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M&I _
3E 9.1 The motion of the centre of mass

Two basic principles for forces acting on particles:

dPys =

Momentum principle: i F
t ne

... leads to: conservation of momentum.

Energy principle: AE =W, + other energy transfers

system surr

... leads to: conservation of energy.

We want to extend these to multiparticle systems. 3



Centre of mass

We define the centre of mass for a system of particles as:

Py =Y I\r/lniri - total mass = ) m,

total

mXx. - m. y . M. Z.

X — § : N, y — iJio, 7 — § : I =i
CM CM CM

M total M total M total

N

then 1., =Xyl + Yoy )+ Zoy K

For an extended body ( a continuous mass distribution) :

rCMzMLjrdm:

total

1 1 1

jxdmf+ jydm]+

total total total

Y jzdmlz



Velocity of the centre of mass

The importance of centre of mass lies in the fact that the
motion of the centre of mass for a system of particles

(or extended body) can often be described simply since it is
related to net force on the system.

Consider n particles of total mass M which remains constant.

Then: M. T Z mT

dr
CM _
total Z
psys — I\/ItotaIVCM — Zmivi

7 \

. Velocity of it particle of mass m
\elocity of centre of mass
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Application: Pull on two hockey pucks

Y Fr One puck is pulled by a
string attached to its
fo Fr centre.
MO The other puck is pulled
by a string wrapped

around its edge, which
unrolls as the puck is
pulled.

See twopucks.py




3E 9.2 Separation of multiparticle system energy

For a complex system

Ktot — Ktrans + Krot + Kvib
\ )
Y
Krelative
(to centre of mass)
2
1 2 _ Py
Ktrans -2 I\/ItotaIVCM - I'M

total

The total energy of a translating, rotating, vibrating
oxygen molecule can be written as

— 1 2 2
Etot - Ktrans + Krot + Kvib +§ks $°+2mc



See krel.py

Which object has the greater total
momentum (magnitude)?

(1) Top object (blue)
(2) Bottom object (red)
(3) Their total momentum is the same




See krel.py

Which object has the greater total
Kinetic energy?

"

(1) Top object (blue)
(2) Bottom object (red)
(3) Their total kinetic energy is the same

10



See krel.py

Which object has the greater
translational Kinetic energy

(KTRANS)?

(1) Top object (blue)

(2) Bottom object (red)

(3) Their total translational kinetic energy is the same

11



See RotateVibrateTranslate.py

CASE =0:
CASE =1:
CASE =2:
CASE =3:
CASE =4:

CASE =5:
CASE = 6:

&g

left ball fixed -- think about vem & vrel

v_CM=0, vibration, zero external force

Initially in motion, rotation + translation, zero external force
initially in motion, rot + vib + trans, zero external force
weaker spring, 0 initial stretch, const force on b2

initially slightly stretched, at angle, const force

vibration perp to translation; zero net force

12



Gravitational energy of a multiparticle system

How does the centre of mass influence energy?

e.g. the change in potential energy near the surface
of the Earth is ...

AUg =gmy, +gm,y, +gmsy; +...

— g(m1y1+ m,y, +msy, +)

— gMyCM Yi

near the Earth’s surface

(the centre of mass is sometimes called the

centre of gravity in this context). 13



M&I . .
3E Q2 | Rotational Kinetic enerqy

Consider a rigid disk rotating
at constant period T around a
fixed axis of rotation.

Then the angular speed =

2 :
?ﬂ (radians per second)

The translational speed of an atom on
the disk can be expressed as

27T, (277)
T T

14




Now consider four point
masses held rigid as shown,
rotating at constant @ ...

1 2 2 2 2
Krotzi[ml(wrﬂ) +my(@r,) +m;(or,)” +m,(or,) ]
1
[mr +m,r2 +mr +m,r? ]a) —Ia)
2
where | =mr3+mr> +m.r’ +m,r? Is the “moment of Iinertia”
1° 11 212 3°13 47 14

In general for a collection of i point particles | => mr’



Moment of inertia of a thin rod \

Slice up the rod of length L and

total mass M into N segments. Ax
. 1 EEEEEEEREEEE=EEE
Ince AX—N x;==L/2 —xnr} xf:+L/2
then AM=M= M =Mg

N L/AX L

2 AX) 5 2
Then Al =(AM )X; :(M ijn = — X"AX
Total moment of inertia | _ZAI Zx AX
n=1
L/2 1
Let AXx—>O0 then |=-- j x2dX .. =ML
12 16

—L/2



Moment of inertia of a ring (bicycle wheel)

Slice up the ring of radius R and
total mass M into N segments.

Since Ax=27z—R and g:AH
N R

AG —>0 then | =

M_ M\ Af

then AM =—= M ==
N 27R/AX 27

Then Al =(AM)R? :(M Mj R’
2r

2 27 2
MR dgé = I\;R 27 = MR?
T

27T
0 17



Let

Moment of inertia of a thin disk

Slice up the disk of radius R and total
mass M and area A into N concentric
rings, each of thickness Ar .

Then AM ~Maa- M227err
A 7R
2 M 2
Then Al =(AM)r :( 227errjr
7R

R 4
Mj 3dr 2'\f RT_LIMR?
R> 4 2

Ar - 0 then |=2— r

2
0

18



So we can see that the moment of inertia | 1s a measure of the
rotational inertia of a body, and plays the same role for
rotational motion that the mass does for translational motion.
We can see that | depends both on the mass of the body and
how that mass is distributed.

Moments of inertia can be calculated for any shape of body for
rotation about any axis from the formula

| = _[rzdm

19



Some moments of inertia for rigid bodies — — - axis of rotation

a thin rod of a thin rod of a thin hoop of . .
radius R a solid cylinder
Iength . length L of radius R
/ / :
p=ame 1 =M [ ]
I = MR?® l
' :%I\/IR2
of radius R of radius R a thin plate a hollow cylinder
! : : of inner radius R,
| L
! |
O :
I b :
: _ I |
2 2 )
I =£MR I =3MR |=iM(@%+bh?) 1=iM(R?+R?)

20



Demonstration

o
O

A solid cylinder and a hollow cylinder are raced down an incline.
If the outer radii are the same and the masses are the same, then
which reaches the bottom first, and why?

21



Rotational Kinetic Energy

_1 2,1 2 1 2
Kot =3 MV +5MV,° +5mV,° +...

ro

1 2 2,1 2 2,1 2 2
Emlrla) +5m2r2a) +5m3r3a) +...
For a rigid body
2 2 -
=) mr’) o rotating about
fixed axis

. _ 1 2
'Krot_zla)

A body that rotates while its CM undergoes translational
motion will have K.

_ _ 1 2 1
Kot = Kyans T Kiot = MV, + 5ly@

Total trans rot 2

22



Consider a solid sphere
(mass m and radius r,)
rolling without slipping
down an incline of height h.

2

Total energy at height y Is K+ Ko + U, =1imv® +1 1w +mgy

trans

Total energy atthetop (v=0,® =0) = mgh

Total energy at the bottom =imv’ +4 10

| for a solid sphere for axis of rotation through centre = 2mr,?
and since v=v

tangential = r.0(0

2
- Vv
. 2 2
Conservation of energy: mgh = smv® + Z(zmr,")—
- . 0
..giving... v=,/2gh

If the ball slipped (no friction): v=42gh > v_,=y/%gh .



Rigid rotation about a point which is not the centre of mass

A object with known 1,
IS connected to a low mass rod

w
| ;\ and rotates about an axle.

Axl
1 2 _ 1 2 _ 1 2 2
Ktrans EMVCM — 7M (a)rCM) _?(MrCM )C()
_ . 1 2 2 1 2
KTotal - Ktrans + Krot - 2 MrCM )C() + ?ICMCO
— 1 2 2
(Mg, + 1oy )@

2 T - ]
| =Mrg, + 1, parallel axis theorem 24



Example

25 radians/s

A thin rod of mass 140 g and 60 cm
. long rotates at an angular speed of
20cm - 25 radians per second about an axle
that is 20 cm from one end.

ey =0.1m

Get K =1.75J 25

Total



A pair of upright metre sticks, with
lower ends against a wall, are allowed
to fall to the floor.

One is bare, and the other has a heavy
weight attached to its upper end.

The stick to hit the floor first is the ...

(A) bare stick
(B) weighted stick
(C) ...both the same

26
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Roll a pair of identical cans of carbonated cooldrink down an
Incline. You won’t be surprised to find they roll at the same rate.
Now shake one of them so bubbles form inside, then repeat the
experiment.

Now...

(A) the shaken can wins the race
(B) the shaken can loses the race
(C) both cans still roll together.




1123

Two balls of mass 0.7 kg are connected by a low mass
rigid rod of length 0.4 m. The object rotates around a
pivot at its center, with angular speed 13 radians/s.
What is the rotational kinetic energy of this object?

(1) 484 ]
(2) 4.73 ] w
(3) 2.37

(4) 0.056 ]
(5)0

28




A diatomic molecule such as
molecular nitrogen (N,) consists of
two atoms each of mass M, whose
nuclel are a distance d apart. What is
the moment of inertia of the molecule
about its center of mass?

(1) Md?
(2) 2Md*
1,2
(3) 2I;/Id
(4) ZMd

(5) 4md?

29




M&I The point particle system

3E9.4

Real system:
Forces act at different locations

+ Path of
‘. \ +  center of
‘ mass of
N real system

-

Path of

'," point-particle
e system
) .\

Point-particle system:
All forces act at the same location

A point particle system has
the same mass as a real
multiparticle system, but all
ItS mass IS concentrated Into
a point particle located at the
centre of mass of the real
system.

For a point particle system:

P, -
D > = Fnet
dt

odr,,

net

AKMm:jﬁ

30



The point particle system

C jumping up

1 L

AK

trans — o~
2 i

Fy

M\.) Fret=Fn—Mg

b

MVCZIM _O:IFnet.dFCM :(FN _mg)h

31
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M&I _ _ . .
3E 10.1 Internal interactions in collisions

A collision is when two bodies interact over a short time interval.
The forces that the bodies exert on each other are usually so
strong during the collision that all forces acting on a body may be

ignored. A

: . F
During a collision between two 12

bodies (1 and 2), the contact force
exerted by one body on the other
jumps from zero to a very large
value and then abruptly drops to

Zero again. >
t ot ot

The time interval At=t, —t. Is usually very small.

Note that F, = —F,, for the collision
33
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Whenever an interaction occurs in a system, forces occur in
equal and opposite pairs.

Which of the following do not always occur in equal and
opposite pairs?

(A) Impulses Qj)
(B) Accelerations \' ~ ﬂ({/ '. |

(C) Momentum changes

¥ ke =|| poNENTY,
= AP T RAﬁSFee
& 7 i

34



A ball bounces off a wall.

mass 0.1 kg
V; =6 m/s
Ve =6 m/s

What is the change In
p, of the ball?

(1) O0kgm/s

(2) —=1.2 kg m/s
(3) +1.2 kg m/s
(4) +0.6 kg m/s
(5) 0.6 kg m/s

P.
I—P

P

35




A ball bounces off a wall.

mass 0.1 kg
V; =6 m/s
Ve =6 m/s

What is the change in p,
of the Earth?

(1) O0kgm/s

(2) —=1.2 kg m/s
(3) +1.2 kg m/s
(4) +0.6 kg m/s
(5) 0.6 kg m/s

P.
I—P

P

36
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3E 10.2 Elastic and inelastic collisions

Elastic collision: no change in the internal energy of the
Interacting objects ... 1.e. no thermal energy rise, no lasting
deformations, no new vibrations, etc.

AE;, =0 therefore K, =K,

inelastic collision: AE,, #0 and K, =K,

maximally inelastic collision:  Maximum energy dissipation
and the objects stick together

In all cases above, momentum still conserved: Ap,, =0

—

since F.,=0 -



M&lI
3E 10.3

A head-on collision of equal masses in 1D

Two extreme cases:

elastic collision:
p2xf — plxi

K2f — Kli

Maximally inelastic collision:

p2xf + ple — plxi

Klf + K2f :%Kli

Pixi
—) At rest
\‘OLO‘/ \‘OLO‘/
p2xf
After the  Atrest
collision: — “
Plxi
—] At rest
\‘OLO‘/ \‘OLO‘/
Dixf Paxf
After the —  m—
collision: \ - i . \ . 2 - /




An elastic collision of unequal masses in 1D

Py =P2¢ +Py¢
K1| — Klf + K2f
2
P Prr Py

.. solve to find ...

Plxi

—- At rest

iyl Yt

After the

ple

szf

collision: \ - 1 : / \ . . /

Py =

P,

m, £m,

m, +m,

2m,

m, +m,

1i

P

39



M&| .
3E 10.4 A head-on collision of unequal masses

? R =D R 1 1_51'
Py P2 =Prs TPy H
Ping-Pong ball

flnd mass m

Bowling ball, mass M

40



M&I Frame of reference
3E 10.5

Bowling ball moving
with speed V

Ping-Pong ball
at rest

Bowling ball at rest
relative to Jill

Y—

Ping-Pong ball
moving toward Jill
with speed V 41




Bowling ball (nearly)
at rest relative to Jill

%4
e

Ping-Pong ball
bounces off with
(nearly) speed V

Bowling ball after collision
moving with (nearly) speed V

See:
Reference_frames.py

2V
=

Ping-Pong ball moving

with (nearly) speed V

relative to bowling ball,

2V relative to walls 42




3E 10.6 Scattering: collisions in 2D and 3D

m (alpha particle)

>
D1 M (gold nucleus)

61:ﬁ3+ﬁ4 op2:0
P, = P, COSO+ p,COS¢

0= p,sind—p,sing

K, =K, +K,
S O
2m,  2m,  2m, ¢ (a positive angle)

P4

43



Elastic scattering

. Identical particles, one at rest

P, =P; +P,
hence
P1*P =(ﬁ3+r34)°(f>3+r34)
p; = Ps + P, +2p; P, COS A
... divide by 2m ...

PP N P, . 2P p, COsA
2m  2m  2m om

LK, =K, + K, + 2PsPaCOSA
2m

-.C0SA=0 or A=90°

P1
M
i J
m
D3
m
vl
& Angle A
P4



See alpha_on_alpha.py
alpha_on_electron.py
alpha_on_gold.py

45



Demonstration: “Newton’s cradle

Five spheres of equal mass hang at
the end of strings.

One ball is pulled back and
released to strike the other
stationary balls...

... and one ball flies off on
the other side.

Kinetic energy is conserved so the
collision is elastic.

But why don’t two balls fly out with
half the speed? 46

2

i
I,



If two balls fly off with half the speed of the incoming
ball, then that would conserve momentum, since

mv=3mv+smv

But it wouldn’t conserve Kinetic energy.
The incoming ball has kinetic energy imy?

and two outgoing balls with half the speed have kinetic energy:

m(v)? +3m(Gv)? =1mv? = 3mv?

47



Two lead bricks moving in the +x and —x directions, each with
Kinetic energy K, smash into each other and come to a stop.
What happened to the energy?

(1) The kinetic energy of the system remained constant.

(2) The kinetic energy changed into thermal energy.

(3) The total energy of the system decreased by an amount 2K.

(4) Since the blocks were moving in opposite directions, the
Initial Kinetic energy of the system was zero, so there was no
change in energy.

48




A squishy clay ball collides in midair with a
baseball, and sticks to the baseball.
The stuck-together objects keep moving.

Initial kinetic energies:  K; = Kygay Kipasenall
Final kinetic energy of stuck clay+ball: K¢ =K ay+pam

Which must be true for this collision?

(1) Ke=K;
(2) K> K
(3) K¢ < Ki

49
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Which of the following is a property of all “elastic” collisions?

(1) The colliding objects interact through springs.
(2) The kinetic energy of one of the objects doesn’t change.

(3) The total kinetic energy is constant at all times
- before, during, and after the collision.

(4) The total kinetic energy after the collision is equal to the
total kinetic energy before the collision.

(5) The elastic spring energy after the collision is greater than
the elastic spring energy before the collision. >0



Which of the following is true for both “elastic” and
“inelastic” collisions?

(1) The internal energy of the system after the collision is
different from what it was before the collision.
(2) The total momentum of the system doesn’t change.

(3) The total kinetic energy of the system doesn’t change.

51




A ping-pong ball bounces elastically off a
bowling ball which is initially at rest.

After the collision the ping-pong

)
ball’s kinetic energy is Ko JI_‘.,
What is the kinetic energy of the 4173
bowling ball? f

1) K,
(2) K,

(3) much greater than K,
(4) negligibly small (nearly zero)

52
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A ball of mass m, hits a stationary target of mass m, head-on.
The total initial and final Kinetic energies are the same.
Which of the following statements is false?

(1) If m; <<m,, the momentum of the ball hardly changes.

(2) If m; <m,, the ball bounces straight back.

(3) If m; <m,, the ball bounces straight back with less kinetic
energy than it had originally.

(4) If m; >>m,, the ball keeps going without change of direction.

53



1|2

A bullet of mass m traveling horizontally at a very
high speed v embeds itself in a block of mass M that
IS sitting at rest on a nearly frictionless surface.

Which must be true for the system of bullet + block
In this collision?

(1) Ke=K
(2) Ke>K
3) Ki<K

54




Demonstration: The ballistic pendulum

1. A bullet is fired into a pendulum, which is initially at rest.
2. The bullet lodges in the pendulum, which moves to the right.
3. The bullet and pendulum swing to a height h.

— —
Uy Vop
e @ —
[ ] [

myU, +m U, = (m, +m v,
myu, +0=(m, +m )v,,

%(mb + mp)Vsp — (mb + mp)gh

55



M&I _ . o
3E 10.7 Discovering the nucleus inside atoms

JJ Thomson (Nobel Prize in Physics, 1906)
“Plum pudding” model.

Poor agreement with experiment.

- Electrons

Glob of
positive charge

56



The Rutherford model

Ernest Rutherford
(Nobel Prize in Chemistry, 1908)

Source of
alpha
particles

Lead screens

Gold-foil

target

Scintillation
screens

57



Scattering of a “He nucleus off ...

(a) Thomson’s atom

(a)

\ _~Nucleus

£ -4 Simulation of Rutherford scattering
off a gold nucleus

(b)

(b) Rutherford’s atom See Rutherford.py

58



Rutherford: “It was the most incredible event that has ever
happened to me in my life. It was almost as incredible as if you
fired a 15 inch shell at a piece of tissue paper and it came back
and hit you.”

Rutherford model (1911): The atom has a small hard central
core (nucleus) where all the positive charge Is concentrated.
The negative charge inhabitants the nearly empty space around
the nucleus.

Thus most of the alpha particles migrate through the gold foil
with some or no (Coulomb) interaction, but some will
experience a “head-on” collision with a nucleus and return in a

backwards direction.
59



But there were still unanswered questions ...

... why does the nucleus (all positive charge) not fly apart due
to Coulomb repulsion?

... why do the negative charges not radiate energy, spiral

Inwards and collapse into the nucleus due to Coulomb
attraction?

... the model did also not explain existing experimental
observations.

60



M&| .
3E 10.9 Relativistic momentum and enerqgy

(collisions In a particle accelerator)

! P1 Py =0
M

J

;)

i3
p, = p,C0Sé + p, COS ¢ /

0=p,sinéd—p,sing

niy i
“qb (a positive angle)
P4

2
E +m,c°=E;+E,

\/( p1C)2 +(m1C2) n m2c2 _ \/( p3c)2 +(m3C2)

2 2 2

+\/( p4(:)2 +(m4c2)

61
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Chapter 11
Angular
Momentum +2;:
=
\+h-_ ——
a2l
7] I N
77 ;] —




M&l Translational angular momentum

3E11.1
Consider the momentum p p2 = {~mv,0,0)
of the Earth at four ,’*’“BZX'“*.-» _
.- . .’ - P1= (0, muo, 0)
positions as it moves )
around the Sun. 2 T
A
—
Sun rq ;: Earth
;?3_ ,—rr\w,OzH r4VD f’/,”
3 "“"\;#
p4=<{mv,0,0)
The magnitude of the
translational angular )
momentum is defined as ‘LtranS,Sun =|F||p|sin & o




Translational anqular momentum: direction

[

=|F||p|sin &

trans,Sun

What about the direction of L ?

trans,Sun

Ltrans

The direction of L
depends on the
direction of the
rotation and is
perpendicular to the
plane defined by

r and p .

Ltrans
‘ Clockwise 64

trans

Counterclockwise



The vector cross product

Al +A]J +AK
B,i+B,j+Bk

A
B

AxB = (AB,-AB)i+(AB ~AB)j+(AB, ~AB )

easy to remember:

1A
.

always

I\

N} .

j
A
B,

o

YA

7N\

65



Wl

Ax

In polar form in 2D:

= ABsIng

where ¢ Is the angle
between the tails of A andB .

AxB = —(BxA)
AxA = 0

(AB,~AB)i +(AB ~AB,)j+(AB,~AB,k

— —

AAXB

- 90° e

Use right hand rule

66



What is the direction of

<0,0,3>x<0,4,0>?

(1) +x
(2) —x
(3) +y
4) -y
(5) +z
(6) —z
(7) zero magnitude

67




What is the direction of

<0,4,0>x<0,0,3>?

(1) +x
(2) —x
(3) +y
4) -y
(5) +z
(6) -z
(7) zero magnitude

68




What is the direction of

<0,0,6>x%x<0,0,-3>7

(1) +X
(2) —x
(3) +y
4) -y
(5) +z
(6) —z
(7) zero magnitude

69




Translational anqular momentum of an object relative to location A

L =T, xp

trans,A

‘ transA‘_|r ||p|S|n0
=r,psinéd

psiné isthe component

of P perpendicularto 7 .

See important worked
example in M&I ...
Calculate L, fora
particle moving relative to
locations A, B and C.

~1

70



A ball falls straight down in the xy plane. Its
momentum is shown by the red arrow. What
IS the direction of the ball’s angular
momentum about location A?

(1) +x Y
(2) —x
(3) +y
-
5) +z

(6) -z ‘® )

(7) zero magnitude

71
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A planet orbits a star, in a circular orbit in the xy plane.
Its momentum Is shown by the red arrow.

What iIs the direction of the angular
momentum of the planet?

1. Same direction as p
2. Opposite to p

3. Into the page

4. Out of the page

5. Zero magnitude
12
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A comet orbits the Sun in the xz plane. Its momentum is
shown by the red arrow. What is the direction of the
comet’s angular momentum about the Sun?

(1) +x
(2) —x
(3) +y
4) -y
(5) +z
(6) -z
(7) zero magnitude

73



M&lI

3E 11.9 Rotational angular momentum

Consider a bicycle wheel

spinning about its centre of w A
mass with angular speed w |

(in radians per second).

Nearly all mass M is in rim.

Divide rim into 20 pieces each

of mass M/20.

Lew|=R(M/20)vsin90°
— R(M/ZO)a)R where v =wR

For whole wheel ‘I:CM ‘ =20(M/20)wR* =MR’w =l ®

where | is the moment of inertia of the wheel (rim). 74



or

Rotational
angular momentum

where @ is the angular velocity vector. b
2z

w = —— and direction ....

Ly =1~

In general Ves rx”
75




Rotational angular va=or s (M4 I
momentum: general case

LR
Consider a collection el
- 1y T
of 4 masses rotating
with the same o about
a common COM. iy = vy = WF |9
M)
‘Lmt =r,MV+Tr,mV+r,mVv+r,myVv
=(mri+myrl +mrf+mri)eo = lo
o 1711 2°12 3°13 4714
~Lg= 1"
1 2 1 (Ia))z th
Also K, = -lo" == =—
" 2 2 | 2| 76



32/'1&1'3 Translational plus rotational angular momentum

For a system which is both
translating (relative to A)
and rotating about a centre
of mass ...

—

where Ptot I31 + rjz + |33

Lyans.a :translational (or “orbital””) angular momentum
I:mt -rotational (or “spin”) angular momentum 77



Translational plus rotational angular momentum: examples

2 4 AR {
Ltrans,A j <|>

rot ’

~

78




M&I o
3E 11.4 The angular momentum principle

Ltrans,A — rA X p

d - d
—L =—(TF, xXP
dt trans,A dt( A p)
dr, . . dp
= —X + . X—
T AT dt
ar, . _ _ 3
Now —=xp =v,xmv, =0
dt
o[ . dp L=
. = Iyxz— = I,xF =
dt A dt A A

where the “torque” %, =F, xF .



T : “tau

Also called the moment of the force F
about the turning point (axis of rotation).

e.g. a metre stick Is free to rotate about
a fixed axis at one end as shown.

axis of

T=rxF rotation

%|=7=rFsing

0]

Y., 120
0 is the angle between the tails of the ¥ and F r /%

. 7=(1)(4)sin120° = 346 Nm
T =3.46 N m into the page 80
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Examples

For each situation below, determine the resultant torque acting
on the axis of rotation O. A

Use a coordinate system with the k- axis out of the page.

(a)

140 N

81
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11213 (4|5

A yo-yo is in the xy plane. You pull up on the
string with a force of magnitude 0.6 N.
What iIs the direction of the torque you exert on

the yo-yo?

(1) +x y
(2) —x
(3) *y
03
5) +z X
(6) —z ‘@

(7) zero magnitude

82



The angular momentum principle

finite time form:  ALg =~ \At

Principle of conservation of anqgular momentum

— —

AL + AL =0

A,system A,surroundings

Angular momentum update formula for a closed system
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3E115

Angular momentum in multiparticle systems

-
2 3.surr

AL;lo-t,A — _inet,AAt

84



Child runs and jumps on playground
merry-go-round. For the system of the
child + disk (excluding the axle and the
Earth), which statement is true from just
before to just after impact?

K. P, and L do not change

o =

P and L do not change

L does not change

o\

aa

K and P do not change

K and L do not change 85
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What is the initial angular momentum of
the child + disk about the axle?

(1)<0,0,0>

(2) <0,-Rmv, 0>
(3) <0, Rmv, 0>
(4) <0, 0,-Rmv >
(5) <0, 0, Rmv >

86




The disk has moment of inertia I, and after
the collision it is rotating with angular speed
®. The rotational angular momentum of the
disk alone (not counting the child) is

(1)<0,0,0>
(2)<0, -lw, 0>
(3)<0, lm, 0>
(4)<0,0,-lo >
(5)<0,0,lo>

87



After the collision, what is the speed
(in m/s) of the child?

(1) oR
(2) ®
(3) ® R?
4 o/R
(5) »*R

88




After the collision, what is the translational
angular momentum of the child about the axle?

(1)<0,0,0>

(2) <0,-Rmo, 0 >
(3) <0, Rmom, 0>

(4) <0, -Rm(®R), 0 >
(5) <0, Rm(mwR), 0 >

89



Example - s

A playground ride consists of a uniform-density disk of mass 300 kg
and radius 2 m mounted on a low friction axle. Starting from a
distance of 5 m from the edge of the disk, a child of mass 40 kg runs
at 3 m st on a line tangential to the disk and jumps onto the outer

edge of the disk. If the disk was initially at rest, how fast does it rotate
just after the collision?

LA,F — I—A,i t qnet,AAt :L:net,A = O

L,; = rpsind = Rmv =(2)(40)(3) =240 kg m* s™
L.; = lo=(mR*+3MR*)w=L,, =240 kgm’ 5™

... C() —_ 0.32 radians S_l error in textbook 90



Mél Three fundamental principles of mechanics

3E 11.6
Momentum
d_p = IEnet
dt

If there are external
forces, then

momentum changes.

Location of object
does not matter.

Angular momentum

If there are external
torques, angular
momentum changes.

Location of object
relative to point A is
Important.

Energy

AE =W +Q

If there are energy
Inputs, then energy
changes.

Location of object
does not matter.
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M&l " gystems with zero torgues

3E11.7

AL, = 0

T

92



Example

A man stands on a rotating stool 3kg 5 3 kg
which is free to rotate without & f::’%
friction. He holds 3 kg in each
hand at a distance of 1 m from
the centre of this body. Say that
he Is rotating at an angular
speed of 10 radians per second.

If the man brings the masses straight towards his chest until

they are a distance of 0.2 m from the centre of his body, what
will now be his angular speed?

93



M&I _
3E 11.8 Systems with nonzero torques

Example 1

A beam is balanced on a fulcrum (triangle) with three masses
hung from the positions shown.

What is the mass of m,?

Assume that the beam is massless.

1m
>

A

94



The broom balances at its centre of mass. If you cut the broom
Into two parts through the centre of mass and then weigh each
part on a sale, which part will weigh more?

(A) the longer piece
(B) the shorter piece
(C) both the same

95



Example 2

/ 90°

450
15 kg
o _
dt
dL,

A beam of mass 5 kg and length
10 m is held at an angle of 45° by
a cable as shown. If a 15 kg mass
hangs from the end of the beam,
determine the force of the wall on
the beam and the tension in the
cable.
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Example 3

A 10 kg block is attached to a light
rope which is wound around a

20 kg cylindrical pulley of radius
r=2.5m.

How long will it take for the speed of
the 10 kg block to increase from zero
to 4.0 m st after the system is
released?

Use Icylinder =6 kg me.

10 kg
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M& Angular momentum guantization
3E 11.10

The Bohr Model

Niels Bohr (Noble Prize in Physics 1922) proposed a
revolutionary model which broke from classical theory.

For his model of the hydrogen atom, Bohr postulated that: &

... the electron follows circular orbits around the positive
nucleus. (Centripetal force = Coulomb attraction)

1 e mv?

dre, 1 r

... the electron moves in certain allowed orbits without radiating
energy. The electron is said to be In a “stationary state”.

98



... the electron “jumps” (undergoes a transition) between
stationary states by absorbing or emitting a guantum, hf, of energy.

- Ef
Absorption: hf = E; — E; E, I

Emission: hf=E, - E;

"2

Fy

99



Allowed radii of electron orbits

Bohr:
angular momentum is “quantized”:

L. =rp=Nn
N=1,2,3, .. and fi=_-
27
L 1 ¢€° mv?
Then combining with ~ =
Arg, I r

hZ

1 1.
e'm
[472’80]

ForN=1r=053x101m 100

: 2
gives ry, =N




For the hydrogen atom, Bohr was able to propose a formula
for the allowed energy levels for the electron:

136

2

E, = eV N=123..

... which allowed the calculation of the frequencies of the photon
emitted when an electron undergoes a transition from an outer orbit to
an inner one ...

... which in turn explained the experimental observations perfectly.

Bohr’s model of the hydrogen atom was a great triumph.

He extended his model to other (ionized) single-electron atoms,
e.g. He",Li"",Be™"

However ... the Bohr model was not satisfactory for other multi-

electron atoms and did not explain the guantum postulates.
101
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