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LECTURE NOTES 18.75 
 

The Relativistic Version of Maxwell’s Stress Tensor vT μ  
 

     Despite the fact that we know that the EM energy density 2 21 1
2 2 oEM ou E Bμε= +  and 

Poynting’s Vector, 1
o

S E Bμ= ×
G G G

 are not Lorentz invariant quantities, we ask: Is there a related 
entity, relativistic in nature, from which we can understand the transformation properties of 

 and EMu S
G

, in going from one IRF(S) to another IRF(S′)? 
 
     The answer is yes – the 4-dimensional relativistic generalization of the 3-dimensional 
classical electrodynamics Maxwell’s stress tensor: v

ijT T μ→
HG

 !!! 
 

     Recall that the classical-electrodynamics 3-dimensional Maxwell stress tensor is T
HG

,  
a 9-component, rank two 3 × 3 symmetric tensor (i.e. a matrix) whose elements are:  
 

   ⇒  2 2
o

1 1 1
2 2ij i j ij i j ij

o

T E E E B B Bε δ δ
μ

⎛ ⎞ ⎛ ⎞≡ − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  where: , 1: 3i j =  

                    The Kronecker δ -function:    
1  if 
0 if ij

i j
i j

δ
=⎧

= ⎨ ≠⎩
 

 

Physically, T
HG

 is the force per unit area (or stress) acting on a surface of interest.   
 

Tij ≡ force per unit area in ith direction acting on an element of surface in the jth direction.  
 

⇒   Thus:  Txx, Tyy, Tzz, physically represent pressures.  ( )2SI units: N m  

⇒   And:  Txy, Txz, Tyx, Tyz, Tzx, Tzy physically represent shears. ( )2SI units: N m  
 
 
 
 
In classical electrodynamics, the force per unit volume (aka force density) is:  
 

    ( ) ( ) ( )
2

,1, ,
S r t

f r t T r t
c t

∂
= ∇ −

∂

G GHGG G Gi   where:  ( ) ( ) ( )1, , ,
o

S r t E r t B r t
μ

= ×
G G GG G G

 = Poynting’s Vector 

 
 
 

The total force is therefore:   ( ) ( ) ( )( ) ( )
2

,1,  ,
v v v

S r t
F t f r t d T r t d d

c t
τ τ τ

∂
= = ∇ −

∂∫ ∫ ∫
G GHGGG GG Gi  

 

Use the divergence theorem on the 1st integral:  ( ) ( ) ( )
2

,1,
S v

S r t
F t T r t da d

c t
τ

∂
= −

∂∫ ∫
G GHGG G Giv    

n.b. Tij elements 
are  symmetric: 
Tij = Tji T⇒

HG
 

is a symmetric 
rank-2 tensor. 

n.b. SI units of T
HG

all 
same (= pressure): 

2

2 2 2

-
-

N kg m s kg
m m m s

= =

= Same SI units as 
energy density 

3 3 2

J N m N
m m m

−
= =  

SI units of force density: 3N m  
= energy flux (watts/m2) through surface 

SI units of 
force = 

2-N kg m s=
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     In going from the classical electrodynamics 3-D spatial version of  Maxwell’s stress tensor T
HG

 
a 3 × 3 = 9 element symmetric rank two tensor Tij 
 

   
2

2 2 2 2
o 2

1 1 1 1
2 2 2

ji
ij i j ij i j ij o i j ij

o

EE ET E E E B B B c B B B
c c c

ε δ δ ε δ
μ

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞≡ − + − = + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

 2 1

o o

c
ε μ

=

     , 1: 3i j =  
 

to the relativistic 4-dimensional space-time version of Maxwell’s stress tensor vT μ  a 4 × 4 = 16 
element symmetric tensor ( ), 0 : 3vμ =  we expect the “new”/additional temporal components of vT μ   
i.e. a new top row  (row # 0μ =  column # 0 : 3v = ) and a new LHS column (row # 0 : 3μ = , 
column # 0v = ) to: 
 

a.) be symmetric, i.e. 0 0v vT T= +  
b.) have the same physical SI units ( 2N m = pressure/energy density) as ijT

HG
 

c.) have something to do with the temporal aspects of EM field energy flow 
d.) be related to the EM field tensor, vF μ  (or equivalently, vGμ ) 

 
We define the relativistic version of Maxwell’s stress tensor as: 
 

    ( ) ( )2 1
4

v v v
oT c F F F Fμ μσ μ λσ

σ λσε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
 {n.b. implicit sum over repeated indices!} 

 

Where the “flat” space-time metric tensor, vμδ  (analogous to ijδ ) is defined as: 
 

 

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

vμδ

−⎛ ⎞
⎜ ⎟+⎜ ⎟≡
⎜ ⎟+
⎜ ⎟

+⎝ ⎠

 where: 
1 for 0
1 for 1, 2,3

  0 for 

v

v
v
v

μ

μ
δ μ

μ

− = =⎧
⎪≡ + = =⎨
⎪ ≠⎩

 

 

Note that the differences in the physical appearance between definitions of 3-D  and 4-D v
ijT T μ
HJG

 
 

 
2

2 2
2

+1
1             1
2

        1

ji
ij o i j ij ij

EE ET c B B B
c c c

ε δ δ
⎛ ⎞

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎜ ⎟≡ + − + ≡ +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦ ⎜ ⎟+⎝ ⎠

  

 ( ) ( )2

1
    11               
        14
           1

v v v v
oT c F F F Fμ μσ μ λσ μ

σ λσε δ δ

−⎛ ⎞
⎜ ⎟+⎡ ⎤ ⎜ ⎟≡ − ≡⎢ ⎥ ⎜ ⎟+⎣ ⎦
⎜ ⎟

+⎝ ⎠

 

 

arise from our (& Griffiths’) definition of the anti-symmetric EM field tensor, vF μ : 

n.b. symmetric 
tensors, SI units: 

2 2

kgN
m m s

=
−
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    0           

   0           

         0         

          0

yx z

x
z y

v

y
z x

z
y x

EE E
c c c

E B B
cF

E
B B

c
E B B
c

μ

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟− −⎜ ⎟

≡ ⎜ ⎟
⎜ ⎟−⎜ ⎟
⎜ ⎟
⎜ ⎟− −⎜ ⎟
⎝ ⎠

 and: ( )
2

2 2 2
2 2

12 2 EF F B E B
c c

λσ
λσ

⎛ ⎞⎛ ⎞= − = − −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 

For clarity’s sake, here we present the results for vT μ  and place the (tedious!) calculational details in 
Appendix “A” of these lecture notes. 
 

Recall that Poynting’s Vector, ( )1

o

S E B
μ

≡ ×
G G G

  SI units:  2 2 2 2

-Watts
- - -

J s J N m N
m m m s m s m s

= = = =  

 

Recall that EM field linear momentum density:  ( )EM o E Bε℘ ≡ ×
G GG

 
 

 ( ) ( ) 2

1 1
EM o o o o o

o

E B E B S S
c

ε ε μ ε μ
μ
⎡ ⎤

℘ ≡ × = × = =⎢ ⎥
⎣ ⎦

G GG G G GG
⇐ 2

1
o oc
ε μ=  

   ∴     ( ) 21 1 1 1
EM o

o o

E Ec S E B B c B
c c c c

ε
μ μ

⎡ ⎤⎛ ⎞ ⎛ ⎞⎡ ⎤
℘ = = × = × = ×⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥

⎣ ⎦ ⎝ ⎠ ⎝ ⎠⎣ ⎦

G GG G G G GG
 

 

SI units of 
1 :EM c S
c

℘ =
GG

   2 2

kg m kg
m s s m s

⋅ =
− −

  but:  21 mN kg s= −  

                                     =  2 2 2

kg m N
m s m

−
=

−
  = pressure  =  3 3

N m J
m m
−

=  = energy density 
 

Recall that the EM field energy density EMu  is defined as: 
 

     ( )
2 2

2 2 2 2 2 2 2
2 2

1 1 1 1 1 1 1
2 2 2 2 2 2 2EM o o o o o

o o

E Eu E B E E B B c c B c B
c c

ε ε ε ε ε
μ μ

⎡ ⎤⎛ ⎞ ⎛ ⎞
≡ + = + = + = +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦

G G G G
i i  

 

      SI units:  3 3 2

J N m N
m m m

−
= = = energy density = pressure = force per unit area  

                   = {linear} momentum flux density 
 
 
 
 
 
 
 

(See Griffiths problem 12.50, p. 537 P436 HW #14) 
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Explicitly reminding the reader that the 3-D classical electrodynamics version of Maxwell’s 
stress tensor  T

HG
 is defined as: 

   
     Column # j = 1:3 
                 1=x  2=y  3=z   Row # i = 1:3 

  
xx xy xz

ij yx yy yz

zx zy zz

T T T
T T T T T

T T T

⎛ ⎞
⎜ ⎟

= = ⎜ ⎟
⎜ ⎟
⎝ ⎠

HG
 
1
2
3

x
y
z

=
=
=

   = 
2

2 2
2

1
2

ji
o i j ij

EE Ec B B B
c c c

ε δ
⎡ ⎤⎛ ⎞ ⎛ ⎞

+ − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

  
1  if 
0 if ij

i j
i j

δ
=⎧

= ⎨ ≠⎩
 

Row #   Column # 
(1:3)         (1:3) 
 

2 2
2 2 2 2 2

2 2

2 2
2 2 2 2 2

2 2

2 2

1
2

1
2

yx x x z
o x o x y o x z

y y yx z
o y x o y o y z

xz
o z x o

EE E E EEc B B c B B c B B
c c c c c c

E E EE EET c B B c B B c B B
c c c c c c

EE Ec B B c
c c

ε ε ε

ε ε ε

ε ε

⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎡ ⎤+ − + + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎝ ⎠ ⎣ ⎦⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞⎡ ⎤ ⎡ ⎤⎛ ⎞

= + + − + +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤+⎢ ⎥⎣ ⎦

HG

2 2
2 2 2

2 2

1
2

yz z
z y o z

E E EB B c B B
c c c c

ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎡ ⎤⎡ ⎤ ⎛ ⎞ ⎛ ⎞⎜ ⎟+ + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎝ ⎠⎝ ⎠⎣ ⎦ ⎣ ⎦⎝ ⎠

 

 

( )

( )

22 2
2 2 2

2 2 2

2
2 2 2 2 2

2

22

2 2

2 2

1 2 2
2

2 2

y yx x xz z
x y z x y x z

y y yx z
o y x y x y z y z

y yx xz z z
z x z y

E EE E EE EB B B B B B B
c c c c c c c

E E EE ET c B B B B B B B B
c c c c c

E EE EE E EB B B B
c c c c c c

ε

⎛ ⎞ ⎡ ⎤ ⎡ ⎤− − + − − + +⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎣ ⎦⎣ ⎦⎝ ⎠
⎛ ⎞⎡ ⎤ ⎡ ⎤

= + + + − + − +⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠

⎡ ⎤⎡ ⎤+ + − − +⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

HG

( )
2

2 2 2
2 x y zB B B

c

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞
⎜ ⎟+ − − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 

⇒  Note that the Tij elements are symmetric, i.e. ji ijT T= +  
 
Physically:   

( ), 1: 3ijT i j = are pure space-space components. 
th

ijT i=  component of force across unit area perpendicular to jth direction. 
, ,ii xx yy zzT T T T=  represent pressures on enclosing surfaces in the x, y, z directions, respectively. 

( ) ( ) ( ), ,ij xy yx xz zx yz zyT T T T T T T= = = = represent stresses (or shears) on enclosing surfaces in the x, 
y, or z directions 
 
But note also that physically: 
 ijT   = −ve of the rate of flow of the ith component of EM field linear momentum pG  through unit area     
             whose normal is in the jth  direction, i.e. ijT− is the ith component of the linear momentum  
             flux density transported in the jth  direction by the EM fields. 
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Then, the relativistic 4-D space-time version of Maxwell’s stress tensor defined as: 
 

  ( ) ( )2 1
4

v v v
oT c F F F Fμ μσ μ λσ

σ λσε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
  gives:  

 
                                                  Column # 
   Row #    Column #        0=t        1=x        2=y       3=z    Row # 
 
     0:3            0:3             T00         T01         T02         T03      0 = t            Ttt      Ttx       Tty      Ttz 
                                    T10         T11           T12        T13      1 = x            Txt       Txx       Txy      Txz 
         vT μ     =              T20         T21         T22         T23      2 = y   =      Tyt     Tyx       Tyy      Tyz 
                                    T30         T31         T32         T33         3 = z            Tzt     Tzx       Tzy      Tzz  
 
     Now while we might hope that the { , 1: 3μ ν = } pure space-space elements of the relativistic 
4-D space-time stress tensor vT μ  would be identical to that of the 3-D classical electrodynamics / 
Maxwell’s stress tensor ijT

HG
, because of our definitions for vT μ and vF μ what we instead obtain is:     

 

   
, =1:3 , 1:3

v
ijv i j

T Tμ

μ =
= −

I
 

 

     Thus, we see that the pure space-space { , 1: 3μ ν = } components of the relativistic stress 
tensor vT μ  physically represent EM field linear momentum flux densities, the negative of which 
physically corresponds to stresses/shears on bounding surfaces! 
 

The temporal components of vT μ  are:  

( )st0  1  columnν = :                                                                       21
o

o

cε
μ

=  

 
2

00 2 2 2 2
2

1 1 1
2 2 2EM o o

o

ET u E B c B
c

ε ε
μ

⎛ ⎞
= = + = +⎜ ⎟

⎝ ⎠
 

 ( )10 2 y z
x o z y o y z z y

E ET c c B B c E B E B
c c

ε ε
⎛ ⎞

=℘ = − = −⎜ ⎟
⎝ ⎠

 

 ( )20 2 xz
y o x z o z x x z

EET c c B B c E B E B
c c

ε ε⎛ ⎞=℘ = − = −⎜ ⎟
⎝ ⎠

 

 ( )30 2 yx
z o y x o x y y x

EET c c B B c E B E B
c c

ε ε
⎛ ⎞

=℘ = − = −⎜ ⎟
⎝ ⎠

 

 

Recalling that Poynting’s Vector: ( )1

o

S E B
μ

≡ ×
G G G

  ∴ ( )21 1
o o

o

E ES B c B c E B
c c c

ε ε
μ

⎛ ⎞ ⎛ ⎞
= × = × = ×⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

G GG G G G G
 

 

Thus:  ( ) ( ) ( )1 1 1 1ˆ ˆ ˆ ˆˆ ˆx y z o y z z y o z x x z o x y y xS S x S y S z c E B E B x c E B E B y c E B E B z
c c c c

ε ε ε= + + = − + − + −
G
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( )st0  1  rowμ = : 
 

 

( )

( )

( )

01

02

03

1

1

1

x o y z z y

y o z x x z

z o x y y x

T S c E B E B
c

T S c E B E B
c

T S c E B E B
c

ε

ε

ε

= = −

= = −

= = −

 

 
Thus, we (explicitly) see that: 
 

 10 01T T=   ⇒  
1

x xc S
c

℘ =  

 20 02T T=  ⇒  
1

y yc S
c

℘ =        or:  ( )1
oc S c E B

c
ε℘ = = ×

G G GG
 

 30 03T T=   ⇒  
1

z zc S
c

℘ =  
 

     Thus the components of the relativistic 4-D/spacetime version of  Maxwell’s stress tensor vT μ  

are {  v vT Tμ μ= = symmetric tensor}: ( ) ( )2 1
4

v v v
oT c F F F Fμ μσ μ λσ

σ λσε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
 

 
00 01 02 03

10 11 12 13

20 21 22 23

30 31 32 33

tt tx ty tztt tx ty tz

xtxt xx xy xz
xx xy xzv

ytyt yx yy yz
yx yy yz

ztzt zx zy zz
zx zy zz

T T T TT T T T T T T T
T T T TT T T T T T T T

T
T T T TT T T T T T T T
T T T TT T T T T T T T

μ

⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ − − −⎜ ⎟⎜ ⎟ ⎜ ⎟= = = ⎜ ⎟⎜ ⎟ ⎜ ⎟ − − −
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ − − −⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎟

 

 

        
2

2 21
2EM o

Eu c B
c

ε
⎛ ⎞⎛ ⎞= +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

           1
xS

c
                                1

yS
c

                                            1
zS

c
 

vT μ =   xc℘      
2 2

2 2 2
2 2

1
2

x
o x

E Ec B B
c c

ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

− + − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

    ( )2 yx
o x y

EEc B B
c c

ε
⎡ ⎤⎛ ⎞

− +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

          ( )2
0

x z
x z

E Ec B B
c c

ε ⎡ ⎤⎛ ⎞− +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 

 yc℘           ( )2 y x
o y x

E Ec B B
c c

ε
⎡ ⎤⎛ ⎞

− +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

      
2 2

2 2 2
2 2

1
2

y
o y

E Ec B B
c c

ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

− + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
   ( )2 y z

o y z

E Ec B B
c c

ε
⎡ ⎤⎛ ⎞

− +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

 zc℘           ( )2 xz
o z x

EEc B B
c c

ε ⎡ ⎤⎛ ⎞− +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
           ( )2 yz

o z y

EEc B B
c c

ε
⎡ ⎤⎛ ⎞

− +⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 
2 2

2 2 2
2 2

1
2

z
o z

E Ec B B
c c

ε
⎡ ⎤⎛ ⎞ ⎛ ⎞

− + − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠⎣ ⎦

 

 
 
 
 
 

3-D space-space components 
of classical electrodynamics’ 

Maxwell’s stress tensor ijT
I
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Physically: 
 
               EM field energy  x-flow of EM y-flow of EM z-flow of EM 
                  density, EMu  field energy, xS c  field energy, yS c  field energy, yS c  
 
                 flux of EM field x – flow of   y – flow of  z – flow of               
              momentum density, x℘  EM field linear EM field linear  EM field linear 

                momentum density, x℘  momentum density, x℘  momentum density, x℘  
 

vT μ =      flux of EM field x – flow of   y – flow of  z – flow of               
              momentum density, y℘  EM field linear EM field linear  EM field linear 

                momentum density, y℘  momentum density, y℘  momentum density, y℘  
 
                 flux of EM field x – flow of   y – flow of  z – flow of               
              momentum density, z℘  EM field linear EM field linear  EM field linear 

                momentum density, z℘  momentum density, z℘  momentum density, z℘  

 
 

                        SI units of vT μ :  energy density = 2 2 2
-J N m N

m m m= = =  pressure 

 

 
2

00 2 2 2 2
2

1 1 1
2 2 2EM o o

o

ET u c B E B
c

ε ε
μ

⎛ ⎞
= = + = +⎜ ⎟

⎝ ⎠
   using: 2 1

o o

c
ε μ

⎛ ⎞
=⎜ ⎟

⎝ ⎠
 

 

 ( )10 2 011y z
x o z y o y z z y x

E ET c c B B c E B E B S T
c c c

ε ε
⎛ ⎞

=℘ = − = − = =⎜ ⎟
⎝ ⎠

 

 ( )20 2 021xz
x o x z o z x x z y

EET c c B B c E B E B S T
c c c

ε ε⎛ ⎞=℘ = − = − = =⎜ ⎟
⎝ ⎠

 

 ( )30 2 031yx
z o y x o x y y x z

EET c c B B c E B E B S T
c c c

ε ε
⎛ ⎞

=℘ = − = − = =⎜ ⎟
⎝ ⎠

 

 

 ( ) ( )01 101
x o o y z z y xx

T S c E B c E B E B c T
c

ε ε= = × = − =℘ =
G G

 

 ( ) ( )02 201
y o o z x x z yy

T S c E B c E B E B c T
c

ε ε= = × = − =℘ =
G G

 

 ( ) ( )03 301
z o o x y y x zz

T S c E B c E B E B c T
c

ε ε= = × = − =℘ =
G G
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     As a simple example of the use of the 4-D/relativistic version of Maxwell’s stress tensor vT μ , 
let us consider the purely electrostatic problem of a parallel-plate capacitor at rest in the lab 
frame IRF(S), with large area plates || to the x-y plane as shown in the figure below: 
   

                
                                                                                                    
              Inside the || plates { ,d ω� A}: 

              ( )ˆ   0 elsewhereoE E z E= =
G G

                                           

              0B =
G

everywhere                                                           
 
 
 
 
 

 

Then:      

21 1 1 1
2

21
2

21
2

21
2

0 0 0
0 0 0
0 0 0
0 0 0

EM x y zc c c o o

x xx xy xzv o o

y yx yy yz o o

z zx zy zz o o

u S S S E
c T T T E

T
c T T T E
c T T T E

μ

ε
ε

ε
ε

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟℘ − − − +⎜ ⎟⎜ ⎟= = ⎜ ⎟⎜ ⎟℘ − − − +
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟℘ − − − −⎝ ⎠ ⎝ ⎠

 

               21
2

1     0      0      0
  0  1      0      0
  0     0   1      0
  0     0      0   1

v
o oT Eμ ε

+⎛ ⎞
⎜ ⎟+⎜ ⎟=
⎜ ⎟+
⎜ ⎟

−⎝ ⎠

  ⇐    

 

 00 21
2EM o oT u Eε= = +  ⇒  +ve Energy Density (J/m3) 

 

 11 21
2xx o oT T Eε= − = +  ⇒  +ve EM Pressure =  21

2 o oEε+  in x̂ -direction !!! 
 

 22 21
2yy o oT T Eε= − = + ⇒  +ve EM Pressure =  21

2 o oEε+  in ŷ -direction !!! 
 

 33 21
2zz o oT T Eε= − = −  ⇒  −ve EM Pressure =  21

2 o oEε−  in ẑ -direction {n.b. ˆoE E z=
G

}!!! 
⇒  Plates of capacitor attracted to each other – net attractive force acting on bottom/top plates:  
 

      Tension: ˆ ˆbot o oF wE z QE zσ= + = +
G

A , ˆ ˆtop o o botF wE z QE z Fσ= − = − = −
G G

A  
 

Only the diagonal elements 
of vT μ =T μμ are non-zero 
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Appendix A: Calculation of the Elements of the Relativistic Version of Maxwell’s Stress Tensor 
 

 ( ) ( )2 1
4

v v v
oT c F F F Fμ μσ μ λσ

σ λσε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
  

  

                        SI units of vT μ :  energy density = 2 2 2
-J N m N

m m m= = =  pressure 
 

“flat” space-time metric tensor:   
1 for 0

  0 for 
1 for 1, 2 or 3

v

v
v
v

μ

μ
δ μ

μ

− = =⎧
⎪≡ ≠⎨
⎪+ = =⎩

    i.e.   

1    0    0    0
  0 1    0    0
  0    0 1    0
  0    0    0 1

vμδ

−⎛ ⎞
⎜ ⎟+⎜ ⎟≡
⎜ ⎟+
⎜ ⎟

+⎝ ⎠

 

 

Anti-symmetric EM field tensor, vF μ :   v vF Fμ μ= −  
 

 

00 01 02 03

10 11 12 13

20 21 22 23

30 31 32 33

0
0

0
0

x y z

x z yv

y z x

z y x

E c E c E c F F F F
E c B B F F F F

F
E c B B F F F F
E c B B F F F F

μ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟− −⎜ ⎟ ⎜ ⎟≡ =⎜ ⎟ ⎜ ⎟− −
⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟− − ⎝ ⎠⎝ ⎠

  

0
1
  
2
3

 

 
First, we need to calculate: F F F Fλσ λσ

λσ λσ=  where: row # column #vF Fμ =  
 

 vF μ  means that we place a minus (−) sign in front of the  
                    0v =  temporal components, i.e. elements in the first horizontal row ( 0μ = ) of vF μ . 
 
 F ν

μ  means that we place a minus (−) sign in front of the 

                    0μ =  temporal components, i.e. elements in the first vertical column ( 0v = ) of vF μ . 
 
 Fμν  means that we place a minus (−) sign in front of both of the 
        0v =  temporal components, elements in the first horizontal row ( 0μ = )  .AND. the 

                   0μ = temporal components, elements in the first vertical column ( 0v = ) of vF μ . 
 

 ∴  

00 00 01 01 02 02 03 03

10 10 11 11 12 12 13 13

20 20 21 21 22 22 23 23

30 30 31 31 32 32 33 33

                
                
                

F F F F F F F F F F

F F F F F F F F
F F F F F F F F
F F F F F F F F

λσ
λσ = + − − −

− + + +

− + + +

− + + +

 

                 
                 
        

Column # ν 
0 1 2 3

Column # 

Row #  μ

Row # 
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( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

22 22

22 22

2 2 22

22 2 2

0       

               0            

                  0          

                       0

x y z

x z y

y z x

z y x

F F E c E c E c

E c B B

E c B B

E c B B

λσ
λσ = + − − −

− − + + + −

− − + + +

− − + + − +

  ⇒

22

2 2 2

2
2 2

2

2
2 2

2

2
2 2

2

                

                

                

yx z

x
z y

y
z x

z
y x

EE EF F
c c c
E B B
c
E

B B
c
E B B
c

λσ
λσ = − − −

− + +

− + +

− + +

 

 

( )
22 2 2 2 2

2 2 2 2 2 2
2 2 2 2 2 22 2 2 2yx z

x y z

EE E E E EF F B B B B B B
c c c c c c

λσ
λσ

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= − + + + + + = − + = − = − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

 

 

∴  ( ) ( )
2 2

2 2
2 22 2E EF F F F B B

c c
λσ λσ

λσ λσ
⎛ ⎞ ⎛ ⎞

= = − = − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  

 
 

Next, we need to calculate ( )vF Fμσ
σ  which is a 4 × 4 = 16 element tensor vS μ=   

n.b. repeated indices ( )σ  are summed over 0 : 3σ =  for each element of vS μ !!!  

Calculate the 16 elements of 4 × 4 tensor:  v vS F Fμ μσ
σ≡  

 

0v =  (1st column) of S μσ  ( )0 : 3μ = : 
 

22 2 2
00 0 0 00 00 01 01 02 02 03 03 2

20 yx z
EE E ES F F F F F F F F F F

c c c c
σ

σ
⎛ ⎞⎛ ⎞ ⎛ ⎞≡ = − + + + = − + + + =⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
 

 

( ) ( ) ( ) ( )

10 1 0 10 00 11 01 12 02 13 03

1      0 0 yx x z
z y y z z y

S F F F F F F F F F F
EE E EB B E B E B

c c c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + + + − = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 

( ) ( ) ( ) ( ) ( )

20 2 0 20 00 21 01 22 02 23 03

1      0 0y yx z
z x z x x z

S F F F F F F F F F F
E EE EB B E B E B
c c c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + − + + = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( ) ( ) ( ) ( ) ( )

30 3 0 30 00 31 01 22 02 23 03

1      0 0yxz z
y x x y y x

S F F F F F F F F F F
EEE EB B E B E B

c c c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + + − + = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 
 
 

Griffiths problem 12.50 a.) 
p. 537 {P436 HW14} 
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1v =  (2nd column) of S μσ  ( )0 : 3μ = : 
 

( ) ( ) ( ) ( ) ( )

01 0 1 00 10 01 11 02 12 03 13

1      0 0 yx x z
z y y z z y

S F F F F F F F F F F
EE E EB B E B E B

c c c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + + + − = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

11 1 1 10 10 11 11 12 12 13 13

2
2 2

2      0 0x x x
z z y y y z

S F F F F F F F F F F

E E EB B B B B B
c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞= − − − + + + − − = − + +⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

21 2 1 20 10 21 11 22 12 23 13

2      0 0y x yx
z z x y x y

S F F F F F F F F F F
E E EE B B B B B B
c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − − + − + + − = − +⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

31 3 1 30 10 31 11 32 12 33 13

2      0 0x x zz
y x z y x z

S F F F F F F F F F F
E E EE B B B B B B

c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − − + + − + − = − +⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

2v =  (3rd column) of S μσ  ( )0 : 3μ = : 
 

( ) ( ) ( ) ( ) ( )

02 0 2 00 20 01 21 02 22 03 23

1      0 0y yx z
z x z x x z

S F F F F F F F F F F
E EE EB B E B E B
c c c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + − + = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

12 1 2 10 20 11 21 12 22 13 23

2      0 0y x yx
z z y x x y

S F F F F F F F F F F
E E EE B B B B B B

c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − − + − + + − = − +⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

22 2 2 20 20 21 21 22 22 23 23

2
2 2

2      0 0y y y
z z x x x z

S F F F F F F F F F F

E E E
B B B B B B

c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞
= − − − + − − + + = − + +⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

23 3 2 30 20 31 21 32 22 33 23

2      0 0y y zz
y z x x y z

S F F F F F F F F F F
E E EE B B B B B B

c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − − + − + − + = − +⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠
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3v =  (4th column) of S μσ  ( )0 : 3μ = : 
 

( ) ( ) ( ) ( ) ( )

03 0 3 00 30 01 31 02 32 03 33

1      0 0yxz z
y x x y y x

S F F F F F F F F F F
EEE EB B E B E B

c c c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + + − + = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

13 1 3 10 30 11 31 12 32 13 33

2      0 0x x zz
y z x y x z

S F F F F F F F F F F
E E EE B B B B B B
c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − + + − + − = − +⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

23 2 3 20 30 21 31 22 32 23 33

2      0 0y y zz
z y x x y z

S F F F F F F F F F F
E E EE B B B B B B
c c c

σ
σ≡ = − + + +

⎛ ⎞ ⎛ ⎞⎛ ⎞= − − + − + − + = − +⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

 

 

( )( ) ( )( ) ( )( )

33 3 3 30 30 31 31 32 32 33 33

2
2 2

2      0 0z z z
y y x x x y

S F F F F F F F F F F

E E EB B B B B B
c c c

σ
σ≡ = − + + +

⎛ ⎞⎛ ⎞= − − − + + − − + = − + +⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 

 

Thus, collecting our results for the {intermediate} tensor v vS F Fμ μσ
σ≡ : 

 

 

00 01 02 03

10 11 12 13

20 21 22 23

30 31 32 33

v v

S S S S
S S S S

S F F
S S S S
S S S S

μ μσ
σ

⎛ ⎞
⎜ ⎟
⎜ ⎟≡ = ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

 

     

( ) ( ) ( )

( )

( )

2

2

2
2 2

2 2 2

2

2 2

1 1 1                                    

1           

1        

y z z y z x x z x y y x

x yx x z
y z z y y z x y x z

v v

x y y
z x x z x y x

E E B E B E B E B E B E B
c c c c

E EE E EE B E B B B B B B B
c c c c

S F F
E E E

E B E B B B B
c c c

μ μσ
σ

− − −

⎛ ⎞ ⎛ ⎞− − + + − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

≡ =
⎛ ⎞

− − + − +⎜ ⎟
⎝ ⎠

( )

2 2
2

2
2 2

2 2 2

    

1           

y z
z y z

y zx z z
x y y x x z y z x y

E E
B B B

c

E EE E EE B E B B B B B B B
c c c c

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞⎜ ⎟+ − +⎜ ⎟⎜ ⎟⎝ ⎠
⎜ ⎟

⎛ ⎞⎛ ⎞⎜ ⎟− − + − + − + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

  

 

Note that vS μ  is a symmetric matrix, i.e. v vS Sμ μ= {which is good, because vT μ  is symmetric!} 
 

v vS F Fμ μσ
σ≡   and: v vS F Fμ σ μ

σ≡  
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∴ v vF F F Fμσ σ μ
σ σ=  and since each vF Fμσ

σ , or equivalently vF Fσ μ
σ  is the sum of 4 terms 

( )0 : 3σ =  then we may also write these as:  v v vF F F Fμ μσ
σ σ=   and: v vF F F Fσ μ μ σ

σ σ= . 
 

∴ v v v v v vS S F F F F F F F Fμ μ μσ σ μ μσ μ σ
σ σ σ σ= = = = =  

 

Then: 
( ) ( )2

0

2
2

2

1
4

                              2

v v v

v

T c F F F F

ES B
c

μ μσ μ λσ
σ λσ

μ

ε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
⎛ ⎞

≡ = − −⎜ ⎟
⎝ ⎠

   where:  

1   0    0    0
 0 +1    0    0
 0   0  +1    0
 0   0    0  +1

vμδ

−⎛ ⎞
⎜ ⎟
⎜ ⎟≡
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 

     

( ) ( ) ( )

( )

( )

2

2

2
2 2

2 2 2

2

2 2

1 1 1                                    

1           

1        

y z z y z x x z x y y x

x yx x z
y z z y y z x y x z

v v

x y y
z x x z x y x

E E B E B E B E B E B E B
c c c c

E EE E EE B E B B B B B B B
c c c c

S F F
E E E

E B E B B B B
c c c

μ μσ
σ

− − −

⎛ ⎞ ⎛ ⎞− − + + − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

≡ =
⎛ ⎞

− − + − +⎜ ⎟
⎝ ⎠

( )

2 2
2

2
2 2

2 2 2

    

1           

y z
z y z

y zx z z
x y y x x z y z x y

E E
B B B

c

E EE E EE B E B B B B B B B
c c c c

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞⎜ ⎟+ − +⎜ ⎟⎜ ⎟⎝ ⎠
⎜ ⎟

⎛ ⎞⎛ ⎞⎜ ⎟− − + − + − + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

 

 

Note that since vμδ  only contributes to the diagonal elements of vT μ , let us compute these: 
 

2 2 2
00 2 00 2 2 2

2 2 2

2
2 2 2 2 2 2 2

2

1 12
4 2

1 1 1 1 1 1      
2 2 2 2 2 2

o o

o o o o EM
o

E E ET c S B c B
c c c

Ec B E c B E B u
c

ε ε

ε ε ε ε
μ

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞
= − − = − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎡ ⎤

= + = + = + =⎢ ⎥
⎣ ⎦

 

 

( )

( )

22 2
11 2 11 2 2 2 2 2

2 2 2

22 2 2
2 2 2 2 2 2

2 2 2 2

22 2
2 2 2 2

2 2 2

1 1 12
4 2 2

1 1      
2 2

1 1     
2 2

x
o o y z

yx x z
o y z x y z

yx z
o x y z

EE ET c S B c B B B
c c c

EE E Ec B B B B B
c c c c

EE Ec B B B
c c c

ε ε

ε

ε

⎡ ⎤ ⎡ ⎤⎛ ⎞
= + − = − + + + −⎢ ⎥⎜ ⎟ ⎢ ⎥

⎝ ⎠ ⎣ ⎦⎣ ⎦
⎡ ⎤⎛ ⎞

= − + + + + + − + +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎛ ⎞

= − + + + − + +⎜ ⎟⎜ ⎟
⎝ ⎠

( )

( )

22 2 2

2 2 2

22 2
2 2 2 2

2 2 2

22 22 2
2 2 2 2 2 2 2

2 2 2 2 2

2

1     
2

1 1     
2 2

yo x z

yx z
o x y z

yx xz
o x y z o x

Ec E E
c c c

EE Ec B B B
c c c

EE EE Ec B B B c B B
c c c c c

ε

ε

ε ε

⎤ ⎡ ⎤⎛ ⎞
= − + +⎢ ⎥ ⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞
= − + + + − + +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= − − − + − − = − + − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎝ ⎠⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤
⎢ ⎥⎟
⎣ ⎦
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From the above elements 11 22 33, ,S S S and their cyclic permutation symmetries we see that: 
 

( )
2 22 2 2

22 2 2 2 2 2 2
2 2 2 2 2

1 1
2 2

y yx z
o x y z o y

E EE E ET c B B B B B
c c c c c

ε ε
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − − + − + − + − = − + − +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
  

and: 

( )
22 2 2 2

33 2 2 2 2 2 2
2 2 2 2 2

1 1
2 2

yx z z
o x y z o z

EE E E ET c B B B B B
c c c c c

ε ε
⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎛ ⎞

= − − − + + − − + = − + − +⎢ ⎥⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎢ ⎥ ⎣ ⎦⎝ ⎠⎣ ⎦
  

 
Then for all other remaining elements of the relativistic version of Maxwell’s stress tensor, 

v
vT μ

μ≠ , we see that since: 0v
v

μ
μδ ≠ =  then:  ( )2 2v v v

v o v o vT c F F c Sμ μσ μ
μ σ μ με ε≠ ≠ ≠= =  

 
Thus: 
 

( ) ( ) ( )

( )

2
2 2

2

2 2
2 2 2 2

2 2 2

1                                            
2

1      
2

o EM o y z z y o z x x z o x y y x

x yx x
o y z z y o x o x y o

v

Ec B u c E B E B c E B E B c E B E B
c

E EE EEc E B E B c B B c B B c
c c c

T μ

ε ε ε ε

ε ε ε ε

⎛ ⎞
+ = − − −⎜ ⎟

⎝ ⎠
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞

− − + − + − + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎣ ⎦⎣ ⎦

=

( )

( )

2

2 2
2 2 2 2

2 2 2 2

2 2
2 2

1      
2

     

z
x z

x y y y z
o z x x z o x y o y o y z

y zx z
o x y y x o x z o

E B B
c

E E E E EEc E B E B c B B c B B c B B
c c c c

E EE Ec E B E B c B B c
c c

ε ε ε ε

ε ε ε

⎡ ⎤⎛ ⎞ +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞
− − + − + − + − +⎢ ⎥⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦ ⎣ ⎦⎝ ⎠⎣ ⎦

⎛ ⎞⎡ ⎤⎛ ⎞− − + − ⎜⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦ ⎝

2 2
2 2 2

2 2

1 
2

z
y z o z

E EB B c B B
c c

ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎜ ⎟+ − + − +⎢ ⎥ ⎢ ⎥⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎠ ⎣ ⎦⎣ ⎦⎝ ⎠
 
Now Poynting’s vector: 

         
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

2

1 ˆ ˆ ˆ

ˆ ˆ ˆ      

o o x y z
o

o y z z y z x x z x y y x

S E B c E B c E B x E B y E B z

c E B E B x E B E B y E B E B z

ε ε
μ

ε

⎡ ⎤= × = × = × + × + ×⎢ ⎥⎣ ⎦

⎡ ⎤= − + − + −⎣ ⎦

G G G G G G G G G G G

 

Thus: ( ) ( ) ( )1 ˆ ˆ ˆo y z z y z x x z x y y xS c E B E B x E B E B y E B E B z
c

ε ⎡ ⎤= − + − + −⎣ ⎦
G

 
 

But relativistic linear momentum density 2

1 S
c

℘=
GG

  or:  
1c S
c

℘ =
GG

.  Thus, we see that: 
 

         00 01 10 02 20 03 301 1 1                EM x x y y z zT u T S c T T S c T T S c T
c c c

= = =℘ = = =℘ = = =℘ =  

          

10 01

20 02

30 03

1

1

1

x x

y y

z z

T c S T
c

T c S T
c

T c S T
c

=℘ = =

=℘ = =

=℘ = =
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Thus:  ( ) ( )2 1
4

v v v
oT c F F F Fμ μσ μ λσ

σ λσε δ⎡ ⎤≡ −⎢ ⎥⎣ ⎦
 gives: 

 

2 2
2 2 2

2 2 2

1 1 1                                                                                                                    

1    
2

EM x y z

x yx
x o x o

v

u S S S
c c c

E EE Ec c B B c
c c c

T μ

ε ε
⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞

℘ − + − + −⎢ ⎥⎜ ⎟ ⎜⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

=

2
2

2 2
2 2 2 2

2 2 2 2

2 2
2 2

  

1      
2

     

x z
x y o x z

x y y y z
y o x y o y o y z

y zx z
z o x z o

E EB B c B B
c

E E E E EEc c B B c B B c B B
c c c c

E EE Ec c B B c
c c

ε

ε ε ε

ε ε

⎡ ⎤ ⎡ ⎤⎛ ⎞+ − +⎢ ⎥⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦
⎡ ⎤⎛ ⎞⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞

℘ − + − + − + − +⎢ ⎥⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦ ⎣ ⎦⎝ ⎠⎣ ⎦

⎛⎡ ⎤⎛ ⎞℘ − + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

2 2
2 2 2

2 2

1 
2

z
y z o z

E EB B c B B
c c

ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎡ ⎤ ⎡ ⎤⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟+ − + − +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠ ⎣ ⎦⎣ ⎦⎝ ⎠

 

 
 

The classical electrodynamics 3-D force density is:  
( )
( )

1

2

1 c SSf T T
c t ct

∂∂
= ∇ − = − +∇

∂ ∂

GGHG HGG G G
i i  

where: ˆ ˆ ˆx y zf f x f y f z= + +
G

 

But: 
, =1:3 , 1:3

v
ijv i j

T Tμ

μ =
= −

I
  and: 

( )
( )

( ) ( )01 02 031 1 1 1

0 0

ˆ ˆˆ ˆ ˆˆc x y zc c cS T x T y T zS x S y S z
ct x x

∂ ∂ + +∂ + +
− = − = −
∂ ∂ ∂

G

  

 

The relativistic electrodynamics force density 4-vector is: ( )0 ,vf f f=
G

 (SI units: 3N m ) 

The zeroth/temporal/scalar component of the 4-vector vf is: 
( ) ( )

( )

00
0

0
EM

T u
f

x ct
∂ ∂

= − = −
∂ ∂

 

Thus, the relativistic electrodynamics force density 4-vector is: 
 

      
0 1 2 3

0 1 2 3

v v v v v
v v T T T T Tf T

x x x x x

μ
μ

μ μ

⎛ ⎞∂ ∂ ∂ ∂ ∂
= −∂ = − = − + + +⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠

  where: xμ μ

∂
∂ ≡

∂
  

 
The total relativistic force 4-vector can likewise be obtained by noting that the 3-D spatial 
classical electrodynamics version of the 3-D total force vector is: 
 

          
( )
( )

1

2

1 

    

c

v v v

SSF f d T T d
c t ct

τ τ
⎛ ⎞∂⎛ ⎞∂ ⎜ ⎟= = − +∇ = = +∇⎜ ⎟∂ ∂⎜ ⎟⎝ ⎠ ⎝ ⎠

∫ ∫ ∫
GG HGGG G G G

i i
 

 

Thus: 
4 4 4

4 4 4   
vvv v

v v v

TF f d T d d
x

μ
μ

μ μτ τ τ
⎛ ⎞∂

= = − ∂ = − ⎜ ⎟∂⎝ ⎠
∫ ∫ ∫   where: ( )0 ,vF F F=

G
 and: 

               ˆ ˆ ˆx y zF F x F y F z= + +
G

 

is the covariant 4-D 
gradient operator. 

SI units: 
3N m

The 4-D space-time volume 4v has volume element 4  d cdt dxdydzτ =  
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     If one wishes to transform these results in one IRF(S) to another IRF(S') moving with relative 
velocity vG  with respect to IRF(S), there are two equivalent methods to accomplish this task: 
 
Method I: 
 

First, Lorentz transform the  and E B
G G

 fields via: 
 

 

1            
1

                  1
1

x
E E

B B
x

γγ ββ γβ
γ

γγβ γ ββ
γ

⎛ ⎞⎛ ⎞⎛ ⎞
−⎜ ⎟⎜ ⎟⎜ ⎟+⎛ ⎞ ⎛ ⎞′ ⎝ ⎠⎝ ⎠⎜ ⎟=⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟′ ⎛ ⎞⎛ ⎞⎝ ⎠ ⎝ ⎠⎜ ⎟− −⎜ ⎟⎜ ⎟⎜ ⎟+⎝ ⎠⎝ ⎠⎝ ⎠

G G G
iG G

G G
G G G

i
 where:   

2

1
1

v
c

γ
β

β

=
−

=
GG

 

 
                                  n.b. operator matrix 
 

Then compute the new vF μ′ , v vS F Fμ μσ
σ′ ′ ′=  and F F λσ

λσ′ ′ and thus compute the new vT μ′ in IRF(S'): 

( ) ( )2
0

1
2

v v vT c F F F Fμ μσ μ λσ
σ λσε δ⎡ ⎤′ ′ ′ ′ ′= −⎢ ⎥⎣ ⎦

, 
v

v Tf
x

μ

μ

′∂′ = −
∂

,  
4 4

4 4

v
v v

v v

TF f d d
x

μ

μτ τ
′⎛ ⎞∂′ ′= = − ⎜ ⎟∂⎝ ⎠

∫ ∫   

 

This method has the advantage that all quantities, e.g. , , ,E B S′ ′ ′ ′℘
GG G G

, vF μ′ , v vS F Fμ μσ
σ′ ′ ′= , vT μ′ , vf ′  

and vF ′ are explicitly known/calculated in IRF(S'). 
 
Method II: 
Lorentz transform vT μ  directly, since the Lorentz transformation of vF μ  in IRF(S) to vF μ′  in 
IRF(S') moving with velocity vG  relative to IRF(S) is given by: v v vF Fμ μ μ

λ σ′ = Λ Λ  

Then: v v vT Tμ μ μ
λ σ′ = Λ Λ  

 

Note that since: ( ) ( ) ( )2 21 1
4 4

v v v v v
o oT c F F F F c S F Fμ μσ μ λσ μ μ λσ

σ λσ λσε δ ε δ⎡ ⎤ ⎡ ⎤= − = −⎣ ⎦ ⎣ ⎦  
 

Then:    ( )2 1
4

v v v v v v v
oT T c S F Fμ μ μ μ μ μ μ λσ

λ σ λ σ λ σ λσε δ⎡ ⎤′ = Λ Λ = Λ Λ − Λ Λ⎣ ⎦  

Recall that: ( ) ( )
2

2
22 EF F F F B

c
λσ λσ

λσ λσ
⎛ ⎞

= = − −⎜ ⎟
⎝ ⎠

 = relativistic invariant  

 
Define:  v v vS Sμ μ μ

λ σ′ ≡ Λ Λ  and v v vμ μ μ
λ σδ δ′ ≡ Λ Λ  

 

Also note that 2 and ,  o ocε μ  are relativistically invariant scalar quantities (same in all IRF’s) 
 

Then:  ( )2 1
4

v v v
oT c S F Fμ μ μ λσ

λσε δ⎡ ⎤′ ′ ′ ′ ′= −⎣ ⎦  

Once vT μ′  is obtained, calculate 
v

v Tf
x

μ

μ

′∂′ = −
∂

 and 
4 4

4 4 
v

v v

v v

TF f d d
x

μ

μτ τ
′⎛ ⎞∂′ ′= = − ⎜ ⎟∂⎝ ⎠

∫ ∫  

i.e. F F F Fλσ λσ
λσ λσ′ ′= = 

same value in any/all IRF’S!!! 

See/read P436 
Lecture Notes 19 
for further details 
of this method.


