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M. Vable Intermediate Mechanics of Materials: Chapter 4

Composite Structural Members

The learning objective of this chapter is:

Understand the incorporation and implications of material in-homoge-
neity across the cross-section in the theories for axial members, circu-
lar shafts in torsion, and symmetric bending of beam:s.

Displacements

Internal Forces
an
Moments

* Assumption 8 on material homogenity across the cross-section is not valid. The assumption is
made in the link of static equivalency.
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M. Vable Intermediate Mechanics of Materials: Chapter 4

Composite Axial Members

Internal Forces and Moments

du
N=[c,dd M =-[yo,dd=0 or N = E(x).[EdA
A A A

Location of origin: j vEdA = 0
4

Formulas for composite axial rods

_du _du
N—EjEdA—ajEldA+jE2dA+ S+ +IEndA}
A A, 4, A
du

n
N=a ZEjAj

n

i=1

NE, N(xy—x,)
Upy—Uy = —————

n n
2 Eid; 2 B
i=1 P
Location of axial force application (origin)

(0y); =

Z n,EA;
N, = i=1
n

Z EA,

* Axial strain is uniform across entire cross section of a composite rod.
* Axial stress is uniform in each material.
* There is a discontinuity in axial stress at junction of each material.
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. Vable Intermediate Mechanics of Materials: Chapter 4

Example 4.2

e, =-200n  E,,=30,000ksi E

steel

= 8, 000 ksi

wood

y)

[<—2 in—=

T Z

1

N-
N | —
5

| 1/4in.

Homogenous cross section Laminated cross section
Homogenous
Strain Stress
200p g 1.6 ksi
Laminated
Strain Stress
200y

6 ksi

1.6 ksi

Internal Axial Force For Composite

Ng = [o.dd = (6)(2)(1/4) N = Ng+ Ny +Ng
ASI

6 ksi

— = J.Gxdi = (1'6)(2)(1)

— AW I
’
6 ksi Ng > jcxdi = (6)(2)(1/4)

ASb
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. Vable Intermediate Mechanics of Materials: Chapter 4

C4.1 A wooden rod (Ey = 2000 ksi) and steel strip (£, = 30,000 ksi) are fastened securely
to each other and to the rigid plates as shown in Fig. C1.1. Determine (a) the location /4 of the line
along which the external forces must act to produce no bending. (b) the maximum axial stress in
steel and wood.

20
kips
45 kij 15 kips
S
A B - c |l
o o o
<30 in ~ 60 in <30 in ~|
2in
_L Steel
0.25 in
Wood
4in
Fig. C1.1 _L

Cross section
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. Vable Intermediate Mechanics of Materials: Chapter 4

C4.2 A for use in a building is modeled as shown in Fig. C1.2. The column is constructed by
reinforcing concrete with nine steel circular bars of diameter 1 inch. The modulus of elasticity for
concrete and steel are £,= 4,500 ksi and £, = 30,000 ksi. Determine the maximum axial stress in

Z }<1—t2 in—|>{

concrete and steel.

150 kips 150 kips § o o o
+ + 12in| © © ©
| o o o

200 kipp 200 kips
Cross-section

Fig. C1.2 '

oo
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1

Composite Shafts

Internal Forces and Moments

%)

Formulas for composite shafts

= Gp%(X)

_ _ddr 2
T = JprxedA or T = EIGP dA
A

Outward normal/

_do 2 2 2
T—${J.GlpdA+J-GzpdA+ -+ +J.andA}
A, A.
do| <
=7l 26
j=1
T(x,—x,)
¢2_¢1: 2 1

n
2. G

j=1
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Variation of torsional shear strain and stress

Tx0 Tx0
G, <G;<G, Goyg | — — — —
G _

|

VAR — | YA | —
|

p p
Gy Gy

» Torsional shear strain varies linearly in the radial direction across the composite shaft.
*  Maximum torsional shear strain is at the outer most radius of the shaft.

» Torsional shear stress varies linearly in the radial direction in each material with slopes that
depend upon shear modulus G.

» Torsional shear stress is discontinuous at the junction of each material.
« Maximum torsional shear stress in each material is at point that is furthest from the center.
*  Maximum torsional shear stress in the shaft may not be at the outer most radius of the shatft.
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. Vable Intermediate Mechanics of Materials: Chapter 4

C4.3 A solid steel (G = 80 GPa) shaft 3 m long is securely fastened to a hollow bronze
(G =40 GPa) shaft that is 2 m long as shown Fig. C1.3. Determine (a) the magnitude of maxi-
mum shear stress in the shaft. (b) the rotation of section at 1 m from the left wall.

Fig. C1.3
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Composite Beams

Oxx )
|- | *
m
LB\ |
Internal Forces and Moments
2
N=[o,dd=0 M, =-[yo.,dd or M, = d_szEysz
A A dax"y
n
Z niEzAz
Location of neutral axis origin: J. vEdA = 0 N, = =
n
4 S Ed,
l':
Formulas for composite beams
dz
v 2 2 2
M, - [Ey'da+ [Eytda+ - + - +[Ey dd
X Ly, A, 4,
2 n
_dv _ EyM,
Mz ) ZEj(Izz)j (Gxx)i - .
dx i
L z Ej(IZZ)j

* Bending normal strain varies linearly across the cross section in the y direction.
neutral axis.

ulus of elasticity E.
* There is a discontinuity in bending normal stress at junction of each material.

thest from the neutral axis of a composite beam.

axis.

* Bending normal strain at a cross section is maximum at a point that is furthest away from the

* Bending normal stress varies linearly in each material with slopes that depend upon the mod-

* The maximum bending normal stress in each material is at point on the material that is fur-

*  Maximum bending normal stress may not be at a point that is furthest away from the neutral
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Example 4.8

€ = =200y p = 30, 000 ksi E,,oq = 8, 000 ksi

Homogenous cross section Laminated cross section
Homogenous
Strain Distribution Stress Distribution
150 pn 1.2 ksi
150 p 1.2ksi
Laminated
Strain Distribution Stress Distribution
150 pn 4.5 ksi
150 0.8ksi  3ksi
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Bending shear stress in composite beams

Equilibrium equation

dN d
Tl = — %S = - %J-Gxdi
AS
_d g B, 4| M,
Tsxt - %J ., dA = a n—;I[EydA
) Z EJ(Izz)j Z EJ(IZZ)J :
Ocomp = | EvdA
AS
= — QcompVy
sx  Txs T
n
Z EJ(IZz)J t
j=1
nS
Qcomp = Z Ej(Qz)j
j=1
* Oeomp is maximum at the neutral axis.

Qcomp

* The maximum bending shear stress in each material is at point closest to the neutral axis.

Mchomp

is continuous at all points on a cross section including the junctions of each material.

* The maximum bending shear stress at a cross section is at the neutral axis.

*  The bending shear stress is continuous at all points on a cross section including the junctions

of each material.
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C4.4 The cross-section of a composite beam with a coordinate system that has an origin at C
is shown. The normal strain at point A due to bending about the z-axis is €., = —200 u, and the

modulus of elasticity of the materials are £, = 8000 ksi and £, = 2000 ksi (a) Plot the stress

distribution across the cross-section. (b) Determine the maximum bending normal stress in each

material. (¢) Determine the equivalent internal bending moment by using M_ = — j yo,.,.dA . (d)
A
. . . . . -EyM,
Determine the equivalent internal bending moment M, by using (c,,), =
n
2. Bk,
=1
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C4.5 To improve the load carrying capacity of a wooden beam (£, = 2000 ksi) a steel strip
(E, = 30,000 ksi) is securely fastened to it as shown. Determine (a) the maximum intensity of the

load w, if the allowable bending normal stresses in steel and wood are 20 ksi, and
4 ksi.respectively. (b) the magnitude of the maximum shear stress steel and wood corresponding
to the load in part (a).

} 6 ft | 6 ft |
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