that the terms with m # n in the structure factor:

i i iAK(8,0)+(F,—F,
= e

n=1 m=1

N

e

n=1

7(Ak (0,9))=

contribute very little to the overall value of 7 (AIZ (9, go)) , due to stochastic cancellations

{n.b. the same principle is used to balance turbine blade assemblies in constructing jet engines}.

Thus, for a random collection of N identical scatterers, when m =n the double series associated
with 7(AIZ(<9, (p)) becomes:

(Ak 9(0) Zemkego (T-1) Zemke(p Zl_

and thus the differential scattering cross section associated with N randomly distributed
identical scatterers (except for the precisely & =0 forward scattering) is:

doy (6>0,9) N do, (6> 0,¢)
dQ dQ
The overall scattering in this randomly-distributed situation is known as “incoherent scattering”.
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For the situation associated with the scattering of a macroscopic, monochromatic EM plane
wave incident on a highly regular, cubical 3-D crystalline-type array/lattice consisting of N
identical scattering objects (€.g. atoms or molecules) of dimensions W xH xD =L, xL xL, and

lattice constant / lattice spacing a and N =N,N N, =(Lx/a)-(Ly/a)-(LZ/a) where the N are

the # of lattice sites in the | direction, the structure factor for this highly regular array of N
identical scatterers is:

N -
7 (AIz (‘9’ ¢)) = z plak(0-0),
n=1

v ( sin® (4 NXAan)] (sinz (4 NyAkya)J [ sin’ (£ N,Ak,a) ]

N;sin® (1Ak,a) ) | N7 sin® (L Ak a) | | N7 sin® (3 Ak,a)

At low frequencies/long wavelengths (/1 > a) , only the forward-scattering peak at Ak;a=0

contributes to 7 (AIZ(Q, (p)) because {here} the maximum possible value of Ak;a is:|2ka = dra/ A < 1|

In this forward-scattering/small angle regime, using the small-angle Taylor series approximation
for sin® (L Ak,a) = (4 Aka)’, the structure factor becomes:

sin X

7(AK(0~0,p)) =N’ (sinz(;NxAkxa)J. sin” (1N, Ak, a) ‘[SmZ(;NZ Akza)J

(% NXAan)2 (% NyAkya)2 (% NZAkZa)Z where Sil’lC(X) =

= N’sinc’ (4 N,Ak,a)-sinc’ (% NyAkya) -sinc” (£ N,Ak,a)

A graph sinc(X) vs. X is shown in the figure below:
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In the low-frequency/long-wavelength regime, from the above graph of sinc(X) vs. X it can
be seen that the structure factor 7 (AIZ(Q ~ O,qo)) is only appreciable when |5 N, ‘Ak i ‘ asr)

which corresponds to an angular region of forward scattering |[A8 = ‘Ak i ‘ a< 27[/ N |, which

becomes exceedingly small as N; — 0.

Note that for a typical lattice constant|a ~ 5A =0.5nm=5x10" m\ and a typical macroscopic
sample size of |L; =1cm=0.01m| then: [N; =L, /a= 107/5x107° =2x107|, corresponding to a

forward scattering angular region of: |Af < 27z/ 2x10" ~ 7x107"radians ~ 0.3 urad | !!!

Thus, in regular crystalline arrays of scattering objects, e.g. single crystals of transparent
minerals such as diamond, emerald, quartz, rock salt, etc. there is essentially no scattering at long
wavelengths {except in the extreme forward direction}. The very small amount of large-angle
scattering that does occur in such samples is caused by/due to transitory thermal vibrations of the
atoms in the lattice away from the “perfect” configuration of the 3-D crystalline lattice.

At high frequencies/short wavelengths (1 <2a~1nm) i.e. when — typically in the
X-ray region of the EM spectrum — the structure factor 7 (AIZ (6?, q))) has maxima when the

so-called Bragg scattering condition is satisfied: | Ak a= 2nrz| or:

Ak; = 2k;,. sin0; = 4—ﬁsin 0, = 2nz , i.e. when |n4 =2asind;|
A a

Crystal planes spaced distance a apart Typical X-ray diffraction pattern
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the Measurement of Differential and Total Scattering Cross Sections

At the beginning of these lecture notes, the theoretical/mathematical definitions of the

differential and total scattering cross sections were given:

Differential Scattering Cross Section {SI units: m’ / Sr per scattering object}:

o (0.0) APul0o) 1 d{Pu(0en)

dQ I, dQ dQ

Sie (T,1)

K

)

r=0

The differential scattering cross section {SI units: m*/sr} is the time-averaged differential/
angular EM power {SI units: Watts/sr} radiated by a scattering object (or a collection/ensemble

dQ(6,¢)=d cosOdp =sinHddde

of scattering objects) into solid angle

time-averaged flux of EM energy (= EM intensity |

inc >

on the scattering object/objects located at the origin 8(? =0).

From the RHS of the above equation, we also see that:

, normalized to the

aka irradiance) {SI units: Watts} incident

do, (6.9) Scattered (Flux)of EM Radiation /Unit Solid Angle

Watts/sr

|

dQ - Incident(Fqu} of EM Radiation/Unit Area

Watts/m

)

:[_

2 per
scattering

object

m
Sr

|

Total Scattering Cross Section {SI units: Area, i.e. m* per scattering object}:
P

_(Pu(®) _ (Pu(t) [d{Pu(0p1))/d2 [d{S.(F

)> r r/dQ

d Ogcat (‘97 ¢)

dQ

F

(P20 (s (ry)) <SmC(Ft) (15w (r.)

)

)

=0 r=0 =0

-]

dQ

The total scattering cross section{SI units: m*} is the time-averaged total EM power {SI units:
Watts} radiated into all angles {i.e. 4 steradians (Sr)} by a scattering object (or a collection /
ensemble of scattering objects) normalized to the time-averaged flux of EM energy (= EM
intensity |, ., aka irradiance) {SI units: Watts} incident on the scattering object/objects located

at the origin 3(F =0).

From the RHS of the above equation, we also see that:

Total Scattered (Flux) of EM Radiationinto 4z sr ( Watts

Ogcat =

Incident(Fqu)of EM Radiation /Unit Area

(Watts/ m’

e

S~—"
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In many common experimental situations associated with the scattering of a macroscopic EM
plane wave incident on a collection/ensemble of N identical scattering objects — e.g. free
electrons/ions in plasmas, or €.g. neutral atoms/molecules in solids, liquids and/or gases, the
{instantaneous} 3-D positions of the scattering objects are randomly distributed. For a collection
of N identical randomly distributed scattering objects, we have shown that the structure factor

7 (AIZ(H, gp)) =N {except for precisely 8 = 0forward scattering, where 7(AIZ((9 =0, (o)) =N*}
and thus the so-called incoherent differential scattering cross section associated with the

collective scattering of an incident EM plane wave by N identical randomly distributed scatterers
(except for precisely 8 =0 forward scattering) is:

doy (6>0,0) N do, (60>0,9)

dQ dQ

Next, we consider a monochromatic macroscopic EM plane wave propagating in the
+7 -direction normally incident on a target consisting of a slab of “generic” matter (plasma, gas,

liquid or solid) of macroscopic volume V = H xW x D (m3) consisting of a total of N randomly
distributed identical scattering objects, characterized by a number density n= N/V (#/ m3) and

mass volume density p=M /N (kg / m3) . The incident EM plane wave uniformly illuminates the

cross sectional area A, = H xW of the target slab of “generic” matter.

The macroscopic EM plane wave enters the front face of the target at normal incidence at
z =0, and after propagating an infinitesimal longitudinal distance dz into the target, the

dN =N (dZ/ D) randomly-distributed scattering objects contained within this infinitesimal

thickness dz of the target have collectively absorbed and then re-radiated into 47 steradians a
time-averaged amount of power <dPo> from the incident EM plane wave of {n.b. turning the

total cross section (per scattering object!) relation around: <Prad (t)> = O, (Watts) per

scattering object}:

(dP,)=dNol, =N(dz/D)ol, =N (dz/A D)ol A =(N/N)dzol A =nodzl A (Watts)

which corresponds to a decrease/reduction/loss in the incident intensity |, over the infinitesimal
distance dz of:

dl
with corresponding —ve slope: |[—> = —nol_(Watts/m’
A ponding pe:| o (Watts/m?*)

dl, = (@R) _ —nol,dz (Watts/m’

0

S

Then for propagation of the macroscopic EM wave a longitudinal distance z into the target, this
latter relation becomes:

| dl(z
di(z) d(zZ) =-nol (z)(WattS/m3) which can be rearranged as: #JF nol(z)=0
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This relation is a simple homogeneous first-order differential equation with boundary conditions:

1(z=0)=1,|and: |1 (z =) =0]. The specific solution to this differential equation is: |1 (z)=1,67""|.

Thus we see that the incident EM plane wave is exponentially attenuated to 1/e =€ = 0.368
of its initial intensity | in propagating a characteristic longitudinal distance known as the

attenuation length [Aue, =1/No| (m) into the target. Then: |1 (2)= | g e = | g7,

The reciprocal of the attenuation length 4

atten
a= 1/ﬂ’atten =No (m_l) . Then: | (Z) = |oe_az = |Oefz/ﬂanen = |Oe—no-z .

is known as the absorption coefficient:

Using an isothermal model of the earth’s atmosphere (i.e. the density p,i: varies exponentially
with altitude), n,; ~2.7x10% molecules/m’ , typical value(s) of the attenuation length for
Rayleigh scattering of visible light by N, and O, molecules in the earth’s atmosphere are:

Red light (A=650nm): A, ~188km
Green light (4= 520 nm): A, ~ 77km
Violet light (4 =410 nm): A, ~ 30km

The % scattering of {direct} sunlight in the earth’s atmosphere as a function of wavelength
A is shown in the figure below:

25

Rayleigh scattering gives the
atmosphere its blue color

N
o

—
[$)]

—
o

w

Percent Scattering of Direct Sunlight

o

450 500 550 600 650
Wavelength (nm)

Image: Copyright Robert A. Rohde, 2007
http://en.wikipedia.org/wiki/Image:Rayleigh sunlight scattering.png

Note also that Rayleigh scattering of the sun’s light by air molecules in the earth’s atmosphere
is also is responsible for giving the sky its apparent height above the ground.
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Plots of the attenuation/absorption length A

atten

and the absorption coefficient & =1/4,

wen TOT pUTe

water (& ice) vs. wavelength are shown in the figures below:
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Typical Experimental Apparatus to Measure a Differential Scattering Cross Section

A typical experimental setup used to measure a differential scattering cross section is shown
in a plan view in the figure below, in the X-z scattering plane:

Incident EM
Plane Wave

Target

o’

YYVYYYVYY
v
N>

aQ
Generic EM
I/ — Radiation
Detector
Y

P

v

A

X

The “generic” EM radiation detector, located a distance R away from the center of the target
at polar angle @ subtends a solid angle dQ from a point target. If the target has finite spatial
extent, then one obtains the solid angle subtended by the detector for a finite-volume target by
integrating over the volume of the target to obtain the target-weighted solid angle. In principle,
corrections also need to be made for a.) attenuation of the incident EM intensity in propagating
through the target and b.) multiple scattering of the incident EM radiation and also of the
scattered EM radiation in getting out the target; all of which become increasingly important for a
thick target.

Depending on the physics associated with the scattering of incident EM radiation in the target,
a specific choice must be made for the detector that is used for measuring the EM radiation

scattered into solid angle dQ(&’, Q= 0) . For example, for if one is interested in measuring the

differential scattering cross section associated with a continuous, high-intensity beam of incident
EM radiation in the infra-red (IR), visible or ultra-violet (UV) light region, use of an absolutely-
calibrated {NIST-traceable} spectro-photometer with associated readout electronics {aka
radiometer} is frequently used, as shown in the figures below:
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International Light IL.1700 Research Radiometer + Photometer:

‘F: T ] T T | T T T T T T T T T T T T T T T T T T T T T T T T

I 11 L L 1 L
BOD 1000 1200 1400 1800 L] {rnmj 2000

< UV > | «Visible > | «< IR > Wavelength, A (nm)

The spectrophotometer {of active area A, } is frequently some kind of photodiode.

The photocurrent {in Amperes} produced in the junction of the photodiode by the EM radiation
incident on the spectrophotometer is accurately measured by the accompanying electronics of the
radiometer. Note that there is great flexibility in the experimental setup — it could use incident
EM radiation that is polarized in some manner (e.g. LPX, LPy, RCP, LCP etc) and/or for e.g.
unpolarized EM radiation incident on the target, polarizing filters can be placed in front of the

spectrophotometer to measure €.9. do;™ (6,9 =0)/dQ and do}™ (6,9 =0)/dQ and the

polarization {asymmetry} 2y (6, =0), etc.
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In some physics situations, the illuminated target is €.g. a biological sample of some kind and
the detector of the scattered radiation is €.g. a microscope + CCD (or CMOS) camera, usually

oriented at fixed scattering angle, e.g. (9 =7/2,p= 0) . Again the incident EM radiation could

{additionally} be polarized in some manner, or if unpolarized EM radiation is incident, then
polarizing filters placed upstream of the camera can be used to analyze the || vs. L polarization

states of the scattered EM radiation.

In other physics situations where the intensity of the incident EM radiation is extremely low,
the photodetector of choice often is a low-noise photomultiplier tube (PMT) or avalanche
photodiode (APD), often thermo-cooled {or even LN2 or LHe-cooled!} in order to reduce finite
temperature/thermal “dark noise”. These detectors then count single photons scattered from the
target. The {wavelength-dependent} quantum efficiency (QE) of the photon detector used in
such scattering experiments must therefore be accurately known; typical QE’s are on the order of
~ 10-20%.

In P436 Lecture Notes 5 (p. 18-26) we discussed the connection between intensity | and the
{time-averaged} number of photons <n7 (t)> e.g. associated with a laser beam with photon

energy |E, =hf, =hc/A4 |

(8 (0]) = (0) =26.82 =(7(0)E, =o(n () | (2]

m

Thus, counting photons {quanta of the EM field} within solid angle dQ at fixed scattering angle
(0, Q= O) is equivalent to measuring intensity | .. within solid angle dQ at fixed scattering

angle (6,90=0).

scat

Sometimes an EM wave scattering experiment involves €.g. microwaves or radio waves — €e.g.
such as in RADAR applications. In engineering parlance, the type of scattering cross section(s)
that we have been discussing here in these lecture notes are all known as bi-static cross section
measurements, because the location of the source used to illuminate the target with EM radiation
is distinct from the location of the detector of the scattered EM radiation. A mono-static cross
section measurement is where the source and detector are co-located at the same point — i.e. the

detector only measures back-scattered (6 = 72') EM radiation. Additionally, engineers define the

RADAR differential scattering cross sections (RCS) differently than physicists, as: 47z (da/ d Q) .
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A typical differential RCS e.g. for a B-26 Invader
is shown as a polar plot in the figure on the right.

All airplanes {unless “stealthified”} have a
characteristic/distinct type of differential RCS that
can be useful e.g. in identifying the type of plane.

In plasma physics — e.g. fusion/tokamak
applications, the differential Thomson scattering
cross section {at small scattering angles} is
commonly used as a diagnostic tool e.g. using a
{fairly high-powered} laser to monitor the number
density and also the temperature of the plasma.

Thomson scattering of electrons in the tenuous
plasma surrounding our sun can be seen €.¢. during a
total eclipse of the sun — this is the sun’s corona!
NASA’s STEREO mission generates 3-D images of
the sun by measuring the sun’s so-called K-corona using
two satellites, as shown in the RHS picture below:

The maximum possible EM luminosity of a star is
determined by the balance between the inward-directed

gravitational force |F,, =Gy M, m, / r’|and the

grav

outward-directed force due to radiation pressure
associated with Thomson scattering of electrons

Foi = %01 / 47cr® | on the plasma surrounding the

ra

star (assumed here to be 100% ionized hydrogen).

The condition that |F,, > F, | constrains the maximum

luminosity of the star, known as the Eddington limit
(in honor of Sir Arthur S. Eddington):

< 47G, M, mc/of =1.3x10" Watts
<3.3x10* (Mg, /M) 7%

7

”star

where the sun’s mass: M =2x10"kg and our

suns’ solar luminosity: ; =3.85x10% Watts

light
from
Big

The cosmic microwave background (CMB)
— arelic of the Big Bang — is partially linearly
polarized due to Thomson scattering on electrons.

electrons

CMB experiments such as WMAP and the future e ;i " scatter light
Planck mission measure/will measure the e /
polarization of the CMB radiation.
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